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Abstract. We extend the notion of the exterior Whitehead product for maps «;: ¥ A; — X;
fori =1, ..., n,where ¥ A; is the reduced suspension of A; and then, for the interior product
with X; = Jy; (X), the m; th-stage of the James construction J(X) as well. The main result
stated in Theorem 4.10 generalizes (Hardie in Q J Math Oxford Ser 12(2):196-204, 1961,
Theorem 1.10) and concerns to the Hopf invariant of the generalized Hopf construction. We
close the paper applying Gray’s construction o (called the Theriault product) to a sequence
X1, ..., X, of simply connected co-H -spaces to obtain a higher Gray—Whitehead product
map

wa: E"2(Xj 00 Xp) = T1(X1, ..., Xn),

where 71 (X1, ..., X,) is the fat wedge of X1, ..., Xj.

1. Introduction

Whitehead products play an important role in algebraic topology and its applica-
tions. Higher Whitehead products are secondary, tertiary, etc. analogues of ordinary
Whitehead products. They first appeared in the late 1960’s as a part of a research
theme studying higher products, or simply higher structures, in homotopy theory.
They are vital for understanding the homotopy theory of certain basic objects,
such as an iterated product of spaces, and their maps into other spaces. However,
as indeterminacy is involved they are very tricky to work with. Recently, higher
Whitehead products have re-emerged as key players in the homotopy theory of
polyhedral products. These are important objects in toric topology and are being
increasingly used in geometric group theory and graph theory.

Porter [20] has generalized Hardie’s construction from [14] and introduced the
notion of the nth order generalized Whitehead product of maps «;: ¥ A; — X for
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i =1,...,n,withn > 2 which is very useful in many mathematical constructions.
For example, given a simplicial complex K on n vertices, Davis and Januszkiewicz
[8] have associated two fundamental objects of toric topology: the moment—angle
complex Zg and the Davis—Januszkiewicz space DJk. The homotopy fibration
sequence

~ n
Zx % DIg — [| CP®
i=1

and its generalization have been studied in [11,15], respectively to show that
@: Zx — DJk is a sum of higher and iterated Whitehead products for appro-
priate complexes K.

Next, let Z(R"*! m) be the Euclidean ordered configuration space. By Sal-
vatore [26, Theorem 7], the homotopy type of F (R"*L m) for n > 2 admits a
minimal cellular model

*x=X0C X, S X0, &---C Xy

whose cells are attached via higher order Whitehead products.
Hardie [14] has made use of the reduced product spaces J,,(X), defined by
James in [16], to study the interior Whitehead product of maps «;: S — Im; (X)

with k;,m; > 1 fori = 1,...,n as an element («y, ..., a,) € m—1(Jn(X)),
wherek = k1+---+k,andm = m|+- - ~+m,,—lmin {m;}.In addition, by means of
<i<n

the generalized Hopf construction from [13], for a given map F: S x ... x S —
J(X) strongly of type («q, ..., a,)"™~!, Hardie has defined an element ¢(F) €
7r+1(X X) and in particular, an element of order p in 3, (S? analysed in [14].

The main result on the triple spherical Whitehead product from [12] has
been generalized in [9] into suspensions. After necessary prerequisites exhib-
ited in Sect. 2, we extend the notion of the exterior Whitehead product for maps
ai: XA; — X;fori =1,...,n, where £ A; is the reduced suspension of A; and
then, for the interior product with X; = J,,;; (X) as well. Next, some properties of
these products are presented in Sect. 3.

James has shown [17] that, with the exception of the toric constructions of Toda
[28], the usual procedures for the construction of generators of homotopy groups of
spheres give rise to no more elements that can be obtained by the Hopf construction
together with the operation of composition (the Toda bracket). We follow Hardie
[13] to adapt the necessary results on the generalized Hopf construction. First, we
list in Sect. 4.1 some properties of the separation element d(u, v): XA — Y of
maps u, v:Cy — Y defined on the mapping cone Cy and studied in [30], for a
given map f: A — X. Then, the main result stated in Theorem 4.10 generalizes
[13, Theorem 1.10] and concerns to the Hopf invariant of the generalized Hopf
construction.

Recently, Gray has defined in [10] a functor o (called the Theriault product)
in the category CO of simply-connected co- H-spaces and co- H-maps, and also a
natural transformation X o ¥ — X V Y generalizing the Whitehead product map.

In Sect. 5, we first make use of Gray’s construction [10] to a sequence
X1, ..., X, of simply-connected co- H-spaces and a fiber sequence from [21] (as in
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the paper [11]) to obtain a higher Gray—Whitehead product map w,,: £"~%(Xjo-- -0
X,) — T1(Xy, ..., Xn), where T1(X1, ..., X,) is the fat wedge of X1, ..., X,,.
The map w,, is used to introduce higher order Whitehead product for maps defined
on co-H-spaces. Its basic properties and applications extending those from [10]
will be presented in a forthcoming paper.

Finally, applications of spherical interior Whitehead product on spheres and
projective spaces are presented. We discuss some connections, via the interior
Whitehead product, of the James construction with the symmetric product and
then with projective spaces FP", for F = R, C or H as well.

2. James construction and Hopf invariant

In this work all spaces are based, have the homotopy type of a C W-complex and
we do not distinguish between a based map and its homotopy class. Given a well-
pointed Hausdorff space (X, *), the James construction J (X) is the free associative
monoid on X with * as unit. More precisely, from [16], for each n > 1 let J,,(X)
be the quotient of X x Jx X, where (x1,...,x,) ~ (x{, ..., X)) provided
they are equal after removing any occurrence of . Then, J(X) = h_r)n Jn (X)),
where X = J1(X) € LX) € -+ € J,(X) € Jp+1(X) € --- is the James
filtration. Given f: X — Y, there are maps J,,(f): J,(X) — J,(Y) forn > 1 and
J(f): J(X) — J(Y). Further, there are natural multiplication maps

Mm,n (X): Iy (X)) X Jp(X) = Jpgn(X)
and
nw(X): J(X) x J(X) — J(X)

defined by the juxtaposition.

