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ABSTRACT. A three-complex-parameter class of orthogonal Laurent polynomi-
als on the unit circle associated with basic hypergeometric or g-hypergeometric
functions is considered. To be precise, we consider the orthogonality properties
of the sequence of polynomials { 2®1(q~", ¢?T1; q=ctb=": ¢, g T4~ 12) > 0
where 0 < ¢ < 1 and the complex parameters b, ¢ and d are such that
b#—-1,-2,...,c—b+1#—-1,-2,..., Re(d) > 0 and Re(c—d+2) > 0. Ex-
plicit expressions for the recurrence coefficients, moments, orthogonality and
also asymptotic properties are given. By a special choice of the parameters,
results regarding a class of Szeg6 polynomials are also derived.

1. INTRODUCTION

Given the double sequence {pu,}22 _  of complex numbers, let the linear func-
tional M on the space of Laurent polynomials be defined by

(1.1) M[z7"] = pin, n=0,£1,£2,... .

The functional M can be referred to as a moment functional.
Let D,, n=0,1,..., be the associated Toeplitz determinants as given by:

,U‘O /J‘—l e ,u—n
M1 Ho T H—n+41

D_1 = 1, DO = Ko and Dn = . . . y n > 1.
Hn  Hp—1 " Ho

We consider the sequence of polynomials {Q,,} that satisfies
M[ZisQn(Z)] = Pn 5n,s; 0 <s< n, n > 1a

where @Q,, for any n > 0, is a monic polynomial of degree n. If the moment
functional M is such that D, # 0, n > 0, then we will refer to it as a semi-definite
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moment functional. In this case it is easily seen that the sequence of polynomials
{Qn} exists uniquely and that

Ho H—1 - H—n
H1 Ho o Hen4l
Qu(x)=——| U] s = M) = 2
z) = al = z zZ) = .
n anl . N pn n Dn71
HPn—1 Hn-2 - H—1
1 Z DR Z"

There have been different nomenclatures used with respect to such polynomials in
recent years. The polynomials @, are related to orthogonal Laurent polynomials
considered by, for example, Hendriksen and van Rossum [I1] and Jones and Thron
[15], in the sense that the Laurent polynomials

Ban(z) = 27 "Q2n(2), Bont1(z) = 27 "Q2n11(2), n >0,
satisfy the orthogonality relations M[B),(2) B (2)] = OnmpPn, n,m =0,1,2,....
With the monic polynomials {Q,,} given by

N’O H’l PN ,un
1 H—1 Ho Tt i1
An Z) = : : : ) n Z ]-7
QE=p—| .
MBent1 H—nt2 - 1
1 Z e Zn

we obtain the biorthogonality relations M[Q(1/2)Qn(2)] = Spmpn, nym =
0,1,2,.... Hence, Zhedanov [32] calls such polynomials Laurent biorthogonal.

With respect to the moment functional L[z"] = M[z7"] = pp, n =0,£1,£2, ...,
the reciprocal polynomials Q2 (z) = 2"Q,(1/z) satisfy the orthogonality relations
Lz7"5Q2(2)] = Onspn, 0 < s < n. Polynomials satisfying such orthogonality
relations have been referred to as L-orthogonal polynomials in some earlier contri-
butions, including [I], of one of the present authors. We remark that Zhedanov [32]
uses the definition L£[z"] = p,, n = 0,£1,+2,..., for his moment functional and
L[Qm(2)Qn(1/2)] = bpmpn, nym=0,1,2,....

In a recent manuscript [I7], {Q,} has been called a sequence of monic Szegd type
polynomials when M is such that D,, # 0 and p_, = p, for n > 0. In this case
the Zhedanov [32] biorthogonality can be written as M[Qn,(1/2)Qn(2)] = 6n.mpPn,
n,m=0,1,2,....

However, if M is such that D, > 0 and p_, = f,, n > 0, then this moment
functional is known as a positive definite moment functional and the sequence of
polynomials {S,,} = {Q,} are known as monic Szegd polynomials. Now we must
have M[f] = [, f(2)du(z), where u(z) = pu(e'®) is a positive measure on the unit
circle C = {z = e? . 0<0< 27}. Since the integration is along the unit circle,
Jo 277 Sn(2)du(z) = [, 27 Su(2)du(z) and the associated sequence of monic Szegd
polynomials {S,,} are usually defined by

2

/ S (2) Sp(2)dp(z) = Sy (€9) Sy () du(e®) =k, 20,5, myn=0,1,2,...,
c 0
where £,% = [|S,[* = fc S (2)[Pdps(z).

