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Abstract
There are three families of Lagrangians describing massive spin-2 particles 
via a general (nonsymmetric) rank-2 tensor. Each of those families depends 
on an arbitrary real parameter, one of them includes the paradigmatic Fierz–
Pauli theory whose Hamiltonian positivity is known and reviewed here. 
Here we apply the plain Dirac–Bergmann procedure in the two remaining 
families. We identify all Hamiltonian constraints and prove both positivity 
of the reduced Hamiltonian and correct counting of degrees of freedom. 
The positivity of each spin mode contribution is demonstrated by using spin 
projection operators. The massless cases are also examined. In particular, we 
prove positivity of the reduced Hamiltonian and correct counting of degrees 
of freedom of a Weyl invariant description of massless spin-2 particles.

Keywords: massive gravity, Fierz–Pauli, massive spin-2, constraints

1.  Introduction

The recent detection of gravitational waves [1] remarkably confirms another prediction of 
general relativity (GR). Even though GR can be understood from the field theory point of view 
as a self-interacting theory for massless spin-2 particles, the existence of massive gravitons 
is not totally ruled out by experiments. The results of [1] set an upper bound about 10−22ev 
for the graviton mass [2]. From the theoretical standpoint the existence of massive gravitons 
has been investigated in the past in, for instance, [3–6]. Two difficult problems raised up at 
that time. Namely, the discontinuity of the massless limit (vDVZ mass discontinuity) already 
present in the linearized theory [3, 4] and the appearance of a nonphysical (ghost) degree of 
freedom in the nonlinear theory [5].

The first problem can be solved by taking into account nonlinear terms along the lines of 
[6], see also [7] and the review works [8, 9], however it leads us back to the ghost problem. 
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Quite recently, motivated also by the problem of the large distance acceleration of the universe 
[10, 11], the authors of [12] have suggested a massive gravity theory where both problems 
have been tackled via a judicious choice of a nonlinear potential for the metric fluctuation hµν. 
The same potential has been used in the phenomenologically more interesting bimetric model 
of [13].

The potential suggested in [12] is built up on the top of the Fierz–Pauli (FP) theory [14] 
which is the linearized (free) limit of the massive gravity model of [12]. One might wonder 
what happens if we replace the FP theory as our paradigm for free massive spin-2 particles. 
Which features of the recent theories of massive gravity are model independent? Regarding 
that point, first we must know which theories can replace the FP model.

If we start with an arbitrary (nonsymmetric) rank-2 tensor eµν it is possible to show 
from first principles, see [15] for a recent review on that point, that the so called FP con-
ditions must be satisfied. In particular, the trace eηµν

µν and the antisymmetric components 
e e e 2( )/[ ] = −µν µν νµ  must vanish. However, we are not able to describe massive spin-2 parti-
cles if we have a traceless symmetric tensor from the start. Auxiliary fields are needed to pro-
duce the required amount of constraints. The FP theory is somehow a minimum theory where 
the trace, which vanishes on shell, is the only auxiliary field, but there are other possibilities, 
see for example the recent work [16] for a Weyl invariant massive spin-2 model.

In [17] we have made a rather general Ansatz for a Lagrangian e( )µνL  with at most two 
derivatives in D  =  3  +  1. Demanding that the propagator contains only one massive pole, with 
positive residue, in the spin-2 sector, we have found three families of Lagrangians describing 
massive spin-2 particles. Each of the families depends upon an arbitrary real constant. The 
first family contains the FP model. Its arbitrary constant ‘d’ lies in the mass term which con-

tains a term like d e2
[ ]µν , the FP model corresponds to d  =  0. The second family we call nFP 

(non Fierz–Pauli) since the mass term e c ee 2+µν
νµ  contains an arbitrary real constant c which 

does not need to be fixed like the FP choice (c  =  −1). In the third model a1( )L , the arbitrari-
ness is present in the derivative terms, see (47), it includes the model suggested in [18], which 
corresponds to a1  =  −1/4.

We have shown in [17], in a purely Lagrangian approach, that the FP conditions and the 
Klein–Gordon equation are satisfied for all three families. Since the Hamiltonian approach 
plays a key role in the proof of absence of ghosts in massive gravity models, see e.g.  
[19, 20] and the review work [9], if we hope to develop a nonlinear massive gravity theory 
on the top of the new families of massive spin-2 models we better set the stage for future 
calculations. Here we confirm the consistency of those models in the Hamiltonian formalism 
by proving Hamiltonian positivity and correct counting of degrees of freedom. For sake of 
comparison with the alternative families nFPL  and a1( )L  and in order to present our general 
approach based on spin projection operators, we review in section 2 the Hamiltonian formal-
ism applied in the usual FP theory for both massless (linearized Einstein–Hilbert (LEH)) 
and massive cases. In sections 3 and 4 we work out the nFPL  and a1( )L  cases. In section 5 
we present our conclusions. In appendix we have an appendix with basic formulae for spin 
projection operators.

2.  Review of the Fierz–Pauli theory

We begin by considering the FP theory which describes massive and massless (if m  =  0) 
spin-2 particles [14]. The Hamiltonian analysis of the FP theory via Dirac–Bergmann 
algorithm [21–23] has been carried out, for instance, in [24] (massive and massless cases), 
see also the recent work [25] where the positivity of each spin helicity mode is shown via 
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a first order formalism. In this section we establish our formalism and our notation. We 
prove the positivity of the FP Hamiltonian in the massless and massive case by means of 
spin projection operators given in the appendix. Our analysis holds in arbitrary dimensions  
D 3⩾ .

