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Abstract

Relation between two sequences of orthogonal polynomials, where the associated measures are
related to each other by a first degree polynomial multiplication (or division), is well known. We use
this relation to study the monotonicity properties of the zeros of generalized orthogonal polynomials.
As examples, the Jacobi, Laguerre and Charlier polynomials are considered.
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1. Introduction

Let d¢ be a (positive) measure defined over the real Iine.&ﬁ’f denote the monic
orthogonal polynomial of degreewith respect tai¢. Then it is known that (see [4,10])

PP @) =(-B") PP @) — e PP @), n>1,
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with P{? (z) = 1 andP{? (z) = z — B\?. Forn > 1 the coefficients\” are realpz@’)1 are

all positive, and, furthermore, aII the zeros{dﬁ"’)} lie in the interior ofI®, the closed
convex hull of the support af¢ (the smallest closed interval containing the support).
Let d¢o andd¢1 be two measures related to each other by

(x —q)d¢1(x) = cdo(x). 1.1

Here if the support ofl¢g is E C (—o0, o) theng is such thak — g does not change sign
within E. Moreover, the support af¢; is eitherE or E U {g}, where in the latter casép,
has a jump a§. The non-zero constantis arbitrary up to the point that — ¢)/c is finite

and non-negative of.
(¢1)

ExpressingP,”’ as a linear combination of the polynomials{a}ﬁ‘p‘))}, one obtains
P (2) = P9 () + by 1P (@), n>1, (12)
where
(¢1)
bp—1= proi, nzl, (1.3)
with ,0(¢) = ) and ,o,((p) f[Pn(d)) ()12do(x) = a,(,(?la:(1¢)~~-0lé¢)ﬂé¢), n > 1. Here

In thls paper we use the results that follow from (1.1) and (1.2) to study the monotonicity
behavior of the zeros of two classes of orthogonal polynomials.

2. Preliminary results

Let X@ = (—o0, o0) \ I®) be the complement of the intervai®) in (—oo, o). Let
X@ be the closure of® within (—oo, 00). Also we denote byZ(® the complement
C\ 1P of I¥ in the extended complex plane.

Let {05,"”} be the monic associated polynomials given by

@) @)
Pn - Pn
uP 0P (z) = / (Z; — @) J6@). n>o0.

The following results [4,10] are well known:

0,10 =500 @ -0, @, n>1

with 05" (z) =0 and0? (z) = 1, and

0w 1 A A
POQ - pD gD L p® 2 P

If we also assumée¢ to be a determinate measure (i.e. where the solution of the associated
moment problem is unique), thetg”) 0,5‘” (z)/Pn(d’) (@)= [(z— x)~Ld¢ (x) uniformly on
every compact subsets @f?).
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Now let Si” (2) = (z — ) 04" (2)/ P\?’ (2), n > 0. Hencesg” (z) = 0, 5{”(z) = 1
and one can write

SO =-_1 W 9 O i A 2.1)
forn > 2, wherea'” (z) = &'?, /1(z — B\?)(z — ﬂ,(l+1)] > 1. ForS\? (z) the following

n+1
results hold:
((P) (¢) (</>) (z— /3(¢))

@) @) @ 3
Sn ' (2) — S 1(2)— P(¢)1(Z)P(¢)(Z)

" oPa® P (- ) nz2. (22)
s£,¢><z)=1+2 2B

j PP (2)

This means that for anye X® we haves.” (z) > 1 for n > 1 and, moreoverS\’ (z)}
is an increasing sequence. Assumiligto be determinate, we defir#é?) (z) on Z® by

ﬂ(¢) 1
$P @) = lim 57 (2) =~ [ ———dep (). (2.3)
n— IJLO zZ— X

Then we can write,
1< S§¢)(z) < <8P0 < <5D(2),

foranyz € X@).
Itis also known (see [4]) the{tzf,¢)(z)} is a chain sequence for apye X#). Therefore,
we can write for any, € X@ that

v @)= (P —2) (B —2) —aP >0, n>1.
Now returning to (1.1) one has the following results.