With his publications [28] and [29], Szegd introduced these orthogonal polynomi-
als on the unit circle in the early 20th century. Many interesting results on these
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BASIC HYPERGEOMETRIC ORTHOGONAL LAURENT POLYNOMIALS 2077

polynomials can be found in his classical book [30], the first edition of which was
published in 1939. Since then, these polynomials which bear the name of Szegd
were extensively studied by many. We cite, for example, [5], [6], [7], [L0], [19], [20],
[22], [25] and [27] as some of the very recent contributions. The recent publications
of the two excellent volumes [23] and [24] by Simon have given a boost to the in-
terest in studying these polynomials. We also cite the recent book [I3] by Ismail
containing a nice chapter on these orthogonal polynomials on the unit circle.

Some information on the Szegé polynomials with respect to the measure du(e®)
= [e79)"[sin*(0/2)] df, defined for n, A € R and A\ > —1/2, are provided in [27].
It was shown that these Szegé polynomials are constant multiples of the hyperge-
ometric polynomials o Fy(—n,b+ 1;b+b+ 1;1 — 2), n > 1, where = Zm(b) and
A = Re(b).

Results used in [27] have an important root in the paper [I1I] of Hendriksen
and van Rossum, where these authors look at T-fractions and orthogonal Lau-
rent polynomials originating from three-term contiguous relations satisfied by the
hypergeometric functions o F(a, b; ¢; 2).

In this paper, using a three-term contiguous relation satisfied by g¢-hypergeo-
metric functions »®1(¢%, ¢%; ¢%; q, z), we obtain information on the three-parameter

class of orthogonal Laurent polynomials {z~L"/2] Qi) (2)}22, on the unit circle

C={z=¢":0<6 < 2n}, where the monic polynomials Qslb’c’d), n > 0, are given
by
Q(b,c,d) (Z) — w qn(b—d—i-l) 2¢)1(q—n qb+1,q—c+b—n,q q—c+d—1z)

n (qb+1; q)n ) ) y Yy 9
with 0 < ¢ < 1 and the three complex parameters b, ¢ and d are such that b #
-1,-2,..., ¢—=b+1# —1,-2,..., Re(d) > 0 and Re(c+2 —d) > 0. The
orthogonality is with respect to the semi-definite moment functional M®¢49 given
by

MO=D(f(2)] =

) /2” (@) I o (@ e )
2rJo (@7 @)oo (g7 q) 00

Here the constant 7(*°) defined in Theorem B35} is such that M®<D[1] = 1. By
considering separately the real and imaginary parts of b, ¢ and d, and neglecting
Tm(d), which induces only a rotation, we can also consider {z~1"/2] Qlhed (2)}0,
as a five-real-parameter class of orthogonal Laurent polynomials.

The class of polynomials considered here is somewhat different and broader than
the class of orthogonal Laurent polynomials {2~ "/21 P, (—z, a, 8)}%, that follows
from Pastro [21], where

Pn(za Q, ﬂ) = Qq)l(q_n, qa; QQ_B_TL; Cja q_ﬁ+3/2z),

with |§| <1, @ > 1/2 and 3 > 1/2. Pastro shows that the polynomials P, (—z, o, )
are the Laurent biorthogonal polynomials with respect to the semi-definite moment
functional given by

9 o an e
D)) = [ ey LT e i)

0 (G212 Q)0 (P27 G) oo

These Pastro polynomials can be considered as belonging to a class with the three

real parameters a, 3 and, say, ¥ if one assumes the ¢ to be such that § = |G|e’’. An

de.
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explicit expression for the moments M(®#)[z~"] is found in Vinet and Zhedanov
[31].

Note that the moment functional M(®#) can only be made positive definite with
the choice —1 < § < 1 and o = 8 > 1/2. Thus with this choice, Pastro [2I] recovers
the class of real Szegé polynomials previously described by Askey [4] p. 806].

By a special choice of the parameters b, ¢ and d we also obtain in the present

manuscript information regarding the class of (complex and real) Szegd polynomials
57({\’"’¢) characterized by the reflection coefficients
Ond) = LD i) )
(@A)
where \;n,¢ € R and A > —1/2. The parameter ¢, which comes from Zm(d),
induces only a rotation and can be made equal to zero without any loss of generality.

The polynomials obtained by taking n = ¢ = 0 and A > —1/2, for example,
coincide with the real Szegé polynomials of [2I] and [4], obtained when 0 < ¢ < 1
and a =0 > 1/2.

