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Suppose that u(?) is a solution of the three-dimensional Navier—Stokes equations,
either on the whole space or with periodic boundary conditions, that has a singu-
larity at time 7. In this paper we show that the norm of u(T — ¢) in the homoge-
neous Sobolev space H® must be bounded below by c,t =@~V for 1/2 < s < 5/2
(s # 3/2), where ¢, is an absolute constant depending only on s; and by
esllugll 1275 for 5 > 5/2. (The result for 1/2 < s < 3/2 follows from well-
known lower bounds on blowup in L7 spaces.) We show in particular that the local
existence time in H*(R?) depends only on the H*-norm for 1/2 < s < 5/2, s # 3/2.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4762841]

To Peter Constantin, on the occasion of his 60th birthday.

. INTRODUCTION

This paper concerns local existence times and lower bounds on putative blow-up solutions for
the three-dimensional incompressible Navier—Stokes equations
ou
ﬁ—Au—i—(u-V)u—}—Vp:O, V-u=0,
posed either on R? or on a periodic cube Q = [0, 2] with [pu = 0.
In his seminal paper on the three-dimensional Navier—Stokes equations (on the whole space R?),
Leray (1934) showed (p. 224) that if a smooth solution loses regularity at time 7 then necessarily
the H'-norm must blow up with the lower bound

lu(T — Ol grgsy = (T — 1)~V

He also gave (without proof, p. 227) lower bounds for such “blowing up” solutions in the Lebesgue
spaces, namely

(T — )| Loy > kpt P2 3<p<oo; (1.1)

proofs of this lower bound have been given by Giga (1986) using the semigroup approach and by
Robinson and Sadowski (2012) using elementary energy estimates. If one combines this L7 blowup
with the Sobolev embedding H*(R3) ¢ L%3~29(R3) then one can deduce that

(T — D)l gorsy = et~ F /4, (1.2)

for any 1/2 < s < 3/2.

Note that in all these cases the solutions are smooth (belong to H* for every s) for t > 0 and
remain so until the blow-up time; in particular all the formal manipulations we will carry out in what
follows are rigorous. Furthermore the blowup time coincides in all these spaces; this follows from
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the interpolations

(2s—1)/2 1/2s
el e < clull ™2 el g, s> 1/2,
and
2(p—3)/3(p-2 3 2
leellzs < cllul 2P 2727720 3 < p < oo,

since any solution that remains bounded in H'/? or L*> must be smooth (see Seregin (2011) for H'/2,
and Seregin (2012) for L3).

Both (1.1) and (1.2) are examples of “optimal” blowup rates, having the “correct” rate of
blowup with respect to the scaling of the various norms under the transformation u(x, f) — Au(Ax,
A%£) which maps any solution of the Navier—Stokes equations to another solution; under rescaling
llullgs ~ A5=1/2 and t ~ A ~2. In Sec. IV we extend the lower bound in (1.2) to cover 3/2 < s
< 5/2, and give an argument which shows that this rate of blowup also occurs in the case of periodic
boundary conditions.

Recently, Benameur (2010) investigated lower bounds on blowup solutions in H*(R?) for
s > 5/2, and obtained the result

(T = Ol sy = Vo lu(T = )| gl 17, (1.3)
In this paper, we obtain an improved lower bound for this range of s, namely

(T = D)l ey = cslluolSagor 1727, (1.4)
Note that these both respect the rescaling of solutions, but the new lower bound is asymptotically
greater than the first.

We show in Sec. II how these results can be obtained on the whole space by simple scaling
arguments: (1.2) follows if the local existence time depends only on the norm in H*(IR?), while (1.4)
can be deduced from the fact the local existence time is at least c; ||uo||;11 ®?) (i.e. involves the full
H°* norm). Indeed, lower bounds for blowup and for local existence times are in some sense dual to
each other: suppose that given an initial condition uq in a space X there exists a time 7(||up||x) such
that the solution exists and remains in X on the time interval [0, 7]. Whatever the functional form of
T, this gives a necessary lower bound on the X-norm of any solution that blows up at time 7%*, given
implicitly by the relation

