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Abstract
This work is a brief presentation of the theory based on the SU 3 c Ä( )
SU U3 1L XÄ( ) ( ) gauge group in the presence of heavy leptons. Recent studies
[1] have considered a set of four possible variants for the 3-3-1HL, whose
content arises according to the so-denoted variable β. Since it has been argued
about the presence of stable charged particles in this sort of model, we divide
the different sectors of the Lagrangian between universal and specific vertices,
and conclude that the omission of β-dependent terms in the potential may
induce discrete symmetry for the versions defined by 3b =∣ ∣ . In the context
of 1

3
b =∣ ∣ , where the new degrees of freedom have the same standard

electric charges, additional Yukawa interactions may create decay channels
into the SM sector. Furthermore, motivated by a general consequence of the
Goldstone theorem, a method of diagonalization by parts is introduced in the
Scalar sector and provides a clarification on the definition of mass eigenstates.
In summary, we develop the most complete set of terms allowed by the
symmetry group and resolve their definitive pieces in order to justify the
model description present in the literature.

Keywords: 3-3-1 models, heavy leptons, heavy quarks

1. Introduction

The new gauge-structure defining the electroweak sector of 3-3-1 models [2, 3], namely
SU U3 1L XÄ( ) ( ) , can render important phenomenological consequences and has been the
object of attention in recent years. Among some recent analysis, it can be mentioned those
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based on the context of collider [1] and low-energy physics [4–9], WIMPs [10, 11] and
different possible extensions [12].

The model has a total of six versions3, two of which filling the lepton content with a
conjugate of standard particles, thus defining the minimal 3-3-1 (see [14] and references
therein). The present work is a brief review of the variant including new heavy leptons
[15–18], here denoted as 3-3-1HL. It will be shown that a different particle content may be
defined according to a discrete variable β limited to a set of four possible values [1, 19]. The
total Lagrangian, divided into boson and fermion sectors, is then explored by first introducing
the totality of β-independent terms. At this point we aim to conclude about the presence of
stable charged particles, as stated in [1]. These features arise whenever only a universal
potential is considered, i.e. when the scalar self-interactions are assumed to be defined
exclusively from generic terms present in all versions of the model. The omission of β-
specific interactions will retain the mixing from the potential following the same pattern as
that present in the gauge-fixing Lagrangian. Next, the complete case is developed and a
method that explores our previous knowledge on the gauge-dependent sector is introduced in
order to simplify the search for the mass eigenstates.

This review comprises the first part of a work in progress that intends to apply a
general integration method for these sort of models, resulting in an effective theory
that might be directly tested through precision observables. Thus, our first task involves
the development of a consistent notation followed by a systematic classification of the
interactions among new and standard terms. We ultimately must select and treat those
pieces that can generate 6-dimension operators at tree and loop-level. Apart from that,
one exclusive assumption is consistently considered along our analysis—the first
breaking scale must be much larger than the second one, with the notation translated into
u?vρ, vη.

Finally, the same steps of the authors in [20] along their presentation of the Standard
Model are freely followed. Like any gauge theory with spontaneous symmetry breaking,
the total Lagrangian is composed of the gauge–kinetic interactions of scalars and fermions,
self-interactions of bosons and a Yukawa, such that the review can be organized as
follows:

• Section 2 : Gauge structure and scalars in the 3-3-1HL
– 2.1: The particle content in different versions;
– 2.2 : Self-interactions of scalars;
– 2.3 : Vacuum stability condition;
– 2.4 : Gauge-fixing Lagrangian;
– 2.5 : Gauge-boson masses;
– 2.6 : Scalar masses;
– 2.7 : The potential for particular models;
– 2.8 : Self-interactions of gauge bosons;

• Section 3 : Fermions in the 3-3-1HL
– 3.1: Gauge interactions of the fermions;
– 3.2 : Yukawa Lagrangian;

• Section 4 Conclusions.

3 In addition, there is a variant where the heavy leptons present fractional electric charges [13]. These versions will
not be treated here.
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2. Gauge structure and scalars in the 3-3-1HL

The root of electroweak interactions is expressed by the structure of the covariant derivative.
In the context of a SU(3)L⊗U(1)X gauge group it can be represented as:

D g g XWW Ii i 2.1X
0= ¶ + +m m m m· ( )

where the bold letter express a simple vector A A AA , , ,1 2 8º ( ) and I a
2

a

= l are the SU(3)
generators. By expanding the gauge piece of Dm explicitly we can divide it into complex (or
non-diagonal) and real interactions
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The assertion that the fields presented in equation (2.2a) will be associated with charged
currents would be the first sign on how we will construct both the particle content of the
theory and the pattern of symmetry breaking. Nevertheless, as is shown in section 2.1, there
are in effect two different variants of the model where neutral currents may also reside in non-
diagonal vertices.

The following representation to the fermionic fields is going to be considered:

• Leptons ψα: l E
L

na a a( )( ) , (1, 3, Xψ)

• Quarks Qi: d u Ji i i L

( )( ) , X3, 3, Q( )
• Quarks Q3: u d J

L3 3 3
( )( ) , (3, 3, X3)

• ua
R: 3 1, , 2

3( )
• da

R: 3 1, , 1

3
-( )

• l R
a : 1 1, , 1-( )

• Ji
R: (3, 1, XJ)

• J3
R: X3 1, , J3( )

• E R
a : (1, 1, XE),

where e, ,a m t= [ ], a 1, 2, 3= [ ] and i 1, 2= [ ]. The brackets inside the triplets denote that
these are in reality doublets of SU(2) or, implicitly, that the gauge group will follow a
hierarchy under the symmetry breaking such that, in one of its steps, these objects compose a
new symmetric Lagrangian comprising the Standard Model. Apart from that, we omit some of
the hypercharges and leave their derivation to the following subsection.

