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CrossMark
Abstract
There are three families of Lagrangians describing massive spin-2 particles
via a general (nonsymmetric) rank-2 tensor. Each of those families depends
on an arbitrary real parameter, one of them includes the paradigmatic Fierz—
Pauli theory whose Hamiltonian positivity is known and reviewed here.
Here we apply the plain Dirac—-Bergmann procedure in the two remaining
families. We identify all Hamiltonian constraints and prove both positivity
of the reduced Hamiltonian and correct counting of degrees of freedom.
The positivity of each spin mode contribution is demonstrated by using spin
projection operators. The massless cases are also examined. In particular, we
prove positivity of the reduced Hamiltonian and correct counting of degrees
of freedom of a Weyl invariant description of massless spin-2 particles.

Keywords: massive gravity, Fierz—Pauli, massive spin-2, constraints

1. Introduction

The recent detection of gravitational waves [1] remarkably confirms another prediction of
general relativity (GR). Even though GR can be understood from the field theory point of view
as a self-interacting theory for massless spin-2 particles, the existence of massive gravitons
is not totally ruled out by experiments. The results of [1] set an upper bound about 10~>?ev
for the graviton mass [2]. From the theoretical standpoint the existence of massive gravitons
has been investigated in the past in, for instance, [3-6]. Two difficult problems raised up at
that time. Namely, the discontinuity of the massless limit (vDVZ mass discontinuity) already
present in the linearized theory [3, 4] and the appearance of a nonphysical (ghost) degree of
freedom in the nonlinear theory [5].

The first problem can be solved by taking into account nonlinear terms along the lines of
[6], see also [7] and the review works [8, 9], however it leads us back to the ghost problem.
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Quite recently, motivated also by the problem of the large distance acceleration of the universe
[10, 11], the authors of [12] have suggested a massive gravity theory where both problems
have been tackled via a judicious choice of a nonlinear potential for the metric fluctuation A,,,.
The same potential has been used in the phenomenologically more interesting bimetric model
of [13].

The potential suggested in [12] is built up on the top of the Fierz—Pauli (FP) theory [14]
which is the linearized (free) limit of the massive gravity model of [12]. One might wonder
what happens if we replace the FP theory as our paradigm for free massive spin-2 particles.
Which features of the recent theories of massive gravity are model independent? Regarding
that point, first we must know which theories can replace the FP model.

If we start with an arbitrary (nonsymmetric) rank-2 tensor e, it is possible to show
from first principles, see [15] for a recent review on that point, that the so called FP con-
ditions must be satisfied. In particular, the trace 7),,e* and the antisymmetric components
e = (euw — ey,)/2 must vanish. However, we are not able to describe massive spin-2 parti-
cles if we have a traceless symmetric tensor from the start. Auxiliary fields are needed to pro-
duce the required amount of constraints. The FP theory is somehow a minimum theory where
the trace, which vanishes on shell, is the only auxiliary field, but there are other possibilities,
see for example the recent work [16] for a Weyl invariant massive spin-2 model.

In [17] we have made a rather general Ansatz for a Lagrangian £(e,,) with at most two
derivatives in D = 3 + 1. Demanding that the propagator contains only one massive pole, with
positive residue, in the spin-2 sector, we have found three families of Lagrangians describing
massive spin-2 particles. Each of the families depends upon an arbitrary real constant. The
first family contains the FP model. Its arbitrary constant ‘d’ lies in the mass term which con-
tains a term like d e[zw,], the FP model corresponds to d = 0. The second family we call nFP
(non Fierz—Pauli) since the mass term e, + ¢ e? contains an arbitrary real constant ¢ which
does not need to be fixed like the FP choice (¢ = —1). In the third model L(a,), the arbitrari-
ness is present in the derivative terms, see (47), it includes the model suggested in [18], which
corresponds to a; = —1/4.

We have shown in [17], in a purely Lagrangian approach, that the FP conditions and the
Klein—Gordon equation are satisfied for all three families. Since the Hamiltonian approach
plays a key role in the proof of absence of ghosts in massive gravity models, see e.g.
[19, 20] and the review work [9], if we hope to develop a nonlinear massive gravity theory
on the top of the new families of massive spin-2 models we better set the stage for future
calculations. Here we confirm the consistency of those models in the Hamiltonian formalism
by proving Hamiltonian positivity and correct counting of degrees of freedom. For sake of
comparison with the alternative families £,pp and £(a;) and in order to present our general
approach based on spin projection operators, we review in section 2 the Hamiltonian formal-
ism applied in the usual FP theory for both massless (linearized Einstein—Hilbert (LEH))
and massive cases. In sections 3 and 4 we work out the £,gp and L(a;) cases. In section 5
we present our conclusions. In appendix we have an appendix with basic formulae for spin
projection operators.

