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ABSTRACT 
 
 

The interest in periodic structures has grown significantly in recent years, driven by their 
ability to efficiently manipulate waves, making them a promising solution for various 
applications in modern engineering systems. These structures are notable for their capacity 
to reduce vibrations within specific frequency ranges, with widespread applications in 
acoustic insulation in the aerospace sector and vibration control in civil structures. 
Recently, the metastructures, which consist of the integration of vibration absorbers into 
periodic structures, have been investigated as a means to expand the frequency ranges 
where vibration attenuation occurs. This study focuses on analyzing the dynamic behavior 
of finite mono-coupled periodic structures composed of rods with catenoidal, exponential, 
and conical shapes. To model these rods, their receptance and dynamic stiffness matrices 
are determined. The transfer matrix method is employed to derive the global properties of 
the structure based on the transmissibility of a single unit cell. The influence of the 
structure's geometry is analyzed by considering symmetric and asymmetric cells. It was 
observed that when the cells are composed of rods of the same length, asymmetric 
configurations exhibit greater wave attenuation, albeit limited to higher frequency ranges. 
The introduction of dynamic vibration absorbers into symmetric cells was investigated to 
create super-attenuation bands and multiple frequency attenuation bands. To validate the 
proposed methodology, experimental tests were conducted on a structure composed of 
conical rods, both in the absence and presence of dynamic vibration absorbers. The 
experimental results showed good agreement with theoretical predictions, reinforcing the 
effectiveness of the developed approach. 
 
Keywords: Periodic Structures; Symmetrical / Asymmetrical Structure; Super -attenuation 
/ Multi-frequency bands; Dynamic Vibration Absorbers; Metastructure. 
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RESUMO 

 
 
O interesse por estruturas periódicas tem crescido significativamente nos últimos anos, 
impulsionado por sua capacidade de manipular ondas de maneira eficiente, o que as torna 
uma solução promissora para diversas aplicações em sistemas de engenharia modernos. 
Essas estruturas destacam-se por sua habilidade de reduzir vibrações em faixas de 
frequência específicas, sendo amplamente aplicadas em isolamento acústico no setor 
aeroespacial e no controle de vibrações em estruturas civis. Recentemente, as 
metaestruturas, que consistem na integração de absorvedores de vibração em estruturas 
periódicas, têm sido investigadas como uma forma de ampliar as faixas de frequência onde 
ocorre a atenuação vibracional. Este trabalho tem como foco a análise do comportamento 
dinâmico de estruturas periódicas monoacopladas finitas, compostas por barras com 
geometrias catenoidal, exponencial e cônica. Para modelar essas barras, são determinadas 
suas matrizes de receptância e rigidez dinâmica. O método da matriz de transferência é 
empregado para derivar as propriedades globais da estrutura a partir da transmissibilidade 
de uma única célula unitária. A influência da geometria da estrutura é analisada 
considerando células simétricas e assimétricas. Observou-se que, quando as células são 
formadas por barras de mesmo comprimento, as configurações assimétricas apresentam 
maior atenuação de ondas, embora restrita a faixas de frequência mais elevadas. A 
introdução de absorvedores dinâmicos de vibração em células simétricas foi investigada, 
visando à criação de bandas de superatenuação e a formação de múltiplas bandas de 
frequência atenuadas. Para validar a metodologia proposta, foram realizados ensaios 
experimentais em uma estrutura composta por barras cônicas, tanto na ausência quanto na 
presença de absorvedores dinâmicos de vibração. Os resultados experimentais 
demonstraram boa concordância com as previsões teóricas, reforçando a eficácia da 
abordagem desenvolvida. 
 
Palavras-chave: Estruturas Periódicas; Estrutura Simétrica / Assimétrica, Super banda de 
atenuação / Bandas multifrequenciais; Absorvedores Dinâmicos de Vibração; 
Metaestruturas. 
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1 INTRODUCTION  
 

This chapter provides a brief motivation and a review of the literature on periodic 

structures, which form the foundation of this work. Additionally, the problem statement 

and objectives are outlined. Finally, the structure of the thesis report is presented. 

 

1.1 Motivation 
 

For several reasons, vibration can be considered an unwanted phenomenon in 

industrial systems and processes. Excessive vibration in vehicles, machines, or equipment 

can cause physical and mental discomfort to occupants or operators, and cause damage and 

premature failure to structures, machines, and devices (HUANG; GRIFFIN, 2014; LI; 

HUANG, 2018). When intense and continuous, vibration can lead the machine or 

equipment to material fatigue, and consequently to mechanical failure (LU et al., 2023; 

WATBAN KHALID FAHMI; REZA KASHYZADEH; GHORBANI, 2022). These 

situations make vibration attenuation have an important role in the mechanical design 

stage, in which it becomes essential to apply vibration control techniques to resolve the 

presence of unwanted vibration, ensuring structural integrity and mechanical performance. 