The paper is organized as follows. In Section 2 we present some fundamental
results on three-term recurrence relations, continued fractions and basic hypergeo-
metric functions, which we will be using in later sections. In Section 3 we define the
monic g-hypergeometric polynomials leb’c’d) (z) and obtain their orthogonality and
asymptotic properties. In Section 4, in addition to discussing when the polynomials
Qe (2) coincide with the Szegd polynomials Sp)
obtain explicitly the associated Szeg6 function.

mentioned above, we also

2. SOME PRELIMINARY RESULTS

Let {Q,} be the sequence of polynomials given by the three-term recurrence
relation

(21) Qn-i—l (Z) = (Z + 6n+1)Qn(z) - an+len—1(Z)7 n > 17
with Qo(z) =1 and Q1(2) = z + 1.

Lemma 2.1. Let f; # 0 and apqy1 # 0 for n > 1. Given any sequence {h,}
of arbitrary complex numbers hy, (or complex functions hy,(2)), let the sequence of
B

functions {Gn(hn;2)} be such that Gi(hi;z) = T and
Bi | asz | #
ti®) = 35~ o #+ B hn
Then 1

<o) — ) = Brogas - - aphpz
Cnlhniz) = Gul0:2) = B D = @ ()]

Proof. Let the sequence of polynomials {R,} be such that
Ryt1(2) = (2 + Bns1) Rn(2) — an12Rn-1(2), n>1,

with Ro(z) = 0, R1(z) = f1. Then from basic results on continued fractions (see,
for example, [14] [18])

o) — oy Bn(®) —haRna(2)  Ra(z)
Gn(hn;z) — Gn(0;2) s — IO (2) Q) > 1.
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BASIC HYPERGEOMETRIC ORTHOGONAL LAURENT POLYNOMIALS 2079

Hence,
hn[Rn(Z)anl(z) — Qn(Z)Rnfl(Z)] n>1
QTL(Z)[QTL(Z) - thn—l(zﬂ ’ -

Therefore, the lemma follows from R, (2)Qn—1(2) — Qn(2)Rn-1(2) = fragasz -
2™ L O

Gr(hn;z) — Gr(0;2) =

As a particular case of this lemma, if one takes h,, = ap412/(2 + Bnt1), then

(2.2) Grr(0:2) — Gn(0; 2) = 2102082 Qntt oy

Qn(2)Qn+1(2)

Lemma 2.2. In the three-term recurrence relation 2.10), if

Bn 7& 0 and On41 7& 0, n>1,

then there exists a semi-definite moment functional M such that the polynomials
Q. satisfy
M[z7°Qn(2)] = Opspn, 0<s<n, n>1,

a2...an+1

BooBry1’
0,%1,%2,... are such that Lo(z) = 372 11,27, Loo(2) = = 32721 pjz~7, where

where p, = Moreover, the associated moments p, = M[z""], n =

7

1
Lo(2) = Gn(052) = pn=—=2" +O0(z"1),
(2.3) Qn(0) 1

1
Loo(2) = Gn(0;2) = ann-‘rl(O)W + O(W)

Proof. First note that Q,(0) = £182--- 8, # 0. Now from (Z2]) by considering
the expansions of G, (0;z) about the origin and infinity there exist power series
Lo(z) = E;io piz? and Loo(z) = — Z(;il p—;z~7 such that (23] holds.

With respect to these power series coefficients, if we define the moment functional
M by ([I), then the lemma follows from the linear system on the coefficients of
@, and R,, obtained from (23] O

For a,b,c € C, ¢ #0,—1,-2,... and 0 < |g| < 1, the 2®; ¢g-hypergeometric or
the 2@, basic hypergeometric function (hypergeometric function with base ¢) may
be defined by

oo

b, e (4" Dn (" Dn
2®1(q%, ¢";¢%q,2) = Yy SR T
( ) Z (4 On (45O

n=0

for |z| < 1 and by analytic continuation for other values of z € C. Here, (¢%;¢)o =1
and (¢%;q)n = (1 —q¥)(1 — ¢ (1 =g 1), n> 1.

For more information regarding ¢-hypergeometric functions, we refer to, for ex-
ample, Andrews, Askey and Roy [2], Gasper and Rahman []], Koekoek and Swart-
touw [16] and Slater [26].

Two “distinct” g-hypergeometric functions o®; (¢, ¢%;q*;q,2) and 2@ (¢,
q%2;¢%;q,2z) may be called contiguous if |a; — a@;| = 0 or 1 for at least one i €
{1,2,3}. There are interesting relations between contiguous g-hypergeometric func-
tions called contiguous relations.