2. Review of the Fierz—Pauli theory

We begin by considering the FP theory which describes massive and massless (if m = 0)
spin-2 particles [14]. The Hamiltonian analysis of the FP theory via Dirac—Bergmann
algorithm [21-23] has been carried out, for instance, in [24] (massive and massless cases),
see also the recent work [25] where the positivity of each spin helicity mode is shown via
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a first order formalism. In this section we establish our formalism and our notation. We
prove the positivity of the FP Hamiltonian in the massless and massive case by means of
spin projection operators given in the appendix. Our analysis holds in arbitrary dimensions
D>3.

2.1. The massless case

The massless FP theory is equivalent to the linearized Einstein—Hilbert (LEH) theory. It is
given by

Logn = —ia,,haﬂaﬂhaﬂ + iaﬂh(aﬂh 20,k + %aﬂhﬂ"aahw, )

where A, p=0,1,---,D — 1, is a symmetric tensor field and & = n**h,,. Throughout this
work we use Ty = (=, 4+, -+, +). This model is invariant under linearized reparametrizations
6y, = 9,€, + 0,€,. We have D primary constraints

T OLiEn ~

LEH
Bho, @)

where ¢** ~ 0 stands for Dirac’s weakly zero condition, i.e. we first calculate all necessary
Poisson brackets before we set the constraints strongly to zero. From the canonical momenta
. oL 1. 1. - 1 1
i = a—ZjH = Ehij - E&'jh + 0;0khox — Eaihoj - EajhOi’ ©)
where i = §;h;;, we can obtain /;; in terms of 7. The primary hamiltonian which incorporates
the primary constraints (2) via Lagrange multipliers ), is given by

Hp = deilx[ﬂ'lwh;u/ - ACLEH + )\qu)o,u]. (4)

The consistency conditions QQO’”L ~ 0 lead to the secondary constraints

XO = V2h — 8iajhij ~0, 5)

X' = 0mi~0, (6)

which are trivially preserved x* ~ 0 without introducing new constraints. All Lagrange mul-
tipliers A, remain undetermined. So the LEH theory has 2D first class constraints. Thus, one
has D(D + 1)/2 — 2D = D(D — 3)/2degrees of freedom which correspond to the two helici-
ties +2and —2in D = 4.

In order to verify the positivity of the reduced Hamiltonian, we begin by using the con-
straints as strong equalities in (4) which reduces the primary Hamiltonian to the canonical one
and removes hg,, from the Hamiltonian. The partially reduced Hamiltonian is given by

HP = f dP 1x{77’777’7 - (DW—WZ) + %Bihjkaihjk - %&'ﬁ(aﬁ — 20hi) — %&‘hijakhkj}s

@)
where 7 = 6,,-7r’7 . Bilinear contractions of rank-2 tensors and derivatives, as in H?", can always
be written in terms of spin projection and transition operators as shown in the appendix. Using
the formulae in the appendix we have
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ik
g D—3) (PSy + PRy
H — de lx{ﬂu P2 pihy . po ok
SS SS (D _ 2) ww )

v D—1 JD=2 i
+hij[_TP(s25) _ S ; ) 2P0 _ TVQ(P(SOV)V + PO | } 8)

where the spin-s operators Pféf‘)g are displayed in the appendix. From the constraints x* = 0
we obtain 6%h; = 0 and wyr? = 0, where 6 = §; — wy; is a spin-1 projection operator, and
wij = 0,0/ V* is a spin-0 projection operator. Consequently, we get rid of the s = 1 and s = 0
operators in (8) and end up with the reduced Hamiltonian given only in terms of the spin-2
projection operators as expected for massless gravitons (£2 helicities ):

v\
H(r) = delx{Ej(ng))U’klﬂkz + hU(—TP%)) hkl}' (9)

Now a comment is in order, whenever we have an arbitrary projection operator PE;% sand-

wiched among two equal tensors we have a positive definite bilinear, because
. P(S) ij, ki I P(S) ij P(S) mn,kl _ P(S) mn,kl 2 >0 10
(P My = (P ap) n(Pap)™™ " iy = [(Pup)™™  myl™ = 0. (10)

Since —V? has only positive eigenvalues, it is clear that (9) is positive definite (classical
stability).

