PUBLISHED FOR SISSA BY €} SPRINGER

RECEIVED: July 28, 2016
ACCEPTED: September 5, 2016
PUBLISHED: September 12, 2016

Small field inflation in A/ = 1 supergravity with a
single chiral superfield

Heliudson Bernardo and Horatiu Nastase

Instituto de Fisica Tedrica, UNESP-Universidade Estadual Paulista,
R. Dr. Bento T. Ferraz 271, Bl. II, Sao Paulo 01140-070, SP, Brazil

E-mail: heliudson@ift.unesp.br, nastase@ift.unesp.br

ABSTRACT: We consider “new inflation” inflationary models at small fields, embedded in
minimal N = 1 supergravity with a single chiral superfield. Imposing a period of inflation
compatible with experiment severely restricts possible models, classified in perturbation
theory. If moreover we impose that the field goes to large values and very small potential
at the current time, like would be needed for instance for the inflaton being the volume
modulus in large extra dimensional scenarios, the possible models are restricted to very
contrived superpotentials.

KeEYywoRrDS: Cosmology of Theories beyond the SM, Supergravity Models

ARX1v EPRINT: 1605.01934

OPEN AcCESs, (© The Authors.

Atticle funded by SCOAP®. doi:10.1007/JHEP09(2016)071


mailto:heliudson@ift.unesp.br
mailto:nastase@ift.unesp.br
http://arxiv.org/abs/1605.01934
http://dx.doi.org/10.1007/JHEP09(2016)071

Contents

1 Introduction 1
2 Small field inflation 3
2.1 Field redefinitions )
2.1.1 Leading canonical term in K )

2.1.2 Leading logarithmic term in K 6

2.2 Taylor and Laurent series expansions 7
2.2.1 Perturbative Kahler potential 8

2.2.2 Logarithmic Kahler potential 14

2.2.3 Linear term plus corrections and a general supergravity embedding 16

2.3 Constraints from larger field 16

3 Constraints from large field and small potential 18
3.1 Trial modification of the Izawa-Yanagida model 18
3.2 Model with correct properties 20
3.3 Kahler potential modifications and the volume modulus 21

4 Conclusions 22

1 Introduction

Inflation is now the standard paradigm for the beginning of the Universe, though there are
alternatives, like ekpyrotic and cyclic models [1-3], string and brane gas cosmologies [4—
6], etc., but none are as compelling. On the other hand, supersymmetry is a standard
tool in particle physics to fix a variety of problems, like the hierarchy problem, gauge
coupling unification, offering natural dark matter candidates, and generally improving the
UV behaviour of the Standard Model. Despite the (yet) lack of experimenal evidence, being
such a compelling scenario, it is still the preferred model for an extension of the Standard
Model. When considering a model that includes gravity, like in the case of inflationary
cosmology, we have to consider supergravity, and the simplest case is to consider N' = 1
minimal supergravity plus matter.

It would be the natural thing to ask if we can embed the inflaton into a chiral superfield
that couples to the minimal supergravity. It turns out that having just the inflaton chiral
superfield coupled to supergravity is quite difficult to achieve (see e.g. the review [7]).
Progress towards embedding a general inflationary model in minimal supergravity plus a
single chiral superfield was achieved in [8, 9], with a Kéhler potential that is somewhat non



K(®,®) W(P) Reference
PP + & ()2 V2P + Lot [19]
2@+ ®)2 - ((D+ D —20)* co+c1® 8]
(@0 — ®2) — §(@P — 93 m(lnd —Inf) [10]
—3aln(® + P) o [11]

Table 1. Previous models with a single chiral field.

standard.! The case of generalized f(R) inflation was analyzed in [12]. Table 1 lists the
forms of Kihler potential, K(®, ®), and superpotential, W (®), for a few specific models
with single chiral superfield in the literature. All the variables other than ® and ® are
constants.

One of the most popular ways to obtain inflation is in the “new inflation” scenario,
where there is a plateau at small inflaton field, followed by a drop in the potential, that
realizes reheating or preheating. It is therefore of interest to embed it in minimal super-
gravity plus a single chiral superfield, but that is in fact quite difficult. It is generally
considered that the Kéhler potential at small field has either a perturbative form around
the canonical form, or a logarithmic form that is obtained for instance if the inflaton is
a volume modulus. For the (nonperturbative) superpotential, one can consider the most
general form possible.

Therefore, in this paper we will investigate the generality of obtaining “new inflation”
within the context of minimal supergravity coupled with a single scalar superfield. We
will consider the various possibilities for the Kéhler potential and superpotential, viewed
as a perturbative expansion around a leading term. We will see that this puts stringent
constraints on the possible forms of the superpotential. Further, we will investigate what
happens if we want also the scalar to be able to reach large values at small potential (small
cosmological constant), like in the case the inflaton is the volume modulus in large extra
dimensions. We will see that then only very contrived forms of the superpotential are
allowed, and the experimental constraints further rule out most models. Table 2 summa-
rizes the systematic treatment studied in this paper. We will investigate the observational
consequences (and constraints) of each of these possibilities in the respective section.

The paper is organized as follows. In section 2 we analyze small field inflation.? After
a general description of the possibilities allowed by theory and experiment, classifying the
possible Kéhler potentials and superpotentials, we show the effect of field redefinitions in
section 2.1. After that, we proceed to analyze the possible cases of Kéhler potentials and
superpotentials in section 2.2. In section 2.3 we consider the constraints imposed by larger
fields, in order to end inflation, in a reheating or preheating phase. Then in section 3 we
consider the constraints imposed if we want to be able to reach high values of the scalar
field, for small values of the potential. We conclude in section 4.

L Also, a model of helical inflation in minimal supergravity with a single chiral superfield was obtained
in [10]. Within the context of cosmological a-attractors a model of minimal supergravity with a single
chiral superfield was obtained in [11].

2Small field inflation in A = 1 supergravity was also briefly analyzed in [13].



K(®,®) W(®) Section

Perturbative treatment (small field):

D" (a + b® + cP? + dP3 4 fO1) + ...

PO + K (PP) + ... Aln® 2.2.1
Aea® (102 )

AP (14 bd™ +...)
—a(1+v®®) In[—i(® — @)(1 + SPD)] + ... Aln(—i®) 2.2.2
Aet® (1402 )

Models that admit large fields:

General discussion 2.3; 3
add "0 (@ — 107) 3.1
eib¢€—ﬁ1¢'4—ﬁ2€c/w¢(l o g(I)AL) 3.9

Table 2. Systematic treatment considered in this work.

