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ARTICLE INFO ABSTRACT

Keywords: This study investigates how two- and three-wave configurations govern particle escape and
Plasma transport transport in tokamak edge plasmas. Using a Hamiltonian model derived from drift-wave
Escape basins

turbulence, we analyze test particle dynamics through Poincaré maps, fractal escape basins,
and entropy metrics. Introducing a third wave increases basin entropy, enhancing particle
escape rates while reducing basin boundary entropy, indicative of suppressed basin mixing.
Escape time analyses reveal resonant scattering disrupts coherent transport pathways, linking
fractal absorption patterns to heat load mitigation in divertors. Characteristic transport is also
analyzed and regimes transition between anomalous (¢ > 1) and normal diffusion (a =~ 1),
two-wave systems sustain anomalous transport, while the third wave homogenizes fluxes
through stochastic scattering. Fractal structures in escape basins and entropy-driven uncertainty
quantification suggest strategies to engineer transport properties, balancing chaos and order for
optimized confinement.

Tokamaks
Hamiltonian plasma
Anomalous transport

1. Introduction

The confinement of high-temperature plasmas in magnetic fusion devices remains a critical challenge due to the interplay
of turbulent fluctuations and anomalous particle transport [1-4]. Drift waves, driven by density and temperature gradients in
magnetized plasmas, generate turbulent electric fields that induce chaotic particle motion [5]. This motion results in particle escape
rates that far exceed predictions from classical collisional theory [6,7]. Such anomalous transport degrades plasma performance and
risks damaging reactor walls through localized heat and particle fluxes, necessitating advanced mitigation strategies [8-12].

Particle transport in high-temperature plasmas is dominated by long-range electric fields arising from Coulomb interactions
among charged particles. In magnetized plasmas, low-frequency ion acoustic oscillations emerge as critical collective modes,
governing transport properties such as resistivity and thermal conductivity. Steep density and temperature gradients trigger
instabilities in these modes, leading to drift-wave turbulence and consequent anomalous transport of particles and energy [7,9,13].

Among the various instabilities in tokamaks, electrostatic drift-wave turbulence in the plasma edge plays a pivotal role in
governing cross-field transport [1]. These low-frequency fluctuations, driven by steep density and temperature gradients, generate
turbulent electric fields that drive E x B drifts—a key mechanism for chaotic particle motion [14,15].
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(b)

Fig. 1. Graphical representation of the (a) toroidal geometry and the (b) transformation of cylindrical coordinates to rectangular ones.

A typical framework for analyzing these dynamics is the Horton model [16], which reduces the plasma edge to a slab geometry
with a uniform magnetic field B = BZ. Particle motion is described through E xB drifts governed by a Hamiltonian formulated from
electrostatic potentials. By decomposing the potential into an equilibrium component (®,(x)) and perturbative contributions from
N drift waves, this model predicts the emergence of fractal structures in phase space, where chaotic and quasi-regular trajectories
intertwine.

Recent studies [17,18] demonstrate how drift-wave turbulence generates fractal escape basins regions of initial conditions leading
to particle loss characterized by self-similar patterns and Wada boundaries. In these boundaries, three or more basins share a common
fractal edge, a feature critical for understanding particle migration toward plasma-facing components such as divertors [19-21].
Here, fractal absorption patterns directly influence heat and particle load distributions, complicating efforts to optimize reactor
durability. The transition from integrable to chaotic dynamics under varying wave configurations further challenges confinement,
as resonant interactions between modes amplify stochasticity and disrupt coherent transport pathways.

Quantitative tools such as basin entropy (.S}) and basin boundary entropy (.S;,) [22] have emerged to characterize the uncertainty
and fractality of escape processes. These metrics reveal how perturbations amplify unpredictability in particle trajectories, even in
systems with seemingly uniform chaotic regions. For instance, in tokamaks with ergodic magnetic limiters, fractal basins persist
despite attempts to homogenize heat loads, highlighting the intrinsic complexity of plasma-wall interactions [17,23]. Reduced fractal
dimensions correlate with elevated anomalous diffusion exponents, suggesting plasma edge turbulence alters transport via analogous
mechanisms [8].