2.1. The massless case

The massless FP theory is equivalent to the linearized Einstein–Hilbert (LEH) theory. It is 
given by

h h h h h h h
1

4

1

4
2

1

2
,LEH ( )= − ∂ ∂ + ∂ ∂ − ∂ + ∂ ∂µ αβ

µ αβ
µ

µ
ν
νµ

µ
µν α

ανL� (1)

where hµν, D0, 1, , 1µ = −� , is a symmetric tensor field and h hη= µν
µν. Throughout this 

work we use , , ,( )η = − + +µν � . This model is invariant under linearized reparametrizations 
hδ ξ ξ= ∂ + ∂µν µ ν ν µ. We have D primary constraints

ḣ
0,0 0 LEH

0
φ π= =

∂
∂

≈µ µ

µ

L
� (2)

where 00φ ≈µ  stands for Dirac’s weakly zero condition, i.e. we first calculate all necessary 
Poisson brackets before we set the constraints strongly to zero. From the canonical momenta

h
h h h h h

˙
1

2
˙ 1

2
˙ 1

2

1

2
,ij

ij
ij ij ij k k i j j i

LEH
0 0 0¯π δ δ=

∂
∂

= − + ∂ − ∂ − ∂
L

� (3)

where h hij ij¯ δ= , we can obtain ḣij in terms of ijπ . The primary hamiltonian which incorporates 
the primary constraints (2) via Lagrange multipliers λµ is given by

H x hd ˙ .P
D 1

LEH
0[ ]∫ π λ φ= − +µν

µν µ
µ− L� (4)

The consistency conditions ˙ 00φ ≈µ  lead to the secondary constraints

h h 0,i j ij
0 2 ¯χ = ∇ − ∂∂ ≈� (5)

0,i
j

ijχ π= ∂ ≈� (6)

which are trivially preserved ˙ 0χ ≈µ  without introducing new constraints. All Lagrange mul-
tipliers λµ remain undetermined. So the LEH theory has 2D first class constraints. Thus, one 
has D(D  +  1)/2  −  2D  =  D(D  −  3)/2 degrees of freedom which correspond to the two helici-
ties  +2 and  −2 in D  =  4.

In order to verify the positivity of the reduced Hamiltonian, we begin by using the con-
straints as strong equalities in (4) which reduces the primary Hamiltonian to the canonical one 
and removes h0µ from the Hamiltonian. The partially reduced Hamiltonian is given by

H x
D

h h h h h h hd
2

1

4

1

4
2

1

2
,pr D ij ij

i jk i jk i i k ik i ij k kj
1 ¯ ¯

( )
¯( ¯ )( )

⎧
⎨
⎩

⎫
⎬
⎭∫ π π

π π
= −

−
+ ∂ ∂ − ∂ ∂ − ∂ − ∂ ∂−

� (7)

where ij
ijπ̄ δ π= . Bilinear contractions of rank-2 tensors and derivatives, as in H(pr), can always 

be written in terms of spin projection and transition operators as shown in the appendix. Using 
the formulae in the appendix we have
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H x P P
D

D
P

P P

D

h P
D

P
D

P P h

d
3

2 2

4

1

4

2

4
,

pr D ij
SS SS WW

SW WS
ij kl

kl

ij SS SS SW WS

ij kl

kl

1 2 1 0
0 0 ,

2
2 2 0 2 0 0

,

{
}

( )
( )

( )

( ) ( )

( ) ( ) ( ) ( )
( ) ( )

( ) ( ) ( ) ( )

⎡

⎣
⎢

⎤

⎦
⎥

⎡
⎣
⎢

⎤
⎦
⎥

∫ π π= + +
−
−

−
+

−

+ −
∇

−
−
∇ −

−
∇ +

−

�
(8)

where the spin-s operators PAB
s( )  are displayed in the appendix. From the constraints 0χ =µ  

we obtain h 0ij
ijθ =  and 0ij

ijω π = , where ij ij ijθ δ ω= −  is a spin-1 projection operator, and 

ij i i
2/ω = ∂∂ ∇  is a spin-0 projection operator. Consequently, we get rid of the s  =  1 and s  =  0 

operators in (8) and end up with the reduced Hamiltonian given only in terms of the spin-2 
projection operators as expected for massless gravitons ( 2±  helicities ):

H x P h P hd
4

.r D
ij SS

ij kl
kl ij SS

ij kl

kl
1 2 ,

2
2

,

( )( ) ( ) ( )⎧
⎨
⎩

⎛
⎝
⎜

⎞
⎠
⎟

⎫
⎬
⎭∫ π π= + −

∇−� (9)

Now a comment is in order, whenever we have an arbitrary projection operator PAB
s( )  sand-

wiched among two equal tensors we have a positive definite bilinear, because

P P P P 0.ij AB
s ij kl

kl ij AB
s

mn
ij

AB
s mn kl

kl AB
s mn kl

kl
, , , 2( ) ( ) ( ) [( ) ] ⩾( ) ( ) ( ) ( )π π π π π= =� (10)

Since 2−∇  has only positive eigenvalues, it is clear that (9) is positive definite (classical 
stability).

2.2. The ≠m 0 case

The massive FP model [14] is written in the form

m
h h h

4
,FP LEH

2
2( )= − −µν

µνL L� (11)

where LEHL  is given by (1). The mass term breaks the invariance hδ ξ ξ= ∂ + ∂µν µ ν ν µ. The 
canonical momenta are unaffected by the mass term in (11). Thus, we still have D primary 
constraints 00 0φ π= ≈µ µ . From ˙ 00φ ≈µ  we obtain the secondary constraints

m h h 0,i j ij
0 2 2( ) ¯χ = ∇ − − ∂∂ ≈� (12)

m
h

2
0.i

j
ij

i

2

0χ π= ∂ + ≈� (13)

The constraints ˙ 00χ ≈  and ¨ 00χ ≈  lead to tertiary and quaternary constraints respectively

m

D

m
h

2 2
0,i i

0
2 2

0
¯

( )
ζ

π
= −

−
+ ∂ ≈� (14)

m D

D
h h

2

1

2
0,0

4

00
( )
( )

( ¯)Ω =
−
−

− ≈� (15)

while i0λ  and 00λ  are determined by ˙ 0iχ ≈  and ˙ 00Ω ≈  respectively. So the massive case has 
2(D  +  1) second class constraints. The number of degrees of freedom is (D  +  1)(D  −  2)/2, 
corresponding to massive spin-2 particles 2s  +  1  =  5 in D  =  4. Using the constraints as strong 
equalities we eliminate h0µ. The partially reduced Hamiltonian is given by
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H x
D m

h h h h

h h
m

h h
m

h h

d
2

2 1

4

1

4

1

2 4 2
.

pr D ij ij
i

ij
k

kj
i jk i jk i i

i ij k kj ij ij

1
2

2 2

{
}

¯ ¯
( )