In recent decades, different vibration control techniques have been studied, known 

as passive, semi-active, or active. Among these techniques, the use of passive 

metamaterials has been highlighted. Passive metamaterials are periodic structures that 

exhibit periodicity based on geometric, material discontinuities, or the addition of 

resonators distributed in the structure. Due to this periodicity, these structures have the 

particular characteristic of forming frequency bands where the vibrational wave does not 

propagate, known as bandgaps (LIU; HUSSEIN, 2012).  In this way, passive metamaterials 

become a useful alternative to suppress vibrations without the necessity for active vibration 

control (SANTOS et al., 2023). 

Several studies have been dedicated to reducing the propagation of vibration within 

a specific frequency range using such periodic systems. Recent research seeks to observe 

the behavior of the frequency band in relation to the geometry of periodic structures, as in 

the case of mono-coupled structures composed of stepped rod cells, which present 

satisfactory results in the attenuation of longitudinal waves mentioned in the use of stepped 

rods is the sudden change in the cross-sectional area, which can cause stress concentration 

at discontinuities (CARNEIRO et al., 2021; SANTOS et al., 2023). One of the methods to 
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reduce stress concentration is avoid corner, using smooth geometries, for instance, as 

explored in the work of Taylor et al. (2011).  Periodic structures composed of rods with 

smooth and variable cross-sectional areas could potentially solve the problem of stress 

concentrations and also guarantee the Bragg stop-band, due to the variation in the cross-

sectional area. 

Some advances still seen in the design of periodic structures to reduce the 

transmission of vibrations explore the use of vibration absorbers to broaden the frequency 

ranges in which frequency bands occur or to create multi-frequency bandgaps in lower 

frequency ranges. Cleante et al. (2022) explored the local resonance of the dynamic 

vibration absorber in periodic structures in order to obtain an ultra-wide frequency band, 

known as the super stop-band. Hao et al. (2019) concluded that the positions of local 

resonance and Bragg bandgaps can be adjusted by changing the natural frequency of the 

vibration absorbers. Mao, Zhang and Fan (2023) analyzed the vibration bandgaps in a non-

uniform beam with periodically continuous variable cross-sections with coupled absorbers 

and concluded that disordered absorbers can broaden the bandgaps and generate various 

local resonance bandgaps. 

Given this context, this research aims to investigate the dynamic behavior of finite 

mono-coupled periodic structures with variable cross-section and coupled resonators. The 

objective is to analyze how the variation in cross-sectional geometry and the inclusion of 

resonators influence the formation and characteristics of vibration attenuation bands. The 

study involves analytical modeling, numerical simulations, and experimental validations 

to optimize the performance of these periodic structures. By integrating variable geometries 

and coupled resonators, this research contributes to the advancement of vibration control 

strategies, providing effective solutions for engineering applications 

 

1.2  Literature Review 
 

1.2.1 Periodic Structures – Definition  
 

Periodic structures are arrangements of repeating structural units, commonly referred 

to as cells, which are uniformly interconnected. These structures can exhibit periodicity in 

one, two, or three dimensions, as illustrated in Figure 1. In mono-coupled configurations, 

wave transmission occurs predominantly in one direction, while multi-coupled structures 

exhibit multiple degrees of freedom between cells, allowing wave propagation in multiple 
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directions. 

 

Figure 1 – Illustrations of periodic structures: (a) unidimensional; (b) two-dimensional 
(c) three-dimensional. 

 
Source: Adapted from Cenedese, Belloni and Braghini (2021), Yang et al. (2022) and Kadic 
et al. (2019). 
 

Periodic structures are broadly classified as passive, active, and semiactive. Passive 

structures rely on inherent properties like geometry or material discontinuities, while active 

structures incorporate components such as piezoelectric patches to adapt their dynamic 

response by directly injecting energy into the system. Semiactive structures, on the other 

hand, utilize controllable elements—such as shape memory alloys (SMAs) used to modify 

stiffness or damping— which adjust parameters without adding mechanical energy to the 

system. Figure 2 illustrates examples of all three classifications. 

Due to periodicity shown in Figure 2, periodic structures exhibit unique dynamic 

properties. The Bragg scattering effect is one of the phenomena presents in such systems. 

This phenomenon occurs when the wavelength becomes comparable to the length of the 

structural cells, resulting in frequency regions where waves do not propagate. Such regions 

are known as “bandgaps” (BRILLOUIN, 1946). 