This paper extends prior work by analyzing how two- and three-wave configurations alter escape and transport regimes in
magnetized plasmas. The manuscript is structured as follows: Section 2 outlines the theoretical model and numerical framework;
Section 3 details particle escape dynamics and its impact on trajectory uncertainty across perturbation ranges; Section 4 presents
transport analyses across periodic and chaotic regimes, contrasting diffusion behaviors under varying wave amplitudes; and Section 5
summarizes key conclusions and implications for plasma confinement.

2. Drift-Waves model

A well-known model for describing the influence of electrostatic potential turbulence caused by drift waves in the plasma edge
is the one proposed by Horton [16]. Neglecting curvature effects, the plasma edge region can be approximated by a slab geometry.
We therefore transform the toroidal coordinates (r, 6, ¢) into a Cartesian system (x, y, z), as illustrated in Fig. 1. Here, x corresponds
to the radial direction, y represents the poloidal direction (with periodicity 2z), and z denotes the toroidal direction. The uniform
magnetic field is expressed as B = B2.
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We assume that the ion and electron charges do not appreciably affect the electric and magnetic fields; hence, the corresponding
guiding centers can be considered as passive tracers, or test particles. Such test particles move with the E x B drift velocity.
_ _VoxB
=
where the electric field is written as E = —V®, with @(x, y, 1) being a scalar potential. This system is equivalent to the following set
of canonical equations:
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corresponding to the time-dependent Hamiltonian
1
H(x,y,0) = - ®(x,3.1). (€))
0

The electric potential can be divided into two parts: an equilibrium part @;(x) corresponding to a radial electric field, and a
perturbation caused by N drift waves with amplitudes A;, frequencies w;, and wave vectors k; = (k, ;, k,;) for i = 1,2,..., N. This
gives:

yi

N
D(x, y.1) = Po(x) + ) Agsin(k, x)cos(k,,y — o;1), 5)
i=1
where we assume a stationary wave pattern along the radial direction x and a traveling wave along the poloidal direction y. Let L,
and L, be the characteristic lengths along these directions, such that:

nmw 2zxm
ky=-—=, k==, (6)
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where m and » are suitably chosen positive integers.

In the case of N drift waves, the Hamiltonian reads:

HOx, 1) = [0+
0
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Y Agsintk, x)cos(k,;y — o)l
i=1
After transitioning to a reference frame moving with the phase velocity of the first wave, u;, and considering the resonant case
where the drift velocity satisfies

1 d@, o3
Vp=——— =u = —
B dx k
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the Hamiltonian becomes:
H(x,y.1) = Asin(k, ; x)cos(k,,; y)+
N ®
D Agsin(e, x + f)cos (k,, (v = ;1))
i=2
where u; = k’”—’ - :’—‘ and B; is a phase term associated with the breakdown of transport barriers in symmetry regions. This phase
Vi .1
enables parti’cle trefnsport along the x-direction, which is the focus of this study [24].
Considering two and three modes in the Hamiltonian equation (8), we evolved the canonical Egs. (2) and (3) numerically from
tp=0tot, = 10*. A Poincaré map was constructed by sampling (x,y) values at times equal to integer multiples of the period
T =2z /w,. The system parameters are defined as follows:

ki =5, ky, =6, @) =2, A =10,
ko = =3, ky,=-3, w, =2, A, €10,1.0],
kyz=-2, ky3=-3, w3 =2, Ay =0.1.

These values were chosen to reflect realistic plasma wave dynamics [13,25-27], with A, (the amplitude of the second wave) serving
as a tunable parameter in the range [0.0, 1.0]. The integrable case A, = A; = 0 is shown in Fig. 2(a), where particle motion is confined
to bounded cells.

By using a Poincaré map, we observe the patterns of particle motion by leveraging the periodicity of the stroboscopic mapping.
This is achieved by sampling the coordinates (x, y) for each particle at times 7, = nT, where T = 2x /u, is the period of the parent
wave. Fig. 2 illustrates the resulting maps for different values of A,. Analysis reveals that increasing the control parameter A,
triggers the destruction of invariant curves near displaced elliptic points, leading to a consequent enlargement of chaotic orbits. The
persistence of periodic orbits at higher A, values arises from the choice of k, and k,, which correspond to smaller wavelengths.
These wavelengths slow the destruction of KAM tori, preserving quasi-regular motion in localized regions.
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Fig. 2. Phase space for two configurations: the first row corresponds to A; = 0, and the second row to A; = 0.1. Columns represent different A,
values: (a,d) 0.0, (b,e) 0.5, and (c,f) 0.9.

