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Abstract

In this paper we use the Hermite—Biehler theorem to establish results for the design of
fixed order controllers for a class of time delay systems. We extend results of the polynomial
case to quasipolynomials using the property of interlacing in high frequencies of the class of
time delay systems considered.
© 2003 Elsevier Science Inc. All rights reserved.

Keywords: Stability; Delay systems; Closed-loop control; Interlacing; Quasipolynomials

1. Introduction

The Hermite-Biehler theorem provides necessary and sufficient conditions for
Hurwitz stability of real polynomials in terms of an interlacing property [1]. When a
given real polynomial is not Hurwitz, the Hermite—Biehler theorem does not provide
information on its roots distribution. A generalization of the Hermite—Biehler theo-
rem on polynomials was first derived in a report by Ozguler and Kocan [2] where was
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given a formula for a signature of a polynomial not necessarily Hurwitz applicable
to real polynomials with no imaginary axis roots except possibly a single root at
the origin. This formula was used to solve the constant gain stabilization problem.
Recently, in [3] a different formula applicable to arbitrary real polynomials but with
no restrictions on root locations was derived and used in the problem of stabilizing
proportional-integral-derivative (PID) controllers.

The dynamic behavior of many industrial plants may be mathematically described
by a linear time invariant system with time delay. The problem of stability of linear
time invariant systems with time delay involves finding the location of the roots of
transcendental functions. An extension of the Hermite—Biehler theorem to cope with
transcendental functions was first derived by Pontryagin [4]. In his paper are given
necessary and sufficient conditions for the stability of transcendental functions of
the form H(s) = h(s, e*), where h(s, t) is a polynomial in two variables. For the
case h(s, t) has a principal term he showed that the characteristics of the zeros of
H (s) are determined by the behavior of H(jw) with  real. In [5] we can find a
good review of stability methods for time delay systems. The classical method of
stability verification is the Nyquist criterion which can be used to the class of time
delay systems. However, for the analytical characterization of the stabilizing gains
one may have to deal with non-linear inequalities.

In this paper we consider the problem of stabilizing a more general class of time
delay systems using their property of interlacing in high frequencies. The well known
fixed order controller structures such as the proportional and proportional integral
controllers are considered to illustrate the applicability of the results presented.

1.1. Exponential polynomials and notation

In this section we study the zeros of exponential polynomials. Let i (s, ¢) be a
polynomial in s and ¢ with constant, real or complex coefficients

h(s, 1) = Zamnsmt". (1

m,n

The term a,,sPt is called the principal term of the polynomial if a,, # 0 where
p and g the highest powers of s and ¢, respectively. For example h(s, 1) = st +
st + 5% + 1 presents p = 3 and ¢ = 1 and it has principal term apg = lbuth(s,t) =
s3 + 52t 4t 4+ 1 does not have the principal term.

Let H(s) = h(s, e*). For s = jw with w real, the function H (jw) can be written in
terms of its real and imaginary parts, H (jw) = fr(w, cos(w), sin(w)) + j fi(w, cos(w),
sin(w)), where fr(w, u,v) and fi(w, u, v) are polynomials with real and constant
coefficients with respect to the variables w, u and v.

Consider f (s, u, v) a polynomial represented in the form

[l u,0) =" 5" w,v), )

m,n
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where qb,(,fl )(u, v) denotes the polynomial of degree n, which is homogeneous in u
and v, that is, the sum of the exponents of u and v is n. Let @Eq)

coefficient of s” in f (s, u, v) so that

¢ v) =Y ¢ (u, v) (3)

n<q

(u, v) denote the

and define dﬁiq)(s) = ¢>iq)(cos s, sins). The notation given is clarified in the follow-
ing example:

Example 1. Consider H(s) = ae® + b — se’. For w real we write H(jw) in terms
of its real and imaginary parts fi(w,u,v) =au+owv+b and fi(w,u,v) =
av — wu, respectively, with p =1, ¢ = 1. Also, fi(w, u,v) and fi(w, u, v) have
qbil)(u, v) = v and qbil)(u, v) = —u, respectively.