Therefore, periodic structures are often called mechanical filters to the propagation 

of waves. The frequency bands where waves propagate along periodic structures are called 

“pass bands” and the specific frequency bands where waves do not propagate (for infinite 
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periodic structure) are called “bandgaps”, or “stop-bands” (for finite periodic structure), 

where the waves are atenuated . In passive periodic structures, the spectral width and 

location of these bands are fixed, whereas in active periodic structures the bands are 

adjustable in relation to the vibration response (BAZ, 2019). It is important to distinguish 

between the concepts of bandgaps and attenuation bands. Bandgaps refer to frequency 

ranges in infinite structures where waves do not propagate freely within a waveguide, while 

attenuation bands are associated with frequency ranges in finite periodic structures where 

waves are attenuated (DA SILVA et al., 2025). According to the investigation carried out 

by Carneiro et al. (2021), in finite mono-coupled periodic structures, when the cells are 

symmetric, the attenuation band occurs in the same frequency range as the bandgap in an 

infinite structure. In the case of asymmetric cells, the attenuation band tends to be wider 

for a smaller number of cells, but decreases until it becomes approximately equivalent to 

the bandgap of an infinite asymmetric structure (DOMADIYA et al., 2016; HVATOV; 

SOROKIN, 2015). 

 

Figure 2 – Examples of passive, active and semiactive periodic structures: (a) geometric 
discontinuity; (b) material discontinuity; (c) active piezoelectric patches; (d) active 
shape memory inserts. 

 
Source: Adapted from Baz (2019). 

 

1.2.2 Periodic Structures - Historical Background 
 

The study of periodic structures began with the work of Brillouin (1946), who 

investigated the theoretical foundations of wave propagation in periodic systems. In this 

work, Brillouin (1946) approached how the periodicity of a structure could influence wave 

transmission, establishing the basis for the concept of bandgaps, which characterize 
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frequency regions where waves do not propagate. This idea aroused significant interest 

within the scientific community, particularly due to the potential for controlling vibrations 

and waves in mechanical structures. 

Since then, the interest in periodic structures has grown exponentially, especially 

because of their ability to manipulate mechanical and vibrational waves. One of the main 

phenomena associated with these structures is Bragg scattering, which plays a crucial role 

in the formation of bandgaps. This phenomenon occurs when incident waves encounter 

periodic interfaces, where the geometric or material periodicity of the structure causes 

destructive interference in propagating waves, blocking them in specific frequency ranges 

(BRILLOUIN, 1946).  

The concept of bandgaps, introduced by Brillouin (1946), was expanded upon by 

subsequent research investigating how structural characteristics, such as cell size and 

geometry, affect the position and width of these bands. Mead (1970 and 1971) was one of 

the pioneers in relating structural periodicity to the dynamic behavior of waves, providing 

a theoretical foundation for developing structures capable of attenuating vibrations in 

specific frequency ranges. Simultaneously, Cremer and Heckl (1973) contributed to the 

characterization of vibrational behavior in periodic systems with various structural 

configurations. 

In more recent years, advancements in analytical and numerical methods, such as the 

transfer matrix method and Cayley-Hamilton theorem, have enabled more detailed 

modeling of Bragg scattering in finite mono-coupled structures. These methods have been 

applied to accurately predict the dynamic behavior of structures, particularly in analyzing 

the displacement transmissibility at the structure's ends, as extensively explored by 

Gonçalves, Brennan and Cleante (2021). Additionally, the use of Floquet-Bloch theorem is 

widely employed in the analysis of infinite periodic structures, allowing for accurate 

prediction of frequency bandgaps (HVATOV; SOROKIN, 2015). 

The interaction between Bragg scattering and local resonators has become a 

significant topic in recent research. Studies such as those by Cenedese, Belloni and Braghin 

(2021) demonstrated that combining adjustable local resonators with periodic structures 

could result in broader and more effective bandgaps, enabling vibration control over more 

diverse frequency ranges. Raghavan and Phani (2013) investigated periodic resonators and 

coupled masses on a finite structural beam using receptance coupling methods and Bloch’s 

theorem. Cleante et al. (2022) focused on studying the dynamic behavior of mono-coupled 
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periodic structures with the addition of vibration absorbers, Figure 3  providing a detailed 

study on the influence of absorber parameters in achieving super-stop band.  

 

Figure 3 – Periodic structure with a coupled resonator: (a) schematic representation of the single cell (b) 
experimental test of the single cell. 

 
Source: Adapted from Cleante et al. (2022). 

 

This integration paved the way for developing adjustable systems, such as adding 

smart materials to structures, including shape memory alloys and piezoelectrics, which 

opened new possibilities for designing active structures (LIU et al., 2024; SONG; SHEN, 

2019; KUMBHAR et al., 2018). 

In engineering applications, periodic structures have demonstrated great versatility 

in a wide range of uses due to their ability to manipulate mechanical waves and control 

vibrations. In civil engineering, the use periodic foundation are used for the control of 

seismic events and to serve as a vibration isolator, as shown in Figure 4 (CHENG et al., 

2020; CHENG; SHI, 2017; XIANG et al., 2012; YAN et al., 2015). 