T(u(T* = 0)|lx) <t forevery ¢ e (0, T*].
For particular functions 7 such as power laws this is simple; clearly
T(a) = ca™ = lu(T* = 0)||x > 't~V
Similarly if there is a function ¢ such that any solution that blows up at time 7* must satisfy

lu(T* = Dllx = (),

it follows that if ||ug|| < ¢(T) then the solution exists on [0, T].
In Secs. IV and VI we give direct proofs of the above lower bounds on blowup solutions, which
are thus also valid in the periodic case, by proving upper bounds on the nonlinear term

Csllullsllulls+i i@l s =0
[(B(u, u), u)gs| <
P csllull? | Dufl 1 s>1,

and the interpolation result

A — 3/2—
Nl < Nl 2 ulZ for 172 <s < 3/2.

Here, and throughout the paper, we use ||u|; to denote the norm of u in H* (for formal definitions
see Sec. I1I). These inequalities, inspired by Lemma 10.4 in Constantin and Foias (1988), are proved
in Sec. III, which is really the heart of the paper.

We denote throughout by ¢, any absolute constant that depends only on s; this may change from
line to line.
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Il. BLOW UP AND SCALING FOR SOLUTIONS ON THE WHOLE SPACE

We now make some elementary observations that are based on the fact that solutions remain
solutions under the scaling

ulx,t) — uy(x,t) = lu(ix, kzt).

In particular, if u# denotes the solution with initial condition u#y and u, denotes the solution corre-
sponding to the initial condition ug; = Au(Ax) then

u, is regular on (0, 7,) < wuis regular on (0, A2Ty).

We say that a space X scales like A% if ||ug || = A%||uo||x for all ug € X, and that X is scaling-invariant
if luoallx = lluollx-

An immediate observation is that if one could find a local existence time that depended only on
the norm in a scale-invariant space X (such as H'/? or L?) then this would imply global existence
for all solutions; for any A > 0 the initial condition (i), has the same X-norm, and one can choose
A such that A?|Jug||x is as large as we please. All the known local existence results in such critical
spaces depend on the structure of uy itself and not only on its norm in the appropriate space (L* in
Giga, 1986; Robinson and Sadowski, 2012; H'Y2 in Fujita and Kato, 1964; Chemin et al., 2006;
Marin-Rubio ef al., 2012; BMO ~! in Koch and Tataru, 2001; for a general treatment see Cannone,
1995, 2003; Lemarié-Rieusset, 2002).

Now suppose that the Navier—Stokes equations on the whole space are not regular and that a
certain up € X, where X scales like A* with o # 0, gives rise to a solution u that blows up at time
T. Then for any A > 0 the initial condition ug_, gives rise to the solution u;, that also blows up in a
finite time. Since [|ug; ||x = A%||uo||x it follows that for each a > O there is a solution v with an initial
condition [|vg|x = a that blows up in a finite time. Therefore on the whole space no smallness of
initial data in X could prevent blowup (if it occurs for any initial condition).

Let us denote by Tx(up) the maximal interval of existence in X of the solution starting at
uy € X. Most local existence results give lower bounds for Tx(up); in the following two lemmas
we give simple proofs of the blowup rates in the homogeneous Sobolev spaces on the whole R?,
using only assumptions about the dependence of these lower bounds on various norms and rescaling
arguments.

Lemma 2.1. Let X be a space that scales like \*, a > 0. If
Tx(uo) = t(lluolix) > 0,
for some function t: [0, 00) — (0, 00) then for some cx > 0
Tx(up) > cxlluolly™®.
and so in particular if u blows up at time T then
lu(T = )llx = iyt 2.1)
Furthermore this rate is optimal: if any solution that blows up must satisfy
lu(T —D|lx >ct™, for some y >a/2,

then in fact there can be no blowup.

Proof. We give two proofs of (2.1), one very short and one that shows that the rate we obtain
cannot be improved by scaling arguments. First, given any non-zero up € X consider the initial
.. . —]/a . .
condition ugy with A = [lugll, "~ . Since |lug, ||x = 1 it follows that

Tx(uo) = T(D)luoll /.

It is not immediately clear from this argument that the result is optimal. Instead let us consider

Tx(a) := sup A2 t(A%a).
A>0
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By construction T is invariant under this rescaling:
W Tx(ua) = sup(uh)’t(ur)"a)
>0

= sup (uA)T((ur)*a)
Op)>0

= Tx(a),

it follows that Tx(a) = ca=%/.