2 Small field inflation

Consider that the inflaton o is the imaginary part of a complex scalar ® that is part of a
chiral supermultiplet, coupled to minimal supergravity, i.e. ® = io + ... The choice of real
or imaginary part is a convention on whether we multiply ® with an .

We want to make an analysis of the simplest and the most natural possibilities for the
Kihler potential K (®,®) and the superpotential W (®), and impose the usual constraints
on the resulting potentials.?

First off, K(®,®) must be a real function, because of symmetry (though one could
imagine a more general function of ® and ® separately, and then in the z-space action
one would add the hermitian conjugate, but in this way nothing new would be obtained).
Then, we can think of it as being a function of either ®® or ® 4+ ®. Note that we could
have also i(® — ®), but that is simply related by a rescaling with an i from the ® + ® case.
However, if we define that the inflaton is the imaginary part of ®, then we should add
both kinds of corrections.

Given a Kéahler potential K and a superpotential W, the scalar potential is given by
the formula

i o 2
V = eK/MI%I gZJDiWDjW -3 |W2| , (21)
Pl
where g;; = 9;0;K as before and
1

Pl

Unless explicitly stated, we will put Mp; = 1 in the following.
In a perturbative expansion, the Kahler potential could:

#Some constraints on inflationary models coming from Kéhler geometry were found in [14, 15].



e start off as the canonical potential ®®, that gives a canonical kinetic term for the
scalars in the superfield, and then have small corrections (when o = Im® is small)
around it. Thus

K(®,0) = &P + O((®®)?) + O((® + @)*) + O([i( — @)]?). (2.3)
In this way, K has a Taylor expansion (in the complex variables).
e start off as a real linear term, plus corrections, i.e.
K(@®,®) =3+ &+ 0(PP)+ O(® + ®) + O>i(P — P)). (2.4)

Here the leading term gives a vanishing kinetic term, so in fact we need to consider the
quadratic part as leading, and then we will see that this contains an important case.

e start off as a singular function with only poles, i.e.

K(®,d) = @(11))” [1+0@®) + O + &) + Oi(® — )] . (2.5)

It is not very clear how could the leading term appear from a more fundamental
origin like string theory, as there are no known examples for its origin.

e start off as a singular function with an essential singularity. There are no known
examples for something like ¢~ %% for the leading term, which would be a natural
guess for an essential singularity. But there are known examples for a logarithmic
form as the leading term, which we will write more generally as

K(®,®) =aln (a(®+ @)+ bi(® — ) [1 + O(@D) + O(® + ) + O(i(P — @))] ,

(2.6)
where a and b are real, and we put both ¢ and b terms since we fixed the inflaton to
be imaginary part of ®, but both real and imaginary parts could appear in principle
inside the log. This is in fact a very important example, since for instance the Kéhler
potential for the volume modulus in supergravity compactifications has this logarith-
mic form. Also other moduli in string compactifications can appear inside the log. If
then one of these moduli is the inflaton, we naturally obtain the case above.

For the superpotential W (®), we can also consider a similar classification, in terms of
a leading term that is either a positive power law @™, a negative power law (pole) &~ or
an essential singularity, which naturally could be e~a" or In®. Note that now we have a
single variable, the holomorphic variable ®, so the leading term is simply multiplied with
a generic Taylor expansion in @, > ¢, "

Before we start this analysis however, we will say a few words about possible field and
function redefinitions.



2.1 Field redefinitions
There are various field redefinitions one could make. First of all, for complex scalars ¢’
with a generic sigma model kinetic term,

-5 [ dhaas(@H0 60,5 (27)

which in the supersymmetric context comes from the Kéhler potential for the superfields
Pl =o' + O(0), .

95 = 0:0;K(6'. &), (28)
we can always make arbitrary scalar field redefinitions ¢ = f ((]3’5, #') to change the kinetic
term to whatever we want, for instance to put it to the canonical form (with g;; = 51-3).4
However, if we consider instead only the restricted set of holomorphic transformation,

¢ = f(o"), (2.9)

which can be extended to the holomorphic transformations of the superpotential, which
therefore preserve the manifestly supersymmetric structure,

ol = (DX, (2.10)

then we cannot guarantee that we can put the sigma model metric in whatever form we
want, in particular we cannot guarantee that we can obtain the canonical form (with
9i5 = 51‘3)-

In addition to these transformations on the fields, there is another ambiguity that only
affects the Kéhler potential K, namely the Ké&hler transformations, which are a sort of
“gauge” transformations of K that leave the metric g;; invariant, and thus the form of the
explicit Lagrangean of rigid supersymmetry; in supergravity we must supplement them (in
the case when f; = fo = f below) with a change in the superpotential in order to have the
bosonic Lagrangian be invariant. They are given by

K = K+ fi(®) + f2(®), (2.11)

as well as W — e W = W’. In the following we will consider implicitly that we work
with W,

We want to see what is the effect of the Kéhler transformations and the holomorphic
redefinitions on the perturbative K, i.e. what can we fix by using these transformations.
Note that if we want K to remain real, we need f; = fa.

2.1.1 Leading canonical term in K

Consider a Kihler potential that starts with the canonical term ®®, and then includes
higher order corrections. For a generic one, we expect to have the possible corrections
enumerated in the previous subsection. However, we can consider also the special case
when the next nonzero correction occurs only at order n in ®, ®.

Then in some special cases, we can get rid of the corrections as follows.

10f course, this is true only locally, globally there could be obstructions. Since however here we are
interested mostly in models of small field inflation, that is not important.



o If K = ®® + a(P™ + ®"), the Kihler potential is equivalent to the canonical one by
the Kahler transformation

K — K —a®" — ad". (2.12)

o If K = ®® + (P + @)™, we can instead use the field redefinition ® — & — 3", 3,k
to write

D = V' + ) Br(PFD + BF) + > BB k!
k kil

~ PO+ B (PFD + D), (2.13)
k

where in the last line we have considered that ® is small.

In general, at order n we could have corrections of the type ®", ®"~1® 22 . O,
of course with the constraint of reality, which would relate the coefficients. The redefini-
tion and the Kihler transformation above can be used to cancel the terms ®”, ®" and
n(®"1® + &"~1®), but that would leave (if n # 2, i.e. if we have a correction to the
canonical case, which itself has n = 2) other terms unchanged, and in this case there will
be more than one term.