In aeronautical engineering, there are studies on the application of locally resonant 

metamaterials in the aircraft panel to improve sound insulation, according to Figure 5 

(ALVES PIRES et al., 2022). There are also applications in aerospace engineering, where 

there is the development of metamaterials for applications in satellites  

(RAMACHANDRAN; FARUQUE; ISLAM, 2020).   
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Figure 4 – Illustration of the use of an isolation mechanism using a periodic foundation: (a) representation of 
the replacement of the traditional solid foundation by a periodic foundation; (b) Highlighting of the 
attenuation zone in the seismic response of the structure with the periodic foundation. 

 
Source: Adapted from Cheng and Shi (2017). 

 

Figure 5 – Schematic of the application of locally resonant metamaterials in an aircraft panel to enhance 
sound transmission loss: (a) Acoustic fuselage demonstrator at Airbus and schematic interior; (b) 
Metamaterial configuration with an example of a unit cell; (c) Representation and photograph of the resonator 
used in the metamaterial; (d) Dispersion diagram highlighting the stop band. 

 
Source: Adapted from Alves Pires et al. (2022) . 

 

In naval engineering, many studies are focused on the application of periodic 

structures on offshore platforms to realize the vibration control of the truss structure, as 

shown in Figure 6 (AZEVEDO VASCONCELOS et al., 2024; LAO et al., 2022; 

ZHAOWANG et al., 2020). 
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Figure 6 – Schematic of the application of periodic structures in offshore platforms: (a) the periodic pipeline 
structure (b) offshore platform truss structure model. 

 
Source: Adapted from Lao et al. (2022) . 

 

This overview demonstrates the ongoing impact of studying periodic structures, both 

in theory and practical applications, and their relevance in contemporary science and 

engineering. 

 

1.3 Problem Statement 
 

Since the use of periodic structures is a useful alternative to control the propagation 

of longitudinal vibration, the work aims to explore the use of finite mono-coupled periodic 

structures to obtain vibrational wave attenuation, through the evaluation of the 

displacement transmissibility response of the ends of the structure. Figure 7 exemplifies a 

periodic structure with geometric variation of the cross-sectional area, composed of N cells 

and exemplifies different arrangements of cells of which this structure can be composed. 
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Figure 7 – Finite mono-coupled periodic structure with different cell arrangements. LU represents the 

amplitude of displacement on the left-hand side, and RU  represents the amplitude of the displacement on 

the right-hand side. 

 
Source: Author own elaboration. 

 

As mentioned previously, the sets of cells formed by stepped rods, shown in Figure 

8, may present problems related to stress concentration at discontinuities, and a solution 

that can potentially solve this problem is the change to cells composed of rods with areas 

smooth and variable cross-sections. Given this, the work proposes a finite monocoupled 

periodic structure with new arrangements of periodic cells composed of rods that have 

variable cross-sectional areas, to guarantee the attenuation of longitudinal waves in the 

periodic structure through the formation of the Bragg stop-band.  

 

Figure 8 – Sets of cells formed by stepped rods: (a) and (b) symmetric cells; (c) and (d) asymmetric cells. All 
cells have length 2l. 

 
Source: Author own elaboration. 

 

The sets of cells formed by rods with variable cross-sectional areas are shown in 

Figure 9. The cells are composed of two rods of the same length that have catenoidal, 
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exponential, or conical shapes, and are divided into subsets of symmetric or asymmetric 

cells. 

 

Figure 9 – Different configurations of a single cell for: (a) and (b) catenoidal symmetric cells; (c) and (d) 
catenoidal asymmetric cells; (e) and (f) exponential symmetric cells; (g) and (h) exponential asymmetric 
cells; (i) and (j) conical symmetric cells; (k) and (l) conical asymmetric cells. All cells have length 2l and 
each segment of the cell has length l. 

 
Source: Author own elaboration. 

 

Since the asymmetric cell arrangements in Figure 9 present a sudden change in cross-

section, a significant influence on the occurrence of attenuation band is expected, which 

may occur in different frequency ranges of the symmetric cells. Thus, the work addresses 

a second subset of asymmetric cells, which has the same cell length, but without a sudden 

change in the cross-sectional area of the cell. 
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Figure 10 – Second subsets of asymmetric cells: (a) and 
(b) catenoidal asymmetric cells; (c) and (d) exponential 
asymmetric cells; (e) and (f) conical asymmetric cells. 
All cells have length 2l. 

 
Source: Author own elaboration. 

 

To analyze the propagation and attenuation of the longitudinal wave in the periodic 

structure, the work focuses on obtaining the response of the displacement transmissibility 

between the ends of the periodic structure  R LU U . The displacement transmissibility 

allows visualization regions in which the frequency bands for wave attenuation occurred. 

Therefore, based on analytical equations of displacement transmissibility, the work aims to 

reduce vibration in specific frequency bands. To achieve this, the work is based on the 

method described by Gonçalves, Brennan and Cleante (2021), in which the displacement 

transmissibility of a single element can be used to estimate the dynamic response of a finite 

structure composed of N periodic cells. Therefore, to apply the proposed methodology, it 

is first necessary to model the system, for this purpose, the dynamic stiffness and 

receptance matrices of the rods that form the periodic structures are obtained. Next, the 

transfer matrix method is applied, and consequently, the analytical transmissibility 

equations of the cells that form the periodic structure are obtained. 