¯ ¯

¯ ¯

( ) ∫ π π
π π

π π= −
−

+ ∂ ∂ + ∂ ∂ + ∂ ∂

− ∂ ∂ + +

−

�

(16)

The constraints (12)–(14) make the terms containing the transition operators proportional 
to the projection operator PWW

0( ) . Finally, the reduced Hamiltonian becomes a sum of spin-
2, spin-1 and spin-0 contributions as expected for a massive spin-2 particle with five 
degrees of freedom (±2, ±1, 0). Each helicity contribution is separately positive definite, 
see (10),

H x P
m

m
P

D

D
P

h
m

P
m

P
D

m P h

d
1

2

4 4

1

4
.

r D ij
SS SS WW

ij kl
kl

ij SS SS SS

ij kl

kl

1 2
2 2

2
1 0

,

2 2
2

2
1 2 2 0

,

{
}

( ) ( )
( )

( ) ( ) ( )

( ) ( ) ( ) ( )

( ) ( ) ( )

⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥

∫ π π= +
−∇

+
−
−

+
−∇

+ +
−

−∇

−

�

(17)

3. The nFPL  model

The nFP model describes massive spin-2 particles in terms of a nonsymmetric tensor eµν. In 
D  =  4, the analytic structure of the propagator has been analyzed in [26], where it is shown 
to be ghost-free. Although there is no local field redefinition relating the nFP and the usual 
FP model, after the introduction of an extra (spectator) scalar field it is possible to show that 
they are dual to each other [27]. There is a dual map between correlation functions in both 
models. In its massless form the model describes massless spin-2 particles and first appeared 
in [28] while for the massive case it appeared in [26], both in D  =  4, for the D  −  dimensional 
generalization see [27] . Next we start with the massless case.

3.1. The m  =  0 case

The massless version of the nFPL  model in D dimensions is given by [27, 28]

e
D

e e

D

D

1

4
e

1

4 1
2 e

1

2
e

1

4

2

1
e ,

nFP
2

2

( )
[ ] [ ]

( )
( )

[ ]

( )
( ) ( )= − ∂ ∂ +

−
∂ ∂ − ∂ + ∂

−
−
−

∂

µ αβ
µ αβ

µ
µ

ν
νµ

µ
µν

µ
µν

L

�
(18)

where we are using the notation e e e 2( )/( ) = +µν µν νµ  for the symmetric part of eµν. The anti-
symmetric part will be represented by e e e 2( )/[ ] = −µν µν νµ . The model (18) describes massless 
spin-2 particles and is invariant under the linearized reparametrizations, Weyl transformations 
and transverse antisymmetric shifts eδ ξ η= ∂ + Λ+ ∂ Λµν ν µ µν

α
αµν, where Λαµν is a totally 

antisymmetric tensor. Its particle content has been figured out in [26] from the Lagrangian 
point of view and from the analytic structure of the propagator.

We start the Hamiltonian analysis by splitting the Lagrangian density (18) in time and 
space components. Up to total derivatives, we have
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e e
D

e e
D

D
e e

D
e e

D
e D e D e D e e e

D
e D e e e e e

D
e e e e e

D

D
e e

e e e
D

D
e e e e e

1

4
˙ ˙

1

4 1
˙ ˙ 1

4

2

1
˙ ˙

1

1
˙

1

4 1
˙ 2 2 3 1

1

2
˙

1

4 1
2 2 2

1

2
1

4 1
2

1

4

1

8

3

1
1

8
2

1

8

3

1

1

8
2 ,

ij ij i i j j

i i j ji j ij ij i j

i i i j ij i j i j

i i k ik i jk i jk i i j j

i i j j j j i ij k kj i ji k jk k ki

nFP 0 0 0

0 00 0

00 00 0 0

0 0

0 0 0

( )
¯ ¯ ( )

( ) ( )
¯

( )
[ ( ) ( ) ( ) ]

( )
[( ) ¯ ]

( )
¯[ ¯ ] ( )

( )

[ ] ( )
( )

[ ]

( ) ( ) ( )

( )

( ) ( )

( ) ( )

= −
−

−
−
−

+
−

∂

+
−

− ∂ + − ∂ − − ∂ − ∂

−
−
∂ − ∂ + ∂ − ∂ + ∂ ∂

+
−
∂ ∂ − ∂ − ∂ ∂ +

−
−
∂ ∂

− ∂ ∂ + ∂ −
−
−
∂ ∂ + ∂ ∂ + ∂

L

�

(19)

where e eij ij¯ δ= . The canonical momenta are defined by ėnFP/π δ δ=µν µνL . So

¯[ ]π π π δ π= = = =µ 0, 0, 0,ij
ij

ij0� (20)

D

D
e

D

D
e

D

D
e e

1

2

2

1
˙

1

2

2

1

1

4

3

1

1

4
,i

i i j ji j ij
0

0 00
( )
( )

( )
( )

( )
( )

π = −
−
−

+
−
−
∂ +

−
−
∂ − ∂� (21)

e
D

e
D

e e e
1

2
˙

1

2 1
˙ 1

1

1

4

1

4
.ij

ij ij ij k k i j j i0 0 0( )
¯

( )
( )

( ) ( )π δ δ= −
−

+
−

∂ − ∂ − ∂� (22)

Therefore we have the following primary constraints

0,0 0φ π= ≈µ µ� (23)

0,ij ij[ ] [ ]φ π= ≈� (24)

e
1

2
0.i i0¯ ¯φ π= − ∂ ≈� (25)

The canonical Hamiltonian density of the theory is written asD

D
e

D

D
e

D

D
e

e
D

e e e e e e

D

D
e e

D

D
e e

D

D
e e

D

D
e e e e e e

1

2

1

2

3

2

1

2

1

2

1

4 1
2 2

1

4
1

16

3

2

1

8

1

2

1

16

3 5

2
1

8

3

1
2

1

8
2 .

ij ij i i i
i j ji j ij

ij
i j i i i k ik i jk i jk

i ij k kj i ij k jk i ji k jk

i i j j j j i j i j i j

nFP
0 0 0

00

0 00

0 0 0 0 0 0

( )
( )

( )
( )

