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Abstract

We consider the classical Lotka-Volterra competition system with non-local diffusion, specifically, the
diffusion coefficients depend on the total population in a nonlinear way. This kind of diffusion models that
the species tends to leave crowded areas or is attracted to regions with higher population density, depending
on whether the nonlinear function increases or decreases, respectively. The inclusion of these non-local
terms in the diffusion coefficients entails significant technical difficulties. We show results of the existence
and non-existence of coexistence states of the models depending on the coefficients of the model.
© 2025 The Author(s). Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In this paper, we deal with the existence of coexistence states of the following nonlocal elliptic
system:
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—m /u Au= ru—u*—cuv inQ,
Q

P)
—n /v Av:,uv—vz—duv in €,

Q

u=v=20 on 082,

where €2 is a bounded regular domain in RN, N>1,A, nweR,c,d>0andm,n:R — (0, +00)
are continuous functions.

From the perspective of Population Dynamics, (P) models the behavior of two species with
population densities u(x) and v(x), inhabiting a habitat 2. Since we consider homogeneous
Dirichlet boundary conditions, the habitat is entirely surrounded by an inhospitable region.

The right-hand side of (P) is called reaction terms, which describe the dynamics of growth, de-
cay, and interaction between populations. In our model, we consider the classical Lotka-Volterra
type, and since we are assuming c, d > 0 the interaction between the populations will be compet-
itive. Here, ¢ and d represent the interaction rates between species, while A and u represent the
growth rates of species. Specifically, when positive, the population grows, and when negative, it
decays.

The left-hand side of the equations of u and v are called diffusion terms, which describe the
spatial movement of the species. In this case, we find that the velocity of the diffusion of each
species depends on the population of the species itself. Let us explain the meaning of this term
on the diffusion.

In population dynamics, the nonlocal term was included in [16]. The authors analyzed sev-
eral biological models involving a single species, in which they included and described the
importance of nonlocal interactions, such as competition for shared resources. The non-local
term, addressed in the text, plays a central role in extending the traditional modeling based on
reaction-diffusion equations, which typically consider only local interactions. Its introduction
makes possible to represent situations where interactions between populations are not restricted
to immediate proximity, such as in resource competition. This approach adds realism to the mod-
els, allowing for the analysis of more complex spatial patterns.

Subsequently, M. Chipot and collaborators, see, for instance, [3] and [4], studied a class of
elliptic problems with non-local terms, addressing both theoretical and applied aspects. These
problems are characterized by the global dependence of the solution, which distinguishes them
from traditional local problems. Moreover, the authors included and analyzed the following non-
local term in the diffusion

—a / u | Au

to model the dependence of migration velocity on the total population within the domain. Here,
a is an increasing function if the species tends to leave crowded areas. In contrast, if the species
is attracted to regions with higher population density in €2, it is assumed that a is decreasing.
Hence, in (P) two nonlocal diffusion coefficients have been included in each species, see for
instance [7], [15] and [18] for previous works. Assume, for example, that m is increasing. Then,
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if the total population of the species u is large, the species u tends to leave the crowded areas.
However, if the total population of species u is small, species u is attracted to regions with higher
population density despite competition with v. The opposite effect occurs when m is decreasing.

Note that, when one species is absent, the other one follows the following logistic equation
with a nonlocal diffusivity coefficient:

—g fw Aw=yw—w?> inQ,
Q

(D
w=20 on 0%,

where y € R and g : R — (0, 4-00) is a continuous function. This problem has been studied in
[14] in a more general situation. In this paper, we complete the results of [14], and we prove:

1. fy <gp:= inﬂf{ g(s), (1) does not possess positive solutions.
NS

2. If g(0) > 0, there exists at least a positive solution of (1) if

y >80,

where A, is the principal eigenvalue of the Laplacian under homogeneous Dirichlet boundary
conditions. Moreover, if g is increasing, there exists a unique positive solution of (1) in and
only if y > g(0)A;.

3. Let wy, a positive solution of (1). Then,

/wydx—>oo and w,(x) > 00 asy — oo.

Q

These results represent a drastic change compared to the local diffusion case, that is, compared
to the problem:

—dAw = yw—w? inQ,
@

w=0 on 092,

where d is a positive constant. In this case, there exists a unique positive solution if, and only if,
y >dA,.

Hence, in the linear case, there exists at most a unique positive solution, while in the nonlocal
case, the structure of positive solutions is more complex. Moreover, in the linear case, the behav-
ior for large growth rate depends on the quotient y /d, while in the nonlocal case the solutions
diverge as y — oo independently of the behavior of g.

Now, we consider the system (P). In the case of local and linear diffusion, thatis, m=n =1,
(P) has been extensively studied. Without wishing to be exhaustive in the references, we mention,
for instance, the general references [2,19], and [1], [9], [10], [12], [22], [17,22] and references
therein, where different techniques have been used (sub-supersolution, bifurcation, index point
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fixed, etc.) to prove existence, non-existence, uniqueness/stability and non-uniqueness of positive
solutions of (P).

In this paper, the main goal is to provide sufficient conditions to assure the existence of coex-
istence states, that is, solutions of (P) with both components being positive. In the following, we
outline our main results.

1. The competitive exclusion principle holds, that is, if the growth rate of a species is fixed, the
species do not coexist if the other growth rate is large. Hence, both species can not coexist
when the growth rate of one species is much higher than that the other one.

2. If » and p verify

A>myhr +cu and > nyr; +dA, 3)

where m,, := supm(s) and n,, := sup n(s), then (P) possesses at least a coexistence state.
seR seR
3. Assume that m is increasing. Fixed A > m(0)A; there exists a unique semitrivial solution
(Bp.my1, 0) of (P). Moreover, there exists a value F(A) such that at u = F'(A) emanates from
the semitrivial solution (6, .., 0) a continuum C of positive solutions of (P). Furthermore,
there exists a sequence (i, U, V) € C such that (y,, un, va) = (U*, 0, vy+) where (0, vy+)
is a semitrivial solution. In this case, there exists a coexistence state of (P) if

p € (min{F (A), w* (M)}, max{F 1), u*()}). “

Furthermore, if 7 is increasing, then there exists a unique semitrivial solution (0, 6;, ;) and
w* is uniquely determined.
4. If (A, w) verifies (3), then it also verifies (4).