2.2. The m =0 case

The massive FP model [14] is written in the form
m2 7 2
Lrp = L1gn — T(hwhl — h), (11)

where L;gy is given by (1). The mass term breaks the invariance 6k, = 0,&, + aygﬁ. The
canonical momenta are unaffected by the mass term in (11). Thus, we still have D primary
constraints ¢ = 7% ~ 0. From éo” ~ 0 we obtain the secondary constraints

X° = (V2 — m*)h — 0;0h;; ~ 0, (12)

2
X = Oy 4+ m?hm ~0. (13)

The constraints x° ~ 0 and ¥ ~ 0 lead to tertiary and quaternary constraints respectively

2~ 2
o P 0o, (14)

0_ _
¢ = (D-2) 2

qo_mM@®-1

> (D_z)(hOO*h)%O, (15)

while \o; and \gg are determined by ¥’ ~ 0 and 0°~0 respectively. So the massive case has
2(D + 1) second class constraints. The number of degrees of freedom is (D + 1)(D — 2)/2,
corresponding to massive spin-2 particles 2s + 1 = 5 in D = 4. Using the constraints as strong
equalities we eliminate hq,,. The partially reduced Hamiltonian is given by
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HPD = de’lx{ﬂ"jﬂ"j S — %aiﬂijakﬂkj + laihjkaihjk + laﬁ Oih
D—-2) ' m 4 4

1 2 2 _
*Eaihijakhkj + mThUhl] + %h h } (16)

The constraints (12)—(14) make the terms containing the transition operators proportional
to the projection operator P(v%,. Finally, the reduced Hamiltonian becomes a sum of spin-
2, spin-1 and spin-0 contributions as expected for a massive spin-2 particle with five

degrees of freedom (+2, £1, 0). Each helicity contribution is separately positive definite,
see (10),

2_ o2 _ .kl
1o = [ tef o o Oy B D [

m? (D-2)
2_ ;2 2 D—1 ij.kl
+hij[wpg? + ’"Tpglg + (47)(1412 - VZ)P(SOS)] hig } (17)

3. The £,rp model

The nFP model describes massive spin-2 particles in terms of a nonsymmetric tensor e,,. In
D = 4, the analytic structure of the propagator has been analyzed in [26], where it is shown
to be ghost-free. Although there is no local field redefinition relating the nFP and the usual
FP model, after the introduction of an extra (spectator) scalar field it is possible to show that
they are dual to each other [27]. There is a dual map between correlation functions in both
models. In its massless form the model describes massless spin-2 particles and first appeared
in [28] while for the massive case it appeared in [26], both in D = 4, for the D — dimensional
generalization see [27] . Next we start with the massless case.

3.1. The m =0 case

The massless version of the £,rp model in D dimensions is given by [27, 28]

1 7 1 v
maﬂe[aue — 28,,6 l] + E[aﬂew )]2

IRRCE)
4((D-1

[0.e"T, (18)

where we are using the notation e,y = (e, + e,,)/2 for the symmetric part of e,,. The anti-
symmetric part will be represented by ef,,1 = (e, — €,,)/2. The model (18) describes massless
spin-2 particles and is invariant under the linearized reparametrizations, Weyl transformations
and transverse antisymmetric shifts de,, = 0,§, + 1, A + 0“Aqy, Where A,y is a totally
antisymmetric tensor. Its particle content has been figured out in [26] from the Lagrangian
point of view and from the analytic structure of the propagator.

We start the Hamiltonian analysis by splitting the Lagrangian density (18) in time and
space components. Up to total derivatives, we have
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1., . 1 . l D - 2) 1 -
Lupp = —€(il) — €& — 0i + —e dje))
4 4D —1) 4(D— 1) D-1)

|
+m60i[2(D ~ e+ D — 3)8jeﬁ — (D - 19, elj] e(lj)a €jo

1 _
_maieoo[(D — 2)8,’800 + 28,'8 — 26]'6,']'] + —8i6(0j)8i€(0j)

_ 1(D-3)
+4(D — 1)86[86 20kei] — —86(]k)6e(m + = 8 D= 1)316105 iejo
1(D-3) D=3,

——(9 ;[O0; 20;
ie0il Ojeo; + 205ej0] — 8(D—1)