The above mentioned hierarchy is endowing the model with a new scale represented by
the letter u and present for the breaking of SU U3 1L XÄ( ) ( ) into SU U2 1L YÄ( ) ( ) . The scale
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is introduced via the vacuum expectation value of a new neutral scalar χ0 singlet of SU(2),
composing the triplet

.V U 0 c c c c= ( )( )

Through the next sections we will discuss that the 3-3-1HL must also include two
additional scalar triplets, such that it might also appear in an intermediate scale via Higgs
interactions. Nevertheless, for a matter of clarity and driven by a current phenomenology that
disallow new degrees of freedom to show up at low energies, we may perform our task of
separating the model into standard and new exotic sectors by considering only the first
breaking. In other words, we can place the classical electroweak symmetry breaking aside,
enclosed in a SM function. Thus, our primary focus is on an Universe ruled by nine inter-
actions, where five of them are mediated by massive and four by massless vector particles.
The former acquire their masses when χ0 presents a vacuum expectation value (vev)

u0c =⟨ ⟩ , or u0 0 c µ⟨ ⟩ ( ) , leading the theory to NP331 SM  + .
Inside the set of nine SU U3 1L XÄ( ) ( ) generators, the following four leave the vacuum

unbroken and may define a basis for the group SU U2 1L YÄ( ) ( ) [5]

X 0. 2.31 2 3 8    c c c b c= = = + =⟨ ⟩ ⟨ ⟩ ⟨ ⟩ ( )⟨ ⟩ ( )
From our knowledge of SM symmetry breaking, in general we can extract a connection
between electromagnetism and weak interactions represented by the so called Gell-Mann–
Nishijima relation

a
2

2.43  
= + ( )

where, in our case,

X b
2

2.48
  b= + ( )

i.e. a diagonal generator for the SM symmetry group defining the particles hypercharge and
the respective conserved currents.

Equation (2.4b) introduces a new and decisive variable. The parameter β may completely
alter the model phenomenology and is an element of a set limited to four numbers, namely

3 , 1

3
 { }. As presented in [1], this set is generated by factors which includes the integer

nature of the electric charge for asymptotic states and the positiveness for variables of mass
squared. For illustration, this section is concluded with the demonstration of some results and
identities in the context of 3b = - (or Xχ=−1). This version contains a single charged
heavy lepton and the previous relations may provide us, for example, the charges of exotic
quarks inside the triplets.

Since the quarks J are singlet of SU(2), it follows

Q

u
d
J q

2.5Q

J

3

3

3

3

2
3

1
3

3

3

=  = -
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X
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( ) ( )
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The J3 electric charge will then be given by

q 3
2

3

5

3
. 2.7J 8 333

= - + =( ) ( )

The gauge boson (W4−iW5), for instance, will couple with the current

j u JuJ L L3 3gºm m
( )

thus corresponding to a particle charged by (−1). Similarly,

j d JdJ L L3 3gºm m
( )

coupled to the so-denoted U-boson and whose charge, in this case, must be equal to (−2).
By considering the three SU(2) subalgebras of SU(3) defined by the raising and lowering

operators:

i

2
, 2.81 2

3 3    =


= ( )

i

2
,

3

2 2
2.94 5

3 8
3     

=


= - ( )

i

2
,

3

2 2
2.106 7

3 8
3     

=


= + ( )

and also the gauge bosons (note the changes on the signs for V and U compared with W):

W
W W

V
W W

U
W Wi

2
,

i

2
,

i

2
2.11

1 2 4 5 6 7
= =


=

   ( )

the charged sector of Dμ can be expressed in a short notation as

D g W W V V U Ui . 2.12CC      = + + + + +m
+

+
-

-
-

+
+

-
--

+
++

-( ) ( )( )

In order to obtain the interactions in the conjugate representation we just change the raising
and lowering operators sign:

D g W W V V U Ui . 2.13CC*      = - + + + + +m
+

-
-

+
-

-
+

+
--

-
++

+( ) ( )( )

It is common to present the quark representations with a minus sign in the definition of Qi, in
general, aiming to recover the exact aspect of the SM Lagrangian. Nevertheless, such phase
insertion does not have any phenomenological implications.

• Note: To find the Gell-Mann–Nishijima relation to the fields in conjugate representation
we must remember that the conjugation of the generators 3 and 8 is defined as

, 2.143 3 8 8* *   = - = - ( )
and, therefore,

X3 . 2.153 8   = - + + ( )
Let us find, for example, XQ and qJi

:
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q
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i
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Thus,

X q
1

3
3

1

3

4

3
. 2.16Q J 8 33i

\ = -  = - = -( ) ( )

Now we move to the diagonal terms of the covariant derivative, those corresponding to
the neutral current interactions:

D g W W g X Wi i . 2.17NC
X3

3
8

8 0  = + +m ( ) ( )( )

After the first breaking by c⟨ ⟩, W0 will mix with W8 and can be rotated into the mass
eigenstates by

W
W

c s
s c

B
Z

2.18x x

x x

0

8
=

-
¢

⎛
⎝⎜

⎞
⎠⎟ ( )( ) ( )
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D g W g Bs Z c g X Bc Z s

W B Zg g g
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i 2.19

NC
x x X x x

W B Z

3
3

8

3
3

  = + + ¢ + - ¢

= + + ¢
m

¢
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where it has been defined

g g s g X c c g X sg g g, , . 2.20W B x X x Z x X x3 8 83     º º + º -¢ ( )

The mixing between B and W3 after the second symmetry breaking can also be anticipated
without loss of generality

B
W

c s
s c

A
Z

2.21w w

w w3 =
-⎜ ⎟⎛

⎝
⎞
⎠ ( )( ) ( )

or, finally,

D A Z Zg g gi 2.22NC
A Z Z= + + ¢m ¢( ) ( )( )

where,

s c c sg g g g g g, . 2.23A w W w B Z w W w B3 3º + º - ( )

In order to require that electromagnetic interactions be reproduced, we must impose

eg 2.24A = ( )

or

e g s g s c g X c c . 2.25w x w X x w3 8   = + + ( )

Equation (2.25), when applied for different quarks and leptons, may result in
some important relations to the coupling constants. For instance, to the quark-d1
q X,d Q

1

3

1

3
= - = -( ) we have:
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e g
s

g
s c

g
c c

3 2 2 3 3
. 2.26w x w

X
x w- = - + -

⎛
⎝⎜

⎞
⎠⎟ ( )

From equation (2.28) and by assuming e=g sw:

e e e g
c c g c c e

3 2 2 3
X

x w X x w- = - - -  =⎜ ⎟
⎛
⎝

⎞
⎠

or, finally, if g e

cw
¢ = ,

g c g 2.27X x = ¢ ( )

which connects the hypercharge sectors of the Standard Model and the 3-3-1HL. Besides,
from the results of the next section, derived for a generic version of the model, it can be
shown that equation (2.27) is in fact β independent. We must note, however, that the same
relations raised in the context of the Standard Model were considered, what is to assert
equivalent angles and couplings.

