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a b s t r a c t 

In this work the fully-developed steady channel flow of the homogeneous polymer solution studied in [4] is 

revisited and a completely new analytical solution is proposed which is devoid of the limitations of the previous 

solution ( 𝛽3 𝜀𝐷𝑒 2 
𝜅
≤ 2∕27 ), i.e., it is valid for the complete range of the rheological parameters. The viscoelastic 

fluid is described by the simplified Phan–Thien and Tanner model with linear stress coefficient function for the 

polymer contribution plus a Newtonian solvent. The solution is also valid if the polymer contribution is described 

by the finitely extensive non-linear elastic model with the Peterlin approximation for the average spring force 

(FENE-P model). 
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. Introduction 

Forcing motion in microchannels through the application of an ex-

ernal electric field (electro osmotic flow - EOF) on fluids of complex

heology, many of which are engineered for specific applications, is

ecoming more common. Of particular interest are viscoelastic fluids,

nd even though their components may interact in a complex manner

ith the electric fields and surfaces, leading either to adsorption or wall-

epletion, as described in the specialized literature [1,5,6] , we are con-

erned here with the simple fully-developed steady channel flow of ho-

ogeneous polymer solutions described by the simplified Phan–Thien

nd Tanner model with linear stress coefficient function for the polymer

ontribution plus a Newtonian solvent. This problem is of interest, for

nstance, to verify numerical methods in more complex situations and

t was in this context that this flow was previously addressed in the ap-

endix of Afonso et al. [4] , where an analytical solution was originally

roposed, but subject to constraints that limited its range of applica-

ion, such as 𝛽3 𝜀𝐷𝑒 2 
𝜅
≤ 2∕27 . In this short communication we present a

ompletely new analytical solution devoid of such restrictions and then

riefly discuss the effects of the solvent to polymer viscosity ratio and

iscoelasticity upon the flow characteristics, since such an analysis is

issing from the literature. 
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. Analytical solution 

We consider microfluidic transport of a viscoelastic fluid through a

arallel plate microchannel (see Fig. 1 ) of height 2 H , length L and width

 , with w ⋙2 H . The origin of the coordinate system is at the symmetry

lane. An electric potential gradient is applied along the axis of the chan-

el, which provides the necessary driving force for the flow. At the wall

he no-slip condition applies and at the centreplane flow symmetry con-

itions apply (flow symmetry conditions are anti-symmetry of the shear

tress, hence 𝜏𝑥𝑦 = 0 at 𝑦 = 0 ), so only one half of the channel (0 < y < H )

s considered for mathematical analysis (both walls are identical). To

btain a closed form solution for the velocity distribution, some sim-

lifying assumptions are introduced: steady and fully developed flow,

.e. 𝑢 = 𝑢 ( 𝑦 ) , 𝑣 = 0 ; no overlap of the spontaneously formed wall electric

ouble layers, and validity of the Debye–Hückel linearization principle.

ased on these assumptions the governing equations reduce to (for more

etails see the original work [4] ) 

 ⋅ 𝝉 = − 𝜌𝑒 𝐄 + ∇ 𝑝 − 𝜂𝑠 ∇ 

2 ⋅ 𝐮 , (1) 

 

(
𝛕𝑘𝑘 

)
𝛕 + 𝜆

∇ 
𝛕 = 2 𝜂𝑝 𝐃 , (2)

 ⋅ ( ∇ 𝜓 ) = − 

𝜌𝑒 

𝜖
. (3)
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Fig. 1. Schematic of the flow in a parallel plate microchannel. The case repre- 

sented is for a fluid-wall combination leading to a negative charge at the wall. 
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∫  
𝑒 = −2 𝑛 𝑜 𝑒𝑧 sinh 
( 

𝑒𝑧 

𝑘 𝐵 𝑇 
𝜓 

) 

, (4)

