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In this paper, we consider the extension of the Brandt theory of elasticity of the Abrikosov flux-line
lattice for a uniaxial superconductor for the case of parallel flux lines. The results show that the effect of
the anisotropy is to rescale the components of the wave vector k and the magnetic field and order-
parameter wave vector cut off by a geometrical parameter previously introduced by Kogan.

I. INTRODUCTION

It is well known that the high-T, superconductors are
strongly anisotropic compounds. These materials can be
described by the Ginzburg-Landau (GL) equations in the
anisotropic form which involve the principal values M;
(i=X,Y,Z) of the effective mass tensor M;;. The high-
T, superconductors are uniaxial (or nearly so) com-
pounds, so that we can take My =M y#M_,, where M, is
the effective mass along the Z direction (perpendicular to
the layer). The energy cost displacing the flux lines of a
uniaxial superconductor from their equilibrium
configuration is the major aim of this paper.

This effective-mass model can well describe the angular
dependence of the upper critical field. However, some re-
cent investigations' have pointed out that the effective-
mass model cannot account for some unusual physical
properties of the strong anisotropic superconductors at a
microscopic level. Therefore, the expression “high-T,
superconductor” should be carefully interpreted
throughout this paper.

This paper is organized as follows. In Sec. II we
present the Abrikosov solution of the anisotropic linear
GL equations in a different (but equivalent) form from
those addressed in some previous works.2~* In this sec-
tion no essential new result is presented. However, the
way in which we treat the problem will be much more
convenient for our purpose, because it is valid even for a
distorted flux-line lattice. In Sec. III we then show how
the Abrikosov solution fails for a uniaxial superconduc-
tor in the short wave-vector limit. Finally, in Sec. IV we
remove the divergence of the order parameter and mag-
netic field by using the same procedure as Brandt did in
his pioneering work? for isotropic superconductors.

II. THE ABRIKOSOV SOLUTION

The starting point of the calculation is the GL phe-
nomenological free energy which in reduced units can be
written as®
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where dV =dX dY dZ is the element of volume, k is the
GL parameter, and pyy=pyy =1, tzz=M /M, =€ and
zero otherwise; My=My=M; H=V X A, where A is
the vector potential.

Let us rotate the crystal frame (X,Y,Z) through an
angle 6 about the Y axis onto the vortex frame (x,y,z)
(see Fig. 1 of Ref. 2). It can be easily shown that Eq. (1)
has the same form in the new system of coordinates with
X; replaced by x; and y;; by?

iy, =cos?0+esin’0=y*

#yyzl’ nu'xyznu’yzzo ’ )
W, =sin’0+ € cos? ,

Uy, =(1—€)sinb cosb .

Near the upper critical field, the usual procedure is to
solve the eigenvalue (A)-eigenvector (¥;) linear GL equa-
tion,

9 1 0 _
z'u” ik ax ik ox; Ap |V =¥ =2 ()
with A= Ap=(B/2)2Xr, B=(H)Z, where (---)

denotes a spatial average.
Let us assume that all quantities in the vortex frame
are z independent. In this case, Eq. (3) becomes
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In order to solve this equation, we first rewrite Eq. (4)
in terms of the creation and destruction operators F
and F _, respectively,

(E/y%x—l)nt%mn v, =AY, , (5
Y
where
1 9 1 3 _Bx_ B
F —F==+=yy, 6
£ 7“( ox yik dy 2y 2" ©

and k=«x/y% B=y’B.
For magnetic fields close to H,, it is sufficient to keep
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only the lowest eigenvalue A=(B /y*%—1) which corre-
sponds to F_W¥;=0. The solution of this equation may
be found by replacing (x,y), B, and « in the isotropic
case by (x /y,yy), B, and K. We then obtain

_(x2/72+72y2)£§_

¥O(x,y)=C exp 2

gx/y+iyy),

@)

where g(x /y +iyy) is some function which produces the
correct zeros of w;=|¥{”|? and C is a constant of nor-
malization. It has been demonstrated by Kogan’ that
this function can be taken as the product of all
(x—x,)/y+iy(y—y,) where (x,,y,) is the position of
the vth flux line. Hence, we can write

w;(x,y)=C exp —(x2/7/2+1/2y2)—B;1.—K

XTI Ix=x,)2/y* vy —p,)*]l, 8

(y—y,)y?
¢,(x,y)= 3 arctan L;};

v

+const , (9)
(x—x,

where ¢, is the phase of W{°.