( )
( )

( )
¯[ ¯ ]

( )
( )

( )
( )

( )
( )

( )
( )

[ ] [ ]

( ) ( )

( )
( ) ( )

⎡
⎣⎢

⎤
⎦⎥

π π π π π

π

= −
−
−

+ ∂ +
−
−
∂ −

−
−
∂

+ ∂ −
−
∂ ∂ − ∂ − ∂ + ∂ ∂

+
−
−
∂ ∂ −

−
−
∂ ∂ −

−
−

∂ ∂

+
−
−
∂ ∂ + ∂ − ∂ ∂ + ∂

H

�

(26)

Adding the primary constraints to the canonical Hamiltonian H xdD
nFP

1
nFP∫= − H  we find the 

primary Hamiltonian

H xd .P
D

ij
ij1

nFP 0
0{ ¯ ¯}[ ]

[ ]∫ λ φ λ φ λ φ= + + +µ
µ− H� (27)

If we apply the consistency conditions ˙ 000φ ≈ , ˙ 0i0φ ≈  and ˙ 0ij[ ]φ ≈ , we find the following 
secondary constraints respectively
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D
e

1

2 1
0,i

i0 0 2

( )
¯χ π= ∂ +

−
∇ ≈� (28)

D

D
e e

1

4

3

1

1

4
0,i

j
ij

i j j i0
2

0
( )
( )

( )χ π= ∂ +
−
−
∂∂ − ∇ ≈� (29)

e e
1

2

1

2
0.ij

i
j

k jk j
i

k ik
0 0[ ]

( ) ( )
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥χ π π= ∂ + ∂ − ∂ + ∂ ≈� (30)

The equation  ˙ 0φ̄≈  does not give a new constraint.
When we apply the consistency condition on the secondary constraints, we verify that no 

tertiary constraints are introduced as well as no Lagrange multipliers are determined. Then, the 
process ends up. Therefore, the massless nFPL  theory, described by e ,( )πµν µν  has D(D  +  3)/2 
constraints1. They are all first class. So, one has D D D2 2 3 22 ( )/− +  Hamiltonian degrees of 
freedom which amounts to D(D  −  3)/2 Lagrangian degrees of freedom. It is the same number 
of degrees of freedom of the massless FP theory in D dimensions.

The constraints can be used to write the partially reduced hamiltonian as

H x
D

D

D

D

e e
D

e e e e e

D

D

e

d
3

1

2 3

1
2

1

4

1

4 2
2

1

2

1

4

3

2
,

pr D ij ij i k
ik

i
ij

i jk i jk i i k ik i ij k kj

i j ij

1
2 2

2

2

2

2

{

}

( )
( )

¯ ¯ ( )
( )

¯ [ ]

( )
¯[ ¯ ]

( )
( )

[ ]

( ) ( ) ( )
( )

( ) ( ) ( ) ( )

( )

∫ π π π π
π π π

= +
−
−

+
−
−

∂ ∂
∇

+
∂
∇

+ ∂ ∂ −
−
∂ ∂ − ∂ − ∂ ∂

−
−
−

∂∂

∇

−

�

(31)

which depends only on the symmetric parts ij( )π  and e(ij). Using the same procedure that we 
have used to obtain (9) from (8), we can write the reduced hamiltonian (31) in terms of spin-2 
projection operators as

H x P e P ed
4

,r D ij
SS

ij kl kl
ij SS

ij kl

kl
1 2 ,

2
2

,

( )( ) ( ) ( ) ( ) ( )
( )

( )
( )

⎧
⎨
⎩

⎛
⎝
⎜

⎞
⎠
⎟

⎫
⎬
⎭∫ π π= + −

∇−� (32)

where we have used the constraints 0φ̄ =  and (29) to obtain the following relations

P P D P2 2 ,ij
SW WS

ij kl kl ij
WW

ij kl kl0 0 , 0 ,( ) ( )( ) ( ) ( ) ( ) ( ) ( ) ( )π π π π+ = −� (33)

P D P2 .ij
SS

ij kl kl ij
WW

ij kl kl0 , 0 ,( ) ( ) ( )( ) ( ) ( ) ( ) ( ) ( )π π π π= −� (34)

Expression (32) is exactly the same one obtained in the massless FP theory (9).

3.2. The ≠m 0 case

The lagrangian density of the massive version of the nFPL  in D dimensions is given by [27]

m
e ce

4
e ,m

nFP nFP

2
2( )= − +µν

νµL L� (35)

1 Note that the equation (30) is a curl, so there are (D  −  2) secondary constraints in [ ]χ = 0ij .
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where c is an arbitrary real constant. The massive case breaks the linearized reparametriza-
tion eδ ξ= ∂µν ν µ. The Weyl symmetry is also broken in general by the mass term except if we 
choose c  =  −1/D.

The primary constraints are the same ones of the massless case. They are given by  
(23)–(25). The massive primary hamiltonian is

H xd ,P
m D m

ij
ij1

nFP 0
0{ ¯ ¯}[ ]

[ ]∫ λ φ λ φ λ φ= + + +µ
µ− H� (36)

where

m
c e e

m
e e

m
e e

m c
e e e

4
1

2 4 4
2 ,m

i i ij jinFP nFP

2

00 00

2

0 0

2 2

00( ) ¯( ¯ )= + + − + + −H H

� (37)
with nFPH  given by (26).