Okeyy + 8 il Orej + 20kek], (19)

where & = 0;;¢;;. The canonical momenta are defined by 7 = 6 L,pp/6é,,,.. SO

0 =0, 7lil = 0, 7= &l =0, (20)
R N FAE K ORI K P B DR,
2MD-1) 2MD-1) 4D-1) 4
i 1. 1 - 1 1 1
71-(]) = Ee(ij) — 2(D — 1) 6,‘1‘6 + (D — 1) 6l-j<’9ke(0k) — Z&-ejo — Zﬁjeio. (22)
Therefore we have the following primary constraints
d)/l,o — ﬂ./LO ~ 0, (23)
¢[ij] = 7l ~ 0, (24)
- _ 1
¢ =a— Eal-eo,- ~0. (25)
; D—1 1D - 1MD-1
HFPfWonﬂ(u),g 00 4 70 Greg + ~ LD g 1D =Dy
(D=2 2(D—-2) 2(D-2)
" 1
+’/T(lj)ai€j0 — m@ié[aié — 20500 — 20keir] + —8,»e(jk)8ie(jk)
L (D — )81 l]ak ki — ! (D )81 l]ak jk — _Ma e]takejk
16 (D —2) 8 (D — 2) 16 (D —2)
1(D-3)
+§ DD Oieoi Ojeoj + 20,¢j0] — gaier[aier + 20:ej0l. (26)

Adding the primary constraints to the canonical Hamiltonian Hypp = f dP~ xH,rp we find the
primary Hamiltonian

Hp = [P e Hup + Ao + M\ + X ). @7)

If we apply the consistency conditions ¢> ~0, ¢S ~ 0 and d)[]] ~ 0, we find the following
secondary constraints respectively
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: 1
0= 9mliy —— V2em0,
% o C (28)
l. o 1(D=3) 1
X = aiﬂ-(J) + Z DO-0D aiaje()j — ZVZE()i ~0, (29)
. | o1
X[l]] = a,'I:WO] + Eake(jk)] - 8j|:7TOl + Eake(ik)] ~0. (30)

The equation ¢ ~ 0 does not give a new constraint.

When we apply the consistency condition on the secondary constraints, we verify that no
tertiary constraints are introduced as well as no Lagrange multipliers are determined. Then, the
process ends up. Therefore, the massless £,pp theory, described by (e, 7,,) has D(D + 3)/2
constraints'. They are all first class. So, one has 2 D> — 2 D(D + 3)/2 Hamiltonian degrees of
freedom which amounts to D(D — 3)/2 Lagrangian degrees of freedom. It is the same number
of degrees of freedom of the massless FP theory in D dimensions.

The constraints can be used to write the partially reduced hamiltonian as

- B _ = 9, ik )2
H(pr) _ de, lx{ W(U)ﬂ-(’/) + (D_ 3)2 RF+ Z(D_ 3) 8177 82](7(' 2 [617'[' S ]
(D-1) D-1) ¥V v
| o 1
+OeGudiegy — g -2 0210 — 20ien] — - OreqpOies)
_1(D=3) [0 } (31
4ap-2 v J

which depends only on the symmetric parts 7% and e(;. Using the same procedure that we
have used to obtain (9) from (8), we can write the reduced hamiltonian (31) in terms of spin-2
projection operators as

) ) V)
Ho — fd(Dl)x{ﬂ(u)(p(s?)u,klﬂ(kl)+e(lj)(—Tszs) ) ¢ (32)

where we have used the constraints ¢ = 0 and (29) to obtain the following relations

T (PG, + PYiia®) = 2D — 2 7@, )ik z kD, (33)
@) pONij.kl (k) — _ i) pO) Nij.kl, (k)
T (Pgg) (D = 2) TPy Xm0, (34)

Expression (32) is exactly the same one obtained in the massless FP theory (9).

3.2. The m = 0 case

The lagrangian density of the massive version of the L,gp in D dimensions is given by [27]

2
m 2
Lirp = Lupp — 2 (e + ce?), (35
! Note that the equation (30) is a curl, so there are (D — 2) secondary constraints in x'¥! = 0.
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where c is an arbitrary real constant. The massive case breaks the linearized reparametriza-
tion ée,,, = 0,§,,. The Weyl symmetry is also broken in general by the mass term except if we
choose ¢ = —1/D.

The primary constraints are the same ones of the massless case. They are given by
(23)—(25). The massive primary hamiltonian is

ngﬂfwk%ﬂH%p+AW¢M”%AM¢WLFX$L (36)

where
2 2 2 2

m m m mec _, _
Hupp = Hare + — (¢ + Degoeoo — —eoieio + —ejie;i + ——e(e — 2eq),

4 2 4 4

(37
with Hypp given by (26).
From the consistency condition of the primary constraints (23)—(25) we find respectively

. V2 m? m?