In the momentum equation ( Eq. (1) ) u is the velocity vector, p the

ressure, t the time, 𝜂s the Newtonian solvent viscosity, 𝝉 the polymeric

xtra stress contribution, E is the applied external electric field and 𝜌e is

he net electric charge density. The constitutive model adopted here to

epresent the polymer contribution is the simplified PTT model (Phan—

hien and Tanner [7,8] ), and can be expressed by Eq. (2) where D is

he rate of deformation tensor, 𝜆 the relaxation time, 𝜂p the polymeric

iscosity and 
∇ 
𝛕 represents the upper convected time derivative defined

s 
∇ 
𝛕 = 

𝐷𝜏

𝐷𝑡 
− (∇ 𝐮 ) 𝑇 ⋅ 𝛕 − 𝛕 ⋅ ∇ 𝐮 . The stress coefficient function, f ( 𝝉kk ) can

e expressed in the linearised form, given by 𝑓 ( 𝛕𝑘𝑘 ) = 1 + 

𝜀𝜆

𝜂𝑝 
𝛕𝑘𝑘 , where

 represents the extensibility parameter and 𝝉kk is the trace of tensor 𝝉.

Eq. (3) is the equation for the potential field within the electric double

ayer (EDL) expressed by means of a Poisson–Boltzmann equation. Here,

 denotes the EDL potential and 𝜖 is the dielectric constant of the solu-

ion. The net electric charge density, 𝜌e , is described by Eq. (4) where

 o is the ion density, e is the electronic charge, z the valence of the ions,

 B Boltzmann’s constant, and T is the absolute temperature. 

This system of equation can be further simplified to give the follow-

ng momentum equation, 

𝑑𝜏
𝑝 
𝑥𝑦 

𝑑𝑦 
= − 𝜌e 𝐸 x − 𝜂𝑠 

𝑑 2 𝑢 

𝑑𝑦 2 
. (5)

he superscript p is from now on used to refer to the polymer contri-

ution ( 𝝉 in Eqs. (1) and (2) ), to better distinguish from the solvent

ontribution. The net charge density distribution, Eq. (4) , can also be

btained, being given by: 

𝑒 = − 𝜖𝜅2 
𝜁0 cosh ( 𝜅𝑦 ) 
cosh ( 𝜅𝐻 ) 

(6)

here 𝜅2 = 

2 𝑛 𝑜 𝑒 2 𝑧 2 

𝜖𝑘 𝐵 𝑇 
is the Debye–Hückel parameter, related with the

hickness of the Debye layer, 𝜉 = 

1 
𝜅

(normally referred to as the EDL

hickness). This approximation is valid when the Debye thickness is

mall but finite, i.e., for 10 ≲H / 𝜉 ≲10 3 . Also, the following relation be-

ween the streamwise normal stress and shear stress is obtained, 

𝑥𝑥 = 2 𝜆
𝜂𝑝 
𝜏2 
𝑥𝑦 
. (7)

Using Eq. (6) and considering symmetry ( 𝜏𝑥𝑦 ‖𝑦 =0 = 0 ), Eq. (5) can be

ntegrated to yield 

𝑝 
𝑥𝑦 

= 𝜖𝜁0 𝐸 𝑥 𝜅
sinh ( 𝜅𝑦 ) 
cosh ( 𝜅𝐻 ) 

− 𝜂𝑠 
𝑑𝑢 

𝑑𝑦 
. (8)
126 
sing Eq. (7) , an explicit expression for the polymer normal stress com-

onent is obtained, 

𝑝 
𝑥𝑥 

= 2 𝜆
𝜂𝑝 

( 

𝜖𝜁0 𝐸 𝑥 𝜅
sinh ( 𝜅𝑦 ) 
cosh ( 𝜅𝐻 ) 

− 𝜂𝑠 
𝑑𝑢 

𝑑𝑦 

) 2 
. (9)

Note that Eq. (9) is consistent with the required boundary condition

t the centerline, i.e. 𝜏𝑥𝑥 ‖𝑦 =0 = 0 . From the simplification of Eq. (1) (see

4] ), we obtain 
 

1 + 2 𝜀𝜆
2 

𝜂2 
𝑝 

(
𝜏𝑝 
𝑥𝑦 

)2 
) 

𝜏𝑝 
𝑥𝑦 

= 𝜂𝑝 
𝑑𝑢 

𝑑𝑦 
= 

𝜂𝑝 

𝜂𝑠 

( 

− 𝜏𝑝 
𝑥𝑦 

+ 𝜖𝜁0 𝐸 𝑥 𝜅
sinh ( 𝜅𝑦 ) 
cosh ( 𝜅𝐻 ) 