From the consistency condition of the primary constraints (23)–(25) we find respectively

D

m
c e

m
c e

2 1 2 2
1 0,i

i0 0
2 2 2

00( )
¯ ( )

⎡
⎣⎢

⎤
⎦⎥

χ π= ∂ +
∇
−

+ − + ≈� (38)

D

D
e m e

1

4

3

1

1

4
2 0,i

j
ij

i j j i0
2 2

0
( )
( )

( )( )χ π= ∂ +
−
−
∂∂ − ∇ − ≈� (39)

e e m e
1

2

1

2
0,ij

i
j

k kj j
i

k ki ij
0 0 2[ ]

( ) ( ) [ ]
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥χ π π= ∂ + ∂ − ∂ + ∂ + ≈� (40)

m
c D e e

2
1 0.0

2

00( )( ¯)ψ = + − ≈� (41)

The equation  ˙ 0ij[ ]χ ≈  allows us to find ij[ ]λ  while ˙ 00χ ≈  and ˙ 00ψ ≈  furnish the multipliers 

00λ  and λ̄. On the other hand, ˙ 0iχ ≈  leads to the tertiary constraints

D

D
m

D

D
m e

m
e

1

2

1

2

1

2 2
0.i i

j ij i
2 0 2

2( )
( )

( )
( )

¯( )ζ π= −
−
−

−
−
−

∂ + ∂ ≈� (42)

From ˙ 0iζ ≈  we have quaternary constraints

D

D
m e e

1

2

1

2
0.i

i i
4

0 0
( )
( )

( )Ω =
−
−

− ≈� (43)

The condition ˙ 0iΩ ≈  determines the multipliers i0λ  and the procedure finally stops. All 
the Lagrange multipliers are determined if c D1/≠− , because in this case the model does not 
have any local symmetry. Therefore, the massive nFPL  model has D2  +  D  +  2 second class 
constraints and the total number degrees of freedom is (D  +  1)(D  −  2)/2.

If we choose c  =  −1/D, the c D1nFP( / )= −L  theory acquires Weyl symmetry. In this case 
the constraint 00ψ ≈ , see (41), does not exist anymore. From ˙ 00χ ≈  we can determine, for 
instance, 00λ  in terms of λ̄ while λ̄ remains undetermined and appears in the Hamiltonian 
multiplying the combination 0 ¯φ φ− . Thus, instead of the four second class constraints 

, , , 0, 0, 0, 000 0 0( ¯ ) ( )φ φ χ ψ ≈  we have one first class constraint 00 ¯φ φ− ≈  and two second class 
ones that we can choose as 00χ ≈  and 000φ ≈ . The total number of physical degrees of free-
dom remains the same in the Weyl invariant massive case c  =  −1/D. The partially reduced 
hamiltonian is given by

D Benndorf et alClass. Quantum Grav. 34 (2017) 045008



9

H x
D

D

D

D m

D

D m m
e e

e e e e e
m

e e
m

e e

d
1

3

2

1

1

2

3

1 2

2 3

1 2

2

2

1

4

1

4
2

1

2 4 4
.

pr D ij ij i i

i k
ik

i
ij

k
kj

i jk i jk

i i k ik i ij k kj ij ij ii jj

1
2

2

2

2 2 2

2

2 2 2

2

2 2 2

2 2

{

}

( )
( )

¯ ¯ ( )
( )

¯ ¯
( )

( )
( )

¯
( ) ( )

¯ [ ¯ ]

( ) ( ) ( )

( ) ( )
( ) ( )

( ) ( ) ( ) ( )

∫ π π π π
π π

π π π π

= +
−
−

+
−
−

∂ ∇ ∂
∇ −

+
−
−

∂ ∇ ∂
∇ −

+
∂ ∇ ∂
∇ −

− ∂ ∂

− ∂ ∂ − ∂ − ∂ ∂ + −

−

�

(44)

In terms of the spin-2 projection operators we obtain the reduced Hamiltonian below given in 
terms of decoupled spin helicities

H x P
m m

m
P

D m P

D D m

e
m

P
m

P
D

m P e

d
4

2

1

2 1

4 4

1

4
,

r D ij
SS SS

WW
ij kl

kl

ij SS SS SS

ij kl

kl

1 2
2 2 2

2 2 2
1

3 4 0

2 2 2

,

2 2
2

2
1 2 2 0

,

{
}

( )
( )

( )
( )[ ( ) ]

( ) ( ) ( )

( ) ( ) ( ) ( )
( )

( )

( )
( ) ( ) ( )

( )

⎡

⎣
⎢

⎤

⎦
⎥

⎡
⎣⎢

⎤
⎦⎥

∫ π π= +
−∇

∇ −
+

−
− ∇ − −

+
−∇

+ +
−

−∇

−

�

(45)

where we have used the following relations derived from the constraints

P P
D D m

D D m
P

P
D D m

D D m
P

e P P e D
m

m
e P e

2 2 1

2 1
,

2 1

2 1
,

2 2 .

ij
SW WS

ij kl kl ij
WW

ij kl kl

ij
SS

ij kl kl ij
WW

ij kl kl

ij SW WS
ij kl

kl ij SS
ij kl

kl

0 0 ,
2 2

2 2
0 ,

0 ,
2 2 2

2 2 2
0 ,

0 0 ,
2 2

2
0 ,

( ) [( ) ( ) ]
[ ( ) ]

( )

( ) [( ) ( ) ]
( )[ ( ) ]

( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( )

( )
( ) ( )

( ) ( )
( )

( )

π π π π

π π π π

+ =
− ∇ + −
− ∇ − −

=
− ∇ + −
− ∇ − −

+ = −
∇ −

� (46)

Once again, based on (10) and the fact that the eigenvalues of 2−∇  are positive, the contrib
ution to the Hamiltonian of each spin mode is positive definite. Up to overall factors, which 
can be canceled by field redefinitions, the Hamiltonians (17) and (45) are equivalent.

4. The a1L  model

The next family of massive spin-2 models we call a1L , it depends on a real parameter a1 pres-
ent in the kinetic term, the mass term is of the usual FP form. At the special value a1  =  −1/4 
it has first appeared in [18] while for arbitrary values of a1 it has appeared in [17], both in 
D  =  4. For the D-dimensional generalization see [27]. The model reduces to the usual FP 
theory at a1  =  1/4. At a1  =  (3  −  D)/[4(D  −  1)] it coincides with the nFPL  model of previous 
section at c  =  −1.

4.1. The m  =  0 case

As in the previous sections we first consider the massless theory in D-dimensions [27]

e a e e

a

1

4
e

1

2

1

4
2 e

1

2
e

1

2

1

4
e .

a 1
2

1
2

1 [ ] [ ]

[ ]

( )
( ) ( )⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

= − ∂ ∂ + + ∂ ∂ − ∂ + ∂

+ − ∂

µ αβ
µ αβ

µ
µ

ν
νµ

µ
µν

µ
µν

L�

(47)
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It is invariant under the vector transformations eδ ξ= ∂µν ν µ for arbitrary val-
ues of a1. At a1  =  1/4 it becomes also invariant under arbitrary antisymmetric shifts 
eδ = Λ = −Λµν µν νµ. If a1  =  −(D  −  3)/4(D  −  1), see previous section, we have a larger set 

of symmetries: eδ ξ η= ∂ + Φ+ ∂ Λµν ν µ µν
α
αµν where Λαµν is a totally antisymmetric tensor.

