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Resumo

Invasões biológicas são onipresentes no antropoceno. Diversos fatores influ-
enciam como uma espécie invasora se espalha pelo novo território e as escalas
espaço-temporais usuais dificultam a realização de experimentos. Assim, aborda-
gens teóricas e quantitativas auxiliam a entender os principais fatores e estimar
velocidades de invasão e mudanças de regime causadas pela espécie não nativa.
Nessa tese, nós revisamos modelos matemáticos clássicos para invasões biológicas,
focando em modelos de equações de reação e difusão e integrais a diferenças.
Construindo sobre a teoria de equações de reação e difusão, nós analisamos um
modelo de invasão de espécies consumidoras em habitats homogêneos e heterogê-
neos, formando redes de predação intraguilda com espécies locais. Determinamos
velocidades de invasão desses consumidores em habitats homogêneos e condições
para reversões competitivas em habitats heterogêneos, levando a regimes de co-
existência e exclusão inesperados. Também construímos e analisamos modelos
para populações estruturadas por fenótipos em termos de equações a integrais a
diferenças. Mostramos que essas equações admitem soluções do tipo onda via-
jante e velocidades assimptóticas linearmente determinadas, e também estudamos
distribuições fenotípicas na frente de invasão e como elas mudam com diferentes
trade-offs entre fertilidade e dispersão e taxas de mutação. Por último, apontamos
algumas perspectivas e conclusões do trabalho.

Palavras Chaves: Equações de reação e difusão, equações integrais a diferenças,
biologia de populações,

Áreas do conhecimento: Física, Matemática, Ecologia; Sistemas dinâmicos, Matemática
Aplicada, Ecologia Espacial;
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Abstract

Biological invasions are ubiquitous in the Anthropocene. With many factors in-
fluencing how alien species spread into novel territory and large spatio-temporal
scales often make experiments much more complicated. This way, theoretical
quantitative approaches become a useful tool into understanding such factors and
estimating spreading speeds and regime shifts caused by invading populations. In
this thesis we review classical mathematical models for biological invasions in the
form of reaction diffusion equations and integro-difference equations. Then, build-
ing upon reaction diffusion equations theory, we formulate models for consumer
population invasions leading to intraguild predation interaction networks with
resident species in both homogeneous and heterogeneous landscapes. We show
speeds are linearly determinate, and that competitive reversals among intraguild
prey and predator might occur in heterogenous landscapes, leading to unnex-
pected coexistence and exclusion regimes. Moving on, we also develop models for
evolutionary processes in biological invasions, that have been show to take place
in ecological timescale and significantly change spread phenomena. We show that
discrete time recursions for trait structured populations can also exhibit traveling
wave solutions and linearly determinate speeds, and determine the leading edge
trait distributions for different growth-dispersal trade-offs and mutation rates.
Finally, we outline some perspectives and conclusions of our work.

Keywords: Reaction-diffusion equations, Integro-difference equations,
population biology

Knowledge fields: Physics, Mathematics, Ecology; Dynamical Systems, Applied
Mathematics, Spatial Ecology
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Chapter 1

An Introduction to Mathematical Mod-
els for Biological Invasions

Biological invasions are ubiquitous in the Anthropocene. With increasing
international travel and commerce, the different parts of the globe have never been
more connected. With that, humans are continuously inadvertently, accidentally
or purposely introducing alien species in novel ecosystems and regions, causing
possible regime shifts in local communities [1, 2]. More than that, human activities
such as deforestation for farming or housing and usage of non-renewable energy,
leading to global warming, can facilitate biological invasions, favoring non-native
species in the invaded habitats [3, 4, 5, 6].

The early detection and prevention of biological invasions are rarely viable.
Therefore, understanding the possible mechanisms that allow for an alien species
to establish in a novel region, thereby identifying methods applicable to control
their spread, have been the target of many studies [7]. The large temporal and
spatial scales in which biological invasions take place, however, make experiments
quite difficult. This way, developing quantitative theoretical approaches for species
range expansion can help determine possible regime shifts the invasive species
can cause and its attainable spreading speeds, and reveal what are the possible
routes to control it [8, 9].

The challenges in a theoretical approach are many, nonetheless. There is a large
amount of processes that can change how invasions take place and how species
move through the landscape, such as species interactions [10, 11], landscape
heterogeneity and habitat selection [12] and eco-evolutionary feedback loops [13].
This imposes challenges not only in precisely depicting the biological relevant
aspects in a quantitative framework, but also on gaining intelligible information
from it. This way, a good portion of recent work on the field of theoretical spatial
ecology has been to develop new models and approaches to include such complex
processes observed in nature into mathematical frameworks that provide results
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Chapter 1. Mathematical Models for Biological Invasions 2

that are simple enough to understand, but yet sufficiently informative of the
phenomena they represent.

This thesis presents classical theory for biological invasions, and, using recent
methods and advances, provides novel results and theory for how community
structure, dispersal behavior and evolution may alter the course of species range
expansion. For that, the thesis is divided in 4 chapters, and their content will be
briefly summarized in the following paragraphs.

In this first chapter we will go over classical mathematical models for biological
invasions. Although many formulations are possible, here we will focus on
reaction-diffusion equations (RDEs) and integro-difference equations (IDEs), as
both are the main formulations used in the remaining of the text. We start with
single species models, and discuss some important definitions and theory for
these models. We then move for multispecies models, to account for ecological
interactions, and present some examples for it. We also cite important references
that cover topics not covered in this chapter at the end of each section.

In chapter 2, we present a manuscript in final stages of preparation, containing
the analysis of Intraguild Predation in homogeneous and heterogenous landscapes
using an RDE framework. We calculate spreading speeds and show some of
the possible regimes found in an homogeneous landscape. We also show how
heterogenous landscapes can promote competitive reversals, that are modulated
by consumer and resource dispersal and habitat preference, allowing for novel
coexistence and exclusion mechanisms.

In chapter 3, using IDEs, we present a manuscript published in Journal of
Mathematical Biology, where we formulate and analyze models for discrete and
continuous trait structured populations, in order to study dispersal evolution dur-
ing range expansion. We obtain expressions for spreading speeds and population
trait distributions at the front of expansion, as well as show that spreading speeds
are non-increasing with mutation rates among different traits.

Finally, in chapter 4 we present new routes of investigation for future research.
We mainly focus on presenting models accounting for eco-evolutionary feedback
loops in range expansion, such as mate-finding and mate selection, evolutionary
arms race and dispersal evolution in predator-prey interactions, and the evolution
of habitat selection. We also draw some conclusion of the work presented here.
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1.1 Single Species Models

1.1.1 Framework Presentation

A single species model in RDE formulation assumes that individuals display
Brownian movement, and that growth, death and movement occur simultaneously
within the population and population generations overlap. In mathematical terms,
we track the density of individuals u ≡ u(x, t) in space, x, in time, t, as follows

∂tu = D∂2
xu + f (u), (1.1)

where D is the diffusion coeficient, f the density dependent growth function, and
(x, t) ∈ R× (0, T), T > 0 a maximum time of observation of the spreading popula-
tion. In the case f (u) = ru(1− u/C), this equation is called the Fisher-Kolmogorov
equation, as it was simultaneously studied by Fisher [14] and Kolmogorov A et al.
[15] to model the spread of advantageous genes. In this setting, u is to be un-
derstood not as a population density, but instead, the frequency of the mutant
advantageous gene, such that 0 ≤ u ≤ 1 = C, and r its selection gradient in
respect to the resident gene. The applications of the equation to ecology and
animal movement were soon to follow, as the effects of intraspecific competition
are modeled by the same growth function, with r the intrinsic growth rate and C
the carrying capacity [16].

IDE models assume that individuals have distinct growth and dispersal phases.
Dispersal is not necessarily described by Brownian motion, i.e., different move-
ment behaviors can be accounted for, and population generations do not overlap.
Therefore, individuals of this population have exactly one dispersal phase, on
reproduction phase, and then die out. We keep track of the t-th generation pop-
ulation density in space, ut(x), which is governed by the following difference
equation

ut+1(x) =
∫ ∞

−∞
K(x, y)F(ut(y))dy, (1.2)

where K(x, y) is the movement kernel, a probability density function of an individ-
ual that left from y ∈ R arriving at x ∈ R, and F is the growth function. Here, we
will assume that the movement kernels do not depend on the explicit locations x, y,
but instead in their relative distance, that is, x− y, such that K(x, y) = K(x− y), fol-
lowing [17]. Functions F are the typical growth functions used in discrete time pop-
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ulation models, such as the Beverton-Holt model, F(u) = Ru/(1 + (R− 1)u/C),
where R is the intrinsic growth rate and C the carrying capacity [18, 19].

Both RDE and IDE formulations can be understood as discrete time projection
operators, i.e,

ut+∆t(x) = Q[ut](x). (1.3)

In the case of IDEs, the relation is quite straightforward, operator Q is the integral
operator itself, and projects the solution an interval ∆t = 1 forward. For RDEs, we
would need to construct the exact projection operator that map solutions u(x, t)
into solutions in a posterior time, u(x, t + ∆t). However, important properties of
the general projection operator can be stated as properties of the reaction diffusion
equation itself. We will consider the problem of point release to illustrate these
properties as well as provide an upper limit to how fast is population spread for a
class of models.

1.1.2 Point release

Consider the class of RDE models that satisfy f ′(0) = r > 0 and f (u) ≤ ru ∀u.
In the IDE case, the analogous class would be F′(0) = R > 1 and F(u) ≤ Ru ∀u.
In essence, these assumptions exclude models that account for Allee effects [20],
and lead to the following inequalities:

∂tu = ∂2
xu + f (u) ≤ ∂2

xu + ru, (1.4)

and
ut+1(x) =

∫ ∞

−∞
K(x− y)F(ut(y))dy ≤ R

∫ ∞

−∞
K(x− y)ut(y)dy. (1.5)

In a more general setting, we define the positive linear operator

P[a] > 0 ∀ a > 0, (1.6)

as a linearization of operator Q, i.e.,

P[u](x) = lim
ϵ→0+

1
ϵ

Q[ϵu](x), (1.7)

such that
ut+1(x) = Q[ut](x) ≤ P[ut](x) ∀ut, (1.8)

is satisfied. We have that solutions of the non-linear problems cannot be, at any
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moment in time, larger than the solutions of the auxiliary linear problems. This
way, the linear models are good candidates to provide us with an upper limit to
how fast a population may spread.

Linear reaction-diffusion equation

The linear reaction diffusion equation

∂tu = ∂2
xu + ru (1.9)

with initial conditions u(x, 0) = δ(x) and vanishing at x → ±∞, has solution

u(x, t) =
1√

4πDt
erte

−
x2

4Dt . (1.10)

If we set a population threshold ū and track the position x̄ ≡ x̄(t) that this
density is attained, i.e, u(x̄, t) = ū, we can estimate how fast this population
advances in space by measuring the speed x̄/t. A quick calculation yields

x̄
t
=

√
4rD− 4D

t
ln
√

4πDtū. (1.11)

In the limit t → ∞, since limt→∞ t−1 ln
√

t = 0, we have that the speed of
spread is

cL = lim
t→∞

x̄
t
= 2
√

rD. (1.12)

Equation (1.12) is the classical expression for speed obtained in Fisher [14],
Kolmogorov A et al. [15], using the method used by Skellam [16]. It tells us that,
at the asymptotic limit, the population spreads at most with speed cL = 2

√
rD.

Linear integro-difference equation

For the IDE linear model,

ut+1(x) = R
∫ ∞

−∞
K(x− y)ut(y)dy (1.13)

we have that an initial condition u0(x) = δ(x), leads to
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u1(x) = R
∫ ∞

−∞
K(x− y)δ(y)dy, (1.14)

u1(x) = R(K ∗ δ)(x), (1.15)

u1(x) = RK(x), (1.16)

where (K ∗ δ)(x) denotes the convolution between K and δ. Similarly

u2(x) = R
∫ ∞

−∞
K(x− y)(RK(y))dy = R2(K ∗ K)(x), (1.17)

u3(x) = R
∫ ∞

−∞
K(x− y)R2(K ∗ K)(y)dy = R3(K∗3)(x), (1.18)

where K∗n denotes the convolution of K with itself n times (often called the n−fold
convolution). Repeating this iterative process for longer times will lead to

ut(x) = RtK∗t. (1.19)

Therefore, calculating the t−fold convolution of K yields the solution of the
linear IDE model. However, calculating the t−fold convolution is not an easy task,
and can be performed only for a few dispersal kernels.

Here, we show the calculation for the Gaussian kernel, but see section 5.2 in
Lutscher [21], for the example of the Cauchy Kernel. The (zero mean) Gaussian
kernel is

K(x− y) = K(z) =
1√

2πσ2
e−

z2

2σ2 , (1.20)

and since the convolution of two Gaussians with variances σ2
1 and σ2

2 result in
a Gaussian with variance σ2

1 + σ2
2 , the t−fold convolution of K(z) results in a

Gaussian with variance tσ2, i.e.,

ut(x) = RtK∗t =
Rt

√
2πtσ2

exp
(
− x2

2tσ2

)
. (1.21)

The solution (1.21) is equivalent to the solution in equation (1.10), evaluated
at t ∈ Z+ with r = ln(R) and 2D = σ2. This implies that the projection operator
Q that maps solutions u(x, t) into time-1 steps forward solutions, u(x, t + 1), of
the linear RDE model (1.9) is precisely the linear IDE model (1.13) with Gaussian
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kernel.
The speed of spread attained after a long time can be obtained in a similar

manner as performed for the RDE case, yielding

cG =
√

2σ2 ln(R), (1.22)

this way, IDE models with Gaussian kernels and linearly bounded growth func-
tions cannot travel at speeds higher than cG.

Here, we stablished a method, for both RDE and IDE models, to estimate an
upper bound for the spreading speeds. That does not say that this is the speed
at which the non-linear models will travel. In the following subsection, we will
discuss how to obtain lower bounds for RDEs and IDEs via traveling exponential
fronts.

1.1.3 Traveling exponential fronts

At the interface of colonized and non-colonized regions of a biological invasion,
i.e., at the leading edge, the population densities are low enough, such that u ≈ 0
and the growth functions can be approximated via Taylor expansion to f (u) ≈
f ′(0)u, and similarly for F in the IDE case, resulting in a linear equation at the
front of invasion.

Traveling exponential fronts are expressed mathematically as

u∗(x− ct) = e−s(x−ct), (1.23)

where s is the shape parameter of the front, and c, the speed of the traveling front.

Reaction-Diffusion Equation Models

Plugging the exponential front profile (1.23) in the linear RDE model (1.9), with
r = f ′(0) > 0, results in

scu∗ = s2Du∗ + ru∗ (1.24)

c(s) = sD +
r
s

. (1.25)

Equation (1.25) is the dispersion relation for the RDE model (1.9), and it relates
wave front profiles with their speeds. Note that the expression for c(s) is not
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monotone in s. Fast fronts (high c) are either flat, since lims→0 c(s) = ∞, or very
steep, since lims→∞ c(s) = ∞. The minimal spreading speed, ĉ, is attained at
s =
√

r/D, yielding

ĉ = min
s>0

c(s) = 2
√

rD. (1.26)

Note that this implies that traveling fronts can travel no slower than ĉ. However,
we also know that linearly bounded RDE models’ solutions cannot travel faster
than cL. This way, since ĉ = cL, we have a strong reason to believe that at the
asymptotic limit t → ∞, a species modeled by (1.1), with f linearly bounded,
travels exactly at speed ĉ = cL = 2

√
rD.

Integro-Difference Equation Models

Combining the traveling exponential front (1.23) with the linear model (1.13)
with R = F′(0) > 1, we have

e−s(x−c(t+1)) = R
∫ ∞

−∞
K(x− y)e−s(y−ct)dy, (1.27)

esc = R
∫ ∞

−∞
K(x− y)es(x−y)dy, (1.28)

esc = R
∫ ∞

−∞
K(z)eszdz, (1.29)

esc = RM(s), (1.30)

c(s) =
1
s

ln RM(s), (1.31)

where M(s) is the moment generating function of movement kernel K(z), and
equation (1.31) is the dispersal relation for a linear IDE model.

Note that, by writing M(s), we are making a subtle, but important, assumption
on the movement kernel (and therefore on species movement behavior). The
assumption is that K(z) is exponentially bounded (or thin tailed), i.e., that K(z)
vanishes at z→ ∞ faster than the exponential e−sz, so that M(s) is finite at least
for some s > 0.

By definition, M(s) is increasing with s, and we can show that the expression
for c(s) can have at most one minimum and no maximum at all (see Weinberger
[22] and Lutscher [21] for a complete proof). With this, we define the minimal
spreading speed for the IDE case as
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ĉ = inf
s>0

c(s) = inf
s>0

{
1
s

ln(RM(s))
}

. (1.32)

For the Gaussian kernel case, we have M(s) = e(sσ)2/2, and the minimal speed
is attained at s =

√
ln(R)/σ, such that

ĉG =
√

2σ2 ln(R), (1.33)

that is, the minimal spreading speed is also the upper limit established by the
linear solution, i.e., ĉG = cG, and again, we have a strong reason to believe that
ĉG is the asymptotic spreading speed for the IDE problem with linearly bounded
growth functions.

The property that the asymptotic spreading speed equals the one obtained
from linearization, found in both RDE and IDE models (equations (1.1) and (1.2),
respectively) has been termed linear determinacy. We say that whenever this
property holds, the speeds are linearly determinate. In the next subsection, we
briefly go over the theory developed by Aronson and Weinberger [23], Weinberger
[22, 24] for traveling wave solutions of some single species systems.

1.1.4 Traveling waves

A traveling wave solution, in both RDE and IDE formulations, consists in
spatial profile that has its shape unchanged, and is only displaced in space as
time moves forward, similar to a traveling exponential front. In mathematical
notation, we write a traveling wave solution for the RDE model in equation (1.1)
as u(x, t) = W(x − ct), and similarly for the IDE formulation in equation (1.2),
where c is the speed this wave travels.

So far, we have been interested in tracking how fast the populations travel
in the asymptotic time limit. We have not yet given a clear definition of what
an asymptotic spreading speed is, and how to characterize it. However, for the
remainder of the thesis, we will refer to such asymptotic spreading speeds in the
following sense

Definition 1.1.1. The asymptotic spreading speed of the recursion ut+1(x) = Q[ut](x),
x ∈ R, with steady states ut(x) = 0 and ut(x) = u∗ > 0, is a positive real value, c∗,
such that, for all small but positive ϵ, we have
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lim
t→∞,|x|<(c∗−ϵ)t

ut(x) = u∗ > 0, (1.34)

lim
t→∞,|x|>(c∗+ϵ)t

ut(x) = 0. (1.35)

This definition states that if an observer followed the population density with
a speed slightly smaller than c∗, the observer would eventually be surrounded
by individuals of this population. However, if the observer moved with a speed
slightly larger than c∗, then the observer would eventually see no individuals of
this population nearby.

Proving the existence of traveling wave solutions and of asymptotic spreading
speeds for different projection operators has been the target of many scientific
works. Here, we will state the results of Weinberger [22], in the form of a summa-
rized version of their main theorems. Several advances in the theory follow the
ideas of Weinberger [22] closely, hence, it is worthwhile to revisit it here.

We assume the projection operator Q has the following properties:

(A1): The projection operator Q has only two steady states, namely ut = 0 (unsta-
ble) and ut = u∗ > 0 (stable), i.e.,

Q[u] = u if, and only if, u = 0 or u = u∗. (1.36)

(A2): Q is monotone increasing (order preserving), i.e., for any pair u, v ∈ C(R),
where C(R) is the Banach space of continuous positive functions in x ∈ R,
we have that

Q[u] ≥ Q[v] if u ≥ v. (1.37)

here, the notation u ≥ v denotes that for every x ∈ R we have u(x) ≥ v(x).

(A3): We assume that Q is compact, this way, alongside the previous assumptions,
it follows that Q : Cu∗(R) → Cu∗(R), where Cu∗(R) = {u ∈ C(R)|0 ≤ u ≤
u∗}, i.e., Q maps the Banach space of continuous positive functions bounded
in [0, u∗] into itself.

(A4): Q is translation and rotation invariant, i.e., letting Tc[u](x) = u(x + c) (the
translation operator), and R[u](x) = u(−x) (the reflection operator), we
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have

Tc[Q[u]](x) = Q[Tc[u]](x), for any c ∈ R, (1.38)

R[Q[u]](x) = Q[R[u]](x) (1.39)

Both these assumptions imply that the landscape is homogenous and that
movement in this landscape is unbiased.

(A5): Since Q is compact, translation and rotation invariant, the linearization P
can be represented as the integral operator

P[u](x) =
∫

R
u(x− y)ρ(y)dy, (1.40)

where ρ(y) is a bounded and symmetric density. We assume that the domi-
nant eigenvalue λ(s) of the linearization P, defined by

P[e−s·](x) = λ(s)e−sx, (1.41)

is larger than unity and finite for some s. This implies that only thin tailed
movement kernels are accounted for, and that s−1 ln λ(s) has a single mini-
mum.

(A6): Q is linearly bounded, i.e., if P is a linearization of Q around the ut = 0 fixed
point, then

Q[u] ≤ P[u] ∀ u ∈ Cu∗(R). (1.42)

Because Q is monotone increasing, P is a positive linear operator. Biologically,
this assumption excludes models that account for Allee effects[20].

Theorem 1.1.1. [Weinberger [22]] Given a recursion defined by ut+1(x) = Q[ut](x),
with Q satisfying assumptions (A1)-(A6), and a bounded compact support initial con-
dition, 0 ≤ u0(x) ≤ u∗. Then, Q has an asymptotic spreading speed, c∗, and it admits
traveling wave solutions ut = W(x− ct) for every c ≥ c∗, connecting the fixed points
u∗ to 0 in space. No traveling wave solutions exist for c < c∗. Moreover, the asymptotic
spreading speed is linearly determinate, i.e.,

c∗ = inf
s>0

{
1
s

ln λ(s)
}

. (1.43)
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Proof. See Weinberger [22] for a full detailed proof. Here, we will go over the
general ideas of the proof. For the asymptotic spreading speed, essentially, we
define the following order preserving operator

Qc[a](x) = Tc[Q[a]](x) (1.44)

and show that, for c∗ as defined in (1.43) and a nonincreasing initial function
0 < a0(x) < u∗, the recursion

at+1(c; x) = max{a0(x), Qc[at](c; x)} (1.45)

yields a sequence of functions at(x) that converges uniformly to u∗ at x → ∞ for
c < c∗. While, for c ≥ c∗, at(x) converges to 0 at x → ∞. So that c∗ is properly an
asymptotic spreading speed, as defined in 1.1.1.

To show the existence of traveling wave solutions, we invoke again operator
Qc and note that a traveling wave solution, W(x− ct), follows

Q[W](x) = W(x− c) (1.46)

and, therefore
Qc[W](x) = Q[W](x + c) = W(x), (1.47)

so W must be a fixed point of Qc.
Consider now a traveling front es(c)x, s(c) the shape parameter that yields a

front with speed c(s) = s−1 ln λ(s). Since

P[es(c)·](x) = λ(s)es(c)x = es(c)(x−c(s)) = T−c(s)[e
s(c)·](x), (1.48)

and Q[es(c)·](x) < P[es(c)·](x), it follows that

Q[es(c)·](x) < T−c(s)[e
s(c)·](x), (1.49)

Qc[es(c)·](x) < es(c)x. (1.50)

Defining

b+0 (x) =

u∗ if x < 0,

u∗es(c)x if x ≥ 0,
(1.51)

we have
Qc(s)[b

+
0 ](x) ≤ b+0 (x). (1.52)
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Since Qc(s) is order preserving, the recursion b+t+1(x) = Qc(s)[b
+
t ](x) is decreasing

in t, and therefore, by dominated convergence theorem, Qc(s) has a fixed point
W(x). Showing that this W(x) is not trivial involves building a sequence b−t (x)
that is non-constant and non-decreasing in t, i.e., b−t+1(x) = Qc(s)[b

−
t ](x) ≥ b−t (x).