Some remarks are in order:

1. Ttis quite surprising that the competitive exclusion principle is satisfied independently of the
behavior of the functions m and n. Indeed, it is well-known that the principle holds in the
linear diffusion case m = n = 1, however it is also satisfied whatever the functions m and n
are.

2. Condition (3) is obtained by the Sub-Supersolution Method and does not require any mono-
tonicity condition in either n or m, however, it is necessary that cd < 1.

3. Unlike the linear diffusion case, the bifurcation method cannot be applied in general for two
reasons. On the one hand, there is no unique semitrivial solution, and on the other hand,
it is not, in general, nondegenerate. Under one condition, see (42) below, it is verified that
bifurcates a continuum of positive solutions. In particular, (42) is verified if m is increasing.

4. In the linear diffusion case, the continuum of positive solutions bifurcates from a semitrivial
solution and goes to the other one. In the nonlocal case, the behavior of the continuum is not
predetermined, and various behaviors could occur.

5. When the bifurcation method can be applied, the results obtained are more robust than those
achieved through the method of sub- and supersolutions, expanding the region of coexis-
tence.

6. The inclusion of the non-local terms implies a more complex behavior of the system, giving,
for example, positive solution multiplicity under similar conditions where the system with
linear diffusion possesses a unique coexistence state.
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The structure of the paper is as follows: Section 2 presents basic concepts and results used
throughout the paper. Section 3 studies the logistic equation with a nonlocal diffusivity coef-
ficient, arising as a particular case of (P) when one species is absent. Section 4 establishes a
priori bounds for the coexistence state and derives non-existence results. Section 5 proves the
existence of a coexistence state for (P) using the Sub-Supersolution Method. Section 6 applies
the Crandall-Rabinowitz Theorem to ensure a local curve of non-trivial solutions for (P). Finally,
Section 7 analyzes the global behavior of this curve, proving the existence of a continuum of
positive solutions.

2. Preliminaries and notation

In this section we collect some basic concepts and results that we will use throughout this

paper. .
First, for f € C(2) we denote by

fm :=max f(x), Sfi :=max f(x).
xe xeQ

Given d > 0, b € L*°(Q2) and Q( a regular subdomain of Q, we denote by GIQO [—dA +b]
the principal eigenvalue of the problem:

—dAu +b(x)u= Au in Qq,
u=20 on 082p.

&)

It is well known that the map
R x L®(Q) 5 (d,b) —> 0. [-dA +b] € R (6)
is continuous and increasing.

When ¢ = 2, we remove the superscript. Moreover, when d = 1 and b =0 in 2, we simply
denote by X, the principal eigenvalue of (5), that is

h=o{t[-A],

and by ¢, the principal positive eigenvalue associated with ||¢, ||, = 1.
Moreover, we will use the solutions of the classical logistic equation:

—dAw = yw—w2 in €2,
w=20 on 0%2,

)

where d > 0 and y € R. In the following result, we present several well-known results concern-
ing to (7), see for instance [11].

Theorem 2.1. Problem (7) admits a unique classical positive solution if, and only if,

y >dA.
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In this case, we denote this solution by 0[,, q4). Moreover, the following properties hold:

(a) The application y € [d);,00) = 0y 4 € C% () is derivable and increasing.
(b)

(y —dr)e1 <0p.aq1 <y inQ.

(© Y — dA,
Oy.a) = o1+ Gy a(x), asy ~di,

[

Q

where
G —
T 2GR e
V"d)\.] )/ - d)\‘l

(d) o1 [—dA + 200,41 — ]/] > 0.

Remark 2.1. Observe that dividing the equation (7) by d?, we get

w y [w w2
SR ORI
d d \d d
Then, Q[y,d]/d = Q[y/d,l], that is,
Oty.ay = dOyya.n- ®)
In the following result, we study a nonlocal problem that will be used in an upcoming section.

Consider, for d > 0, « € L°°(€2) such that o1 [-d A + «] > 0 and B € L°°(2), the following
nonlocal problem:

—dAw +oz(x)w+ﬂ(X)/w: f(x) ing,
Q (&)

w=0 on 0%2.

SEICG o1 [—dA + «] > 0, from [20] there exists a unique positive solution, denoted by e €
Cé(Q), of the equation

{—dAe+oc(x)e= 1 ing,
(10)

e=0 ondQ.

The next result guarantees that (9) admits a unique solution under certain conditions on the
coefficients of the problem.
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Theorem 2.2. Assume that o1 [—d A + «] > 0 and

1+/5@yu)¢a (11)

where e is the unique positive solution of (10).
For each f € L2(§2), (9) admits a uni_que solution w € 11/2’2(9). Moreover, w € WZ’P(Q)
when f € LP(Q), p> 1. Ifa, B, f € CP(Q), then w € C*P () for any p € (0, 1).

Proof. We will use some ideas of Lemma 3.1 of [5]. Since o1 [—d A + «] > 0, there exists wg €
W22(£), unique solution of the following problem

/ fx)e

. B(x) inQ
1+/ﬁuy (12)

wo= 0 on 9%2.

