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Abstract. Due to its underlying gauge structure, teleparallel gravity achieves a separation between inertial and gravitational
effects. It can, in consequence, describe the isolated gravitational interaction without resorting to the equivalence principle, and
is able to provide a tensorial definition for the energy-momentum density of the gravitational field. Considering the conceptual
conflict between the local equivalence principle and the nonlocal uncertainty principle, the replacement of general relativity
by its teleparallel equivalent can be considered an important step towards a prospective reconciliation between gravitation and
guantum mechanics.
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1. INTRODUCTION

At least at the classical level, the gravitational field exhibits a quite peculiar property: particles with different masses
and different compositions feel it in such a way that all of them acquire the same acceleration and, given the same
initial conditions, follow the same path. Such universality of response — usually referredmivassality of free fall

— is the most fundamental characteristic of the gravitational interaction. It is unique, peculiar to gravitation: no other
basic interaction of Nature has it. On the other hand, effects equally felt by all bodies were known since long. They are
the so callednertial or fictitiouseffects, which show up in non-inertial frames. Examples on Earth are the centrifugal
and the Coriolis forces.

Universality of both gravitational and inertial effects was one of the clues used by Einstein in building up general
relativity, his theory for gravitation. A crucial point of Einstein’s description is that it makes no use of the concept of
forcefor the gravitational interaction. In fact, instead of acting through a force, gravitation is supposed to produce a
curvaturein spacetime. The gravitational interaction in this case is achieved simply by letting a (spinless) particle to
follow a geodesics of the curved spacetime. Notice that no other kind of spacetime deformation is supposed to exist.
Torsion, for example, which would be another natural spacetime deformation, is assumed to vanish from the very
beginning. In general relativity, therefore, geometry replaces the concept of gravitational force, and the trajectories are
determined, not by force equations, but by geodesic equations. The underlying spacetime of this theory is a pseudo-
Riemannian space. It is important to emphasize that only an interaction presenting the property of universality can be
described by such a geometrization of spacetime. In the eventual lack of universality, the geometrical description of
general relativity would break down. It is also important to observe that universality of free fall is usually identified
with the weak equivalence principle. In fact, if all particles move along geodesics, the motion will be independent
of their masses — that is, universal. Nevertheless, in order to allow that independence, the masses must be canceled
out from the equation of motion. Since this cancellation can only be made when the inertial and gravitational masses
coincide, this coincidence is seen as a statement of the weak equivalence principle.

General relativity and quantum mechanics are not consistent with each other. This conflict stems from the very
principles on which these theories take their roots. General relativity, on one hand, is based on the equivalence
principle, whose strong version establishesltdtal equivalence between gravitation and inertia. It presupposes an
ideal observer on spacetime [1], represented by a timelike curve which intersects the spaceadegtmmint In
each space-section, it applies at that intersecting point. The fundamental asset of quantum mechanics, on the other
hand, is the uncertainty principle, which is essentialiylocal a test particle is never at a point in space, nor does
it follow a trajectory — it follows infinitely many trajectories, each one with a different probability [2]. The conflict
comes from that observer idealization. In the equation for a curve, gravitation only appears through the Levi—Civita
connection, which can be made to vanish all along. An ideal observer can choose frames whose acceleration exactly
compensate the effect of gravitation — which is the strong equivalence principle. A real observer, on the other hand,
will be necessarily an object extended in space, consequently intersecting a congruence of curves. Such congruences
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are described by the deviation equation and will, consetfyyeatetect the true covariant object characterizing the
gravitational field, the curvature tensor which cannot béeta vanish. Quantum Mechanics requires real observers,
pencils of ideal observers. The inconsistency with thengfrequivalence principle is, therefore, of mathematical
necessity. It is not possible, as a consequence, to definardugn version of this principle [3]. On the other hand,
the inconsistency of quantum mechanics with the weak ebgriga principle is a matter of experimental verification.
Although it has passed all experimental tests at the clalsieieel [4], there are compelling evidences that the weak
equivalence principle might not be true at the quantum Igsjel

Now, in addition to the geometric description of generaatiglty, gravitation can also be described in terms of
a gauge theory [6]. In fact, the teleparallel equivalent efigral relativity, or teleparallel gravity for short, caa b
interpreted as a gauge theory for the translation grouphigitheory, instead of curvature, torsion is assumed to
represent the gravitational field. The corresponding uyihey spacetime is, in this case, a Weitzenbdck spacetime
[7]. In spite of this fundamental difference, the two thegrare found to yield equivalent classical descriptions of
the gravitational interaction [8]. Conceptual differeackeowever, show up. According to general relativity, ctuva
is used togeometrizespacetime.Teleparallelism, on the other hand, attribgitagitation to torsion, but in this case
torsion accounts for gravitation not by geometrizing thieriaction, but by acting as a tréierce As a consequence,
there are no geodesics in teleparallel gravity, but onlgd@quations quite analogous to the Lorentz force equation o
electrodynamics [9].