If we repeat our use of equation (2.25) to the case of neutrinos (qν=0, Xψ=0) we find
g

s
g

s c s s
2 2 3

0 3 tan or tan 2.28w x w x w x wq b q+ =  = - =( ) ( )

i.e. a connection between the Weinberg angle and the mixing angle from the first breaking.
The general formula inside the brackets can also be proved from the identities in the next
section and provides a direct manner to count the possible variants for the 3-3-1HL. Once

n

3
b =∣ ∣ , the condition 1

tan w
b <

q
∣ ∣ will force n 1, 2, 3Î [ ]. The models with n=2 present

fractional electric charges both for the heavy leptons and the new gauge bosons (see
equations (2.33) and (2.38)). This variant has been considered in [13] and will not be treated
here. Moreover, those variants where n=3 leave just a small window to the renormalization
group evolution of s2w. According to [21], the Weinberg angle can reach tan w

2 1

3
q = at

M 4 TeVZ ~¢ , leading gX in equation (2.27) to a Landau pole. Therefore, models with
3b =∣ ∣ are already very constrained by unitary bounds [13]. In section (2.5) is derived a set

of natural relations for the coupling constants and the gauge boson masses which may convert
this assertion into a similar conclusion on the Z′ mass. On what follows we aim to be general
in presenting the totality of β-dependent results and select particular examples for 3b =∣ ∣
in order to connect the review with the works [2, 3, 15].

The rotation of (B, W3) into (A, Z) is in reality neglecting the mixing with Z′ emerged
after the second breaking. This assumption is also motivated by the large difference between
the scales, u?v. The equations (2.28) and (2.27) induce a set of simplified expressions for
the Z and Z′ couplings. For instance,

g c g s g X c s

g c g s g X s

gc g s X

gc g
s

c
g

c
s

g
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2.29
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w w w

w
w
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w
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( )

( )
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( )

( ) ( )

( )

( )

i.e. the well-known coupling of Z with the SM particles. The fourth equal sign consider
g g tan wq¢ = and the result is β-independent. A similar expression can also be achieved for Z′
through
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The relation (2.29) also exhibits the massless nature of Z after the first breaking
g

c
s0 0

w
w3 33
2 - * =(( ) )

i.e. there is no coupling with the neutral scalar in χ.
Thus, the section may be concluded with the total covariant derivative expressed under a

simplified notation,

D g W W Z e A

g V V U U Z

g

g

i

i . 2.31
Z

Z

   
   

= ¶ + + + +

+ + + + + ¢
m m

+
+

-
-

-
+

+
-

--
+

++
- ¢

[ ( ) ]
[ ( ) ] ( )

The first line reproduces exactly the Standard Model contribution and will make simpler the
task of dividing the 3-3-1HL into SM and new physics elements.

As mentioned previously, the present work intends to specify how the different sectors of
the Lagrangian will connect the new degrees of freedom with the standard fields at tree- and
loop-level. In order to be consistent and provide an independent review, we remake in detail
some of the main aspects of the model, being however substantially supported by previous
works like [1, 2] and [5]. When the context allows, we persist regarding the first breaking
SU U SU U3 1 2 1L X L YÄ  Ä( ) ( ) ( ) ( ) with priority. In the next section some identities for a
general 3-3-1HL version are extracted.

2.1. Particle content in different versions

First, let us recall the electric charge operator:

X . 2.323 8   b= + + ( )
Then we start to find the electric charges dependent on β. From the first line of Dμχ, for
example, it follows q q q1 V1 2

= + =c c , which can also justify why the first entry of χ has
been defined as χV. Besides, the second line would give us q qU 2

= c , and we denote
χ2≡χU.

The neutral third component of χ implies X
3

=c
b , i.e.

q q

q

1

2 2 3 3

3

2

1

2

3

2

1

2
. 2.33

V

U

V

b b

b b

= = + +

= +  = -

c

( )

By repeating this simple procedure to the quarks and leptons representations we obtain
their respective hypercharges. For example, the value of XQ, defined in the conjugated
representation, will be given by

X q
1

6

1

2 3

1

6

3

2
2.34Q ji

b b= +  = + ( )
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or, for the triplet in the fundamental representation,

X q
1

6 2 3

1

6

3

2
. 2.35j3

3

b
b= -  = - ( )

As mentioned before, the electric charges of the new gauge bosons, as well as the Z′
mass, prevent β of assuming any possible value [1], restricting it to the set

1

3
, 3 . 2.36b Î  

⎡
⎣⎢

⎤
⎦⎥ ( )

From equations (2.34) and (2.35) it is clear the effect of a±sign for quarks is merely of
inverting the electric charges into different representations. For 3b =∣ ∣ the possible values

are q ,J
4

3

5

3
Î -⎡⎣ ⎤⎦ and for 1

3
b =∣ ∣ , q ,J

1

3

2

3
Î -⎡⎣ ⎤⎦.

Similarly, for the leptons we have:

l
E
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L

y
n

b
 = - +a

a

a

a

y
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⎞
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q
1

2

3

2
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⎛
⎝⎜

⎞
⎠⎟ ( )

Thus, depending on the selected β among the four possible values, the model may include
from neutral to doubled charged heavy leptons:

q 2, 1, 0, 1 for 3 ,
1

3
,

1

3
, 3 . 2.39E b= - - + = - -

⎡
⎣⎢

⎤
⎦⎥[ ] ( )

From phenomenological reasons we are also interested in heavy neutral particles. The
section 2.2 resolve, in the context of scalars, that the most general potential can be formulated
regardless the sign of β, i.e. it is sufficient to consider each of the two possible modulus. Thus,

in the remainder of this work we probe those models where 3 , 1

3
b = - -⎡⎣ ⎤⎦.