To improve vibration attenuation, the work explores the addition of dynamic 

vibration absorbers in the symmetric cell, as shown in Figure 11, to obtain wider frequency 
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ranges of attenuation, through the combination of the local resonance of the absorber and 

the Bragg stop-band or obtain multi-frequency attenuation bands from disordered local 

resonances. 

 

Figure 11 – Representation of symmetric cell 
with length 2l  with addition of dynamic 
vibration absorber attached at its center. 
Parameters of absorber: stiffness as , mass am

and loss factor a . 

 
Source: Author own elaboration. 

 

Experimental tests must be carried out to highlight and validate the results obtained 

in the proposed methodologies, emphasizing the effects obtained in attenuation bands. 

 

1.4 Objectives 
 

The main objective of this thesis is to analyze the dynamic behavior of finite mono-

coupled periodic structures composed of rods with variable cross-sectional areas, focusing 

on the formation of stop-bands to achieve attenuation of longitudinal vibration waves. By 

incorporating dynamic vibration absorbers into the structure, the aim is to broaden the 

vibration attenuation bands or create attenuation bands at lower frequencies. The specific 

objectives are as follows: 

1. To develop dynamic stiffness and receptance matrices for the rods with variable 

cross-sectional areas that constitute the periodic structure. 

2. To derive analytical equations defining the transmissibility of a single cell. 

3. To analyze the geometric effects regarding the composition of the structure by 

symmetric or asymmetric cells. 
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4. To analyze the dynamic effects of adding dynamic vibration absorbers to 

symmetric cells and compare these results with those of cells without absorbers. 

5. To validate the results through experimental tests. 

 

1.5 Contributions to Knowledge 
 

This thesis makes several significant contributions to the field of vibration control: 

1. Analytical Framework: 

This work develops a detailed analytical framework for modeling the dynamic 

behavior of finite mono-coupled periodic structures composed of rods with non-uniform 

cross-sectional areas. It provides analytical expressions for the transmissibility of 

individual cells, enabling efficient and accurate predictions of the dynamic response. 

2. Geometrical Insights: 

The study advances the understanding of how different cell geometries (symmetric 

and asymmetric) affect vibration attenuation. It demonstrates that smoothly varying 

geometries, such as catenoidal, exponential, and conical bars, reduce stress concentrations 

while maintaining or enhancing the effectiveness of attenuation bands compared to stepped 

rods. 

3. Coupling of Dynamic Vibration Absorbers: 

The thesis explores the coupling of dynamic absorbers in symmetric cells, 

showcasing their ability to create super-attenuation bands and multi-frequency attenuation 

bands. Rainbow-shaped absorbers are highlighted for their capacity to broaden the local 

resonance band, expanding the operational frequency range of periodic structures. 

4. Experimental Validation: 

The methodology undergoes experimental validation, ensuring that theoretical 

predictions align with observed behavior. A series of controlled experiments confirm the 

accuracy of the analytical and numerical models, demonstrating the practical feasibility of 

the proposed structures and their effectiveness in vibration attenuation. 

 

1.6 Thesis Structure 
 

This thesis is divided into seven chapters. Chapter 1 introduces the study, providing 

motivation, a literature review on periodic structures, the problem statement, and the 

objectives of the work. Chapter 2  presents the modeling of the rods used to compose the 
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periodic structures under study, including uniform rods and rods with catenoidal, 

exponential, and conical shapes. Chapter 3  describes the methodology for obtaining the 

analytical displacement responses of cell assemblies. Chapter 4 investigates the geometric 

parameters of the cells, focusing on symmetric and asymmetric configurations, based on 

the resulting stop-bands. Chapter 5 explores the addition of dynamic vibration absorbers to 

symmetric cells. Chapter 6 details the experimental tests, comparing the results with the 

analytical expressions derived in Chapters 4 and 5. Finally, Chapter 7 summarizes the 

conclusions of the thesis. 
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7 CONCLUSIONS 
 

 
This thesis investigated the propagation of longitudinal waves in rods composed of 

cells with catenoidal, conical, and exponentially varying cross-sectional areas. In Chapter 

2 , the structures were modeled in terms of receptance and dynamic stiffness matrices. 

Analytical equations for the displacement transmissibility of single cells were derived in 

Chapter 3 , using the transfer matrix method in combination with the Cayley-Hamilton 

theorem. These analytical equations provided the foundation for analyzing the dynamic 

behavior of finite mono-coupled periodic structures. 