0= G0 | Y+ M ele — (1 1 egy O,

X T [Z(D - 5 c]e 5 ( c)ego (38)
i ) I

X = 3j7'['(]) + Z D1 8i8jeoj - Z(Vz — 2m2)eo,~ ~0, 39)
(i1 o 1 o 1 2

% Jl — ai T+ Eake(kj) — 8j T+ Eake(ki) +m erij) ~ 0, (40)

m2
00 =2 D+ e — &) 0. (41)

The equation ¥!4 ~ 0 allows us to find A, while ¥°~ 0 and ¢/ ~ 0 furnish the multipliers
Moo and X. On the other hand, ¥’ ~ 0 leads to the tertiary constraints

D—1 ;
( )mZﬂ.()z_

B 10—, m>
(D —2) 2(D-2)

Ci = m 81'6(,']') + —6ié ~ 0. (42)

From ¢’ ~ 0 we have quaternary constraints

_1®-D
2D -2

i

ni*(eo; — €i0) ~ 0. (43)

The condition ' ~ 0 determines the multipliers \;o and the procedure finally stops. All
the Lagrange multipliers are determined if ¢ == —1/D, because in this case the model does not
have any local symmetry. Therefore, the massive £,gp model has D? + D + 2 second class
constraints and the total number degrees of freedom is (D + 1)(D — 2)/2.

If we choose ¢ = —1/D, the L,gp(c = —1/D) theory acquires Weyl symmetry. In this case
the constraint 1/}0 ~ 0, see (41), does not exist anymore. From XO ~ 0 we can determine, for
instance, \og in terms of A while A remains undetermined and appears in the Hamiltonian
multiplying the combination ¢° — ¢. Thus, instead of the four second class constraints
(@, &, x°, ¥°) ~ (0, 0, 0, 0) we have one first class constraint ¢° — @ =~ 0 and two second class
ones that we can choose as =~ 0 and ¢® a 0. The total number of physical degrees of free-
dom remains the same in the Weyl invariant massive case ¢ = —1/D. The partially reduced
hamiltonian is given by



Class. Quantum Grav. 34 (2017) 045008 D Benndorf et al

3(D-1) 2(D — 1) (V2 — 2m?)?
2D — 3) 87 VPOt 20m N2 ® 1

2 _ _
HOm — deflx{ﬂ(quj) L10=__ 1(D=37 47VOF

D-1) (V2 (o glemdenm
1 1 m2 m2
— 0210 = 20ei] — —OreqpOieay + —~eapeap — —~Cici } “4)

In terms of the spin-2 projection operators we obtain the reduced Hamiltonian below given in
terms of decoupled spin helicities

. 2(m2 — 2 D — 1Vnf PO ij.kl
H" = de’lx{ﬂ'(’f) P(SZS)+ Am”(m 2V2) (S]s) ( )i’ Py — kD
(V2 —2m?) (D —2)[V2— (D — Dm?]

m* — V2 m? D—-1 K
+€(ij>[(47)1’(s? Py Do - v e . @5)

where we have used the following relations derived from the constraints

2[(D — 2)V? + (D — 1)m?]
JD —2[V2 — (D — Dm?]
[(D—2)V?+ (D — Dm?]?
(D — 2)[V? — (D — Dm*?

0 0 )
7T(l./)(p(sv)v + pgv)s)l./»klﬂ-(kl) — 7T(’-’)(P§;V)W)’f’k[7r(kl),

W(ij)(Pfg(?g))ij’klﬁ(kl) — 71-(ij)(P(v?/{}v)ij,klﬁ(kl),

y V2 — m? y
e Py + Pis) e = 24D -2 & om 3 ) e (P e ).
m
(40)
Once again, based on (10) and the fact that the eigenvalues of —V? are positive, the contrib-

ution to the Hamiltonian of each spin mode is positive definite. Up to overall factors, which
can be canceled by field redefinitions, the Hamiltonians (17) and (45) are equivalent.

4. The £,, model

The next family of massive spin-2 models we call £, it depends on a real parameter a; pres-
ent in the kinetic term, the mass term is of the usual FP form. At the special value a; = —1/4
it has first appeared in [18] while for arbitrary values of a; it has appeared in [17], both in
D = 4. For the D-dimensional generalization see [27]. The model reduces to the usual FP
theory at a; = 1/4. At a; = (3 — D)/[4(D — 1)] it coincides with the £,gp model of previous
section at ¢ = —1.

4.1. The m =0 case
As in the previous sections we first consider the massless theory in D-dimensions [27]
1 1a(af) 1 1 70 1 (uv)12
‘Ca] = —Za;LE(aﬁ)a/'e P+ E a + Z Qbe[a”e — 26Ve l] + 5[@6 H ]

%(al - %)[@eﬂ”ﬁ @7)
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It is invariant under the vector transformations de,, = ,,5# for arbitrary val-
ues of aj. At a; = 1/4 it becomes also invariant under arbitrary antisymmetric shifts
oe,, = Ny = —Ay,. If ay = —(D — 3)/4(D — 1), see previous section, we have a larger set
of symmetries: d¢,,, = 0,€, + 1), P + 0“Aqy Where Aqy,, is a totally antisymmetric tensor.