One may wonder why gravitation has two different descrimid his duplicity is related precisely to that peculiagrity
universality. Gravitation is, like the other fundamentateractions of nature, described by a gauge theory — just
teleparallel gravity. Universality of free fall, howevenakes it possible a second, geometrized description, diyen
general relativity. As the sole universal interactiongittie only one to allow also a geometrical interpretatio, an
two alternative descriptions. One may also wonder why a gdhgory for the translation group, and not for other
spacetime group. The reason for this is related to the sadrgrvitation, that is, energy and momentum. As is well
known from Noether’s theorem [10], these quantities areseored provided the physical system is invariant under
spacetime translations. It is then natural to expect tleagthvitational field be associated to the translation grobs
is quite similar to the electromagnetic field, whose sourcthe-electric four-current— is conserved due to invariance
of the theory under transformations of the unitary group)Utie gauge group of Maxwell’s theory.

Maxwell's gauge theory consistently describes the eletagnetic interaction, whose non-universal character can
be seen from the fact that the Lorentz force depends on tiee g4t between the electric charge and mass of
the particle. This lack of universality precludes a geometescription. On the other hand, although it describes a
universal interaction, teleparallel gravity is a gaugetiydor the Abelian translation group. Like in Maxwell’s threy,
the trajectories are not geodesics, but force equationa.cdmsequence of this property, teleparallel gravity acsa
separation between inertial from gravitational effects] & found not to require the equivalence principle to descr
the gravitational interaction [11]. To explore deeper ghpeints will be the basic purpose of these notes. We begin
with a review, in the next section, of the fundamentals adpiarallel gravity.

2. FUNDAMENTALSOF TELEPARALLEL GRAVITY

The mathematical structure of distant parallelism, al$erred to as absolute or teleparallelism, was used by Eimste
in the late nineteen twenties, in his attempt to unify geidin with electromagnetism. The crucial idea was the
introduction of a tetrad field, a field of orthonormal basetheftangent spaces at each point of the four-dimensional
spacetime. The specification of a tetrad involves sixteaempaments, whereas the gravitational field, representelgiby t
spacetime metric, requires only ten components. The siitiaddl degrees of freedom ensured by the tetrad was then
supposed by Einstein to represent the electromagnetic bBeld to the local Lorentz invariance of the theory, which
eliminates six degrees of freedom, this attempt of unificedid not succeed, but some of the concepts introduced by
him remain important up to the present day [12]. Of coursepiiesent interest concerns the gravitational interaction
only, and not any unification purposes.

According to the gauge structure of teleparallel gravityeich point of spacetime there is attached a Minkowski
tangent space, the “fiber” on which the translation (gaug®)jgacts. We use the Greek alphabet, p,...=0,1,2,3
to denote spacetime indices and the Latin alphablefc,... = 0,1,2,3 to denote algebraic indices related to the
tangent Minkowski spaces, whose metric is chosen tajfe= diag(+1,—1,—1,—1). Whenever convenient, the
magnitudes related to teleparallel gravity will be denotéith an upper ¢”, whereas those corresponding to general
relativity will be denoted with an upper". As a gauge theory for translations, the fundamental fiéltbleparallel
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gravity is the translational gauge potent},, a 1-form assuming values in the Lie algebra of the trarsiagroup
By = B?, P, )
with Py = d/0x2 the translation generators. The corresponding field stheag
Feu = 0uB* —ayB?y. 2)
Introducing the trivial — that is, holonomic — tetrad
€ = 0,08, (3)

which satisfies
d“eav - dveau = 07

the field strength can be rewritten in the form
Feu = dyh?, —avh?y, 4)
where
h®, = 9@+ B?, 5)
is an anholonomic tetrad. Since we have chosen its nontgtiavial parid,x? to be holonomic, its anholonomy [13]
fCab = hat'hp” (8yh°y — 9uh°y) (6)

will come from the gravitational field only, here represehity the translational gauge potent,. In fact, it is easy
to see that
Fabc = - fabc- (7)

Although the spacetime metric
Ouv = Nab hau hbv (8)

does not represent the dynamical variable of the theorypthsence of a translational gauge potential changes its
form, which means that teleparallel gravity is not a backgbindependent field theory. It is enough to observe that,
whereas the tangent space indices are raised and lowetetheitMinkowski metriaj,,, spacetime indices are raised
and lowered with the spacetime metgig, .