In Chapter 4, the dynamic behavior of periodic structures was investigated in terms 

of single-cell dynamics and periodicity effects. It was found that structures composed of 

rod elements with catenoidal, conical and exponentially varying cross-sectional areas 

present similar responses for displacement transmissibility. Regarding the periodicity of 

the cell, it was verified that asymmetric cells that present the same periodicity as symmetric 

cells, present results similar to symmetric cells. However, when rods of the same length 

are arranged in symmetric and asymmetric cells, both do not have the same periodicity 

length. It was found that for such a configuration, the correctly oriented asymmetric cells 

(the thinner end of the rod oriented towards the excitation source) have an attenuation band 

at higher frequencies compared to the symmetric structure. Additionally, the use of 

exponential-shaped rods was shown to provide satisfactory results for vibration attenuation 

while reducing stress concentrations compared to stepped rods. 

Chapter 5 explored the integration of dynamic absorbers into periodic structures. The 

inclusion of these absorbers demonstrated the ability to create super-attenuation bands 

(ultra-wide attenuation bands) when tuned to the natural frequency of the structure. 

However, such attenuation bands occur at higher frequencies. As an alternative to 

overcome this challenge, the absorbers were tuned to frequencies lower than the natural 

frequency, resulting in the creation of multifrequency bands: one associated with the local 

resonance of the absorber and another related to the Bragg scattering effect. Nevertheless, 

the attenuation bands associated with local resonance are narrower compared to the Bragg 

bandwidth. To increase the bandwidth of the local resonance, a rainbow configuration of 

the absorbers was proposed, a strategy that proved effective in expanding the local 

resonance bandwidth, significantly enhancing the structure's capability for vibration 

control at lower frequency ranges. 
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The experimental validation was conducted in Chapter 6  to compare theoretical 

predictions with experimental results. The initial tests evaluated the responses of simple 

symmetric and asymmetric cells composed of rods with conical transverse variations. 

Although the rods exhibited bending modes, as discussed in Appendix E, these modes did 

not interfere with the formation of the frequency band. 

Subsequently, dynamic absorbers were incorporated into the symmetric cells to 

achieve super-attenuation bands or attenuation bands at lower frequencies. Initially, a 

super-attenuation band was obtained, whose responses showed good agreement with 

theoretical predictions. Later, the absorber was adjusted to operate at lower frequencies, 

where it presented a high attenuation value, albeit within a narrow frequency range. To 

overcome this limitation, expand the local resonance bandwidth, the configuration of 

rainbow-shaped absorbers was experimentally implemented. The results demonstrated that 

rainbow-shaped absorbers are capable of broadening the bandwidth, although with a 

reduction in maximum attenuation. Thus, it is concluded that the experimental results 

corroborated theoretical predictions, confirming the effectiveness of the proposed 

methodology. 

 

7.1 Scientific contribution 

 

Parts of this research have been published in the literature, which can be cited: 

 

1. DA SILVA, CAMILA ALBERTIN XAVIER; SOROKIN, VLADISLAV ; 
BRENNAN, MICHAEL JOHN ; GONÇALVES, PAULO JOSÉ PAUPITZ . The dynamic 
behaviour of a finite periodic structure comprising either symmetric or asymmetric 
exponential- and conical-shaped rods. JOURNAL OF SOUND AND VIBRATION, v. 595, 
p. 118741, 2025. https://doi.org/10.1016/j.jsv.2024.118741 
 
 
2. DA SILVA, CAMILA ALBERTIN XAVIER; GONCALVES, P. J. P. . Periodic 
structures with exponentially varying cross-section areas. In: CILAMCE-PANACM-2021, 
2021, Rio de Janeiro. Proceedings of the Ibero-Latin-American Congress on 
Computational Methods in Engineering. Belo Horizonte/MG: Associação Brasileira de 
Métodos Computacionais em Engenharia (ABMEC), 2021. 
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7.2 Future work suggestions 

 

Based on the findings of this study, the following directions are suggested for future 

research: 

 

 Modeling shear modes with the Rayleigh-Love theory: 

Extend the current modeling approach to include shear deformation effects by 

applying the Rayleigh-Love theory. This would provide a more comprehensive 

understanding of the dynamic behavior of rods, especially for higher-frequency 

applications or cases where shear modes significantly influence the response. 

 

 Exploration of bending effects: 

Investigate the bending dynamics in the structural behavior, including bending 

vibrations and their interactions with other vibration modes. This study could enhance the 

understanding of the overall dynamic response and improve the design of structures for 

applications requiring precise vibration control or wave manipulation. 

 

 Integration of Acoustic Black Holes into structures with exponential-shaped rods: 

Explore the potential of exponential rods in the creation of Acoustic Black Holes 

leveraging geometric profiles to concentrate and dissipate vibrational energy. The inclusion 

of viscoelastic layers can enhance wave absorption, significantly reducing reflection and 

increasing vibration attenuation. 

 Study of periodic structures with mixed periodicity (geometric and material): 

Investigate the dynamic behavior of periodic structures that combine both geometric 

and material periodicity. This approach could lead to novel metamaterial designs with 

enhanced tunability and adaptive characteristics, broadening the range of applications in 

vibration control and wave manipulation.  