The massless version of £, describes, if a; = 1/4 and a; = (3 — D)/[4(D — 1)], massless
spin-2 particles plus massless scalars (spin-0). The scalar theory is unitary if

_ﬁ or ar = 48
4D — 1) Ty (“48)

a <

=

Separating time and space components in the lagrangian density (47), we write the result
as (up to total derivatives)

1 1), . 1., . 1 1).. 1Y).
ﬁa]:— a — — eoieol-—i-ze(ij)e(,-j)—— a1+Z ee+ 2 a1+Z eaje(oj)

2 4 2
. 1 1 1.
—605[(01 - —)3i€00 + ai0jei + —3j€ij] — —éap0iejo — V, (49)
4 4 2
where
V= —1(a - l)ae D00 — (a + 1)a-e (0.2 — De;] + l(a + l)a-é (0,2 — 20;e]
) 1 4 i€00Yi€00 1 4 i€00LYi j€ij > 1 4 i i j€ij

1 1 a 1 1
+Eaie(0j)aie(0j) - Zaie( o) — ?laieioajejo - Zaieioajer - g&‘eol’ajé’oj‘

a 1 1
+?'8,»e,-j8kekj + Z@,‘@,‘j(?kejk + ga,»eﬁ@kejk.

The canonical momenta are given by

a0 =0 | 7l = 0, (50)
oi 1) !

Ll Rt [é0; — Dieoo] — ar0seji — Zajeij» (51)
@) 1. 1 . 1 1

W= Ee(ij) —|la+ Z (5,']'[6 — Zé’ke(Ok)] — Eé’iejo — Eaje,»o. (52)

Thus, we have the following primary constraints in the massless version

¢u0 = 70~ , (53)

ol = 7lil~ 0. (54)

The canonical Hamiltonian density can be written as

10
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Ha = méy, — Ly,

— gl 4

1
. a|0jeji + 7 0je;j (D-1) 1 1
+70 Oieqo + 4 — a+—| —— aiE()iajeW
(@ 1) 2w |“T| 7w

alaie,-j Bkekj
8(a1 — %)

a 1 1
- 0¢jiOkejx — 7| + 7 0,e[0ie — 20,00 — 20keix],

1 1 1
—ala,-eo,»ajejo — gaﬂojaieoj — Zaieojaiejo + Z(?[E(jk)a,'e(jk) +

(55)

where C is defined by

C= [al(D — 1+ DT_3]. (56)

We are assuming that a; = 1/4 and C = 0, since they correspond to models already treated
in previous sections. The primary Hamiltonian is given by

Hp = f AP I H o () + Auo(0)H0(x) 4+ A0, (57)

where A0 and \j;;) are Lagrange multipliers.
Using (57) we obtain from the consistency condition (conservation in time) of the primary
constraints the following secondary constraints

N (a1 + %)vzé ~0, (58)
o 1o,

Xl — ajﬂ- y) alaiajer — ZV epi ~ 0, (59)
, 1 |

X[l]] = 8,-[7r01 + Eake(kj)] — 8][7’(01 + Eake(ki)] ~0. (60)

Applying the consistency condition to the secondary constraint again we verify that are no
tertiary constraints, and the Dirac—-Bergmann algorithm finishes. Therefore, the massless
L, model has altogether (D?* + 3D — 2)/2 constraints, all first class. The Lagrange multi-
pliers A0 and A remain arbitrary. Thus, the number of the degrees of freedom is (D — 1)
(D — 2)/2.In D = 4 dimensions we have three degrees of freedom. It is in agreement with
the observation in [27] that the massless version of £,, describes massless spin-2 particles
plus a massless scalar field which disappears at a; = 1/4 and a; = —(D — 3)/4(D — 1).
Using the constraints we can write down the Hamiltonian in a partially reduced form

1
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- N I
H@n::jhbg{wwhﬂn_(m4—l)”” OOt | 20m PO

4)c W v
1 [[60xT? 1 1@ty
+2| (D — Day — — |———=— + —0Oie(jyie(jxy + ———0iejilOierx — 20ke;
( )ay > 7 decndiegio 4(a1—1> il Oier ikl
4
1 [0:0)e;j])*
— 5 OiepOieng) — “ ; VJQJ }
2 —3) (61)
The positivity of the Hamiltonian can be easily verified, since
fﬂHZZL[dD7%{7G:2+-7&:0L (62)
where
Moy = nOPRHTID — ey (VPRY e, (63)
((11 - 1/4) i C ()N
Hy—g = ————{[0;; — (D — 2wy ln PP — ———— ;i) ( VPP,
5=0 C(D—2){[ i — ( YTt} e — 1) ahH(V-Psg)"" e
(64)