On the other hand, the addition of the third wave with A; = 0.1 (Fig. 2(d)) breaks the integrability of the system. In this case, only
the interior of the cells retains quasiperiodic motion, unlike the two-wave scenario studied earlier [17]. The inclusion of the third
wave accelerates the destruction of quasiperiodic islands due to the cumulative effect of multiple perturbations in the integrable
system. This results in slightly more chaotic orbits in phase space and enhances particle transport, a phenomenon we will analyze
in detail later.

3. Escape basins

The dynamics presented in Fig. 2 are aperiodic but not uniformly chaotic due to the intricate structure of the underlying
manifolds [17]. This non-uniformity in chaotic motion can be quantified through the geometry of escape basins. Here, “escape”
or “leaking” [28,29], is defined as particles exiting the L, x L, domain, which physically corresponds to migration into distinct
plasma regions: the plasma-wall boundary for x > = or the plasma core for x < 0. Initial conditions not residing in chaotic regions
(e.g., those within periodic islands) produce non-escaping orbits and are excluded from exit basins.

Fig. 3 shows the exit basins for the wall (blue-colored regions) and the core (yellow-colored regions). Initial conditions that never
escape are represented as blank areas. The exit basins exhibit an intricate structure for all values of the control parameter A,. The
comparable size of the basins across most A, values indicates no preferential escape direction (Fig. 4(a)). However, this symmetry
can be broken by modulating the equilibrium potential profile @,(x), as demonstrated in prior work [18].

The inclusion of the third wave with a small amplitude is linked to a physically interesting phenomenon in plasma physics [11,
13,14,30-32]. While its effects are hardly perceived by direct comparison of exit basins in Fig. 3, we quantify the basin areas by
calculating the fraction of basin points relative to the total number of grid points dividing the phase portrait. By comparing the
sizes of the two basins for each case (Fig. 4a), it is evident that the third wave causes more particles to escape, with an increase of
approximately 3%. The positive trend in all escape basins with increasing A, can be attributed to the enlargement of chaotic orbits.
This expansion increases the number of initial conditions available for trajectories that eventually escape to either boundary.

To measure the impact of different exit configurations, we utilize basin entropy analysis [22]. This framework operates by
dividing a region of interest, £2, in the phase space into a uniform grid of boxes, each with a linear dimension ¢. For a given
parameter set, there exist two potential exits from €. This allows for the construction of a map, C : 2 — N, which assigns a specific
exit to every initial condition. This assigned exit is commonly referred to as a “color”.

Theoretically, every box contains an infinite number of trajectories, each corresponding to one of the two colors. In any practical
application, however, only a finite number of trajectories can be tracked for each box. This number reflects the repetitions in an
experiment or the quantity of trajectories computed in a simulation.
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Fig. 3. Escape basins for the core (x < 0, yellow regions) and the wall (x > #, blue regions). The first row corresponds to the system with only
the second wave (A; = 0), while the second row includes the third wave (A; = 0.1). The perturbation amplitudes of the second wave are: (a, (d)
A, =03, (b, (e) A, =0.5, and (c, (f) A, =0.9. (For interpretation of the references to color in this figure legend, the reader is referred to the
web version of this article.)

For our computational analysis, we established a grid of 256 x 256 boxes across the phase space. We sampled this space using a
total of 1024 x 1024 initial conditions, which corresponds to sixteen trajectories originating from within each box. This density of
initial conditions was chosen as it provides a reliable estimation of the basin entropy while maintaining computational efficiency,
consistent with previous studies [22]. Consequently, the linear size of each box, ¢, which sets our analysis’s resolution limit, is 1/256.