—dAwg +a(x)wo = f(x)—

We will show that wy is the unique solution of (9). Note that proving this statement is equivalent

to show that
/ fx)e
/ Q
wy =

o l—i—/ﬂ(x)e‘

Multiplying the equation (12) by e and integrating over €2, it follows that

f @) f )
/ :/e(x)f / x)e / x)e

B(x)e =
Now, we show the uniqueness of solution of (9). Let w be a solution of (9). Then, multiplying
(9) by e and integrating in €2, we get

/w 1+/ﬂ(x)e =/f(x)e,
Q Q Q

1+//3(x)eQ l—i—/ﬁ(x)e

and then
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Hence, w = wy and the uniqueness follows. The results concerning the regularity of the solution
follow by classical elliptic regularity. This completes the proof. O

3. Logistic equation with nonlocal diffusivity coefficient
In this section, we will study the logistic equation with a nonlocal diffusivity coefficient,
which arises from (P) when one species is absent.

Observe that (P) admits three types of non-negative solutions, namely:

(S1) The trivial solution (0, 0).
(S2) The semi-trivial solutions (u, 0) and (0, v), where u % 0 and v = 0 are positive solutions of

—m fu Au= ‘u—u?® inQ,
A (13)
u=20 on 0%2,
and
—n /v Av:;w—v2 in 2,
(14)
Q
v=20 on 9%2,
respectively.

(S3) The coexistence states (u, v), where both components are non-negative and non-trivial.
In fact, thanks to the strong maximum principle any (u, v) non-negative and non-trivial
solution of (P) is, in fact, strongly positive.

Now, we will study the semi-trivial solutions, that is equations (13) and (14). For that, consider
the following general problem:

—g /w Aw=yw—w> ingQ,
A as)

w=0 on 092,
where g is a continuous positive function and y € R.

The first result of this section ensures the existence and uniqueness of a positive solution for
(15), as well as some properties of this solution, see [14].
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Theorem 3.1.

1. If y < grAy, (15) does not possess a positive solution, where
:=infg.
8L n 8

2. Any positive solution u,, of (15) satisfies

y—g /uy Mo Su, <y in Q.
Q

3. Assume g(0) > 0. Then, from the trivial solution w = 0 emanates at the value y = g(0)A,
an unbounded continuum C, C R x Cé (2) of positive solutions of (15) such that

(8(0)A,, +00) C Projr(Cy),

where for (y,u) € Cy, Projr(y,u)=1y.
As a consequence, (15) admits a positive solution when y > g(0)A,.
4. If g is increasing, there exists a unique positive solution if and only if y > g(0)A;.

Remark 3.1. When g is regular, in [14] and using local bifurcation techniques, it was proved
that if g’(0) is negative and large, then there exist at least two positive solutions of (15) for
y € (y*, g(0)X,) for some y* > 0.

As a consequence of this result, problems (13) and (14) admit positive solutions when A >
m(0)A; and u > n(0)A,, respectively.

In the next result, we determine the behavior of any positive solution of (15) as y — oo.

Proposition 3.1. Let 6, (), be a positive solution of (15). Then,

VEI}}OO Oy = +00. (16)
Q
Moreover, for any x € Q
VEIEOO O1y.o((x) = 400. a7

Proof. Using Theorem 3.1 (2), we obtain

Yy —8 /O[M(_)] Al @1 =0y ens (18)
Q

and integrating
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/G[y.g«n‘f‘g /Qw,gm letllid = yllerl,
Q Q

whence we deduce (16).
Now, we prove (17). We consider two cases:
(1) Assume that g(oco) := lim g(s) < oo. In this case, we have
S—>0Q

g(s) <gm:=supg<oo VseR.
R

Then, using (18) we obtain

Open=|v—8 /9[y~g<->] Ao = (Y — gmr)er,
Q

whence we deduce (17).
(2) Assume that g(oco) = oo. In this case, by (16) we have that

VEIEOOEZ /Q[V,go)] = +00. 19)
Q
Denote by
d=g /@mm : (20)
Q

Then, dividing the equation (15) by d?, we get, see (8), that
O1y.¢01 = Oy a1y 21
We divide the proof into two cases:
(a) If y/d = b > A, for some b, by Theorem 2.1 (a) we get
Oy sa.n = Opp.1)
and consequently
Oy.on = dOy a1 = dOpp, 1)
and we deduce the result from (19) and (20).

10
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(b) Assume that there exists a sequence such that

lim y,/d, =A,.
n—-+4o00
By Theorem 2.1 (c), we deduce
9 — (% —,
[yn/dn 11 = | 7 — 5+ Gn(x) (22)
dn fsz o
where
G _
lim G 0 inC*(Q). (23)

ndn A‘ n
Yn/dn— 1()/__)H)
dy

Then, by (21)

Vn
Olyn,g()] = dn (——)» ) +G @) | =W, —dn +d G, (x)
dy Jo#i fQ
Gu(x)
= —dahy) | o 4 2 (24)
Jooi (Yo _;,
dn
Integrating the previous expression over €2, it is apparent that
1 Gu(x)
/e[ynsg(')] =, — dnhy) W f o1+ fs;—n
Q¥ o
Q 1)
Using (23) and (16), we get that
lim (y, —duy)) =+00. (25)

n——+00

Hence, coming back to (24), it is evident that

HETOOG[M(.)]()C) =400 foranyxeQ. O

Remark 3.2. Observe that the previous result reveals a remarkable feature: any solution 6, ., of
(15) diverges to infinity as y — +00, regardless of the specific behavior of the function g. This
particularity indicates that the influence of g on the problem is limited regarding the behavior of
0.0y a8 ¥ — +00. In other words, even if g possesses specific properties, such as growth or
decay, it cannot prevent 6, ., from diverging to infinity as y grows indefinitely.

11
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4. A priori bounds and non-existence of coexistence states

In this section, we study some a priori bounds for the coexistence states and, through them,
prove some non-existence results.

Proposition 4.1. If (u, v) is a coexistence state of (P) then

u=<i (26)
and

v<Lu. 27

Proof. Consider (u, v) a coexistence state of (P). Denote by x,,, v, € 2 such that

u(xy) =maxu(x) =:uy and v (yy) =maxv(x) =: vy.
xeQ xeQ

Note that
—m /u Au(xp) = Ay — ui, —cupyv(xy) >0
Q

and, consequently,
u(x) <uy <A
Analogously, it is possible to prove (27). O

As a consequence of the previous result, we can ensure the following non-existence result for
the coexistence state.