Assuming u = cos(s) and v = sin(s) in (2) we define F(s) = f (s, cos(s), sin(s)).
The result on the zeros of the function F (s) due to Pontryagin is stated as follows [4,6]:

Theorem 1. Let f(s, u, v) be a polynomial with principal term quﬁl(,q)(u, v). If €
is such that (P,(kq) (€ + jw) does not take the value zero for real w, then in the strip
—2m +€ < x <2Um +€,5 = x + jo the function F(s) = f(s, cos(s), sin(s)) will
have, for all sufficiently large values of £, exactly 4q€ + p zeros. Thus, in order for
the function F(s) to have only real roots, it is necessary and sufficient that in the
interval —24mw + € < x < 24w + € it has exactly 40q + p real roots starting with
sufficiently large £.

Consider F(w) = f(w, cos(w), sin(w)) a entire transcendental function in the
real argument o, which assumes real values. In order to find the number of zeros
of F(w) in an interval, Theorem 1 is stated in the form that follows:

Theorem 2. Consider real transcendental functions fi(w, cos(w), sin(w)) and fi(w,
cos(w), sin(w)) such that H (jw) = fi(w, cos(w), sin(w)) + j fi(w, cos(w), sin(w)).
Assume that fr(w,u,v) and fi(w,u, v) are polynomials with principal terms of
the form a)pqﬁI(,Q)(u, v). Let n be an appropriate constant such that ¢iq)(u, v) in
fr(w, u, v) and fi(w, u, v) do not vanish at w = n. Then for the equations F.(w) = 0
or Fi(w) = 0 to have only real roots it is necessary and sufficient that in the interval
27l +n< o< 2nl+n, filo,u,v) and fi(w,u,v) has exactly 4qf + p real
roots starting with a sufficiently large £.

Following we illustrate the application of Theorem 2.

Example 2. Consider the Example 1 given before fora < 1 anda < —b < (a% +
a®)1/2 where a; is the root of @ = a tan(w) such that 0 < @ < 7. If a = 0 we take
a; = /2. We claim that Fj(w) = a sin(w) — w cos(w) = 0 has all its roots real and
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simple. In fact, from Fi(w) = 0 we may write tan(w) = w/a. Using Theorem 2 we
can choose 1 = 0 since <kal)(w) = —cos(w) # 0 for w = n. It is easy to see graph-
ically that as a < 1, Fj(w) has 4¢ + 1 real roots in the interval —2¢m < o < 20w,
£ =1,2,... Therefore, it follows that Fj(w) has only real roots.

2. The Hermite—Biehler theorem for a class of time delay systems

A linear time invariant system with delays has its characteristic function described
by an entire function of the form

n
f(s) =) &M Pi(s), “)
j=1
where Pj(s) for j =1,...,n is an arbitrary polynomial in the complex variable s
and the A;’s are real numbers which satisfy,
M <Xty <. <Ay, |A1] < Mg ®))

Function (4) is called a quasipolynomial [7]. There are transcendental real func-
tions f;(w) and fi(w) in the real variable w associated with quasipolynomial (4) such
that f(jw) = fr(®) +j fi(w). From the used terminology, the zeros of the two real
functions f;(w) and fi(w) alternate along the w-axis if each of the functions has no
multiple zeros, if between every two zeros of these functions there exists at least one
zero of the other, and if the functions are never simultaneously equal to zero.

Another extension of the Hermite—Biehler was developed to study the stability of
quasipolynomial (4) which is stated as follows [1]:

Theorem 3. Under the above assumptions, the entire function f(s) in (4) has all
its zeros in the open left-half plane if and only if

(1) fi(w) and fi(w) have only real roots and these roots interlace,
(i) f/ (") fi(@*) — fi(w®) fl(@*) > 0 for some w* € (—o0, 00)(increasing phase

condition),

where f](w) and f(w) denote the first derivative with respect to w of fi(w) and
fi(w), respectively.