As an example, consider corrections that are only functions of ® + ®, and consider

their expansion up to order n = 4. Then we have generically

K = 3%+ a(®+ )%+ 3(® + 0)*
= 0D + (D3 + D3) + 3a(P*P + D?D) + B(P* + B+
+4B(D3D + D?) + 68(P2D?). (2.14)

We see then that considering a field redefinition with fo = —3a, f3 = —48 and a Kéhler
transformation with F(®) = —a®? — &%, we can get rid of all terms except the symmetric

one, ®2®?, so the a and 3 corrections in this example are equivalent to a ®2®2 correction.

2.1.2 Leading logarithmic term in K

Another useful possibility is to have a logarithmic Kéahler potential, with corrections. For
instance, if ® is a volume modulus for the compact space K, specifically ¢ = Im® being
the volume in Planck units up to some numbers, then from the Kaluza-Klein dimensional
reduction on K we obtain (reinstating Mp; momentarily for emphasis)

K —i(® — @)]
— = —alh|———|, 2.15
M2, [ Mp, (2.15)

with ae = 3 for a 6-dimensional space K, and in general a depending only on the dimension.
Moreover, in this case the corrections naturally appear inside the log, as exemplified for
instance by string corrections in various string models. Consider therefore

S
Mg,

(2.16)

ol [—i(cp — @) +nf(q>,§>)] .

Mp



We can in principle consider both the case when f is leading, or subleading, at small ®. At
this time we will consider only the case it is subleading, coming back to the leading case
in the next section.

Then a field redefinition at small field ®, i.e. ® = & + £,®* would simply redefine
the function f. On the other hand, a Kahler transformation would simply turn it into the

more general

K —i(® — @) + Kf(D, D) _
Migl = —aln |: Mpl :| + fl(q)) + fg((I)) (217)
In this case, the scalar potential (for a general superpotential W) will be
v (_Z.d)—qbﬂ'nf)‘“ (¢ — &+ inf)*/ME y
Mpy —Oéi/ﬁ(¢ - ¢+ mf)dz)@q;f - a(l + i/~@6¢f)
AW +ikds )] |5 w  OW(A—ikdsf)| WW
X [8¢W— oo rinf ] [%W— R —— —3]\/[%l (2.18)

2.2 Taylor and Laurent series expansions

We now proceed to analyze the perturbative expansion of superpotentials, based on the
Kahler potentials analyzed in the previous subsections. Our goal is to consider inflation in
these models, so we will use the known experimental constraints on inflation.

In order to do that, we must calculate the standard slow-roll parameters ¢ and 7,

€ = MFQ’I <1dv(¢can)>2

2 \V  ddcan
1V ($ean)
o 2 can
n = Mp, (V%) ) (2~19)

where ¢can is the canonical scalar (inflaton), and one should compare the resulting scalar

tilt ngs and tensor to scalar ratio r, given by
ng —1=—6e+2n; r = 16e, (2.20)

with the experimental results, the n, from the 2015 Planck paper [16], and the bound on
r from the 2016 BICEP2-Keck paper [17],

ns —1 =-0.032 £ 0.006; r < 0.07. (2.21)
In the case that n < €, it means that we need
€e~5x1073, (2.22)

Note that for a real Kahler metric g5 = 030K and imaginary inflaton, since

1
§(d¢can)2 = g¢(§’d¢‘2 = g¢q§d02 , (2.23)

M2, (1dV\?
e= — | =——
4945 \V do

nzMgl 1 d v, (2.24)
2 \V Vsado \ \/Tgpdo

we have




The eta problem for small field inflation. Note that since we need ¢ < 1 and n < 1,
if in small field inflation the potential is Taylor expanded near the origin as

¢C&n 2
VeAl14+C Cy—22 + ..., 2.25
(+ U O (2.25)
then we need to have C} < 1,y < 1. But generically we would get C,Cy ~ 1, which
would not give inflation. This is the eta problem for small field inflation. To obtain
inflation, we will need to either impose C1,Co < 1, or simply for them to vanish, and only
have higher orders in ¢can.

Other constraints. One should also fix the normalization of the potential using the

WMAP data [18]
2

H’nﬂ -9
— ML~ 24 x 10 2.96
8m2e M, ’ (2.26)
where H2 4 = Vina/(3M3,), as well as the number of e-folds,

d)can,ﬁnal M B of dO—QQ—W
¢can,initial \/% O; \/ﬂ '

Note that if we are interested only in the leading behaviour in o for € and N., we

N, = (2.27)

can neglect the subleading terms in g,; for the calculation of €,7, Ne, since g,; appears
outside derivative terms, so they would only contribute to subleading terms in the quantity
calculated. In the following, we again revert to Mp; = 1.

2.2.1 Perturbative Kihler potential

We start by considering the case of Kéhler potential that is canonical plus corrections. As
we saw, corrections up to fourth order in ® + @ are equivalent to corrections to second
order in ®®, so we consider

K(®,®) ~ ®D 4 x(dD)?, (2.28)

understood as an approximation in «. Then for a general superpotential W, the scalar
potential becomes

V o e99tn(99)° [(1 — 4k|¢|?) {\8¢W + W + 2660 (Whd,W +
+WGIW + 2WW o + 2k60|0|*|[W %) } — 3|W|* + O(x?)]

12

e¢¢{ |0 W + gEW‘Q —3|W % + k|| [2¢W8¢W + 2W GO W + 4[> W >
—4 (1 — df) |0,W + oW | — 3¢3¢|W|2] + 0(52)}. (2.29)

Laurent expansion of superpotential. Consider the case that the superpotential
starts with a pole (negative power), and is Laurent expandable, or rather, a pole times a
Taylor expandable function. We will consider the Taylor expansion up to fourth order, i.e.