Corollary 4.1. For the competition case, (P) does not possess coexistence state when ). <0 or
n=<0.

Now, we prove the main result of this section, which confirms the principle of competitive ex-

clusion. That is, fixed p > 0 (resp. A > 0) (P) does not possess coexistence states for sufficiently
large parameter A (resp. u > 0.)

Proposition 4.2. Fix ;v > 0. Then, there is no positive solution to (P) for A large enough. Analo-
gously, for A > 0 fixed, there is no positive solution to (P) for u large enough.

Proof. We fix u > 0 and suppose, by contradiction, that there exists at least one coexistence
state (u, v) for (P) for A large enough. Since (u, v) is a coexistence state, we have that

12
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nw=o|—n /v A+v+du
Q

Using the properties of the principal eigenvalue, see (6), and Proposition 4.1, we obtain

n=> oy [—nMA+du], (28)

where n, 1= Omin n / v |. On the other hand, once again by Proposition 4.1,
sv=p
Q

—m /u Au>u(A —cu —u).
Q

Hence, u is supersolution of (7) with

d=m /u , y=XA—cu.
Q

Then,

u >0y ay,

and consequently, by Theorem 2.1 (b) we get

u>(y —di)pr=|A—cu—rim /u or. (29)
Q

Integrating the previous expression over €2 and rearranging the terms, we obtain

/uﬂlm fu lorlh = 0= ewllenls,

Q Q

and, consequently,

A—>~+00

lim /u = +400. (30)
Q

We distinguish two cases:

13
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(1) Assume that m; < oo. Then, from (29)

ux) = | A—cp—im fu @1(x) = [A — e —mpy] @i (x).
Q

Now, using the monotony of the principal eigenvalue on (28), see (6), we obtain

n=o1 [_n/LA +d()" —CcU = mM)(p]]

and by [20] we get

lim oy [-n,A+d( —cp—mu)g | = oo,

A—400

a contradiction.
(2) Assume that m p; = oo. Then, by (30) we get

lim m /u =400 31
A——+00
Q

2

On the other hand, note that, dividing the first equation of (P) by | m / u and applying
Q

Proposition 4.1,

A—cu

zmﬁwbmm‘

then, u/m ([, u) is supersolution of (7) with d = 1 and

()= [ s
w1

_ A—cu
T g

Consequently,

u=m /u 9[)/,1]. (32)
Q

We distinguish two cases:
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1. If y = b > A, for some b, we obtain by (32) and Theorem 2.1 (1) that

u=m /M Q[Y,l]zm /I/t e[b,l]

Q Q

and we conclude by combining (28), (31) and again by [20] that

u=>oy | —n,A+dm /u Op.1] | = 00 asi — oo,
Q

again a contradiction.
2. Assume that there exists a sequence A, — oo such that

Ap—cClL
W= "7+
tom(fqun)
Then, by (32) and Theorem 2.1, we get

wzm | fun] [0n =2+ Gun |
5 Jo @i

— A (33)

with G, (x) =0 (y, — A,) in C*(Q).
Note that

Uy _ Up Ap — CUp B Up
-4 <m Ua un>> = (Jp ) [m Uaun) ~ m(Ja m}

- Uy |: An B Up :|
T m(fqun) [ m(fqun)  m(fqun)

and, consequently,

Up, <m /Mn 9[}7,1,1]
Q

where
o An
" (Joun)
It is straightforward to see that

- cu
Yn=Vn+ —/—

m (fqttn)

15
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and then by (33) we have

]7,, —> )\.1 .
Thus

Up <m /un |:(77n - f +an (x)]
Q

Q

where a, (x) = o(y, — 1,). Integrating the previous expression over $2, we obtain

/Mnim fu (o — )ff“‘“+m fu fanu). (34)
Q fQ(pl Q Q

Q

We claim that,

Ap—>+00

lim m /u,, (Yn — X)) = +o00. 35)
Q
Assume by contradiction that

m /un (Yn — X)) <C forsome C > 0.
Q

Thus

. 3 . . Jo a@n(x)
lim m Uy a,(x)= lim m Uy | (vn — 2)="——=0,
Ay —> 400 An—>+00 J/n — A
Q Q Q

and, consequently,

/unfca
Q

a contradiction with (30). This proves (35). Then,

lim m /u,, (Yn — A1) = +00.

Ap——+00
Q

Using the expression of y,,

16
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lim Ap—cCci—m /un A | =400.
Ap—>—+00
Q

We get

I
8

Apn—+00

w> lim o1 | —-n,A+d| Xy —cpu—rm [u,, o3
Q

Then, we get a contradiction and we complete the proof. O
5. Sub-supersolution analysis
In this section, we prove the existence of coexistence states for (P) using the Sub-
Supersolution Method. To do this, we will first present some definitions to apply this method
to the system. For more details on the method applied to systems, we recommend the reference

[13]

Definition 5.1. We say that the pair (u, v) and (4, v), with u, u, v, v € H2(Q)NL®(R),is a pair
of sub-supersolution of (P) when:

M u<u,v<vinQandu<0<u,v<0<7vonai.

(2) The pair (u, u) satisfies, for all u € [u, u],

—m /u Au—ru—+u*>+cuv <0< —m /u AT — AT+ W%  cliv.
Q Q

(3) The pair (v, v) satisfies, for all v € [v, V],

—n /v Av—pv+ v’ +diav <0< —n /v AT — uT 40 + dud.
Q Q

The following result guarantees the existence of coexistence states for problem (P) through
the existence of a sub-supersolution.