To show that this rate is indeed optimal, suppose that ||u(T — 1)||x > ct~ 7 for some y > «/2, for
any solution that blows up. Then the local existence time starting at some u is at least c||u0||,_(1/ Y.
Now, using the rescaling argument above, the local existence time is at least

—1/y — -1
sup ea? [A%Nuollx] ™7 = sup A2 Juo |l = o0,
A>0 A>0

so there is no blowup. O

Since H*(R?) scales like A°~ 2 it follows that if the local existence time depends only on the
norm in H*(R?) (this is the case for 1/2 < s < 5/2, s # 3/2, see Sec. IV) then

(T = )l gorsy =t~ @7, (2.2)

which we refer to as the “optimal rate” for blowup in H* spaces.
For s > 5/2 we can show that the existence time is bounded below by

-1 2 2 —1/2
Elluollyt gy = eslulZagge, + Nl ge) ™

(cf. Majda and Bertozzi (2002) and see Sec. VI). This also has an immediate consequence for the
blowup rate of solutions in H*(R?).

Lemma 2.2. Suppose that the local existence time in H*(R3), s > 5/2, depends on the norm in
H*(R?), with

C/

To(up) > —5——.
”u0||H*(R3
Then

(5-2s5)/2s —5/2s
T5(uo) = s ”uO”Lz (R?) flu OHH S(R3)

and if the solution blows up at time T then

5-2s5)/5,—
(T = D)l ey = collu(T = OISy 727, 2.3)

As remarked by Benameur, we note that if s > 5/2 then the [? factor is bounded below so does
not “detract” from the rate of blowup.

Proof. Let uy be such that ||uo||i2 =a and ||u0||2-5 = b. Then ||M0,x||iz =21"'a and ||u0,;\||§_-13
= A%~1p. The rescaled solution i, is regularon (0, T3 ), where T, > Ci(x'a + A¥'p)"V2 Therefore
uis regular on (0, A>T ). The maximum value of f{A) = A>T; occurs at Ao, where A3* = 5a/(2s — 5)b,
and is

(5-25)/2 —5/2s
F00) = eslluoll S5 luoll

where ¢, depends only on s. The lower bound in (2.3) follows immediately. (In fact, modulo the
constant, it suffices to take X to equalise the two terms in the denominator, i.e., A% = alb.) O

A similar argument to that used in the proof of Lemma 2.2 can in fact be used to obtain
Benameur’s bound (1.3) very quickly and for a larger range of s, namely s > 3/2 rather than only
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s > 5/2. Indeed, Benameur shows (and we will prove the same result in Lemma 5.1 in the periodic
setting) that the local existence time can be bounded below by
An=2
cllallr.
(This result is well known and relatively easy to obtain using the variation of constants formula

for solutions.) Since straightforward computations show that ||&|;1 < c|lullys for any s > 3/2
(see (3.4) in Sec. III) we get, for any s > 3/2,

- c - C C
- N il - 3
lal?, = llull. a+b

(2.4)

where as above we write a = ||u||i2 and b = |lu||%,,. Now we can apply the scaling method of the
above proof. The rescaled solution is regular on

2 )‘3
M= e 2:5)
and if we set A% = a/b then the bound in (1.3),
lu(T — D)l g = esllu(T — )5y >3 (2.6)

follows immediately; but note that using this argument we can obtain this inequality for all s > 3/2
and not only s > 5/2. (The same result is obtained, with a slightly better constant, if one maximises
the right-hand side of (2.5).)

Note, however, that while the estimate in (2.6) is valid for all s > 3/2, it is far from being optimal
in the range s > 5/2, where the estimate (2.3) is stronger. (For s — 3/2 the estimate (2.6) gives in
the limit the “optimal rate” ~¢~ "2, but for s = 5/2 we have ~t~>° which is much worse than the
optimal rate equal to the limit of (2.3) when s — 5/2.)

lll. INEQUALITIES FOR THE NONLINEAR TERM

Since scaling arguments are not available in the periodic case our analysis will rely on careful
energy estimates. Central to these will be the following bounds on the nonlinear term, inspired by
and similar to those in Lemma 10.4 in Constantin and Foias (1988). We prove these estimates in
the periodic case, but they also hold in the full space, replacing Fourier series by Fourier integrals.
When the results are true in both cases we will omit the domain from the space in the norm, see
Lemma 3.1, for example.