) 

. (10)

For the last equality on the right-hand side, the integrated momen-

um Eq. (8) was expressed explicitly in terms of the local shear rate

u / dy . After rearranging the various terms in Eq. (10) we arrive at the

ollowing cubic equation for the polymer shear stress 

𝜏𝑝 
𝑥𝑦 

)3 
+ 

𝜂2 
𝑝 

2 𝜀𝜆2 

( 

𝜂𝑠 + 𝜂𝑝 

𝜂𝑠 

) 

𝜏𝑝 
𝑥𝑦 

− 

𝜂2 
𝑝 

2 𝜀𝜆2 

( 

𝜖𝜁0 𝐸 𝑥 𝜅
𝜂𝑝 

𝜂𝑠 

sinh ( 𝜅𝑦 ) 
cosh ( 𝜅𝐻 ) 

) 

= 0 , (11)

here 𝛽 represents the viscosity ratio, 
𝜂𝑠 

𝜂𝑠 + 𝜂𝑝 
. One may also think of 1 − 𝛽

s a quantity proportional to the polymer concentration. The solution

f this cubic equation is given in classical books as 

𝑝 
𝑥𝑦 

= 

3 

√ 

− 

𝑏 

2 
+ 

√ 

𝑏 2 

4 
+ 

𝑎 3 

27 
+ 

3 

√ 

− 

𝑏 

2 
− 

√ 

𝑏 2 

4 
+ 

𝑎 3 

27 
(12) 

 = 

𝜂2 
𝑝 

2 𝛽𝜀𝜆2 
; 𝑏 = − 

𝜂2 
𝑝 

2 𝜀𝜆2 

( 

1 − 𝛽

𝛽

) 

𝜖𝜁0 𝐸 𝑥 𝜅
sinh ( 𝜅𝑦 ) 
cosh ( 𝜅𝐻 ) 

(13) 

In dimensionless form, the shear and normal stresses are given by: 

𝑝 

𝑥𝑦 
= 

3 

√ 

− ̄𝑏 + 

√ 

𝑏̄ 2 + 

𝑎̄ 3 

27 
+ 

3 

√ 

− ̄𝑏 − 

√ 

𝑏̄ 2 + 

𝑎̄ 3 

27 

𝑎̄ = 

𝜅
2 ( 1 − 𝛽) 2 

2 𝛽3 𝜀𝐷𝑒 2 
𝜅

; 𝑏̄ = 

𝑎 ( 1 − 𝛽) 
2 

𝜅 sinh 
(
𝜅 𝑦 

)
cosh 

(
𝜅
) (14) 

𝑝 

𝑥𝑦 
= 

2 𝛽𝐷𝑒 𝜅
𝜅( 1 − 𝛽) 

𝜏
2 
𝑥𝑦 

(15)

espectively, where 𝑦̄ = 𝑦 ∕ 𝐻, 𝜅̄ = 𝜅𝐻, 𝐷𝑒 𝜅 = 

𝜆𝑢 𝑠ℎ 

𝜉
= 𝜆𝜅𝑢 𝑠ℎ is the Deb-

rah number based on the EDL thickness and on the Helmholtz–

moluchowski electro-osmotic velocity, defined as 𝑢 𝑠ℎ = − 

𝜖𝜁𝑜 𝐸 𝑥 

𝜂𝑠 
[9] ,

nd, 𝜏
𝑝 

𝑥𝑦 
= 

𝜏
𝑝 
𝑥𝑦 𝐻 

𝑢 𝑠ℎ 𝜂𝑠 
. The use of the Newtonian solvent viscosity coefficient

o define the Helmholtz–Smoluchowski velocity and for normalization

f the velocity profile is different from the previous works. The rela-

ionship between the Helmholtz–Smoluchowski velocities based on the

olvent and polymeric part is 𝑢 𝑠ℎ = 𝛽𝑢 
𝑝 

𝑠ℎ 
. It should be remarked that we

re obtaining the polymeric stresses depending on the solvent through

. 