Theorem 5.1. Assume that cd < 1. If
A>myh +cp and p>nyh +dr, 36)
then (P) possesses at least a coexistence state.
Proof. We claim that the pairs (4, v) and (u, v), given by
(u,v) = (&1¢1,62¢1) and (0, v) = (X, ),

17
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S
A =my +cp

S

T 7

Ai(eny+mar) A
T—cd

Fig. 1. Region defined by (36). If (A, ) € R, then (P) possesses at least a coexistence state.

are sub-supersolution of (P) provided that ¢;, ¢, > 0 are small enough. Indeed, we must verify
items (1)-(3) of Definition 5.1. Note that, (1) is clear, so we will only check (2) and (3). Observe
that they are sub-supersolution of (P) provided that

m /u M<A—e@ —cu forallu e [u,ul,
Q

n /v M < —&¢@ —dr forallve[v,v].
Q

If (A, n) satisfies (36), then we can take ¢, £, small enough such that the above inequalities hold.
Thus, (€,¢1, &¢,) and (X, u) are sub-supersolutions of (P). Therefore, there exists at least one
coexistence state (u*, v*). O
In Fig. | we present the condition (36). Here, the gray area represents the coexistence region
R:={(, ) eR*: (A, p) verifies (36)}.
Observe that R # @ if cd < 1.
6. Local bifurcation analysis
In this section, we assume that m, n € C2(R) and we apply the Crandall-Rabinowitz Theorem
to ensure the existence of a local curve of non-trivial solutions for Problem (P) close to the

bifurcation point.

18



M.A.V. Costa, C. Morales-Rodrigo and A. Sudrez Journal of Differential Equations 439 (2025) 113397

Unlike the case of linear diffusion, (P) generally does not admit a unique semitrivial solution.
Therefore, in order to prove bifurcation from any semi-trivial solution we need to impose some
conditions.

We fix A € R such that there exists a positive solution 6;; ., of (13), we study the bifurcation
from the point (G[A_m(.n, 0) with u as a bifurcation parameter.

Consider throughout this section E := Cg (Q) and F := C(Q) and we define the operator
F:R x E* — F? as follows

—m /u Au — u + u? + cuv

Q

F(u,u,v)= (37)

—n /v Av — v+ v + duv
Q

It is clear that F € C>(R x E; F) and (u, v) € E? is a non-negative strong solution of (P) if,
and only if,

F(u,u,v)=0p, forall ueR. (38)

In particular

Fu, 9[)»,m(~)]s 0) =0pxr 39

for all u € R, where 6, () is a positive solution of (13).
Denote by

F()\.) =0 [—n(O)A + dephm«)]] .

Observe that by Theorem 2.1 (d), we get

(oa] —m /Q[A,m(»)] A + 29[1',"(.)] —A| > 0, (40)
Q

and then there exists a unique positive solution e; of

—m \/‘9[)“,,,(,)] AE)\ + (Zeu_m@] — )\.)6’)L = 1 in Q,

J (1)

ey =0 onof.

The next result guarantees the existence and uniqueness of a curve of non-trivial solutions
emanating from point (6, (., 0) for a value of w.
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Theorem 6.1. Assume that X > 0. Suppose there exists a positive solution 6;; ..y of (13) such
that

m’ O .
1+ M /(wu,mm - 9&,,,,«)1)“ #0. “2)
m (fSZ 9[}».»1()]) o
Then,
([,L, u, U) = (F()\‘)’ G[A,m(-)J’ 0) (43)

is a bifurcation point from the semitrivial solution (i1, 0 (), 0). Moreover, there exist ¢ > 0 and
applications of class C'

w:(—e,e)—R Vi(—e,e)— Z ¢:(—e,e)— Z,
where Z is a topological complementary of Ker []-'(M,U) (F(A), Opmeys 0)] in E?, such that
w(s) =F@A)+su + p(s)

u(s) = G[A,m(-)] +5(p1 +9(s)) (44)
v(s) =5 + ¥ (s)

where @, and ¥, are functions, which will be detailed below, ¥ (0) = ¢(0) = 0 and p(0) = 0.
Moreover, the set of coexistence states of (P) in a neighborhood of (F (L), 0y, 0) consists of
the curves (1 (s), u(s), v(s)), for each s € (0, ). Furthermore,

n’(O)/I/fI/|vw1|2+/w?+dfw?<pl
= Q Q Q Q )

" (45)
/ y?
Q
Finally, for > ~m(0)A, we have
sign(w1) = sign n’(O)Alfq>1/cb12+(1—cd)/q>? , (46)
Q Q Q

where ®, is the principal eigenfunction associated to A with || P ||cc = 1.
Proof. We denote the Fréchet differential

L) := Fu,v) (1, Op e, 0).
We have that:

20



M.A.V. Costa, C. Morales-Rodrigo and A. Sudrez Journal of Differential Equations 439 (2025) 113397

A, n) :|
£ b = 9
W& m) [—"(O)AU +dO menn — un
where
AE,n=—|m /G[x,m(-n /5 Abp iy —m fe[x,m<->1 A&
Q Q Q
— A& + 20 mné + cOpmenn
=—m /Q[k,m(-)] AE + (205 men — M€ + ,B(X)/§ + COp M
Q Q
and
m’ (fo 0.mon) P
B(x) = @ ) (wu,mm -9 ) . 47)
11 (o O [ ()]

To demonstrate this result, we will apply Theorem 1.7 of [8]. For that, let us consider u as the
main bifurcation parameter and we need to show that for

p=F®)
the map F verifies the following conditions:

(CRy) Ker[£L(u*)] = Span{(¢”, ¥*)};
(CRy) codim[Rg (L(u*))]=1; and
(CR3) Fi(i*) == Frau,v) (", Opmen 00 (@, ¥*) ¢ Rg[L(1*)],

for some ¢* and ¥* functions, which will be detailed below.
(CR1): We show that

dim [Ker(ﬁ(u*))] =1.
Note that, (&, n) € Ker [L(,u*)] if, and only if, (£, n) is solution of

A, m=0 ingQ,
—n(0)An +dby o =¥ in L2, (48)
E=n=0 onodf.