Letnyx: X — QXX and ex: QX — X be the canonical maps determined by
the pair of adjoint functors X and €.

By [32, Chapter VII], there is a canonical multiplicative extension

x—X - onx
JX) - %~ qowx,

where Q'X denotes the Moore loop space of X. Consequently, there is a homo-
topy equivalence ¢x: J(X) — QXX with the adjoint map ¢¥xy: £J(X) — X X.
Writing 7w (X, Y) for the set of homotopy classes of maps from X to Y, we have a
commutative diagram

T(A, J(X) — (A, QEX)

zl :xlAdj
1/fX*

T(ZA, Z2J(X) ——71(ZA, £X)
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for any pointed space A. Also, by [16] there is a homotopy equivalence

TQTX S |/ XM

m>1

where X" denotes the iterated smash product X A UAX. Then, foreachm > 1
consider the composition

TQEX S\ Txm 2 omxam

m>1

where pp: /1 ZX" — XX is the projection map.
By the adjointness, we obtain the mth Hopf—James invariant

Hm: QEX - QXM
which induces (again by the adjointness) a map
hp:m(ZA, 2X) — n(TA, X (1)

for any pointed space A.
Recall that:

exxXnx =idgy;
Yx =esxXox;

- ox = (Q¥xInsx):
. OxJx = nx;

. YxXjx =idsx

I NI S

for the embedding map jy: X — J(X).

Now, let g: J(X) — J(X™) be the combinatorial extension (see e.g., [7] for
its construction) of the quotient map ¢,,: (J;, (X), Ju—1(X)) — (X", %) which
collapses J;;,—1(X) to x form > 1. Given amap f: XA — XX, we write f =
(£2f)n4 and get the following formula for the Hopf-James invariant:

I (f) = exxm D(pxrnqpx VEQENA = Uxmn D(gpy IEF. ()

3. Generalized exterior and interior products

Given the spaces X1, ..., X,, write X = (X1, ..., X,). Let T; (X) be the subspace
of X1 x - -+ x X, consisting of those points with at least i coordinates at base points.
In particular, 7o(X) = X1 x --- x Xp and T,,—1(X) = X1 V --- vV X;,. Denote by
A(X) the smash product X1 A --- A X,,. Notice that for maps «;: X; — Y; with
i=1,...,n,the induced map oy X --- X op: To(X) — Tp(Y) restricts to maps

Ti(0): Ti(X) — Ti(Y)

fori =1,...,n, where ¢ = (a1, ..., ay).
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Given a space X, write C X for the cone of X and notice that there is a canonical
embedding tx : X — CX.Further, forany map f : A — X, we have a cofibration
X — Cy — XA, where Cy is the mapping cone of f.

According to [20, Theorem (2.3)] there is a (up to homotopy) pushout

2TA(A) —2= Ty (ZA)
3)
CETA(A) — s Ty(ZA).
Hence, we have the cofibre sequence
=AA) 2 Ti(ZA) < To(ZA)
and write
Ve, : Coy — To(ZA)

for a homotopy equivalence. This yields the commutative (up to homotopy) square

Q
CY" TAA) ——= To(ZA)

pl l @)
A

STA(A) A(ZA),

where A : X" A(A) = A(XA) is a homotopy equivalence.

Definition 3.1. The exterior Whitehead product {«y, ..., oy} of mapso; : £ A; —
X fori =1,...,n withn > 2 is the composition

Ti( @, : " 'AA) — T1(X).

If A; = S™i is the m;-sphere with m; > 1 fori = 1,...,n then {oy, ..., «,} has
been defined by Hardie in [14]. In the sequel, we refer to such a product as the
spherical one.

From the above, we derive that {«q, ..., «,} = 0 if and only if there is a map
T’ : To(ZA) — T1(X) such that the triangle

T;
A Y

A

To(ZA)

commutes (up to homotopy).
We present below some further straightforward properties of the exterior White-
head product and follow [14] to generalize the interior one. First, in view of
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[20, Definition (2.10)], we say that two maps f,g : T1(XA) — X are com-
patible off the ith coordinate if they coincide on TO(’)(Z_A), where TO(’)(E_A) =
YA X+ X XA X ZAj41 X -+ X ZA, is canonically embedded into 77 (X A)
fori=1,...,n.

In addition, if A; is a co- H-group with a comultiplication v;, : A;, — A;,V Aj,
then we follow [20, Definition (2.11)] to define:

(f +(i0) g)((tl’ al)’ ce (ti()v ai())’ MR (tnv an))
_ [ f((tla al)a R} (ti07 al{())v LR} (tlh an))» lf vi()(ai()) = (a1{07 *)v
gl an, ..., g, a)), ... (tn, an)), if vig(aig) = (x, ajf).

Suppose that there are maps T1(¢’), Ti(a”) : TI(ZA) — Ti(X) with o/ =
(ag, ..., alfo, .o and o’ = (ay, ..., a[g, ..., o) which are clearly compati-
ble off the igth coordinate. Then, T (a’) +10) Tj(a”) is defined and by means of

an appropriate version of [20, Theorem (2.13)], we can state:

Proposition 3.2. If o; : £A; — X; are maps fori = 1,...,n and A;, is a
co-H-group for some 1 < iy < n then the exterior Whitehead product satisfies:

(Do, oo, omb Han e o) =, o g ok

@ far, ..., =g, ... op} = —{ar, ..., anh

Certainly, item (2) above is easily deduced from item (1).

We note that Proposition 3.2 has been shown in [14] for the spherical case using
the star product = studied in [6].