The massless version of a1L  describes, if a 1 41 /≠  and a D D3 4 11 ( )/[ ( )]≠ − − , massless 
spin-2 particles plus massless scalars (spin-0). The scalar theory is unitary if

a
D

D
a

3

4 1
or

1

4
.1 1⩽

( )
⩾−

−
−

� (48)

Separating time and space components in the lagrangian density (47), we write the result 
as (up to total derivatives)

a e e e e a e e a e e

e a e a e e e e

1

2

1

4
˙ ˙

1

4
˙ ˙

1

2

1

4
˙ ˙ 2

1

4
˙

˙
1

4

1

4

1

2
˙ ,

a i i ij ij j j

i i j ji j ij ij i j

1 0 0 1 1 0

0 1 00 1 0

1 ¯ ¯ ¯( ) ( ) ( )

( )

⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎡
⎣⎢
⎛
⎝

⎞
⎠

⎤
⎦⎥

= − + − + + + ∂

− − ∂ + ∂ + ∂ − ∂ −

L

V
�

(49)

where

a e e a e e e a e e e

e e e e
a

e e e e e e

a
e e e e e e

1

2

1

4

1

4

1

2

1

4
2

1

2

1

4 2

1

4

1

8

2

1

4

1

8
.

i i i i j ij i i j ij

i j i j i jk i jk i i j j i i j j i i j j

i ij k kj i ij k jk i ji k jk

1 00 00 1 00 1

0 0
1

0 0 0 0 0 0

1

[ ¯ ] ¯ [ ¯ ]

( ) ( ) ( ) ( )

⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠= − − ∂ ∂ − + ∂ ∂ − ∂ + + ∂ ∂ − ∂

+ ∂ ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂

+ ∂ ∂ + ∂ ∂ + ∂ ∂

V

The canonical momenta are given by

0 , 0,ij0 [ ]π π= =µ� (50)

a e e a e e
1

4
˙

1

4
,i

i i j ji j ij
0

1 0 00 1[ ]⎜ ⎟
⎛
⎝

⎞
⎠π = − − ∂ − ∂ − ∂� (51)

e a e e e e
1

2
˙

1

4
˙ 2

1

2

1

2
.ij

ij ij k k i j j i1 0 0 0[ ¯ ]( )
( ) ( )⎜ ⎟

⎛
⎝

⎞
⎠π δ= − + − ∂ − ∂ − ∂� (52)

Thus, we have the following primary constraints in the massless version

0,0 0ϕ π= ≈µ µ� (53)

0.ij ij[ ] [ ]ϕ π= ≈� (54)

The canonical Hamiltonian density can be written as
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e

a
a

C
a

e

C
e

e
a e e

a

D

C
a e e

a e e e e e e e e
a e e

a

e e

a

a

a
e e a e e e e

˙

2

1

4

1

4

1

2

1

4

1

8

1

8

1

4

1

4 8

16 8

1

2

1

4
2 2 ,

a a

ij ij
i i

j j ij
i j

i
i

j ji j ij
i i j j

i i j j i j i j i j i j i jk i jk
i ij k kj

i ij k jk
i ji k jk i i i k ik

0 0

1
1

4

1 1
0

0

0
00

1
1

4

1
1

4

1

2

0 0

1 0 0 0 0 0 0
1

1
1

4

1
1

4

1
1

2

1
1

4

1 00

1 1

( )

( )

( )

( )
( )
( )

¯ ¯ ¯

( )

¯[ ¯ ]

( ) ( ) ( )

( ) ( )

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

⎡

⎣

⎢
⎢
⎢

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

⎤

⎦

⎥
⎥
⎥

⎛

⎝

⎜
⎜⎜

⎞

⎠

⎟
⎟⎟

π

π π
π π π π π

π

π

= −

= +
−

− + + +
∂

+ ∂

+ ∂ +
∂ + ∂

−
−

−
+ − ∂ ∂

− ∂ ∂ − ∂ ∂ − ∂ ∂ + ∂ ∂ +
∂ ∂

−

+
∂ ∂

−
−

−

−
∂ ∂ − + ∂ ∂ − ∂ − ∂

µ
µνH L

�
(55)

where C is defined by

C a D
D

1
3

4
.1( )

⎡
⎣⎢

⎤
⎦⎥= − +

−
� (56)

We are assuming that a 1 41 /≠  and C 0≠ , since they correspond to models already treated 
in previous sections. The primary Hamiltonian is given by

H x x x x x xd ,P
D

a ij
ij1

0
0

1[ ( ) ( ) ( ) ( ) ( )][ ]
[ ]∫ λ ϕ λ ϕ= + +µ

µ− H� (57)

where 0λµ  and ij[ ]λ  are Lagrange multipliers.
Using (57) we obtain from the consistency condition (conservation in time) of the primary 

constraints the following secondary constraints

a e
1

4
0,i

i0 0
1

2 ¯⎜ ⎟
⎛
⎝

⎞
⎠χ π= ∂ + + ∇ ≈� (58)

a e e
1

4
0,i

j
ij

i j j i1 0
2

0
( )χ π= ∂ − ∂∂ − ∇ ≈� (59)

e e
1

2

1

2
0.ij

i
j

k kj j
i

k ki
0 0[ ]

( ) ( )
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥χ π π= ∂ + ∂ − ∂ + ∂ ≈� (60)

Applying the consistency condition to the secondary constraint again we verify that are no 
tertiary constraints, and the Dirac–Bergmann algorithm finishes. Therefore, the massless 

a1L  model has altogether (D2  +  3D  −  2)/2 constraints, all first class. The Lagrange multi-
pliers 0λµ  and ij[ ]λ  remain arbitrary. Thus, the number of the degrees of freedom is (D  −  1)
(D  −  2)/2. In D  =  4 dimensions we have three degrees of freedom. It is in agreement with 
the observation in [27] that the massless version of a1L  describes massless spin-2 particles 
plus a massless scalar field which disappears at a1  =  1/4 and a1  =  −(D  −  3)/4(D  −  1).