Let Q = [0, 277 ]3. We write Z3 = Z3 \ {0, 0, 0}, let H*(Q) be the subspace of the Sobolev space
H° consisting of divergence-free, zero-average, periodic real functions,

H(Q) = qu= ) me®™: dp=d, Y kPla® < oo, k-t =0,
keZ3

and equip H*(Q) with the norm
lull = k> .
On the whole space the corresponding definition of the H*-norm is
el sy = /R k1) dk,
where

ak) = / e ¥y (x) dx.
R3

Let IT be the orthogonal projection in [L*(Q)]® onto divergence-free vector fields, and denote
by A the Stokes operator on Q, that is,

A = —TIA.
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In the periodic case Au = — ATlu, so Au = — Au for u € H*(Q). We make continual use of the
equivalence of the norms |u||; = |lu|| 4> and [|A”?u|| for u € H*(Q) = D(A*/?).
We denote by B(u, u) the bilinear form defined by

Bu,u) =I[(u - V)ul.
The Navier—Stokes equations can then be written as
u; + Au+ B(u,u) =0. 3.1

For further details see. Constantin and Foias (1988)
In our estimates we will also use the L!-type norms of the Fourier transform,

lull sy ==Y 1Kl el

keZ3

and
IlullFs(R3>=/ k|*|a(k)| dk.
]R3

We denote by F* the space of all those u for which ||u|| s is finite and write ||u|| for ||u|| o. Similar
norms have been used in the context of generalised Gevrey-type spaces by Oliver and Titi (2001).
Note that F°(Q) C L>(Q), since

luell e <D litel = llull . (32)

and similarly FO(R?) ¢ L*®(R?). In the periodic case

luell oy = Y 1K1 el
k

172 1/2
< (Z |k|—2“> (Z |k|2“+°”|ﬁk|2>

k k
= ca”u||s+aa (3.3)

for any « > 3/2, so in particular H***(Q) C F*(Q) for a > 3/2. On the whole space (cf. (24) in
Oliver and Titi (2000))

||”||F’(]R3)=/ [k I*lack)l
R3

1/2 1/2
s(/ (1+|k|2>—“dk> (/ (1+|k|2)s+“|ﬁ(k)|2dk)
R3 R3

< Collull gore®s); (3.4)
we need the full Sobolev norm to bound the F¥ norm (but see also (3.10)).
Lemma 3.1. For any s > 0
1A2B(u, )2 < clllul pllvlser + Nvlplulsen) forall w,ve B NFY (35)
and for any s > 1
[(A*B(u, u), u);2| < c|lul|p ||u||f, forall ue H'NF' (3.6)

These inequalities are valid for periodic boundary conditions and on the whole of R3.
In what follows we will primarily make use of (3.5) in the form

2
A2 Bu, )l < cllullrllullsrr-
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Proof. To prove both inequalities we use the Fourier expansion
u = E ﬁkelk'x,
keZ3

proofs on the whole space follow exactly the same steps, replacing the Fourier series by a Fourier
integral and sums over Z? by integrals over R.

For the first inequality (proved in the whole space case for u = v by Benameur (2010)) we
estimate (A*/2B(u, v), w) for w € L? (in fact first we take w € D(A*/?), and then pass to the limit
in our final inequality). Since v is divergence free we have 9;_; - (k — j) = 0 and so

(A*”>B(u, v), w) = (B(u, v), A**w)

=iy (j - D)ty - Wlk|
j.k

=iy (k- )@ - bolkl',

j.k
hence, since W_; = liJ_k,
2 A T +1
(A2 B, v), w)| <Y [0 jllit i1k ]+
j.k
ot . JUN <1541 s 15+1
< 270 Y ol ik — 1 1P
j.k
s+1 A Il A A . 1 .15+1
=20 il i 1P
ij