Licensed to Universidade Estadual Paulista "JA-lio de Mesquita Filho". Prepared on Thu Jul 11 09:01:02 EDT 2013 for download from IP 200.145.3.34.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



2080 M.S. COSTA, E. GODOY, R.L. LAMBLEM, AND A. SRI RANGA

Lemma 2.3. Ifc#0,—1,-2,..., then
1—q¢*t atl _b+l. etl
T ¢"z) 2®1(¢" " g g, 2)

1— a+1 1— c—b
C(1-¢""H(1-g¢ : )qb“@l(q
(1 =g (1 =g+
Proof. From contiguous relations obtained by Heine (see [8 p. 22]), we consider
the following:

2®1 (", ¢ g g, 2) = 2 @1(¢* T, % 0% 0, 2)
(1—g¢“™)(1—¢"
(1—¢°) (1—g“tt)

2®1(¢" T, % 0% a4, 2) = 2@1(¢%, 4" 15 0% ¢, 2)

2®1(¢% " ¢%q,2) = (1+

a+2 _b+1, c+2.
Q7T g g, 7).

+ @"z 201(¢"“ 2, ¢" ¢ % g, 2),

1— qa—b
- ﬁ 0"z 2®1(q" " ¢" 54 g, 2),
which hold for ¢ # 0, —1,—2, ... . Substitution for »®; (¢, ¢*; ¢% ¢, 2) in the first
relation using the other gives the required result. O

We will be using the g-binomial theorem (see [16, Eq. (0.5.2)])

‘2 q)0
(2.4) 2®1(0",¢%¢% ¢, 2) = 1P0(9% ¢, 2) = %,
which holds for ¢ # 0, —1, —2,... and |z| < 1, and the Heine transformation formula

(see [16, Eq. (0.6.3)])

2 ) o

(% @)oo
which holds for ¢ # 0,—1,-2,... and |2| < min{l,|¢°"*"?|}. We will also be
needing the polynomial identities (see [16, Eq. (0.6.19)])

(q a+b—cz)

(25)  2®1(¢%.¢"q%q,2) = ®1(q "t g " g% q,q

?

2®1(¢7", 4% ¢% q, 2)

(2.6) b )
_ (q Q) 7n(n+1)/2(_z)n 2(1)1((1771’qfcfnJrl;qufnJrl;q’qcbernJrlzfl)7

(4% q)n
for n > 0, which hold when ¢ #£0,—-1,—-2,... andb# —n+1,—n+2,—n+3,....

3. ¢-ORTHOGONAL LAURENT POLYNOMIALS

From now on we restrict the value of ¢ to be such that 0 < ¢ < 1. Then for any
b € C we have o )
¢ =4q" and |¢’| = ¢
With b,c,de Candc—b+1#0,—-1,-2,..., let

2@ (q" T, g7 qc 702 g, g2)

Floed) )y — >0
) 2@ (g7 g b g g qlz) T
Then from Lemma 23]
Frgb’c’d) (z) = L n >0,

- b,c,d b,c,d b,c,d ’
1+ 9£L+1 V2 - fr(L+2 )ZFT(L+1 )(Z)
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BASIC HYPERGEOMETRIC ORTHOGONAL LAURENT POLYNOMIALS 2081

where

(bed) _ L~ ¢t i Floed) _ (1-¢")(Q—q —btd—1
In” 1— qc—b+n ’ n+1 (1 _ qc—b+n) (1 _ qc—b+n+1) q ’

for n > 1. This leads to the continued fraction expansion

B (z) =
CRV I N N e fire |
‘ 1+ g%b,c,d ‘ 1+g (b c d) ’ 1+ g(b ,C d) f(llcfd)ZFy(Lb’c’d)(z) .
Also assuming b # —1,—2,... , this can be written in the equivalent form
" (z) =
(3.2) B£b,c,d) ‘_ aéb,c,d)z ‘ a%b,c,d)z ‘_ aglbjrcl,d)zFéb,c,d)(z)‘
‘ Z_’_/B%b,c,d) ‘ Z+B§b,c,d) ‘ Z+B7(lb,c,d) ‘ 5&}6{(1) )

where Béb,c,d) _ 1/g£lb,c,d) and a(b c d) (b c, d)/( (b, cd)gS;cld))7 n>1.

