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Abstract: Physics is in its development a major challenge to relate fields,
this paper presents a proposal to relate classical fields of physics, ie the elec-
tric field, magnetic field and gravitational equations by time-dependent. The
proposal begins with the work that determines the Cauchy-Riemann condi-
tions for quaternions [1], and the determination of Laplace’s equation in four
dimensions|3], it was possible to determine mathematical components impor-
tant to make the couplings of classical fields discussed above.
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1. Introduction

Initially will present the classical equations for the gravitational field and the
magnetic field, these equations that take the form of Laplace’s equations by
means of transformations that will be shown at convenient time.

The following equation is known as Gauss’s law for gravity, and it is clear
that the potential function that makes the equation are functions of the vari-
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ables ¢, x, y and z.:

V2o(t, z,y,2) = 4rGp(t, z,y, 2) (1)

The law of gravitation to Gauss: ¢(t,x,y, z) is the gravitational potential G a
gravitational constant and p(¢,x,y, z) the density.

One others classical equations mentioned will be important for our scope of
searching for a coupling theory in a hypercomplex and involving gravitational,
electrical and magnetic fields

1 0’°A 0’A 0?A 0?A
252 (t,z,y,z) + W(t,x,y,z) + a—yQ(t,x,y,z) + W(t,x,y, z)

4
= __T(J(ta z,Y, Z)v
C

which can be written as the following set of equations:

1 0%A, 0% A, 0% A, 9%A
~ 22 = (t,x,y,2) + aQ(txy, 2)+ 55

612 8(;;1 (t,z,y,z) + 8;;;?’ (t,z,y,z) + 8;/2 (t,x,y,z) + 8;/;2; (t, 2,9, %)
= e, ®)
and
1 0A, 0%A, 2 2
2 gp BTy 2) + gty 2) +

:__Trjz(taxayaz)v (4)
C

where A = (A4,,A,, A.) is the magnetic potential and J = (J,, Jy, J;) is re-
garded as the current density.

The above equations, after appropriate processing, allows it to be studied
as the Laplace’s equations, as seen in [3]:

Y
F
Za—: ) i:17273747

where F' is real function of variables ¢, x, vy, z
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2. Obtaining the Laplace’s Equations

Let us considering f(q) where ¢ is an quaternionic number and f(q) is called
quaternionic function. We can associate with it a set of equations called the
Cauchy-Riemann like relations [1]. Firstly, will be presented without proof, a
theorem of important Classical Complex Analysis and guide the development
of this work. Consider

Theorem 1. If f(z) = u(x,y) + iv(z,y) a function defined and continues
in a neighborhood of the point z = x + iy and differenciable in z. Then the
partial derivatives of the first order of u(z,y) and v(z,y) exist and satisfy the
relations:

S = o) Q
and 9 5
oy (59) =~ 5 (@) (6)

The set of equations (5) and (6) are called Cauchy-Riemann relations [4].
If the set of functions above is class of C2, then they satisfy the Schwartz’s
theorem, then it follows that:

Vu(z,y) =0 (7)

and
V2u(z,y) = 0. (8)

The results obtained in [3] and [1] can be analyzed within physical focus by
making the following change of variables:

.Ilzt
T9 =X
r3 =Y
Xrg = Z

Theorem 2. For any pair pontis a and b and any path joining them
simply conect subdomain of the four-dimmensional space, the integral fab fdq
is independent form the given path if and only if there is a function F =
Fy + Fyi + Fs3j + Fyk such that fab fdq = F(a) — F(b), and satisfying the

following relations:

oFy  0Fy, 0F3 OFy )
ot ox Oy 0z
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ot ox 0z oy (10)
OF; _ OF _ OF, _0F, a
ot oy 0z ox

OF; _OF _ 0F, _ 0F 12

ot 0z oy ox

Proof. The proof of this theorem can be analyzed in greater detail in [1]. O

Now making the derivation of the above relations, admitting that the real
functions in question are of class C2. The followings equations are obtained [3]:

O*F,  0*F,  O%*F +62F1

22 a2 T o a2 (13)
0’Fy, 0°Fy, O0°F, O°F,
52 "o T e T2 0 (14)
0’F;  0*Fy  O0°Fy  O°Fy
— 1
a2 "o T e T2 0 (15)
and
0’F, O0*F, O0%*F, O%Fy
a2 "oz T a2 T 0 (16)

The result shows how it behaves to the functions of the complex compo-
nents, a change of variable of type time translation. Consider:

Theorem 3. If( is an function of t, x, y e z, variables, then the translation
of t for t', of temporal coordinates, satisfies the following equation:

0?G 0*G’
gz by 2) = 5o (2, y,2), (17)
where G’ is the G applied at time t’ for the same spatial coordinates x, y e z.