Finally, let us summarize the general hypercharge of triplets and anti-triplets:

• Leptons ψα: 1 3, , 1

2 2 3
- + b( )( )

• Quarks Qi: 3 3, , 1

6 2 3
+ b( )

• Quarks Q3: 3 3, , 1

6 2 3
- b( )

• ua
R: 3 1, , 2

3( )
• da

R: 3 1, , 1

3
-( )

• Ji
R: 3 1, , 1

6

3

2
b+( )

• J3
R: 3 1, , 1

6

3

2
b-( )

• l R
a : 1 1, , 1-( )

• E R
a : 1 1, , ,1

2

3

2
b- +( )( )
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where e, ,a m t= [ ], a 1, 2, 3= [ ] and i 1, 2= [ ]. In the 3-3-1HL it is required the same
number of fermions triplets in the fundamental and conjugated representation in order to
achieve anomaly cancellations. The condition permits a freedom of choice to put the first two
quark generations in the fundamental representation, while leptons and Q3 are left in the
conjugated one. In this framework the SM quarks and leptons must be switched inside the
triplets and the above X-hypercharges amended by b b - . Once both signs for β are
considered in the present work, this additional variant must render an equivalent
phenomenology and has already been considered in [1].

We conclude this section with a brief comment on the Scalar triplets. The gauge-fixing
Lagrangian, discussed in section 2.4, in general is defined from the kinetic sector of the
Scalars and contain terms proportional to their product with a correspondent gauge boson. For
example, the first line of the product Dμχ contains the sum ∂μχV+uV such that its squared
will produce the bilinear uV∂χV. Therefore, we introduce the following notation intending to
leave explicit how the gauge-structure of the model will connect the scalars with vector
bosons:

a1 3, , ,
3

2.40

V

U

u H i

2

g

c

c
c b

=
c+ +

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
⎛
⎝⎜

⎞
⎠⎟ ( )

b1 3, , ,
1

2 2 3
2.40

W

v H

U

i

2

gr

r

r

b
= -

r+ +

-

r r

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
⎛
⎝⎜

⎞
⎠⎟ ( )

c1 3, , ,
1

2 2 3
, 2.40

v H

W

V

i

2

g

h h
h

b
= - +

h+ +

-

-

h h⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
⎛
⎝⎜

⎛
⎝⎜

⎞
⎠⎟

⎞
⎠⎟ ( )

where the minus sign indicates that their charges are in opposite sign as those defined in
equation (2.33). As will be repeatedly explored, when these connections are not broken by β-
dependent terms, they may control the pattern of scalar mixing and correspond to residual
symmetries that avoid the heavy leptons to decay. These features, along with their
phenomenological consequences, have been addressed by the authors in [1], and here we
complement it by exposing the vertices allowed by the gauge symmetry that could create
decaying channels into the light asymptotic fields. Therefore, the complete set of elements for
the potential are considered and a Z2 symmetry is not assumed a priori. We demonstrate that
the pattern of scalar mixing present in the incomplete and universal4 potential eliminates the
totality of tree-level interactions, leaving the heavy-lepton stable.

2.2. Self-interactions of scalars

Here we remark and examine the algebraic path followed by the symmetry breaking of a
generic potential which may conduce the gauge theories to their correct spectra. We can start
then by presenting some aspects of this sector in the Standard Model, where:

4 The term ‘universal’ refers to the components present in all versions of the model.
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V 2.412m lF = F F + F F( ) ( ) ( )† †

and

i

2
. 2.42

g
g

0 0 

j
j j

F =
+

+
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟ ( )

The subindex ‘g’ on some of the above fields is referring to the Goldstone bosons. In fact,
an intermediate step along the development of the Goldstone theorem is supported by the
condition that the vacuum of the theory is located on the point where one of the neutral fields,
namely j0, assume a value different from zero. This vacuum stability condition (VSC) will
correspond to one or a set of equations that, when applied back to equation (2.41), cancel the
mass terms for these ‘g’ degrees of freedom. The contribution to the mass of this particles will
be gauge-dependent and comes from the insertion of a gauge-fixing Lagrangian. That is what
we called the path, effectively traced by the theorem, for identifying these massless particles.

The vev is usually denoted by v, such that the vacuum condition can be read like

V
0. 2.43

v
0

0j
¶ F
¶

=
j =

( ) ( )
⟨ ⟩

The minimum point represented as v0j =⟨ ⟩ denotes that the derivative is being taken on the
fields vev. The j0 is then expanded around its vev, j0=v+H, and the above condition
rewritten as:

H V

H
V0, or, shortly, 0. 2.44

H
H H0

0
0f

¶
¶

¶
¶

= ¶ =
=

=∣ ( )
⟨ ⟩

The potential V(H) is a polynomial and the equation (2.44) implies, therefore, that its linear
term on H must vanish, or

v 0 2.452m l+ = ( )

which enables us to rewrite equation (2.41) as

V
v

2
. 2.46

2 2

lF = F F -
⎛
⎝⎜

⎞
⎠⎟( ) ( )†

Thus, the zeroth order term vanishes inside the brackets, leaving only the Higgs with a mass
term in the function.

The VSC defines a set of equations which will give us the correct mass matrix coming
from the potential. This is seen, for example, in the simplest one dimensional case of the SM.
The rotation to the mass eigenstates must also include the contribution coming from quadratic
mixed terms present in the gauge–kinetic scalar Lagrangian. These terms are strictly corre-
lated to the gauge-fixing piece, whose treatment leads to the correct mass of the Goldstone
bosons. Finally, the Goldstone theorem is essentially based on the vacuum stability and
reveal, as a corollary, that these mass matrices, i.e. those coming from the potential and the
gauge-fixing, must reside in orthogonal subspaces. On what follows, this result is treated in
detail.