Going back to the momentum Eq. (8) , we can re-write it as an equa-

ion for the dimensionless shear rate: 

d 𝑢 
d 𝑦 

= − 𝜏
𝑝 

𝑥𝑦 
− 𝜅

sinh 
(
𝜅 𝑦 

)
cosh 

(
𝜅
) (16)

In order to integrate Eq. (16) , we assume the following variable

ransformation and approximation, 𝜑 = sinh 
(
𝜅 𝑦 

)
≈ 1 

2 exp 
(
𝜅 𝑦 

)
− 

1 
2 , but

till it will be assessed in the next section. This approximation is usually

ccurate as in many practical applications the finite electric double layer

hickness is very small, about 1–3 orders of magnitude smaller than the

hickness of the microfluidic channel [3,4] . Note that in the previous

orks [3,4] the approximation used was sinh 
(
𝜅 𝑦 

)
≈ 1 

2 exp 
(
𝜅 𝑦 

)
. The

ew approximation proved to be more accurate, avoiding at the same

ime the break of symmetry, reported in [3,4] . With 𝜑 ≈ 1 
2 exp 

(
𝜅 𝑦 

)
− 

1 
2 ,

e have that: 

d 𝑢 
d 𝑦 

d 𝑦 ≈ ∫
( 

− 𝜏
𝑝 

𝑥𝑦𝜙
− 

𝜅𝜑 

cosh 
(
𝜅
)) 

1 
𝜅
𝑙𝑛 

(
2 𝜑 + 1 

)
d 𝜑 (17)
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here 𝜏
𝑝 

𝑥𝑦𝜙
is the shear stress of Eq. (14) with 𝑏̄ = 

𝑎 ( 1− 𝛽) 
2 

𝜅𝜑 

cosh ( 𝜅) . If the

ntegration is subject to the no-slip boundary condition at the wall

 𝑢 ‖𝜑 𝑤𝑎𝑙𝑙 = 0 ), the resulting velocity profile is (now using again the in-

erse approximation 𝜑 = sinh 
(
𝜅 𝑦 

)
≈ 1 

2 exp 
(
𝜅 𝑦 

)
− 

1 
2 ), 

 ( 𝑦 ) = 

1 
2 

sech ( 𝜅) 

( 

log 

( 

2 sinh 
(
𝜅 𝑦 

)
+ 1 

2 sinh ( 𝜅) + 1 

) 

− 2 sinh ( 𝜅 𝑦 ) + 2 sinh ( 𝜅) 
) 

+ 

(
𝐹 − ( 𝑦 ) − 𝐹 − (1) + 𝐹 + ( 𝑦 ) − 𝐹 + (1) 

)
(18) 

here 𝐴 = 

𝜅

(
(1− 𝛽) 3 𝜅2 

)
(2 cosh ( 𝜅)) 

(
2 𝛽3 𝜀𝐷𝑒 2 

𝑘 

) and 𝐵 = 

1 
27 

( 

(1− 𝛽) 2 𝜅2 

2 𝛽3 𝜀𝐷𝑒 2 
𝑘 

) 3 
are constant param-

ters, and, 

± ( 𝑦 ) = 

3 
√ 

𝐴 sinh 
(
𝜅 𝑦 

)
± 

√ 

𝐴 

2 
sinh 

(
𝜅 𝑦 

)2 + 𝐵 (19) 

𝐹 ± ( 𝑦 ) = 

1 
2 2∕3 

√
𝜃𝜅⎧ ⎪ ⎪ ⎨ ⎪ ⎪ ⎩ 

3 − 

𝛼 log 

( 

3 
√ 

− 

1 
2 

3 
√
𝜗 + Ω± 

) 

𝜗 2∕3 
− 

𝛼 log 

( 

Ω± − 

3 
√
𝜗 

3 
√
2 

) 

𝜗 2∕3 

− 

(
− 𝐴 

2 
+ 𝐴 

√
𝜃 − 4 𝐵 

)
log 

( 

3 

√ 

− 

1 
2 

3 
√ √

𝜃 − 𝐴 + Ω± 

) 