This way, since Qc(s) is order preserving, for any b−0 < b+0 we have that

b−t ≤W(x) ≤ b+t ∀ t > 0. (1.53)

Since b−t is non-constant and increasing, and b+t is decreasing, they must
converge to a non-constant spatial profile W(x). The argument works for any
c(s) > c∗, and requires some small modifications on the initial b±0 for c(s) = c∗.
This way, traveling wave solutions exist for any c ≥ c∗. The fact that W connects
fixed points u∗ and 0 in space follow from similar arguments as the ones used in
the existence of an asymptotic spreading speed, and jointly imply that no traveling
wave solutions exist for any c < c∗.

Example: Fisher-Kolmogorov equation

Let us now consider the example of the RDE model with logistic growth function,
i.e.,

∂tu = D∂2
xu + ru(1− u/C), (1.54)

with C the carrying capacity, and r the intrinsic growth rate, and vanishing condi-
tions at x → ±∞. First, we proceed with similar calculations as those performed
by Fisher [14] and Kolmogorov A et al. [15], later, we apply the theorem to measure
the expected asymptotic speed.

The ansatz u(x, t) = W(x− ct) = W(z) inserted in equation (1.54) yields the
following ODE

D
d2W
dz2 = −c

dW
dz
− rW(1−W/C). (1.55)

We can reduce the order of this equation via V(z) =
dW
dz

, leading equation (1.55)
to the following system of coupled ODEs

dW
dz

= V

dV
dz

= − c
D

V − 1
D

rW(1−W/C).

(1.56)



Chapter 1. Mathematical Models for Biological Invasions 14

with Jacobian matrix

J(W, V) =
1
D

[
0 D

r(1− 2W/C) −c

]
. (1.57)

The eigenvalues of J(W, V), denoted as λ±J , are given by

λ±J ≡ λ±J (W) = − c
2
± 1

2

√
c2 − 4Dr(1− 2W/C). (1.58)

Since rW(1−W/C) has roots 0 and C, the fixed points of (1.56) are

(W, V) = (0, 0), (1.59)

(W, V) = (C, 0). (1.60)

Note that (W, V) = (C, 0) is always a saddle point, since λ−J (C) < 0 < λ+
J (C).

The fixed point at (W, V) = (0, 0) is a saddle point only if

c ≥ 2
√

Dr, (1.61)

otherwise (W, P) = (0, 0) is a vortex and allow for oscillations around zero, i.e.,
non-positive solutions. Therefore, the minimal speed of such traveling wave
solutions is ĉ ≥ 2

√
Dr.

To apply the theorem, we note that the equation (1.54) satisfies the assumptions
(A1)-(A6) (see Cantrell and Cosner [25] chapter 3 for compactness and order
preserving properties). We have the following linearization of F-KPP equation

∂tu = L[u] = D∂2
xu + ru, (1.62)

where L is the infinitesimal semi-group generator of

T(t) = eLt. (1.63)

The solutions at a time-one step forward can be obtained by u(t + 1, x) =

T(1)u(t, x), so that ut+1(x) = eL[ut](x) = P[ut](x) generates the time-one lin-
earized map, and allow us to calculate the speed. The dominant eigenvalues λ(s)
and γ(s) of P[es·](x) and L[es·](x), respectively, are connected through

λ(s) = eγ(s). (1.64)
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Figure 1.1: Traveling wave solution with speed c∗ = 2. Parameters uded are
r = D = 1

This way, the minimal and asymptotic spreading speed are

ĉ = c∗ = inf
s>0

{
γ(s)

s

}
, (1.65)

and by (1.25) we have that γ(s) = s2D + r, and therefore

c∗ = 2
√

Dr, (1.66)

as expected. Moreover, there are traveling wave solutions, W(x − ct), for the
F-KPP equation for every c ≥ c∗. These traveling wave solutions can be seen in
figure 1.1

Example: IDE with Beverton-Holt growth functions

We now analyze the discrete analogue of a RDE model with logistic growth,
the IDE model with Beverton-Holt growth function. Note that, since the growth
function is

F(u) =
Ru

(1 + (R− 1)u/C)
, (1.67)

with R > 1 the growth rate and C the carrying capacity, we have that F(u) > F(v)
whenever u > v, and also that F(u) < Ru, so growth is monotone increasing in u
and linearly bounded. With an exponentially bounded, and symmetric (around
zero average displacement) movement kernel, we have that

ut+1(x) = Q[ut](x) =
∫ ∞

−∞
K(x− y)

Ru(y)
1 + (R− 1)u(y)/C

dy (1.68)

satisfies all assumptions (A1)-(A6).
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The linearized operator yields equation (1.13), and the asymptotic spreading
speed is, therefore,

c∗ = inf
s>0

1
s

ln RM(s). (1.69)

For a Gaussian movement kernel, the expression is already covered in the text.
To illustrate another method to calculate speed c∗ from the formula above, we will
use a parametric representation, as in Kot et al. [17]. First, the dispersion relation

esc(s) = RM(s), (1.70)

can be interpreted as a c vs R, relation, parameterized by s. We note that, at the
minimal value of c(s) at s = s∗, we must have

∂sc(s∗) = 0, (1.71)

∂s

{
1
s

ln RM(s)
}

s=s∗
= 0, (1.72)

1
s

(
c(s∗)− ∂sM(s∗)

M(s∗)

)
= 0. (1.73)

This way, at s = s∗, we must simultaneously have

c(s∗) =
∂sM(s∗)
M(s∗)

(1.74)

and

R =
esc(s∗)

M(s∗)
=

es ∂s M(s∗)
M(s∗)

M(s∗)
. (1.75)

Both equations (1.74) and (1.75) can be solved for s∗, and yield the minimal
speed.

Let us now apply the method for the Laplace kernel, defined as

K(z) =
a
2

e−a|z|, (1.76)

with 1/a the average dispersal distance. The variance of the Laplace dispersal
kernel, σ2, in terms of a is σ2 = 2/a2. We will stick to a since it is a shorter notation.
The moment generating function of the Laplace kernel is

M(s) =
a2

a2 − s2 . (1.77)
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Solving equations (1.74) and (1.75), yield

c(s∗) = − s∗

a2 g(s∗) and R = − 2
e2

e−g(s∗)

g(s∗)
, (1.78)

where g(s) = −2a2/(a2 − s2). Note that the equation for R can be rewritten as

g(s∗)eg(s∗) = − 2
Re2 = ϱ, (1.79)

so g(s∗) is the Lambert Wk function’s k-th branch evaluated at ϱ = −2/(Re2), that
is

2a2

a2 − s∗2 = −Wk(ϱ), (1.80)

therefore, the value of s∗ is given by

s∗ = a

√
2

Wk(ϱ)
+ 1. (1.81)

Since e−1 < ϱ < 0, we have that both k = 0 and k = −1 branches of Lambert
Wk functions are solutions. However,−1 < W0(ϱ) < 0, such that 2/W0(ϱ) + 1 < 0
in this interval, and the solution for s∗ with the k = 0 branch is not real valued.
This way, the k = −1 branch provides the only viable solution, finally yielding

c∗ = c(s∗) = −1
a

W−1(ϱ)

√
2

W−1(ϱ)
+ 1. (1.82)

Comparing the speeds obtained with Gaussian and Laplace dispersal kernels,
we see that increasing variances always increases speed, as expected, however,
the Laplace kernel always yields a higher asymptotic spreading speed than the
Gaussian kernel with respect to variance(figure 1.2a). Similarly, speed increases
in respect to intrinsic growth rates in both Laplace and Gaussian kernels, and is
always larger for Laplace kernels as well (figure 1.2b)

1.1.5 Further Readings in Single Species problems

For the proof of theorem 1.1.1, we have used in multiple occasions the mono-
tone property of operator Q (and of Qc by extension). For systems that are not
monotone we can perform a similar argument as long as we assume that the oper-
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Figure 1.2: Asymptotic spreading speeds of the Beverton-Holt model. We use
Gaussian (black lines) and Laplace (gray lines) dispersal kernels to illustrate
quantitative differences in speed due different movement behaviors.

ator Q is bounded below and above by auxiliary monotone operators Q− and Q+,
respectively, i.e., Q− ≤ Q ≤ Q+ at least in some neighborhood of the non-trivial
fixed point u∗ = Q[u∗]. We then have proper lower bounds c∗− (correspondent
to Q−) and upper bounds c∗+ (correspondent to Q+) for the spreading speed of
solutions of Q. Moreover, whenever c∗− = c∗+ = c∗± we must have that Q has
an asymptotic spreading speed c∗ = c∗±, see Weinberger [24] for a more detailed
proof, but the ideas follow the ones shown so far very closely.

The Ricker growth function, F(u) = u exp(r(1− u)), provides one of those
non-monotone cases for the IDE formulations. When there are no stable fixed
points, in the parameter region r > 2, the solutions formed are not traveling wave
solutions, and may present cycles in the core. For 0 < r < 2 we have traveling
wave solutions. In both cases, the fronts of invasion travel at a linearly determinate
asymptotic spreading speed, given by (1.32), with R = er. For a more general
theory of those systems, see Bourgeois et al. [26].

The results obtained in this sub-section do not apply to species with Allee
effects. To deal with those, a complete different set of theory would need to be
developed, and would probably require a section of this chapter dedicated solely
to it. Since in the next chapters we only deal with problems that do not contain
Allee effects, we skip these here, but point the reader to some important references.
First, the theory for Allee effects in RDE formulation is usually modeled by the
Nagumo equation [Nagumo et al. [27]], and for those, one can explicitly find a
traveling spatial profile and calculate its speed under certain conditions [Hadeler
and Rothe [28]]. For IDE models, a prototype Allee growth function can be built
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to obtain an estimate for spreading speeds [Kot et al. [17]]. Finally, a more general
theory for these systems is presented in [Lui [29]], where the exact necessary
conditions for the existence of traveling wave solutions and asymptotic spreading
speeds, and its estimates, are established.

The assumption that landscape is homogeneous is often not the case in nature.
In order to account for possible landscape heterogeneity, mathematical models
often consider that the habitats are periodic, and consist of two main types of
patches, where species display distinct growth functions and/or dispersal behav-
ior. Classically, the two types of patches are sources, where species can grow,
and sinks/matrix, where species mortality rate surpasses growth. Among the
first works to take such approach is Shigesada et al. [30], where, strangely, high
dispersal in sink patches led to smaller spreading speeds (sometimes even failing
invasion completely). Later, with theory for movement behavior on the interface
of distinct patches developed in Ovaskainen and Cornell [31], Maciel and Lutscher
[32] show that such behavior at the interface, reflecting habitat preferences, helps
explain how and when highest dispersal in sink patches lead to slower speeds,
while showing that it can also lead to higher speeds. From there, multiple works
followed: Maciel and Lutscher [33] treat the problem with Allee effects in such
landscapes, Yurk and Cobbold [34] develop an approximation technique that
allows for easier computing of the dynamics and speeds in heterogeneous envi-
ronments with interface behavior accounted for. Finally, Hamel et al. [35] formally
shows the existence of traveling wave solutions in periodic habitats settings with
patch preference behavior. A similar approach in terms of IDEs is found in [36, 37],
but is far less present in literature, mainly because approximation methods are not
available for this problems and computing speeds becomes slightly more involved.

We also let aside structured single species models, as, for example, sexually,
age or stage structured population. The theory of sexually structured models is
much more difficult, because often, the description of mate formation processes
lead to Allee-like effects, although numerical results suggest the existence of
traveling wave solutions and asymptotic spreading speeds (see Miller et al. [38]).
For age/stage structured models, we require the order-preserving property of the
projection operator, and the arguments are slightly more involved than the ones
presented here, however, the ideas follow very closely (see Lui [39], Neubert and
Caswell [40]). Since structured populations consist of interacting groups of a same
species, separated by a given biological relevant structure, the framework for their
analysis is much more similar to the one of interacting species, to follow in the
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next section. In fact, one of the most important results on cooperative systems
(given in Weinberger et al. [41]) is based on the theory of structured populations
(developed in Lui [39]). Also, the same theory can be applied for trait-structured
populations, which is the main topic of chapter 3, and will be covered in slightly
more detail over there.

1.2 Interacting Species Models

Now, we focus on multiple species models. We first present the modeling
framework and its linear analysis, with examples on interspecific competition an
predator-prey communities, discussing some important theory developed for such
models.

1.2.1 Framework Presentation

For multiple interacting species problems, we follow a similar modeling ap-
proach as the ones used in single species. For RDE models, we define the vector
valued functions u ≡ u(x, t) = (u1, u2, ..., un)T as the community vector, where
ui ≡ ui(x, t) denotes the i-th species (or population) density, i = 1, 2, ..., n in space
x at time t. We describe each species as moving brownianly through space with a
diffusion coefficient Di, and each species grow according to a function fi(u). This
yields the system of coupled RDEs

∂tui = ∂2
xDiui + fi(u) ∀ i, (1.83)

or, in vector notation,

∂tu = ∂2
xDu + f(u), (1.84)

where D = diag(Di) and f(u) = ( f1(u), f2(u), ..., fn(u))T.
In IDE formulation we follow similar definitions, that is, the community vector

is denoted ut(x) ≡ ut = (ut,1, ut,2, ..., ut,n)T, where ut,i ≡ ut,i(x) is the i-th species
density, i = 1, 2, ..., n of generation t in space x. They each move with a kernel
Ki(x− y), and grow according to growth function Fi(ut(y)). This way, the IDE
model is

ut+1,i(x) =
∫ ∞

−∞
Ki(x− y)Fi(ut(y))dy, (1.85)
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or, in vector notation,

ut+1(x) =
∫ ∞

−∞
K(x− y)F(ut(y))dy, (1.86)

where K(x− y) = diag(Ki(x− y)) and F(ut) = (F1(ut), F2(ut), ..., Fn(ut))T.
Again, we can set this in a general framework by defining the recursion rela-

tions

ut+1,i(x) = Qi[ut](x) (1.87)

where Qi : Cū(R) → Cūi(R) projects the space of vector valued continuous and
bounded functions

Cū(R) = {u = (u1, u2, ..., un)|ui : R→ [0, ūi] is continuous for all i} (1.88)

into Cūi(R). Or, in vector valued functions formulation,

ut+1(x) = Q[ut](x), (1.89)

whereQ = Q1⊕Q2⊕ ...⊕Qn
1 is now an operator that projects Cū into itself. Note

that we assumed that species i density is bounded in the positive interval [0, ūi],
ūi < ∞ for all i. In the case where recursion Q admits steady states u∗k = Q[u∗k ],
these upper bounds equal the steady states, i.e., ūi = uk,i, where we also assume
that k steady states exist. In many cases, these communities might present stable
oscillations, such as predator-prey cycles. In this setting, we still expect operators
to preserve the densities inside a bounded interval, i.e., 0 ≤ ui(x) ≤ ūi ∀ i, and
those usually revolve around an unstable steady state.

1.2.2 Linear Analysis

Now, of course, the exact properties of operator Q needed in order to establish
the existence of traveling wave solutions and asymptotic spreading speeds are
much harder to describe and prove in general terms. We usually assume that a
resident community is invaded by an alien species, or a group of alien species, and
linearize the system about the resident community fixed point. Then, we estimate
minimal spreading speeds via such linearization.

Mathematically, we let a resident community be at a fixed point u∗ι , where

1The notation A⊕ B is used here in the standard sense of Kronecker sums
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the subscript ι stands for the set ι = {i ∈ {1, 2, ..., n}|u∗ι,i > 0}, that is, the set of
indexes of all species present in equilibrium u∗ι . Now, suppose a small density of
individuals of an alien species ζ, ζ ∈ {1, 2, ..., n} \ ι, arrive at the landscape. They
will grow and disperse, at the leading edge, according to

ut+1,ζ(x) = Qζ [ut](x) ≈ Qζ [u∗ι ] + Pζ,u∗ι [ut,ζ ](x) = Pζ,u∗ι [ut,ζ ](x) (1.90)

where Pζ,u∗ι is the linearization of Qζ around the alien species free fixed point.
The notation for the linearization used, Pζ,u∗ι [ut,ζ ], implies we take the Fréchet
derivative of Qζ only in respect to ut,ζ , while keeping all other variations to ut

fixed.
Note now that the system is similar to that of a single species invading a new

landscape. If we are interested in calculating its invasion speed, a good initial
guess is to perform the very same calculation we did for a single species, i.e.,

ĉζ→ι = inf
s>0

{
1
s

ln(λζ→ι(s))
}

, (1.91)

where λζ→ι(s) is the dominant eigenvalue of Pζ,u∗ι [e
−s·](x).

In the case of multiple species invading the landscape simultaneously, we
expect that each of the ζ invading populations spread at speed ĉζ→ι, ζ ∈ ζ̄ ⊆
{1, 2, ..., n} \ ι. However, now we might have different minimal speed values, since
each species may spread at a different rate. We say that the invasion occurs jointly
when infζ ĉζ→ι = supζ ĉζ→ι. In other cases, we might have the fastest population
establishing ahead, and the slowest populations now each perceive the landscape
as if it was already occupied by its fastest peers.

In cases were traveling wave solutions are formed, these solutions connect
the ζ-species absent community fixed point, u∗ι , to the post invasion fixed point,
u∗ζ→ι. When multiple species invade together, we can either have this transition
occurring at once or in multiple steps, having the fastest species colonizing new
regions of space first, followed by invasion of slower species.

1.2.3 Examples

Competing Species

Here, we will follow [41, 42]. We consider that species u1 and u2 are competing
for a resource. Among the assumptions onQ, we point out that the operatorQ has
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an unique coexistence steady state u∗{1,2} (single species fixed points, u∗{i}, i = 1, 2
are still possible). We also assume that Q̃[(ui, vj)

T](x) is cooperative in ui and
vj, where Q̃ is obtained after the change of variables vj = u∗{j},j − uj in Q. With
such change, we measure the absence of species j, denoted as vj, rather than its
density itself. That is, competition is such that the absence of one of the species is
beneficial to the other and vice-versa. This way, Q̃[a] > Q̃[b] whenever a > b > 0
(it is order preserving). We also consider that, at the moment of invasion, the
invader has a higher growth rate than the species invaded.

In a slightly more involved manner as performed for the monotone single
species case, we can establish sufficient conditions for competitive systems to
present linearly determinate speeds and traveling wave solutions. More details
can be checked in Weinberger et al. [41].

To illustrate the applicability of the results for competing species, let us consider
two examples. First, we study how a established resident population is invaded
by a competitor. Later, we study how two competing species invade a landscape
simultaneously

Resident Species vs Invading Competitor

We start with a classical Lotka-Voltera competition RDE model, and present the
analogous IDE model for the phenomena. The two competing species u = (u1, u2)

are described by the system of PDEs
∂tu1 = D1∂2

xu1 + r1u1

(
1− u1 − a12u2

C1

)
,

∂tu2 = D2∂2
xu2 + r2u2

(
1− u2 − a21u1

C2

)
,

(1.92)

where ri, Di and Ci are the intrinsic growth rate, the diffusion coefficient and
the carrying capacity of species i, respectively. The coefficients ai,j measure the
competitive negative impact that species j causes on species i, (i, j = 1, 2).

The spaceless version of model (1.92) has four fixed points: The trivial one,
u∗0 = (0, 0), two of a single species present u∗{i} = (C1δ1,i, C2δ2,i), i = 1, 2, and the
coexistence one u∗{1,2} = (u∗1 , u∗2), with

u∗i = Ci

(
1− αij

1− αijαji

)
, for i, j = 1, 2, (1.93)
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where αij = aijCj/Ci. The stability of these fixed points depend on the precise
values of both αij, and will be discussed slightly ahead in terms of invasion
dynamics.

Note that upon the substitution vi = Ci − ui, the system is cooperative in uj

and vi, since

∂vi{∂tuj} =
rjaji

Cj
uj > 0 for uj > 0, (1.94)

and similarly for the derivative of ∂tvi in respect to uj. This way, increments in vi

are beneficial to uj and vice versa. We won’t use vi explicitly throughout the text,
but keep in mind that the speed at which the absence of vi advances in space is
the same at which ui regresses and vice versa.

We let species i be resident, and established at u∗i = Ci in the absence of j. A
small density of species j individuals invades the landscape according to

∂tuj = Dj∂
2
xuj + rj(1− αji)uj. (1.95)

This is precisely the linearized single species RDE (1.9), with the substitution of r
by rj(1− αji). This way, the minimal speed of the fronts of invasion

ĉj→i = 2
√

rjDj(1− αji). (1.96)

In fact, this minimal speeds of invasion are the asymptotic spreading speeds,
i.e., ĉj→i = c∗j→i, under the following sufficient, but not necessary, conditions
[43, 42]

rj(1− αji) > 0,
αijαji − 1

αji − 1
≤ rj

ri

(
2− Di

Dj

)
,

Di

Dj
≤ 2.

Under the regime where the speeds are linearly determinate, note that c∗j→i =

2
√

rjDj(1− αji) < 2
√

rjDj, and therefore the presence of a competitor slows down
the invasion of an alien species. Moreover, when αji > 1 the invasion is halted,
and the resident species i dominates and prevents invasion of j completely. This
may occur under two distinct biological regimes: Either the resident species is
competitively stronger than the invader and excludes it (αij < 1 < αji), or both are
strong competitors (1 < α12, α21) and the resident species exerts founder’s control.
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When both α12 and α21 are smaller than 1, we have mutual invasibility of
both species. The invader shifts the equilibrium of only resident species to the
coexistence one. This way, if we have traveling wave solutions, u(x− ct), they
connect the single resident species fixed point u∗i , at x → ∞, to the coexistence
one, u∗1,2, at the core of invasion (figure 1.3a).

The last possible case is the substitution of resident species. In the case
αji < 1 < αij, not only invasion of species j is successful, but it also leads to
the elimination of the resident species i. The traveling wave solutions connect
single resident species fixed point u∗i , at x → ∞, to the single invader species fixed
point u∗j , at the core of invasion (figure 1.3b).

0 25 50 75 100 125 150 175 200
Space

C1( 1 −α12
1 −α12α21)

C2( 1 −α21
1 −α12α21)

c2

Po
pu

la
tio

ns

t = 30 t = 60 t = 90 t = 120

Species 1
Species 2

(a) α21 < 1 : Invasion leads
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Figure 1.3: Invasion of a competitor species leading to either coexistence or exclu-
sion of resident species

The analogous IDE model would be

ut+1,1(x) =
∫ ∞

−∞
K1(x− y)F1(ut,1(y), ut,2(y))dy (1.97)

ut+1,2(x) =
∫ ∞

−∞
K2(x− y)F2(ut,1(y), ut,2(y))dy (1.98)

where Ki are the movement kernels and Fi the growth functions. The Fi are in the
form of a generalized of Beverton-Holt model. That is, the growth of species i is
modelled by

Fi(u) =
Riui

1 + (Ri−1)
Ci

(ui + aijuj)
, (1.99)
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where Ri are the intrinsic growth rates, Ci and aij are defined as in the RDE
case. This particular form of Fi allows for the corresponding spaceless model (i.e.,
without dispersal) to have fixed points that follow the same expressions obtained
for the RDE model.