1 . Lis s ~ Al 11~ A
= 20 i P i | 4 1071 N |

i

s+1 A s+l A oA s+1 A s+l A N
<2t Z(|u_,~|2|z|?+ |vi||wi+_f|> A2 0 Y 1P g i
J i i J

1 ~ 1 ~
<2 ag] | vllss lwll +2°F (E |Ui|> llaells1 llwl
J i

< cs(lullpllvllser + vl Flulls+Dllwl.
For the second inequality we note, following Constantin and Foias, that
(B(u, A*u), Au) = 0,
and so
(A*B(u, u), u) = (A**B(u, u) — B(u, A*"*u), A%u).
We just need to estimate
1A B(u, 1) — B, A 12,
which we do by considering
I :=(A*?B(u, u) — B(u, A**u), w),

for |lw||;> = 1 (again we take w € D(A*/?) and pass to the limit). Now,

(A2 B, u), w) = (B, u), APw) =i (j - ;)@ j - i) lk|*
J.k
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and
(B, Au), w) =1 (j - )@t - bl I
J-k
Thus
I=1Y) (- )y - Dk = 11),
J.k
and so
111 < D 1l il |k =151
J.k
By writing

1
d
kx_ S — Rl l‘k—.sdl‘,
k=151 = [ i 1= )
it is easy to show that for any s > 1

[1kl* = 11| < s27 "k — jI[Ik = j1 + 1711 (3.7)

It follows that

1] <527 Ik = 1+ Tk = P 1D e g
J.k

=271 (PN LD

iJj

=2 " lilldl Y171 L i |
J

i
sa(Z]MM)Wme
i
where ¢; = s2°. O

Our bounds are similar to those in Lemma 10.4 in Constantin and Foias (1988), but they choose
to bound the F norms by Sobolev norms using

lullrg) < callully — forany o> 3/2, (3.8)
(see (3.3)), obtaining
1A B(u, )20y < cllullullsyr  forall s >3/2
and
I(A* B(u, 1), u)120) < cllull> forall s> 5/2.

The advantage of writing the inequalities in the form of Lemma 3.1 is that it becomes clear that the
estimates “improve” as s grows.

A stronger version of (3.5), whose proof (Klainerman and Majda, 1981) is only valid for integer
values of s, is used in the celebrated paper by Beale et al. (1984) that obtains necessary and sufficient
conditions for blowup of solutions of the Euler equation, namely

(B, u), w))ps < cl| Dul| oo a3 seN, s>1, (3.9)
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where
((u, v))gs = Z(a“u, 9%v).
ler]<s

However, note that this involves the full H* norm, rather than the homogeneous norm.
If one wants to use Sobolev norms (which we do), we can improve on (3.8): if we had this bound
with o = 3/2 then for 1/2 < s < 3/2 (for example) we could use Sobolev interpolation to obtain

3/2—s

s—1/2
lallr < cllully™ 2 ully

That such interpolation-type inequalities do in fact hold for the F"-norms is the content of the
following lemma.

Lemma 3.2. If0 < s, <3/2 + r<syandu € H* N H" thenu € F" and

lullpr < c”u||§él'2—r—3/2)/(sz—s1)”u”S/Z-k—r—sl)/(sz—sn). (3.10)

Proof. We have

S Iklatol = kI lakol + Y Ik ik
k

[kI<K [k|=K
1/2 1/2
<| D ke > kP adk))
lk|<K [k|<K
1/2 1/2
+ D ke > kPP lack)”
|k|=K |k|>K

IA

KO ully, + KO ull,

Now choose K = (|lul|s,/|lulls,)"/“>~*" to obtain (3.10). 0

We also note the interpolation inequality in the F” spaces, for s; < r < s,

el pr < Nl 27702700 ) o0/ 0200 (.11)

which follows immediately from an application of Holder’s inequality.

IV. BLOW UP RATES IN A%, 1/2 < s < 5/2, s # 3/2

We now show that the optimal lower bounds in H* for 1/2 < s < 5/2, s # 3/2, can be found
directly using the inequalities of Sec. III. First we make the general observation that if

d ,
EX < kX’ for some y > 2, 4.1
then

v,
o5 | =1
[(y/2) — 11 X772 |y
and so if a solution blows up at time 7 then
1

—-nH=

{ly/2) — 1kt}V/=2
We make the trivial, but perhaps surprising, remark that an upper bound in a differential inequality

leads to a lower bound for any solution that blows up. This explains, in part, the lack of any upper
bounds on putative blowup solutions for the Navier—Stokes equations.