(√
𝜃 − 𝐴 

)2∕3 

− 

𝛼 log 
(1 
2 

(
2Ω± − (−2) 2∕3 3 

√
𝜗 

))
𝜗 2∕3 

− 

(
− 𝐴 

2 
+ 𝐴 

√
𝜃 − 4 𝐵 

)
log 

⎛ ⎜ ⎜ ⎜ ⎝ Ω
± − 

3 
√ √

𝜃 − 𝐴 

3 
√
2 

⎞ ⎟ ⎟ ⎟ ⎠ (√
𝜃 − 𝐴 

)2∕3 

− 

(
− 𝐴 

2 
+ 𝐴 

√
𝜃 − 4 𝐵 

)
log 

( 

1 
2 

( 

2Ω± − (−2) 2∕3 3 
√ √

𝜃 − 𝐴 

) ) 

(√
𝜃− 𝐴 

)2∕3 

⎫ ⎪ ⎪ ⎬ ⎪ ⎪ ⎭ 

(20) 

ith 𝛼 = 𝐴 

√
𝜃 + 𝜃, 𝜗 = − 

√
𝜃 − 𝐴 and 𝜃 = 𝐴 

2 
+ 4 𝐵 . The velocity profile

f Eq. (18) is valid for the whole range of parameters of the viscoelas-

ic fluid and Newtonian solvent, i.e., it is not limited to the condition
3 𝜀𝐷𝑒 2 

𝜅
≤ 2∕27 as in Afonso et al. [4] , because in this case we do not use

ypergeometric functions. 

The normalized volumetric flow rate and the streaming electrical

urrent (per unit of width) of the channel, can be determined from nu-

erical integration of the velocity profile, through Eqs. (21) and (22) .

̄
 = 

𝑄 

2 𝐻𝑢 𝑠ℎ 
= ∫

1 

−1 
𝑢 ( 𝑦 ) 𝑑 𝑦 = 2 ∫

1 

0 
𝑢 ( 𝑦 ) 𝑑 𝑦 (21)

 ̄= 

𝐼 𝐻 

2 

𝜖𝜁0 𝑢 𝑠ℎ 
= 2 ∫

1 

0 
𝑢 ( 𝑦 ) 𝜅2 

( 

cosh 
(
𝜅 𝑦 

)
cosh 

(
𝜅
) ) 

𝑑 𝑦 (22)

ere by definition 𝐼 = 2 ∫ 1 
0 𝑢 ( 𝑦 ) 𝜌𝑒 ( 𝑦 ) 𝑑𝑦. 

For steady fully-developed channel and microchannel flows there is

imilarity between the solutions for the PTT and the FENE-P models as

ound by Oliveira [10] . Hence, this analytical solution also applies to

he flow of FENE-P fluids provided some simple mathematical transfor-

ations are used as indicated in [10,11] . 
127 
. Results and discussion 

In deriving the analytical solution we assumed 𝜑 = sinh 
(
𝜅 𝑦 

)
≈

1 
2 exp 

(
𝜅 𝑦 

)
− 

1 
2 and to study its validity, the analytical velocity profile

ill now be compared with the solution obtained through numerical

ntegration of Eq. (16) . 

It can be easily seen that the velocity 𝑢 ( 𝑦 ) , with 0 ≤ 𝑦 ≤ 1 , is given

y: 

 ( 𝑦 ) = − ∫
1 

𝑦 

𝜏
𝑝 

𝑥𝑦 
+ 𝜅

sinh 
(
𝜅 𝑦 

)
cosh 

(
𝜅
) 𝑑 𝑦 . (23)

his integral can be approximated using, for example, Simpson’s rule.

f the domain is discretized into n (even number) equally spaced panels

e obtain 𝑛 + 1 grid points where the grid spacing is ℎ = (1 − 𝑦 𝑝 )∕ 𝑛 . The

pproximation to the integral then becomes, 

 ( 𝑦 𝑝 ) ≃ − 

ℎ 

3 

⎡ ⎢ ⎢ ⎢ ⎢ ⎣ 
𝑓 ( 𝑦 0 ) + 2 

𝑛 

2 
−1 ∑

𝑗=1 
𝑓 ( 𝑦 2 𝑗 ) + 4 

𝑛 

2 ∑
𝑗=1 

𝑓 ( 𝑦 2 𝑗−1 ) + 𝑓 ( 𝑦 𝑛 ) 