Even with a resolution limit of ¢, the trajectory data from within a single box can be used to quantify the local uncertainty. We
can model the distribution of colors within a box as stochastic. An observed frequency, p; ;, is then associated with each color j in
a box i. This value is determined by the statistical outcomes of the trajectories that start inside that box.

Assuming that the trajectories within a box are statistically independent, the Gibbs entropy for an individual box i is calculated
as:

m;
S == Zpi,j logp; ; )
j=1
where m; is the number of distinct colors found in box i. Since the system has only two exits, m; can be either 1 (for a box belonging
to a single basin) or 2 (for a box on the basin boundary). The term p; ; represents the fraction of trajectories from that box that lead
to exit j.
The total entropy, .S, for the entire grid of N non-overlapping boxes that covers (2 is the summation of the entropies from each
box:

s=3's,. (10)
i=1
To establish a measure that is independent of the grid resolution (and therefore the number of boxes), the basin entropy, .S, is
defined by normalizing the total entropy. This results in the average entropy per box:

S
Sy =—. 11
=N an
This framework can be extended to create more specialized metrics. For example, one might need to analyze the uncertainty
concentrated at the boundaries between basins, which is useful for determining if a boundary is fractal. To do this, the entropy

calculation is restricted to only the N, boxes that contain more than one color. This defines the boundary basin entropy, S,,, as:

S
Spp = —, 12
w= (12)
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Fig. 4. Analysis for two-wave (2 W, dotted line) and three-wave (3 W, solid line) systems across varying second-wave perturbation amplitudes
A,. Panel (a) shows the fraction of the occupied area, where the legend subscripts Y and B refer to the escape basins for the core (yellow) and the
wall (blue), respectively. Panel (b) displays the basin entropy and basin boundary entropy for both cases. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)

This metric specifically quantifies the uncertainty present at the basin boundaries.

These two metrics can analyze the complexity, mixing, and uncertainty of initial conditions within escape basins or basins of
attraction. They are closely linked to established metrics like the fractal dimension of attractors and the uncertainty exponent [33,
34]. While the fractal dimension is excellent for quantifying the geometric complexity of basin boundaries, a topic we explored in
prior work [17,18], we selected basin entropy here as it provides a more direct measure of the unpredictability of a particle final
destination. When S, — 0, nearly all initial conditions within a small box of size €2 converge to the same exit, reflecting minimal
uncertainty and higher trajectory predictability. Conversely, when S, — In N, initial conditions within the box are distributed
equally among all exits, indicating maximal uncertainty and unpredictability.

Fig. 4(b) displays the basin entropy and basin boundary entropy for both analyzed cases. As expected, the results show that the
basin entropy increases with larger values of the second wave’s amplitude (A,). This increase arises from enhanced chaotic behavior
in the system, which amplifies the fractality and structural complexity of the basins.

When comparing the basin entropy .S, the three-wave case exhibits higher values for all A4,, including a nonzero S, at A, = 0.0.
This nonzero entropy arises from the breaking of invariant curves due to the third wave, which ensures the system always exhibits
escape basins. This is further corroborated by the presence of basin boundary entropy (.S;,) even at A, = 0.0. The basin entropy
values are consistently higher in the presence of the third wave, demonstrating that even a small additional perturbation disrupts
basin mixing and amplifies uncertainty.

The S,,, on the other hand, presents a lower value when the third wave is added. This is counterintuitive but expected: while the
third wave increases mixing in the system (producing more boundary points), the basin boundary entropy S,, decreases because
the averaging denominator N, (number of mixed-attractor boxes) grows faster than the sum of entropies. The negative trend in
S, arises as the escape regions expand. With both core and wall basins growing proportionally, the occupied area increases, but
the uncertainty grows only marginally. Meanwhile, the rise in N, reflects a larger number of mixed-attractor regions, diluting S,
despite the heightened structural complexity.

Furthermore, it is also possible to analyze the escape time of particles for different second-wave amplitudes. Fig. 5 illustrates this
relationship, where warmer colors correspond to longer escape times and cooler colors indicate faster-escaping particles. The fast-
escape regions correlate with smooth basin boundaries, a consequence of unstable manifolds in the system and reduced divergence
among initial conditions.