Proof. Initially:

oG 9% . 2) oG (t )dt/ oG (t 2)
ot YR = G\t T 2 g = T Y 2

The derivative is given for:

G, e it PC
oz by 2) = (0.9, 2) 50 =

(', z,y,2)
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The results below can also be seen in [5].

Note. For mixed derivatives with respect to time and spatial coordinates x,
y or z, the translation is easily obtained according to the following calculation
for a hypothetical situation:

0*G 0 (0G 9 (0G dt’
—(t = — | — t = — t/ —_—
6tax(7‘r7y7z) at<6x>(7‘r7yuz) at/(ax>( ’x’y’Z)dt
G,
- 8t’8x(t’x’y’z)'

Seeking to adapt the equations given in (1), (2) and (3) to Laplace’s equation
obtained earlier, it will be used the following change in the configuration of
derivatives against time. After translating the coordinates in second derivative
of f(t,x,y, z) relative to ¢t it is performed the second derivative of F'(t',z,y, 2)
relative to t plus a function ¢(t', x,y, z) as follows:

O*F O*F'
W(t,x,y, z) = 507 (t'x,y,2) + ot 2,9, 2). (18)

3. Transformations in Laplace’s Equations

Let us consider, f(q) = Fi(t,x,y, z)+Fo(t,x,y, 2)i+F3(t, x,y, 2)j+Fu(t, z,y, 2)k
an quaternionic function where Fj(q) i = 1,2, 3,4 are functions of real variables
that satisfies the Cauchy-Riemann conditions.

Deriving the conditions of equation (9), (10), (11) and (12) we have that:

OPF  0°F, 0*Fy  9°Fy

o2 Otdxr  Otdy  Otdz
’F,  0*Fy,  0*F3  0*Fy

otdr  0x2  OxOy  0Ox0z (19)
0’F,  9*Fy,  0°F3  0°Fy

oyot  oydx Oy 020y
or  o'm PR 0P
otdz  0z0x 020y 022
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0% Fy O’ F O*F3  0°Fy

o2~ Otdx  0tdz  Otdy
0?Fy 0*F, 0*’F;  0%F,

otor  0x2  0x0z Oydx
°Fy R O°Fy 8%F4 (20)

oydt  Oydxr  Oydz 0y
aéng B agp1 aéyF3 _ O°F,

920t 0z0x 022 0z0y
0%F3 0*F, 0’F, 0°F,

o2 otdy  Otdz  Otow
O°F;3 O’ F) O’F,  0°Fy

0tdx — Oxdy  Ox0z  0a? (21)
PP PR OPPF,  O*F,

oyot Oy 020y  Oyda
a?ng, PR PR 6%JF4
otdz 020y 022 020z

O’Fy  0°Fy O*Fy O?F3

o2~ 8tdz  Otdy  Otow
O’Fy  O°F 0*F, 0*F3

otdr ~ Oxdz  Oxdy  Ox2
OPF,  0*F O*Fy O*F3 (22)

oydt  Jyoz oy? Oyox

8%/F4 aijl - 82%2 _ 85/1?3

ooz 022 020y 0201

Laplace’s equations obtained here have no physical meaning yet. Are now

made the following identifications: ¢(t,x,y,2) = Fi(t,x,y,z), Fa(t,x,y,z) =
Ap(t,x,y, 2), F3(t,x,y,2) = Ay(t,x,y, 2) and Fy(t,x,y, z) = A.(t,x,y, 2). There-
fore, the equations may have physical significance using the principle of trans-
lation plus function ¢, and this will be done on each of the equation (1) as

follows:

oF, O0Fy 0F O0OF
b bt
o2 022 0y? 022
Making in (23) the translation and associating the function (', x,y, z) to
AnGp(t',x,y, z), it generates a new F” as follows:

~0. (23)

2 2

/
1

Oy?

O*F|

81/'/2 (t/7$7?/7 Z)

/
! (t/7 z,Y, Z) +

t — AnGp(t’
( ,CC,y,Z) ™ p( 7x7yvz) + axQ

0*F]

5.2 (t,x,y,2) =0, (24)

+
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this equation represents a Gauss-like law for gravitation.
By proceeding in a similar manner to the equations (2), (3) and (4), follows:

1 °Fy
[ 2 o2

1 9*F}
{_ 2 ot

and

1 9%F;
2 ot

Comparing the equations (24), (2
equations (19), (20), (2

1) and (22

4
(t,y,2) + — ol w,0,2)] +

(t,x,y,2 )—i——J(txy, )}4‘

47
77)+_J(txy7 ) +

2 1 2 1
Fy Fy
8%2 (taxayvz) + 8y2 (t,iﬂ,y, Z)
0*F}
+ 022 (taxayaz) =0, (25)
O Fy 0 Fy
52 (1 T:Ys2) + 92 (t,z,y,2)
O*F}
t =
+ 522 (t,z,y,2) =0, (26)
O Fy O F,
8%2 (tu'ruyu )+ 8y2 (t7x7y7 Z)
82F/
+ L(t,z,y,2) =0, (27)