Theorem 3.1. Withb# —1,-2,... andc—b+1+# —1,—-2,..., let the sequence
of monic polynomials {Q;b’c’d)} be given by

33) QU (2) = (= + BTN (2) = 5P 2 QY (2), m>1,

with Q(de (2) =1 and Q(de)( )= ﬁ(de), where
ﬂ(b,c,d) _ 1- ‘IC*Hn b—d+1 (b ed) _ (1—-q")(1- anH) b—d+l
n 1—gptn v Ol 1= gy (1 — gy 4 o Mzl

Then the polynomials Qn’c’ satisfy the orthogonality relations
(3.4) MOed=sqbed () =5, b9 0<s<n, n>1

)

with respect to the semi-definite moment functional

—b. ). )
MEeD 7] = %qﬂd, J=0,%£1,42,... .
v4/]

Here,
b,c,d b,c,d c
) _ R i _ (@9n (@)
n ﬂémc,d) . ﬂsjffd) (@ Qn (6025 q)n

Proof. We first prove the theorem for c—b+1 #0,—1,—2,... and b # —1, -2,

With these restrictions Br(lb’c’d) # 0 and aflbjrcl’d) # 0, n > 1, and hence from

Lemma [2.2] there exists a semi-definite moment functional such that ([B8.4]) holds.
To obtain the values of,u (bed) — pq(bieid) [277], 5 =0,%1,42,..., let us consider

the functions

) ped | ped, | abed),
G,V (z2) = ‘ Z+ﬂ£b,c,d) - ’ Z+Béb,c,d) - Z+ﬂr(lb’c’d) , n>1
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Then from Lemma 2] and the continued fraction expansion (3.2)),

Féb,c,d) (Z) _ Gslb,c,d) (Z)

b,c,d b,c,d b,c,d b,e,d) _n (b,e,d
e gbed) o od) g (bed) n ploed) ()

b,c,d) bcd b,c,d b,c,d (bye,d b,c,d)
2@ BTN (2) - a2 B0 () @ (2)]

(& 1 n n
= p,SLb’ )W)(())Z +O(Z +1), fOI' n Z 1

Since Fo(b’c’d) (2) = 2@1(q, ¢ % ¢ "2, ¢, ¢%2), from the latter part of Lemma 2.2

(bye,d) (% q), jd
P T g T
thus giving the results for the positive moments.
From (31)), by realizing that g(c be,et2=d) ﬁy(Lb’C’d) nd f(c biectl—d) _ agb_;_cl’d),
n > 1, we also obtain the continued fraction expansion

i=0,1,2,...,

(b,c,d)
/81 . Fécfb,c,chZfd) (Z_l) _
§b,c,d) ‘_ aéb,c,d)z ‘_ o aslbcd)z ‘_ aglbfld)Fr(Lc b,c,c+2— d)( )‘
Z_i_ﬁib,c,d) ‘ z+6§b,c,d) ‘ z_’_BT(Lb,c,d) | 1

Hence, again from Lemma [2.7]

gL bye,c+2—d
1 . FO(C— ,C,C+2— )(Zfl) _ G%b’c’d)(z)
b,c,d b,c,d b,c,d b,c,d _ c—b,c,c+2—d _
| plhedgBed) | bedy(bed noi ploboctz=d) (1)
= Sod bye,d bc,d b, d bed
Q@R (2) — GV BT QY (2)]
o) A(b,c,d 1 1

= plbagle >(o)zn+1 +0(5g).  for n>1L
Since Féc_b’c’cﬂ_d)(z*l) = o®1(q,q % ¢"+2;q,¢°T27 9271, from the latter part
of Lemma 2.2]

—c+b—1.
(b,c,d) ( ) ) j(c+2—d) .
IUJ— = 71 4 ) .]_172a35""
(6"t 9);

Thus, using (a,q)n = (a;¢)c0/(aq";¢)oo, for n = 0,£1,£2,... , we also obtain

the results for the negative moments. This concludes the theorem for ¢ — b+ 1 #
0,—1,-2,... and b # —1, -2,

Now to extend the results for c —b+1 # —1,—2,... and b # —1,—-2,..., we
need to prove the theorem for ¢ — b+ 1 =0 and b #* —1 —2,.

Ifb# —1,-2,..., then A" = 0 and g% " = §f’+b1 L) £ 0 forn > 1.