Using the constraints we can write down the Hamiltonian in a partially reduced form
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H x a
C C

D a
C

e e
a

a
e e e

e e
a

a

e

d
1

4

2

2 1
1

2

1

4

1

4
2

1

2 2
.

pr D ij ij i
jj

k
ik

i
ij

k
jk

i j
ij

i jk i jk i jj i kk k ik

i ij k kj
i j ij

1
1 2 2

1

2

4

1
1

4

1
1

4

1

1
1

4

2

2

{

}

( )
( )

( )

¯ ¯

( )
[ ]

[ ]

[ ]

( ) ( ) ( )
( ) ( )

( ) ( )

( ) ( )

⎛
⎝
⎜

⎞
⎠
⎟

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

∫ π π
π π π π π π

π

= − + −
∂ ∂
∇

+
∂ ∂
∇

+ − −
∂∂

∇
+ ∂ ∂ +

+

−
∂ ∂ − ∂

− ∂ ∂ −
−

∂∂

∇

−

�

(61)

The positivity of the Hamiltonian can be easily verified, since

H xd ,r D
s s

1
2 0{ }( ) ∫= +−
= =H H� (62)

where

P e P e
1

4
,s

ij
SS

ij kl kl
ij SS

ij kl
kl2

2 , 2 2 ,( ) ( )( ) ( ) ( )
( )

( )
( )π π= − ∇=H� (63)

a

C D
D

C

a
e P e

1 4

2
2

4 1 4
.s ij ij

ij
ij SS

ij kl
kl0

1 2

1

2 0 ,( / )
( )

{[ ( ) ] }
( / )

( )( )
( )

( )
( )θ ω π=

−
−

− − −
−

∇=H

� (64)
We have a spin-2 and a spin-0 massless particle. The spin-0 Hamiltonian can be brought to a 
canonical form e e 2s 0

2 2( ˜ ˜ ˜)/π= − ∇=H  after the change of variables

e
C D

e
C

D
D

2

2
;

2 2
2 .ij

ij
kl kl

kl˜
( )

˜
( )

[ ( ) ]θ π θ ω π=
−

=
−

− −� (65)

where e, 1{˜ ˜}π =  follows from the canonical brackets between eij and klπ . Remember that in 
the massless case we have no second class constraints before gauge fixing. The spin-2 contrib
ution (63) is always positive definite while the spin-0 one (64) is positive whenever the unitar-
ity conditions (48) are satisfied. This is in full agreement with the Lagrangian analysis of [17].

4.2. The ≠m 0 case

The massive a1L  lagrangian density in D dimensions is given by [27]

e e
m

e e
4

e .a
m

a

2
2

1 1( ) ( ) ( )= − −αβ αβ µν
νµL L� (66)

The mass term breaks the symmetry under linearized reparametrization eδ ξ= ∂µν ν µ but does 
not affect the primary constraints (53) and (54). The primary Hamiltonian becomes

H x x x x x xd ,P
m D

a
m

ij
ij1

0
0

1
[ ( ) ( ) ( ) ( ) ( )][ ]

[ ]∫ λ ϕ λ ϕ= + +µ
µ− H� (67)

where the canonical Hamiltonian density a
m

1
H  is

m
e e

m
e e

m
e e e

2 4 4
2 ,a

m
a i i ij ji

2

0 0

2 2

001 1 ¯( ¯ )= − + − −H H� (68)

and a1H  is given by (55).
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Applying the Dirac–Bergmann algorithm, from ˙ 00Π ≈µ  and ˙ 0ij[ ]Π ≈  we find the secondary 
constraints

a
m

e
1

4 2
0,i

i0 0
1

2
2

¯
⎡
⎣⎢
⎛
⎝
⎜

⎞
⎠
⎟

⎤
⎦⎥

χ π= ∂ + + ∇ − ≈� (69)

a e m e
1

4
2 0,i

j
ij

i j j i1 0
2 2

0( )( )χ π= ∂ − ∂∂ − ∇ − ≈� (70)

e e m e
1

2

1

2
0.ij

i
j

k kj j
i

k ki ij
0 0 2[ ]

( ) ( ) [ ]
⎡
⎣⎢

⎤
⎦⎥

⎡
⎣⎢

⎤
⎦⎥χ π π= ∂ + ∂ − ∂ + ∂ + ≈� (71)

The consistency condition ˙ 0ij[ ]χ ≈  gives the multiplier ij[ ]λ  while ˙ 00χ ≈  and ˙ 0iχ ≈  lead to the 
following tertiary constraints respectively

m

C

m D

C
a e

2

1

2
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4
0,i i

0
2 2

1 0
¯ ( ) ⎛

⎝
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+ ∂ ≈� (72)

m

a

m

a
e m e

2
0.i i

j ij i
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1
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4

0
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1
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4

2

( ) ( ) ¯( )ζ π=
−

+
−

∂ + ∂ ≈� (73)

Going on, from ˙ 00ζ ≈  and ˙ 0iζ ≈  we find the respective quaternary constraints

m D

C
e e

1

4
0,0

4

00
( ) ( ¯)Ω =
−

− + ≈� (74)

m

a
e e

2
0.i

i i

4

1
1

4

0 0( ) ( )Ω =
−

− ≈� (75)

Last, ˙ 00Ω ≈  and ˙ 0iΩ ≈  furnish 00λ  and i0λ , and the procedure finishes up. Therefore, there 
are D2  +  D  +  2 constraints in the massive a1L  model. They are all of second class and it is 
possible to determine all the multipliers 00λ , i0λ  and ij[ ]λ . The number of degrees of freedom is 
(D  +  1)(D  −  2)/2 in agreement with the massive FP and massive nFP models.