Since u* = F (1), the solutions of the second equation are given by C,, where C € R and
is the principal eigenfunction associated to F (A) with ||¥||cc = 1, that is,

—n(O)Alﬁl + d‘[fle[)hm(.)] = F()\,)'(//] in Q, wl = 0 on 39 (49)
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Hence, 1 € Span{y,}. For the first equation, we can write A(&, n) = 0 as follows

—m /9[»\,"1(-)] A&+ (205 0y — ME + B(x) /5 = —COpmn in Q,
Q Q

(50)
£=0onoQ.

Moreover, ford =m / Op.mey | and & =26, () — A, by Theorem 2.1 (d) and (40), we obtain
Q

o [—dA +a(x)] > 0.
Consequently, using condition (42), it follows by Theorem 2.2, that (50) admits a unique positive

solution in WP (), p > 1, which we will denote as ¢,. Thus, the solutions of (48) are given by
(Cey, Cyry), with C € R and, consequently,

Ker [£(u*)] = Span{(¢;, ¥},

where 1, and ¢, are solutions of (49) and (50) with n = ,, respectively.
(CR3): Note that

Rg[£(H)] = | (. v) € E% / v =0 51)

Q
Indeed, given (¢, ) € Rg[L(u*)], there exists (u, v) € E? such that
A(u,v)=¢ in <,

—n(0)Av+dby yopv — FMv=1v¢ inQ, (52)
u=v=20 on 9%2.

Consequently, ¥ € Rg(—n(0)A + d6y; .,y — F(1)). Hence, according to (49), ¥ is such that

/Wﬂl:o-

Q

Arguing as in the previous condition, it follows that for every ¢ € E, there exists u € E solution
of the first equation of (52). Thus, the claim holds and, consequently,

codim [Rg (L(F(M)] = 1.
(CR3): Note that
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0 O
Li(F(A) =D, L(F(\) = |:0 —Id:| .

Arguing by contradiction, if £1(F (X)) (¢, ¥) € Rg[L(F(A))], there exists (§,7n) € E? such
that

LFM))E, ) =Ly (FQ)) (g1, Y1)

Consequently, n satisfies

_n(O)AT’ + d@[;\_m(_)]n — F()\,)T] = _Wl in Q,
n=20 on 0L2.

Multiplying the previous equation by v, integrating over 2 and taking into account (49), we

obtain
/ Yy =0,
Q

a contradiction. Thus

L1 (FA), 0p.men: 0) (@1, ¥1) € Re[LF(M)].

Therefore, by Theorem 1.7 of [8], the solutions of (P) in a neighborhood of (F A, Opmns O) are
given by (i (s), u(s), v(s)) defined in (44), for all s € (—¢, €).

Now, we will study the direction bifurcation from the semi-trivial solution. For that, we deter-
mine the value of w; in (44). Note that, using the expressions of (44) in the second equation of
(P), we get

—n /S(Iﬁl Y () | sAW + ¥ (s) =s(FQ) + s+ 0() (W + ¥ (s))

Q
— 21+ U ()* — dOy s (Y1 + Y (s))
—ds* (g1 + @() (Y + ¥ (s))

Dividing the previous expression by s, taking the Taylor Expansion for the function n / v(s)

Q
and substituting it, we obtain

- n(0)+n/(0)5/¢1+0(5) AW+ (s)) = (F(A) + sy +0()) (1 + ¥ (5)
Q

— s+ Y () — dOy iy (Y1 + Y (5))
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—ds(pr + () (Y1 + Y (s)).

Taking the terms independent of s, we get (49). Moreover, taking the terms of first order in s, it
can be easily verified that

—n(0)AY (s) —n' () AW, +1/f(S))/¢1 =FQ)Y(s) + (W + 9 ()
Q

— (W F Y ($) = dO ¥ (5)
—d(@ + () (W + Y (s)),

and, consequently,
—n(0) Ay (s) — F(W)Y(s) + dO ey ¥ () =n" (O AW, + ¥ (s)) / (a
Q

+ (P Y ()) — (@ + P (s))?
—d(g) + ()P + Y (5)).

Multiplying by v, and integrating, we get

' (0) / " f A+ ()Y =i, / W+ Y)Y — / W+ ¥ ()20
Q Q Q Q
—d / (@1 + 0() (WY1 + V(Y.
Q

Taking s — 0, we obtain

n’(0>fw1/Awlwl+m/¢3—f¢f—d/w/f?=0,
Q Q Q Q Q

whence we deduce (45).
To complete the proof it remains to show (46). Using (49) we obtain that

(0
" / =" ((0)) " / (FO) — dBppi) V2 + / v +d / Vo
Q Q Q Q Q
Observe that

¢ =—cn
where 71 is the unique solution of (50) with ¢ = 1 and 1 = ;. Consequently,
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(0
" / w%=’;((0)) " / (F) = dbymey) W2 + / v —cd / VENS (53)
Q Q Q Q Q

Now, we consider A = m(0)A,. For that, we follow the ideas of Theorem 5.2 in [12]. Observe
that in this case, see [14], the map A — 6}, () is regular, and then, by Theorem 2.1 (c),

@,
Jo @l

where @, is the principal eigenfunction associated to A; with ||®,[|cc = 1. Consequently, also
the map A +— F(}) is also regular, and then (see Lemma 4.3 in [11])

Oy = X —m(0)A;) for L & m(0)A,, (54)

F() =01 [-n(0)A 4 dby; ] Zn(O)A +d(h — MO =2 for 2~ m(O). (55)

Jo @i

Since ¥, is the principal eigenfunction of F'(1) it follows that v, = ¥, (A) admits a expansion of
the form

o —mO)hy),  for A mO)h. (56)

Jo Vi

Finally, from (50) taking A — m(0)X,, we obtain

ViAW) =@+ (A —m(0)2))

m=d, 400 —m@O)r,), for kA~ m(O)A,. (57)

Using (54)-(55) in (53) and taking . — m(0)1,, it becomes apparent that

u./q>l2=n/(0)x./q>./q>,2+(1—cd)/ep?.
Q Q Q Q

This ends the proof. O

Remark 6.1. From the expression of j11, when A ~ m(0)A; the direction of the bifurcation de-

pends on the signs of 1 — ¢d and n’(0). When c¢d < 1, it is supercritical when n’(0) > 0 and

subcritical when n’(0) < e < 0 for e large enough.