Hence, Q"™ 1d)( ) z"™, n >0 and

—b.
M(b:b=1,d) [Z—SQ(b,b—l,d)(Z)] _ M(b,b—l,d)[zn—s] _ (7% 9)—n+s q(—n+s)d_
" (4 @) —n+s
Since

(bp—1) _ (7% q)o g0 — 1,

(Q*b; q)—n+ts (—n+s)d _
q
(4 9)o

if s<n and p,
(45 9)—n+s
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BASIC HYPERGEOMETRIC ORTHOGONAL LAURENT POLYNOMIALS 2083

the validity of the theorem when ¢ —b+1 =0 and b # —1,—2,... is confirmed.
This concludes the theorem. O

The same explicit expression for the moments, when the moment functional is
considered as in Pastro [2I], is obtained in [31].
From the three-term recurrence relation ([B.3) it follows that

c—b+1.
¢ b,c,d) 5(b,e,d .C, (q s Q)n n(b—
Qe (0) = M e et = O O,
Theorem 3.2. Letb# —1,-2,... andc—b+1# —1,—-2,.... Then
a) nlin;o ﬂ%b,c,d) — g ,}LH;O agy,c,d) — g

R . oy D0+1
b) lim ¢ (b d+1)Q$Lb, ,d) (O) _ (1 _ q) +2b (I( )

n—o00 Lylce=b+1)’
T,b+1)Ty(c—b+2
¢) lim p%b’c) _ q( +1) q(c +2)
n—00 Fq(c + 2)
Proof. Part a) of this theorem is clear. To obtain parts b) and ¢) we use the
definition
(49 -
Fy(z)=——(1-¢q) "
S P N
of the g-gamma function. O
Theorem 3.3. Let b# —1,-2,... and c—b+1+# —1,-2,.... Then the monic
polynomials %b’c’d), n > 0, given by the recurrence relation (33) have the explicit
representation

—b+1.
© +1’q)" n(b—d+1) ) —-n _b+1, —ct+b—n
2®1(¢7 " q

1q iq,q T 12).

. (
(35) QLoD (z) = ‘fC]H—q) g

Proof. From [B3)) it is easily verified that the reciprocal (or inverse) polynomials

Q*(b,c,d) (Z) — Zanlluc,d)(l/z) and Q:L(b,c,d) (Z) — Zanlb’c’d)(l/Z), n >0,

n
satisfy the three-term recurrence relations
*(b,c,d b,e,d *(b,c,d b,c,d *(b,c,d
. e L O R T R O I
. n — )
o(b,c,d b,e,d o(b,c,d b,c,d o(b,c,d
Q@) = W+ 8N (2) - a1 2 QX (),

Wlth Qg(b,c,d) (Z) _ (.)(b,c,d) (Z) — 17 Qﬁlﬂ(b,c,d) (Z) _ 1+ 6%516’5)2 a,nd Q;(b,c,d) (Z) _
14 B ;. This means that

*(b,e,d B 5 _d
QD (2) = 4@y (g7, ¢F P b g, gL 2),
n>1,

be,d _ _ p _ -
QD (2) = @ (g7, g0 g g, g4 ),

which we can easily verify from Lemma Hence, application of the transforma-
tion (Z8) in Q:L(b’c’d), for example, gives the required results of the theorem. O
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Note that by the application of the transform (23] in Qz(b’c’d)

can also write that

("2 q) o w(bye,d) [\ _ b —e—n—1. —b-m. e—d+2 >
(qé_‘i+22'q) Qn (Z) - 2@1((] ,q yq 14,4 Z)a n = 13
Y oo
provided that |z| < ¢~ R¢(¢=4+2)_ This can also be directly verified from Lemma 23]

and (B.4).

Theorem 3.4. Letb# —1,—-2,..., c—b+1# —-1,-2,... and
—Re(c—d+2) que(bfdJrl)}'

, for example, we

o = min{gq
Then uniformly on compact subsets of |z| < o,

c—d+2.,.
lim Q:;(b,c,d)(z) _ (q qu)OO

n—o0 (g~ 12q) o0

Proof. Since

lim (qféinfl;(J)j q(aﬂnz)j _ q(57(2+1)j
e (i),
using Lebesgue’s dominated convergence theorem and then (24]), we obtain
PR ("% 0)ec

. —-b —¢—n—1, —b—n, c—d+2 _ —b. b—d+1 _
Jim 5®1(q7", g a0 z) =1%0(q 54,9 Z)f(ql—)_gﬂz;q)oo,

)

uniformly on compact subsets of |z| < . Thus, the result of the theorem follows.
O

Theorem 3.5. In addition tob# —1,—2,... andc—b+1+# —1,—-2,..., if one
also assumes that
Re(c+ 2) > Re(d) > 0,

%b’c’d), n > 0, given by B3, satisfy the orthogonality rela-

then the polynomials @
tions

(b,¢) —b+d,. b—d+1 /.. 1
T2 : /Zfnglb,c,d)(Z) (q Zv‘])oo(q /27Q>oo Sdy=3§
™ C

(b,c)
(0921 9) oo (q° 2 /21 @) 00 2 mefn’, 0S8

b .
Here, pgl ) are as in Theorem B and
c+2.