Using the constraints we can write the partially reduced hamiltonian for the massive a1L  as
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(76)

The reduced hamiltonian is given by

H xd ,r D
s s s

1
2 1 0{ }( ) ∫= + +−
= = =H H H� (77)
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where

P e m P e
1

4
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ij
SS

ij kl kl
ij SS
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2 , 2 2 2 ,( ) [( ) ]( ) ( ) ( )
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The constraints have been used to eliminate redundant degrees of freedom and contractions 

with the operators PWW
0( )  and P PSW WS

0 0( ) ( )+ . As in the previous massive models, the spin-2, spin-1 
and spin-0 contributions are separately positive. For sake of comparison with (17) and (45) we 
are tempted to rewrite the first term of (80) in terms of contractions with PWW

0( ) . By using the 
constraints 00ζ ≈  and 0i

iχ∂ ≈  we can deduce

a m

D a

1 4 2

1 1 4
i j

ij 1
2 2
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¯π π∂∂ =
+ ∇ −
− +

� (81)

We can eliminate π̄ in terms of i j
ijπ∂∂  and get

m

D D a

m D P
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� (82)

The apparently singular point a m1 4 01
2 2( / )+ ∇ − = , is not a true singularity as we see 

from the left hand side of (82). From (81) it is clear that Pij
WW ijkl

kl0( )( ) ( ) ( )π π  vanishes at such 

point which by the way only appears if a1  <  −1/4 (outside the unitarity domain of the corre
sponding massless theory).

5.  Conclusion

Here we have applied the plain Dirac–Bergmann algorithm in three known families of sec-
ond order (in derivatives) theories describing massive spin-2 particles via a rank-2 tensor. 
In section 2 we have reviewed the well known case of the massless and massive FP theory 
while in sections 3 and 4 we have investigated the more recent nFP and a1( )L  families respec-
tively. Although there is no local field redefinition relating those models, they all describe, if 
m 0≠ , massive spin-2 particles in a unitary way. We have proved explicitly that their reduced 
Hamiltonian H(r) depends only on the symmetric components of a rank-2 tensor e( )µν  and their 
momenta ( )πµν . The number of constraints leads to the correct counting of degrees of freedom 
which fits massive spin-2 particles in D  =  4. In the nFP case, see (35), there is a special point 
(c  =  −1/4) where the whole massive theory acquires Weyl symmetry, but we still have the cor-
rect number of degrees of freedom thanks to the fact that one second class constraint disappears 
while another one becomes first class. Our main result is that H(r) is positive definite in both 
nFP and a1( )L  cases for arbitrary values of their free parameters c and a1 respectively. In par
ticular, each spin-2, spin-1 and spin-0 mode contributes with a positive factor separately. This is 
in agreement with the analytic properties of the propagator in both theories as examined in [17].
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Regarding the massless theories, the reduced Hamiltonian H(r) of the massless nFP model 
coincides with the Hamiltonian of the massless FP theory (linearized Einstein–Hilbert), they 
carry only spin-2 modes (+2 and  −2 helicities). The reduced Hamiltonian H(r) of the massless 
version of a1( )L  reveals that we have spin-2 altogether with spin-0 propagating modes in the 
theory. Such massless scalar-tensor theory is unitary whenever the conditions (48) are satisfied 
in agreement with the Lagrangian analysis of [17].

We conclude that the free spin-2 theories cnFP( )L  and a1( )L  are on the same footing of the 
paradigmatic FP theory also from the Hamiltonian point of view which indicates that such 
theories might deserve some attention regarding the development of self-interacting spin-2 
theories (massive and massless). Since the Hamiltonian approach has proved to be instrumen-
tal in developing new massive gravity theories, in particular, in proving absence of ghosts, see 
e.g. chapter 7 of [9], the analysis made here is a first step in future developments.
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Appendix

The spin-0 and spin-1 projection operators acting on vector fields in D dimensions are defined 
in the spacial sector by

, ,ij
i j

ij ij ij2
ω θ δ ω=

∂∂

∇
= −� (A.1)

respectively. Using those operators one can define the projection and transition symmetric 
operators

P
D

1

2 2
,SS

ij kl ik jl il jk
ij kl

2 ,( ) ( )( ) θ θ θ θ
θ θ

= + −
−

� (A.2)

P
1

2
,SS

ij kl ik jl il jk jk il jl ik1 ,( ) ( )( ) θ ω θ ω θ ω θ ω= + + +� (A.3)

P
D

P
2

, ,SS
ij kl

ij kl

WW
ij kl ij kl0 , 0 ,( ) ( )( ) ( )θ θ

ω ω=
−

=� (A.4)

P
D

P
D2

,
2

,SW
ij kl

ij kl

WS
ij kl

ij kl
0 , 0 ,( ) ( )( ) ( )θ ω ω θ

=
−

=
−

� (A.5)

and they satisfy the symmetric closure relation

P P P P
1

2
.SS SS SS WW

ij kl ik jl il jk2 1 0 0 ,[ ] ( )( ) ( ) ( ) ( ) δ δ δ δ+ + + = +� (A.6)

The previous operators satisfy the algebra2

2 In D  =  3  +  1 the projection operators ( )PJK
s  represent spin-s operators, since the trace ( )( )

µν αβ
µν αβP11 JK

s
,

,  is +s2 1, 
where ( )/η η η η= +µν αβ µα νβ µβ να11 2, . In the present work we deal with D  −  1 spatial indices, we replace ηµν by δij, 
however we keep calling ( )PJK

s , abusively, spin-s operators.
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P P P ,IJ
r

KL
s rs

JK IL
r( ) ( ) ( )δ δ=� (A.7)

where I,J,K,L  =  S,W and r,s  =  0,1,2.
Consider a second order Hamiltonian density in D dimensions, whose spacial sector is 

given by

s
f f

s
f f s f f s f f

s
f f

s
f f

2 2 2 2
,i jk i jk i i i j ij i ij k kj ij ij

1 2
3 4

5 6¯ ¯ ¯ ¯ ¯= − ∂ ∂ − ∂ ∂ − ∂ ∂ − ∂ ∂ + +H

� (A.8)

where si are real free parameters and fij a symmetric tensor field with f fij ij
¯ δ= . This hamilto-

nian density can be written as

f f
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2
,ij

ij kl
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,=H O� (A.9)

where, suppressing the indices, the differential operator is given by

= ∇ + + + ∇ + + + − ∇ + + −

+ + + + ∇ + + + − + ∇ + +
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