By focusing on the potential, it might be important to consider the whole spectra of scalar
fields. In order to the standard quarks and leptons acquire their masses, two additional triplets
are introduced with the following components:
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1 3 1 33 : , , 1 , , , 0 , 2.47
U V

b r
r

h
h

= - =
F

=
Fr h

++ +

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( )

˜
( ) ( )

where Φρ and Fh˜ are just denoting that these fields have a similar structure to the doublet in
equation (2.42) and its conjugate. The expansion of χ0 around its vev, u H0c = + ,
introduces the new heavy Higgs, H . As a matter of counting, we are going to identify those
eight scalar fields which are connected, as additional degrees of freedom, to the vectors
V U W Z, , , ¢   and Z.

It has been emphasized in (2.4) that the choice of a specific gauge can be made inde-
pendently for each gauge interaction. Through their couplings with the SM gauge bosons, the
fields in Φρ and Fh˜ settle a pattern of mixing that will be followed by the composition of the
potential presented below. Thus, it may be more elucidative to keep developing the model
under an arbitrary gauge. We define, for 3b = - ,

, 2.48

W
v H i

U

v H i

W

V

2

2
g

g

r

r

r

h h

h

= =
r

h+

+ +

++

+ +

-

+

r r

h h⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟

⎛

⎝

⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟
( )( )

( )

and finally introduce the most general β-independent potential [5]

V , ,

2 h.c. . 2.49ijk
i j k

2 2 2



c r h m c c l c c m h h l h h m r r l r r

l r r h h l r r c c l h h c c

l r h h r l r c c r l h c c h

z r h c

= + + + + +

+ + +

+ + +

+ +

c c h h r r

rh rc hc

rh rc hc

( ) ( ) ( ) ( )

( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( )

( ) ( )

† † † † † †

† † † † † †

† † † † † †

The first two entries of each triplet define a SU(2) doublet, such that any of the above terms
are SU SU U U3 , 2 , 1 , 1X Y( ) ( ) ( ) ( ) invariant. In addition, from the definitions of
equation (2.40), there can also exist a set of new terms added to equation (2.49), in the
context of specific values for β. In other words, depending on the specific model being
regarded, new elements might emerge to the potential.

2.3. Vacuum stability condition

In this framework, the vacuum stability condition is given by

V V V, ,
0,

, ,
0,

, ,

0, 2.50
u v v

0 0 0

0

0 0 0

0

0 0 0

0
0 0 0

c r h
c

c r h
r

c r h
h

¶
¶

=
¶

¶
=

¶
¶

=
c r h= = =r h

( ) ( ) ( )

( )
⟨ ⟩ ⟨ ⟩ ⟨ ⟩

where ρ0 and η0 denote the neutral component of the respective triplet. The relations above
are translated into

V H H H V H H H

V H H H

, , 0, , , 0,

, , 0 2.51

H H H H

H H

0 0

0

¶ = ¶ =

¶ =
r h r h

r h

= =

=

r r

h h

( )∣ ( )∣
( )∣ ( )
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i.e. the coefficient of linear terms must vanish. For illustration, a geometrical picture can be
drawn to the potential vacuum as follows. First, let us rewrite equation (2.49) as

V V V V, ,

2 h.c. . 2.52ijk
i j k

, 0 , 0 , 0



c r h

l r r h h l r r c c l h h c c

l r h h r l r c c r l h c c h

z r h c

= + +

+ + +

+ + +

+ +

r h c h c r

rh rc hc

rh rc hc

= = =( ) ∣ ∣ ∣
( )( ) ( )( ) ( )( )
( )( ) ( )( ) ( )( )

( ) ( )

† † † † † †

† † † † † †

The first line of equation (2.52) is composed by the three functions defining the scenario
where the symmetry breaking occur independently, i.e. when just one of the triplets are
present in the theory. The V , 0r h=∣ , for instance, comprises the piece regarding solely the
breaking SU U SU U3 1 2 1L X L YÄ  Ä( ) ( ) ( ) ( ) . The vacuum condition to it provides

V u0 0. 2.53H H, 0 0
2m l¶ =  + =r h c c= =( ∣ )∣ ( )

Now, when the VSC is also assumed for the second and third terms of the first line, it
implies

V v a0 0 2.54H H, 0 0
2m l¶ =  + =c h r r r= =r r( ∣ )∣ ( )

V v b0 0. 2.54H H, 0 0
2m l¶ =  + =c r h h h= =h h( ∣ )∣ ( )

When both equations (2.53) and (2.54) are taken, we are in fact assuming that the points
u v v, , , 0, 0 , 0, , 0 , 0, 0,0 0 0c r j = r h( ) [( ) ( ) ( )] are either local or global minimum of V(χ, ρ,

η), along with the point (u, vρ, vη). Thus, the vacuum could be described by the following
ellipsoid

x y z xy xz yz
e u

u
x

e v

v
y

e v

v
z e 0,

2.55

2 2 2
2 2 2 2 2 2

2+ + + + + -
+

-
+

-
+

+ =r

r

h

h

( ) ( ) ( )

( )

where e
uv v v uv2

2
= + +r r h h and x y z u v v u v v, , , 0, 0 , 0, , 0 , 0, 0, , , ,Î r h r h( ) [( ) ( ) ( ) ( )] defines a

subset of possible solutions.
Finally, by applying equation (2.51) simultaneously to the total potential we are left with

the ultimate equations

V u
v v v v

u
a0

2 2
0 2.56H H 0

2
2 2

m l l l z¶ =  + + + - =c c
h

hc
r

rc
r h

=∣ ( )

V v
u v uv

v
b0

2 2
0 2.56H H 0

2
2 2

m l l l z¶ =  + + + - =r r r rc
h

rh
h

r
=r r∣ ( )

and

V v
u v uv

v
c0

2 2
0. 2.56H H 0

2
2 2

m l l l z¶ =  + + + - =h h h hc
r

rh
r

h
=h h∣ ( )
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As will be detailed, these three conditions are sufficient to leave the model with a well defined
mass spectrum to the scalars.

2.4. Gauge-fixing Lagrangian

The gauge interactions of the scalars come from the invariant kinetic term

D D . 2.57s c cÉ m
m( ) ( ) ( )†

For 3b = - , the triplet can be defined as

i

2
2.58

g g
u g
0 

c c c
c c

=
+

- --
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟( ) ( )

and the g index emphasizes that those states are exactly the Goldstone bosons in the context
of a single breaking scale. The Gell-Mann–Nishijima relation of equation (2.4a) also
promptly implies Xχ=−1.