b,c) _ (q; q)oo(q ) Q)oo '
("2 @) ("5 @) oo

Proof. Let us consider the following identity of Ramanujan:

7

~ (B;q)n (B: @)oo (£:0)00 (L5 @) o0 (71 0)00
which holds for |[fa™!| < |z| < 1. Simple proofs of this identity can be found in [3]
and [12)].
In our case, since 0 < ¢ < 1, with the assumptions of the theorem if we take
z=q¢%, a=q%and 8 =¢° "2, then

i (0 n_ (69 (25 0)00 (25@)00 (L5 q) o0

(3.7) i qudzn _ o) ("2 @)oo (@ /2 @)oo
(qc_b+2§ Q)n (qdz; q)oo(qc+2—d/z; q)oo ,

which holds for |¢°*274] < |z| < |¢~¢|, where |¢°T27%| < 1 and |¢~¢| > 1.

— 00
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Hence, multiplying by z~—7~! and integrating along the unit circle we obtain from
Laurent’s theorem

(¢ q); Fie T(b,c)/ i (%2 @)oo (/25 q) oo
(g2 q); 2mi Je (4925 4) o0 (274 /25 q)

Thus, the moment functional in Theorem [3.1] satisfies

dz, j=0,+1,22,....

. (b,) _ —b+d,. b—d+1/,.
(38) M(b’c’d) [ng] — T / ,—i—1 (q 2 Q>oo(q /Z, Q)oo dz,
C

2mi (4721 @)oo (¢°T274/ 2 0) 0
for j = 0,+1,£2,..., which completes the proof of the theorem. O
As a particular case, letting b =0 and ¢+ 2 # 0, —1,—2,... we have 5§O’C’d) =

1_qu+1 —d+1

g 4 and
B,E%i’d) _ agzofid) _ 11__‘17:::1 q—d—i-l’ n>1.
Moreover, u(()o’c’d) =1,
p0oD 0 and 000 = 50 ierad G _qp
(¢:9);

Furthermore, the following corollary holds.

Corollary 3.5.1. If Re(c + 2) > Re(d) > 0, then the sequence of polynomials
,¢,d) .
{2} given by
c+1.
Qﬁ%@@>=£%aé§EQ“‘““2¢l

apart from satisfying the three-term recurrence relation

(" g q " q,q T 2)

1— qc+n+1 1— qc+n+1

e e ) “a i),

n—1

0,c,d
£L+C1)(Z):(Z+ 1—gq 1 — gntt q
forn > 1, with Q(()O’C’d)(z) =1 and ng’c’d)(z) =2z+ 171‘1%“(]_‘”1, satisfies the

q
orthogonality relations

1 2 q) 1
= Z_SQ;O’C’d)(Z) (q /Z7q) -

dz =194 0<s<n.
o 24/ q) o 20 O T SEST
C q yd

Moreover, uniformly on compact subsets of |z| < 1rnin{q*73‘i(‘3*d+2)7 q*Re(*dH)},
i @00y - s
noo (" 210)0
As another particular case, letting c=band b+1#0,—1,—-2,..., we have
1 _ n
plbd) - aglb;bl,d) =: bq+n P I
—q

Moreover,
u(b,b,d) _ (q_b;Q)j
! (¢ 9);
Furthermore, the following corollary can be stated.

74 =0,41,+2,... .
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Corollary 3.5.2. If b+ 1#0 and Re(b+ 2) > Re(d) > 0, then the sequence of
polynomials {Q%b’b’d)} given by

Q%b’b’d) (2) = (q(b+1 o ”(b o Z 7q e _j(b DA n > 1,
7=0

7

satisfies the orthogonality relations

1 Lq))/zsgslb,b,d)(z) (Q(b+dZ;Q)OO zZ — qbid+1 dZ — 6n57 0 S s S n.
c

2mi (1 — gb+1 723 q) o 22 ’
Moreover, uniformly on compact subsets of |z| < g Relb—d+1),
1
; *(0,b,d) () — -
nlgrolo < (2) (1 — gb—d+1z) '

4. ¢-SZEGH POLYNOMIALS
From (B8) the moment functional M%) is easily seen to be positive definite if
b#—-1,-2,..,c—b+1#—-1,-2,... , Re(c+2) >Re(d) >0, -b+d=b—d+1
and d = ¢+ 2 — d. That is, with the restrictions
c=b+b—1, d+d=b+b+1 and Re(b) > —1/2,
the moment functional M®® is positive definite, and hence the polynomials