W(®) = @ "(a+ b® + P 4 dd® + f&). (2.30)



On ¢ =io, if a,b,c,d, f are all real, we obtain
V ~ a2 (nQU_Q"_2 + Ao™ 4 Ba_2"+2) , (2.31)
where we have defined

a’A = b + (n® — 2n)(b* — 2ac) — a®(2n + 3 + 4kn?)
a®’B = a*(1 + 4kn + kn?) + (4¢* — 6bd) + (n? — 4n)(c* + 2af — 2bd)
—(2n + 1+ 4kn® — 8kn)(b? — 2ac) — 4kb>. (2.32)
Note that we have considered also the second subleading term with coefficient B, but
its expression is correct only if n = 0, so that the first term vanishes. Otherwise, since K
is correct only up to the first nontrivial order, the final result for V should also be correct

only for the first subleading term. We next calculate the slow-roll parameter €. As we said,
for its calculation we need to keep only the leading term in gz, so we approximate

Ggg = 1+40° ~ 1, (2.33)

so that ¢ean >~ v/20. Then we obtain

=3

V dpcan do

1 (1 do dV>2 1{ 1 —n?(2n +2) — 2nAc? — (2n — 2)Bo*

~— 2 —
U+0 n?2 4+ Ac? + Bot

0 }2. (2.34)

If n # 0 and n # —1, then we have

1
e~ — (2n+2)? > 1, (2.35)
402

which contradicts our assumptions, since we want € < 1, so this case does not give inflation.

1 2Bot\ 2 B\?
e:4<2a+ A03> =2 <1+A) , (2.36)

where now a2A = b? — 3a? and a?B = a? — (b* —2ac) +4c? — 6bd — 4b*k. Now we can adjust

the parameters of the superpotential in order to get € < 1. Next we need to calculate the

If n =0, we get

number of e-folds N, and put the experimental constraints of having at least 60 e-folds of
inflation. Assuming that we can set % ~ 1, we have

¢can,f 1

O'f 1 Uf 1
dPean/Mp) = ————do ~ ————do. 2.37
beanin V26 ean/ M /o V2o (1+ %) 7 /g 020 (2:37)

The constraint of N, > 60 implies ? > el20V2 ~ 5 1073, which is an incredible fine-tuning;:
it means that o; needs to be incredibly close to zero for inflation to happen.

N, =

If n = —1, we have

€~

2
% (20— + 12Aa2> =% (1+ A)?, (2.38)
g



and this leads to the same fine tuning for generic A. Note that n = —1 means the leading
term in W is linear, W = a¢, a term that is known to give inflation.

However, if we have A = —1, then the leading term vanishes, so we must consider the
next power in €, obtaining
1
e~ [4B- 2)0%]”. (2.39)

Then the potential becomes approximately
V ~a*[1+ (B —1/2)d" + O(c9)], (2.40)
so we also have for the other slow-roll parameter
n~3(2B—1)0® > e, (2.41)

but it is still < 1, so we satisfy the slow-roll conditions.
Now we have from the experimental value of ng — 1

ng —1~2n~—3x1072, (2.42)
which implies
3(2B — 1)o7 ~ —3/2 x 1072, (2.43)
and it constrains .
of v ————x 107", (2.44)

V2—-4B

This would lead to a reasonable o7 /0;, since now

1 1 1 1 1
Ne=—r—|—5—-——5|2——+—-—5 <60, 2.45
° 2(2B-1) <a§ a]%) 2(2B—1)0? ~ (245)
which constrains o;.
So we need to find the solutions to the A = —1 constraint, since they are the cases
that give good inflation.
For n = —1, we have
a’A = 4b* — a® — 6ac — 4a’k = —a® = 4% /a® — 6¢/a — 4K% = 0. (2.46)

This is one equation constraining 3 parameters b, ¢, k, with d, f unconstrained (but they
correspond to higher order coefficients in the ® expansion of the superpotential).
We see that a simple solution is b = 0,¢ = 0,k = 0, though it isn’t the most general.
In that case
a’Blb=c=r=0,n=—1)=da’>+ 10af, (2.47)

and we need to impose that B # 1/2, i.e. f/a # —1/20.
Such a model will be considered in more detail below. In fact, it has already been
considered by Izawa and Yanagida [19].

,10,



From the previous analysis, we need to generalize to the case with general complex
coefficients (instead of real ones), but for ease of calculations we consider the case with a
nontrivial subleading term with a general power, i.e.

W (®) = & "(a+ bd™), (2.48)

where a,b are complex. Then we obtain

bo™

(—n + 0D + 2x(DD)?) + (m —n + ®D + 2k(DP)?), (2.49)

(I)n—&—l
and the potential is

V(@:ZO') ~ 1+0‘2 (Re a(—n—{—02+2,{04)+Re(bim)o_m(m_n+02+2ma4))2

g2nt2 1+ 4ko?
+—|—(Im a(—n + 0% + 2k0*) + Im(bi™)o™(m — n + 0% + 4ko?))?
1+ 4ko?
—30% [(Re a + Re (bi™)0™)? + (Im a + Im (bi"™)o™)?] |. (2.50)

We see that nothing new is obtained in this more general case, so the above analysis
was complete.

Taylor expansion of superpotential. One can consider next the case that the super-
potential is Taylor expandable, i.e. of the form (2.30), but with n < 0. We realize that the
analysis did not depend on n being positive or negative, in fact the only case we have found

that has inflation had n = —1, so the same conclusion applies: the model with n < 0 has
! (2n+2)%>1 (2.51)
e~ —(2n .
402 ’
except in the case n = —1, which means that we do not get slow-roll inflation unless we

have a leading linear potential.

Even in the case of the linear superpotential however, we need to be concerned about
the sign of the first correction away from the plateau: i.e., if the potential becomes of the
type V.= A1+ Cio™+...) with C7 > 0, n > 0 then while we have inflation, we might not
be able to end it, since this will lead us towards the local minimum at ¢ = 0, which has
nonzero value for the potential. This is the case if we choose simply K = ®® and W = ®,
when we have

Veltdots. . (2.52)

as we can easily check with the above formulae. But if instead we have V.= A(1-Cjo+...)
with C7 > 0, then we are led away from the local maximum of the potential at o = 0.
We have therefore analyzed all possibilities for the case of a potential that is Taylor
expandable except for poles.
Note that we could consider also combinations of exponentials and polynomials, but
these cases are also Taylor expandable. For instance,

m v?
Wi = (14 a®™)e"®" ~ 1+ ad" + bd™ + E(I)%L +ab®" ™ 4

— 11 —



b2

2
Wy = ea®"+00™ 1 | 03" 4 pd™ 4 %@2" + T L abd™ L (253)

and the only issue is how many terms should we keep in the expansion for the consistency
of the approximation. For instance, for n = 1 and m = 2, we should keep a subleading ®2
correction in dWW/d®, that is, we should keep including terms of 3" = ®3 and "+ = 3,
but not 2" = &* terms.