 Development of more complex structures: 

Based on the geometry studied in the thesis, to explore the construction of more 

complex structures using the modeled rods. This may involve assembling the rods into 

multidimensional frameworks or integrating them with additional structural elements in 

periodic systems. These structures can be tailored for specific dynamic behaviors, 
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including enhanced vibration control and wave propagation management, for practical 

engineering applications. 
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APPENDIX A – Solution to Bessel differential equation 

 

This appendix presents the solution to Bessel differential equation. The Bessel 

differential equation is the linear second-order ordinary differential equation given by 

equation (A.1). 

  

    2 2 2 0x U xU x m U x        (A.1) 

 

where 𝑚 is a real constant, called the order of the Bessel equation.  

Bowman (1958) suggests a transformation of the Bessel Equation that satisfies

   p
qU x x J x  , then 
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Therefore, the solution is given by equation (A.3). 
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where  qJ x  and  qY x  are the Bessel functions of the first and second kind, and 1d  

and 2d are arbitrary constants. 
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APPENDIX B – Solution to the equation of motion in space domain of the rod with 
conically varying cross-section areas 

 

In this appendix are considered the rod with conically varying cross-section areas, its 

equation of motion, given by equation (32), and the solution to Bessel differential 

equations, according to Appendix A. 

The equation of motion in the space domain of rod with conically varying cross-

section areas, according to Graff (1991) is given by the Bessel differential equation, 

according to equation  (32). From the transformation proposed by Bowman (1958), 

according to equation (A.2), the values of p ,  ,   and q  are respectively 

 

0

1 1
; 1; ;

2 2
p k q       

 

Therefore, the solution for equation (32) is the Bessel equation of half-order, 

according to equation (B.1) 
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According to the properties of the Bessel function,   1

2

J x  and  1

2
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 are obtained 

by expansions in power series, then 
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Substituting the equations (B.2) and (B.3) in equation (B.1), the solution of equation 

(32) is given by  
 

      1 0 2 0

1
sin cosU x d k x d k x

x
     (B.4) 
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APPENDIX C – Floquet-Bloch theorem and the definition of stop-bands 
 

In this appendix, the application of the Floquet-Bloch theorem in finite periodic 

systems and its relationship with the formation of stop-bands is discussed. The theorem is 

widely applied to infinite structures to calculate the dispersion properties of periodic 

structures and to estimate their wave modes and velocities (DARCHE; LOPEZ-

CABALLERO; TIE, 2024; GUPTA et al., 2023; PU; SHI, 2018). 

With the transfer matrix of the unit cell well defined, the Floquet-Bloch theorem can 

be applied to relate the state vectors of the right and left faces of the periodic structure, 

where,    1N
R Lq q  , where   is the eigenvalue of the transfer matrix, given by. 

 c celli k le e    (C.1) 
 

where 1i   ,  celll  is the length of cell and ck is the wavenumber of the cell, given by 

 

     ln
c

cell

k
i l
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


  (C.2) 

 

where   is the circular frequency. 

In the context of periodic structures, the theorem allows defining frequency regions 

where wave propagation occurs, known as pass-bands. These occur when 1  , where 

the wavenumber ck  is purely real, indicating that the wave propagates through the structure 

without attenuation. Frequency regions where waves do not propagated freely are known 

as bandagps. In these regions, 1  , with ck  has an imaginary part, indicating that the 

wave is evanescent and decays exponentially (BRILLOUIN, 1946). 

As mentioned, the theorem is widely used for infinite periodic structures, allowing 

the prediction of the frequencies at which stop-band will occur based on the dispersion 

curves. However, as discussed in Chapter 4, in structures with symmetric cells, the lower 

and upper limits of the stop-band do not change with an increasing number of cells. Thus, 

the lower and upper limits of the stop-band of a finite structure composed of symmetric 

cells are the same as those of the stop-band of an infinite structure. Therefore, for 

symmetric structures, the dispersion curves can be analyzed using the eigenvalues of the 
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unit cell transfer matrix, and it is also possible to perform an analysis based on the 

wavenumber (NIELSEN; SOROKIN, 2015). 

However, it was discussed in Chapter 4 that in asymmetric structures, as the number 

of cells increases, the attenuation band narrows until it reaches the lower and upper limits 

of the stop-band of an infinite structure. Thus, for asymmetric structures with a reduced 

number of cells, wavenumber dispersion curves would not be an option to predict the 

attenuation bands accurately. 

Figure C.1 presents the analysis of the relationship between displacement 

transmissibility and the wave and wavenumber dispersion curves to determine the stop-

bands. For cells composed of exponential-shaped rods, ˆ
ck k , and 2celll l . 
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Figure C.1 – Comparison of the stop-bands of finite structures with the bandgaps of infinite structures (a) 
displacement transmissibility; (b) wave dispersion (real part of  ); (c) wavenumber; red circles provide the 
stop-band/attenuation band limits. 