Q!“? are the associated Szegd polynomials.
Hence, setting

1
b=X—in, c=2XA—1 and d:§+)\+i¢,

if A > —1/2, our special case of Ramanujan identity (3.7)) becomes

[eS) —A+i 14 . 14 .
Z (q A+ 77, q) n(%-ﬂ,—,\-‘,—i(]ﬁ)zn _ %(/\)n) (q2+ (17+¢)Z, q)oo (qz (77+¢)/Z, q)oo

(@) (@E M2 @)oo (7792 )00
which holds for ¢*1/2 < |z| < ¢7*1/2 where
~0u) — _ (69)00 (7 @)

(@"2F; @)oo (M7 @)oo
This means that we can write

A
M(,\fm,z,\q,,\+i¢+1/2)[zfj] _ (¢~ +“7,q) qj(%+>\+i¢v)
(q>\+1+”77 q).]

27
:/z_jdu(A’n’¢)(z):/ e 10Am:9) () dg,
c 0

for j = 0,41,+2,..., where w9 (9)df = du*"9) ('), with
dpdm®) (z) FO 1 (qa i) 5 g) o (g2 09) /20 g) o

dz 2mi 2 (P9 q) o (qF T TI9)2:q) 0

and
FOM (qatitrtd)eif; g) (g2 1+ emi0;g)

4.1 Am9) (9) =
) SO = S AR ) (TP e ).

As expected, w9) () is a positive weight function in [0, 27].
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—in 2A—1, L At
Adopting the notation S{M" (2) = Q—in 221, 2+/\+w))(z) we can write the
following:
N 1— q>\+zn+n 1
S7(z+717 ?) (2) = (Z + 1— qA in+n+1 q2 Z(n+¢))S£LA7n7¢) (2)
A
. (1—g¢")(1—g***m) L—i(n+o) zS(’Y{’d))(z), n>1,

(1 _ qkfinJrn)(l _ q)\fin+n+1) q

A+in

with S(g)""’qb)(z) =1 and S§>"n’¢)(z) = (z + % q: Z(’7‘“15)) Moreover,

A+in. L
(4.2) ST(LAJ?@) (0) = ((?+AL7Q)7)1 qn[§—l(77+¢)], n>1.
q 5 q)n

Hence, in particular, using Theorems B.3] and we have

Theorem 4.1. If \,n,¢ € R and A > —1/2, then the polynomials

(@7 @) 13— +0)] n AHl—in.

A — —i 1_ ;
Sv({\’n’qs)(z) = (Pt q), 2®1(¢7 ", q 3 q Amntl—in, q,q? sz)

are the monic Szegd polynomials satisfying
27 —
S (¢i0) SO9) (¢19) 1N (9)df = kD] 260y mym =0,1,2,...,
0
with respect to the weight function w™™®)(0) given by @I). Here,

[KAm]=2 = pA=in22=1) (@ O)n (@ 0)n

(M q), (A5 q),

Moreover, these polynomials satisfy the Szegd recurrence relation

SZ(A»W’¢)(2) _ a/%)‘fr]»(ls) szl):qw(b) (2) + S*(_)\’U’QS)(Z), n 2 17

where the reflection (or Verblunsky) coefficients M) = ghnd) (0) are given by

@2).

Now using Theorem B4 we can state the following. Let A\,n,¢ € R, A > —1/2
and ¢ = min{q~'/2,¢"*~'/2}. Then uniformly on compact subsets of |z| < &,

AL+ig .
(43) lim S*()\nd))( ) (ql .2 ZyQ)oo
e (g2 T 119) 2 q) oo

Moreover,

A A A
Z|a( O = L gMrP Z n+)\+277|2 < L= Z _ n+,\ < 0.

This last result means that the Szegé condition

2
— log (w9 (9))df > —oo
57 | s o))
holds and we can now give an expression for the associated Szeg6 function

1 27 19+z
A, — ",
D! 77¢)( ) = exp (471-/ o log( (A 77¢')(9))d6‘) .

e
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Theorem 4.2. If \,n,¢ € R and A\ > —1/2, then for |z| < 1,

Tg(2A+1) (g3t 9 2 q) o0
TOH T Ty L5 (P12

D) (z) =

Proof. Since, £ S5 M9) s [DOM) (2)]71 for |2 < 1 (see 23, p. 144]), the
result follows from part ¢) of Theorem and from (@.3)). O
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