X(T*

=c,(kt) =2, 4.2)

Downloaded 18 Jul 2013 to 200.130.19.215. This article is copyrighted as indicated in the abstract. Reuse of AIP content is subject to the terms at: http://jmp.aip.org/about/rights_and_permissions



115618-10 Robinson, Sadowski, and Silva J. Math. Phys. 53, 115618 (2012)

Taking the inner product of equation (3.1) with u in H* we obtain, for 1/2 < s < 3/2
1d

2 2
5 g 15 el = esllullsllullellulle

3/2—s
s+1

A

s—1/2
Iy

Collullslleellssr llue [l

s+1/2 5/2—
= collullS2 a5

where we have used (3.5) and the interpolation (3.10). We obtain the same differential inequality
when 3/2 < s < 5/2, since

l d 2 2 2
5 g els el < el
2 s—3/2 5/2—
< cllul2 w2 u) 3
s+1/2 5/2—s
= ¢l 2 a2,

now using (3.6) and (3.10) once more. Application of Young’s inequality on the right-hand side
yields

d
2 2025+1)/25—1
EHMHX < clluffEHED,

showing that the local existence time depends only on the norm in H* and demonstrating (see (3.7))
that
lu(T = )l g = ee™ VA,

Thus for 1/2 < s < 3/2 and 3/2 < s < 5/2 we obtain the rate of blowup in (2.2).

V. THE “BOUNDARY CASES”: s = 3/2 AND s =5/2
A. Blowup in A%2 and H®/2

We cannot quite obtain the optimal blowup rate in H3/? (~t~"?) and H>? (~t~!), but can get
arbitrarily close, both on the whole space and in the periodic case.
Taking the inner product of equation (3.1) with u in H3/?> we obtain

5 152+ lel5 o < ellulsallulls 2l e,

using (3.5). If we use the interpolation (3.10) to bound ||u||z in terms of the norms in H*>~¢ and
H?3/?*<_ and then interpolate these homogeneous Sobolev norms, we obtain

1/2 1/2 3 1-5€¢/6 €/2
leellr < cllullyo_ lully/pee < cllulllully, " luls)s.

Thus

d ) 3 12-5¢/6,  il4e/2
5 g Ml + Nl < el ull3, s,

which after using Young’s inequality yields

d
2 4¢/32— 4+2¢/3(2—¢€)
3l < ellull P a0,

This is in the form of equation (4.1), so we can immediately deduce that if the solution blows
up at time 7* then

—€/(3— _ _ _
lu(T* = )ll32 = cellu(T* — r)||s/C~ V3460,

in particular the blowup rate can be made as close to ¢~ /2 as required.
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We can use the same technique in H>/?: if we take the inner product with « in H>/? and use
inequality (3.6) we obtain

2 2 2
=2 A 3y < cllal el .

2dt
Then we write
1/2 1/2 5 1-7¢/10 2
el pr < clluells)s Nulls)ye < cllull>lulls,) " lulls)s.
Thus
2 2 5 3-7¢/10 2
5 g 1l + el o < el Nl " a5

Using Young’s inequality we obtain

de/5(4=)|| ”3+6/5(4,e).

2
lullS;, < cllull 52 ;

E'
again this in the form of (4.1), and so we can deduce that
l(T* = D)llsp2 > cllu(T* — 1) /7360460,

with the blowup rate as close to £~ ! as required.

B. Blowup in F°

If we want to obtain the “optimal rate” in the periodic case in a space that has the same scaling
as H*?, we can follow Benameur (2010) and consider blowup in F °(Q).