Teleparallel gravity is characterized by a connection gmésg torsion, but no curvature. Its spin connection can
always be taken to vanish everywhere in a given frame:

Ay, =hd, (duhb" s hbp) —0 9)

This is the so called absolute parallelism condition, froimeve the theory borrows its name. The corresponding
spacetime connection, usually called the Weitzenbdck eatiom, is found to be

Py = haPauhe,. (10)
As a simple calculation shows, the field strength is foundiioade with the torsion of the Weitzenbdck connection:
Fou = fauv =h% (vau - pr)- (11)
The Lagrangian of teleparallel gravity is [14]
. h e .
L= g S T, (12)

where . . . .
S = hap [P — g T0¥g + g?¥ T (13)
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is the superpotential, with
KHVP _ % (-fvup L TPHY ,fuvp) (14)
the contortion tensor. Considering then the Lagrangian
L= L+ Lo, (15)

with 2, representing the Lagrangian of a general matter field, atiani with respect to the gauge fiedd, will lead
to the teleparallel field equations

95(h&P%) — K2 (] ) = K2 (hZaP), (16)
where .
. 107 ha [ o 1o, @
jap = _H ahap = % (Tcp,\ Scup - Z 5}\pTcuv Scuv> (17)

represents the tensorial form of the gravitational enengynentum density [15], and

10%m 16%m 1 <d,$m 0-%m )

TP = — == =—= -0
2 ohd, “*9g,h3,

= = 1
héB%,  hohe,  h (18)

is the matter energy-momentum tensor. Due to the anti-syrymééapo in the last two indices, the total current is
conserved as a consequence of the field equation:

9 [h <j°ap + %P>] —o0. (19)
Now, with spacetime indices only, the above field equatiausiae the form
00(n5,°%) K2 (T P) = K (n73P), (20)
where 7P = 7P h#,, and
i = g (P 8- 3800 &) (21)

is the energy-momentupseudotensoof the gravitational field. We see clearly from these equntithe origin of the
connection-term that transforms the tensorial curijgfitinto the energy-momentum pseudoten.aé’r.
The Weitzenbdck connectiarf ,, is related to the Christoffel connectigf,, of metricgyy by
rpuv - rpyv + Kppv . (22)

Using this relation, it is possible to show that

P =20, <2hk*2T°V“V), (23)
where
f = —W R (24)

represents the Einstein—Hilbert Lagrangian of generatily, with R the scalar curvature of the connectif)ﬁuv.
Up to a divergence, therefore, the teleparallel Lagrangiaguivalent to the Einstein—Hilbert Lagrangian of gehera
relativity.! It is important to observe also that, by using the relatid?) (fhe left-hand side of the field equation (20)

1 1t should be remarked that the first-order Mgller's Lagrangif general relativity [16]
o h o o o o
L= 22 (D“hav Ovha — Dyha‘u Dvhav) , (25)

which differs from the Einstein-Hilbert Lagrangian by aaotlivergence, when rewritten in terms of the Weitzebdckneation coincides exactly
— that is, without any boundary term — with the teleparallegtangian (12). Teleparallel gravity, therefore, can besimtered as fully equivalent
with the Mgiller’s first-order formulation of general relaty [17].
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can be shown to satisfy
05(hS,P%) — K2 (hiP) zh(R,\p— 15, R). (26)

This means that, as expected due to the equivalence betiWeaotresponding Lagrangians, the teleparallel field
equation (16) is equivalent to Einstein'’s field equation

Ri?—18PR=K 7;". 27)

We see in this way that, in spite of the conceptual differsermtween teleparallel gravity and general relativityséhe
theories are found to yield equivalent descriptions of gasion. From this point of view, general relativity can be
considered a complete theory in the sense that it does ndttodee generalized through the introduction of torsion
[18]. In fact, observe that the matter energy-momentuntieagpears as the source of curvature in general relativity,
and as the source of torsion in teleparallel gravity.