We have a spin-2 and a spin-0 massless particle. The spin-0 Hamiltonian can be brought to a
canonical form H,_o = (72 — éV?&)/2 after the change of variables

2 . C
5— % pi,. - = _ Ky Kl
e JGD—mg% ;7 J%D_DW (D — 2)wM |my. (65)

where {&, 7} = 1 follows from the canonical brackets between ¢;; and m;. Remember that in
the massless case we have no second class constraints before gauge fixing. The spin-2 contrib-
ution (63) is always positive definite while the spin-0 one (64) is positive whenever the unitar-
ity conditions (48) are satisfied. This is in full agreement with the Lagrangian analysis of [17].

4.2. The m =0 case

The massive L, lagrangian density in D dimensions is given by [27]

mZ
EZ(eaﬁ) = ﬁal(eaﬂ) - T(e;wey'u - 62). (66)

The mass term breaks the symmetry under linearized reparametrization de,, = 9,¢, but does
not affect the primary constraints (53) and (54). The primary Hamiltonian becomes

H = [ WM + Mol 0) + Aol (67)

where the canonical Hamiltonian density H; is

2 m2 2

" m m*_ _
Ha = Ha — 5 eoicio + €~ Té’(e — 2eqp), (68)

and H,, is given by (55).

12
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Applying the Dirac—Bergmann algorithm, from I1"° ~ 0 and 11! ~ 0 we find the secondary
constraints

0 0i 1 m |
X' =0 +|lai+ — |V — — |e =0, (69)
4 2
X' = O — ad,0je0; — %(Vz — 2m*)epi < 0, (70)
y 1 o1
X = 8,-[%‘” + Eake(kj)] - 5j[7f %+ Eake(ki)] + mPep 0. (71)

The consistency condition Y71 0 gives the multiplier Ay;; while x° ~ 0 and x’ =~ 0 lead to the
following tertiary constraints respectively

m>7®  m*D—1 1
= c (2C ) aH-Z 0Oieoi =0, (72)
i m’ i m’ >

Going on, from ¢ %~ 0and ¢ ‘20 we find the respective quaternary constraints

A _
== (gC D (—ep + &) ~0, (74)
4
0= —"" (e — eqi) ~0.
2 1) as)

Last, 0%~ 0 and ' ~ 0 furnish Ago and o, and the procedure finishes up. Therefore, there
are D?> + D + 2 constraints in the massive £, model. They are all of second class and it is
possible to determine all the multipliers Ago, Ajo and A1 The number of degrees of freedom is
(D + 1)(D — 2)/2 in agreement with the massive FP and massive nFP models.

Using the constraints we can write the partially reduced hamiltonian for the massive L, as

[80 - Da(a+3)+ 252 g 0v2g0
N2 T V2 _ om2)?
80— 17(a+ ) (V" = 2m7)

rapave |@dd— 20— D(a+ Do

Hr — f ap- ‘x{ D) _

1
+ Zaieuk)@ie(.ik)

2 1)? V2 — 2m?)?
D=1 (a2 +7) ( )
| R 1 m? m? _
—5 002 = 20iei) + ~Orey i + eanea — € } (76)
The reduced hamiltonian is given by
H" = f AP~ {Hs—r + He—1 + Hs—o}, (77)

13
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where
M,y = r PRk w4 Ly o2 2y p@yiit, 78
5=2 9 20 $s (ki) (78)
Ho_y = __ A 7 @[(m2 — VAP 7D 4 m—2€(")(P§1s))ij’kl€(kl> (79)
(V- 2m?)? 4 ’
m7(1/VH7 D—1 -~
Hs:O _ ( ) . + ( ; )e(ij)[(m2 _ vz)Pfg(?]l]’kle(kl)-
(D —1)(D — 2)(a1 + Z)
(80)

The constraints have been used to eliminate redundant degrees of freedom and contractions
with the operators P§3>W and PgOV)V + Pﬁ%. As in the previous massive models, the spin-2, spin-1
and spin-0 contributions are separately positive. For sake of comparison with (17) and (45) we
are tempted to rewrite the first term of (80) in terms of contractions with P{j},. By using the

constraints (° ~ 0 and 9;x’ ~ 0 we can deduce

e+ UHV? — m?/2] -

8,-8j7r i
(D — 1)(ay + 1/4)

81

We can eliminate 7 in terms of 9;0;7" and get

nnAThT ) O D@ | (82)
D~ 1D~ D@+ ) (D~ Dl(ar + 14V — m

The apparently singular point (a; + 1/4)V? —m? = 0, is not a true singularity as we see
from the left hand side of (82). From (81) it is clear that ﬂ(lj)(P%)ijklﬂ(kl) vanishes at such
point which by the way only appears if a; < —1/4 (outside the unitarity domain of the corre-
sponding massless theory).