Lemma 5.1. There exists an absolute constant c/3 2 such that

lu(T — )| Focgy = C/3/2l_]/2. (5.1

Proof. Taking the Fourier transform of the NSE we have
d
3800 + Pat) + (- Vyuy k) =0.
Taking the inner product of this equation with ii(—k) = (k) we obtain
ld 5 21 A2 N -
Eglu(k)l + k7 1ak)1” + ((u - Vu) (k) - 4(—k) = 0.
Then, dividing by |4 (k)| (this can be made rigorous by dividing instead by +/(]ii(k)|> + €) and letting
€ tend to zero) we obtain
d
alﬁ(k)l + [kPlado] < (- Vyuy (k). (5.2)
Summing over k gives

d
g 1l + llullr = Xk: (- V)u) (k)]

<Y latk = DlLNad)]

k.l

< llullpollull p

3/ 12

2
=< lullo el 32,

using the F" interpolation from (3.11). An application of Young’s inequality yields

d 3

E”M”FO = llullo,

and (5.1) follows. O
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We note that one can obtain the same result on R? by considering the solution of (5.2) in integral
form,

t
ik, 1) = e ¥k, 0) + / e W9 (@ - Vyu) (k, ) ds,
0

whence, since (/) - I = 0 as u is divergence-free, and using the inequality sup,_oxe ™" < ct~1/2

and the Young inequality for convolutions, we can deduce that
t
la@llzr < ol +c/ (t = )72 a7, ds.
0
Comparing this the solution X (¢) of the integral equality
t
X(t) = Xo + c/ (t — ) V2X(s)*ds < Xo + 2ct'? X (1)?
0

yields an upper bound while 1 — 8¢ Xt '/?

and hence (5.1).

> 0, i.e. alower bound on the existence time T ~ ||iig]| 212,

VI. BLOWUP RATES IN A%, s > 5/2
We now consider the case s > 5/2. We gave a proof in Lemma 2.2 of the lower bound

5-2s5)/5,—
(T = Oll ey = collu( = Dl gl 72, ©6.1)

in the whole space, which relied on scaling and the fact that the local existence time is at least
¢/ lluoll gsr3y. We first give a simple proof of this lower bound (in terms of the full H S(R3) norm),
and then a direct proof of (6.1) that is also valid in the periodic case. To obtain the lower bound
¢/ lluoll g5 (r3), note that for any k it follows from (3.6) that

Id 2 2 2
EE”u”k +lluliyr = csllullillull prsy = csllulllull s, (6.2)

using (3.4). For such an s, summing the above inequality for k = 0 and k = s we obtain
d
3 G+ 119 = s Claelg + el el sy

2 273/2
< cos(lullg + lul?)*’?,

since (JJu[I3 + llu]|?)'/? is equivalent to the norm in H*(R?). This shows that the local existence time
can be bounded below by

2 2y-1/2
cs(lullg + llullH) =2,
and hence by c; ||u0||;,1.
Note that for periodic boundary conditions

d o 2
3
EE”MHS + llulliyy < csllully,

for any s > 5/2, since in this case we can use (3.3) rather than (3.4), and hence the local existence
time in H°(Q) depends only on the H*(Q) norm. However, the scaling argument used in the whole
space case (see Lemma 2.1) relies on being able to choose arbitrarily small scaling factors A, and in
the periodic case we can only take A € N since we are forced to respect the periodic domain Q.

We now obtain (6.1) directly using the inequalities from Sec. III, giving an argument that is also
valid for periodic boundary conditions. Indeed, if we use (3.10) to interpolate || u|| ;1 between L? and
H* then we obtain

E%IIMIIE + llullZey < collullillulp

24+(5/2 1-(5/2
< ey lul 7O 0%, (6.3)
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This is in the form of (4.1), so we can deduce the lower bound
lu(T = 0)lls = esllu(T — D)5 > 7205,

Note that if we return to

5 g Il + sy < elluliZl Dull,
(this was (6.2)) then it is clear that the formation of singularities as t — 7 would be prevented by a
bound of the form

T
/ | Du(s)|| rds < oo.
0

criterion for regularity,

Since ||w|loo < ||Du|loc < ||Dullr this is a weaker form of the well-known Beale—-Kato—Majda

T
/ lw(s)| L~ ds < 00
0

(see Beale et al., 1984).