Let6; : X; < Ty(X) and ¥\ : TV(X) < To(X) fori = 1,...,n be the
canonical embeddings. Given ¢; : £¥A; — X;, we can consider the compositions
0;a; and \Ilf'){al, R a,,}(i), explicitly defined by

i 0;
YA S X, D TX)

and
' PROIE TO@ p®
2D ) 2 1P (2A) —— 10X — DX
fori =1, ..., n, respectively.
Remark 3.3. In the sequel, given a permutation o € S, of the set {1,...,n} we
write

GIAI N NA, = Aghy N NAgw)
for the associated homeomorphism.

Following the results from [14, Sect. 2] on the spherical exterior Whitehead
product and the generalized [9, Lemma 4.1] boundary Nakaoka—Toda operation
formula [19, Lemma (1.2)], we may state:



Exterior and interior Whitehead products 173

Proposition 3.4. (1) If o € S, is a permutation then
(") o 1)s - Yoy} = FlaL, -, )

where & : T{(X) = T1 (o X) is the homeomorphism induced by o.
(2) The exterior Whitehead product satisfies the Jacobi identity

. , .
S (E267) [6; a4, \L’l(l){al, e ay}P1=0

i=1
in n(E"’zA(A), T>(X)) where 6; : A; A A(i)(é) = A(A) is induced by an
appropriate o; € S, fori =1,...,n.

B)If fi : Xi — Yjaremaps fori =1, ..., n then

{flalv M} fnan} = Tl(i){alv -~-’an}’
where T1(f) : Ti(X) — Ti(Y).

@) LetBi : B > Ajando; : TA; — X, beanymaps fori =1, ..., n. Then, the
following Whitehead identity holds (cf. [14, (2.4)] and [31, (3.59)]):

{1281, ., 0y DBn) = {or, o ) Z" N B A A B).

The Jacobi identity stated in Proposition 3.4(2) has been also considered in [15,
Corollary 1.9] with a different approach.

Proposition 3.5. Let «; : XA; — X; bemaps fori =1,...,n.

(1) If ajy = 0 for some 1 < iy < n then
{ar, .. @ig—1, 0, g1, ...y 0} =05
2) Zyfar, ..., o} =0, where X, is the suspension homomorphism.

Proof. (1): In virtue of Proposition 3.4(1), we can suppose that i = 1. Define
T : Ty(ZA) — Ti(X) by T'(ay,...,a,) = T\ (a)(*,az,...,a,) for any

(ai,...,ay) € To(XA). Then, T’ is an extension (up to homotopy) of T} (c)
and the result follows.
(2): This is a direct consequence of [20, Corollary (4)]. |

Let J,(X) be the nth stage of the James construction J(X) of a topological
space X and write j, (X) : J,(X) — J(X) for the canonical inclusion map. Given

m; > 1fori =1,...,nwithn > 2, write m = (my,...,m,) and let Jn(X) =
(I, (X)y ooy I, (X)). Setm’ =my + -+ my andm” =m' — lm_in {m;}, and
<i<n

note that there is an inclusion J,,,»(X) < J,/(X). Next, consider the canonical
multiplication pm(X) : To(Jm(X)) — J,(X) which restricts to a map

M (X7 (X)) - T1(Im(X)) — T (X)
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commuting the diagram

Hm (X)|7) (Jm (X))

T1 (Jm(X)) I (X)
J/A (X
To(Jm(X)) fom (X) T (X).
Definition 3.6. The interior Whitehead product (a1, ..., a,) of maps «; : TA; —
Jm;(X) fori =1, ..., nis the composition

reelln Hm (X)|T) (Jm (X))
STAA) 2l g (x)) (0,

and thus (a1, ..., a,) € T(Z"TA(A), J, (X)).

Now, consider the composite maps o : XA, N In; (X) = Iy (X) for
i = 1,...,n. Then, notice that (o, ..., o) represents an element of the higher
order Whitehead product [«], . . ., o, ] considered in [20]. Thus, applying [20, The-
orem (2.1)] for any map f : J,,,»(X) — Y it follows that

felor, o ooyan) € fuloy, ..., ]1 S [fay, ..., fa,l. 5)

The following properties of the interior Whitehead product are easily obtained
from Proposition 3.4.

Corollary 3.7. (1) Let o € S,, be a permutation of the set {1, ..., n}. Then
(@ (1)s - - Uomy) = (218  ar, ..., an),

where & : A(A) = A (o A) is the associated homeomorphism.
(2) Denote by &; : Jp;(X) — Jpu=(X) the inclusions for i = 1,...,n, where
m* =m' — mi}(l{m j +my}. The interior Whitehead product satisfies the Jacobi
i<

identity
n .
> (e i, (s ) D] =0
i=1
as an element of T (S""2A(A), Ju+(X)).
Q) If f: X — Y is any map then
<Jm1 (f)a17 M) Jm,,(f)an) = Jm//(f)<a13 ey an>'
(4) The following Whitehead identity holds:
(@B - anB) = (.. )T BLA A ).

Remark 3.8. If n = 2, Corollary 3.7(2) is the result stated in [ 1, Theorem (5.4)] and
[24, Theorem 1] (corrected in [25]).
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4. Generalized Hopf construction

Let A = (A, ..., Ay) be a n-tuple of pointed spaces. From [23, Satz 19] there is
a homotopy equivalence X 7y(A) = Vn Z Ajey Ai, where N runs through all
non-empty subsets of the set {1, ..., n}. On the other hand, Hardie has constructed
in [13] a particular homotopy equivalence which possesses some useful properties.
Hardie’s construction uses a right lexicographic order between some subsets N.
More precisely, foreachi = 1,...,nlet¢; = ('l’) be the binomial coefficient. For
k=1,...,ci,denote by N; \ the kth subset of cardinality i in the ordered sequence

{1, ...Ji}<---<{n—(@G-1),...,n—1,n}.

Let W(A) = \/y £ A,;cn Ai. Following [13, (2.2)] and making use of the
co-H -structure on £ 7Ty(A), we define

M=

0 =

1

Ci
2 0ik : BTo(A) — W(A),
1 k=1

where

Oik : ZThH(A) - = A Aj— W)
JENik

is determined by suspending the collapsing map Tp(4) — A
posing with the inclusion map ¥ A Aj — W(A).

jen;, Aj and com-
JENik
Theorem 4.1. ([13, Theorem 2.3] (cf. [23, Satz 19])) The map 6 : ZTo(A) —
W (A) is a homotopy equivalence.