2.1. The interlacing property in high frequencies

Consider a special case of quasipolynomial (4)

M
8(s) =eMd(s) + ) e M=, (s), (6)
k=1
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where d(s) and ni(s) for k = 1,..., M, are polynomials with real coefficients of
the form
ne(s) = bages™ 4 by sM T 4 by k=1, M,
d(s)=s"+ay_1s" "+ +ap
and
O<Ti <Dhh<---<Ty. (7

We denote §;(w) and §;(w) the real and imaginary parts of the transcendental
function associated with quasipolynomial (4), respectively.
We make the following assumptions:

Al. My <nfork=1,..., M.
A2. d(s) and ng(s) in (6) for k = 1, ..., M are coprime polynomials.

Lemma 1. Consider quasipolynomial (6). Under the assumption Al above there
exists 0 < wo < 00 such that §;(w) and 8;(w) have only simple real roots and these
roots interlace for w > wy.

Proof. Initially, we check the first part. We can write quasipolynomial (6) for |s|
large as follows:

M
S(s) ~esTmgn Zkae“TM—Tk)sMk. (8)
k=1
In fact, we have

M
8(s) = e Ms"[1+e0()] + D bage® P TsM1 4 ()],
k=1
where
ay— a,
o(s) = L 4.4
N
and

1 ka—l bok
— e S5, k=1,...,M [6].
ex(s) ka< A e 77 (6]

Thus, e¢(s) — 0 as |s| > +o0, k=0,1,..., M. We can hence suppose that the
zeros of §(s) and the zeros of e*T¥s" + Z,ﬁil b e’ T =T sMi are close together

for |s| large. From (8) we have 8(s) ~ e’ ™M s"[1 + &*(s)] with *(s) = le{wzl(ka/
esTksnka)'

Substituting s = jw and using the fact that ¢*(jow) — 0 as w — 00 we can write

§(jw) = ej“’TM(ja))" for w > wp; wp sufficiently large. 9)
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Expanding the exponential term we can write
8(jw) = (cos(@Ty) + jsin(@Tu)) (jo)".
We now assume n even. Then
8() = (=1)"? cos(wTy) o, (10)
8i(w) = (=" sin(wTy)w". (11)

Condition (i) of Lemma 1, as in [8], can be checked by using the Theorem 2, that
is, the solutions of §;(w) and §;(w) are real roots and interlace. In fact, replacing
w1 = wTy in (10) and (11) and defining u = cos(w;) and v = sin(w;) we can write

(_1)11/2 ;
d(wy, u, v) = T U (12)
M
(_1)71/2
Si(wy, u,v) = T vol. (13)
M

The principal terms of §;(w;) and §;j(w;) are a){‘qﬁ,(,q)(u, V) = w’l’((—l)”/z/TA’}I)u and
w’f((—l)"/ 2/ Ty)v, respectively, and p =n and ¢ = 1 in both functions. Next, we
choose 1 = /4 since ¢i1)(n/4) # 0. It is easy to see that ¢;,q)(a)1) in (12) has
four real roots in the interval [—2m + 7 /4, 2w + 7 /4]. Also, the root of a)'l' is zero
with multiplicity n. Hence, it follows that §;(w;) has 4 4+ n real roots in the inter-
val [-27 4+ 7 /4, 2n + 7 /4]. Consequently, &;(w1) has 4¢ + n roots in the interval
[2nf 4+ 7 /4,270 + /4] for £ = 1,2, ... Using Theorem 2 we have that &;(w1)
has only real roots. We can use the same reasoning to show that this result is valid
for §j(w1). Observe that both §;(w;) and &;(w1) have only simple real roots except at
the origin.

The solutions of §j(w1) = 0 are given by @ = 0 with multiplicity n 4+ 1 and o =
r, £ =1,2,...and the solutions §;(w) = 0 are given by w; = 0 with multiplicity
nand w; = 20+ 1) /2,€ =0, 1,2, ... Therefore, we have that §;(w1) and §;(w1)
interlace for w; > wo with wy sufficiently large.