Lemma 1. Letd¢o andd¢; be such that1.1) holds. Then the connecting coefficiebts
in the relation(1.2) satisfy

(A) bn/bnfl — a(¢1)/a(¢o)

n+2/ “n+1’
(B) by —bu-1 =43 — 8,74, and
©) (BYY — B bu-1 =) — %,

for n > 1, wherebg = /3(¢°) ,3(¢1) —a;¢’1> /(ﬁ(¢1) q). Moreover,
(¢1) (¢o)

+2 (¢1) +1 (¢0)
Zn IB}’l g +bp—1= b:—l IBn+Ol +bn= —-q.
Consequently, the coefficiertts, n > 1, can be generated by
a(‘bl% %) (¢oi
_ n+ _ 0 n+
b, = T or b,=(B1—q)— =

—-q +'3n+1 bn-1
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The results of the above lemma have been given in Maroni [9] and Belmehdi [1]. These
results were also observed in Marcellan and Petronilho [8]. For a proof of this lemma see
also Berti et al. [2].

For the purpose of our study we also require the two following lemmas.

Lemma2. Letg,(z) =(z—x1)...(z—x,) andg,_1(z) = (z — y1) ... (z — y»—1) be real
monic polynomials with real interlacing zeros. That is,

Xp < Vp-1<Xp—1<---<y1<X1.
Then for any real constant, the polynomial

0n(2) = qn(2) + cqn-1(2)

hasn real zerost, < &,-1 < --- < & < & which interlace with the zeros qf, andg,—1.
More precisely,

(A) if c <Othenxy <& andx, <& <y,_1forr=2,...,n,
(B) if c >0theny, <& <x,forr=1,...,n—1and§, < x,.
(C) Moreover, eacl, is a decreasing function ef

A proof of this lemma can be found in [3].

Lemma3. Let [ f(x, ¥)d¢(x) be convergent whem < y < y2 and L %);y) de(x)
be uniformly convergentim; <y < y2. Theniny; <y < ya,

d [e'S) oo8 ,
d—/f(x,y)dmx):/de).
y dy

The proof of this lemma (fod¢ (x) = dx) can be found, for example, in Ferrar [5] and
Widder [11].

3. Application to generalized orthogonal polynomials

Let d¢ be a determinate measure witfh = [a, b], where—co <a < b < o00. It is
known that ifb < oo then the measure is determinate. Let the real numiensdx be such
that 0< N < oo andk < a (or exceptionallyx < a). We consider the monic orthogonal
polynomialsP,?*“") associated with the measuté ™) given by
M@ p] }

f p(x)dep“M (x) = L Np(k) + ———2=
N+1 M@[1]

wherep is any polynomial and

(3.1)

b

M(¢>a'f)[p]:/p(x)(x—K)_ldfb(x)'

a
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Here we allowk = a only if M®-®[1] is convergent.

WhenN > 0 the measurd¢*") has a jump at the point. In (3.1) the measure is
given in a way so that the value of the jumpails N/(N + 1) and its total mass is equal
to 1.

Now if we takedpr = dop™™) and apply (1.1) withy = « and, for example¢ = a —

« + 1, we obtain ford¢g,

1
(N +1)(a -« +DHM@[1]

/P(X)d¢0(X) = p(x)de(x).