The growth function of species j, linearized about the single resident species i
fixed point u∗i = (C1δ1,i, C2δ2,i), yields

∂uj Fj(u∗i ) =
Rj

1 + αji(Rj − 1)
, (1.100)

with αji = ajiCi/Cj, as before. The model for the invasive species at the leading
edge is then

ut+1,j =
Rj

1 + αji(Rj − 1)

∫ ∞

−∞
Kj(x− y)ut,j(y)dy, (1.101)

which is precisely the linear single species IDE (1.13) with R switched to ∂uj Fj(u∗i ).
Therefore, we have that species j has the minimal speed

ĉj→i = inf
s>0

{
1
s

ln

(
Rj

1 + αji(Rj − 1)
Mj(s)

)}
, (1.102)

where Mj(s) is the moment generating function of species j movement kernel, Kj.
Under certain conditions (see Lutscher [21] chapter 12 or Lewis et al. [42]), we
have that the asymptotic spreading speed is linearly determinate, i.e., c∗j→i = ĉj→i.

Similarly to the RDE case, αji > 1 implies species i prevents invasion of species
j. Also, the case αji < 1 allow for either invasion leading to coexistence with or
exclusion of resident species, depending on the values of the pair αij, αji exactly as
in the RDE case.

Two competitors invade the landscape simultaneously

For the case of simultaneous invasions, we consider the same RDE formulation
used in the last example. Now consider that the landscape is uninvaded by
neither of species, and that a small density u1, u2 ≪ 1 of both species individuals
arrive at said landscape. The front formed by this individuals can be written as
u∗(x − ct) = αe−s(x−ct) = αe−sz, where α is a constant vector. The linearized
equations around the 0 fixed point, with the traveling front form, yield
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c(s)α1e−sz =
(
sD1 +

r1
s
)

α1e−sz

c(s)α2e−sz =
(
sD2 +

r2
s
)

α2e−sz
(1.103)

The system can then be represented as an eigenvalue problem

c(s)αe−sz = P{1,2},0αe−sz, (1.104)

where P{1,2},0(s) = diag(sDi + ri/s) is the linearized projection operator, with
eigenvalues γi(s) = sDi + ri/s and we define

c∗− = min
i

inf
s>0

γi(s) = min
i

2
√

riDi (1.105)

and
c∗+ = max

i
inf
s>0

γi(s) = max
i

2
√

riDi (1.106)

as the fastest and slowest speeds of the problem.
Both species will invade the landscape together if r1D1 = r2D2, at speed

2
√

r1D1, as displayed in figure 1.4. Otherwise, the fastest species i, invades and
colonizes new regions first and the slowest species perceives the landscape as
already inhabited and invades at speed ĉj→i. This latter case leads to 2 shifts in
the landscape throughout space: first, the uninhabited areas are colonized by the
fastest species, and (0, 0) goes to (C1δi1, C2δi) in a region of space, then, if the
slowest species j is able to invade upon species i presence, then (C1δi1, C2δi) is
shifted towards the equilibrium containing species j (figure 1.5).

Another possibility of simultaneous invasions is to have founders control
leading to both species inhabiting two separated regions in space. Essentially,
when αij, αji > 1, given proper initial conditions (the fastest species needs to be less
abundant than the slowest one), neither the fastest species can push the slowest
species back nor the slowest species advance in the fastest species presence (figure
1.6).

Predator-Prey

The theory for predator prey is slightly more sparse in literature, but [9] does
a concise compilation of recent results and advances. Here we will navigate
through literature on reaction diffusion equations models for such communities,
and try to provide some details on mathematical methods used. However, here,
we will constrain or focus on the RDE formulation, and refer to Lutscher [21] and
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Figure 1.4: Simultaneous invasion of species 1 and 2 leading to coexistence at the
core of invasion. r1D1 = r2D2 = 1.5

references therein for the IDE cases. This is for two reasons: First, predator prey
dynamics have multiple modeling approaches in terms of discrete time models
(Neubert and Kot [44] presents three modeling alternatives alone), which have
different outcomes in terms of community stability. Secondly, the RDE approach
itself has different coexistence regimes, such that covering all the different models
in IDE formalism in addition to the RDE one would extend an already long chapter.

Resident prey and invader predator

We write the model for the prey uv and predator uw as
∂tuv = Dv∂2

xuv + ruv

(
1− uv

C

)
− g(uv, uw)uv,

∂tuw = Dw∂2
xuw + bg(uv, uw)uv −muw,

(1.107)

where Dv, Dw is the diffusivity of prey and predator, respectively, r is the prey
growth rate and C its carrying capacity. Predators attack rate upon prey is given
by the function g(uv, uw), and b is the conversion rate of captured prey into new
predators, while m is predator mortality.

The choice of the specific form of g is usually Holling functional responses of
type I or II [45, 46]. The type I functional response causes the coexistence fixed
point of the spaceless version of (1.107) to be stable when viable. On the other
hand, type II functional responses allow this coexistence fixed point to be either
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Figure 1.5: Simultaneous Invasions of species 1 and 2 with species 1 faster than
species 2.
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Figure 1.6: Simultaneous Invasions of species 1 and 2 with species 1 faster than
species 2, but both compete strongly (αij, αji > 1). This leads to three distinct
regions of space, one where only the slowest species inhabits, a small coexistence
region, and a region where only the fastest species inhabits and advances in space.



Chapter 1. Mathematical Models for Biological Invasions 30

stable or the center of oscillations. Here, for illustrative purposes, we will use type
II Holling functions, since they allow for both coexistence qualitative behaviors
(oscillatory or stable). We define

g(uv, uw) =
auw

1 + hauv
, (1.108)

where a is the attack rate and h the handling time. With this, the coexistence fixed
point, u∗ = (u∗v, u∗w), is given by

u∗v =
m

a (b− hm)
, (1.109)

u∗w =
br (Cab− Cahm−m)

Ca2 (b− hm)2 . (1.110)

Apart from the coexistence fixed point, we have the trivial extinction state,
which is unstable, because prey is always able to grow. Also, we have the only
prey fixed point, which is stable if ∂uw g(C, 0) < m/bC, i.e., predators must be able
to grow from low densities to destabilize the prey only state.

Suppose prey is at its carrying capacity, C, throughout the landscape, and
that a small density of predators is released at some point in space. We write the
equation for the small invasion front uw as

∂tuw = Dw∂2
xuw + uw(bC∂uw g(C, 0)−m). (1.111)

The minimal speed of these fronts is given by

ĉw→v = 2
√

Dw (bC∂uw g(C, 0)−m), (1.112)

which have been extensively shown to correspond the asymptotic spreading
speeds, c∗w→v, via numerical investigations [47, 48, 49, 50]. For the formal theory
of traveling wave solutions and linear determinacy of predator-prey reaction
difusion equations, check [51, 52] Therefore, the invasion criteria is

∂uw g(C, 0) >
m
bC

, (1.113)

as expected.
Now, although the speed is linearly determinate and relatively simple to

calculate, the behavior at the core of invasion is not as straightforward. Whenever
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the coexistence fixed point is stable, traveling wave solutions formed connect the
prey only fixed point to the coexistence one (figure 1.7). Whenever the fixed point
is the center of oscillations in the non-spatially structured model, then, in the
invasion process we can either have invasions leading to oscillatory regime right
after the front (figure 1.8a), or the formation of a region of dynamical stability,
where the coexistence fixed point seems stable in a region of space (figure 1.8b,
also, see Petrovskii and Malchow [49] for more details).
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Figure 1.7: Predator invasions when the coexistence fixed point is stable at the core.
Invasion simply shifts the prey only state to the coexistence one, with dumped
oscillations if the coexistence state is a stable focus
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Figure 1.8: Predator invasions when the coexistence fixed point is unstable at the
core. Different regimes are possible.

We can understand the formation of the dynamically stable region as two
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regime shift fronts traveling at different speeds. First, predator invasion leads to a
shift from prey only state to the coexistence one, however, since the coexistence
one is unstable at the core, the unstable front travels through space at a speed
ω∗ smaller than that of the predator front, that is, ω∗ < c∗w→v. And in between
the two fronts, dynamical stability is formed. Whenever the opposite holds, i.e.,
ω∗ > c∗w→v, we have only oscillatory regimes.

To measure the speed of the unstable front, we consider solutions the deviate
little from the unstable coexistence fixed point (u∗v, u∗w), and see how fast such
deviations spread. We denote pv(x, t) = uv(x, t)− u∗v, and similarly for pw(x, t),
to write p = (pv, pw). Applying p in equation (1.107) we get

∂tp = D∂2
xp + J̃(u∗v, u∗w)p (1.114)

where J̃(u∗v, u∗w) is the Jacobian matrix (of the spatially unstructured model) calcu-
lated at the unstable fixed point. For simplicity in the calculations, we consider
Dv = Dw = 1, such that D = I, the identity matrix.

Assuming that the unstable regime at the core advances and replaces the dy-
namical stability region at speed ω, we let solutions be given by p = p̄es(x−ωt)eiκt,
with p̄ a constant vector and κ a constant to account for possible oscillatory be-
havior. Substituting this back into the equation (1.114) we find the dispersion
relation

ω(s) =
1
s

Re(λ(s)), (1.115)

where

λ(s) = s2 +
T̃
2
+

1
2

√
T̃2 − 4∆̃, (1.116)

with T̃ = tr(J̃(u∗v, u∗w)) and ∆̃ = det(J̃(u∗v, u∗w)). And, as before, we expect that

ω∗ = inf
s>0

ω(s). (1.117)

Numerical investigations show that the dynamical stability usually forms when
T̃ < 2∆̃, such that the fixed point (u∗v, u∗w) is an unstable focus [48]. This way, we
find

ω∗ =
√

2T̃, (1.118)

and therefore, the condition for a region of dynamical stability to emerge is
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T̃ < bC∂uw g(C, 0)−m. (1.119)

Finally, in parameter terms, condition (1.119) is (letting C = a = 1 - these
essentially set population and time scales, respectively)

b + r
b

<
r(1 + h)
b− hm

+
1

m(1 + h)
. (1.120)

The same framework we used here has been used in Petrovskii and Malchow
[53] to study the formation of chaotic regimes in this model. In fact regimes
other than those shown here are also possible, but not on an invasion context (see
Petrovskii and Malchow [49] for more details).

Is biological control of an invading species possible?

In this final example, we consider the following scenario: an invasion is de-
tected at early stage, and we jointly release a natural and native predator of this
invading species. We would like to know whether the predator can catch up
to the invading species or at least slow the invasion down. To do this analysis,
we present a slightly different technique, but which is essentially a linearization
around the trivial fixed point.

We write W(z = x − ct) = (Wv(z), Ww(z)) as traveling wave solutions and
substitute it into equation (1.107), yielding

c dWv
dz + Dv

d2Wv
dz2 + rWv

(
1− Wv

C

)
− g(Wv, Ww)Wv = 0,

c dWw
dz + Dw

d2Ww
dz2 + bg(Wv, Ww)Wv −mWw = 0.

(1.121)

Letting Ψi =
dWi
dz , and assuming Dw = Dv = 1 for simplicity in the calculations,

we transform the problem into a 4 dimensional coupled first order ODE system:
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

dWv

dz
= Ψv

dWw

dz
= Ψw

dΨv

dz
= −cΨv − rWv

(
1− Wv

C

)
+ g(Wv, Ww)Wv

dΨw

dz
= −cΨw − bg(Wv, Ww)Wv + mWw.

(1.122)

Now, the Jacobian of this system is given by

J(Wv, Ww) =

[
0 I
−J̃ −cI

]
, (1.123)

where J̃ ≡ J̃(Wv, Ww) is the jacobian matrix of the spatially unstructured version
of the model and I the (2 by 2) identity matrix. The eigenvalues, λ(Wv, Ww), of J
are given by

λ(Wv, Ww) = −
c
2
± 1

2

√
c2 − 2

[
tr(J̃)±

√
tr(J̃)2 − 4det(J̃)

]
. (1.124)

Linearizing the system about the trivial fixed point, (Wv, Ww) = (0, 0), we
expect that the eigenvalues are real valued, otherwise we would get oscillations
around zero, leading to negative population densities. Therefore

c ≥
[

2
(

T̃0 ±
√

T̃2
0 − 4∆̃0

)] 1
2

, (1.125)

where T̃0 = r−m and ∆̃0 = −rm are the trace and determinant of J̃ calculated at
the trivial fixed point. This way, the inequality for c simplifies to

c ≥
√

2(r−m± |r + m|). (1.126)

We either have c ≥ 2
√

r or c ≥ 2i
√

m. Since only the former has biological sig-
nificance, the invasion of predator alongside prey has a minimal speed that equals
that of prey invading alone (remember Dv was set to 1). Therefore, predators
cannot slow down invasions, and, in fact, they can only catch up to prey if
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c∗w→v ≥ 2
√

Dvr, (1.127)

Dw

(
b

1
1 + h

−m
)
≥ Dvr, (1.128)

b
r

1
1 + h

− m
r
≥ Dv

Dw
, (1.129)

where again we set C = a = 1.
The strict inequality in (1.129) only makes sense if the predator is catching up

to prey, because it can only invade the landscape if the prey is present. Therefore,
a predator that can catch up to prey, travels alongside it at speed 2

√
Dvr once it

arrives at the leading edge. On the other hand, whenever the inequality above
is not satisfied, simultaneous invasions of predator and prey lead to a growing
region in space, of length (2

√
Dvr− c∗w→v)t, where only prey is established at it’s

carrying capacity. As predator invades the landscape, it shifts the only prey state
to the coexistence one.

1.2.4 Further Readings in Multiple Species problems

Here we only covered two types of species interactions, namely competition
and predator-prey. Of course, there are many community modules in ecology, and
many other interactions that we could study mathematically in similar manner as
presented here.

The models of parasite and host are close to that of predator and prey, but
for specific functional responses in continuous time see Roberts [54], while for
discrete time models, the classical work of [55] is the main reference. Of course,
such models must be coupled with the dispersal processes described here, and
measuring spreading speeds should be quite straightforward, however, specific
conditions for pattern formation, oscillatory and coexistence regimes apply Roberts
[54], Wright and Hastings [56].

Facultative mutualistic interactions were also not covered in detail here, but the
theory used for competition systems also apply in this case. In essence, the idea is
to assume a resident established mutualistic partner, and an invasive mutualistic
partner spreading into the resident species. Since the system is cooperative and
both parts can grow in absence of its partner, the theory for cooperative systems
apply directly, and speeds are linearly determinate under conditions detailed
[41]. Briefly, the speed of spread the invader attains is higher than that it would
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attain alone. When both mutualistic species invade together, the results change a
little, because the mutual partners can either travel alone at different speeds when
the mutualistic benefit is low (having the slowest being benefited by colonizing
regions already occupied by its partner), or both travel together if the benefit
is high enough, such that the slowest species can reach the fastest one (see [21]
chapter 14). Obligate mutualisms, on the other hand, are much harder to analyze,
because they present a form of strong Allee effects. The specific functional forms
for models of mutualism interactions can be viewed at [57, 58], however, spatially
structured are much less present in literature (but see Amor et al. [59]).

Systems with larger number of species and multiple simultaneous interactions
are also less present in current literature for biological invasions. Studying spa-
tially structured models for key interacting communities, such as exploitative
competition [60], apparent competition [61] and intraguild predation [62, 63], can
reveal important ways movement behavior and space can disrupt or promote
alternative regimes, such as pattern formation and chaos.

For studies in heterogeneous landscapes Cobbold et al. [64], Andrade and
Cobbold [65] provide an analysis of predator prey interactions in periodic land-
scapes, and the precise conditions for which cycles may emerge. For competition
systems, see [66], where competitive reversals are found due to differences in
habitat preferences.



Chapter 2

Intraduilg Predation in Homogeneous
and Heterogeneous Landscapes

2.1 Introduction

Often, the introduction of new consumer species in a novel habitat can generate
intraguild predation (IGP) interactions, a multi-species trophic network where
exploitative competitors for a shared resource present a predator-prey relation
[62, 67], and may lead to exclusion of native species, failure of invasion, or the for-
mation of an IGP community [68, 69, 70, 71]. Alongside interspecific interactions,
landscape heterogeneity play an important role on species spatial distributions,
coexistence regimes and movement behavior [72, 12, 73], which in turn may also
significantly change how invasions occur. Because so many factors can alter
the course of range expansion events, spatially structured mathematical models
have been vastly used to explore possible outcomes of biological invasions, and
significant advances in the field allow us to estimate spreading speeds (see, for
instance, Castillo-Chavez et al. [8]) and analyze heterogeneous landscapes in a
simplified manner (see Yurk and Cobbold [34], Cobbold et al. [64]). Nonetheless,
theoretical approaches for three species IGP communities haven’t been studied
in detail in this context, and can reveal regime shifts caused by the invasion of
novel consumers, as well as the main factors behind it, such as the interplay of
demographic traits and dispersal behaviors. In this work, we study a three species
IGP model in different landscape settings and provide spreading speeds estimates,
show some of the regimes found numerically, and provide some key factors that
change community formation processes.

In a three species IGP network we have two consumers of a single biotic re-
source, with a predation relation among themselves, as displayed in figure 2.1 [63].
Such predation relation allows coexistence between both consumers, even in cases
which otherwise would be unattainable [60, 74]. The precise conditions in which

37
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coexistence is possible depend on how large is resource productivity/carrying
capacity, and on the intraguild prey (IG prey) being a stronger exploitative com-
petitor than intraguild predator (IG predator) [63]. Following Tilman and others
[60], the latter translates into IG prey leading the resource to lower populational
levels than IG predator (when each consumer is set with resource alone).

Figure 2.1: A three species intraguild predation network diagram

Among the mathematical approaches for intraguild predation, Holt and Polis
[63] provides a concise theoretical foundation for the problem, and highlight many
venues in which the theory can be pushed forward to explain other potential
coexistence mechanisms, such as considering age structure, adaptive behaviors
and spatial dynamics, such as dispersal and habitat heterogeneity. Concerning
the latter, the classical works of Fisher [14], Kolmogorov A et al. [15] and Skellam
[16] were the first of many works that followed and established reaction diffusion
equations (RDE) as the main workhorses of spatial ecology. In this modeling
framework, individuals of a given species are assumed to move with Brownian
motion (hence diffusion), and population grows/decays according to the relevant
biological processes governing demography, such as reproduction, death and intra-
specific competition (hence reaction). With this theoretical approach, we have
been able to estimate, for example, spreading speeds of invasive species [28, 22],
and determine the existence of traveling wave solutions, i.e., spatial profiles that
are maintained through time, but advance in space [24].

Accounting for inter-specific interactions in RDE frameworks has been the
target of many studies, specially in competition and consumer-resource prob-
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lems [75, 51, 50, 49, 76, 42, 43]. Since IGP consists of competition and predation,
results from such models can provide some expectations for IGP as well. One
characteristic RDE models for competition and predator-prey interactions dis-
play are the linear determinacy of spreading speeds (under certain conditions)
[49, 48, 41, 42, 43]. This means that the speeds at which an invasive species spreads
through the landscape depend solely on low invader density dynamics, where the
alien species is still establishing, and resident community is still very close to its
equilibrium. Another common finding in this two species systems is the formation
of traveling wave solutions [41, 51, 52], which, for example, show the displacement
of the resident single species state to a coexistence state as the invader species
spreads through space. However, predator-prey dynamics can exhibit various
spatial profiles other than traveling wave solutions such as pattern formation,
dynamical stability and chaos, depending on the stability of the coexistence state
[48, 76, 53, 47].

While RDE formulations for competition and consumer-resource are well
described, spatially structured models for IGP are few, mainly because accounting
for more than two species can often generate complex dynamics in space, and
provide less informative results. With that, Bampfylde and Lewis [77] formulate a
two species Lotka-Voltera competition model (with added terms for predation)
to understand the dynamics of Intraguild Predation. They show that coexistence,
extinction and bi-stable regimes are possible, which imply an invasive species may
advance in space and exclude the resident species or coexist with it or, sometimes,
regress and fail to invade the landscape.

Reaction diffusion equations have been also developed and applied to study
heterogeneous landscapes in Shigesada et al. [30], with the landscape being com-
posed of two patch types that are arranged periodically over the real line. Move-
ment from one patch type to the other is such that flux and population densities
are continuous, which do not address specifically possible patch preferences of
the invasive and/or resident species that inhabit such landscape. To account for
such preferences, Maciel and Lutscher [32] considers individual movement at the
interfaces between different patches as being biased towards a preferred patch
type, following [31]. This results in interface conditions that are discontinuous in
density, but continuous in flux, with population densities potentially accumulating
at edges of the preferred patch type.

A method to approximate the results of RDE models in periodic landscapes is
presented in [34]. The main idea is to assume the dynamics inside a pair of patches
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occur at a much smaller time scale than that of the whole landscape, allowing
for the small scale processes to be averaged in the large scale. With this method,
[66] investigated how movement behaviors can cause regime shifts in competing
species, finding that reversals 1 can occur whenever the habitat preference of the
weakest competitor allows for it to spend an optimal time in each of the habitats,
increasing its effective carrying capacity while decreasing the negative effects from
competition with the stronger competitor.

Albeit not being a RDE model, Amarasekare [79] studies the IGP in discrete
space, and provides some insights for the problem of dispersal strategies and habi-
tat selection. In her work, IG prey and predator move between three connected
patches of varying resource productivity (resource is stationary). The investiga-
tions and results focus on the roles of IG prey and predator dispersal, showing
that different strategies lead to different spatial distributions, e.g., fitness based
dispersal leads to segregated coexistence, where IG prey stays on low resource
productivity patches, and IG predator on high resource productivity ones.

Although some insightful results for IGP in space are present in literature,
accounting for both resource population levels and dispersal is lacking, and can
be a key process to understanding coexistence and exclusion regimes. Also,
measuring speeds of invasion of a consumer species can unravel how fast possible
regime shifts take place. Beyond that, we can verify the formation of spatial profiles
such as traveling wave solutions and possible oscillatory regimes. Understanding
the homogeneous landscape problem can also provide expectations for the large
spatio-temporal scale for IGP in heterogeneous landscapes (following [34]), in
which patch preference behavior of resource and consumers populations can be
accounted for explicitly, and possibly mediate competitive reversals, which in IGP
communities would mean shifting coexistence regimes into exclusion ones and
vice-versa.

In this work, we consider a version of the classical IGP model by Holt and
Polis [63] with added ecological diffusion terms to account for movement in
a homogeneous and heterogeneous landscape. In section 2.2, we present the
model in homogeneous landscapes, and measure spreading speeds as well as
display some of the regimes found. In section 2.3, we present the corresponding
model in heterogeneous/periodic landscapes, following [34, 64], we perform the
homogenization technique, and drawing correspondence with our findings in the

1when the weaker competitor, by exhibiting a more efficient dispersal behavior than its com-
petitor, can potentially exclude or coexist with it [78]



Chapter 2. Intraguild Predation 41

homogeneous landscape model, we determine conditions for mutual invasibility
in the large spatio-temporal scales. Finally, in section 2.4, we discuss our results
and present future venues of research.

2.2 Intraguild Predation in Homogeneous Landscapes

2.2.1 Model

We consider that population densities vary in continuous time, t, and space, x
and denote IG prey density as C1 ≡ C1(t, x), IG predator as C2 ≡ C2(t, x), and the
shared resource as R ≡ R(t, x). In our model, every species move with “ecological”
diffusion as in Ovaskainen and Cornell [31], Maciel and Lutscher [32], predation
relations are linear, while consumers are subject to natural mortality and resource
grows and reproduces according a density dependent growth function. The model
equations are then

∂tC1 = ∂2
x(D1C1) + b1C1R− αC1C2 − δ1C1,

∂tC2 = ∂2
x(D2C2) + b2C2R + βC1C2 − δ2C2,

∂tR = ∂2
x(DRR) + G(R)− a1C1R− a2C2R,

(2.1)

defined on (t, x) ∈ (0, T)×R+. Where ai is the attack rate of consumer i upon the
resource, and bi is the conversion rate of resource into new consumers of species i
2. The natural mortality of consumer i is denoted δi and α is the attack rate of IG
predator upon IG prey, while β its conversion rate. The diffusion coefficient of
consumer i is Di, while the diffusion coefficient of resource is Di.