Similarly, the results can be verified for n odd. [

Remark 1. As aresult of Lemma 1 we have that for w > wy, wq sufficiently large,
under assumption Al the quasipolynomial (6) interlaces being it stable or not.
3. Stabilization of a class of time delay systems

In this section, we first state a generalization of the Hermite—Biehler theorem for

polynomials derived in [9] which is in the sequence used to establish results for the
design of fixed order controllers for a class of time delay systems.



VIA. Oliveira et al. / Linear Algebra and its Applications 369 (2003) 203-216 209

Let P(jw) be a given real polynomial with degree n and P (jw) the normalized
plot by 1/ f (w) where f(w) = (1 + w?)"/%. Write

Pr(jw) = py(w) +jqr (), (14)

where p r(w) and g r(w) denote the real and imaginary parts of Pr(w).

Theorem 4. Let P(s) be a given real polynomial of degree n with no jw axis roots
except for possibly one at the origin. Let 0 = wy, < Wy, < Wo, < *++ < Wy,,_, be the
real, non-negative, distinct finite zeros of q y(w) with odd multiplicities. Also define
wy = 00. Then

{senlp s (wo,)] — 2sgnlp f(wo,)] + 2sgnlp s (@o))] + -+ +
(=" "2sgn[p s (wo,,_)] + (—1)"sgnlp  (w,,)]}
o (P) = { x(=1)""sgn[q(c0)] ifn is even (15)
{sgn[pr(woy)] — 2sgn[p r(wo, )] + 2sgn[p r(wo,)] + - - +
(=)™ " 2sgn[p s (@0, )]} x (=1)"sgnlg(c0)] if n is odd,

where o (P) := number of open left half plane zeros of P(s) — number of open right
half plane zeros of P(s), o (P) denotes the signature of P(s).

Remark 2. In Theorem 4 if the polynomial is Hurwitz stable o (P) = n.

Let A8°0 denote the net change in the argument 0 (w) := arctan[q (w)/p(w)] as @
increases from 0 to co. Then, we can state the following lemma by Gantmacher [10]:

Lemma 2. Let P (s) be a real polynomial with no imaginary axis roots. Then A0 =
(t/2)o (P).

We consider now the quasipolynomial (6) under assumptions Al and A2. We
shall analyze the roots of §(jw) in the frequency range determined by a sufficiently
large wq such that the roots of §;(w) and §;(w) interlace. Differing from the polyno-
mials, the quasipolynomials have infinite roots. The results given in [9] deals with
polynomials and make use of the number of roots to establish a procedure to design
fixed order controllers. There, the number of roots of the polynomial is related to the
real and finite zeros of ps(w) and g y(w). We now extend the results of [9] on the
signature of polynomials for a class of quasipolynomials.

Write §(jo) = p(w) +jq(w). Let 0 = wyy, < 0o, < o, < -+ < Wy, < ---and
We; < Wey < -++ < w,, < ---bereal, distinct finite zeros of ¢ (w) and p(w), respec-
tively.

Definition 1. Let m + 1 and r be the number of zeros of ¢(w) and p(w), respec-
tively. For m 4 r even we define wy = w,,, otherwise we define wy = w, .
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Using Lemma 1 and Definition 1 for a sufficiently large wg, we have the follow-
ing pattern for the zeros of g(w) and p(w) in the range defined by wg. If m + r is
even then w,, belongs to the range [0, wg] while ., does not belong. Otherwise, if
m + r is odd than w,,, and w,, belong to the range [0, wp]. This is a consequency of
the interlacing property. We are now ready to state the following definition for the
signature of a quasipolynomial:

Definition 2. Let §(s) be a given quasipolynomial with no jw axis roots except for
possibly one at the origin. For a sufficiently large wq as in Definition 1 let 0 = w,, <
Woy < Woy <+ < W, < woand we; < W, < -+ < we, < wo be real, distinct fi-
nite zeros of g (w) and p(w), respectively. Then, a signature for & (s) which we denote
as 0,4 (8) may be given by

{sgn[p(woy)] — 2sgn[p(wo, )] + 2sgn[p(wo,)] + - - - +

(="~ 2sgn[ p(@,,,_ )]+ (=1)"sgnl p(w,,)]}

0q(8) = x(—l)m_lsgn[q(w;"m_l)] if m + r is even, (16)
{sgn[p(wo,)] — 2sgn[p(wo,)] + 2sgn[p(wop,) + - -+
(—1)"2sgn[ p(w,,, )]} x (—1)msgn[q(a)27”)] if m 4 r is odd,

where o, (8) is the counterpart of the signature of polynomials for the quasipolyno-
mial case.