The covariant derivative (2.31), in matrix form, is given by

D
g W V

W U
V U

e g

e g

g

A
Z
Z

i
2

0
0

0

i diag

3 tg tg

2 3 tg tg

0 0 3 tg tg

, 2.59

g s

c

c
w x

g s

c

c
w x

c
w x

2 3

2

2 3

3

w

w

x

w

w

x

x

1
2

2

1
2

2

= ¶ +

+

- -

- -

- -
¢

m m

+ -

- --

+ ++

+

- +

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎡

⎣

⎢⎢⎢⎢⎢⎢⎢

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎞

⎠

⎟⎟⎟⎟⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎤

⎦

⎥⎥⎥⎥⎥⎥⎥

( )
( )
( )

( )

( ) ( )

where ‘diag’ requires the vector inside the brackets to define a diagonal 3×3 matrix. The
equation (2.31) provides a direct representation where we can see how the gauge interactions
play with the isospin components of the triplets, aside from the manifest separation into the
SM and new physics terms, one of the main purposes of this work. Nevertheless, in this
section we search for the complete vertices concerning scalars and vectors, and the expansion
in equation (2.59) can make their identification simpler.

From the complete result of equation (2.57) only the terms that will indeed be related in
our analysis must be selected. First, they include those canceled out by the gauge-fixing
Lagrangian. Since each factor in D cm is at least linear in the fields, we set up the quadratic
parts plus all the u

0c dependent ones, which yield mass to the gauge bosons and introduce the
new physical Higgs H . This corresponds to

D D Z Z

g
V

g
V

g
U

g
U

1

2
i in i in

i
2

i
2

i
2

i
2

non quadratic terms 3 , 2.60

u g u u g u

g u g u

g u g u

0 0
33

0 0 0
33

0

0 0

0 0



c c c c c c c c

c c c c

c c c c

b

= ¶ - ¶ - ¢ ¶ + ¶ + ¢

+ ¶ + ¶ -

+ ¶ + ¶ -

+ - = -

m
m

- - + +

-- -- ++ ++

( ) ( ) ( )( )

( )( )

( )( )

( ) ( ) ( )

†
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where n g 3 tg tgc
w x33 3

xº - -( ). Our final vertices will be given by:

D D

g
V V

g
U U

n
Z Z n Z

g
V

g
V

g
U

g
U

4 4

2

i
2

i
2

i
2

i
2

non quadratic terms 3 . 2.61

u u g g

g g g g

u u u u

u u g u

g u g u

g u g u

0 0 0 0

2
0 0

2
0 0

33
2

0 0
33

0 0

0 0

0 0



c c c c c c

c c c c

c c c c

c c c c

c c c c

c c c c

b

= ¶ ¶ + ¶ ¶

+ ¶ ¶ + ¶ ¶

+ +

+ ¢ ¢ + ¶ ¢

+ ¶ - ¶

+ ¶ - ¶

+ - = -

m
m

- + -- ++

- + -- ++

+ - - +

++ -- -- ++

( ) ( ) ( )( ) ( )( )

( )( ) ( )( )

( )

( ) ( )

( ) ( )

( ) ( ) ( )

†

We remember that the gauge-fixing factor ξGB may be defined independently for each
gauge-boson and consider our whole analysis in the arbitrary t’Hooft gauge. The total
Lagrangian to the scalars is given by

D D D D D D 2.62s c c h h r r= + +m
m

m
m

m
m( ) ( ) ( ) ( ) ( ) ( ) ( )† † †

and accounts for the gauge-bosons acquisition of mass. At this point we find one of the
possible arguments to explain the absence of connection with the SM through non-diagonal
interactions. First, let us designate the pairs 12, 13, 23 of the triplet entries in equation (2.40)
as the first, second and third doublets, respectively. Now, since the generators  will act only
in the first doublet, the above Lagrangian always present the vertices with the 3-component in
pairs of exotic particles, forbidding all the tree-level contributions.

From equation (2.61) one quadratic mixed term is extracted as

u
g

V u
g

V
2 2

2.63s V V c cÉ ¶ - ¶+ - - +( ) ( ) ( )

These interactions, in general, are related to a transversal propagator for the gauge-bosons and
can be equivalently replaced via the insertion of a gauge-fixing Lagrangian. Apart from that,
the scalars involved in the second breaking will also contribute to the mass of V and U,
including a similar momentum-dependent vertex

v
g

V v
g

V
2 2

. 2.64s V V h hÉ ¶ - ¶h h
- + + -( ) ( ) ( )

The Goldstones will be identified after the rotation of the correlated degrees of freedom
inside χ and η. To the above case, it can be achieved via the orthogonal matrix

R
u

u v
v u u u v

1
, 2.65V 2 2=

-
= +hc

h

h

h h h⎜ ⎟⎛
⎝

⎞
⎠ ( )

or

u v V u V, , 0 , 2.66V

V

V

V

c
h

c
h

- ¶  ¶h h
- -⎜ ⎟

⎛
⎝

⎞
⎠

⎛
⎝⎜

⎞
⎠⎟( )( ) ( )
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where

R . 2.67V

V

V V

V

c
h

c
h= hc⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠ ( )

From equation (2.66) the Vc can be identified as the Goldstone of our theory. The procedure
thus described follows from the group structure and is independent of β. In section 2.7 it will
be seen that the rotation equation (2.67) defines a larger block diagonal matrix that plays an
important role on the diagonalization of the total mass matrix. After the insertion of additional
self-interactions, the potential acquires a new structure of mixing that differs from the gauge-
fixing mass matrix. However, we may consistently make use of a general consequence of the
Goldstone theorem which constrains these two components to lie on orthogonal subspaces,
and then verify that our previous knowledge about the rotation of x can simplify the
procedure of finding the total mass matrix, s , diagonal.