072

5), (26) and (27) with the previous sets of
), and taking into account the invariance of

the derived translational ¢ para t’, we obtain the following sets:

O*F|
81/./2

(tlu €, Y, Z)

0*°Fy  OF;  O°F)
—4 / = 2 - 3 = !
TGo(t @y 2) = Bre = aray  ovo-
0*F] PRy *Fy ',
ot'ox 02  O0xOy  0x0z
82F1/ B 32F2 82F3 621:11 (28)
ot 3 o - 8 2 8z8y
Yw o'm otRl _ PR
at/az 020z~ 020y 022
O°F _ 'Ry _ 0°F
— T (t, = =- =
2) —|— J (2 €, Y,z ) ; 315/8362 ot' 0z ot' oy
; 2
o a u w
8375,_ 883:_ 682’_32
g __3%/1/_ j743_‘921?4
828t’ 0200 022 020y
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1 9*F} i )t ar t 2 = PF . PF PF
T2z DY AT T2 = ey T T 0v, | oo
PFy  OPF  PFy OF

ot'dx ~  Oxdy  0x0z  Ox2
PFy  OPF PRy 9P (30)
= —
8&/815 882% / 3221(23// 8;/8:6
at'az T 0z0y | 022 azax‘
1 82F) 4 O°F  9F,  O°F

L(t,,,2) + —Ja(t,w,y,2) =
T2z DA TN A T e, T T vy oo
PFy  OPF PR, OPF

ooz ~ 9z0z ~ dady 04’ 31)
PFE,  PF PR, 9PF

. — -
8&/81/5 827;8/2 82% / 8%/8%

ooz 022 020y azax‘

4. Coupling Equations

Using the equalities sets in the above relations, one obtains that:

820 2A, 024, 0%A
B 4 . T Y 4 — 2
o2 WGP(t7x7y7 Z) Ot Ox at’ay * ot'0z 0’ (3 )
1 9?4, ,, A ¢ 0?4y 0’4,
— g w2 + Lot @y, 2) + 5o — oot = oy ()
2 § ’ ’
1924, 4 ¢ 0" Ay 8AZ:O (34)

™
gl G R U TR v whel ny, milr

Finally, let us associating the system of equations:

10%4, T, o*¢  9*A,  O*A,
T (Fs2,9,2) + 42‘]2(t Y 2) + oo o'y T ovar =V (35)

Adding the equations (32), (33), (34) and (35), has:

6 110PA, 2A, 0PA, Ar
o2 _[ r * o g ) T ety o) —AnGp

8o
:—[%(Ax—ngrAz—Ay)Jr

0
ot _(Ay +AZ _¢_Ax)

0y
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d
+ &Hﬁ —A + A+ Ax)]' (36)

Making trivial modifications in equation (36), we have:

P61 0 04, DA, OA, 4n
W_c_2@<( ot ot ot ) '(171a1)>+?<(=]xa<]yv‘]z)v(1’1’1)>_47TGP

910 9
= (A =+ A= A+ (A + A, — b — A,
5 57 A=~ 0+ Wty At Ao m Al
9
(0 A+ A, + 40| (37)
But 5A
R
8t/ +vg07
and

4
“TA(1,1,1) = 27,
C

where ¢ and T is electrical potential and d’Alembertian operator respectively.
Replacing in (37), have

82¢+i2<(E+V ) (1,1,1)) — (TA, (1,1,1)) — 47G
o2 2ot ¥ [ PR R TGP
8 8 8 8
A A, —A, A A, —p—A —A+ A+ A,
(38)
it is also known that
V-B=0,
where B is magnetic field. So:
0%¢ 10
2 +V-B+ —2%<(E+Vgo) -(1,1,1)) = (TA,(1,1,1)) — 4nGp
0r0 0 0
= gu s Aam 0+ A=A+ 5 (Ay+Az—¢—Ax)+$(—¢—AZ+Ay+Ax)].

(39)
Finally, for values of ¢’ small, it has been:
Vg = 4rGp,

where g is gravitational field. Therefore:
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0% 10
Ot'2 + V- (B - g) + C_Q%<(E + V(,D) : (17 17 1)> - <TA7 (17 17 1)>
9710 0 0
- @ %(Am_¢+Az_Ay)+a_y(Ay+Az_¢_A$)+&(_¢_A2+Ay+14:v)]'

(40)

5. Concluding Remarks

The present study showed a single equation involving electrical fields, gravita-
tional and magnetic plus potentials electric, magnetic and gravitational. This
is a study that relates these hitherto unrelated fields. The paper concludes:

(i) Potential classics are in the same equation, and there are influences

between them;

(ii) The gravitational field was approximated for small values of ¢’ for it to

be possible to contain the ratio g, ie, the only possible relationship between the
fields in the classical limit ¢’ approaching zero.
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