Let us now define the supervelocity as Qp
= Ap—(1/k)V¢;. Inserting Eq. (9) into this definition
we find

B.. 1 ZX(r—r,)
Qp(x,p)=T2Xr——3 2,2 ; 27 °
2 kK 5 [(x—x )/ vy —y, 2]

(10)

By taking the gradient of Eq. (8) we will have the ex-
pressions

Lﬂ__m—ﬂz G —x,)/1” :
®; 0x [(x—x,)2 /v +y2y—y,)*]

(11a)

dw _ Yy —y,)?
oy YRS o
(11b)

The combination of Egs. (10) and (11) yields
0;=—2 LD L aw“ /2;«0,. (12)

Ox y*

A straightforward manipulation of the second GL
equation and Eq. (12) yields the well-known results

<Cl)1>_‘(1)1
H,=B+———, (13)
2K
aHy aHx _ . aa), 14
dx ay 4 ay 14

where 7 =p ., /2ky* This equation for the transverse
field was previously found by Kogan and Clem? by using
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a different approach. They have interpreted H, as a
consequence of a current which flows along the vortex,
even when the system approaches H,

Let us mention some features of the present derivation.

(1) It can be extended to the case in which the flux lines
are displaced from their equilibrium positions. This situ-
ation is of fundamental importance to the theory of elas-
ticity of the flux-line lattice.

(2) The equilibrium lattice structure can be determined.
As can be seen in Eq. (7), the order parameter appears
with x and y rescaled by 1/y and ¥, respectively. This
means that if the structure of the lattice for the isotropic
superconductor is a triangular lattice with periods (1,0)
and (1/2,V/3/2), then that for an anisotropic supercon-
ductor will be (y,0) and (y/2,V3/2y). Campbell
et al.,} in a very recent study of the structure of a uniaxi-
al layered crystal, have found the same result by working
out the GL free energy in the London regime. This result
has also been confirmed by Petzinger and Warren* by us-
ing a better sophisticated mathematical apparatus than
the present one.

(3) As can be seen from Eq. (8), w; (and consequently
the free energy) is not invariant under rotation about the
z axis. This new feature of the free energy also occurs in
the London regime.’

III. DIVERGENCE OF o; AND H

Up to this point we have not taken into account any
distortion of the flux-line lattice. However, as was ob-
served in Sec. II, our previous derivation of Eqgs. (7)—(14)
is still valid even when the flux lines are displaced from
their equilibrium positions. Let wus denote by
s,=(s},s7,z) the displacement of the vth flux line from
the initial regular flux position R,=(X,,Y,z) parallel to
the z axes. If we introduce rv=Rv+sv in Eq. (8) and then
expand it in powers of s,, we obtain

o)(x,y)=w 4(x,y)1+1/2)*+0(s?), (15)
where

s¥(x—x )/ +yisiy—y,)

n(x,y)=—23 , (16)

[(x=x,)2 /72 + 72y —p, )]
and o 4(x,y) is given by Eq. (8) with r,=R
By taking a periodic displacement field

ikR

v

s,=Re(sge ), (17)
with k= (kx,ky,O) in Appendix A we find
i(k+K).soei(k+K)-r
n(x,y)= Bx

X [k +K, )+ (k,+K,)?/y?]
(18)

where K is the reciprocal lattice vector and is glven by?®
K=mb,+nb, with b=0Q7/V3)[(V3/y)Z—77],
b2=(47r/\/3)y3? (m,n integers).

For k <<K 4, Eq. (17) may be written in an approxi-
mated form as follows:
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n(x,y)=~Re |2BRsy’ {%Jr 3 le iKer
k k=0 K
= . s(r)-Vo ,(r)
—2pr Y Sr) FTIYOAT 19)
k2 w 4(1)

where, on going from the first to the second line, we have
used the following identity:’

Vo 4(r) ~ j .