⎤ ⎥ ⎥ ⎥ ⎥ ⎦ 
, (24)

ith 𝑦 0 = 𝑦 𝑝 and 𝑦 𝑛 = 1 being the limits of integration, and 𝑓 ( 𝑦 ) =

 𝜏
𝑝 

𝑥𝑦 
− 𝜅

sinh ( 𝜅 𝑦 ) 
cosh ( 𝜅) . The error committed by the composite Simpson’s rule

s bounded by 

ℎ 4 

180 ( 𝑏 − 𝑎 ) max 
𝜉∈[ 𝑦 , 1] 

|𝑓 (4) ( 𝜉) |. (25)

The validity of the analytical velocity profile is tested as the influ-

nce of the solvent viscosity is assessed through the comparison between

ines (analytical) and symbols (numerical). Note that the formulas ob-

ained for the normalized shear and normal stresses are exact and do

ot depend on any approximation. 

In the previous sections we derived the equations governing the

teady fully developed EO flow of viscoelastic fluids in microchannels,

aking into account the effect of the solvent viscosity. To better under-

tand the corresponding flow dynamics, these equations are now pre-

ented via some plots by varying the different parameters involved. 

We start by looking at Fig. 2 that shows the effects of the elasticity

arameter 𝜖𝐷𝑒 2 
𝜅
, and of the ratio of viscosities 𝛽, on the dimensionless

elocity profiles for pure electro-osmotic flow. As shown before by Dhi-

akaran et al. [2] the width of the EDL decreases as 𝜅 increases and the

elocity profile becomes sharper near the wall. In the present solution

he Debye-Hückel approximation is invoked, which requires 𝜅 ⩾ 10 , and

n all plots we consider 𝜅 = 20 . 
We observe the reduction of the normalized velocity profiles

s the ratio of viscosities is decreased (increase of the polymeric

oncentration), consequence of the normalization of the Helmholtz–

moluchowski velocity, which is based exclusively on the solvent viscos-

ty. This type of behavior was also reported by Cruz et al. [11] , where

wo different normalizations had been applied to the velocity profiles

btained by analytic solution for fully developed pressure driven lami-

ar pipe flow of PTT fluids with different solvent ratios. They reported

wo different outcomes: (1) a decrease of the velocity profile normalized

y the average velocity as 𝛽 decreases, similar to our results in Fig. 2 (a),

nd (2) an increase of the velocity profile normalized by the Newtonian

elocity based in pressure drop and total zero shear viscosity. As we

ncrease 𝜖𝐷𝑒 2 
𝜅

there is an increase of the dimensionless velocity, which

s more intense for intermediate values of 𝛽 at 𝜖𝐷𝑒 2 
𝜅
= 16 . This effect is

etter seen in Fig. 2 (b), where we represent the maximum dimension-

ess velocity (velocity in the axis) vs. 𝜖𝐷𝑒 2 
𝜅

for different viscosity ratios.

ote that in this pure shear flow the coefficient 𝜖𝐷𝑒 2 
𝜅

quantifies not only

he elasticity via the normal stresses, but measures the shear-thinning

f the viscosity that directly affects the velocity profile. An increase of

he maximum velocity can be observed as we increase the ratio of the

iscosities as well as the fluid shear-thinning. At large 𝜖𝐷𝑒 2 
𝜅
, the ratio

𝑢 ∕ 𝑢 𝑠ℎ 
)
max approaches a constant value (plateau), that is achieved more
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Fig. 2. (a) Dimensionless velocity profiles for viscoelastic fluid as function of 𝜀𝐷𝑒 2 
𝜅

for several viscosity ratios, 𝛽, and 𝜅̄ = 20 . (b) Maximum centerline velocity as 

function of 𝜀𝐷𝑒 2 
𝜅

for various viscosity ratios, 𝛽, and 𝜅̄ = 20 . Symbols: numerical results. 