Conversely, regions with prolonged escape times are associated with sticky orbits. These are trajectories that become transiently
trapped in the chaotic layer surrounding the KAM islands of quasi-regular motion before escaping. This phenomenon is characteristic
of Hamiltonian systems and is visually confirmed by the concentration of long escape times (warmer colors in Fig. 5) at the frontiers
of the non-escaping regions (white areas in Fig. 3).
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Fig. 5. Escape time for particles in two configurations: the first row corresponds to the system with only the second wave (A; = 0), while
the second row includes the third wave (4; = 0.1). Columns represent different second-wave perturbation amplitudes: (a, (d) A, = 0.3, (b, (e)
A, =05, and (c, (f) A, =0.9. Warmer colors indicate longer escape times, while cooler colors denote faster escapes. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version of this article.)

4. Particle transport

To analyze the transport dynamics induced by the presence of two and three waves, we simulated an ensemble of passive particles
initially distributed within the same region studied for escape basin characterization.

We employed diagnostic measures to quantify how distinct wave configurations influence particle transport in tokamaks.
Specifically, we calculated two metrics: the mean square displacement (MSD), which provides a global characterization of chaotic
transport by quantifying the spatial spread of particles over time, and the total displacement, which captures the inhomogeneous
nature of transport due to spatially varying flux intensities across plasma regions.

4.1. Mean square displacement

For a statistical characterization of transport, we computed the mean square displacement (MSD):
| X
(0(7) = 5 2 0lx() = x,0), (13)
i=1

where N denotes the total number of particles. The temporal scaling exponent (o(f)?) « t* classifies the transport regime as
subdiffusive (a < 1), normal diffusion (a = 1), superdiffusive (1 < a < 2), or ballistic (« = 2).

Our analysis reveals two distinct regimes of anomalous transport, characterized by different scaling exponents («), which emerge
as a direct consequence of the waves’ presence. Despite similar escape characteristics, two- and three-wave systems induce markedly
different transport dynamics. In the two-wave case, particles exhibit enhanced poloidal transport, leading to spatially heterogeneous
high-flux regions. Conversely, the addition of a third wave suppresses these localized transport channels due to resonant interactions,
resulting in nearly constant diffusion across parameter space and effective poloidal confinement. This resonance mechanism
homogenizes transport fluxes, reducing overall system transport compared to the two-wave scenario. The Fig. 6 summarizes the MSD
scaling across the parameter space for the two and three wave, revealing a clear distinction between two groups: one corresponding
to two waves system (Blue curve) and the three waves (Red curve).

The observed diffusion exponent provides a quantitative measure of the transport regimes and their underlying mechanisms. The
anomalous diffusion regime observed for the two-wave system suggests the formation of highly correlated regions where particles
exhibit persistent directional coherence. This behavior mirrors coherent structures in plasma turbulence, such as zonal flows or
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Fig. 6. Mean square displacement (MSD) of particles for two- and three-wave systems at multiple values of the second wave perturbation
amplitude (4, € [0.0, 1.0]). The results highlight the confinement effect induced by the third wave and the nonlinear dependence of displacement
on A, in the two-wave case. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this
article.)

streamers, which efficiently channel particles along preferential pathways. This phenomenon stems from the two waves generating
localized high-transport channels within the chaotic sea. However, as the second wave amplitude (A,) increases, the amplified
chaotic dynamics disrupt these channels—reducing periodic orbits and suppressing transport efficiency.

In contrast, the normal diffusion regime under three waves indicates a structured phase space without the formation of high-
transport regions. Here, directional coherence — which drives localized transport — is suppressed by the third wave. This suppression
arises because the third wave introduces resonant interactions that amplify background stochasticity, trapping particles in transient
coherent structures or inducing frequent scattering. These mechanisms disrupt anomalous-diffusion pathways, homogenizing
transport and preventing large-scale particle flux.

4.2. Total displacement

The total displacement of particles (4) is defined as the Euclidean distance between their initial and final positions:

A= V(4x)? + (4y)?, 14

providing critical insights into both the magnitude and directionality of transport. Unlike the mean square displacement (MSD),
which quantifies particle dispersion, the total displacement highlights net migration of particles. By analyzing 4 alongside directional
displacements (4x, 4y), we observe two distinct regimes identified in the MSD analysis: localized high-transport regions in the two-
wave system, where particles exhibit coherent motion, and diffuse transport in the three-wave system, where the third wave disrupts
directional coherence.