But exponentials are useful tools for organizing these Taylor expansions. For instance,
considering the superpotential (see [20])

W(®) = de® (2.54)
with b real and positive, we find the potential
V ~1—4bo + Th*0?, (2.55)

which does move perturbatively away from o = 0, though one would have to check nonper-
turbatively if it drops all the way to zero for large enough o. For this simple model we find

T
=35

so it seems like we have a good small field inflation if b < 1. However, we have to consider

€ = 4b%; v, (2.56)

also the number of e-folds, which becomes

Pdo  op—o0;
N, = - = , 2.57
/ai Ve 2b 257

and has to be larger than about 50-60. We can achieve all these constraints with small

enough b, however if we also want to impose the experimental result for ng — 1 ~ 0.032,
with ng — 1 = —6¢e + 27, we obtain

1
—170* ~ —0.032 = b ~ E (2.58)

and then the number of e-folds constraint implies oy — o; 2 5, which contradicts the

~

constraint to be in the small inflaton region.
But the next simplest case of exponential solves this problem. Consider now

W = ®e?® ~ &(1 + b + O(d)) (2.59)

with b real and positive. Then we find the potential
V ~1—6bo?, (2.60)

which has the required decreasing plateau, and gives
e~ b0 n=—2b, (2.61)

so, since |n| > €, we have ng— 1 ~ 21 ~ —2b, and matching against the experimental result
of —0.032, we get

b —. 2.62

— 12 —



In turn, that means we can easily fix the number of e-folds, since now
71 d 1. o o
Ne:/ W " m% 120w YL (2.63)
oy \/E 2b a; ag;
which can easily be made to be larger than 60.
The remaining possibility is of an essential singularity in the superpotential at & = 0,
or a nonperturbative contribution.

Logarithmic superpotential. The first simple possibility of an essential singularity
(which does not reduce to a pole or finite sum of poles) at & = 0 is a log superpotential, i.e.

W(®) = Aln®. (2.64)
Then the potential is
(3+(1+2666)61n0) (4 + (1 + 2569)9In o)
(14 4k¢9)

~ A2 <1 — 3In? a> . (2.65)

o2

V(p) ~ AZe?9 — 3¢

Note that for consistency we should only keep terms up to the first nontrivial subleading
term in o2. The slow-roll parameter € is then found to be

1
~—>1, 2.66
€=3> (2.66)
so we don’t get inflation.

Exponential superpotentials with essential singularity. Consider next a superpo-
tential of the general form

W= Aeat~(bem) (2.67)
and consider Re(a i~™) > 0. Then the superpotential at ® = io has an essential singularity
as o — 04, as eRe(@™)o™™ _y o
We obtain
DWW = Ae®® 002" (0" (n + O™ (n — m)) + (1 + 2k0P)) , (2.68)

and for ® = 0 we obtain the potential

V o~ A2l 0TGN 012672 (02 4on(n — m)o™H + (m — n)?|b20®™ + (1 — 4k)n?0?) ,
(2.69)
where we have defined the quantities

F=ai"+a*" (=)™ G=abi™ " +a"b" (=)™ H=b"+b"(—)™  (2.70)

Note that per our assumption, we have F' > 0. Then the potential is rapidly varying near
o = 0, the opposite of flat that we need for inflation, so we don’t get inflation. Specifically,
we have

—n M3 V! 2 1 /—nF 2n + 2 2
Fo —2n—2 Pl
V e o = € 5 ( ) 2( | + ) > ( 7 )
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Nonperturbative contribution. If on the other hand, one chooses Re(ai™") < 0, the
superpotential at ® = io is nonperturbative: it obeys W (o = 0) = 0, but it is not Taylor
expandable around o = 0.

But the formulas above are still valid, just that now we have F' < 0. We still obtain
€ > 1, so no inflation.

Special inflationary models. In this way, we have analyzed simple cases of singularities
of W at ® = 0. Of course, we can always consider more complicated singularites, that mix
exponentials, logs and powers in the leading term. For instance, one could consider the
combination

W = exp[Be'/®], (2.72)

with a,b € Ry, that has an essential singularity at ® = 0, but of a more complicated type
than the one above.
Or, one could consider more complicated nonperturbative contributions, like the case
considered in [20], of
W = exp|—Be""/®], (2.73)

with a,b € R, that becomes equal to 1 at & — <0.
But the aim here was to classify all natural possibilities, leaving a choice of highly
special ones like the above to always be a possibility.

2.2.2 Logarithmic Kahler potential

Consider next the logarithmic K&hler potentials in (2.6). More concretely, we will consider
corrections both multiplying the log and multiplying the factor inside the log, i.e.,

K = —a(l +7®®)In[—i(® — ®)(1 + fPD)]. (2.74)
Then
Op K ~ ﬁ(l +79®) — ay® In[—i(P® — D)] — B8P, (2.75)
and
Jop (P = i0) = 4%[1 — (48 + 37)0? — 4702 In(20)). (2.76)

We see that we need o > 0 in order not to have a ghost (g4 > 0).

Taylor and Laurent expansion of the superpotential. Consider the generic super-

potential
W =AD" (1 + bd™), (2.77)

where m > 0, but n can be either positive or negative, obtaining either a Taylor expansion,
or a Taylor expansion around a pole (Laurent expansion). Then we obtain the potential

V ~ ZIAZG;:_Q(l — afo? — ayo?1n(20)) { [(n - %)2 - ila] + o2 [ (n — %)2 (48 + 37)
—« (n - %) (v +28) + vIn(20)((2n — @) — a(2n — a))}

— 14 —



+onp [ (n=5) (motn—5) = 2| oo | (mrn-5) -2} )

where F' = bi" +b*i~". Note that if m = 1 we need to keep all these terms, if m = 2 we can
drop the 0?™ term, and if m > 2 we can drop o™ and o?™. We see that we need a = 2n in
order to have inflation, since a power law will not give inflation. But then we see that the
plateau is actually an AdS plateau (at negative potential), so it will again not give inflation.

Therefore we cannot obtain inflation in this scenario. We must again move to super-
potentials with essential singularities, and nonperturbative ones.