In the context of equation (2.52), the new matrix on the basis V Vc h( ) will appear like

u v

v v
2.68

v v v uv

uv u u v

2
2 2 2 2

2
2

2 2 2

2 2 2

2 2 2

m l l l l l z

l z m l l l l

+ + + + +

+ + + + +

c c hc hc rc hc r

hc r h h h hc hc rh

h h r h

h r

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟ ( )

which can be simplified by applying the VSC of equation (2.56) to

V
v

v

v uv

uv u

, ,

2
2.69

V V

v v v

u

uv

uv u uv

v

V

V

V
V V

V

V

2 2

2 2

2

2

2

2
* *

* *

c r h c h
l z l z

l z l z

c
h

l
c h

c
h

É
+ +

+ +

=

hc hc r

hc r hc

h h

h

h r h h

h r

h

⎜ ⎟

⎜ ⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟
⎛
⎝

⎞
⎠

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝

⎞
⎠

( )

( )

( )

( )

where

v

uv2 2
. 2.70Vl l z

= +hc r

h
( )

The matrix in equation (2.69) can also be directly diagonalized via R V
hc, leading to

u
m u

2

0 0
0

. 2.71V
V V

V

V
V2

2 2* *l
c h

c
h l =

h
h h

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( )

The Goldstone theorem is then being manifest. The quadratic mass coming from the
gauge-fixing Lagrangian is

u uv

uv v

v uv

uv u
2.72V

2
2

2
2

2

2
  x=

-

-
 =x

h

h h
x

h h

h

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟· ( )

where its orthogonality to the matrix in equation (2.69) has been registered.

2.5. Gauge-boson masses

The gauge-dependent mass matrix is sufficient to exhibit the gauge-boson masses which, for
completeness, are presented here as extracted from the scalar Lagrangian:
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m
g

v m
g

u m
g

u m
g

c
v

4
,

4
,

4
,

4
2.73W V U Z

w

2
2

2 2
2

2 2
2

2 2
2

2
2= = = =r h ( )

In order to be general, we distinguish the U and V masses above. However, on the assumption
u?vρ, vη, their values would be equal and differ from the Z′ mass via a β dependent factor,
such that

m
g u

c3
. 2.74Z

x

2
2 2

2
=¢ ( )

The above set of relations can result in predictions for some of the gauge boson-masses. Since
s tanx w

2 2 2b q= , the equation (2.74) may already reveal a strong constraint to the 3b =∣ ∣
variants in the scenario where the Weinberg angle evolutes to sw

2 1

4
~ , what would force the

charged gauge bosons to live in an excluded low-energy regime [13, 21].
The bilinears for neutral vectors are given by

g
c

Z g
v

c
Z g

v

c
Z

3 2 2
2.75s

x
g

w
g

w
g c r hÉ - ¶ ¢ - ¶ + ¶r h ( )

corresponding, after the g f. . insertion, to the correct ξ-dependent Z, Z′ propagators and a new
mass matrix to the scalars:

v v v

v v v

u
c

0

0
3

2.76Z Z

c

Z x

2
,

4

2

2

2
2

Z

w
2





x

=

-

-
x

x h h r

h r r¢

¢

⎛

⎝

⎜⎜⎜⎜⎜

⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎞

⎠

⎟⎟⎟⎟⎟
∣ ( )

on the basis , ,g g gh r c( ). It can be verified that the above result is in fact orthogonal to the 
matrix presented in the next section.

2.6. Scalar masses

We initiate this section approaching the masses for the remaining scalars. The expansion of
equation (2.52) gives us the mixing pattern between the charged particles and a result similar
to equation (2.71) must arise. Let us cover this explicitly, but now in a more direct mode.

For the U-type scalars on the basis U Uc r( ) it follows

u v

v v
2.77

v v v uv

uv u u v

2
2 2 2 2

2
2

2 2 2

2 2 2

2 2 2

m l l l l l z

l z m l l l l

+ + + + +

+ + + + +

c c rc hc rc rc h

rc h r r rc rc rh

r h r h

h h

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟ ( )

such that, with the help of equation (2.56), it can be simplified to

v uv

uv u

v

uv2 2 2
2.78U

U U
U

U

U
2

2
* *l

c r
c
r

l l z
 = +r r

r

rc h

r

⎜ ⎟
⎛
⎝
⎜⎜

⎞
⎠
⎟⎟

⎛
⎝

⎞
⎠( ) ( )

or

u
m u

2

0 0
0

, 2.79U
U U

U

U
U2

2 2* *l
c r

c
r l =

r
r r

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝⎜

⎞
⎠⎟( ) ( )
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where the rotation matrix is given by

R
u

u v
v u u u v

1
2.80U 2 2=

-
 = +rc

r

r

r r r⎜ ⎟⎛
⎝

⎞
⎠ ( )

To conclude the non-diagonal sector, there are those scalars coupled with the SM gauge
bosons:

v v v

v v v

u

v v2 2 2
2.81W

W W
W

W

W
2

2
* *l
h r

h
r

l l z
 = +

r r h

r h h

rh

r h

⎜ ⎟
⎛
⎝
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⎞
⎠
⎟⎟

⎛
⎝

⎞
⎠( ) ( )
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v
m v

2
0 0
0

2.82W
W W

W

W
W2

2 2
W

* *l
h r

h
r l =r⎜ ⎟⎛

⎝
⎞
⎠

⎛
⎝⎜

⎞
⎠⎟( ) ( )

Equivalently,

R
v

v v
v v v v v

1
, 2.83W 2 2=

-
 = +rh

h r

r h r h⎜ ⎟⎛
⎝

⎞
⎠ ( )

where

R . 2.84W

W

W W

W

h
r

h
r= rh ⎜ ⎟

⎛
⎝⎜

⎞
⎠⎟

⎛
⎝

⎞
⎠ ( )

From the beginning of our review the Z′ has been assumed to not mix with Z and photon,
a claim justified from the hierarchy between the breaking scales. We may expect, therefore,
the same pattern to be also present in the neutral scalar sector. On what follows this feature is
identified in detail. First we write the mass matrix of pseudo-scalars on the following basis

2.85g g g

g

g

g

h r c
h
r
c

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟( ) ( )

such that the entries of  are given by
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v

v

u

u v u v
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2
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2
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z
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⎞
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⎛
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⎞
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( )

or, simply,

u u
v v v

v v v2

1

1
2

1 0

1 0

0 0 0

2

0

0

0 0 0

. 2.87
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h
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⎛
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We emphasize that the second signal represents the absence of contribution from the low-
energy breaking to the Z′ mass and must not be understood as a formal limit. The constant is
given by
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u

v v
. 2.88Pl

z
=

r h
( )