 
Source: Author own elaboration. 

 

As can be observed in Figures C.1(ai–ci), the dispersion curve for symmetric 

structures corresponds to the stop-band predicted by the displacement transmissibility 

curve. However, in the case of asymmetric structures, shown in Figure C.1 (aii–ciii), a 

certain number of cells is required to reach the lower and upper limits of the stop-band of 

the infinite structure. This is because the greater the number of cells, the closer the structure 

will behave to an infinite one. 
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APPENDIX D – Experimental Modal Analysis (EMA) 
 

This appendix describes the Experimental Modal Analysis (EMA) performed in 

symmetric and asymmetric cells. The experimental analysis was conducted as a 

complementary approach to investigating the dynamic behavior of the cells. 

In the experimental procedure, the conical-shaped rods previously used in 

experimental setups were utilized in both symmetric and asymmetric configurations. The 

roving excitation method was employed. In this approach, the accelerometer (model PCB 

352A24) with a nominal sensitivity of 100 mV/g was fixed at the center of the left end 

(point 17), as illustrated in Figure 42, while the impact hammer (model PCB 086E80) with 

a nominal sensitivity of 22.5 mV/N was moved to excite the structure at all the nodes 

indicated in Figure D.1. For each excitation point, an average of five frequency response 

measurements were performed. The signals were acquired and processed using a Dewesoft-

Sirius system connected to a laptop. 

Figure D.1 - Schematic representation of the roving excitation method, highlighting the nodes excited in the 
structure and the accelerometer positioned at the left end of a cell (point 17). Additionally, two photographs 
are provided showcasing the symmetric and asymmetric cells used in the experiments. 

 
Source: Author own elaboration. 
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Signal processing was performed to extract and analyze the dynamic characteristics 

of the cells. The Complex Mode Indicator Function (CMIF) was computed as part of this 

process. CMIF is a method that provides a function for each reference degree of freedom 

(DOF), included in the analysis, using a poly-reference approach. This technique helps 

identify closely coupled modes and repeated roots by applying Singular Value 

Decomposition (SVD) to all measured Frequency Response Functions (FRFs). Peaks in the 

CMIF functions correspond to resonances, indicating the poles of the system under test 

(ALLEMANG; BROWN, 2006).  

During data acquisition, the CMIF overlaid on the stabilization diagram to provide a 

comprehensive overview of the detected modes. Once the modes were identified, the 

autoMAC (Modal Assurance Criterion) was used to validate the distinction and accuracy 

of the estimated modes. The autoMAC evaluates the correlation between pairs of modes to 

ensure they are distinguishable based on the measured DOFs and FRFs. It produces values 

ranging from 0 to 1, where a value of 1 indicates perfect correlation (KHOO et al., 2020). 

Figure D.2 presents the CMIF and mode shapes obtained from the experimental 

modal analysis for the asymmetric cell. Table D.1 shows the AutoMAC values for the 

correlation of each mode with itself. 

 

Table D.1 - AutoMAC between modes to itself 
(asymmetric cell). 
Frequency [Hz] 3344.52 5890.58 

3344.52  1 0.0522 

5890.58 0.0523 1 

Source: Author own elaboration. 

 

 

 

 

 

 

. 
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Figure D.2  - Complex Mode Indicator Function (CMIF) and mode shapes of the 
asymmetric cell. 

 
Source: Author own elaboration. 

 

Figure D.3 presents the CMIF and mode shapes obtained from the experimental 

modal analysis for the symmetric cell and the Table D.2 shows the AutoMAC values for 

the correlation of each mode with itself. 

 

Table D.2 - AutoMAC between modes to itself (symmetric cell). 
Frequency [Hz] 613.08 2079.86 3700.14 5802.21 

613.08  1 0.9110 0.1175 0.0191 

2079.86 0.9110 1 0.0180 0.0062 

3700.14 0.1175 0.018 1 0.0019 

5802.21 0.0191 0.0062 0.0019 1 

Source: Author own elaboration. 
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Figure D.3 - Complex Mode Indicator Function (CMIF) and mode shapes of the symmetric cell. 

 
Source: Author own elaboration. 

 

It can be observed that the modes obtained for both cells include not only the axial 

modes predicted by the theoretical predictions described in this thesis but also modes 

associated with flexural vibrations. The stop/attenuation band phenomenon discussed in 

this thesis is based solely on longitudinal displacement, excluding transverse displacement 

caused by Poisson's ratio effects  (BANERJEE; ANANTHAPUVIRAJAH; PAPKOV, 

2020) and flexural vibrations. These effects, which generally become significant at higher 

frequencies, can be analyzed using the Rayleigh-Love model (HAN et al., 2014). 
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While these effects may have been present in the measurements discussed in Chapter 

6 , their influence did not significantly affect the predicted attenuation bands or the 

minimum transmissibility. The additional effects observed in the experimental responses 

are primarily related to peaks associated with flexural vibrations. 

 