Remark 6.2. Condition (42) deserves a comment. Observe that 6}, ,,; < A in €2, and then
)\,G[A’m(_)] — 92 >0 in Q.

[hm()] —

On the other hand, by the maximum principle, the solution e, of (41) is positive. Hence,

/(X@Mmm — Gﬁ’m(.ﬂ)ex > O
Q

Then, if m’ > 0 it is obvious that (42) holds.
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7. Global bifurcation analysis
In this section, we will analyze the global behavior of the curve of non-trivial solutions of (P).
To do this, we use the results from the previous section and apply Theorem 6.4.3 of [23], proving

the existence of a continuum of positive solutions of (P).
Consider Y := Cé(Q) and the positive cone

Py={ueY; u(x)>0forall x € Q}.

In the next result, we prove the existence of a continuum of positive solutions of (P), that is, a
maximal connected and closed set in the set of positive solutions.

Theorem 7.1. Assume that A > 0. Suppose that there exists a positive solution (0, .y, 0) verify-
ing (42). Thus, from the point

(1, 1, v) = (F(A), Op iy, 0) (58)

bifurcates a continuum €, 9.0y C R x Int(Py) x Int(Py) of coexistence states of (P). Moreover,
Projr(€(u,6,0)) is bounded in R, (59)

where Projr (i, u,v) := u for (i, u, v) € €y, 0,0). In fact, one of the following options occurs:

1. There exists a sequence (i, iy, Vy) € €y 0,0) Such that (jLy, un, vy) — (s, Ux, 0), when
n — 400, where u,. is a positive solution of (13), us 7 6y .y and

x =01 [—n(0)A +du,].

2. There exists a sequence (fn, Un, V) € € 0,0) Such that (wy, un, v,) = (L*,0, v;), when
n — 400, such that v;‘; is a positive solution of (14) and

A=G(u) =01 [-mO0)A +cv]. (60)

3. There exists a sequence (i, Un, Vy) € E(u9,0) sSuch that ((y, uy, vy) — M(0)A,0,0), when
n— +oo, and A =m(0)A,.

Proof. Consider the operator G : R x Y2 — Y2 defined by

u—L(Mu+ m(ku —u? — cuv))

G(p,u,v) = 1 , (61)
v— L(Mv+ (,uv—vz—duv))
n(fqv)

where M > 0 is a constant and L := (—A + M)~! under homogeneous Dirichlet conditions. It
is clear that (1, v) is a non-negative solution of (P) if, and only if, G(u, u, v) = 0. Moreover,
G, Oy, 0) =0 for all € R.
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Theorem 6.1 ensures that from the semitrivial solution (8, (., 0) bifurcates a branch of pos-
itive solution at u = F ().

Now, we can apply Theorem 6.4.3 of [23], and following exactly the argument of Theorem
1.1 of [6] (see also Theorem 4.1 of [21]) and conclude that there exists a continuum €, g,0) of
coexistence states for (P) that emanates from (F (L), O},..¢y;, 0) and satisfies at least one of the
following alternatives:

(G1) €(..6.0) is unbounded in R x Y2.

(G3) There exists (fy, Un, V) € Eu.0,0) such that (w,, u,, v,) — (@, 0, 0).

(G3) There exists (fn, Un, Vn) € €yu0,0) such that w, — o and (u,, v,) = (U4, 0), with uy, >0
solution of (13) and ux # Op (-

(G4) There exists (fn, Un, Vn) € €y 0,0y such that u, — and (u,, v,) — (O, v;’;), with v; >0
solution of (14).

First, we show that (G) is not possible. Indeed, by Proposition 4.1 the positive solutions of
(P) are bounded in L*°(£2), and then, by elliptic regularity in Y.

On the other hand, by Corollary 4.1 and Proposition 4.2, we obtain that Projgr (€, 6,0)) is
bounded in R.

Assume that (G2) holds. Suppose there exists (i, , Un, Vn) € € 0,0y such that w, — @ and
(un, vy) = (0,0). Note that

=01 | —n fv,, A+ v +duy |, 62)
Q
and
A=o1 | —m /un A+u, +cu,|. (63)
Q

Since (u,, v,) —> (0,0) in Y2, we conclude that

lim pp,=n0)A, and A=m(0)r,.
— 400

n

In this case, (3) occurs.

Now, assume that (G3) occurs. Suppose there exists (i, , Un, vn) € €y 0,0) such that p, —
and (up, vy) = (44, 0), when n — 400, with u, > 0 solution of (13). Since from (6, ;. 0) the
unique bifurcation point is u = F(X) we get that u,. 7 O (-

Since (uy, vy) = (44, 0) in Y2, we take limit as n — 400 in (62), to conclude that

lim wu, =01[—n0)A +du,].

n——+00

In this case, (1) is true.
Finally, assume that (G4) occurs. In this case, since p, — 1 and (u,, v,) — (O, vZ) asn —
~+o00, taking limit in (62) we get that
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Fig. 2. Possible bifurcation diagrams in the case of two semitrivial solutions (u, 0) and one semtrivial solution (0, v).