_.___A__..._=_2‘BR 2 _l~£elK'r , (20)

a4 (l') K+#0 K 2
which can be found from Eq. (11) by taking r,=R,
and using Eq. (2) of Appendix A. In Eq. (19)
k=(yk,,k,/y,0) and s(r) is a smooth displacement field
given by Eq. (17) with R, replaced by r.
The substitution of Eq. (19) into Egs. (13) and (15) gives

V- s(r)

o(x,y)=w (r—s(r)] [1+2Bk—= [+o0(s?), (1)

(w4)—w 4 [r—s(r)]

H,(x,y)=B+
2K

+o,[r—s(r)]B +o(s?) . (22)

~V-s(r)
k2
If we compare these results with the isotropic
equivalents® we will see that the effect of the anisotropy is
to replace k, B, and k by k, B, and k.
To proceed, let us now solve for H,. Operating on
both sides of Eq. (14) with d/dy and using V-H=0 we ob-
tain

2 aza),
V°H, =y o (23)
Similarly we have
2 azcol
V°H,=—% %3 (24)

y

We will solve Egs. (23) and (24) by neglecting varia-
tions of w 4(x,y) in Eq. (19), which allows us to take
n~7(x,y)=2BxV-s(r)/k 2. This is equivalent to saying
that we are interested only in the slowly varying parts of
the magnetic field. Brandt® has called this approximation
a local average, i.e., only those terms associated with
K=0 are considered. Therefore, if one introduces
o;~o 4(1+7%) in Egs. (23) and (24), by using Fourier
transforming one easily obtains

H,( b S e 1 S
x, —— le o(s
x y ’}/K#O(DK K2 77 (k+K)2
K2
=7 ¥ —Sox(l+7), (25)
K#O
K.K (ky +K )k, +K,)|
— xry — X x y y iK-r
H,(x,y) yKéowK\ I n kTK)
o(s?)=y z wK(l+n) (26)
K+#0
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where wg is the Fourier component of w 4(x,y).

According to Egs. (21), (22), (25), and (26), the order
parameter and the magnetic field diverge as 1/k 2.
Brandt® has removed this unphysical divergence by em-
ploying an exhaustive variational method. This question
will be left to the next section.'”

IV. REMOVAL OF THE DIVERGENCE

In this section we calculate the excess free energy asso-
ciated with the small displacement field s(r) of the flux

lines. Before we carry this out we still have to perform
some _prehmlnary calculations. If one introduces
¥=1vwe'? in Eq. (1), one obtains
. 1 Odw aa)
F——fdv %M,‘j 4Ka)ax ax QzQ]]
+%a)2—w+H2] : @7

Let us define h=H—BZ=VX(A— Ap)=VXA,.
Hence, the superfluid velocity is Q= A, +Qjp and
(H?)={(h?)+B? If we now minimize the free energy
with respect to A, we find

VXh=—0l(y*Qs +1..0. )X +Q,¥
(120 1 Q2] - 28)

The corresponding minimum free energy can be evalu-
ated by substituting Eq. (28) into Eq. (27),

1 Odw dw P
F:fdv 2#[_;‘ 2&) Ax. axj wQBQé
L] t
+—;—w2~w—h8-h +B?, (29)

where hp obeys the same equation as (28) with Q re-
placed by Q. Notice that Eq. (29) is still valid when the
order parameter and the magnetic field are z dependent.

To show how the divergence of the physical properties
evaluated in the preceding section can be removed by us-
ing a variational technique first proposed by Brandt,’
several steps must be taken. First of all, we modulate the
amplitude of the order parameter by multiplying the
linear solution w; by a smooth function (1-+¢), where @
is of first order in s. Secondly, we solve the second GL
equation for h and hy. The strategy is to set h=h,+h,,
A,=A;,+ A,, where h; and A, are the fluctuations
about the mean field solutions h, and A,, respectively.
At this stage, in addition to those local averages men-
tioned above, we will make some approximations which
consist in neglecting any contribution of the vector po-
tential A, associated with the transverse field. We will
also neglect the fluctuations h,;;. These approximations
will not affect the mean field free energy, just the elastic
one. Finally, we evaluate the free energy in terms of ¢
and treat it as a variational parameter.

Having this policy in mind, from Eq. (28) we may write
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4
oh
Qx:_i_%ahz, y:L z o) 1| & 18| Vo |8 o13]
o vy ay o 0Xx axz 7/4 ay2 z Cz)2 Ax y 7,4 ay z
If one now substitutes Eq. (30) into!! =B+h,— 2 > 6y(r—r,) . (32)
(VXQ),=H,— 2m > 8,(r—r,), (31) By multiplying both sides by w, the second term of the
Ky resulting equation will vanish because w(r,)=0. Next, if
we insert h,=hg, +h,, with hy,=({w)—w)/2k we then
we obtain find
|
2 1 @ Vo 3 1 3
—+—F— |k hy,——— |R—+F——— |Ah
ax?  y* ay? ] 12 60“)12 o [foxo® )
1 ? 1 1| |3 1 {80 |’
=— -—2+—:{—5 7 |3 +2BRw [ +why, . (33)
2K x v* oy ®o ||ox vt | oy (4)
Upon using the following identity
2
dw; 1 | 9o, d’w, 1 %w,; ~
2 e . 2 1 _ ~ 2
4 {K _7—/7 dy Y Tax? y? dy? —2Bkor 34
with o=w,;(1+¢), (3) becomes
© 5 ) 2 2
(3)=— o7 1 o | __ 1 Sp 1 |dp )
28 | |9x?  y* 9y? (1+¢) y* | Ay