Logarithmic superpotential. Consider the superpotential
W = Aln(—i®). (2.79)
Then we obtain the potential

4A%0—

Vv
2%

2
(1 —aBo? — ayo?In(20)) [(1 - %ln a) - %Ta In?o + O(c?Ino)| . (2.80)

We see that we can only obtain a plateau if & = 0 (a power law potential has no plateau),
but this is forbidden, since then we have no Kéhler potential. Therefore also in this case
we cannot obtain new inflation.

Exponential superpotentials with essential singularities. Consider now a super-
potential
W = Aet® "(Fb2™) (2.81)

with n > 0 (since otherwise we can make a Taylor expansion). Then
DoW = Aet® "(1+00™) [ —a® " Y(n + b(n — m)d™)
+(£7¢(1 A®D) — af® — ary® In[—i(® — <1>)]] . (2.82)
and the resulting potential is

4A26F0""+G0'm’"

3a
Vi~ gagaian (1—aBo?—ayo?In(20)) [|a\2n2—402"+0(02 Ino)+0(c™ In O'):| .
(2.83)
Since we assumed n > 0, «a > 0, the potential is dominated by the
Fo~"4+Go™™ "
i (2.84)

aa—i—Zn

factor, which we saw when analyzing the canonical Kéahler potential that does not give
inflation either. And again the result is independent on the sign of F', so it applies both in
the case of a singularity at ¢ = 0 and of a nonperturbative contribution.

In conclusion, we cannot obtain inflation with the logarithmic Kéhler potential either.
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2.2.3 Linear term plus corrections and a general supergravity embedding

Finally, we consider a case for the Kahler potential that would be a bit counterintuitive on
first thought, yet it contains a very important model, that allows us to embed a general
inflationary model inside minimal supergravity.

We considered the perturbative (Taylor expansion) Kéhler potential as starting with
the canonical one, K = ®® + ..., but that is not necessary, as we said at the beginning of
the section. We could have a K that starts with the linear term «(® + ®), and continues
with quadratic and higher corrections. It is not clear how such a K would be obtained in
perturbation theory, but we need to consider it, since it contains a very important example,
considered in [8, 9].

Consider the exact Kéahler potential

K = -3In (1+M)
~ V3O D) (PP ..., (2.85)

where in the second line we have put the expansion only to the first subleading order. Note

that to this order, we could make a Kihler transformation and get rid of the f(®) + g(®)

terms, and remain with K = —®® + ..., but it is important that we have higher orders.
The canonical inflaton is ¢ean = v/2Im®, and the real part is stabilized at zero. Then

it is easy to see that the kinetic term of ¢¢ay is in fact canonical, and the potential becomes
V(¢can) = |00 W (ilm®)|* = (W' (¢can))® (2.86)

where L

= EW(—\@@) (2.87)

and W(m) is a real function. Reversely, that means that for any positive definite potential,

w(®)

so that it can be written as a total square, one can find a superpotential that reproduces
it. Thus most inflationary models can be embedded in minimal supergravity in this way.

2.3 Constraints from larger field

In order to really have inflation, we should be able to end it, which means that we should
impose that the potential not only starts at a plateau, and starts to go down it, but that it
is not followed (nonperturbatively) by a local maximum, but rather by a minimum. It could
happen that after an initial downhill period, the potential grows to a local maximum, and
then settles to a minimum. This would be the case in the “old inflation” type models, which
however we know that don’t work in detail, since one needs to tunnel through the maximum.

We have seen that a logarithmic K&hler potential is ruled out (does not give inflation)
at the first stage, and we will ignore the special case (2.85), which can embed any positive
definite potential in supergravity, since its Kahler potential is very special. Then the only
possibility was a Kéhler potential that is a Taylor expansion around the canonical one,
and moreover in that case we only obtained inflation for the special Taylor-expandable
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superpotential that starts off with a linear term. We now must consider how to continue
this model to larger fields, and find a potential where the plateau is followed by a minimum.

One example of such a model, that does satisfy these constraints, is the model consid-
ered by Yzawa and Yanagida [19] (see also the review [7]), with

K = o0
W =020 — I _gnt! (2.88)

n+1
2
} (2.89)

Because of the condition g/v? > 1, we can approximate the potential, down to its

where n > 3, and also v < 1,9 ~ 1. The potential becomes

2
_30_2 n_n

n+1Z 7

'1}2—

2 2 o?
1 —gi"o™ (1
v (1+0%) —gi"o (+n—|—1>

V(®=io) =e” {

minimum, and for a short while after it as well, by writing K ~ 0, DeW ~ 0> — gd",
W ~0, ie.

V ~ ot — 22g0" — g2, (2.90)
which has a minimum at )
2\ n

Oy <1;> . (2.91)

Note that the negative value of the potential at the minimum is obtained by allowing back
in some of the neglected terms, namely

Vinin =~ _3€U2|W(Umin)|2- (292)

However, as can be easily seen, this potential grows without bound after the negative
(AdS) minimum. But if we are not interested in reaching large field values, we are fine.
Otherwise, we need to extend it to higher values of the fields by adding extra terms.

If the minimum is not required to be close to zero, we can consider even the model of
section 2.2, with K = ®® and W = CI)ebq’z, whose exact potential is

V = e(=2)9%[1 _ (1 4+ 4b)0? + o*(1 — 2b)?). (2.93)

From the experimental inflationary constraints, we saw that we needed b ~ 1/60, and
we can neglect it in the above potential. Then the square bracket has a minimum at
r = 0% = 1/2, of value 3/4, compared with 1 at ¢ = 0, and the true minimum of the
potential, including the exponential, is nearby. This potential then does have a local
minimum, however at a rather large and positive value of the potential, and then it goes
to infinity asymptotically. It is not good for phenomenology, since it will give a too large
cosmological constant, since the field would be stuck at its (positive energy) minimum.

In conclusion, potentials satisfying our constraints are possible, and moreover the
constraints themselves are nontrivial, and restrict to a very small set of models, of canonical
Kéhler potential (maybe plus corrections), and a linear superpotential plus corrections of
higher order.
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3 Constraints from large field and small potential

Finally, we consider the constraint that the potential needs to remain small after the
minimum, and moreover go down to zero asymptotically. As we mentioned, in the Izawa
and Yanagida model of last subsection, this was not the case, and the potential grows
without bounds after the negative (AdS) minimum. Yet at least perturbatively that was
the only possibility we have found, so we need to analyze possible nonlinear completions
for it that can give the desired result.