VIl. SOME REMARKS ON UPPER BOUNDS FOR SOLUTIONS

The “optimal” rate of blowup is closely connected to Leray’s conjecture that a putative blowup
at a time T could occur for solutions of the form

HGx 1) = — U( al ) (7.1)

T —1t T —t
Notice that for i given by (7.1) we have
NG| ey = C(T — 1)~ D/4,

for all s > 1/2 so the H*(R?) norm of such self-similar solution blows up exactly at the “optimal”
rate. Even though the existence of self-similar solutions given by (7.1) was excluded by Necas et al.
(1996), nonetheless one can still consider a solution that blows up as ¢ tends to zero and whose
H*(R?)-norm oscillates between ct~ >~ 1 and Cr~*~ D" S0 assume that for some solution u
and some H*(R?) we have an upper bound on blow up that matches the lower bound. It turns out
that for such solutions we are able to prove the optimal rate of blow up in H* not only for 1/2 < s
< 5/2, s # 3/2, but for all s > 1/2.
For example suppose that we have the upper bound

lu(T =)l < Cr=V4, (7.2)
Then simple interpolation gives us
—2)/(s—1 -
laellz < 72767 a0,

so for all s > 2 we have
_ s—1
lu(T —)ll; -

” (T )”372 > Ct73(s71)/4t(s72)/4 — Ct7(2s71)/4'
u(T — 1)}

lu(T —Olls =
On the other hand from the inequality

1/2 1/2
leellsya < Nullylluel5)s

we can also obtain the “optimal rate” of blow up in H3/?:

w(T — 0|2
(T =010

—1/2
lu(T =Dl —

lu(T —t)ll32 =
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Perhaps, even more interestingly an upper bound on the H3/? norm,
lull32 < ct™72,
would yield at most logarithmic growth of the norm in H'/2, since from the bound

(B, u), Au)| < llull || Dull 21| A ]| 3

A

2
< llulilulls/

A

2
< cllulli2llull3/,s

we can obtain

1 2 2 2 -1
3 g 1l + lullsn = cllulhzllullz, = cllullyar

So with X = |[ul| , this yields

—1
X7 =

ie.,

X('"? = X(0)"* < clog

T-—t¢
SO

(T = Oll12 = lluollyy2 + ¢ log —.

Finally, in connection with possible blowup in H'/2, suppose that we interpolate the H' norm
between H'/% and H?,

(2s=2)/(2s—1) 1/(2s—1
loelle < Nl 27 P/ 0.

Then
(T =Dl c
lu(T = D175, ~ (T = Dl75;°

lu(T — )|y > @A,

Modulo the factor of the H'/? in the denominator, this gives the “correct” rate of blowup in H*.
Note, however, that if the solution does blow up as t — T then we know Seregin (2011) that the

H'/? norm must blow up, so the rate here is in fact a little slower (perhaps logarithmically?) than
f—@s— /4

VIil. CONCLUSION

For 172 < s < 5/2, s # 3/2, we have demonstrated that if there is a singularity at time 7 then
solutions must blowup at the “optimal” rate, like t =~ " For s = 3/2 and s = 5/2 we have only
shown that one can get arbitrarily close to the optimal rate. We have also demonstrated, in passing,
that for this range of s (1/2 < s < 5/2, s # 3/2) the local existence time for solutions on the whole
space can be taken to depend only on the norm in H*(R?). In a second regime s > 5/2, we have
obtained a rate of blowup that is only of the order of =2,

A number of interesting open questions immediately present themselves:

(i)  Can one prove optimal blowup in H*/? and H>/??

(i) For s =3/2 and s = 5/2 can one show that the local existence time in H*(R?) depends only
on the H* norm? This would imply (i) on the whole space due to Lemma 2.1.

(ii)  Can one find an optimal lower bound in a space with the same scaling as H%/2, e.g., F'?

(iii) Is the blowup rate in fact optimal for s > 5/2, or is there some mechanism that makes this
regime qualitatively different from s < 5/2?
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(iv) Can one strengthen inequality (3.6) to
|(A° B(u, ), w)| < ¢ Dullp~ull3,

i.e., can one replace the L' norm of the Fourier transform of Du in (3.6) by the supremum
norm of Du as in (3.9)?

Another very interesting problem is to obtain lower bounds on blowing up solutions on bounded
domains, for which the inequalities in Lemma 3.1 are not known to be valid.
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