3. PASSAGE TO A GENERAL FRAME

In special relativity there is a preferred class of framés: tlass of inertial frames. Similarly, in the presence of
gravitation, there will also be a preferred class of franldsese frames can be identified by the fact that, in the
absence of gravitation they reduce to the inertial — thdtadonomic — frames of special relativity. In these frames,
therefore, the coefficient of anholononfi§,y, is related to the gravitational field only, not to inertiafesfts coming
from the frame. In other words, the first term of the tetrad\{)ich represents the non-gravitational part of the frame,
is holonomic. This is the class of frames commonly used p@tallel gravity. In these frames, the spin connection
vanishes, and the frame anholonomy coincides, up to a sigimtevsion, the tensor that represents the gravitational
field in teleparallel gravity:

fCab = *Tcab- (28)
The above class of frames can thus be said to be purely gramihin the sense that, in the absence of gravitation,
they reduce to the class of inertial frames. Although it asssia simpler form in these frames, teleparallel gravity can

be formulated in any class of frames. Let us then consideca loorentz transformation?, = A%,(x), under which
the tetrad changes according to

2, = A% hP,. (29)
A general spin connection, on the other hand, behaves as
A%y = N3 A Ao + N3 AuNE. (30)

Since the Weitzenbdck spin connection vanishes in a givaendt in the Lorentz-rotated frame it will have the form
A./abu = /\ae dp/\be- (31)

If the spin connection is zero in a frame, therefore, it wilt be zero in any other frame related with the first by a local
Lorentz transformation.
Now, in the Lorentz-rotated frame, the tetrad (5) will be

h/au - e(au + B/a“, (32)

where . .
e/au = ggx’a = aux’a+ A’abu x’b, (33)

with A.\’abu given by Eg. (31). Since the translational gauge potergihbrentz—covariant,
B2, = A%,B, (34)

the inertial effects coming from the frame will be totallycladed in the first (non-gravitational) term of the tetrad.
In fact, whereas the anholonomy of the tetrad (5) comesyséiein the presence of the gravitational fidd,, the
anholonomy of the tetrad (32) includes also inertial efeetated to the frame [19]:

f/Cab _ -If/cab . (A.\/Cab . A.\/Cba)- (35)
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We see in this way that, even in the absence of gravitation -almence here represented by the vanishing of the

gravitational field strengt .’Cab—the frame still has an anholonomy, which comes entirelgnftioe inertial properties

of the Lorentz-rotated frame. Any theory that has the cobeqiktrad — or the metric — as the field variable, therefore,
will necessarily include this additional frame-anholonomits fundamental field. This is not the case of telepatalle
gravity, whose fundamental field is not the tetrad or the mebut the isolated translational gauge poter@j. In
fact, since the frame—related inertial effects are inollidethe first term of the tetrad, fiel8?;, turns out to represent
solely the pure gravitational field. We can then say thaptaiallel gravity achieves a separation between inertidl an
gravitational effects. This is the reason why it does notinexthe equivalence principle. In what follows, we are gpin
to explore this property in more depth.

4. FORCE EQUATION VERSUS GEODESICS

Let us consider, in the context of teleparallel gravity, tiation of a spinless particle of massn a gravitational field
B?,. The action integral is quite analogous to that of the etectignetic case,

b
y:_mc/ [Ua 0@ + U B2, dx] | (36)
a

whereu? = h*, ut is the anholonomic particle four-velocity, with

dx#

u_
u e —
ds

(37)

the holonomic four-velocity, which is written in terms ofetlspacetime invariant intervek = (gwdx“dx")l/z. Ina
Lorentz-rotated frame, it assumes the form

b
S = —mc'/a [Up €y + up By ] dx, (38)

Variation of this action yields
d
d—f—A’Cabug P = T/ u.u®. (39)
This is the force equation governing the motion of the plriicteleparallel gravity. The right-hand side represéms
purely gravitational force, and transforms covariantldeniocal Lorentz transformations. The fictitious forcesaay
from the frame non-inertiality, on the other hand, are netc@nt, and are taken into account by the connection term
appearing in the left-hand side. That the inertial effeotsat covariant is clear if we remember that they vanish in an

inertial frame. Furthermore, we see from Eq. (31) that thmentiom'\’cab depends only on the Lorentz transformation.
In teleparallel gravity, therefore, whereas the grawtaai effects are described by a covariant force, the ineffiects
of the frame remaigeometrizedn the sense of general relativity, and are described by aexion.

In general relativity, on the other hand, the inertial anaviiational effects are both geometrized, and described by
the same connection. In fact, in that theory the equationaifan is given by the geodesic equation

du,
E _A/ca Ué /b O, (40)

with the spin connection given by
Alan =3 (fan+ fap® = ) - (41)

Sincef’C, includes both the gravitational and the inertial effecez(Eq. (35)), these two effects turn out to be mixed
in the geodesic equation (40). Using now the relation

/&lcab = A.\/Cab - klcaba (42)

as well as the identity
— Kb U = T U™, (43)
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which follows directly from the contortion definition, weeselearly that the geodesic equation (40) is equivalentdo th
teleparallel force equation (39). Although equivalentybwer, there is a deep difference between these two egsation

In the teleparallel approach, the true gravitational eéffeextracted from the general relativity spin connectfdiab
and transferred to the right-hand side of the equation ofanptvhich then becomes a force equation. The inertial

effects of the frame remain geometrized through the coirma@.fcab appearing in the left-hand side. This means
essentially that teleparallel gravity achieves a sepanditetween gravitation and inertia.