Recall that given any based map F : A1 x Ay — Z, the Hopf construction on
F leadstoamap H(F) : X(A| A Ay) = X Z which is given by the composition

S(AL A Ay) > S(A] x Ay) 25 57,

where § : £(A| A A2) — X (A x Ajp) is determined by the map A| x Ay —

(A1 x Ay) for the join A1 * A, with a natural homotopy equivalence Aj * A; =
Y (A1 A A3). This yields a section of the cofibration

8

~z— -
(A Vv Az)(%— (A1 X A)) ——= X (A1 N AYy).

Denoting by 1 : ¥ A(A) < W (A) the obvious inclusion, the composite map

—1
51 TAM) > W) T BT(A)
is a generalization of the above and yields a section of the cofibration

8

ST (A= ETo(A) — = SA(A)
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which leads to a homotopy equivalence
STI(A) V TA4) = DTo(A).

For the n-tuple £ A, another section §' : TA(ZA) — XTp(Z A) of the cofi-
bration XT1(XA) — XTp(XA) — L A(ZA) might be also described as follows.
Write iy : X < Cyandicg : CA — Cy for the canonical maps, 11 :

Csy e e rand 1 : CXA = SCA for the canonical homeomorphisms. Thus,
Tiicsa = Zica)Ty : CXA — ECf.
Next, given a commutative square

/

A —X

l l,s ©)
f

A——X,

the universal properties of the mapping cones C s and C s lead to a map y («, ) :
Cy — Cy with y(a, B)ixr = ixp and y (e, B)icar = icaCa. We notice that by
[3, Theorem 6.2.8] the map y (¢, B) is a homotopy equivalence provided that the
mapsa : A” — A and B : X’ — X are homotopy equivalences as well. Further,
the diagram

Ty

iy
X'———Cy A

ﬂl V(w,ﬂ)l lza @)

x— X o L vq

commutes, where 7y : Cyr — XA’ and yx : Cy — X A are the projection maps.
Notice that for the embedding map t4 : A — CA and for the constant map

¢a © A — x there are canonical homeomorphisms v4 : Cy, = T A and v;‘ :

Ce, > Y A. Further, the commutative diagram

A<$'CA

l cca
CA

A—— %

idg

determines a homotopy equivalence

ya = y(ida, cca) : C, = Ce,

because the map cc4 : CA — * is a homotopy equivalence.

Now, because of a section XTp(XA) — XT1(XA) for the inclusion map
YT(ZA) — XTH(ZA), the map Xw, : T"A(A) — XTi(ZA) is homotopy
trivial (cf. [20, Corollary (4)]). Consequently, (Zw,)A~! : A(ZA) — ZTi(ZA)
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is also homotopy trivial and there isamap 8 : CA(XA) — XT1(ZA) such that
the diagram

LA(ZA)

AZA)ED CA(zA)

L

STAA) 2 ST (ZA)

commutes, where A : X" A(A) = A(XA) is given by diagram (4). It follows from
diagrams (6) and (7) that there is a map

v B)  Ciygn — Cxo,-

Because the diagrams

-1
v )L—l’ an
SAEA) —E Cppy 2P Oy, T BC, 2 S TY(2A)
l | g
-1
TA(ZA) TA(ZA) L wrtip(a) = TA(ZA),
v;\(lw
ZA(EA)%CLAM
=
r—1
vV
SAEA) s Copgy

commute (up to homotopy) and ya(z4a) : Ciyz4y = Cepzy) 18 @ homotopy equiv-
alence, we may state the result needed in the sequel.

Proposition 4.2. The maps

71 = wn
cmaEa) 2 o O oo, B s
and
/ 1 —1
VAzA) YazA) yo~Lp
L TAEA) = Coppn — Cipgsy 2 Cray

DI
£Co, —2 TTH(ZA)
are a section and a section (up to homotopy) of the cofibration
ETi(ZA) — ZTo(ZA) — ZTAZA),

respectively.
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The generalized Hopf construction on a based map F : To(A) — Z is the
composition

H(F): SA(A) <> W(A) 9—_1> STo(A) 2 57,
In particular, for Z = J(X) Hardie has defined in [13] the element
c(F) =yxH(F) € n(2A(A), £X).
By the adjointness, we obtain
C(F) e m(A(A), QEX).
From (1), for each m > 1, we have
hm(c(F)) € T(ZA(A), ZX™)

and by (2), it holds
B (¢(F)) = Yxan E(gdy Y EE(F). 9)

Given based maps «; : A; — J(X) fori =1,...,n,let F/ = u(X)Tp(e) :
To(A) — J(X). From [13, Corollary 3.4], c(F') : TA(A) — XX is trivial.

4.1. Separation element

Given amap f : A — X, suppose that u,v : Cy — Y are maps such that
uiy = viyx. We follow [30, Sect. 3] to define amap w : XA — Y given by

u(a,2t), if0<r<1,
w(a,t) = |
v@,2-2n), ifl<i<i

for (a, t) € £ A. The homotopy class of w is called the separation element of u, v
and denoted by d(u, v).

Remark 4.3. If py, p» : CA — X A are given by pi(a,t) = (a, %) and pr(a,t) =
(a, %) fora € Aand 0 <t < 1, the separation element w = d(u, v) satisfies
wp1 = uica and wpr = vicya. Further, the map w : ¥A — Y is uniquely
determined by these two properties.

Lemma 4.4. Ifu,v: XA — Y thend(uv/y, vw) = u — v.

Proof. Ifu,v: XA — Y thenuv/,, vv) : Cc, — Y satisfy uv',i, = vv/,i, and so
w = d(uv'y, vv'y) is defined. Thus, for any (a, 1) € X A it holds

)

wpi(a,2t) = uvica(a,2t) = u(a,?2t), if0<t<
wpa(a,2 —2t) = vjica(a,2 —2t) = v(a,2 —21), if% <t<
= (u—v)(a,t).