The total displacement 4 is consistent with the scaling exponent « in the MSD analysis. By comparing displacements across spatial
regions, we identified areas of enhanced transport. These regions correlate with chaotic dynamics in phase space, while suppressed
transport aligns with quasi-regular orbits trapped near invariant structures.

Fig. 7 illustrates the displacement patterns observed for different wave configurations. The first row corresponds to the two-wave
system (A; = 0), while the second row shows the three-wave system (A; = 0.1). Columns are ordered by increasing second-wave
perturbation amplitude: A, = 0.3, 4, =0.5, and A4, = 0.9 (left to right).

The displacement metric reinforces the separation of transport regimes observed in Fig. 6. For the two-wave system (first row of
Fig. 7), the total displacement reveals distinct dynamics: particles travel farther when the scaling exponent « is higher (e.g., 4, = 0.3),
with localized high-transport regions near (1.0, 7). However, these regions are suppressed as the wave amplitude (A,) increases.
Conversely, in cases where a ~ 1, the displacement exhibits similar behavior across parameters, with no high-transport structures
forming. Chaotic regions instead display isotropic displacement due to frequent scattering, which suppresses net migration by
trapping particles in transient structures. This scattering arises from both the increased second-wave amplitude and the presence of
the third wave, hindering the formation of structured transport pathways.

Our conclusions are not strictly limited to the parameters chosen in this study. The qualitative behaviors we describe are general
features of this wave-interaction model, and similar transport dynamics have been observed using different parameter sets [35].
The essential condition for these phenomena is a mixed phase space where chaotic and regular motion coexist, which occurs over
a broad range of wave amplitudes.
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Fig. 7. Total displacement (4) of advected particles. The first row corresponds to the two-wave system (A; = 0), and the second row includes the
third wave (A4; = 0.1). Columns represent different second-wave perturbation amplitudes: (a, (d) A4, =0.3, (b, (e) A, =0.5, and (c, (f) A, =0.9.

5. Conclusions

This work investigates the role of drift-wave modes in governing particle escape and transport dynamics in tokamak edge plasmas.
By comparing systems with two and three waves, we demonstrate how the introduction of a third wave modifies uncertainty and
transport regimes.

The addition of a third wave increases the overall particle escape by approximately 3%. The underlying dynamical changes
also lead to an increase in the basin entropy S,, reflecting greater unpredictability in particle destinations. Concurrently, the basin
boundary entropy S, is generally reduced, which can be attributed to how this metric averages uncertainty over an increasing
number of mixed boundary boxes. This suggests that while overall escape is enhanced and general phase-space unpredictability (:5;)
rises, the complexity specifically at the basin boundaries (as measured by .S},) shows a constrained behavior. Auxiliary diagnostics,
including escape time and phase-space trajectory analyses, corroborate these results, revealing suppressed coherent transport
pathways under three-wave configurations. The interplay between enhanced overall escape, increased general unpredictability, and
this constrained nature of boundary complexity underscores the potential of multi-wave turbulence control for optimizing plasma
confinement strategies.

The suppression effect of the third wave extends to transport dynamics. Systems with two drift waves exhibit anomalous diffusion
(a > 1), driven by high transport regions that channel particles along preferential pathways. In contrast, the third wave disrupts these
pathways through resonant scattering, restoring normal diffusion (a ~ 1) and homogenizing transport fluxes. This duality highlights
the delicate balance between order and chaos in multi-wave plasmas, with profound implications for confinement optimization and
divertor design. By suppressing anomalous transport while maintaining confinement efficiency, controlled wave interactions offer
a pathway to stabilize particle motion and reduce heat loads on reactor walls.

These results bridge fundamental plasma turbulence studies to practical confinement challenges. The observed fractal structures
in escape basins, coupled with the tunable transition between anomalous and normal diffusion, suggest that multi-wave config-
urations could be engineered to tailor transport properties. Future work should explore scaling these findings to realistic reactor
geometries and experimental validation of entropy-based control strategies.
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