5. FINAL REMARKS

One of the fundamental problems of gravitation is the cohedonflict of Einstein’s general relativity with quantum
mechanics. There are fundamental reasons underneathd¢basistency, essentially related to the very principles o
which the theories are based. General relativity, as is kwellvn, is based on the equivalence principle, whose strong
version establishes tHecal equivalence between gravitation and inertia. Quantum argch, on the other hand, is
fundamentally based on the uncertainty principle, whica m®nlocalprinciple. On this fundamental difference lies
one of the roots of the difficulty in reconciling both theaig].

Now, it so happens that, in addition to the geometric detonipof general relativity, gravitation can also be
described in terms of a gauge theory for the translation groalled teleparallel gravity. In this theory, instead of
curvature, torsion is assumed to represent the gravittideld. In spite of this fundamental difference, the two
theories are found to yield equivalent classical desangtiof the gravitational interaction. We may then say that th
gravitational interaction can be describaternativelyin terms of curvature, as is usually done in general relafivi
or in terms of torsion, in which case we have the so callecpteldlel gravity. A crucial property of this theory is
that the gravitational effects are taken into account thhoa true force, whereas the inertial or fictitious effects ar
geometrized in the sense of general relativity. This careka y inspecting the corresponding gravitational cogplin
rules. Considering a general Lorentz-rotated frame, thgplong prescription of general relativity, as is well known
amounts to replace

Oy — F)y = Oy — IA®, Sup, (44)

with S5 the Lorentz generators written in an appropriate reprasient In teleparallel gravity, on account of the
identity (42), the coupling prescription is given by [20]

Ou — Ty = 0y — 3R S+ 3K Sap (45)

We see from these equations that the teleparallel coupliegcpption separates the true gravitational effect —
described by contortion — from the inertial effect — desedtby a connection. A crucial point is to observe that
curvature, which is the tensor that truly represents theigrtzonal field in general relativity — in the sense that it
vanishes in the absence of gravitation — does not appeae igrévitational coupling prescription, nor in the equation
of motion of spinless particles. On the other hand, tors@requivalently, contortion), which is the tensor thatyrul
represents the gravitational field in teleparallel gravityes appear in the coupling prescription, and conseguent!
also in the equation of motion of spinless particles. Thia fandamental difference between general relativity and
teleparallel gravity, being the responsible for the padBsilof separating, in the latter, true gravitational effe from
inertia.

Another aspect of the same property is the pure-gauge dkarmifcthe spin connection. It is this property that
allows the teleparallel field equation to be written in theégmbial form (16), in which both terms of the left-hand
side transform covariantly. Since one of these terms repteshe gravitational energy-momentum density, it is
consequently a true tensor. It is important to remark thighpagh Einstein’s equation can also be written in the
potential form, because its spin connection can never beert@ganish everywhere through an appropriate choice
of the frame, its field equation cannot be rewritten in a fonmvhich both terms of the left-hand side are covariant.
This means essentially that, in general relativity it is passible to define a covariant energy-momentum density for
the gravitational field [21]. This is somehow expected beean general relativity inertial and gravitational effect
are always mixed, and since inertial effects are non-camrihe resulting gravitational energy-momentum density
will consequently be non-covariant. As far as in telepatajtavity it is possible to separate gravitation from ireert
it is also possible to separate the energy-momentum dewisibye gravitational field — which, like the teleparallel
gravitational force, turns out to be a true tensor — from thfaihertia, which is not tensorial [22]. An interesting
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property of the tensorial current (17) is that its trace shas identically,

j.pp = hap j.ap =0, (46)

as expected for a massless field. On the other hand, the trtioe pseudotensor (21) is found to be proportional to

the Lagrangian:
° h o ° °
ht,H = ~ 2 SH T = —2.2. (47)
Similar results hold respectively for the symmetric andd¢haonical energy-momentum densities of the electromag-
netic field [23].

Although equivalent to general relativity, the gauge apptoof teleparallel gravity is able to separate true gravita
tional effects — which is described by a tensor — from inéeiiéects — which is described by a connection. This
means that the gravitational interaction in teleparalteviy is not geometrized, but described by a true force. As a
consequence, it turns out not to require the equivalenoeipte. Replacing general relativity by its teleparallglie/-
alent, therefore, may be an important step towards a pragpeeconciliation of gravitation with quantum mechanics
[24].
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