1
) = 2°
w(a, ) 1.

Hence, d(uv);, vv))) =u —v : XA — Y and the result follows. O
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Let f': A" — X’and f : A — X be given by diagram (6). If u,v: Cy - Y
satisfy uix = wviy then it is clear that uy (@, B)ix» = vy(a, B)ix» and w' =
d(uy(a, B),vy(a,B)) : TA’ — Y is defined. To simplify notation, we write
simply y for y («, B) in the rest of this section.

We claim that:

Lemma4.5. d(uy, vy) =d(u, v)Xa.

Proof. The separation elements d(u, v) and d(uy, vy) are defined by means of

_fuG@,20), ifo<r<i,
wla, 1) = [v(a,2—2t), ifl<r<1
for (a,t) € XA and
uy(@,2t), if0<r<li,
wa.n=1" | 2
vy(a',2 =21, if 5 <t <1
for (a’, 1) € X A’, respectively. Then,
u(e(@),2t), if0<r<i,
(wSa)(a', 1) = e
v(a(a),2—=21),if 3 <t <1

for (a’,t) € L A’. Because yicy = icaCa, we derive that w’ = wXa and the
proof follows. O

Denote by 6 : ©?A = %24 the homeomorphism defined by (s, (s’, a)) —
(s', (s, a)) for (s, (s',a)) € ©2A = T(ZA) and notice that fo = —f for any
map f : £?A — X. Since u’ = (Su)ty and v/ = (Tv)1y : Csy — XY satisfy
wisy = vigy the map w' = d(u',v) : £*A — XY is defined and satisfies
w'p] =u'icxa and w'p) = v'icxa, where p|, p) : CTA — 2 A are maps as
in Remark 4.3.

Then, we can state (cf. [13, Lemma 4.1]):

Lemma 4.6. d((Zu)t1, (2v)11) = £(d(u, v))0.

Proof. Just observe that (¥p)7, = & p) and then the equalities w'p] =
(Zu)tiicza = (Zu)E(ica)r2 = T(wp)) 12 = (Zw)é p| and similarly w'p), =
(Xw)é p5, imply the result. O

Next, if u, v : Top(XA) — Y coincide on T71(XA) then there exist the sepa-
ration elements d(uv,,,, Vvy,,) : £"A(A) — Y and d(Z(uv,, )11, Z(VVe,)T1) -
»"+t1A(A) — Y. Thus, diagram (8), Lemmas 4.5 and 4.6 lead to:

Corollary 4.7. If y = y(A~ 1, B) : Cirza) = Cxo, then

d(Z vy, 11y, (W, )T1Y) = S(d(u, v)5d A"
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To state the main result of this section, we recall from [13] the notion of a map
strongly of type.

Giveno; : Aj — Jp,(X) fori = 1,...,n,let F' = ju(X)pm(X)To(e) :
To(A) — J(X), where ¢ = (x1,...,0,), m = (my,...,my) and m = my +
ceemy,.

Definition 4.8. We say that F : Tp(A) — J(X) is a map strongly of type
(a1, ..., o)k if its image F(Tp(A)) is contained in Ji(X) and the restrictions
F|T1 (A)» and F\/Tl (A) coincide.

Lemma 4.9. (cf. [13, Theorem 1.8]) Let F : To(XA) — J(X) be a map strongly
of some type. Then ¢xd(F'vy, , Fv, )A~! = &(F).

Proof. Let F' : To(XA) — J(X) be the map as in Definition 4.8 and let
y =y p): Cipza) = Cxo, asin Corollary 4.7. Because, in view of Propo-

sition 4.2, the map §” = (van)rlyy[:(lzmv}\_(lzm is a section (up to homotopy)
of the cofibration -

YT (XA) — ETo(XA) — LA(ZA),
by Lemmas 4.4-4.6 we get:

Ux Z(d(F'vy,, Fry,))6SA7!
= Yxd(Z(F'vy,)t1, T(Fvg,)T) SA !
= Yxd(Z(F'vy,) 11y, E(Fvy,)T1Y)
= d(llfxE(F/)S”vﬁ\(M)/A(m, WXE(F)(SNV;\(LA)VA(M))
= d(C(F/)V;\(M)VA(M)a C(F)V;\(M)VA(M))
= d(c(F')Vj(ga)» c(F)Vj(ga)
=c(F) — c(F).

Since £(d(F'vy,, Fvy,))d = —Xd(F'v,,, Fvy,) and ¢(F') = * ([13, Corol-
lary 3.4]), we get Yx = (d(F'vy,, Fvwn))E)Fl = ¢(F) which certainly implies

Oxd(F've,, Fvy ) ™" = E(F)
and this completes the proof. O

We finish this section with a generalization of [13, Theorem 1.10] as the main
result.
Let g @ (S (X)), J—1(X)) — (X, %) be the quotient map and denote by
g : J(X) = J(X™) its combinatorial extension. Given «; : TA; — Jp, (X) for
i =1,...,n, we obtain the maps
o dm; A
YA — Iy (X) — X7
and the suspension of their smash products leads to
(G, @1 A - A Gy an) 2 SVTTA(A) - SX,

where m = m + - - + my,.
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Theorem 4.10. If o; € n(XA;, Jy, (X)) fori =1,...,nand F : TH(XA) —
J(X) is strongly of type (a1, . .., )"~ then

hin(c(F)) = X(gm@1 A -+ A G, Otn)-

Proof. In view of (9) and Lemma 4.9, we have

B (c(F)) = Yxan E(gpy VEE(F)
= Yxrn D(qdy ) S (Pxd(F've,, Fry, )™
= Yxan Z(d(GF v, qFvy,)SAL