Finally, in equation (2.1), the function G(R) describes how resource grows. We
will assume that G(R) ≥ 0 for 0 ≤ R ≤ R∗ and that G(R) < 0 for R > R∗, such
that G(R∗) = 0, i.e., resource population grows in the absence of consumers until
it attains density R∗. Also, we assume that R∂RG(R) < G(R) for R > 0, such
that resource alongside a single consumer attain stationary states in the model
without spatial structure. Throughout the text, we consider the logistic growth
function, i.e, G(R) = rR(1− R/K), where K is the carrying capacity and r the
intrinsic growth rate. However, other choices of growth functions that satisfy the
conditions stated have similar qualitative results as we will display here, e.g., the
chemo-stat growth function, i.e, G(R) = ν− rR, where ν is the productivity of
the system and r resource removing rate, which is often used to model abiotic

2in fact, bi/ai is the actual conversion rate, but we address bi as it for short
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resources [74].
Using the change of variables τ = rt, y =

√
r/DRx, u1 = (β/r)C1, u2 =

(α/r)C2 and uρ = R/
√

R∗1R∗2, where R∗i = δi/bi is the resource level under
exclusive presence of consumer i, we set our equations to

∂τu1 = d1∂2
yu1 + γm1u1

(
uρ −

1
γ

)
− u1u2,

∂τu2 = d2∂2
yu2 +

m2u2

γ
(uρ − γ) + u1u2,

∂τuρ = ∂2
yuρ + f (uρ)− e1u1uρ − e2u2uρ,

(2.2)

where the new quantities are γ =
√

R∗2/R∗1, e1 = a1/β, e2 = a2/α, f (uρ) =

G(
√

R∗1R∗2uρ)/(r
√

R∗1R∗2), leading to a rescaled carrying capacity K ← K/
√

R∗1R∗2 ,
di = Di/DR and mi = δi/r. Coexistence regimes are only possible if γ > 1, which
is then a competition outcome measure, i.e., whenever γ > 1 (γ < 1), IG prey (IG
predator) is the stronger competitor.

2.2.2 Invasion Regimes and Community formation

Now, we consider Consumer-Resource and IGP communities formed upon
introduction of either IG prey or IG predator into a landscape where either re-
source is established alone or alongside a resident consumer. In order to determine
invasibility criteria, we consider a small invading population, such that the equa-
tions can be linearized around the invader-free fixed points. In the case of shifts
between IG prey and IG predator, such that the former is excluded, the single
consumer and resource fixed point is never a center (no sustained oscillations are
possible), however, the coexistence fixed point can be either stable or a center of
oscillations (see [63] for a detailed description)

Consumer invades Resource inhabited landscape

To start, we consider a landscape where resource is stablished at u∗ρ = ūρ,
f (ūρ) = 0, and a small density of IG prey, u1 ≈ 0, is invading. The leading edge is
described by the linearized equation

∂τu1 = d1∂2
yu1 + u1m1γ

(
ūρ −

1
γ

)
, (2.3)
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which yields the minimal speed of invasion

ĉ1→ρ = 2

√
d1m1γ

(
ūρ −

1
γ

)
. (2.4)

similarly, IG predator (u2) invading an resource inhabited landscape will have
minimal speed

ĉ2→ρ = 2

√
d2m2

γ
(ūρ − γ). (2.5)

Since a single consumer invading a resource inhabited landscape has linearly
determined speed [9, 50], we have that the asymptotic speeds of invasions equal
the minimal ones, i.e., c∗i→ρ = ĉi→ρ. Note that invasion speeds are only real valued
for ūρ > γ−1 in the case of IG prey, and ūρ > γ in the case of IG predator. These
set thresholds on parameters of f (uρ). For the logistic growth function, we have
ūρ = K. Then, for K > K1→ρ = γ−1 (K > K2→ρ = γ), the landscape can be
invaded by IG prey (IG predator).

An example of successful invasion is illustrated in figure 2.2a (2.2b) for IG
prey (IG predator). Note that as IG prey (IG predator) spreads, the resource level
shifts from the carrying capacity K to γ−1 (γ). Also, the solutions present the
same spatial pattern at different times, i.e., they are traveling wave solutions of the
consumer-resource problem, connecting the resource only fixed point at y→ ∞,
to the resource-consumer fixed point at y→ 0.

IG predator invades IG prey and Resource inhabited landscape

When resource is established alongside one of the consumers, however, invasi-
bility criteria change. We start with the case of resource and IG prey stable at levels
u∗ρ = 1/γ and u∗1 = γ f (γ−1)/e1, and consider a small density of IG predator
invaders, u2 ≈ 0. The linearized equation is

∂τu2 = d2∂2
yu2 + u2

(
m2

γ

(
1
γ
− γ

)
+

γ

e1
f (γ−1)

)
, (2.6)

yielding minimal speed

ĉ2→(1,ρ) = 2

√
D2γ

e1

(
f (γ−1)− m2e1

γ2

(
γ− 1

γ

))
. (2.7)

Under the assumption that the minimal speed of invasion is the asymptotic
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Figure 2.2: Single consumer invading a resource only inhabited landscape, rep-
resented as solutions at different times t. Gray lines are Resource, while black
(blue) lines are IG prey (IG predator), color matching dashed lines are initial condi-
tions. Parameters are 2D1 = 2D2 = DR = 0.6 (space is not rescaled in the figure),
m1 = 2m2 = 2e1 = e2 = 1.2 and γ = 1.5. In (a), K = 0.87, while in (b) K = 3. We
use Neumann boundary conditions on both spatial domain extremities.

one, IG predator invades a landscape inhabited by resource and IG prey given

f (γ−1) > f2→(1,ρ) =
m2e1

γ2

(
γ− 1

γ

)
, (2.8)

which in turn sets new thresholds for parameter values of f . For logistic growth,
the carrying capacity must follow

K > K2→(1,ρ) =
1

γ(1− γ f2→(1,ρ))
. (2.9)

In the case γ < 1, condition (2.8) is always satisfied, so that IG predator always
invades and competitively excludes IG prey. For γ > 1, in the parameter region
K1→ρ < K < K2→(1,ρ) we have that only IG prey is able to invade the landscape,
while in K > K2→(1,ρ), IG predator is able to invade the landscape, and, depending
on the precise value of K, IG prey either coexists alongside IG predator (see figure
2.3a) or is excluded (figure 2.3b). Note that, for γ > 1, K2→(1,ρ) < K2→ρ, so the
presence of a resident IG prey population facilitates IG predator invasion for these
carrying capacity values.

In figures 2.3a and 2.3b we see spatial patterns being formed from t = 50 to
t = 100, and maintained at longer times. In figure 2.3a, the traveling wave solution
connects the IG prey and resource fixed point at y→ ∞ to the coexistence one in
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y→ 0, while in figure 2.3b, it connects the IG prey and resource fixed point to the
IG predator and resource fixed point.
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predator invasion
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Figure 2.3: IG predator invading a IG prey and resource inhabited landscape,
represented as solutions at different times t. Gray lines are Resource, while black
(blue) lines are IG prey (IG predator), color matching dashed lines are initial
conditions. Parameters are 2D1 = 2D2 = DR = 0.6, m1 = 2m2 = 2e1 = e2 = 1.2
and γ = 1.5. In (a), K = 6.5, while in (b) K = 18. We use Neumann boundary
conditions on both spatial domain extremities and present only the right moving
part of the solution.

IG prey invades IG predator and Resource inhabited landscape

Finally, we consider a landscape inhabited by resource and IG predator, at
stable densities u∗ρ = γ and u∗2 = γ−1 f (γ)/e2. A small density of IG prey, u1 ≈ 0,
is described by the linearized equation

∂τu1 = d1∂2
yu1 + u1

(
m1γ

(
γ− 1

γ

)
− 1

γe2
f (γ)

)
, (2.10)

and has minimal speed

ĉ1→(2,ρ) = 2

√
D1

γe2

(
m1e2γ2

(
γ− 1

γ

)
− f (γ)

)
, (2.11)

yielding yet another threshold for f in which IG prey is able to invade the land-
scape, given by

f (γ) < f1→(2,ρ) = m1e2γ2
(

γ− 1
γ

)
. (2.12)
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Figure 2.4: IG prey invading a IG predator and resource inhabited landscape,
represented as solutions at different times t. Gray lines are Resource, while black
(blue) lines are IG prey (IG predator), color matching dashed lines are initial
conditions. Parameters are 2D1 = 2D2 = DR = 0.6, m1 = 2m2 = 2e1 = e2 = 1.2
and γ = 1.5, K = 1.6. Traveling wave solutions connect the resident IG predator
and resource fixed point to the coexistence one. We use Neumann boundary
conditions on both spatial domain extremities and present only the right moving
part of the solution.

The threshold for carrying capacity is

K < K1→(2,ρ) =
γ

1− γ−1 f1→(2,ρ)
. (2.13)

For γ < 1, i.e., when IG prey is not the best competitor, its minimal invasion
speed is never real valued. Assuming that the minimal speed is the asymptotic
one, we have that IG prey is never able to invade. For γ > 1, K2→(1,ρ) < K <

K1→(2,ρ) is a mutual invasibility region, i.e., IG prey can invade an IG predator
occupied landscape and vice-versa, leading to a region of coexistence between
both consumers (see figure 2.4). The region K > K1→(2,ρ) IG prey can no longer
invade an IG predator occupied landscape, and, in turn, IG predator invasions
lead to IG prey exclusion, as previously shown in figure 2.3b. Also for γ > 1, we
have K2→(1,ρ) < K2→ρ, and IG prey can never competitively exclude a resident IG
predator population uppon invasion.

When the coexistence fixed point is unstable and display maintained oscilla-
tions, the system can display dynamical stabilization [48, 49]. In figure 2.5, as the
front of invasion advances with speed ci→(j,ρ), the interface between the dynamical
stability region and oscillatory regime at the core of invasion also advances in
space, but with a smaller speed than the front, such that the length of the dynami-
cal stability region is increasing throughout invasion, similar to what is found in
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Malchow and Petrovskii [48].

Figure 2.5: IG prey invasion leading to dynamical stability (light gray colored
region) at t = 200 (top) and t = 450 (bottom. Parameters used are K = 3, γ = 2
and e2 = 2e1 = m1 = 2m2 = 1.2, D1 = D2 = DR = 0.5

2.2.3 Asymptotic Invasion Speeds

We assumed that the minimal invasion speeds correspond to the asymptotic
ones. Measuring the invasion speeds numerically (dots in figures 2.6a-2.6d) reveals
that, for the explored region of parameter space, this is indeed the case, i.e., the
asymptotic invasion speeds equal the minimal ones (solid lines in figures 2.6a-
2.6d).

Note that increasing carrying capacity ( figure 2.6a) increases IG predator
invasion speed while decreases IG prey invasion speed, as expected, since we have
a lower threshold for IG predator invasion in terms of carrying capacity (K2→(1,ρ))
and an upper treshold for IG prey invasion (K1→(2,ρ)). Increasing the invading
species diffusivity (figure 2.6b) increases both consumers invasion speeds, as
expected.

Invasion speeds behavior in respect to mi and ei is not that trivial. Note
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Figure 2.6: Numerical (dots) and linearly obtained (lines) invasion speeds for IG
prey (black) and IG predator (blue). We always analyze the cases of invasion
uppon a consumer-resource community. Parameters used, with the exception of
the varying ones in each of their respective figures, are D1 = D2 = DR = 0.5,
γ = 1.5, m2 = 2m1 = 2e1 = e2 = 1.2, K = 3

that increasing rescaled mortalities mi and resident consumer attack rates upon
resource ej produce opposite behaviors on IG prey and IG predator. The main
reason lies in the fact that, at the leading edge, the net effect of competition for
resource is positive (negative) in IG prey (IG predator). Since the net effect of
competition in consumer i is proportional to mi, increases in m1 increase IG prey
invasion speed, while the opposite holds for IG predator. Since mi are scaled by
1/r, simultaneously increasing both mi can be seen as decreasing resource growth
rate, low r favor IG prey, while high r favor IG predator (akin to the effect of
increasing carrying capacity).

A similar discussion can be made in terms of ei and the net effect of intraguild
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Figure 2.7: Assymptotic Invasion Speeds for different values of γ. In the region
γ > 1.8 (roughly) dynamic stabilization regimes are possible. The numerically
obtained speed (dots) match expressions (2.7) and (2.11) (lines). Parameters used
are K = 5 and e2 = 2e1 = m1 = 2m2 = 1.2, D1 = D2 = DR = 0.5

predation at the leading edge. While increasing e1 decreases the total available IG
prey for the consumption of an invading IG predator, thus, reducing its invasion
speed, increasing e2 decreases the total amount of IG predator, reducing predation
pressure on an invading IG prey and allowing it to spread with faster speeds.

To illustrate the effects of invasion leading to both regimes on the spreading
speeds, we calculate numerical spreading speeds (dots in figure 2.7) and compare
them to the ones obtained from linearization (solid lines in figure 2.7) in a param-
eter region where the coexistence fixed point is unstable (region γ > 2 in figure
2.7). We observe that, although traveling wave solutions are not being formed,
the spreading speeds are still linearly determined and expressions (2.7) and 2.11
provide accurate estimates. This was expected, since it also holds in the case of
dynamical stabilization regimes of predator-prey models [48].

2.3 Intraguild Predation in Heterogeneous Landscapes

2.3.1 Model

We follow [32, 34, 64] closely. We let the space be composed of two types of
patches, 1 and 2, of sizes l1 and l2 respectively, displaced periodically on the real
line. We denote the desities of IG prey inside patches of the j-th type as C1j, while
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for IG predators and Resource we use C2j and Rj, respectively. The dynamics of
these populations on a patch of type j are given by

∂tC1j = ∂2
z(D1jC1j) +F1j,

∂tC2j = ∂2
z(D2jC2j) +F2j, z ∈ Tj

∂tRj = ∂2
z(DRjRj) +FRj,

(2.14)

where Tj is the set of points within patches of type j, i.e.,

T1 = {z ∈ R | m(l1 + l2) < z < m(l1 + l2) + l1 ∀ m ∈ Z}, (2.15)

T2 = {z ∈ R | m(l1 + l2)− l2 < z < m(l1 + l2) ∀ m ∈ Z}, (2.16)

and Fij ≡ Fij(C1j, C2j, Rj), i = 1, 2, R, are the growth functions of species i at
a patch of type j. Following our model in homogeneous space 2.1 and letting
intraguild predation relations occur in both patches we have

F1j(C1j, C2j, Rj) = b1jC1jRj − αjC1jC2j − δ1jC1j (2.17)

F2j(C1j, C2j, Rj) = b2jC2jRj + β jC1jC2j − δ2jC2j (2.18)

FRj(C1j, C2j, Rj) = Gj(Rj)− a1jC1jRj − a2jC2jRj, (2.19)

with symbols maintaining their definition as in (2.1), but now containing an extra
index, j, to denote the patch type in which they are valid. The same is true for the
difusion coeficcients Dij. Also, we keep Gj, j = 1, 2, as a logistic growth function
3, with intrinsic growth rate rj and carrying capacity Kj. For the description of
parameters and their correspondence to the homogeneous model (2.1), check table
2.1.

At the interface zm of patches of type 1 and 2, we assume continuous flux, but
discontinuous densities, to account for habitat preference [31, 32], leading to{

C11(z+m , t) = k1C12(z−m , t)
D11∂zC11(z+m , t) = D12∂zC12(z−m , t)

(2.20)

where zn = n(l1 + l2) + ζnl1, ζn = 1 (ζn = 0) if n is odd (even), and k1 is the IG
prey density effective patch preference. We proceed similarly for C2 and R to write

3Here, the choice of logistic growth function reflects a living resource species that actively
moves and selects between different patches
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their interface conditions and define the patch preferences, k2 and kR, for the IG
predator and the resource, respectively.

We follow [32] to set

ki =
Di2

Di1

αi

1− αi
, (2.21)

where αi ∈ (0, 1) is the probability of species i, i = 1, 2, R, to move from the
interface into a type 1 patch.

It is helpful to write the model (2.14) in a shorter notation. We define the piece-
wise constant (in z) functions Di(z) = Dij, z ∈ Tj and Fi(z, ·) = Fij(·), z ∈ Tj, to
write 

∂tC1 = ∂2
z(D1(z)C1) +F1(z, ·),

∂tC2 = ∂2
z(D2(z)C2) +F2(z, ·),

∂tR = ∂2
z(DR(z)R) +FR(z, ·).

(2.22)

Of course, (2.22) is only equivalent to (2.14) when interface conditions (2.20)
are accounted for. However, this notation allows us to quickly address population
densities C1, C2 and R in the landscape level (across multiple different patches).

2.3.2 Homogenization Technique

We proceed with a multiscale analysis and approximation method following
Yurk and Cobbold [34], we will briefly outline the method, but refer to the original
study for more details. Also, we will describe the methods in terms of a single
species, C1, but the proceedings are the same for C2 and R, and are to be taken
simultaneously.

We define the large scale x and the small scale z = x/ℓ, with ℓ = l1 + l2 ≪ 1
in the large scale, and assume that population densities depend on both x and z,
leading to C1 ≡ C1(x, z, t), the IG prey density in both. Expanding such solutions
in ℓ, we get

C1(x, z, t) =
∞

∑
q=0

ℓqC(q)
1 (x, z, t), (2.23)

and assuming x and z are independent we have ∂z → ∂x +
1
ℓ∂z. When substi-

tuting the expanded solution and the change of variables to (2.14) with interface
conditions (2.20), we find a system of coupled equations, that can be solved for
C(0)

1 , C(1)
1 , C(2)

1 .
The leading order of the expansion, C(0)

1 , is given by
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C(0)
1 (x, z, t) =

Ĉ1(x, t)
h1(z)

, (2.24)

where h1(z) = 1 (h1(z) = k1) for z ∈ T1 (z ∈ T2). Applying the same procedure
to C2 and R, we arrive in a similar expression for C(0)

2 and R(0), with h2(z) and
hR(z) defined in the same fashion as h1(z). Since hi(z) > 0 ∀i, z, the population
densities are strongly dependent on Ĉ1, Ĉ2 and R̂, which are obtained by solving

∂tĈ1 = l̂2
1⟨D1⟩(H)∂2

xĈ1 + ⟨F1⟩(Ĉ1, Ĉ2, R̂),
∂tĈ2 = l̂2

2⟨D2⟩(H)∂2
xĈ2 + ⟨F2⟩(Ĉ1, Ĉ2, R̂),

∂tR̂ = l̂2
R⟨DR⟩(H)∂2

xR̂ + ⟨FR⟩(Ĉ1, Ĉ2, R̂),
(2.25)

where, l̂i, ⟨Di⟩(H) and ⟨Fi⟩, are the scaled spatial periods, diffusion coefficients
and growth functions of species i in the large scale, respectively. Namely, the
scaled periods are given by

l̂i =
ℓ

ℓi
, with ℓi = l1 +

l2
ki

, (2.26)

while the diffusion coefficients are the harmonic mean between the diffusion
coefficients of each habitat, i.e.,

⟨Di⟩(H) =
ℓi

l1
Di1

+ kil2
Di2

(2.27)

and the growth functions are the arithmetic mean of Fij, i.e.,

⟨Fi⟩(Ĉ1, Ĉ2, R̂) =
1
ℓi
(l1Fi1(Ĉ1, Ĉ2, R̂) + l2Fi2(Ĉ1/k1, Ĉ2/k2, R̂/kR)). (2.28)

Rearranging the terms in ⟨Fj⟩, we find that system (2.25) can be written in the
same form as (2.1), i.e.

∂tĈ1 = ∂2
x(D̂1Ĉ1) + ⟨b1⟩Ĉ1R̂− ⟨α⟩Ĉ1Ĉ2 − ⟨δ1⟩Ĉ1,

∂tĈ2 = ∂2
x(D̂2Ĉ2) + ⟨b2⟩Ĉ2R̂ + ⟨β⟩C1C2 − ⟨δ2⟩C2,

∂tR̂ = ∂2
x(D̂RR̂) + ⟨G⟩(R̂)− ⟨a1⟩Ĉ1R̂− ⟨a2⟩Ĉ2R̂.

(2.29)

We organize the definition and correspondence between the heterogeneous land-
scape homogenized parameters in model (2.29) and the homogeneous landscape
parameters in model (2.1) in table 2.1.

With the parameters defined in table 2.1, we rescale time, space and population
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densities as follows:

U1 = ⟨β⟩
⟨r⟩ Ĉ1 U2 = ⟨α⟩

⟨r⟩ Ĉ2 UR = R̂√
R̂∗1 R̂∗2

,

t′ = ⟨r⟩t x′ =
√
⟨r⟩
D̂R

x
(2.30)

where

R̂∗i =
⟨δi⟩
⟨bi⟩

=
l1δi1 + l2δi2/ki

l1δi1
R∗i1

+ l2δi2
R∗i2kikR

, (2.31)

is the (approximate) resource level when established with only consumer i in an
heterogeneous landscape. R∗ij has a similar definition as R̂∗i (and R∗i in (2.1)), but
only with respect to the patch type j, i.e., R∗ij = δij/bij, j = 1, 2 and i = 1, 2.

After some algebra, system (2.29) can be written as

∂t′U1 = σ1∂2
x′U1 + ΓM1U1

(
UR −

1
Γ

)
−U1U2,

∂t′U2 = σ2∂2
x′U2 +

M2U2

Γ
(UR − Γ) + U1U2,

∂t′UR = ∂2
x′UR + Φ(UR)− E1U1UR − E2U2UR,

(2.32)

which is precisely in the same form of equation (2.2). The new quantities are

Mi =
⟨δi⟩
⟨r⟩ , E1 = ⟨a1⟩

⟨β⟩ , E2 = ⟨a2⟩
⟨α⟩ ,

σi =
D̂i
D̂R

, Γ =

√
R̂∗2
R̂∗1

, Φ(UR) =
Ĝ(
√

R̂∗1 R̂∗2UR)

⟨r⟩
√

R̂∗1 R̂∗2
,

(2.33)

where we rescale the carrying capacity to K̂ ← K̂/
√

R̂∗1 R̂∗2 .

2.3.3 Mutual Invasibility Conditions

Since models (2.32) and (2.2) are in the same form, we expect mutual invasibil-
ity of IG prey and IG predator to take place in the same correspondent parameter
regions as found for the homogeneous landscapes. This way, we expect mutual
invasibility only for Γ > 1, i.e., when the homogenized competitive measure
shows that IG prey is the stronger competitor, and within a range of effective
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Table 2.1: Symbol correspondence for parameters on models (2.1), (2.14) and (2.25).