Remark 3. The frequency wg defined as in Definition 1 is chosen such that there is
interlacing after v > wy.

Lemma 3. Consider a stable Hurwitz quasipolynomial §(s) under assumptions Al
and A2. Let m and r be as already defined. Then the frequency range signature for
8(s) is given by 4 (8) =m +r.

Proof. Using the interlacing property of Hurwitz quasipolynomial established in
Theorem 3 the results follow by Definition 2. [J

This signature o, () shall be used in the establishment of a feasible string set
for the stabilization problem. Let g () and p(w) be as before and 0 = w,, < w,, <
W, <+ < Wy, < wpbe real, distinct finite zeros of ¢ (w). Let 43°6 denote the net
change in the argument 6 (w) as w increases from 0 to wy. Similarly to the polynomial
case [3], we have the following:

1. If w,, and w,,,, are both zeros of g (w) in the range [0, wo], then

A0 = Zlsenlp(@o)] = senlp(@o,,)Vlsenlq )] (a7

2. If w,; is a zero of g () in the range [0, wo] while w,,, is not, then

Aui'0 = Zlsenl p(,)] senlq (@)1, (18)
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3. Fori =0,1,2,...,m — 1 we have

sgnlg (o, )1 = —sgnlg(@})]. (19)

Consider the case m + r is even. Using Definition 1 for a sufficiently large wy,
we can write

m—1
A0 =" 416, (20)
=0
where wy = w,,,. Hence, substituting (17) into (20) and using (19) we obtain
m—1 o m—1 T
Z Api 0 = Z S senlp(@o,) = senlp(@or, )]
i=0 i=0
x (=" sgnlg (@) )1 1)

Consider now the case in which m + r is odd. Again using Definition 1 for a
sufficiently large wg, we can write

m—1
4300 = 3" A0l 0 + 40,6, (22)
i=0
where wy = w,, . Substituting (18) in (22 ) and again using (19) we obtain
m—1
4300 = Zsenlp(@o) — senlp(@o. ) 1I(=D)" " sgnlg (@], )]
i=0
+ Zsenlp(,)lsgnla (@, )1 23)

Now using Definition 2 we obtain
T
430 = 20,9, (24)

In what follows we consider the problem of obtaining a family of stabilizing con-
stant gain controllers for time delay systems with a single input delay. The feedback
system characteristic function is given by

§*(s, K) = d(s) + Ke ™ Tny(s), (25)

where K is a scalar, d(s) and n(s) are as already defined. Assuming 7" > 0 we
obtain a quasipolynomial of the form of (6) with the same zeros of (25)

8(s, K) = e Td(s) + Kny(s).

In the sequence we drop the subscript of 71 (s) and again we consider é(s, K) under
assumptions Al and A2. In the stabilization problem occurs the special class of
quasipolynomial which is of the form §(s, K)n(—s). Lemma 4 below gives a
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frequency range signature for this product which is used to establish Theorem 5
on the stabilization problem. For a stabilizing K = K we can associate to m and r
the number of zeros of §(s, K) in the frequency range determined by frequency wy,
using the Hermite—Biehler theorem. Thus, the product §(s, K)n(—s) introduces a
finite number of zeros in the frequency range considered. We denote m’ the degree
of n(—s).

Lemma 4. Let m and r define the real, distinct and finite zeros of the imaginary
and real part of §(jw, K), respectively, for a stabilizing K and a sufficiently large
frequency wq defined as before. Then §(s, K) is Hurwitz stable if and only if the
signature for 5(s, K)n(—s) determined by the frequency wq is given by m +r —
o(n).