Since F(Top(XA)) € Ju—1(X) and g is the combinatorial extension of g, then

qFvy, = . Sow = d(qF'v,,, qFvy,) : Z"A(A) — J(XN") satisfies wp; =

qF’'Q, and wp, = *. Consequently, w may be regarded as a map w’ such that

w'p = qF'Q,, where p : CE" ' A(A) — T"A(A) is the map from diagram (4).
Next, consider the following commutative diagram

CETAA) — 2 Ty(zA) — e g (X)) J(X)

I

F” Jxnm

ZA(A) A(ZA) xnme J (X My,
N w’ jA
where F” is determined by F”s = ¢, F’ and the other maps were already

defined in the text. Hence, h,,(c(F)) = wXAmE(d(qF/vwn,quwn))Z)Fl =
Yxamn B (xam F'O)EA = Yy Z(jxm F") = SF”.
Since F' = um(X)Tp(a), the commutativity of the diagram

To(a) Hm (X)

To(Jm (X)) ———— Ju(X)

J{To(qm)

To(gm) To (@) o
ThH(ZA) ————— To(X™™)

s |

A iEA) F” XAm qm

where gm = (qm,» - - - qm,) finishes the proof. |

Letowj : XA; — X bemaps fori = 1,...,n. If (a,...,a,) = O then
there is a map F : To(ZA) — J(X) strongly of type («1,...,a,)" . Thus,
the generalized Hopf construction yields a map ¢(F) : XA(ZA) — XX and
Theorem 4.10 supplies a criterion to check if the map c¢(F) is non-trivial.
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5. Applications

Fix n > 2 and suppose A; = Afori =1,...,n.Denotebyidgy : XA — LA =
J1 (X A) the identity map and by p, (2 A) : To(XA) — J, (X A) the quotient map.
For the sequences n = (1, ", 1) and idg 4 = (idxa, X", idx4) the map 0, (T A)
factors as

To(idxa) tn(SA)
P (ZA) 1 TH(ZA) —— To(n(BA) —— Jo(XA)

and restricts to p,(XA)|7y(za) @ T1(ZA) — J,—1(XA). This leads to a (up to
homotopy) pushout
pn(ZA)
Ti(z4) —— ", (RA)

(A
To(ZA) o) I(ZA).

Taking into account the pushout diagram (3), we get a (up to homotopy) pushout

(idga, " idxa)

2" 1A(A) Jn-1(ZA)

(10)

o Pu(EA)Q
CT"1A(A) Ju(ZA)

which yields the following result ([33, Proposition 1.1.1]):

Proposition 5.1. Let A be a pointed space. Then there is a (functorial) cofibre
sequence

n—1 Pn(ZA)|T; (z4)@n
)y AA) ——— J,-1(BA) = J,(ZA).

Thus, the cofibre sequence
Jn-1(ZBA) = Jp(XA) — A(ZA)

is principal.

5.1. Higher Gray—Whitehead interior product

Given simply-connected co- H-spaces X1, X2, Gray [10] has defined the Theriault
product X o X5 as a retraction of X (QX| A QX>). If

X10Xs 5 S(QX) AQX2) S X|0Xa
are maps with k¢ = idx,.x, then the homotopy fibration

QX1 AQX2) = X1V X > X; x Xo
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determines a natural transformation
Wyt X1 0Xa 5 T(QX) AQXY) S X1V Xs

generalizing the Whitehead product map.

‘We make use of the Theriault product to define the higher order Gray—Whitehead
product for co-H-spaces X1, ..., X,. Asin [11, Sect. 5], we start by recalling that
Porter [21, Theorem 1] has shown that there is a homotopy fibration

2IAQX) - Ti(X) < To(X).

Because X; are co-H-spaces, there are coretractions v; : X; — XQX; fori =
1,..., n. Define the higher Gray—Whitehead product map

Wy (X10X)AXsA--AX, = T1(X)
as the composite

CAVIA--AVy
R

(X100 X)) AX3A---ANX,
L(RX|AQX)AZQX3A - AXQX, = E"‘lA(Q_X) — T1(X).

Notice that, by means of the above, basic results presented in previous sections
might be generalized replacing suspended spaces by co-H -spaces.
Applying [10, Theorem 1], the inductive procedure shows that

X10X)AX3A - AX,=2"2(X10-+0Xp)
and consequently

Wyt T"2(X 00 Xp) = T1(X).

5.2. Spherical interior Whitehead product on spheres

Leta; : Sk — §™ be maps withm > 2,k; > 2fori =1,...,nandn > 2. Then,
(@1, ..y ay) = 0in 7 oopp, —1 (Ju—1(S™)) yields amap F : SK1 x - x Sk —
J(S™) and the generalized Hopf construction leads to possibly a non-trivial map
c(F) : Shtthtl _y gm+l

Next, write ¢, = idgn, tm.n : S" — J(S") for the canonical inclusion maps
and 1, € m,4+1(S") for generators with n > 2.

Proposition 5.2. (1) The element (1,,, X", 1,) is of infinite order provided n is odd
andm # 2 or n is even;

2) Tn-1Ip—1(SM)) &~ Z & 1w (S"TY) and (1,, X", 1,)) is a generator of the
infinite cyclic group provided n is odd and m # 2 or n is even;

element has order m otherwise;
() (mm3n4, 12,12, 12) = 0 in w10 (J3(S?);
(5) (mm3, 12, 12, 12) = 0 in w9 (J3(S?));
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(6) (13, M3, 13) = 0in 710 (J2(S?)).

Proof. (1): follows from [5,14,27].

(2): follows from [5,27].

(3): follows from [5,14].

(4): follows from [14].

(5)—(6): we make use of the isomorphisms 79(S?) &~ Z3 and 71o(S>) ~ Z;5
and then follow mutatis mutandis the proof of (4). |

Proposition 5.2(3) implies the existence of a map F : S2x S¥=3 5 1, _2(S?)
strongly of type (tm—2.2, (12, =1, 1)) 2 for an odd prime m which yields, in
view of [14, Theorem 1.5], an element ¢(F) : S?" — S3 of order m in 72, (S?).