Parameter/Variable Homogeneous Heterogeneous Heterogeneous
Landscape Landscape Landscape

(small scale) (homogenized)
Population Densities C1, C2, R C1j, C2j, Rj Ĉ1, Ĉ2, R̂

(Effective) Diffusion Di Dij D̂i = l̂2
i ⟨Di⟩(H)

Resource growth G(R) = Gj(Rj) = Ĝ(R̂) =
rR(1− R/K) rjRj(1− Rj/Kj) ⟨r⟩R̂(1− R̂/K̂)

Intrinsic growth rate r rj ⟨r⟩ = l1r1+l2r2/kR
ℓR

Carrying capacity K Kj K̂ =
⟨r⟩ℓ2

R
l1r1/K1+l2r2/(K2k2

R)

Death rate δi δij ⟨δi⟩ = l1δi1+l2δi2/ki
ℓi

Attack rate ai aij ⟨ai⟩ = l1ai1+l2ai2/(kRki)
ℓR

Conversion rate bi bij ⟨bi⟩ = l1bi1+l2bi2/(kRki)
ℓi

IGP attack rate α αj ⟨α⟩ = l1α1+l2β2/(k1k2)
ℓ1

IGP conversion rate β β j ⟨β⟩ = l1β1+l2β2/(k1k2)
ℓ2

carrying capacities K̂.
The condition Γ > 1, in full form, becomes

γ1γ2 >

(
θ̃2k2kR + δ̃2l/θ̃2

k2 + δ̃2l

)(
θ̃1k1kR + δ̃1l/θ̃1

k1 + δ̃1l

)−1

, (2.34)

where l = l2/l1 is the ratio of patch sizes, δ̃i = δi2/δi1 is the ratio of species i death
rates in patch 2 and patch 1, θ̃i =

√
R∗i2/R∗i1, the ratio between resource levels

in presence of species i in different patch types. Finally, γj =
√

R∗2j/R∗1j is the
competition outcome measure in patches of type j.

Whenever the right-hand side of inequality (2.34) is smaller than unity, mutual
invasibility is facilitated and can occur even if γj < 1, j = 1, 2, i.e., competitive
reversals in favor of IG prey are possible. At the same time, whenever the right-
hand side is larger than unity, mutual invasibility is hindered, and may not occur



Chapter 2. Intraguild Predation 55

even if γj > 1 , j = 1, 2, i.e., competitive reversals in favor of IG predator are also
possible. When the right-hand side is precisely unity, the condition reduces to
γ1 > γ−1

2 , that is, whenever IG prey is not competitively stronger in one of the
patches, it has to overcompensate this effect in the other patch.

The possible competitive reversal scenarios found on inequality (2.34) depend
heavily on all three species patch preferences, ki, i = 1, 2, R, how patchy the
landscape is, given by l, as well as consumer traits (θ̃i and δ̃i). To simplify this
relation and gain some insight on how habitat preferences govern this inequality,
we assume γ1 = γ2 = γ, which also implies θ̃1 = θ̃2 = θ̃, and define qR = θ̃2kR

and ηi = δ̃i/ki. With this, condition (2.34) becomes

γ2 >

(
qR + η2l
1 + η2l

)(
1 + η1l

qR + η1l

)
= w(qR, l, η1, η2). (2.35)

Note that w(qR = 1, ·) = 1, i.e., whenever qR = 1, we recover the conditions
found in an homogeneous landscape. Moreover,

sign(∂qR w) = sign (η1 − η2) (2.36)

such that if η1 > η2, then w is monotonically increasing in qR, and monotonically
decreasing otherwise. Because qR is monotone in θ̃ and kR, w is also monotone
in these parameters. Since w(qR = 1, ·) = 1, if w is monotonically increasing in
qR (figure 2.8a), then for qR > 1 we have hindered mutual invasibility conditions,
because γ2 > w(qR, ·) > 1, i.e., γ must be larger than what is expected in an
homogeneous landscape. For qR < 1 we have facilitated mutual invasibility
conditions, because γ2 > w(qR, ·) with w(qR, ·) < 1, i.e., γ can be smaller than
what is expected in an homogeneous landscape. The opposite holds when w is
monotonically decreasing (figure 2.8b).

The ecological interpretation of inequality (2.35) and equation (2.36) is as fol-
lows: ηi = δ̃i/ki relates species i patch preference, ki, and how much larger is its
death rate in pathces of type 2 compared to type 1, δ̃i. Whenever there is a differ-
ence between IG prey and IG predator in this relation, then mutual invasibility is
hindered or facilitated depending on how unbalanced is resource consumption
between different patches, θ, and resource patch preference kR.

To understand solely the effects of patch preferences, let δ̃1 = δ̃2, θ̃ = 1 and
consider the following example: IG prey prefers patches of type 1, such that
k1 > 1, and IG predator prefers patches of type 2, such that k2 < 1, this way, w is
monotonically decreasing. The region kR > 1 (resource prefers patches of type 1)
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(a) w is monotonically in-
creasing: η1 > η2

(b) w is monotonically de-
creasing: η1 < η2

Figure 2.8: Regimes of facilitated and hindered mutual invasions, depending on
how the quantities δ̃i

ki
, i = 1, 2 relate.

leads to a competitive reversal in favor of IG prey whenever w < γ2 < 1, while the
region kR < 1 (resource prefers patches of type 2) leads to competitive reversals
in favor of IG predator whenever w > γ2 > 1. The outcomes of the example are
reversed when k1 < 1 < k2, i.e., IG prey and IG predator patch preferences are
switched. This way, whichever consumer has their patch preferences aligned with
resource species’ patch preference can cause competitive reversals.

Similarly, we can understand competitive reversal scenarios only considering
the death rate ratios, δ̃i, and uneven resource consumption between patches, θ̃,
through the following example: Let k1 = k2 and kR = 1 and consider IG prey
have a smaller death rate in patches of type 1 than in patches of type 2, and the
opposite for IG predator, such that δ̃2 < 1 < δ̃1. With that, w is monotonically
increasing in θ̃. For θ̃ < 1, i.e., resource is less consumed in patches of type 1, we
may have competitive reversals in favor of IG prey whenever w < γ2 < 1, while
θ̃ > 1 favors IG predator if w > γ2 > 1. That way, whenever the patch where IG
prey dies less is also the one where resource is less consumed, we have facilitated
mutual invasibility, while hindered conditions apply when we have the opposite.

We could also discuss similar effects that occur between k1, k2 and θ̃, as well
as between δ̃1, δ̃2 and kR, but the outcome would be quite similar. In a general
manner, whenever the conditions favor IG prey (IG predator) in some way, the
mutual invasibility conditions are facilitated (hindered). To formally write these
parameter regions, we define δη = η1 − η2 and write the facilitated, H f , and
hindered, Hh, mutual invasion conditions as quadrants in the parameter space
(qR, δη) ∈ R+ ×R defined by
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H f = {(qR, δη) ∈ R+ ×R|qR < 1 and δη > 0 or qR > 1 and δη < 0},(2.37)

Hh = {(qR, δη) ∈ R+ ×R|qR > 1 and δη > 0 or qR < 1 and δη < 0}.(2.38)

The ratio among patch sizes, l, does not appear in any of the relations discussed
so far, but it does play an important role. Again, we focus on the case γ1 = γ2 = γ,
just to simplify expressions and gain some insight.

We have Γ2 = γ2/w, and we note that

lim
l→0

Γ(l, ·) = lim
l→∞

Γ(l, ·) = γ, (2.39)

i.e., whenever the landscape is almost homogeneous (l1 ≫ l2 or l2 ≪ l1), we
recover the homogeneous mutual invasion conditions.

A quick inspection on the derivative ∂lΓ2 reveals that

sign(∂l{Γ2}) = sign
[
(qR − 1)δη

(
η1η2

qR
l2 − 1

)]
, (2.40)

so ∂lΓ switches sign just once, at l∗ =
√

qR
η1η2

, which is therefore the only extremum
point of Γ w.r.t l, and limits (2.39) imply Γ is bounded by its extremum, Γ(l = l∗, ·),
and γ. Note that l∗ is the maximum point of Γ(l, ·) whenever (qr, δη) ∈ H f , and
by limits in (2.39) we have γ < Γ(l, ·) ≤ Γ(l = l∗, ·). Therefore, if γ > 1, mutual
invasion regimes are possible for any l. In a similar fashion, l∗ is a minimum
point of Γ(l, ·) whenever (qr, δη) ∈ Hh, and the limits in (2.39) imply Γ(l = l∗, ·) ≤
Γ(l, ·) < γ. Therefore, if γ < 1 mutual invasion regimes are not possible for any l.
This reads that whenever IG prey (resp. IG predator) is the superior competitior
and is benefited by facilitated (resp. hindered) mutual invasion conditions, mutual
invasions can (resp. do not) take place regardless of how patchy the landscape is.

Now, assuming that l∗ is a maximum point, in order to have Γ(l = l∗, ·) > 1,
we must have

γ2 >

δ̃1
k1

qR + δ̃2
k2
− 2
√

qR
δ̃1
k1

δ̃2
k2

δ̃1
k1
+ δ̃2

k2
qR − 2

√
qR

δ̃1
k1

δ̃2
k2

= w(qR, l∗, η1, η2). (2.41)

However, w(qR, l∗, η1, η2) < 1 for (qR, δη) ∈ H f . By continuity of Γ(l, ·), whenever

w(qR, l∗, η1, η2) < γ2 < 1, (2.42)
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we have competitive reversals in favor of IG prey around a neighborhood of l∗

and mutual invasions are possible, i.e., in order to have Γ > 1 even when γ < 1,
the proportion of patch type lengths must be close to l∗.

The precise extent of l values at which competitive reversals occur is obtained

by solving Γ(l = l̄, ·) = 1, which yields l̄± = l̄0 ±
√

l̄2
0 − l∗2, where

l̄0 = − 1
2η1η2

(
η1

(γ2 − qR)

(γ2 − 1)
+ η2

(γ2qR − 1)
(γ2 − 1)

)
. (2.43)

Note that roots l̄± become negative whenever γ > 1 and (qR, δη) ∈ H f . In this
regime mutual invasion become possible for any l, as expected.

By assuming that l∗ is a minimum, i.e., that hindered mutual invasion condi-
tions take place, we arrive at complementary results. We have

w(qR, l∗, η1, η2) > 1 for (qR, δη) ∈ Hh, (2.44)

and whenever
1 < γ2 < w(qR, l∗, η1, η2), (2.45)

competitive reversals occur in favor of IG predator. Mutual invasions are only pos-
sible outside the range [l̄−, l̄+], i.e., when the landscape is more homogeneous/less
patchy. Also, if γ < 1 and (qR, δη) ∈ Hh, both l̄± become negative and mutual
invasibility is not possible, as expected.

Whenever competitive reversals occur, (qR, δη) determines in which direction
the reversals are and the roots l± delimit the heterogeneity levels of the landscape
necessary for it. Still, mutual invasibility regions only take place within a range
of effective carrying capacities, K̂. We proceed as in the homogeneous case and
define

Φ1→(2,R) = M1E2Γ2
(

Γ− 1
Γ

)
, (2.46)

Φ2→(1,R) =
M2E1

Γ2

(
Γ− 1

Γ

)
, (2.47)
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and with these, the threshold values in K̂ become

K̂1→R =
1
Γ

, (2.48)

K̂1→(2,R) =
Γ

1− Γ−1Φ1→(2,R)
, (2.49)

K̂2→(1,R) =
1

Γ(1− ΓΦ2→(1,R))
, (2.50)

K̂2→R = Γ. (2.51)

The mutual invasibility region is delimited by K̂2→(1,R) < K̂ < K̂1→(2,R), which
only exists if Γ > 1. We investigate these regions in the plane (K̂, l) by plotting
the different threshold values K̂·. To illustrate the precise effects of competitive
reversals, we focus again on γ1 = γ2 = γ.

First, let us consider the case of competitive reversals in favor of IG prey, we
consider w(qR, l∗, η1, η2) < γ < 1 and (qR, δη) ∈ H f , to plot figure 2.9. At the
limits log(l)→ ±∞, the landscape is more homogeneous and heavily composed
of a single patch type, and regime shifts from increasing levels of carrying capac-
ity occur only from resource alone (pastel colored) to IG predator and resource
communities (blue colored). Note that the l ∈ [l̄−, l̄+] region, when the landscape
become more patchy, we have Γ > 1 in the upper plot, corresponding to the l
region where IG prey can establish alone with resource (gray colored) and mutual
invasions can occur (cyan colored) in the lower plot. All curves are increasing in
log(l) because kR < 1/2, so resource strongly prefers patches of type 1, which
length’s proportion decrease with increasing l.

To compare the approximation in 2.9 with numerical results, we plot the
maximum population densities in figure 2.10. For that, we let 10 pairs of patches 1
and 2 of equal size (l1 = l2 = 1) in order to investigate whether mutual invasibility
regimes were indeed observed, and vary the carrying capacities in each patch
equally. The thresholds found via homogenization technique are quite close to the
ones observed numerically, and mutual invasibility showed to lead to coexistence
between IG prey and IG predator.

Now, in the case 1 < γ < w(qR, l∗, η1, η2) > and (qr, δη) ∈ Hh, we have figure
2.11. The regions of mutual invasibility (cyan colored) and IG prey dominance
(gray colored) only exist outside the range [l̄−, l̄], where Γ > 1 in the top plot.
Inside the interval [l̄−, l̄], only IG predator is able to invade granted resource
carrying capacity is high enough (blue colored), where Γ < 1, while for low values
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Figure 2.9: Top: Γ as a function of log(l). The gray colored region indicates
a competitive reversals in favor of IG prey. Bottom: Invasibility regimes for
different values of K̂. The blue region is bounded bellow by K̂1→(2R) for l ∈
[l̄−, l̄+], and by K̂2→R for other values of l, cyan region is comprised by [l̄−, l̄+]×
[K̂2→(1R), K̂1→(2R)], gray region is comprised by [l̄−, l̄+] × [K̂1→(R), K̂2→(1R)], the
pastel region is the complementary in the (K̂, log(l)) parameter space. Parameters
used: α1 = α2 = 0.25, β1 = β2 = 0.45, b11 = b12 = 0.8, b21 = 0.85b22 = 0.6,
δ11 = δ12 = 0.7 δ21 = 0.85δ22 = 0.5, r1 = r2 = 1, 2D1 = D2 = 2DR = 1.4,
α1 = αR = 1− α2 = 0.45

of carrying capacity only resource is established in the landscape (pastel colored).
This depicts a competitive reversal in favor of IG predator.

Again, we compare the approximation in 2.11 with numerical results in figure
2.12. For that, we let 10 pairs of patches 1 and 2 of equal size (l1 = l2 = 1)
in order to investigate whether exclusion regimes were indeed observed, and
vary the carrying capacities in each patch equally, as before. The IG predator
threshold found via homogenization technique is quite close to the one observed
numerically.
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Figure 2.10: Numerically obtained maximum population densities for l = 1. The
colored regions and parameters used are the same as in figure 2.9.

2.4 Discussion

In this work we analyzed of Intraguild Predation communities in homogeneous
and heterogeneous landscapes, studying consumer species invasion dynamics. In
an homogenous landscape, we recover invasibility conditions as expected in Holt
and Polis [63], while also numerically verified that speeds of invasion are linearly
determinate. In heterogeneous environments, using an approximation technique,
we found competitive reversals between IG prey and IG predators modulated by
multiple factors.

In an homogeneous landscape, we have four possible invasion regimes for γ >

1. First, neither of the consumers are able to invade, given K < K1→ρ, then, for K ∈
[K1→ρ, K2→(1,ρ)] we have that only IG prey invades, and for K ∈ [K2→(1,ρ), K1→(2,ρ)]

there is mutual invasibility/ coexistence, finally, for K > K1→(2,ρ) only IG predator
is able to invade the landscape. For γ < 1, we only find two regimes, either no
consumer invades for K < K2→ρ, or IG predator invades for K > K2→ρ, excluding
IG prey whenever it is also present in the landscape. This is the classical result of
Holt and Polis [63], now revisited in the form of invisibility analysis of spatially
structured populations.

Our numerical analysis of the homogeneous landscape model suggests that the
different speeds of invasion are linearly determined for a large range of parameter
values, this was somewhat expected, because invasion in consumer-resource
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Figure 2.11: Top: Γ as a function of log(l). The gray colored region indicates
a competitive reversals in favor of IG prey. Bottom: Invasibility regimes for
different values of K̂. The blue region is bounded bellow by K̂1→(2R) for l ∈
[l̄−, l̄+], and by K̂2→R for other values of l, cyan region is comprised by [l̄−, l̄+]×
[K̂2→(1R), K̂1→(2R)], gray region is comprised by [l̄−, l̄+] × [K̂1→(R), K̂2→(1R)], the
pastel region is the complementary in the (K̂, log(l)) parameter space. Parameters
used: α1 = α2 = 0.25, β1 = β2 = 0.45, b11 = b12 = 0.8, b21 = 0.85b22 = 0.6,
δ11 = δ12 = 0.7 δ21 = 0.85δ22 = 0.5, r1 = r2 = 1, 2D1 = D2 = 2DR = 1.4,
α1 = αR = 1− α2 = 0.45

models show linearly determinate speed as well [49, 80, 9]. We show that whenever
a successful invasion leads to a shift from the resident community fixed point
to a different stable fixed point (in the not spatially structured model sense), we
usually have traveling wave solutions connecting these fixed points. We also show
that dynamical stability regions can be formed when the coexistence fixed point
is unstable, but leave the precise conditions in which to such dynamical stability
occur for future research, possibly using the same analysis as in [48], which gets
slightly more complicated in a three species system.

We have chosen linear functional responses for predator-prey dynamics, for
both consumer-consumer or consumer-resource predation. However, if consumer-
resource relations are type II Holing functions [45], the single consumer and
resource equilibria can be unstable and present oscillations, allowing for coexis-
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Figure 2.12: Numerically obtained maximum population densities for l = 1. The
colored regions and parameters used are the same as in figure 2.11.

tence among two consumers without intraguild predation relations [74, 81]. The
invasibility analysis in this scenario, however, gets much more complicated, and
is a possible venue for future research.

The same invasibility regions found in homogeneous landscapes are found
in periodic landscapes as well. However, they depend on multiple factors, and
competitive reversals might occur. Competitive reversals have also been observed
in models for interference competition in periodic landscapes in Maciel et al. [82],
and depend exclusively on patchiness, l, and competitor species movement behav-
iors. Here we show that, in exploitative competition, resource patch preference is
a key factor in order for competitive reversals to occur, either favoring IG prey or
IG predator, whichever is more aligned with resources’ patch preference or has a
lower mortality rate therein, thereby facilitating or hindering mutual invasibility
regimes. Competitive reversals can also occur if resource is unevenly consumed
between patches. When resource is much less consumed where one of the con-
sumers has a lower mortality rate, that consumer is benefited and can possibly
overcome the fact of being the worst competitor. Similarly, competitive reversals
occur if either of the consumers has a higher patch preference for the patch where
resource is less consumed.

The observed competitive reversals show a mechanism of bottom-up regulation
of Intraguild Predation communities, based on movement behavior of resource
population [83]. This allows us to question if top-down regulations, based on
predator patch preference, are possible in apparent competition interactions. Con-
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sider an invasive generalist predator that induces apparent competition between
species of the resident community. In homogeneous landscapes, we expect the
classical results of [63], where prey species coexist at lower densities or that one
excludes the other. In heterogeneous landscapes, however, consumer patch prefer-
ence may shift expected exclusion regimes into coexistence ones and vice-versa,
while also shifting exclusion of one prey species to the other. This can be possibly
verified in a similar framework as displayed here, following [31, 32] to describe
species interface behavior and [34, 64] to obtain approximate results, highlighting
possible future venues where this framework can be applied.

Our work shows that a landscape composed by different patch types with
similar lengths/areas, where species can interact and live, can be either detrimen-
tal or beneficial for biodiversity in intraguild predation communities, and has
several implications in the context of biological invasions or reintroduction. By
mutual invasion facilitation, we have possible coexistence regimes which would
be otherwise unattainable. For hindered mutual invasion conditions, expected
coexistence regimes might collapse, and IG predator may become dominant even
if IG prey is the best competitor and carrying capacities are adequate in each of
the patch types isolated.



Chapter 3

Integro-difference Models for Evolution-
ary Processes in Biological Invasions

3.1 Introduction

The ecological consequences of biological invasions, as well as how fast and
far invading populations can spread, have been, and increasingly so, a focus of
scientific attention [7]. More recently, different evolutionary processes of range
expansions have been shown to play an important role in how such invasions
occur (see Miller et al. [13] for a recent review on the topic). The fact that invad-
ing individuals differ in their dispersal abilities (by morphological or behavioral
traits), as well as reproductive and/or competitive capacities, sets the stage for
different evolutionary forces and ecological interactions to jointly alter the course
of invasion [84, 85, 86]. Novel empirical observations about range expansions
quickly lead to new modeling efforts because spatio-temporal scales and potential
risks prevent large-scale experiments. Most of the mathematical theory is based
on reaction diffusion equations (see Bouin et al. [87, 88], Keenan and Cornell
[89], Morris et al. [90], to cite a few), while integrodifference equation (IDE) for-
mulations are rare (Schreiber and Beckman [91], Lutscher et al. [92] are the few
examples). IDE models are better suited to describe species with clearly distinct
dispersal and growth phases; they also can account for different, non-Gaussian,
movement behaviours [21]. Here, we will formulate and analyze a single-species
trait-structured population IDE model. We will also explore numerically how
different eco-evolutionary processes can change asymptotic spreading speeds and
trait distributions at the leading edge.

One of the expected emerging processes to result from individual dispersal
variation is spatial sorting, described in Shine et al. [85], Miller et al. [13] as an
evolutionary process through which the most dispersive individuals in an expand-
ing population are concentrated at the leading edge. In the absence of any other

65
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forms of selection, these most dispersive individuals are the first colonizers of new,
unexplored, regions and tend to mate with their equally dispersive peers therein,
breeding, on average, offspring with dispersion traits larger than those of the over-
all population across the whole landscape. This process will repeat itself through
many generations of the invading population, leading to the aforementioned effect
on population distribution at the leading edge. The key elements through which
spatial sorting occurs are dispersal heterogeneity within the population, genetic
inheritance of these dispersal traits and the absence of any source of selection
against these most dispersive individuals [85].

During range expansion, population density varies spatially and therefore
sources of selection may differ between locations (‘spatial selection’). For example,
at the invasion front, densities are low so that there is little intra-specific com-
petition, hence higher growth rates and dispersal ability are favoured (at least
in the absence of an Allee effect [92]). By contrast, at the core of the population,
density and intra-specific competition are high so that better competitive ability
is favoured. Spatial selection may therefore create trade-offs between dispersal,
growth and competitive abilities [86]. This leads to an interesting pattern of evolu-
tionary forces throughout space, as, in the core, spatial selection for dispersal is
much less important than selection for competitiveness, while in the front of an
invasion the opposite holds. However, other forces of selection can impose heavy
costs on the development of dispersal in favour of demographic traits [93].

On the mathematical side, the analysis of various models to understand popu-
lation spread phenomena has evolved much since the pioneering work of Fisher
[14], Kolmogorov A et al. [15]. The classical work of Weinberger [24] provides
a more complete analysis of these single-species models, revealing that asymp-
totic spreading speeds and travelling wave solutions exist for these problems,
and that the speed is, in many cases, linearly determinate, i.e., depends on the
low-density dynamics at the invasion front. Lui [39] and Neubert and Caswell
[40] extended this analysis for stage-structured populations, such as adult and
juveniles life stages. Weinberger et al. [41], Lewis et al. [9] included inter-species
biotic interactions.

Another type of structure which has recently been explored in mathematical
models for population spread are traits: individuals within a species differ from
each other by some demographic and/or dispersal trait. Alfaro et al. [94, 95, 96] ex-
plored the effects of demographic traits alone in reaction-diffusion equations. They
found that, under some conditions, populations can adapt to spatio-temporally
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changing optimal trait values. They showed that these equations support travel-
ling wave solutions that spread at a constant speed. Bouin et al. [87] analyzed a
reaction-diffusion model where individual dispersal is a continuously distributed
trait. The authors found that such individual variation can allow for faster (acceler-
ated in some scenarios) invasions and that the trait distribution at the leading edge
is skewed towards higher dispersal. Qualitatively, these results persist even when
high dispersal carries a mortality cost [88]. Other reaction–diffusion models con-
sidered finitely many morphs and trade-offs between dispersal and reproduction
and found that anomalous spreading speeds may appear [97, 90, 89].