Proof. The net change in the argument of §(jw, K)n(—jw) is given by AB‘)OO@" =
Ag°0s 4+ 43°6,,. Using (24) and (2) it yields 4565, = (/2)[04(8) — o (n)]. Since
8(s, K) is Hurwitz stable by Lemma 3 we find that in the frequency range deter-
mined by wy, the frequency range signature of §(s, K)n(—s) ism+r —o(n). It
is easy to show the converse; that is, if the signature for §(s, K)n(—s) is given by
m +r — o(n) then (s, K) is Hurwitz. To use contradiction, suppose there exists a
K* that instabilizes §(s, K) but yields the same m + r in the interval [0, wg] con-
sidered. This implies that we have the same net change Ag‘)@g for both stable and
unstable case of the quasipolynomial, which is an absurd. [

Based on the results given in [9] we introduce the following definition:

Definition 3. Let 0 = w,, < w,, < Wy, < -+ < W, < wp be real, distinct finite
zeros of g(w). Then the set of strings Aj in a frequency range determined by the
frequency wy is defined as

A ={z0.21, ..., 2i},
where zg € {—1,0, 1} and z; € {—1, 1} fort # 0.

Theorem 5. Consider q(w) and p(w) as real and imaginary parts of §(jw, K)
n(—jw) and the quasipolynomial §(s, K) as already defined. Suppose there is a sta-
bilizing K.LetQ = Woy < Wy, < Wo, < -+ < Wy, < wo be real, distinct finite zeros
of q(w) in a frequency range. Also, choose wqy as in Definition 1 associated to
8(s, K). Then the set of all K such that §(s, K) is Hurwitz may be obtained using
the following expression for the signature of §(s, K)n*(s):

{z0—2z1+ 222+ + (=17 "2z + (= D'z}
x(—l)”‘sgn[q(wof_il)] ifm+r +m'is even
{z0 =22, + 22, + -+ (=12}
x(=1)'sgnlg(@})] ifm+r+m'isodd

0q(8(s, K)n*(s)) =
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and
K = UK,,
where {20, 21, . ..} € A1 such that

1 1
max |: — - i| < min [ — - ]
2 €A1z 5gn[ pa(wy)]=1 G(joy) z €Az sgnlp2(op)]=—1 G(jor)

1 1
K, = ( max [— - :|, min [— - :|)
21 €A1, z,.5gn[ p2 ()] =1 G(jwr) | zeAnz senlpa(w)]=—1 G(jor)

with r the number of feasible strings, §Gw, K)n*(s) = p1(w) + Kp2(®) + jq(w),
n*(s) = n(—s), m’ is the degree of n(s) with 04(8(s, K)n(—s)) given by m +r —
m'.

Proof. Considering the frequency range determined by w( and using Lemma 4, the
proof follows the same lines as for the polynomial case given in [9]. [J

We now present an example to illustrate the application of Theorem 5.

Example 3. Consider the stabilization of a given time delay system using a propor-
tional controller.

Fig. 1. Plots of p(w) and g () for (s, K) with K = 1/2.
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Case 1: The system is a first order plus a single time delay in the input as in [8]

—2s

G e
(s) = STl
In this case n(s) = 1, d(s) =s 4+ 1 and T = 2. First we encounter a value K
which stabilizes the feedback system. Using Nyquist criterion we choose K = 1/2
and write the system characteristic function as §(jw, K) = p(w) + jq(w), where
p(w) = 1/2 4 cosRw) — wsin(2w) and ¢g(w) = wcos(2w) + sin(2w). The plot
p(®) and g(w) of 8(jw, K) is shown in Fig. 1.

Now, we choose m = 6 and r = 5 which yields wy = w5 = 7.89 by Definition 1
and o,(8) = 11. The zeros of g(w) are found as w,, =0, w,, = 1.13, w,, = 2.53,
Wy, = 4.05, w,, = 5.60, w,; = 7.10. We now obtain the string Ay = {1, -1, 1, —1,
1, —1} as in Definition 3 which must satisfy zg — 2z1 + 2z0 — 2z3 + 224 — 225 =
11. Hence from Theorem 5, we have the set of stabilizing gains K € [—1, 1.51].