Consider first the possibilities for the Kahler potential. We want to obtain a potential
that goes to zero asymptotically, but the N' = 1 supergravity formula has an overall e
factor, whereas in the rest we have only g44, 0p K and the superpotential and its derivatives.
(®2)”

That means that K being nonlinearly a growing exponential e is ruled out: we would

(l0'26 .
get an e growth, that could only be compensated by a superpotential that decays even

a B . . . . .
eo® , which seems very unlikely from a physics point of view, and also can be

faster, e~
explicitly shown to not give inflation in any case.

One could consider K to be instead a decaying exponential, like for instance
K = adde FP? (3.1)
but in this case we obtain a K&hler metric (giving the kinetic term fot the inflaton)
Joo = 0005 K = ae PPl — 3800 + 52(0D)?], (3.2)

which becomes negative for a region. Indeed, we can check that, considering the variable
x = B®®, the square bracket has a minimum at x = 3/2, where it takes the value —5/4.
But a negative metric means the inflaton becomes a ghost, which is forbidden.

We encounter similar problems with nonlinear completions of the Kéhler potential
that go to zero too fast (such as to compensate for the asymptotic growth due to the
superpotential).

A polynomial Kéhler potential P, (®) at infinity means that e® becomes e/(®), which
would need to be compensated by a superpotential that is exponentially decaying at infinity.
The example from section 2.2, with K = ®® and W = ®e®” was of this type. In fact this
model does reach a local minimum as we saw in the last section, but we need it also to go
down asymptotically at infinity, so it needs to be further corrected. Similarly, the better
defined Izawa-Yanagida model has a local AdS minimum close to zero, but then it grows
without bounds, so it must be modified at large values of the field.

3.1 Trial modification of the Izawa-Yanagida model
Consider the following modification of the Izawa-Yanagida model with n = 4,
K = a®d

W = eipﬂq)m <(b . .gq)5) , (33)
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where § stands for what we called g/v? in the unmodified model. This § is taken to be

> 1, and we also choose i7" = —1. Then the potential is
ac?—2Bc™ ~ 2 P 2
v=9 { {1—@044- (1—‘(;04) (—m50m+aa2)] —3a0? <1—ga4> } . (3.4
o

Consider moreover m =4, p =2 and 3> 1. Then

eaa2—2,30'4 g 2 g 2
V=—r— { [1 —got + (1 - 504> (—4B0* + ozo'2)] — 3a0? <1 — 50'4> } , (3.5)

a

and then before the minimum, and a bit after, we can approximate the potential as

eag2_2504

Vi ———— {1—a0® —2(G+4B)0" + O(c%)} . (3.6)
Note that the o terms cancel in the expansion (after expanding the exponential), so the
first term is at order o*, so we would get good inflation, and moreover the term starts to
drop towards a minimum. Also V(o — oo) = 0, but unfortunately, a scan of parameter
space shows that we cannot find a situation with a local minimum close to zero, and no
maximum higher than the starting point. The situation can be understood analytically as
follows.

2

Consider the case when ao” can always be neglected with respect to the other terms.

That means that ¢ must be sufficiently large for S0 to dominate, but cannot be too close

to 1. Then
6—2604 g 2
Vo~ [1 — go* — 4B0% (1 - 504” : (3.7)
«

We would like to see if this potential doesn’t have a maximum larger than the value at

zero, i.e. 1/a.
First, if we can neglect the go*/5 term, the minimum is at

RS 4 B
Omin =~ |:§‘i‘4,6:| = Bamin = §+4/B (38)

It seems that simply imposing g < 8 would work, since then Bafnin ~ 1/4, so the factor in
—2B0d -1/2

front of the potential would be e min ~ e already. But a more precise calculation

shows it still doesn’t give the required result, since the extrema of the function

F=e 2071 — 480%)2, (3.9)
defined by
— 8B803(1 — 4BaY)e 2P 5 — 4854 = 0 (3.10)
are given by a minimum at Sol. = 1/4, and a maximum at Sol,. = 5/4. At the maximum
we have )
4 16
F=—F>~—>1 A1
e2d 122 > (3.11)

so the maximum is actually higher than the initial plateau.

,19,



We were able in fact to prove analytically that no value of 3, g avoids this problem.
Moreover, we were able to prove that neither does changing the go*/5 power law into
another power, nor changing So? into any other function analytic at zero (Taylor ex-
pandable). In fact, the function replacing So* needs to be non-analytic, more specifically
nonperturbative, at o = 0.

3.2 Model with correct properties

In order to obtain a model that doesn’t have a maximum with higher value than the one
at o = 0, we need to replace Bo* with a function f(o) satisfying o f'(0) < f(o) — f(0) for
0 = omin < 1 (that is, at the minimum of the potential V, the first correction in a would-be
Taylor expansion is actually much smaller than the deviation from zero). Such a function

—280%

is e~ o. Yet we also still need the e factor to counteract the e factor at large o,.

We will also see that the jo*/5 term is not useful anymore, so we will put § = 0 later, but
we will just keep it for now for completeness. We then consider the superpotential

W(@) _ eib‘ﬁe*ﬁl‘?‘l*ﬁzec/@@ (1 _ ‘gq)‘l) . (3.12)

The potential is then found to be
e—2boe—26104+a02—2526_‘3/”

~ 2
V ~ {{1—‘(}04—%(102—<b0+46104+§ﬁ2€_§> <1—§04>]

(07

N
—3a0? <1 - “;]04) +.. } , (3.13)

and on the inflationary region we can approximate further,

6—2[310'4

Vo~ [1—4bo + Tb*0% + 0 ao® — 2(§+4B1) o' + O(H3?)] . (3.14)

(0%

We want to analyze the end of inflation and the presence of a maximum, so we ignore
for the moment ao? and bo in (3.13), considering that we are in an intermediate region,
after inflation, but before these terms become of order 1. We also consider that we are
before the onset of the 3104 terms, and we put § = 0. Then we have

o 2recl e .12
Vet [1—5526 } . (3.15)

To analyze this potential, consider the function
e (3.16)

with derivative
f(z) = —%e_i [1 - E} (3.17)

Then the extrema of f(x) are at ¢ = z, and since f(0) = 0 and f(oco) = 0, at x = ¢ there
is a maximum, with value f(c) = 1/e. The condition that the simplified potential above

— 20 —



(which is positive definite) is zero is fof(x) = 1, or f(x) = 1/B2. If 1/55 < 1/e, this
equation will have exactly two solutions, one with ¢/z > 1 and one with ¢/z < 1.