Note thatd¢g is in effect just the measuegp, given here with the total mass
Hgﬁ)
(N +D(a—« +DHM@0[]’

Whereu(d’) fab do(x).
Let us write the recurrence relation prn("”’“N)} as

N N N N
PN @) = (c - BOY ))P(¢'”’N)(z) o VP @),

Mgﬁo)

n+1
for n > 1, with P\ = 1 and P (2) = ﬂ(WN)
From (1.2)
PPN () = PO ) + 021V PP 2), n>1, 3.2)

where from (1.3) S|g(b(¢ " N)) =signa —k +1) =1,n > 1. Moreover, from Lemma 1,

(45 Ny (@) b(¢ o (¢,6,N) (¢) (¢,k,N) (¢,,N)

K K 2 K,

n+2 n+1b(¢ K,N)’ ﬂn+l ,3 bn ‘ + bn—l ’
n—1

for n > 1, with a2 <N) = p@M (@) _ p@xN) _ 1y gng g#wN) — g@) _ poc)
The {b?™)} can be generated by

o®
KN (@] ¥t
biPeN) = (B, — k) — @ N n=1, 33
n—1
with
@.N) _ (@) _ p(pk,N) @ _ Mé¢>
b = ) — — . 3.4
0 PPy =h (N + HM@-[1] (34)
If k < a, then forS\? (z) andS® (z) defined as in (2.2) and (2.3), we have
1<8P6) < <SP () <+ <SP (). (3.5)

This result also holds for = a provided that\M@-@)[1] is convergent.

Theorem 1. Letxy"") andx\%), r = 1,2,...,n, be the respective zeros 8f**" and
Pn(d’) arranged in decreasing order. The following results hold.
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(¢ N _ (@)

(l) x(¢) (?’:K’N) (¢) 1 ,n— 1andK < Xpn Xn,n-

n—21r <Xp,r,F=
(2) x(‘b - N) is a decreasing function d¥ .
B)IfN=0 thenx,§¢,“ M is a decreasing function af.

(4) If N > 0then x(¢ <N is an increasing function of provided that« varies in the
range (—oo, k¢ N>] where

LON) _ VY -8 —a)2+aN ) @ - IN (B —a) - Gy
- 2N

Here,v\” (@) = [(B” — @) (B —a) — a1 > 0.
Proof. Since sigmbfl"5 f N)) =1, application of part (B) of Lemma 2 to the relation (3.2)
leads to part (1) of this theorem.

Now sincex < a (or k < a) it follows that M @-¥)[1] is positive and hence from (3.4)
béq”K’N) is an increasing function a¥. Thus from (3.3)5,3"”“’) is an increasing function
of N for anyn > 0. Application of the result in part (C) of Lemma 2 then leads to part (2)
of the theorem.

To obtain part (3) of this theorem, note tt{d%,f¢’“’°)} can be considered as the or-
thogonal polynomials associated with— x) ~1d¢ (x) defined ora, b]. Hence the result
follows from the application of an extension (Ismail [6]) of a theorem of A. Markoff [10,
Theorem 6.12.1].

Now to obtain part (4) of this theorem, from (3.4) we have

o . ud oM @11
Ak (N 4+ D(M©@0)[1])2 Ak

Hence for values of such thats — x > ¢ > 0, from Lemma 3,

Bb(d)’K’N) (¢) 1
0 14 d¢(x).
dx (N + 1)(/\/1("’ ”[1])2 (x — k)?
From this,
(¢,x,N) ()
M <=1+ Ho .
K (N + 1)(a — K)M@[1]

From (3.5), sinc§(¢) ) <2 PLEM@9[1], we then have
“0

_— << .
Ok (N +1)(a— K>(ﬂ<¢) - K>

We look for the values ok for which the right-hand side of the above inequality is
non-positive and we find the intervakoo, £ ¢-¥)] where this holds. Within this interval

we then have:((f”’“N) is a decreasing function af. Consequently, from (3.3), within this

interval we also have,(f”"’N) is a decreasing function af for anyn > 0. Hence part (4)

of the theorem follows from part (C) of Lemma 20
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4. Examples

In this section we apply the results of Theorem 1 with three selected examples. The
examples are chosen so that we cover absolutely continuous measures on finite and semi-
infinite intervals and also discrete measures.