Fig. 3. (a) Dimensionless flow rate for viscoelastic fluid as function of 𝜖𝐷𝑒 2 
𝜅

for several viscosity ratios, 𝛽, and 𝜅̄ = 20 . (b) Dimensionless streaming electrical current 

for viscoelastic fluid as function of 𝜖𝐷𝑒 2 
𝜅

for several viscosity ratios, 𝛽, and 𝜅̄ = 20 . Note that due to the definition of the Helmholtz–Smoluchowski electro-osmotic 

velocity both quantities go to zero with decreasing 𝛽. 

Fig. 4. Dimensionless polymeric stress profiles along 𝜒 = (1 − 𝑦 ) 𝜅 for different values of 𝜀𝐷𝑒 2 
𝜅

and 𝛽 ( ̄𝜅 = 20 ): (a) shear stress and (b) normal stress. 
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apidly for higher values of 𝛽. However for lower values of 𝛽 it is pos-

ible to see a delay of this effect, with the case of 𝛽 = 0 . 2 showing an

ncreasing in center plane velocity. 

As expected, there is a very good agreement between the analytical

nd numerical solutions Fig. 2 (a) and (b). We have considered different

alues of 𝜀𝐷𝑒 2 
𝜅

and 𝛽. 

The normalized flow rate can be visualized in Fig. 3 (a), where the

ombination of both the effect of 𝜖𝐷𝑒 2 
𝜅

and of the solvent ratio is pre-

ented. Care should taken when analysing these results since due to the

ormalization adopted and the definition of u sh , we obtain that u sh →∞
s 𝛽→0. If this is not taken into account when analyzing Fig 3 (a) and

b), one can wrongly infer that, for example, the flow rate goes to zero

s we decrease 𝛽. 
128 
By looking at Fig. 3 (a) we see that for lower 𝜖𝐷𝑒 2 
𝜅

numbers, 𝜖𝐷𝑒 2 
𝜅
=

 . 25 , the flow rate decreases linearly with the reduction of 𝛽, and as

e increase the 𝜖𝐷𝑒 2 
𝜅

numbers the effect becomes non-linear, showing

learly an increase of the flow rate for the same solvent ratio. Another

mportant aspect is the saturation effect of the polymeric concentration,

.e., as we reduce 𝛽 the different evolutions of the flow rate for the

arious 𝜖𝐷𝑒 2 
𝜅

numbers converge to the same flow rate, reducing dras-

ically the elastic impact, where at the limit for 𝛽 = 0 . 1 the impact of

he De numbers becomes negligible. The streaming electrical current, I,

ormalized by 
𝜖𝜉𝑢 𝑠ℎ 

𝐻 

2 , also calculated through numerical integration of

q. (22) by Simpson’s rule, is present in Fig. 3 (b), showing similar evo-

ution of the normalized flow rate, in terms of solvent viscosity and 𝜖𝐷𝑒 2 
𝜅

ariations, achieving the same saturation effect for 𝛽 = 0 . 1 . 
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Fig. 4 shows the profiles of shear and normal stresses as function of

he near wall variable, 𝜒 = 

(
1 − 𝑦 

)
𝜅, for different values of 𝜖𝐷𝑒 2 

𝜅
, drawn

ased on Eqs. (14) and (15) . We can see in Fig. 4 (a) that the shear stress

pproaches zero away from the wall (for 𝜒 ≥ 5) for all values of 𝜖𝐷𝑒 2 
𝜅

nd increases rapidly near the wall, being more intense for lower values

𝐷𝑒 2 
𝜅

and higher values of 𝛽. The saturation effect is also observed at

ower values of 𝛽 were the elastic contribution has a low impact, this

an be observed for 𝛽 = 0 . 2 , where the shear stress profiles practically

oincide for the all range of 𝜖𝐷𝑒 2 
𝜅

presented. 

The results obtained for the normal stress are qualitatively sim-

lar to the ones obtained for the shear stress, with the differ-

nce that the normal stress is positive ( Fig. 4 (b)). Note that a

elationship between shear and normal stresses was established by

q. (14) , and therefore, as we approach to the wall the normal stress

ncreases with more intensity for lower 𝜖𝐷𝑒 2 
𝜅

numbers and higher val-

es of solvent ratio. 
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