Further, Proposition 5.2(4)—(6) implies also the existence of maps:

Fi:S*x$?x8§?xS§? - J(S?);
Fr S xS xS xS? = J(S?);
F3:S*x$*x 8§ = IS

strongly of types (11213, 12, 2, 12)*, (n2m3n4, 12, 12, 12)* and (93, n3, 13)?, respec-
tively. Toda [29] has shown that 711 (S?) ~ Z/27Z, 712(S?) ~ Z/27 & 7,/27 and
7[12(S4) ~ 7/27. As in [14, Corollary 1.4], in view of Theorem 4.10, we obtain:

Corollary 5.3. (1) c(F}) is a non-zero element in w11 (S?);
(2) ¢(F») is a non-zero element in 7w12(S?);
(3) ¢(F3) is a non-zero element in 7112(84).

Proof. (1): The map Fi : S* x $? x §? x S? — J(S?) determines ¢(F;) : S —
S3. By Theorem 4.10 and [29, Proposition 5.3], it holds i4(c(F1)) = nonio =
n% # 0. This implies that ¢(F7) is a non-zero element in 771 (S%).

(2): The map F> : S° x S? x §* x §* — J(S?) determines c(F>) : S — S3.
By Theorem 4.10 and [29, (5.5)], it holds h4(c(F2)) = nonioni1 = ng =
4vg # 0. This implies that c¢(F») is a non-zero element in 712(S%) (cf. [14,
Corollary 1.4]).

(3): The map F3 : S* x $* x §3 — J(S?) determines ¢(F3) : S!2 — S*. By
Theorem 4.10 and [29, Propositions 3.1 and 5.3], it holds h3(c(F3)) = n7 A
n3 = Noni1 = 77%0 # 0. This implies that c(F3) is a non-zero element in
712(S*) and the proof is complete. O

5.3. Spherical interior Whitehead product on projective spaces

Write S P, (X) for the nth stage of the symmetric power of a space X forn > 1 and
SP(X) = 1£1>1 S P, (X). Because of the H-structure on SP(X), the inclusion map
X — SP(X) extends to a map

u(X): J(X) — SP(X)
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which leads to a sequence of maps u, (X) : J,(X) - SP,(X) for n > 1. Taking
un—1(XA)(idx4, X", idx4) we get a (up to homotopy) pushout

up—1(XA)(idx 4,2 idx )

" TA(A) SP,—1(ZA)
{ J (11)
W (ZA) pp (ZA)Q
CE"1A(A) A SP.(ZA).

Notice that armed with the diagrams (10) and (11), the sequence of maps u, (X A) :
Jy(X2A) - SP,(XA)above forn > 1 might be derived by the inductive procedure
as well.

In particular, this yields a sequence of maps u,(S') : J,(S') — SP,(S!) for
n > 1. On the other hand, the Segre map

RP™ x RP" — Rp DD

givenby ([xo:---:xm], [Yo:---:yu]) = [xoyo:---:x;yj -+ :Xmyn] leads to an
abelian H -structure on the infinite real projective space R P°°. Thus, the inclusion
map S! = RP! < RP™> extends to a map

v(SYH: JESH = QS? - RP®

which leads to a sequence of maps v, (S!) : J,(S') — RP” forn > 1. Further, the
abelian H-structure on R P yields the factorization

Sl(%_ RP>®

7
-

e
e
’e

SP(ShH

which in turn implies the sequence of maps ¢, (SYH : SP,(SY) — RP" with
commutative diagrams

v (S!

Jn(Sl) % RP"

un(Sl)\L /
oa(Sh

SP,(SYH

for n > 1. Because, by means of [18], the space SP,(S!) has the homotopy type
of the circle S!, the induced homomorphisms ¢ (v, (S!)) are trivial for k > 1 and
n>1.

Let now CP" be the complex projective n-space. By the projective Viete’s
Theorem (see e.g., [4]), it holds S P, (S?) = CP”" and we get a sequence of maps
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1, (S?) : 1,(S*) — CP" forn > 1. Notice that these maps are also determined by
the H-structure (settled e.g., by the Segre map) on C P> and the factorization
82(%_ CP>®
7

7
e
e
e

J(S?).

Write y,, : S?**1 — CP" for the quotient map and j,(C) : S* = CP! — CP"
for the canonical inclusion. It is known from [2, Corollary 4.4] and [22, Corollary 2]

a single element which is equal to (n + 1)! y,,. Consequently, by means of (5), for
n > 1 the map u,(S?) : J,(S?) — CP" satisfies

Let now H be the quaternionic algebra and j,(H) : S* = HP! — HP”"
the canonical inclusion. Then, by [9, Remark 4.9(iii)], the higher order White-

Let o; : Sk — S! be maps with k;, > 1 fori = 1,...,nand n > 2. If
ki, > 1 for some 1 < iy < n then o;; = 0 and certainly («q,...,a,) = 0in
Ty 4thn—1 (Jn—1 (S).

Next, consider maps «; : Sk — X with k; > 2 fori = 1,...,n and

n > 2, where X = S? or RP2. Then, un_l(Sz)(al,...,an) = 0 provided
ki + --- + k, < 2n. Further, by [4, Theorem 2], it holds SP,(RP?) = RP?".
Hence, u,_1 (RP?){(ay, ..., 0n) =0 provided k; + -+ - + k, <2n — 1.

We observe that [4, Theorem 2] also gives sequences of maps A,(S?) and
A, (RP?) for n > 1, fitting together by the commutative diagrams

1 (S?) Jn(RP?)
An(Sz)l lAnGRPz)
Cp" ———RP?.
In this sense, we close the paper with:

Conjecture 5.4. Letq; : Sk — X bemaps withk; > 2fori = 1,...,nandn > 2,
where X = S? or RP2. If k;, > 2 for some 1 < iy < n then (a1, ..., ;) =0in
Thy ety —1 (Jn—1(X)).