1. Generalized Jacobi polynomialsLet the real number® and« be such that & N <
oo and|«x| > 1 (or exceptionallyix| > 1). We consider the monic orthogonal polynomials

PPN associated with the measufe @£V given by
M(“ -# ”)[ ]
d @B () — N IS 4.1

wherep is any polynomial and

1
— X)) B
M(Ja,ﬂ,K)[p]Z/p(x) a xx) A+x) dx

— K

Here, if|x| > 1 thena > —1,8 > —1, if «k =1 thena > 0, 8 > —1 and ifkx = —1 then
a>-1,8>0.

When|x| = 1 then the polynomiali),f“’ﬁ""N) are particular cases of the Koornwinder
[7] polynomials.

We can then study the zeros &*?*™) using the Jacobi polynomialg!*?” . we
remind that for the monic Jacobi polynomials

Pn(lj_f) (Z) — (Z _ ﬁy(l(if))})(a ,B) (Z) ,(l‘il]g-)P(Dt ﬁ)(Z) n> 1’

with Pé""ﬂ) =1 andPl(“’ﬁ)(z) = ﬁ(“ ) where (see, for example, [4])
B2 — o2
2n+a+p—1)2—
@p _ Mn+a)n+p)n+a+p)
T 2nta+ )2[(2n+a+ B2 -
Application of Theorem 1 gives

pLeP = and

Corollary 1.1. Let x\%/*™ and x\%?, r =1,2,....n, be the respective zeros of
PPN and PP arranged in decreasing order. The following results hold.

(1) f &« > 1 (or « > 1)then

x(a’ﬂ) <x(a’ﬂ’K’N) <k and x(o‘ ) <x(°"3KN) <xr(la f)r 1 r=2,....n.
(2) If k <=1 (or« < —1)then
’ia f)r <x(°"3KN) <x(°‘ ‘3), r=1...,.n—1 and « <xlg‘j‘,’1ﬁ”(’N) <x,(,‘f‘,;’3).

(3) If k > 1 (or k > 1) thenx\™ £N) s an increasing function of/.
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(4) Ifk <—=1(orx <-1) thenx(o‘ Pl s a decreasing function a¥.
B)fN=0 thenx(‘" P s g decreasing function af.

6)If N>0 thenx(‘" PN s an increasing function of provided thatc varies in the
range (—oo, K £N)] or in the rangelk @A N 00), where

S(@BN) _ \/[N<1 By - ) 2+aN v P (1) ~ [N (1-pE ) - 1))
k 2N ’
C@BN) _ _q JINAEBE D) @t P 2 an P (DN AP - a8
- 2N .
Here, v\ () = [(B\F — 2)(BYP — 2) — «3P'] and therefore) ! (+1) > 0.

Proof. The results of parts (2) and (4) follow from Theorem 1. Also the results of parts (5)
and (6) that correspond to the possible negative valuedafow from Theorem 1.
To obtain the remaining results, we note that

MP ) }

/ P()C) d(ﬁ(a’ﬁ’K’N)(x) - (B,a,—k)
Mo

N——i—l{Nﬁ(_K) +

= / Py dg PN (x),

where j(—x) = p(x). Hence, PPN (xy = p#* =N (_x) un > 1. Moreover, it is
known thatP*? (x) = PP (—x) andg*? = — g% forn > 1.
Hence forx > 1, from part (2) of this corollary
(’3“)<x(ﬂ°‘ "N)<x(ﬂ°‘> 1<r<n, and

nlr

—K <x(ﬁ°’ —16N) <x,(1°‘nﬂ).

Since

aifpe M) = _y(@Pe)and x) = —x@P | for1<r <n,
we then obtain part (1) of the corollary.

Now from part (4) of this corollary, it > 1 thenx:* ") is a decreasing function
of N. Thereforex(“ PN s an increasing function d¥, proving part (3) of the corollary.