Few integrodifference equations account for individual variation in dispersal
and reproduction. Marculis et al. [98] assumed that individuals invest their re-
sources in either reproduction or dispersal, thereby creating an inherent trade-off
between these traits. The authors found the optimal resource allocation strat-
egy between dispersal and growth that maximized spread rates. Schreiber and
Beckman [91] considered dispersal and growth rate as two independent traits
and allowed for mutation between them. They showed that individual variation
in dispersal leads to increased asymptotic spreading speeds, while variation in
growth rates increases speed only if these traits are highly heritable.

We formulate IDE models with discrete and continuous trait space, analyze
their behavior and explore how different evolutionary processes, such as spatial
sorting, spatial and natural selection, alter the course of invasion and change
population trait distributions. We connect our results with expectations of existing
evolutionary theory.

In section 3.2, we present and describe two range-expansion models that
include individual variability in reproduction and dispersal and account for muta-
tions between different traits/types. Subsection 3.2.1 describes the formulation
in continuous trait space, while 3.2.2 does the same in discrete trait space, that
is, for a finite number of different types. In section 3.3, we prove the existence
of travelling wave solutions and the formula for travelling wave speeds for both
models. We show that increasing mutations typically decreases the spreading
speed in section 3.4. Finally we present results on how asymptotic spreading
speeds and trait distributions depend on trade-offs between mobility and growth
in section 3.5. In section 3.6, we discuss model outcomes and interpretation from
the evolutionary and ecological perspective, as well as provide future directions
to expand the theory.
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3.2 Model

In this section, we describe our discrete-time models for population spread in
continuous physical space and continuous or discrete trait space, both formulated
in terms of integrodifference equations. We give examples of the operators and
functions necessary for the construction of such models, and discuss briefly how
to interpret different modelling choices according to different biological processes.
We keep the definitions broad, such that the formulation remains as general as
possible.

From one generation to the next, individuals reproduce locally. Through
mutation, the offspring may have a trait value different from their parent, that
is, reproduction is clonal, but cloning is not necessarily perfect. Offspring then
disperse in space, whereby their dispersal pattern depends on their trait value.
Individuals are semelparous; i.e., they have a single reproductive phase in their
life-time. Hence, their life-cycle is given by birth, dispersal, reproduction, and
death, successively, with those events being synchronous within the population.

3.2.1 Continuous Trait Space

The density of individuals with continuous trait θ, at position x, in the t-th
generation is denoted as Nt(θ, x). The following equation projects the density of
individuals forward from one generation to the next through the operator Q:

Nt+1(θ, x) = Q[Nt](θ, x) =
∫ ∞

−∞
K(θ; x− y)

{∫
Θ

L(θ, ω)F(ω, Nt(ω, y))dω

}
dy.

(3.1)
In this equation, F(ω, N) is the growth function of individuals with trait ω,

usually written as F(ω, N) = NG(ω, N), where G(ω, N) is the density dependent
per capita growth rate. L(θ, ω) is the mutation kernel, representing the probability
that a parent of trait ω has an offspring of trait θ. We assume that the trait
space is compact and write Θ = [θmin, θmax]. Choosing a compact trait space is
important for mathematical reasons that will become clear in the next section.
From a biological point of view, choosing the trait space to be compact does not
seem to be a major limitation. For example, if the trait is related to dispersal
ability such as variance of the dispersal kernel (see below), then zero is a natural
minimum and the scale of a continent seems a natural maximum. We return to this
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discussion below when we consider deleterious traits. By choosing the growth
function independent of spatial location, we have assumed that the environment
is spatially homogeneous. For that reason, we consider dispersal to depend on
the signed distance between points but not on their absolute location. Therefore,
we can write the movement kernel, K(θ; x− y), as a probability density function
of the location x of an individual with trait θ after dispersal, given that it was at
location y before dispersal. Since we are interested in the effects of evolution and
mutation on population spread rates, we choose physical space to be unbounded,
i.e., x, y ∈ R.

Since K(θ, ·) is a probability distribution, we require K(θ, ·) ≥ 0 and∫ ∞

−∞
K(θ, y)dy = 1 ∀ θ, (3.2)

which implies that dispersal in space incurs no loss to the population. We shall
always assume that K(θ, ·) is exponentially bounded. For the mutation kernel, we
require that L(·, ·) ≥ 0, and in general we only require that∫

Θ
L(θ, ω)dθ ≤ 1 ∀ ω. (3.3)

If the integral is equal to unity for all ω, no individuals are lost due to mutations.
If the integral is strictly less than unity for at least some ω, then some individuals
are lost from trait space (and hence from the population) by mutation. Therefore,
those mutations are deleterious, in fact, they are lethal.

3.2.2 Discrete Trait Space

When there are only finitely many types, we write θi for the trait value with
i = 1, . . . , n. We may assume that the trait values are ordered such that θj > θi

whenever j > i. The densities of different types at physical location x are given by
the vector

Nt(x) = (N1,t(x), N2,t(x), ..., Nn,t(x))T, (3.4)

where Ni,t(x) is the density of individuals of type i in generation t. We denote
vectors and matrices in bold letters, and write VT for the transpose of a vector or
matrix V.

We collect the growth functions of the different types in a column vector, that is
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F(N) = (F1(N), F2(N), ..., Fn(N))T, (3.5)

where the Fi is the growth function of type i. Instead of a mutation kernel, we
now have a mutation matrix L = lij, where lij is the probability that parents of
type j have offspring of type i. Each of the types move according to its trait; the
respective movement kernels are organized in the diagonal matrix

K(x− y) = diag((K1(x− y), K2(x− y), ..., Kn(x− y)), (3.6)

with Ki the dispersal kernel of type i. With this notation, our model is written as

Nt+1(x) = Q̃[Nt](x) =
∫ ∞

−∞
K(x− y)LF(Nt(y))dy. (3.7)

As in the continuous case, we must have K ≥ 0 and

∫ ∞

−∞
Ki(z)dz = 1 ∀i. (3.8)

The condition on the mutation matrix, L, is now

n

∑
i=1

lij ≤ 1 ∀ j, (3.9)

which is equivalent to

(1TL) ≤ 1T (3.10)

where 1 is the vector with all elements equal to 1. Again, equality holds when no
loss from mutations is considered.

Remark 3.2.1. We can formally discretize the mutation kernel, L(θ, ω), from the contin-
uous trait-space model by using delta distributions on n trait values, i.e.,

L(θ, ω) =
n

∑
i=1

n

∑
j=1

lijδ(θ − θi)δ(ω− θj). (3.11)

We thereby obtain the discrete trait-space model in equation (3.7) from the continuous one
in equation (3.1)
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3.2.3 Modelling Examples

We give several examples of dispersal and mutation kernels as well as growth
functions, and we indicate how different trait values can enter these functions.

Dispersal Kernels

When the trait is dispersal ability, a simple choice is to use the variance of the
dispersal kernel as the trait value. In the case of a Gaussian or Laplace kernel, this
leads to

KG(θ, x− y) =
1√

2πθ2
exp

(
− (x− y)2

2θ2

)
, (3.12)

KL(θ, x− y) =
1√
2θ2

exp

(
−
√

2
θ2 |x− y|

)
. (3.13)

Larger values of θ correspond to higher individual dispersal ability.
We can always represent our trait space Θ = [θmin, θmax], with θmin > 0, as

Θ̃ = [0, 1] by the affine transformation

θ = (θmax − θmin)θ̃ + θmin, (3.14)

where θ̃ ∈ Θ̃ = [0, 1]. Note that θ̃ = 0 then corresponds to the minimal value of
the parameter θ and not (necessarily) to θ = 0. Throughout the text, whenever
such movement kernels appear we will use this representation and drop the tildes.

We can also consider a behavioural trait, for instance, the probability of choos-
ing between two types of movement kernels, say K1(x− y) and K2(x− y). Then,
for θ ∈ Θ = [0, 1], we write

K(θ, x− y) = θK1(x− y) + (1− θ)K2(x− y). (3.15)

Individuals with trait θ = 0 move solely with dispersal kernel K2, while indi-
viduals with trait θ = 1 move solely with kernel K1, and all the strategies in
between are mixed. This type of dispersal kernel is often used to represent dis-
persal heterogeneity in a population, and is reported to best fit dispersal data of
some tree species that display both short distance and a long distance dispersal
simultaneously [99]. Such mixed kernels can reveal important aspects on how the
asymptotic spreading speed changes according to different movement behaviours,
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see, for instance, Stover et al. [100] and Lutscher [21] chapter 12.

Mutation Kernels

A simple way of modeling mutation is to consider a probability of mutation, µ,
and a probability of perfect cloning, 1− µ. Then we obtain the mutation kernel

L(θ, ω) = (1− µ)δ(θ −ω) + µT(θ, ω), (3.16)

where δ(·) is the Dirac delta distribution and T(·, ω) is a probability distribution
function.

The analogous formulation for discrete traits is

L = (1− µ)1+ µT, (3.17)

where T is a column stochastic matrix.
A similar approach for describing mutations was taken by [91], but the authors

assumed that the probability of mutating to some trait was independent of the
parent’s trait. Hence, they used a fixed distribution T(θ, ω) ≡ T(θ), a model class
that encompasses Kingman’s "House of Cards" model [101] as well as models
considering rank-1 mutation matrices.

When there is no loss through mutation, i.e., no deleterious mutations, then
L and L cannot be symmetric. Such conservative mutation kernels are also con-
sidered in [102] in an integro-differential equation. However, the trait considered
there has no direct relation with individual dispersal ability.

Another possibility to describe mutation is as a truncated probability distri-
bution for θ −ω, the distance between parent and offspring traits. If there are no
deleterious mutations, we write

L(θ, ω) =
f (θ −ω)∫

Θ f (θ −ω)dθ
, (3.18)

where f (·) is any probability distribution. Note that here, mutation rarity is
measured as the spread of f (·), such as standard deviation or variance, as opposed
to (3.16), where mutation is regarded as the probability of imperfect cloning.

To allow for deleterious mutations in a kernel such as (3.18), we can disregard
the normalization factor in the denominator. Deleterious mutations, therefore, can
be studied in a general manner by letting
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∫
Θ

L(θ, ω)dθ = g(ω) < 1. (3.19)

Given a mutation kernel with deleterious mutation, we can re-scale to obtain a
kernel without deleterious mutations but a modified growth function. When we
define Λ(θ, ω) = L(θ, ω)/g(ω), we get

Nt+1(θ, x) =
∫ ∞

−∞
K(θ; x− y)

∫
Θ

L(θ, ω)F(ω, Nt(ω, y))dωdy, (3.20)

=
∫ ∞

−∞
K(θ; x− y)

∫
Θ

Λ(θ, ω)g(ω)F(ω, Nt(ω, y))dωdy, (3.21)

=
∫ ∞

−∞
K(θ; x− y)

∫
Θ

Λ(θ, ω)Φ(ω, Nt(ω, y))dωdy, (3.22)

where Φ(ω, N) = g(ω)F(ω, N) is the re-scaled growth function. Since g(ω) < 1,
we have Φ(ω, N) ≤ F(ω, N). We see that deleterious mutations produce losses
in growth that are unequally distributed in trait space. Such a rescaling also
introduces a dependence of the growth function on the shape parameters of the
mutation kernel. For example, consider the Gaussian mutation kernel

L(θ −ω; µ) =
1√

2πµ2
exp

(
− (θ −ω)2

2µ2

)
, (3.23)

where µ is the standard deviation ghat controls how rare mutations are. The
re-scaled growth function (with Θ = [0, 1] as explained above) is

Φ(ω, N; µ) = F(ω, N)
∫ 1

0
L(θ −ω; µ)dθ, (3.24)

=
F(ω, N)

2

(
erf

(
1−ω√

2µ2

)
− erf

(
ω√
2µ2

))
. (3.25)

Therefore, for µ ≈ 0, individuals at the edges of trait space lose about half their
growth, while growth at the centre of trait space remains almost unchanged. As µ

increases, Φ(ω, N; µ) decreases, i.e., as mutations become more common, so do
deleterious mutations. The species overall becomes less viable. In general terms,
high mutation rates lead to increased measures of spread of the mutation kernel,
which in turn lead to smaller g(ω), which reflects directly in the species’ growth
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function Φ(ω, N).
In discrete trait space, the re-scaling is achieved by introducing a diagonal

matrix, Γ = diag(Γii), where Γii = ∑j Lij ≤ 1, or, in matrix notation,

1TL = 1TΓ. (3.26)

Then the loss of individuals from type-i parents due to mutation is 1− Γii. Then,
as in the continuous case, we define the re-scaled mutation matrix Λ = LΓ−1 and
the re-scaled growth functions become Φ(N) = ΓF(N).

Demographic Traits

We can also consider traits related to reproduction or intra-specific competition.
The following example is based on a generalized Beverton-Holt model. Consider

F(θ, N(θ, x)) =
R(θ)N(θ, x)

1 + Y[N](θ, x)
, (3.27)

where R(θ) is the low-density growth rate of trait θ and Y is an operator that
represents competition for resources. Different choices of Y can model different
biological phenomena. The simplest form is

Y[N](θ, x) = k(θ)N(θ, x), (3.28)

where competition is limited between individuals of the same trait, but can vary
from trait to trait by the function k(θ). That is, each trait has its own niche and
niches of different traits do not overlap. When niches overlap, we can write

Y[N](θ, x) = k(θ)
∫

Θ
b(θ, ω)N(ω, x)dω. (3.29)

Now, individuals of trait ω compete with individuals of trait θ within their
respective niches. This competition is described by some function b(θ, ω). If the
niches of traits θ and ω overlap strongly (weakly) then both b(θ, ω) and b(ω, θ)

are large (small). More details on modelling of intra-specific competition between
different phenotypes can be found, for instance, in Doebeli [103]. We can think of
b(θ, ω) as the continuous limit of a competition matrix, B = bij, where bij gives
the competition strength between types i and j within type i niche, such as in
competitive Lotka-Volterra models for multiple species [104].

One particular focus in our work is on trade-offs between mobility and growth.
For that, we consider a single trait that affects both, dispersal and growth. For
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example, if we choose a dispersal trait θ as above, we can set the corresponding
low-density growth rate as

R(θ) = (Rmax − Rmin)

(
θmax − θ

θmax − θmin

)α

+ Rmin, θ ∈ [θmin, θmax], (3.30)

where Rmin is the minimal growth rate, attained at θ = θmax (where dispersal is
maximal), Rmax is the maximal growth rate, attained at θ = θmin (where dispersal is
minimal) and α a shape parameter. If Rmin < 1, there is a strong trade-off between
dispersal and reproduction (when the most dispersive traits are not viable on their
own), otherwise (Rmin > 1), the trade-off is weak. The shape parameter α controls
whether the curve is convex (α > 1) or concave (α < 1). This function is also used
in Marculis et al. [98], in a similar trade-off context, in order to determine optimal
strategies of resource investment between growth and movement.

3.3 Spreading Speeds and Trait Distributions

Here, we present the theory that allows us to measure spreading speeds and
determine the trait distributions at the leading edge. We use existing theory from
stage-structured populations by Liang and Zhao [105] in the continuous case and
by Lui [39], Neubert and Caswell [40] in the discrete case.

In what follows, we denote the scalar field S = (Θ×R) as the continuous trait
and physical spaces, that is, the domain of the densities Nt(θ, x). We write C(S)
for the Banach space of continuous functions on S and C f (S) = {u ∈ C(S) | 0 ≤
u ≤ f } for the set of positive continuous functions on S, bounded from above by a
given f (θ, x).

3.3.1 Continuous Trait Space

We make the following assumption on the movement and mutation kernels as
well as the growth function.

(AC1): K(θ, z), is continuous in θ ∈ Θ and movement is unbiased, i.e.,

K(θ, z) = K(θ,−z) ∀ θ ∈ Θ. (3.31)
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(AC2): For every θ ∈ Θ, K(θ, z) is exponentially bounded, that is, the moment
generating function

M(θ, s) =
∫ ∞

−∞
K(θ, z)eszdz (3.32)

is finite for some s > 0 and for all θ ∈ Θ. Since K(θ, ·) is a probability density
function for all θ, M(θ, s) is strictly positive.

(AC3): F(ω, N) is continuous and monotone increasing in N and is linearly bounded
for all ω, i.e.,

R(ω)N > F(ω, N) ∀ ω, (3.33)

where R(ω) = ∂N F(ω, 0) > 0 ∀ω.

(AC4): There are two steady states, Nt(θ, x) = 0 and Nt(θ, x) = N∗(θ) > 0, such
that

N∗(θ) =
∫

Θ
L(θ, ω)F(ω, N∗(ω))dω. (3.34)

(AC5): The operator

L[u](θ) =
∫

Θ
L(θ, ω)u(ω)dω (3.35)

is irreducible. A sufficient condition for that is achieved by assuming that
L(θ, ω) is bounded above by a constant L̃, and also that it is strictly positive
on a neighbourhood of the line θ −ω = 0, i.e,

L(θ, ω) < L̃, θ, ω ∈ Θ and 0 < L(θ, ω) if |θ −ω| < ϵ. (3.36)

This grants that any parent with trait ω can have descendants of any other
trait θ given sufficient generations. We will also assume that L(θ, ω) is
continuous in (θ, ω) ∈ Θ2.

(AC6): The dominant eigenvalue of

L[Ru](θ) =
∫

Θ
L(θ, ω)R(ω)u(ω)dω (3.37)

is larger than unity. This implies that the species is able to grow from small
densities.



Chapter 3. IDE Models for Evolutionary Processes 77

With this set of assumptions, we state our first theorem, which is a summarized
version of theorems in [105] applied to our case.

Theorem 3.3.1. Given the recursion Nt+1(θ, x) = Q[Nt](θ, x) and an initial condition
N0(θ, x) with compact support, if Q satisfies assumptions (AC1)–(AC6), then there is
an asymptotic spreading speed c∗ for Q. Moreover, there are travelling wave solutions,
Nt(θ, x) = W(θ, x − ct), for every c ≥ c∗ and no such solutions otherwise. Also, the
system is linearly determinate with asymptotic speed given by

c∗ = inf
s>0

{
1
s

ln(λs)

}
, (3.38)

where λs is the dominant eigenvalue of the linearized operator

Ps[q](θ) = M(θ, s)
∫

Θ
L(θ, ω)R(ω)q(ω)dω, (3.39)

where q = q(ω) is a trait distribution.
Finally, the dominant eigenfunction of Ps∗ is the population trait distribution at the

leading edge, where s∗ is the value of s at which the asymptotic speed is attained.

Proof. The operator has the stationary states N∗(θ) and 0. It is translation and
reflection invariant and it is also order preserving, continuous and compact in
CN∗(S). The linear operator Ps is also compact and has a simple positive dominant
eigenvalue [106]. Thus, the recursion relation Nt+1(θ, x) = Q[Nt](θ, x) satisfies all
the conditions in remark 4.5 from Liang and Zhao [105]. Therefore, by that remark,
there exists an asymptotic spreading speed and travelling wave solutions, and the
speed is linearly determinate.

The claim that the dominant eigenvector of Ps∗ is the population distribution
at the leading edge can be checked by writing a solution of the linearized problem
as a linear combination of eigenfunctions, qi,s, of the linearized operator Ps. Let

Nt(θ, x, s) = ∑
i

βiqi,s(θ)λ
t
i,se
−sx (3.40)

be such a linear combination and a solution, with shape parameter s, of the
linearized operator

Nt+1(θ, x) = P[Nt](θ, x) =
∫ ∞

−∞
K(θ, x− y)

∫
Θ

L(θ, ω)R(ω)Nt(ω, y)dωdy. (3.41)

Let λs = λ1,s be the dominant eigenvalue of Ps and qs(θ) = q1,s(θ) its respective
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eigenfunction, then evaluating the limit below we get

lim
t→∞

Nt(θ, x, s)
λt

s
= lim

t→∞
e−sx ∑

i
βiqi,s(θ)

(
λi,s

λs

)t
= e−sxβ1qs(θ). (3.42)

In the asymptotic limit, however, such solutions travel at speed c∗, with shape
parameter s = s∗. Hence, the asymptotic population trait distribution at the
leading edge is given by the dominant eigenfunction qs∗(θ).

3.3.2 Discrete Trait Space

The assumptions on the dispersal and mutation kernels as well as the growth
functions in case of a finite trait space are analogous to the assumptions for the
continuous case above.

(AD1): The kernels Ki(z), i = 1, 2, . . . , n, are continuous and movement is unbiased.

(AD2): The kernels Ki(z), i = 1, 2, . . . , n, are exponentially bounded. This implies
that the matrix of moment generating functions

Ms = diag(M1(s), M2(s), . . . , Mn(s)) (3.43)

has finite entries for some s > 0. Since Ki(·) are probability density functions,
the Mi(s) are strictly positive.

(AD3): Functions Fi(N), i = 1, 2, ..., n, are monotone and linearly bounded, i.e.,
RiNi > Fi(N), where Ri = ∂Ni Fi(0) > 0 ∀ i.

(AD4): There are two steady states: 0 = Q̃[0] and 0 < N∗ = Q̃[N∗].

(AD5): The mutation matrix L is irreducible.

(AD6): The dominant eigenvalue of LR is larger than unity, where R = diag(Ri).

The existence of a spreading speed and its linear determinacy in the discrete
case now results from applying the results in [39] to our model.

Theorem 3.3.2. Given the recursion Nt+1(x) = Q̃[Nt](x) and an initial condition
N0(x) with compact support in x, if Q̃ satisfies assumptions (AD1)-(AD6), then there is
an asymptotic spreading speed c∗ for Q̃. Moreover, there are travelling wave solutions,
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Nt(x) = W(x− ct), for every c ≥ c∗ and no such solutions otherwise. The system is
linearly determinate, with asymptotic speed

c∗ = inf
s>0

{
1
s

ln(λ̃s)

}
, (3.44)

where λ̃s is the dominant eigenvalue of

P̃s[q] = MsLRq. (3.45)

The dominant eigenvector of P̃s∗ is the population distribution at the leading edge,
where s∗ is the value of s at which the asymptotic speed is attained.

Proof. Lui [39] formulated and analyzed an integrodifference equation for a stage-
structured population. Assumptions (AD1)–(AD6) ensure that our trait-structured
model satisfies all the conditions in Lui’s theory. Hence, by applying Lui’s results,
we observe that our operator Q̃ has an asymptotic spreading speed; there exist
travelling wave solutions; and the speed is linearly determinate.

The claim that the dominant eigenvector is the asymptotic population dis-
tribution can be verified in a similar fashion as in the case of a continuous trait
space above. The only difference is to replace the eigenfunctions qi,s(θ) by the
eigenvectors qi,s.
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3.4 A Reduction Principle for Asymptotic Spreading

Speeds

Having shown that our system admits travelling wave solutions with a linearly
determined speed, we would like to understand how some biological mechanisms
affect the spreading speed. Here, we explore how the probability of mutation
affects the asymptotic spreading speed by considering a mutation kernel and
matrix as described in (3.16) and (3.17), respectively. We denote the probability of
mutation by µ and indicate the dependence of the next generation operator, the
spreading speed and other quantities on mutation by index µ.

For a continuous trait space, we will consider that T(θ, ω) is continuous, posi-
tive and bounded in Θ2 and that

∫
Θ

T(θ, ω)dθ = β ∀ω, (3.46)

while, for a discrete trait space, we assume that the matrix T is positive and

1TT = β1T. (3.47)

In both cases, i.e., continuous and discrete trait spaces, we assume that 0 < β ≤
1 is a constant. When β = 1, there are no deleterious mutations, while when β < 1,
there are some. Our assumption implies that all parents, regardless of their trait,
have an equal probability of breeding mutant offspring with deleterious traits.