As stated in Sec. III, the approximations which will be used here are w , ~{w ), o={w 4 )(1+7+¢). Therefore,
up to first order in s we have

(l)z_‘(w)hu ’

(2)=0
() 1 3
3)~ —t—— e,
3) 2% | dax?  y* 9y? ¢
@=le)=a’ Lol o,
2% 2% ’

where we have used (0w 4 ) ={w)+o(s?).
Inserted in Eq. (33), these yield

32 1 3 (w 3’ 1 9
2 1 o —2 —\o/, 2 00 1 o 2
e IPW hy,—v*w)h,, — ax2+ T3y o—yH o) FG+e) (35)
Using the periodicity of 7, @, and h,, we obtain
2 —
hy, =2 _p{)T (36)
2K k*+y* o)
By starting from Eq. (31) with Q and H, replaced by Qg and B, respectively, a similar method produces
(o)
hp1.= % (37
Finally, in Appendix B we find for the excess free energy
2 2 2 < CO ) 2 E}%ﬁ 2
F,=F— Fo————(a)) [(2&2—1)B+1—2& %7 2B,(B— ) (Fi+¢) )+ il | (38)
h

where F is the mean field free energy

Fo=—(@)(1=B /&) + 5 (o) {2k~ DB+1 =27 26,5~ D]+ B, (39)
K
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B, is constant of order unity? [cf. Eq. (B7)],
B=(0?) /{w)? and k}=y* ).
Now the expressions of (@) and ¢ which give the

minimum of F, and F are

(1—B /ky*)2&?

= R 40
(@) [(282—1)B+1—2k ¥ 2B,(B—1)] “0)
%
p=——=, (41)
kK2+k% 7
where

=y w)[(282—1)B+1—2& %7 2B,(B—1)]

=2& >y (1—B /ky?)
=2k 2y*(1—B /R) . (42)
Hence, the excess free energy is
Fy=F—Fy=2Xc, (k){[V-s(r)]*), (43)
where the compression modulus is
(k)= 270 —Ki/Ky) (44)

(1+k2/k3)(1+k 2/k7)

Notice that the cut off wave vectors ky and k, depend
on the orientation of the magnetic field. Notice also that
they could never be obtained from the equivalent isotro-
pic expressions by a simple substitution of x by an
effective &, since they appear rescaled by the geometrical
parameter ¥. In addition, in the expression for (@) ap-
pears a new term which depends on the structure of the
equilibrium lattice, namely, 2% *¥ 2B,(8—1).

Because (H,)=0, even for anisotropic superconduc-
tors,> we have only one compression modulus. This can
be easily seen if we write it in the local limit (k—0) as!?

=B?3%F,(B)/3B2. On the other hand, ¢, =c;; —c
where c¢q is the shear modulus of the flux lines. There
are some indications, both from theoretical and experi-
mental®!? investigation, that suggest there are several ¢,
and c¢¢ elastic coefficients. However, their difference is
always the same and is given by Eq. (44).

Let us now investigate how the scales of the fluctua-
tions of the order parameter and the magnetic field
behave with the orientation of the external magnetic field.
Since y(6=0)=1, y(0=7w/2)=¢€"* ®O=0)=x,
®O=m/2)=k/€'"?, and 7(60=0,17/2)=0, we have

72

(K§)o—o _ 1—B/Hy(0) an ws)
(K%)gern,, V—B/Hy(w/2)"

(k3 o= 1=B/Hy(0) [(2k*/e=1)+1]
7)— /2 I_B/ch(W/Z) [(2k?—1)8+1] ’

(46)

where H_,(0)=%(0). If the intensity of the external mag-
netic field is such that the ratio B /H_,(6) remains con-
stant for any 0, then

5213
k%)
_(iil)"—_o:elﬂ , 47
(Ky)o=r/2
(E) 2 fe—
— _ [(2K gé’ 1)B+1] 61/2 . (48)
(K)o=my2 [(2k*—1)B+1]
For a layered superconductor e€<1, so that