w=o1|—n /vz A+7v
Q

Analogously, from (63) we obtain
A=oi[-m(0)A + dv;i],

in this case, we have (2).
This concludes the proof. 0O

In Fig. 2 we have sketched the different behavioral options of the continuum &, ¢ ¢y of posi-
tive solutions of (P). In this figure we have represented a situation with two semitrivial solutions
of the form (u, 0), which we have denoted (uy, 0) and ([ (), 0). On the other hand, a contin-
uum of semitrivial solution (0, v,,) exists for i > A1n(0). The continuum &, g o) bifurcates from
the semitrivial solution (u;, 0) at u = F(A). When (1) occurs, €, .0y behaves as Ci, that is, the
continuum emanates from the semitrivial (;, 0) and goes to the another semitrivial (u[y,u(.)], 0)
at 1 = . In this case, there exists at least a coexistence state for u € (F (L), «). €(,0,0) be-
haves as C; and C3 when (2) and (3) occurs, respectively. In (2) (resp. (3)) the continuum goes
to the semitrivial solution (0, v,,) (resp. the trivial solution (0, 0)) at u = u* (resp. u = A1n(0))
and then there exists at least a coexistence state for u € (F(A), u*) (resp. u € (A1n(0), F(X))).
In general, it is difficult to find out which of the alternatives of Theorem 7.1 is true. When m is
increasing, we can assume that one of them always occurs.

Corollary 7.1. Assume that m is increasing and A > m(0)1,. Then, from the point
(Mv u, U) = (F()")s Q[A,m(-)]s 0) (64)
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(a) Behaviour of the global continuum &, g 0)- (b) A possible coexistence region.

Fig. 3. Case m increasing.

bifurcates a continuum €, 9.0y C R x Int(Py) x Int(Py) of coexistence states of (P). Moreover,
there exists a sequence (fip, Uy, Vp) € € 0,0) such that ((y, un, va) = (U5, 0, v,’i), where v* is
a positive solution of (14) and

r=Gu").

As consequence, (P) possesses at least a coexistence state when

n € (min{F(A), w* (M)}, max{F ), u*()}).

Proof. Assume that m is increasing. Then, by Remark 6.1, condition (42) holds. In this case,
there exists a unique solution 6y ,,¢;; of (13). Then, (1) and (3) do not occur. This ends the
proof. O

In Fig. 3 we have represented the case m increasing, and then there is a unique semitrivial so-
lution (u, 0). However, since we are not assuming that » is increasing, given p > 0 there could be
several solutions of the form (0, v). In Fig. 3 (a) we have represented a continuum of semitrivial
solution (0, v, ) and describe the bifurcation diagram. In this case, the global continuum €, ¢ o)
goes to the semitrivial (0, v, ). Observe that in this case G (1) defined in (60) is not a curve, not
even a function. Hence, we cannot guarantee the existence of a coexistence state for any (X, )
within the region delimited by the map © = F(A) and the graph A = G (). In Fig. 3 (b) we have
represented a possible coexistence region, the grey subset. We can not ensure the existence of
coexistence states in the white area.

In Fig. 4, we represent the case where m is increasing, A &~ m(0)A,, and n’(0) < 0, so that the
bifurcation direction is subcritical. Due to the subcritical nature of the bifurcation, there exist at
least two coexistence states for u € (y, F (L)), for some pu, < F()).
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(0,v,)

(Orm1,0)
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Fig. 4. Bifurcation diagram for A ~ m(0)A;, cd < 1 and n’(0) < 0. In this case, the bifurcation is subcritical.

Finally, we consider the case where m and n both increase. In this case, there exist unique
semi-trivial solutions 6y, .y and 6y, ¢, for A > m(0)A, and u > n(0)A,, respectively. Hence, the
following maps

F(A) =01 [-n(0)A +dbpnin],  G() =01 [-m(O)A + cbyn].

are well-defined, continuous, increasing and
lim F(A) =400, lim G(u) =+4o0.
A—>—+o00 n—>—+00

Theorem 7.2. Assume that m and n are increasing.

1. If » <m(O)A; or u <n(0)Ay, (P) does not possess coexistence states.
2. If

(m—=F@) -2 —=G(w) >0 (65)
then (P) possesses at least a coexistence state.

Proof. (1) Consider (u, v) € Y? a coexistence state of (P). Then, since m is increasing,

A=o1| —m /u A+u+cv|>o[—-mO0)A] =m0)A,.
Q

Analogously, we can show that u > n(0)A;.
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Fig. 5. Bifurcation diagram when m and n both increase. In this case, there exists a unique semitrivial solution (i}, 0)
and (0, vy).

(2) Assume A > m(0)A, and u > n(0)A,. Since m and n are increasing, there exists a unique
semi-trivial solution (6, ,uy, 0) and (0, 6y, .y;). By Corollary 7.1, there exists at least a coexis-
tence state if

n € (min{F(A), w* (M)}, max{F 1), u*()}). (66)

Assume (65), for example u > F(1) and A > G(u). Since G(u*(A)) =1 > G(u) and G is
increasing, it follows that . < u*(1). Hence,

F(L) <p<p ()

and then p satisfies (66), and as consequence (P) possesses at least a coexistence state.
We can argue in the same way if u < F(A) and A < G(n). O

In Fig. 5 we have represented the bifurcation diagram when m and » increase. In the following
result, we will show that by assuming m and n are increasing, we can improve the result in
Theorem 5.1, which did not impose any conditions on the functions m and n. In Fig. 6, we
compare the coexistence region in both cases.

Lemma 7.1. If (A, p) verifies (36), then u > F(A) and A > G ().
Proof. Assume that (A, i) verifies (36). Then
p>hny +dr=oi[-nyA +dr] > o1 [—n(0)A + dbj; ey ] = F(L).

Analogously, A > Aympy +cu > G(u). O
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L= nyA +dA
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Fig. 6. In this figure we compare the coexistence regions defined by (36) and (65). It is clear that region (65) defines a
region larger than (36).
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