5. Conclusion

Here we have applied the plain Dirac—-Bergmann algorithm in three known families of sec-
ond order (in derivatives) theories describing massive spin-2 particles via a rank-2 tensor.
In section 2 we have reviewed the well known case of the massless and massive FP theory
while in sections 3 and 4 we have investigated the more recent nFP and L(a;) families respec-
tively. Although there is no local field redefinition relating those models, they all describe, if
m = 0, massive spin-2 particles in a unitary way. We have proved explicitly that their reduced
Hamiltonian H" depends only on the symmetric components of a rank-2 tensor e and their
momenta 7). The number of constraints leads to the correct counting of degrees of freedom
which fits massive spin-2 particles in D = 4. In the nFP case, see (35), there is a special point
(c = —1/4) where the whole massive theory acquires Weyl symmetry, but we still have the cor-
rect number of degrees of freedom thanks to the fact that one second class constraint disappears
while another one becomes first class. Our main result is that H is positive definite in both
nFP and L(a;) cases for arbitrary values of their free parameters ¢ and a; respectively. In par-
ticular, each spin-2, spin-1 and spin-0 mode contributes with a positive factor separately. This is
in agreement with the analytic properties of the propagator in both theories as examined in [17].

14
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Regarding the massless theories, the reduced Hamiltonian H" of the massless nFP model
coincides with the Hamiltonian of the massless FP theory (linearized Einstein—Hilbert), they
carry only spin-2 modes (+2 and —2 helicities). The reduced Hamiltonian H" of the massless
version of L(a;) reveals that we have spin-2 altogether with spin-O propagating modes in the
theory. Such massless scalar-tensor theory is unitary whenever the conditions (48) are satisfied
in agreement with the Lagrangian analysis of [17].

We conclude that the free spin-2 theories L,pp(c) and L£(a;) are on the same footing of the
paradigmatic FP theory also from the Hamiltonian point of view which indicates that such
theories might deserve some attention regarding the development of self-interacting spin-2
theories (massive and massless). Since the Hamiltonian approach has proved to be instrumen-
tal in developing new massive gravity theories, in particular, in proving absence of ghosts, see
e.g. chapter 7 of [9], the analysis made here is a first step in future developments.
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Appendix
The spin-0 and spin-1 projection operators acting on vector fields in D dimensions are defined
in the spacial sector by
9i0;
VQ b
respectively. Using those operators one can define the projection and transition symmetric
operators

wij

0 = bij — wijs (A1)

. o o ikl
(PRI = @07 + 00 - (A2)
(Pgls))ij,kl _ %(Qikwﬂ + 9l ok + 9kl + gjlwik), (A.3)

ikl

PRI = L (PR = W, (A4)

B eijwkl B wijakl
(P = = (PR = ., (A.5)

and they satisfy the symmetric closure relation
" 1 .. .. I

w%+%%u@+P%%“:?MM+&WU (A.6)

The previous operators satisfy the algebra?

2In D = 3 + 1 the projection operators P(f,} represent spin-s operators, since the trace 1 llb,,,a,g(P(f,z)‘“"‘*@ is2s+1,
where 11,05 = (1,473 + 7,47,0)/2- In the present work we deal with D — 1 spatial indices, we replace 7, by 6y,
however we keep calling P(f,é, abusively, spin-s operators.
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PP = 876 P, (A7)

where I,J,K,L = S,W and r,s = 0,1,2.
Consider a second order Hamiltonian density in D dimensions, whose spacial sector is
given by

H=— %ag;kaifjk - s—;afa,f — 5307 Ofy — 54 Of 0y, + %ﬁ,ﬁj + S—zﬁff,
(A.8)

where s; are real free parameters and f;; a symmetric tensor field with f = 6f;. This hamilto-
nian density can be written as

1 "
H= 5}?70””‘%1, (A.9)
where, suppressing the indices, the differential operator is given by

O =[5V + ss1PQ + [(s14 s)V2 + s5]PX + [(51 + (D — 2)52)V2 + 55+ (D — 2)56]P'Y
+ [(s1 4 52+ 255 4+ 54)V2 + 55+ 861Piyay + D — 2 [(52 + 53)V2 + 561 (P + PYy).
(A.10)
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