3.4.1 Continuous Trait Space

The mutation kernel in (3.16) does not satisfy the continuity assumption in
(AC5). Therefore, we rely on the linear conjecture and assume that the linearized
projection operator

Pµ,s[q](θ) = (1− µ)M(θ, s)R(θ)q(θ) + µM(θ, s)
∫

Θ
T(θ, ω)R(ω)q(ω)dω,(3.48)

has a simple positive dominant eigenvalue, λµ,s. The asymptotic spreading speed
is obtained as before, i.e.,

c∗µ = inf
s>0

{
1
s

ln λµ,s

}
. (3.49)
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Under these assumptions, we use the results by Altenberg [107] and Thieme
[108] to show that the asymptotic spreading speed is non-increasing with mutation
probabilities.

Theorem 3.4.1. Assume that the operator Pµ,s has a simple and positive dominant
eigenvalue and that the recursion relation Nt+1 = Pµ[Nt] has an asymptotic spreading
speed, c∗µ. Then, c∗µ is non-increasing with mutation probability µ.

Proof. We define

Vs[q](θ) = M(θ, s)R(θ)q(θ), (3.50)

As[q](θ) = M(θ, s)
∫

Θ
T(θ, ω)R(ω)q(ω)dω−Vs[q](θ), (3.51)

and note that
Pµ,s[q](θ) = (Vs + µAs)[q](θ). (3.52)

The operator Vs is an invertible multiplication operator, since M(θ, s)R(θ) > 0,
while As is resolvent-positive. We apply theorem 6 in Altenberg [107], to find that
for every µ > µ0 > 0 we have

γ(Pµ,s) ≤ γ(Pµ0,s) + (µ− µ0)γ(As), (3.53)

where γ(·) denotes the spectral bound of an operator. The sign of γ(As) can be
obtained using theorem 3.5 in [108]. We have

sign{γ(As)} = sign{ρ(Hs)− 1}, (3.54)

where

Hs[q](θ) = (As + Vs)V−1
s [q](θ) = M(θ, s)

∫
Θ

T(θ, ω)

M(ω, s)
q(ω)dω, (3.55)

and ρ(Hs) is the spectral radius of Hs. Since Hs (and its adjoint H∗s ) are com-
pact and positive, ρ(Hs) = ρ(H∗s ) is a simple positive eigenvalue of Hs with
corresponding eigenfunction of one sign by the Krein-Rutman theorem [106].

Using equation (3.46), we find that the adjoint operator

H∗s [v](ω) =
1

M(ω, s)

∫
Θ

M(θ, s)T(θ, ω)v(θ)dθ (3.56)
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has the eigenfunction vs(θ) = 1/M(θ, s), and its corresponding eigenvalue is β.
Note that vs(θ) is of one sign. Therefore, ρ(H∗s ) = ρ(Hs) = β.

Since β ≤ 1, we have γ(As) ≤ 0. Equality holds when there are no deleterious
mutations (β = 1); strict inequality otherwise. Therefore we haveγ(Pµ,s) ≤ γ(Pµ0,s), if β = 1

γ(Pµ,s) < γ(Pµ0,s), if β < 1.
(3.57)

As we assumed that Pµ,s has a simple and positive dominant eigenvalue, this
eigenvalue must equal the spectral bound, hence λµ,s = γ(Pµ,s). Taking the
logarithm on both sides, dividing by s and taking the infimum in s reveals thatc∗µ ≤ c∗µ0

, if β = 1,

c∗µ < c∗µ0
, if β < 1,

for µ > µ0. (3.58)

The first inequality means that asymptotic spreading speed is non-increasing
with respect to mutation probability µ when there are no deleterious mutations.
The second implies that it is strictly decreasing with mutation probability when
deleterious mutations occur.

3.4.2 Discrete Trait Space

In discrete (finite) trait space, the mutation matrix is irreducible and operator Q̃
satisfies all assumptions in Section 3.3.2. Hence, there is an asymptotic spreading
speed and the system is linearly determinate. The linearized next-generation
operator is

P̃µ,s[q] = (1− µ)MsRq + µMsTRq = Pµ,sq. (3.59)

Since Pµ,s is a positive matrix, it has a positive dominant eigenvalue, which we
denote as λ̃µ,s. The asymptotic spreading speed is given by the same expression
as in equation (3.49), switching λµ,s for λ̃µ,s.

Theorem 3.4.2. Let P̃µ,s be the linearized operator derived from an operator Q̃µ that
satisfies assumptions (AD1)-(AD6). Then, the corresponding asymptotic spreading speed
c∗µ is non-increasing with mutation probability µ.

Proof. Similarly to the infinite dimensional case, we define
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Vs = MsR, (3.60)

As = MsTR−Vs, (3.61)

so that

Pµ,s = Vs + µAs. (3.62)

Since Vs is invertible and As is essentially positive, Karlin’s and Cohen’s
theorems (see theorem 5.2 in [109] and [110]) can be applied together with lemma
1 in Altenberg [107] to show that

γ(Pµ,s) ≤ γ(Pµ0,s) + (µ− µ0)γ(As). (3.63)

The sign of γ(As) can be obtained similarly as in the continuous case. Following
theorem 2.3 in Thieme [108], we find

sign{γ(As)} = sign{ρ(Hs)− 1}, (3.64)

where
Hs = MsTM−1

s . (3.65)

Using equation (3.47), we find that vs
T = 1TM−1

s is a positive left-eigenvector
with eigenvalue β. Noticing that Hs and Pµ,s are positive, by Perron-Frobenius
[19] we have β = ρ(Hs) and γ(Pµ,s) = λ̃µ,s. By the the same arguments as in the
case of continuous trait space, we have the exact same reduction principle for
invasion speed as in equation (3.58).

As the probability of mutation increases, the population cannot remain concen-
trated at the optimal trait, i.e., the trait that confers the highest speed. Therefore,
the spreading speed of the population as a whole is reduced. Note that we did
not assume any particular trade-off between growth rate and movement. Hence,
the reduction principle is a general principle for any form of correlation between
M(θ, s) and R(θ).

A similar reduction principle is found in [91] for continuous trait spaces. In our
work, however, the principle is generalized for a larger class of mutation kernels.
For discrete trait spaces, both Schreiber and Beckman [91] and Morris et al. [90]
showed that mutation tends to lead to speed reductions. The model by Morris
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et al. [90] consists of reaction–diffusion equations for only two interacting types.
Our work shows that this result extends to multiple types as long as the mutation
matrices T are positive and satisfy 1TT = β1T.

3.5 Results and Examples

Based on the theoretical results from previous sections, we now explore how
mutation rates affect the spreading speed and population distribution at the
leading edge under different dispersal kernels and with or without growth-rate
trade-offs. In order to investigate trade-offs, we consider a growth rate of the
form (3.30), exploring how its curvature affects the results with weak or strong
trade-offs. This implies that F(θ, N) and R(θ) are nonincreasing with θ. Since we
want to explore cases that are compatible with theorems 3.3.1 and 3.3.2, we let the
mutation kernels be of the form (3.18), where f is a Gaussian distribution with
mean zero and variance µ2 > 0. We let the compact trait space Θ = [θmin, θmax] be
rescaled to [0, 1] following equation (3.14). This way, operator Q is compact. For
finitely many traits, we formally build the corresponding mutation matrix using
equation (3.11). First, we do not consider deleterious mutations, i.e., L(θ, ω) is
normalized so that it integrates to 1 in θ. Later, we explore the role of deleterious
mutations in population distributions and spreading speeds.

In the two extreme cases of no mutations (µ → 0) and very high mutations
(µ→ ∞), we can gain analytical insights; for intermediate cases, we use numerical
simulations. In the limit of µ → 0, the mutation kernel tends to a Dirac delta.
The recursion operator loses the necessary properties (compactness) for theorem
3.3.1, since it becomes a multiplication operator, however, the case of discrete trait
space can still be investigated. In this case, each type invades the landscape alone.
Note that the operator becomes MsR, a diagonal matrix. The eigenvalues are
M(θi, s)R(θi), and therefore the spreading speed is

c∗ = inf
s>0

{
1
s

ln
(

max
θi∈Θ

(M(θi, s)R(θi))

)}
, (3.66)

while the population distribution is given by the unit vector that points in the
direction of the type θd(s) that maximizes M(θi, s)R(θi) and therefore the speed.
By continuity, population distributions tend to be concentrated near the optimum
trait θd(s∗) at low mutation.
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For comparison, we similarly define the single-type spreading speed as

c(θ) = inf
s>0

{
1
s

ln (M(θ, s)R(θ))
}

. (3.67)

This is the speed at which the single type θ will spread if there is no mutation
and if no other types are present. Note that the low-mutation limit in (3.66) is not
simply the maximum over all the single-type speeds because the maximum over
the θi is taken inside the infimum over s.

In the limit µ→ ∞, we have L(θ, ω)→ 1/Θ̄, where Θ̄ is the size of trait space.
In that limit, the eigenvalue problem of Ps is

λ(s)qs(θ) =
M(θ, s)

Θ̄

∫
Θ

R(ω)qs(ω)dω. (3.68)

Hence, for each s, M(θ, s) is an eigenfunction of (3.68) with eigenvalue given by
the average

λ(s) = ⟨M(θ, s)R(θ)⟩ : =
1
Θ̄

∫
Θ

M(θ, s)R(θ)dθ, (3.69)

so that by (3.69), the speed is given by

c∗µ→∞ := inf
s>0

{
1
s

ln⟨M(θ, s)R(θ)⟩
}

=
1
s∗

ln⟨M(θ, s∗)R(θ)⟩, (3.70)

and the population trait distribution at the leading edge is

q∗s (θ) =
M(θ, s∗)
∥M(θ, s∗)∥ . (3.71)

In the limit of high mutation, the trait distribution at the leading edge depends
on individual movement behaviour. The speed, however, depends on the uniform
average of the moment generating and the reproduction function ⟨M(θ, s)R(θ)⟩.
In general, this average of the functions is different from the function value
at the average trait, Θ̄/2. In fact, if MR is convex in θ, then ⟨M(θ, s)R(θ)⟩ ≥
M(Θ̄/2, s)R(Θ̄/2), and since c∗ is nonincreasing with mutation, the population
always invades with a speed higher or equal to that of the median trait, that is

inf
s>0

{
1
s

ln M(Θ̄/2, s)R(Θ̄/2)
}
≤ inf

s>0

{
1
s

ln⟨M(θ, s)R(θ)⟩
}

(3.72)

c(Θ̄/2) ≤ c∗µ→∞ ≤ c∗µ. (3.73)
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In the first example, we consider no trade-offs between reproduction and dis-
persal (R(θ) is constant). Next, we explore weak trade-offs, when all traits/types
are viable on their own (R(θ) > 1 ∀ θ). Finally we investigate strong trade-offs,
when some of the traits/types are not viable on their own (R(θ) < 1 for some θ).

Since in our model we consider monotone growth functions that can be lin-
earized at low population densities, spatial selection favours traits θ that are the
first to colonize new regions as long as they are able to grow therein, i.e., R(θ) > 1.
Hence, we will explore the roles of spatial sorting and selection under different
mutation rates in the speed and trait distributions of the invading population.

3.5.1 No Trade-offs

We illustrate how mutation probabilities change the spreading speed, average
trait and trait variance for Gaussian and Laplace dispersal kernels, as in (3.12),
when there are no trade-offs (see figure 3.1). As mutation increases, the mean trait
decreases and trait variance increases. Both speed and trait distribution tend to the
asymptotic limits of low and high mutation previewed in equations (3.66) - (3.71).
The spreading speed decreases with mutation, as expected by the results from the
previous sections. Note, that even though the mutation kernel here differs from
the one in section 3.4, we observe the same effect numerically as what we proved
using the reduction principle in the previous section.

We plot the trait distribution at the leading edge in figure 3.2. In the limit as
µ → 0, the optimal type/trait is simply the one whose dispersal kernel has the
largest variance θ, since this optimizes speed in the absence of trade-offs. Formally,
θd(s) = maxθ∈Θ θ ∀ s, hence the aggregation at θ = θmax. The curve for M(θ, s∗)
shows the distribution obtained in the limit µ→ ∞. While infinitely high mutation
rates are not realistic, the analysis is still useful: the distribution in this limit (which
can be obtained analytically) is very close to that for µ = 1 (for which no analytical
expressions are known). We observe the effect of spatial sorting acting alongside
spatial selection on the population: for low mutation rates, the leading edge is
eventually inhabited by the most dispersive traits/types; as mutation increases,
inheritance decreases, spatial sorting becomes less influential and the distribution
is purely governed by the ‘arrival densities’ at the leading edge, given by M(θ, s∗)
(see below). In both cases, the maintenance of such population distributions is
granted by spatial selection favouring first colonizers. We will see below that when
there are trade-offs, r-selection (selection for higher growth rates) may prevent



Chapter 3. IDE Models for Evolutionary Processes 87

Figure 3.1: Solid (dashed) lines represent the result obtained with Gaussian
(Laplace) dispersal kernel. The top plot is the asymptotic spreading speed. The
middle and bottom plots are the average trait and trait variance in the leading
edge. Trait space Θ = [0.1, 1.1] is re-scaled to [0, 1] and growth rate to R(θ) = 6.

spatial sorting from shaping population distributions at the front.
To understand how M(θ, s∗) can be interpreted as ‘arrival density’, we investi-

gate the outcome of a single dispersal event. We consider that, before dispersal, the
trait at the leading edge is distributed uniformly in trait space, i.e., N ≈ e−sx/Θ̄.
Then after dispersal, the distribution is e−sx M(θ, s)/Θ̄. Hence, the distribution
after dispersal is given by M(θ, s), i.e., it indicates the frequencies with which the
different traits arrive at the leading edge in a single dispersal event. Since we
did not include reproduction into these considerations, ‘arrival density’ does not
indicate whether this trait distribution will be maintained at the leading edge.

3.5.2 Weak Trade-offs

We consider weak trade-offs, i.e., a situation where higher dispersal ability
implies lower growth rates, but even the types with the lowest growth rates are
viable (i.e., Rmin > 1). When the trade-off is concave (i.e., α < 1 in (3.30)), trait
distributions behave similarly to the case of no trade-offs (left panel in figure 3.3).
The distribution peaks near the trait that maximizes speed. As mutation increases,
the distribution tends to the moment generating function. The spreading speed is
high when mutation is low and decreases with mutation rates (solid horizontal
lines). The assembly of all types never spreads faster than the fastest single-type
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Figure 3.2: Population distributions for different values of mutation kernel vari-
ance µ. The blue line represents an approximation of the population distribution
by M(θ, s∗), with s∗ obtained from a simulation with µ = 103. A Gaussian move-
ment kernel is used.

speed (the horizontal lines are not above the grey curve). Note, however, that
the observed behavior differs from spatial sorting in the following sense: at low
mutation rates (µ ≈ 10−3), the mode of the distribution is located at some θ < θmax,
a trait that maximizes the speed of individual traits (given by the grey curve),
rather than dispersal itself (which would be θmax). We see that selection can shift
the expected trait distributions from the ones obtained solely by spatial sorting
(no r-selection).

The right panel of figure 3.3, corresponding to a convex trade-off, shows novel
behavior. Trait distributions can now have two modes for some intermediate
range of mutation rates (dashed and dotted curves). At low mutation rates,
the trait distribution has its maximum densities at θ = θmin, so that evolution
tends to maximize reproductive outcome (solid black curve in the lower plot).
The resulting spreading speed (solid black horizontal line in the upper plot) is
nonetheless higher than any of the single-type spreading speeds (3.67), represented
by the increasing grey curve. This effect that the assembly of all types spreads
at a higher speed than any type in isolation, i.e., c∗ > supθ c(θ), was called an
anomalous spreading speed in Elliott and Cornell [97] and [89]1. As mutation rate

1Note that a more subtle definition of an anomalous spreading speed was first given by
Weinberger et al. [111]. An anomalous speed in their sense can only occur when the linearized
operator is reducible and system is not linearly determined. Our model does not fall under their
definition.
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increases, this anomalous speed disappears (i.e., speeds are below the grey solid
curve), that is, it only occurs in the case of weak and convex trade-offs in the low
mutation limit. With increasing mutation rates, trait distributions can have two
modes, one at θmin and the other at θmax. The mode at θmin decreases until there
remains only a single mode at θmax, pictured in the limit of high mutation.

Figure 3.3: The top plots represent spreading speeds of individual traits (grey
curves) and the asymptotic spreading speed of the total population for the corre-
sponding values of µ (horizontal lines). When the total population spreads faster
than the fastest trait individually (top right plot), we speak of an ‘anomalous
spreading speed’ (see text for details). The bottom plots show the trait distribu-
tions at the leading edge for the corresponding values of µ. The left plots are
obtained with α = 0.25, so that the trade-off curve is concave, while the ones on
the right are obtained with α = 4, where the trade-off curve is convex. The specific
parameter values are Rmax = 6, Rmin = 2 and the movement kernel is a Gaussian,
with θmin = 0.1 and θmax = θmin + 1 rescaled to [0, 1].

We observe two evolutionary forces acting simultaneously on the leading edge
trait distribution. Natural selection (r-selection) concentrates the traits near the
maximal growth rates, at θmin, but as mutation increases, the reproductive output
of these low dispersive traits allows for the most dispersive traits to thrive, so
that spatial sorting results in a new mode of the trait distribution at θmax. As
mutation increases, neither r-selection nor spatial sorting is able to dominate,
and the trait distribution is simply given by the arrival densities at the leading
edge. Clearly, the limit of high mutation is rarely achieved in nature, however,
similarly to above, at µ = 0.1, that is, when the Gaussian mutation kernel has a



Chapter 3. IDE Models for Evolutionary Processes 90

standard deviation of about a tenth of the trait space, the qualitative behaviour
of population distributions at the leading edge is comparable to µ→ ∞: both are
asymmetric and highly skewed towards θmax.

3.5.3 Strong Trade-offs

Next, we consider strong trade-offs, where the most dispersive traits are not
viable on their own, i.e., Rmin < 1. Anomalous spreading speeds occur again when
the trade-off curve is convex (α > 1); see the top right panel in figure 3.4. We note
that such anomalous spreading speeds occur for a larger range of mutation rates
as compared to the weak trade-off case. The trait distribution (bottom right plot)
can again be bimodal, however, it takes higher mutation rates for the rightmost
mode to be dominant. The left panel in figure 3.4 is similar to the case of weak
trade-offs as well. Spreading speeds are always below, but close, to the optimum
trait speed and decrease with mutation. Trait distributions show only a single
mode that shifts from the optimal trait to θmax as mutation increases.

Figure 3.4: Spreading speeds (top) and population distributions (bottom) for a
convex (α = 4, right panel) and concave (α = 0.25, left panel) strong trade off in
different mutation levels. The gray solid line in the plots for speed is the speed each
trait/type would invade the landscape alone, the horizontal lines are the speeds
the population as a whole invade the landscape given the respective mutation rate
(µ) value. Parameters used are Rmax = 6, Rmin = 0.2, and movement is assumed
to be Gaussian, with θmin = 0.1 and θmax = θmin + 1 rescaled to [0, 1].

Note that, with a strong convex trade-off, speeds of individual traits are positive
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Figure 3.5: Spreading speed in black solid (µ = 0.05) and dashed (µ = 0.1) lines in
relation to convexity parameter, α. The speed of the optimal trait/type is given by
the gray line, an the limit of high mutation by the blue line. Note that anomalous
spreading speeds appear at α ≈ 2.5 for µ = 0.05, and only at α ≈ 3 for µ = 0.1,
showing that the reduction in speed that we expect from the principle in the
previous sections can overshadow anomalous spreading speeds.

only for small enough trait values (top-right plot of figure 3.4). Trait values that are
too high are not viable on their own and would not be able to invade individually,
but they are present in the population at the leading edge for a range of mutation
rates, and they contribute substantially to the overall spreading speed.

We observe that in both weak and strong trade-offs, anomalous spreading
speeds do not occur at high mutation rates. This indicates that the speed reduc-
tion that results from mutations, as expected from the theoretical results in the
previous section, can be strong enough to hinder anomalous spreading speeds.
By continuity of the dominant eigenvalue with respect to µ, if for some value of
α anomalous spreading speeds appear, we expect that there is a mutation value
µ = µ̃ for which said anomalous spreading speeds vanish. This expectation is
confirmed in figure 3.5, which shows that for µ = 5 · 10−2, anomalous spreading
speeds are attained for α > 2.5 (roughly), for µ = 10−1, anomalous spreading
speeds appear only at α ≈ 3, and finally, at the high mutation limit, anomalous
spreading speeds no longer appear.
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3.5.4 Effects of Deleterious Mutations

Finally, we evaluate how deleterious mutations change the results above. Dele-
terious mutations are those that place offspring outside the trait space so that they
are lost from the population and do not contribute to future generations. The
equations remain the same as before, but, due to the deleterious mutations, the
mutation kernel does not integrate to unity, i.e., the strict inequality (3.19) holds.

In this case, we cannot study the high-mutation limit since the population
cannot persist in this limit. We can, however, obtain an upper bound for the
spreading speed by comparison. Specifically, for a given mutation kernel L(·, ·)
with

∫
Θ L(θ, ω)dθ < 1, we define the re-scaled kernel

Λ(θ, ω) =
L(θ, ω)∫

Θ L(θ, ω)dθ
. (3.74)

Note that, in contrast to the procedure in section 3.2.3, we do not re-scale the
growth function here. We denote by QL and QΛ the next-generation operators
with the respective mutation kernels but otherwise identical growth and dispersal
functions. By definition, we clearly have

QL[Nt](θ, x) < QΛ[Nt](θ, x), (3.75)

and therefore the spreading speed of a model with deleterious mutations is no
larger than the spreading speed of the corresponding model without, i.e., c∗L ≤ c∗Λ.

In addition to the decrease in spreading speeds, expected theoretically from
the reduction principle, here, speeds also decrease with mutation rates because
mutations lead to an effective loss in reproduction. As mutation increases, more in-
dividuals are lost through the boundary of trait space, the dominant eigenvalue of
the linearized next-generation operator becomes smaller than unity, and invasion
is no longer possible. This effect is highlighted in figure 3.6, where the speed for a
model with a Gaussian mutation kernel accounting for deleterious mutations (QL,
dashed line) is always below the one without deleterious mutations (QΛ, solid
line), and decays to zero as mutation rates increase.

Figure 3.7 shows that deleterious mutations also affect the occurrence of an
anomalous spreading speed. For the model accounting for deleterious mutations,
QL, anomalous spreading speeds only appear at higher values of α when compared
to QΛ. Therefore, in the possibility of deleterious mutations, higher α (stronger
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Figure 3.6: Asymptotic spreading speeds as functions of mutation rates, µ, for
a model with Gaussian movement and Gaussian mutation kernel with (dashed
line) and without (solid line) deleterious mutations. Parameters used are R1 = 8,
R2 = 0.2, α = 4, which gives a strong and convex trade-off.

convexity in trade-offs) is necessary for an anomalous spreading speed to emerge.
This result seems reasonable because the relation c∗L ≤ c∗Λ holds for every α, since
the models share the same growth rate functions.