In this case the square factor in (3.15), (1—fa.f(z))?, will (for B2 > e by a margin) drop
down to zero, then go to a maximum value of (1 — 33/e)?, and then drop again. Then the
value of the exponential prefactor of (3.15) is e=2B2e™/" — =22/ Tor the full potential
at the maximum value, consider the function

g(y) =e (1 —y)° (3.18)

where y = (2/e, with derivative

g'(y) =21 -y)(2-y), (3.19)

which is positive between y = 1 and y = 2 and negative otherwise, meaning that y = 1
is a minimum (as we knew), and y = 2 is a maximum. But g(0) = 1,¢(1) = 0, whereas
g(2) = e=* < 1. That means that for the optimum value of 83 (and for any c), the value
of the potential (3.15) at the maximum cannot be larger than e=* < 1 = V(0), which is
what we wanted to obtain, so our model satisfies the desired conditions.

We still need a large enough value of 32, so that the suppression factor =22 overcomes
any increase due to the Bio* term (which is needed to stop at large ¢ the ao? term in
the exponential prefactor). We can choose for instance 2 ~ 10 and ¢ ~ 1, which means
that the square in (3.15) is maximum at omymax = ¢ ~ 1. The two solutions for V' = 0 are
obtained from the equation

Poy = €Y (3.20)

where now y = c/z, and are seen to be approximately y ~ 1/9 and y ~ 4 (since e* ~

54, Boy ~ 40, €!/9 ~ 10/9, Boy ~ 10/9). This leads to the first minimum (at zero) being
for omin ~ ¢/4 ~ 1/4 and the second minimum being for g ~ 9¢ ~ 9.

We can also find when inflation ends as follows. The value of o there has to be less than
Omin ~ 1/4. Consider o = 1/8. Then Boc/ze™%" ~ 80e™% ~ 80/2980 ~ 1/35, whereas
Bae= /" ~ 10e® = 10/2980 ~ 1/300, meaning the exponential prefactor e—2Bae /"
e~ 1/150 ig completely irrelevant. So at o = 1 /8, the By term is completely irrelevant for
the exponential, but it gives a 1/35 correction to the 1 inside the square bracket, which is
close to being relevant, whereas at 0 = 1/4 is already gives V' = 0. So the end of inflation

is very shortly after o = 1/8, hence we can assume oepq ~ 1/8.

3.3 Kahler potential modifications and the volume modulus

We can now also consider a possible completion of the Kéahler potential away from zero
that does not affect the good characteristics of the potential. In particular, one motivation
for the condition that ¢ needs to be able to reach very large values is the case when o is a
volume modulus for large extra dimensions.

We have seen at the beginning of this section that exponential modifications to the
Kahler potential do not give inflation, and also polynomial modifications can be problem-
atic. One possible modification is an interpolation between the canonical K = a®® at
small values and the logarithmic K = —f1In[—i(® — ®)] required for a volume modulus.

— 921 —



Indeed, for a volume modulus, simple KK reduction on a compact space of the Einstein
action leads to such a K (more precisely, to the resulting scalar metric gg4), with § = 3
for 6 extra dimensions, and 8 = 2 for 2 large extra dimensions (and 4 small ones). o is the
volume of 4-cycles in the space. For more details, see [20].

Such an interpolation is naturally logarithmic: indeed, quantum corrections to the
logarithmic Kéhler modulus appear usually inside the log, see for instance the review [21].
Since we want these modifications to be nonperturbative in nature, a natural Kéhler po-
tential that achieves this is

K =-2In [—z‘(cb ~3) + Ae*a@ﬂ . (3.21)
This leads to a scalar metric for o of

2 [1 + a2e—200% _ 2042)\036*0‘”2}

Gon = D30 K = (3.22)
o ® [20 + )\6_0‘02]2
For the model from the above subsection, we obtain
K = —2In {20 + Ae_‘mﬂ
W = jeboeProt—Pre™c/7 ; (1 — §U4>
o
(1 — 04/\06*0“’2) (1 — %04>
-2 . (3.23)

A, —ao?
2+ e

The corrections due to A\ however (deviation from the canonical form) can be ignored for
the whole analysis of the inflationary part of the potential and the part just after it.

This model was considered in [20], and its consequences for inflation were discussed.
However, it was seen that it leads to an ny — 1 that is in conflict with the latest Planck
data: one obtains naturally a value of the order of 107°, as opposed to the observed ~ 0.03.

4 Conclusions

In this paper we have analyzed the possibility of having small field inflation in mimimal
supergravity coupled with a single scalar superfield that contains the inflaton. While it is
always possible to consider very contrived functional forms for the Kéahler potential and
superpotential, that combine exponentials, logs and powers in a nontrivial way, we have
analyzed systematically simple possibilities for small values of the inflaton.

Besides the previously identified class of models with a superpotential defined by a
real function and a nontrivial Kéhler potential (2.85), that is difficult to obtain from a
more fundamental construction (say in string theory), we have found only a very restricted
set of possibilities. Only a canonical Kéhler potential with corrections, K = ®® + ...
with a Taylor expansion for the superpotential starting at W = A® + ... gives inflation.
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In order to avoid a very high fine tuning of the initial conditions, we obtain a constraint
on the coefficients of the Taylor expansions. One possible solution for it would be W =
A®eP® 4 ... Another solution has already been considered by Yzawa and Yanagida.

If we also want to have a way to end inflation in a reheating or preheating phase, we
need to have a steep drop in the potential, followed by a minimum. This further restricts
the possibilities. The Izawa-Yanagida model (2.88) is one possibility. If one allows for a
large value of the minimum, we can have other solutions, like W = ADeh??.

Finally, if we want to be able to reach large values of ®, like in the case that ® is a
volume modulus in a large extra dimensions scenario, there need to be no maximum larger
than V(® = 0) at larger ®, and we find that all simple possibilities for K and W are
excluded. Only very convoluted possibilies are allowed. We have found one such example,
but besides being very difficult to see how it could be realized, it is already ruled out by
the experimental values of ngy — 1.
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