Case 2: The system is a third order plus a single time delay in the input

Gs) e S +02)(s+4)

T G+ DG +30)s+05)

= pw)
— qiw)

Fig. 2. The plots of p(w) and g (w) for 8(s, K) (upper) and 8(s, K)n(—s) (lower) with K = 12.
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In this case n(s) =(s+0.2)(s+4), d(s)=(s+ D(s+30)(s+0.5 and
T = 1. Again, we use the Nyquist criterion and choose K = 12. Now, we choose
m =5 and r = 5 yielding o, (8) = 10 with wy = w,5 = 12.44. We obtain m + r +
deg(n(s)) = 12. Thus, we must have o, (8(s, K)n(—s)) =m +r — o (n) = 8. Writ-
ing §(jw, K)n(—jw) = p(w) + jg(w) we find the zeros of g(w) as Woy =0, Wy, =
0.23, wy, = 2.53, wy;, = 5.70, w,, = 8.84, w,s = 11.95. Fig. 2 presents the plots
p(w) and g (w) of both 8(s, K) and 8(s, K)n(—s). To find the zeros of g (w) one can
use the function fzero of the Matlab. We now find the string A; = {—1, —1, 1, —1,
1, —1} which satisfies zg — 2z1 4+ 222 — 223 4+ 224 — z5 = 8 and Theorem 5. Hence,
we have the set of stabilizing gains as K € [—13.87, 17.58].

Both results in Example 3 can be checked using the Nyquist criterion via the
Nyquist plot of G (s). However, we give in this paper an analytical characterization of
all the stabilizing constant gains and this is useful to the design of optimal solutions
considering various performance criteria such as the H, and H,, norms of certain
closed loop transfer functions.

The development of the PI and PID controllers follows the same lines given in
[9] but with the new characterization of a signature for §(s) as in (16) and will be
addressed in a future publication.

4. Conclusion

In this paper we extend results of stabilization of linear time invariant systems
to a class of time delay systems using the Hermite—Biehler Theorem. We derived a
signature for the quasipolynomial case which was used in the problem of stabiliz-
ing constant gain controllers. The constant gain design presented gives an analytical
characterization of all the stabilizing constant gains.

References

[1] S.P. Bhattacharyya, H. Chapellat, L.H. Keel, Robust Control: The Parametric Approach, Pren-
tice-Hall, Englewood Cliffs, NJ, 1995.

[2] A. Biilent Ozguler, A. Aydn Kogan, An Analytic Determination of Stabilizing Feedback Gains,
Report Nr. 321, Institutfiir Dynamische Systeme, Universitit Bremen, 1994.

[3] M.T. Ho, A. Datta, S.P. Bhattacharyya, Generalizations of the Hermite—Biehler theorem, Linear
Algebra Appl. 302-303 (1999) 135-153.

[4] L.S. Pontryagin, On the zeros of some elementary transcendental functions, English translation,
Amer. Math. Soc. 2 (1955) 95-110.

[5] L. Dugard, E.I. Verriest (Eds.), Stability and Control of Time-Delay Systems, Springer-Verlag, Lon-
don, 1998.

[6] R. Bellman, K.L. Cooks, Differential-Difference Equations, Academic Press Inc., London, 1963.

[7]1 V.L. Kharitonov, A.P. Zhabko, Robust stability of time delay systems, IEEE Trans. Automat. Contr.
39 (12) (1994) 2388-2397.



216 VIA. Oliveira et al. / Linear Algebra and its Applications 369 (2003) 203-216

[8] G.J. Silva, A. Datta, S.P. Bhattacharyya, Stabilization of Time Delay Systems, American Control
Conference 2000, pp. 963-970.
[9] M.T. Ho, A. Datta, S.P. Bhattacharyya, A Linear Programming Characterization of all Stabilizing
PID Controllers, American Control Conference 1997, pp. 3922-3928.
[10] ER. Gantmacher, The Theory of Matrices, Chelsea Publishing Company, New York, 1959.