Figure 3.7: Asymptotic spreading speeds as functions of α for models with (dashed
line) and without (solid line) deleterious mutations. The grey solid line is the
speed with which the optimal trait would invade the landscape alone. Anomalous
spreading speeds occur when the solid or dashed black line is above the grey one.
Parameters used are µ = 5 · 10−2, R1 = 8 and R2 = 0.2.
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The trait distributions at the leading edge change due to deleterious mutations,
in particular at the boundaries of trait space where the effects of these mutations
is the strongest (see figure 3.8). Since deleterious mutations incur significant loss
in growth rates at the edges of trait space, those regions have lower densities
than those with fewer deleterious mutations. For concave trade-offs (α < 1), the
distribution peaks at the optimal trait for speed, and as mutation increases, the
distribution becomes wider. For convex trade-off (α > 1), the distribution can still
be bi-modal, however, the modes are not at θmin and θmax. At low mutation rates,
the distribution is centred around low values of θ that are far enough from θmin,
so that the loss through deleterious mutations is small while the growth rate is
high enough. For intermediate mutation rates, the distribution is bimodal with
modes close to θmin and θmax, maximizing growth and dispersal simultaneously
with different proportions depending on µ, but the modes are away from the
edges of trait space. Finally, when mutation is high enough, but the population
can still persist, dispersal heterogeneity (arrival density) dominates, and pushes
the mode to the rightmost part of trait space, i.e., highest dispersal, to θmax. Again,
anomalous spreading speeds tend to occur at high values of α, i.e., when the
trade-off is convex.

Figure 3.8: Plots on the left are for concave trade-off (α = 0.25) and om the right for
convex trade-off (α = 4). Bottom plots are population distributions, while top ones
are spreading speeds of individual traits (gray curve) and the whole population
(horizontal lines). Each line style (dashed, solid and dotted) corresponds to the
mutation rates indicated. Parameters used are Rmax = 6 and Rmin = 0.2 (strong
trade-off) and movement is Gaussian.
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3.6 Discussion

Within the past decade or two, ecologists became increasingly aware of the
role that evolution plays in spatial spread and range expansions [13]. Whereas
previous work assumed that the time scale of spatial spread and evolution were
quite different, recent examples showed that the two can act simultaneously, with
the cane toad being the poster child example [10]. One of the fascinating aspects
of evolution during range expansion is that selective forces vary in space and
time as the invading population’s density changes. This observation has inspired
new mathematical models in the form of reaction–diffusion equations and their
analysis; see, e.g., Bouin et al. [87]. We presented, analyzed and explored similar
questions in the framework of integrodifference equations, which are more realistic
for species with discrete non-overlapping generations, and where the dispersal
and mutation processes can be modelled more generally than just by diffusion.

We investigated several relevant evolutionary processes that occur during
biological invasions. We considered a population structured by a single trait,
discrete or continuous. We studied general analytical aspects of the models as
well as specific numerical results that can elucidate how spatial sorting and spatial
selection may shape range expansions. We considered a single trait that induces
individual variability in dispersal and/or growth, and allowed for mutations
within a given trait space. We showed that populations at the leading edge can
display different trait distributions that give us a hint on which evolutionary
forces are dominant in each studied case, as well as how they change population
spreading speeds. We first discuss the observations on trait distributions, then
their implications for the speed of spread.

Our numerical explorations reveal that when there are no correlations between
growth and dispersal, and when mutation is low, spatial selection favours those
traits that can colonize new areas first. In this case, spatial sorting is the dominant
effect so that only the most dispersive traits are found at the leading edge. As
mutation increases, spatial sorting decreases in strength and the population distri-
bution is governed essentially by dispersal heterogeneity. In fact, in the limit of
high mutation, the trait distribution at the leading edge approaches the moment
generating function, i.e., the order by which traits arrive at the leading edge. This
latter result recurs in our numerical simulations independently of any trade-off
curve. Our results are similar to those of Bouin et al. [87] in a reaction–diffusion
equations. They showed, in the absence of trade-offs, that the trait distribution at
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the leading edge is always skewed towards higher dispersal abilities. Hence, our
results show that this phenomenon is robust with respect to modelling approach.

When trade-offs are considered, the qualitative behaviour of the trait distribu-
tions at the leading edge responds to the curvature of the trade-off relation rather
than to its strength. For concave trade-offs (α < 1) and at low mutation rates, it
is not dispersal or growth that are favoured by spatial selection but rather the
combination of the two that maximizes the spreading speed. As mutation rates in-
crease, the trait distributions become wider until they approach the high-mutation
limit. In the case of convex trade-offs (α > 1), r-selection is the dominant effect at
low mutation rates so that the trait distribution is skewed towards high growth
rates. Although these traits do not maximize single-trait speeds, they do offer
a higher population-level spreading speed. Since spatial selection favours the
first colonizers, this trait distribution is maintained. However, as mutation rates
increase up to a certain limit, the least fertile/most dispersive traits benefit from
the reproductive output of the most fertile/least dispersive individuals. Hence,
spatial sorting and selection can exert opposing forces in the population so that a
bi-modal trait distribution can appear

Different trait distributions affect the population spread rate differently, de-
pending again on the existence and shape of a trade-off. When there is no trade-off,
the skew of the trait distribution towards higher dispersal implies a higher spread-
ing speed, as it does for reaction–diffusion models [87]. This effect, however,
depends on the fact that the highest growth rates appear at low density at the inva-
sion front and that the speed is linearly determined. In particular, our modelling
assumptions exclude an Allee effect, which we will discuss below. When there
is a trade-off, its effect on the spreading speed depends again on the curvature.
In concave trade-offs, spreading speeds tend to be close to, but always below,
the speed of the optimal trait, i.e., maxθ c(θ). However, under convex trade-offs,
anomalous spreading speeds may appear so that the population is able to invade
the landscape faster than any of its individual traits would. These anomalous
spreading speeds appear at low mutation limits in the case of weak trade-offs
(Rmin > 1). For strong trade-offs, they can occur for a wider range of mutation
rates. In all explored cases, spreading speeds decrease with mutation rates, as ex-
pected by the reduction principle, and anomalous spreading speeds can disappear
as mutation increases.

Anomalous spreading speeds can also arise in corresponding reaction–diffusion
equations. Keenan and Cornell [89] use a perturbation argument to show their
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existence for finitely many types as long as the trade-off is convex and mutation is
low. Here, we recover a similar result numerically and show that regimes of strong
trade-offs tend to favour the appearance of anomalous spreading speeds beyond
the low mutation limit. Also, we show how different evolutionary factors change
asymptotic spreading speeds. Anomalous spreading speeds may not occur even
for convex strong trade-offs if mutation rates are high. If deleterious mutations are
possible, then that effect can also prevent anomalous spreading speeds. Elliott and
Cornell [97] compare two morphs: the establisher (high growth and low disper-
sion) and the disperser (low growth and high dispersion), and they ask whether
anomalous spreading speeds occur because the invading population benefits from
the best of its two morphs (high growth and high dispersal). Here, we find that
under convex strong trade-offs and a certain range of mutation rates, this might
indeed be the case. The evolutionary forces tend to favour high dispersal, but
the highest dispersers on their own are not viable. Evolution also favours high
growth, but the fastest growing types on their own spread slowly. A combination
of the two is both viable and fast. The convex trade-off prohibits intermediate
types that could spread faster. Hence a bimodal distribution arises at the leading
edge.

Our results point in a similar direction as discussed in Phillips and Perkins [86].
Evolutionary forces act on the invading population trait distribution at the leading
edge such that the expression R(θ)M(θ, s) is maximized, at least when there is no
Allee effect. When trade-offs are concave, simple aggregation at the optimal trait
occurs, however, under convex trade-offs, maximizing this expression may involve
occupying different regions of trait space, namely regions that contain traits that
decrease fitness (R(θ)), but allow for higher spreading speeds. Under convex
strong trade-offs, even when trait space contains regions where the growth rate is
below one, the population can persist and attain such traits. This highlights how
powerful spatial sorting alongside spatial selection can be: it can drive individuals
at the leading edge to develop traits that can cost almost all their reproductive
capacity. There exist examples of such costs in cane toads, such as reduced ability
in males to cling to female partners during amplexus, due to loss of strength in
the forelimbs [93], as well as the development of arthritis [10].

Our results on spread with strong trade-offs leads us to reconsider what delete-
rious mutations are and which role they play during invasions. Clearly, the simple
condition R(θ) < 1 (the inability of a single trait to persist and spread) cannot
necessarily be regarded as “deleterious” during an invasion from a mathematical



Chapter 3. IDE Models for Evolutionary Processes 98

perspective if such traits can be maintained in the population (at the leading edge).
In fact, since these traits have high dispersal ability (due to the strong trade-off),
they may considerably increase population-level spread rate. Indeed, the growth
rate of a particular trait can attain low values due to many factors, such as distinct
biotic and climate conditions from the place of origin, which may cause some
traits/types of a given species to not thrive on their own. However, those traits
can be sustained in the environment if they provide some colonization advantage
for the species, as do the most dispersive (hence least reproductive) traits here.

We note that invasions are themselves transients. Once the invasion is complete,
traits that are favoured during range expansion are expected to vanish from the
population and cede to the most reproductive/competitive and least dispersive
traits [85, 86]. In fact, behind the invasion wave, the population is expected to settle
at an equilibrium where growth and dispersal balance. The mathematical study
of the evolution of dispersal at such an equilibrium has a long and distinguished
history, dating back to Karlin and McGregor [112] in an environment consisting of
discrete patches and to Hastings [113] in a continuous one-dimensional environ-
ment. A recurring finding of these studies is that lower random dispersal rates
are favoured in temporally constant but spatially heterogeneous environments;
see Cosner [114] for a review. One explanation for this finding is that random
movement prevents a resident population from fully utilizing resource peaks.
An invading population with sufficiently small random dispersal rate can then
exploit whatever the resident population is missing. In our scenario of a spreading
population, the most underutilized resource is located ahead of the wave, which
is why increased dispersal is often beneficial, but not always, as we show here. A
more comprehensive theory of the evolution of dispersal will need to fill in the
behavior between the front and the equilibrium.

We mention several avenues for future research that naturally follow from
our results. Studying how the steady states at the core of the invasion change
according to different choices of the reproduction function is of interest, as some
descriptions of non-local competition can create spatial pattern-formation; see
e.g., Britton [115], Fuentes et al. [116]. In our framework, this would translate
into polymorphism at the core of the range. Trade-offs between competitive
abilities, growth rates and dispersal can also lead to different trait distributions
throughout space, and Burton et al. [117] shows, in an individual based modelling
framework, that competition is selected over dispersal at the core of invasion,
while the opposite holds at the leading edge. The model presented here can
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account for trade-offs between two traits, but has to be expanded to deal with
simultaneously correlated growth rates, competitive abilities and dispersal, as this
case would require a bi-dimensional trait space, and, with it, the development of
new mathematical analysis.

Here, we focused on showing how trait distributions evolve under Gaussian
dispersal, and we expect similar results with Laplace dispersal kernels. However,
other movement behaviours are possible and can reveal interesting results. For
example, Lutscher [21] (section 12.5) considered a population that can move with
two different dispersal kernels (similar to equation (3.15)), one leptokurtic, the
other platykurtic, but no trade-offs and no evolutionary forces. In that example,
the maximum speed is attained by an optimal mixing of both dispersal modes,
instead of uniquely moving with the leptokurtic kernel. This might reveal other
mechanisms that prevent spatial sorting to be a dominant evolutionary force, as
individuals at the leading edge would, possibly, exhibit the optimal mixing of
behaviours.

Other biotic factors, such as Allee effects, interspecific interactions and sex
structure need theoretical development and general exploration. Lutscher et al.
[92] reveal that, different from what was found here, mutation can speed up
invasions in the presence of Allee effects. Including sex structure may allow us
to describe assortative mating, either by individual preference or spatial partner
availability, such as in Lutscher et al. [92] where mating introduces the Allee effect
mentioned before, as well as in [38], where it is shown that spreading speeds are
sensitive to various aspects that sex structure introduces. For example, dispersal
heterogeneity between sexes may alter the sex ratio at the leading edge and, in
turn, reduce or increase speed. The analysis of multi-species systems may give us
hints about other sources of eco-evolutionary feed-backs, such as an evolutionary
arms race between an invasive predator and a local prey species, specially when
such traits under evolution are also correlated with dispersal [13].

In order to obtain a reduction principle for spreading speeds, we considered a
mutation kernel that changes linearly with a mutation parameter, the probability
of imperfect cloning. This framework follows recent and classic literature on
the spectral analysis of these mutation operators, see Schreiber and Beckman
[91], Altenberg [107] for integral operators and Morris et al. [90], Karlin [109] for
matrices. Our numerical results show that an increase in a measure of spread
(e.g., the variance of a mutation kernel) also reduces speed. In both frameworks,
the mutation parameter plays the same role, in that it reduces trait inheritance,
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however, the properties of the dominant eigenvalues of these integral operators
with respect to kernel properties are not fully explored. A future challenge is to
uncover a more general relation between spreading speeds and mutation rates.
In all the theory, however, we still need to preserve compactness (or ensure weak
compactness) of the next generation operators, a fundamental property for the
theory developed here to be applied.

The mathematical analysis presented here builds on existing theory for asymp-
totic spreading speeds and travelling waves for monotone and monostable recur-
sions. These were developed for structured populations of finitely many stages by
Lui [39], Neubert and Caswell [40], and for populations with continuous structure
in the context of delay equations by Liang and Zhao [105]. Our model is also
an example of a ‘spatial integral projection model’ in the sense of Ellner et al.
[118]. We believe that our theory carries over to nonmonotone but monostable
recursions, which result from replacing the monotone growth function F by a
single-hump function, such as the Ricker function. Using an idea by Thieme [119],
one can construct upper and lower bounds of the next-generation operator Q,
say Q−[u](·, x) ≤ Q[u](·, x) ≤ Q+[u](·, x), with the property that Q+ and Q− are
both monotone and monostable and have the same linearly determinate speed
c∗± = c∗+ = c∗−. Then, necessarily, the speed of Q is also linearly determined and
equal to c∗±; see also Lutscher [21], section 5.4. Difference equations with nonmono-
tone growth functions may exhibit two-cycles and other oscillating asymptotic
behaviour, which appear as fixed points in the corresponding second- or higher
iterate operator. Accordingly, integrodifference equations with nonmonotone
growth functions can show multiple travelling waves with oscillatory behaviour
that correspond to stacked waves in second- or higher order iterations [26]. It is a
future challenge to include trait structure in such models and to study the trait
distributions in these stacked waves. The case of bistable recursions is much more
difficult to address since no linear conjecture is available to study the asymptotic
speed and trait distribution. However, even an exploratory numerical study could
reveal interesting mechanisms as to how trade-offs and evolution shape spatial
spread rates and trait distributions [92].



Chapter 4

Perspectives and Conclusions

In this chapter we cover future directions on mathematical theory for range
expansion. Of course, we also highlight some of these directions in the discussion
of chapter 3 and 4. Here, however, we try to explain some other ideas in a little
more detail and provide some references for them.

4.1 Theory for multiple species interactions

In recent years, the development of theory for single species and two interacting
species has been extensively investigated through the scope of RDEs and IDEs as
well, although the former is much more present.

In chapter 2 we saw how each species movement behavior can significantly
contribute to form different regimes. This highlights how species interactions and
their movement behaviors might be too important to neglect in our modeling
approaches. Therefore, considering larger networks of interacting species in
theoretical spatial ecology is an important step towards understanding these
systems and its complicated dynamics in more detail.

In order to do so, of course, we need novel developments in mathematics. Few
works look at three species networks in the context of range expansion to formally
analyze the existence of traveling wave solutions and asymptotic spreading speeds
(see Guo et al. [120], Huang and Lin [121], Lin and Yang [122]), and among these
works, either model considerations are restrictive in terms of species interactions,
or the studies stay inside a much more mathematical niche, without making it to
ecologists to debate their applications and limitations. The latter is a matter not of
mathematics per se, but a broader problem of science communication in ecology
and applied mathematics [123], the former, however, can be quite challenging and
require advances in functional analysis and other fields of pure mathematics.

For example, formal mathematical theory for intraguild predation, exploitative
and apparent competition, as usually described by classical theoretical ecology
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([63, 60, 74]), are lacking in spatial ecology in general, not only in range expansion
phenomena, but on persistence problems as well, e.g., in the existence of steady
states and critical patch sizes. These classical frameworks are accepted in both
mathematical and ecological scientific communities, and with those we can address
and formulate questions from and for both communities.

4.2 Sexually structured populations

Formally demonstrating the existence of traveling wave solutions and asymp-
totic spreading speeds is still a mathematical challenge. Although results for Allee
effects are available [29, 28], when mating is explicitly considered in sexually
structured populations, the results do not hold. It becomes a two dimensional
(male-female) system of equations, which is cooperative, but bi-stable, and there-
fore classical theory for cooperative systems (Weinberger et al. [41]) no longer
applies. Developing theory further will allow us to study taxa in which male-
female dispersal are significantly different, and understand the precise conditions
in which invasions are successful and at which speed they are expected to occur.

Beyond the mathematical challenge, relevant eco-evolutionary questions rise
when considering sexually structured populations. In sexually structured pop-
ulations, mate finding, mate selection and heritability are all relevant processes
that need to be accounted for in order to describe and understand possible evo-
lutionary routes during range expansion phenomena [124]. At the leading edge,
as we have shown in chapter 3, sources of selection are different than those at
the core, and may drive the invading species in different evolutionary directions.
For example, invasive cane toads at the leading edge in northern Australia have
much weaker and smaller forelimbs, which turns amplexus 1 much more difficult
and reduces egg fertilization success [125], some even mistakenly cling to other
males’ backs, which in turn avoid emitting sex-identifying sound signals, possibly
to avoid alerting predators [126]. Moreover, at the leading edge, males of cane
toads have developed longer hindlimbs and smaller gonad mass [126].

The theoretical framework for such phenomena is quite challenging, with
increasing levels of complexity. Those with higher dispersal get at the leading
edge first, and must find, select and effectively mate with its sexual partners at low
population densities, where both inter-specific competition and mate availability
are low. Under low mate availability, mate finding and selection can play an

1when the male grasps to female’s back to fertilize eggs upon their deposition
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important role on which traits get transmitted at the leading edge, and how
fast the population expands. For example: If females and males are too selective
regarding their partners, the invasion is likely to be slower, because mate searching
times increase and reproduction might occur at a much smaller rate, since ideal
partners might not be available at the leading edge. If they become less selective,
reproduction occurs in a faster rate, but the offspring may present traits that do
not favor fertility or competition, but dispersal instead. If that is the case, partner
selection and search strategies are likely to differ between the core and front of
invasion, simply because of density levels [127].

In regards to sexually structured population models that account for evolu-
tion, Lutscher et al. [92] reveals that sexually structured populations can exhibit
non-monotone invasion speeds with respect to mutation rates. First, although a
numerical result, it shows that our reduction principle in chapter 3 is not general
(in fact, we expect it to hold only on linearly determinate speeds, which is not the
case in sexually structured populations). Secondly, it provides a framework which
we can extend to model other processes of interest in sexually structured popu-
lations. Another important approach is given in Ochocki et al. [128], through an
agent based model. They account for different sources of trait variation within the
population: 1) maternal effects, individuals that had larger maternal investments
tend to have a better outcome in either dispersal or fertility, 2) environmental vari-
ation, individual’s are born in different environments and therefore have different
life histories, 3) parental additive genetic contributions, how each parent geno-
types/phenotypes contributes to offspring’s genotypes/phenotypes. Interestingly,
this approach reveals scenarios where evolution (governed by parental additive
genetic contributions) can either slow down or increase invasion speed (also going
against the reduction principle found). Developing theory for such processes in
terms of IDEs and PDEs allows us to unify terminology (precisely describing muta-
tion/herdability and inter-specific trait variation), as well as possibly understand
how each of these factors contribute to speed in more detail.

4.3 Fragmented Landscapes and the evolution of habi-

tat selection

In chapter 3, we have discussed evolutionary processes that take place through-
out biological invasions. There, we have considered that the landscape is homoge-
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neous, however, this is usually not the case, and can have various implications for
invasion and community formation, as illustrated in chapter 2.

A possible future direction is to investigate what is the role of evolution of
habitat selection in biological invasions. Maciel and Lutscher [32] show that there
are habitat selection behaviors that are optimal for spreading speeds. However,
Maciel et al. [82] show that, at the core of invasion, the Ideal Free Dispersal strategy
is the optimal habitat selection behavior [Fretwell [129]] 2. Therefore, two different
evolutionary forces can drive the population habitat selection behavior in opposite
directions.

Following our recent work, Poloni and Lutscher [130], we would expect that
at the leading edge, either growth, dispersal, or an optimal combination of both
is selected, depending on growth-dispersal trade-offs. However, in an heteroge-
neous landscape, maximizing dispersal and growth involves spending an optimal
amount of time in each type of patch. This way, mathematical models that ac-
count for individual variability in interface behavior and habitat selection can help
unravel important evolutionary drivers in heterogeneous landscapes.

Here we propose using an homogenization technique, following [34, 64], along-
side the RDE frameworks of individual variability in dispersal and reproduction
(and inherent trade-offs) within an invading population proposed in Elliott and
Cornell [97], Keenan and Cornell [89], Morris et al. [90] to study such evolutionary
processes.

The homogenization technique is as described in chapter 2. The RDE frame-
work from [89] is qualitatively the same as the one proposed for discrete trait
spaces in chapter 3, but in terms of PDEs instead of IDEs. The results are also qual-
itatively the same: Anomalous spreading speeds appear when growth-dispersal
trade-off is convex, while the speed of the fastest type dominates when trade-off is
concave. In RDE formulations, we don’t have (formally) the exact trait distribution
at the leading edge, but it should be given by the dominant eigenvector of the
resulting eigenvalue problem for a wavefront profile (e−s(x−ct)).

Introducing heterogeneous landscapes and performing homogenization tech-
niques, we expect to arrive at set of equations that are similar to the ones in [89],
but now accounting for landscape settings. We can consider that morphs differ in
growth-dispersal and patch preference, and then study how those shape effective
growth and dispersal (⟨r⟩ and ⟨D⟩) curves (convex/concave). With this, we can

2Ideal Free Dispersal is the term coined for habitat selection behavior that maximizes fitness
across the landscape
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explore how different landscapes lead to different selection processes and drive
invading populations to different evolutionary outcomes and spreading speeds.
For example, if patch preference in populations at the leading edge differs sig-
nificantly to those at the core, we would expect different distributions between
patches at the front and core of range. With that, control strategies drawn with
core population behavior might not be as effective at newly colonized regions.

4.4 Conclusions

In this thesis, we revisited classical mathematical formulations of biological
invasions and their results. We have focused only on RDE and IDE frameworks,
as those are the most present in current literature. Such formulations are focused
on determining the speed of spreed of an invading population and the concept
of linear determinacy of such speeds. We also showed some classically observed
spatial profiles that invading populations form alongside resident communities,
e.g., traveling wave solutions that shift local communities into novel equilibria
as time passes, joint invasions of competitor species leading into multiple spatial
transitions and predators inducing oscillatory regimes through space.

We also obtained novel results and insights for intraguild predation communi-
ties through an RDE framework. We numerically verified that speeds of invasion
are linearly determinate for a large range of parameters and that the system exhibit
traveling wave solutions as well as dynamical stability. Using recent advances and
techniques in modeling population in fragmented landscapes, we showed how
coexistence regimes can be modulated by each species movement behavior and
patch preference, including resource population.

Finally, we developed novel theory for evolutionary processes in biological
invasions in IDE framework. We showed that monotone recursions to model trait
structured populations present traveling wave solutions and asymptotic spreading
speeds, and that these spreading speeds are non-increasing with mutation. We also
explored leading edge trait distributions and highlight mechanisms that govern
such distributions, such as traded-off shapes and mutation.

All in all, many aspects of biological invasions gets simplified in mathematical
formulations. Although slowly, we often need to get past these simplifications to
account for more processes that are revealed, through novel empirical observations,
to be important in range expansion, such as landscape fragmentation, species
interactions and evolution in ecological timescales. By describing these biological
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processes in greater detail, mathematical challenges arise, which require advances
in different fields, such as function analysis and dynamical systems. In turn,
by overcoming such challenges, our results can provide significant insight into
ecology again, revealing important aspects of the phenomena that were overlooked
and what directions novel experiments and observations could be performed.
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