(k3)g=0<(k3)g=r/2- For most of the hlgh T, supercon-
ductors «>>1, which 1mp11es [(kh )o= 0/(kh Yo=mr2]
~1/€"?>1, or even (k})g—o>(ki)g=ns- In con-
clusion, the length scale of the order parameter (magnetic
field) is larger (smaller) for the external magnetic field
pointing along the Z axis than in the Cu-O plane. In oth-
er words, as the direction of the applied magnetic field
varies continuously from 6=0 to 6=m/2, an increasing
of the magnetic field length scale is compensated by a de-
creasing of the order-parameter length scale.

V. SUMMARY

We have extended the Brandt theory of elasticity of the
Abrikovos flux-line lattice for a uniaxial superconductor
with the external magnetic field in an arbitrary direction.
We have also paved the way for the generalization of this
theory taking into account the tilting effects (this problem
will be left to a future contribution).
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APPENDIX A

In order to derive Eq. (18), we need the following iden-
tity:

r
—————— | =278,(r) , (A1)
x z/},z_ﬂ/zyz 2
which can also be written in an integral form,
r f 22 qux+qy/7fy ~iar  (A2)
2yt g2 +4q,/7?

To proceed in our derivation of Eq. (18) we will also
need to use the following identity:
E eik-Rv__:(Zﬂ.)Zn E Sz(k_K) ,

K

v

(A3)
where n =B /¢o=Bk/2m=B& /2 is the numbers of flux-
oids.

Upon using Egs. (17) and (A3) we find
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_ iq-Sg o —iar i(k—q—K)-R,
n=Re |2 L) e
2m y’qi+a;+ap /v’ 2
iq-sg -
=Re ————————¢79727)%n 3 8,(k—q+K)
f 27y q2+qz/7/ % 2 ]
_ l(k+K)'S ei(k+K)‘r
=Re 2Bk 3 —; — — (A4)
x Xk, +K, ) +(k,+K,)*/y*]
APPENDIX B
Upon using Eq. (34) and local averages, we have
(0)=(w), (B1)
o) =1B(o)[1+F+e)1]), (B2)
2
Sp, L0 %o 1 So S0
Iy Hij 4’0 Ox; Ox § 4’0 ox ay
2
1 5| 4| 9@ dw,; w,_g E)a)l_a_2
=1+ — |+ = | |+21+gle
4w, (1+¢) {( 2 ox ’ay o |7t ox Ox Jdy 9y
3 2 3 2
21,4200 op
‘o7 |y 3 3y }
2 d%w o I5) dw
=Y B 299 1 9o 2991 3¢ | 1 99; 3¢
2 [(1+<p) 2BRw,+vy x> 7 3y ax ax o7 ay ay
2 2
o [afae |y 1 (e
(1+¢) ox y? | 9y ’
(B3)
1 8w 3w B 72(w>( 28, 1 37 207 3@ | 1 37 3¢
y = + + +2 —
<%#” 40 Ax; ax; ) 2?7/2<w> 4x? P17 ax2 y? dy? dx dx % dy Iy
2 2
2|8 | L 1 |09 >
tr dx y? | 9y ’
S ;00504 =0y Q5 +(Q3)]
iJj
_ ) a(l)l 1 aa)l
4K 2 w, ax 4 ay
@ ~ 3w 3w
=(1-’z_ 2) 2Bko; +v? 2 ; Lz 21
4K “y 0°x v* ady
o <w>< , 3] 1@)

Q] +— , B4)
<%#UQ’QBQ§> e ®1\Y ax? | 72 oy’ (
hph,= ((a)) —o+{(0)) [{0)— w+(p+—l/-—<~a—)2)—ﬁ—

K +yHw)
72k 2
_ 2 2_
(hgh, )= K2<a) (0)? [1+(F[+p)— ity a) ) (BS)
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The transverse component of the magnetic field h; may
be found by solving V2h,=%23%0/dy> and Vh,
= —723%»/dx3y whose solution is given by Egs. (25)
and (26) with 7 replaced by (7j+¢). We then find

(hD) =527 By (B— (@)X [1+(F+9P]) ,  (BO
K
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where
B K?
= 3 o= 3 “Zloxl>. (B7)
K(£0) k=0 K

Now, if we integrate by parts the third term of the
right-hand side of Eq. (B3) and then using the periodicity
of 7j and @ we arrive at Eq. (38).
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