Acknowledgements The authors are deeply grateful to the referee for a number of invalu-
able suggestions to work on the final version of the paper including Introduction as well.
They would like to thank warmly Michael J. Hopkins for his helpful conversations on the
maps Jy, (82) — CP" studied in Sect. 5. The first author is indebted to the Institute for
Mathematical Sciences, the National University of Singapore for a support to attend Con-
ference Combinatorial and Toric Homotopy (Singapore, August 23-29, 2015) in honour of
Frederick Cohen and present main results of this paper.



Exterior and interior Whitehead products 187

References

(1]
(2]
(3]
(4]
(3]
(6]
(7]
(8]
(9]
(10]
(1]
(12]
[13]
[14]
[15]
(16]
(17]
(18]
(19]

(20]
(21]

(22]
(23]
(24]

[25]

Ando, H.: On the generalized Whitehead products and the generalized Hopf invariant
of a composition element. To6hoku Math. J. 20(2), 516-553 (1968)

Arkowitz, M.: Whitehead products as images of Pontrjagin products. Trans. Am. Math.
Soc. 158, 453-463 (1971)

Arkowitz, M.: Introduction to Homotopy Theory. Universitext. Springer, New York
(2011)

Arnold, V.I.: Topological content of the Maxwell theorem on multipole representation
of spherical functions. Topol. Methods Nonlinear Anal. 7(2), 205-217 (1996)

Baues, H.J.: Hopf invariants for reduced products of spheres. Proc. Am. Math. Soc.
59(1), 169-174 (1976)

Blakers, A.L., Massey, W.S.: Products in homotopy theory. Ann. Math. 58, 295-324
(1953)

Boardman, J.M., Steer, B.: On Hopf invariants. Comment. Math. Helv. 42, 180-221
(1967)

Davis, M.W., Januszkiewicz, T.: Convex polytopes, Coxeter orbifolds and torus actions.
Duke Math. J. 62, 417-451 (1991)

Golasiriski, M., de Melo, T.: On the higher Whitehead product. J. Homotopy Relat.
Struc. (to appear)

Gray, B.: On generalized Whitehead products. Trans. Am. Math. Soc. 11, 6143-6158
(2011)

Grbi¢, J., Theriault, S.: Higher Whitehead products in toric topology.
arXiv:1011.2133v2 [math.AT]

Hardie, K.A.: On a construction of EC Zeeman. J. Lond. Math. Soc. 35, 452-464
(1960)

Hardie, K.A.: A generalization of the Hopf construction. Q. J. Math. Oxford Ser. 12(2),
196-204 (1961)

Hardie, K.A.: Higher Whitehead products. Q. J. Math. Oxford Ser. 12(2), 241-249
(1961)

Iriye, K., Kishimoto, D.: Polyhedral products for shifted complexes and higher White-
head products. arXiv:1505.04892 [math.AT]

James, .M.: Reduced product spaces. Ann. Math. 62, 170-197 (1955)

James, I.M.: On the suspension sequence. Ann. Math. 65, 74-107 (1957)

Morton, H.R.: Symmetric products of the circle. Math. Proc. Cambridge Philos. Soc.
63, 349-352 (1967)

Nakaoka, M., Toda, H.: On Jacobi identity for Whitehead products. J. Inst. Polytech
Osaka City Univ. Ser. A 5(1), 1-13 (1954)

Porter, G.J.: Higher order Whitehead products. Topology 3, 123—135 (1965)

Porter, G.J.: The homotopy groups of wedges of suspensions. Am. J. Math. 88, 655-663
(1966)

Porter, G.J.: Higher order Whitehead products and Postnikov systems. Ill. J. Math. 11,
414-416 (1967)

Puppe, D.: Homotopiemengen und ihre induzierten Abbildungen. I. Math. Z. 69, 299—
344 (1958)

Rutter, J.W.: Two theorems on Whitehead products. J. Lond. Math. Soc. 43, 509-512
(1968)

Rutter, J.W.: Correction to “Two theorems on Whitehead products™. J. Lond. Math.
Soc. 1(2), 20 (1969)


http://arxiv.org/abs/1011.2133v2
http://arxiv.org/abs/1505.04892

188

M. Golasinski, T. de Melo

[26]
[27]
(28]
[29]
[30]
(31]
(32]

[33]

Salvatore, P.: Homotopy type of Euclidean configuration spaces. Rend. Circ. Mat.
Palermo 66(2 Suppl), 161-164 (2001)

Shar, A.: 7Tmn—2(5,71,2) contains an element of order m. Proc. Am. Math. Soc. 34,
303-306 (1972)

Toda, H.: Generalized Whitehead product and homotopy groups of spheres. J. Inst.
Polytech. Osaka City Univ. Ser. A Math. 3, 43-82 (1952)

Toda, H.: Composition methods in homotopy groups of spheres. Annals of Mathematics
Sudies, vol. 49, pp. 193. Princeton University Press, NJ (1962)

Tsuchida, K.: Generalized James product and the Hopf construction. Tohoku Math. J.
17(4), 319-334 (1965)

Whitehead, G.W.: A generalization of the Hopf invariant. Ann. Math. 51, 192-237
(1950)

Whitehead, G.W.: Elements of Homotopy Theory. Graduate Texts in Mathematics, vol.
61. Springer, Berlin (1978)

Wau, J.: On Maps from Loop Suspensions to Loop Spaces and the Shuffle Relations on
the Cohen Groups. Memoirs of the American Mathematical Society, vol. 180, no. 851
(2006)



	On the higher order exterior and interior Whitehead products
	Abstract.
	1 Introduction
	2 James construction and Hopf invariant
	3 Generalized exterior and interior products
	4 Generalized Hopf construction
	4.1 Separation element

	5 Applications
	5.1 Higher Gray--Whitehead interior product
	5.2 Spherical interior Whitehead product on spheres
	5.3 Spherical interior Whitehead product on projective spaces

	Acknowledgements
	References