To prove part (5) of this corollary whenever> 1, we have from part (3) of Theorem 1
that x%:*%9 is a decreasing function of = —«. Thereforex(%#*? is a decreasing
functlon ofk.

Finally, using part (6) of this corollary for < —1 we have that,"; is an in-
creasing function of = —« provided thatc varies in the rangé—oo, K(f‘ «N)1. Hence,
we obtain thalx(“ PN s an increasing function aof provided that varies in the range
[R@BN) o0). O

(B..k,N)
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2. Generalized Laguerre polynomialsLet the real numbersv and « be such that
0 < N < oo andk > 0 (or exceptionallyc > 0). We consider the monic orthogonal poly-
nomialsZ'®*™) associated with the measufg @<V given by

(a,K)
[p]
d (at,6c,N) Np(— L 4.2
/p(x) ¢ (x) = N+1{ p(—« )+M(La,x>[1]} (4.2)
wherep is any polynomial and
o
(0(,/() . xae—x
My [p]—/p(x)x+K dx.
0

Here, ifk > 0 thena > —1 and if« = 0 thena > 0.
We can then study the zeros bﬁ“”"N) using the Laguerre polynomialsﬁ,"‘). For the
monic Laguerre polynomials

LY@ = (- BO)LO @) — e L® ). n>1,

with LS = 1 andL{ (z) = z — B\, where (see, for example, [4])

Y =214+a—-1 and a,(lojr)l—n(n—ira) nz=1l

Applying Theorem 1 withe replaced by—« we obtain the following result.

Corollary 1.2. Letn > 1 and letx%*") andx*), r = 1,2, ..., n, be the respective zeros
of LM and L™ arranged in decreasing order. Then the following results hold.

(1) x,(l“)l RS x,(,ar'( N x,&“), r=1...,n—1land—« < x(a N ’(la’z

2) x{%“N is a decreasing function @¥ for N € [0, cc).

(3) x(“ 9 is an increasing function of for « € (0, c0).

(4) If N > 0thenx%" is a decreasing function af for « € [ o), where

) _ VING+a) = 1+ 0P +4NQR+a)(1+a) — [NGB+a) — (1+a)]
- o .

It was brought to our attention by the referee that Corollary 1.2 can also be obtain from
the results of Corollary 1.1 by using the asymptotic property

ﬂleoo PP (1 —2871x) = L@ (x).

3. Generalized Charlier polynomials.Let the real number®/ and« be such that &

N < oo andk > 0. We consider the monic orthogonal polynomiélg”’"N) associated
with the measurdy <) given by
(tm)
1 [p]
dr@N) Np(— Ci , 4.3
f () dyr ()= +1{ p(=K) + MED (4.3)
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wherep is any polynomial and

o]

oK 1
M )[p]=/p(x)XJr
0

r

A (x) = Zp(r) o

Herea > 0. It is known that the discrete measumﬁ("‘) is determinate and that the associ-
ated orthogonal polynom|at§,§“) satisfy

Cih@ = (=)@ — e h G2, n>1
with ' =1 andC® (z) = z — B\*’, where (see, for example, [4])

B =n+a-1 and o =ne, n>1

These polynomials are the Charlier polynomials. Applying Theorem 1 avittplaced by
—k, we obtain the following result.

Corollary 1.3. Letn > 1 and Ietx("‘ < N) andx,(,‘f‘r), r=1,2,...,n, be the respective zeros
of C{**M and C\* arranged in decreasing order. Then the following results hold.

(o6, N) (@)

() x@ (@, N) (@) 1...,n—1and—«x < x,, <Xp.gp-

w1y <Xnr <Xpj, T =
) x,ﬂ“;"’N) is a decreasing function @¥ for N < [0, c0).
(3) x\%~ ‘9 is an increasing function of for « € (0, 00).
(4) If N > 0thenx\%*" is a decreasing function af for « € [¢©™), c0), where

2N VIN@+1) —al?+4Na? — [N(@+1) —«a]
B 2N :
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