Thus, the pseudo-scalars are diagonalized to their mass eigenstates by the same matrix RW
rh of

the standard charged scalars. Finally, the potential introduces a single pseudo-scalar, here
denoted ρP, such that

m v: . 2.89P P P
2 2r l= ( )

The presence of this particle is β-independent.
The real scalars follow a similar analysis. In the basis

H H H

H

H

H

2.90h r

h

r

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟( ) ( )

and after the equation (2.56) insertion, the  entries are

v

v

u

0

0

0 0

. 2.91

uv
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+
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⎟⎟⎟⎟⎟
( )

The above result includes that, in the context of u?vρ vη, the third non-diagonal elements
are small compared with the remainder, and thus give a neglected contribution to the
eigenvalues. Their original values are:

v v

u
v

v v

u
:

2 2
2.9213

2
2

 z m l l- + -r h
h h h rh

r h( ) ( )

v v

u
v

v v

u
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2 2
. 2.9323

2
2

 z m l l- + -h r
r r r rh

h r( ) ( )

The matrix  can be diagonalized by

R
c s
s c

0
0

0 0 1
2.94S

s s

s s=
-⎛

⎝
⎜⎜

⎞

⎠
⎟⎟ ( )

and their simplified eigenvalues are:

m
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v v

1
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H
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= +
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m
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+

h r
h h r r r h r h

h h r r
h r

h r

r
( ( ))
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J. Phys. G: Nucl. Part. Phys. 45 (2018) 043001 Topical Review

19



m u
v v

u
2 . 2.97H

2 2l z= +c
h r ( )

Note, therefore, an approximate relation between the scalar and pseudo-scalar masses:

m m m . 2.98H H P
2 2 2= +
r h

( )

Thus, as in the Standard Model, the VSC prevents the mass terms of some charged
scalars arising in the potential, leaving their contribution exclusively in the gauge-fixing
Lagrangian. In the previous discussion we identified this feature occurring for the version-
independent 3-3-1HL potential and the VSC leading the model to a correct scalar spectrum.
Nevertheless, it has not been yet mentioned about the allowed β-dependent pieces, for
example

V V, , h.c. 2.993c r h l c h r hÉ º +b rh
c

rh
c

=-( )∣ ( )( ) ( )† †

which could connect the scalars ,W Wh r( ) with ,V Vc h( ). In the rest of this work we verify that
the omission of a term such as equation (2.99) may imply a complete dissociation of the
charged exotic sector with standard particles at tree-level, leaving the Yukawa interactions as
the ultimate chance to connect them. In section (2.8) we disclose this possibility and conclude
that assuming equation (2.99) is equal to zero it is equivalent to assume a discrete symmetry
for this variant of the 3-3-1HL.

2.7. The potential for particular models

As mentioned previously, the term l c h r hrh
c ( )( )† † could a priori be included in the potential5

for 3b = - , creating a leading order connection with the SM from one additional mixing
between the four charged scalars.

First, let us see how the mass matrix will emerge in the basis W W V Vh r h c( ) after this
insertion:

v v v

v v v

uv v v
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uv uv

v v v

u uv
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⎞
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⎟⎟⎟⎟⎟⎟
( )

The determinant of V
2 above is in fact zero, a necessary condition to leave the theory with a

well-defined spectrum.
The gauge-fixing Lagrangian also contributes with a gauge-dependent squared mass

matrix:

v v v

v v v

v uv

uv u
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

x
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-

x
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r h r

h h
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⎛
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⎞
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⎠
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As mentioned before, one important consequence of the Goldstone theorem requires that
these two matrices must lie in orthogonal subspaces, such that

5 For 3b = + the new term is similar to equation (2.99), with r h« .
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0 0 . 2.102V V
2 2 2 2   = =x x· ( · ) ( )

We can check this directly by requesting a simple identity for matrix products. Consider a
general even n×n matrix:

, 2.1031 2

3 4
  

 
=

⎛
⎝⎜

⎞
⎠⎟ ( )

where k are n n

2 2
´ . Then, it follows that

2.1041 1 2 3 1 2 2 4
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         
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+ +
+ +

⎛
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⎞
⎠⎟· ( · · ) ( · · )

( · · ) ( · · )
( )

which can be proved by considering a single element

i j

i j n

i n j

i n j n

, 1, , 1,

, 1, , 1,

, 1, , 1,

, 1, , 1,

2.105ij
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n n

n n

n n

1 2 2

2 2 2

3 2 2

4 2 2











Î

Î ¼ Î ¼

Î ¼ Î + ¼

Î + ¼ Î ¼

Î + ¼ Î + ¼

⎧

⎨

⎪⎪⎪

⎩

⎪⎪⎪

⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦
⎡⎣ ⎤⎦ ⎡⎣ ⎤⎦

( )

and the general rule for matrix products, ij ik kj il lj     = +( · ) , with k 1, n

2
Î ¼[ ] and

l n1,n

2
Î + ¼[ ]. For instance, if ij 2Î( ) then ij i j1 2 2 4 n

2
     = + -( · ) ( · · ) ( ).

Finally, equation (2.104), for 02 3 = = , implies

2.1061 1 2 4

3 1 4 4
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⎛
⎝⎜

⎞
⎠⎟· ( · ) ( · )

( · ) ( · )
( )

and the demonstration of equation (2.102) follows straightforwardly.

• The result of equation (2.104) can be also extended for odd matrices, and to the 3×3
case we register one useful identity. First, consider the generic matrix

m

m

m
2.107

1 2

3 4



=

⎛
⎝⎜

⎞
⎠⎟ ( )

where m are two-dimensional vectors and m4 is a c-number. Thus,

b

a a b

a b b a

a b a b
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
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 
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

=
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+ +

⎛
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⎞
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Now, let us define the total squared mass

. 2.109s V
2 2 2  º + x ( )

From equation (2.102) it follows that

2.110s s
2 2 2 2 2 2    = =x x x· · ( ) ( )

i.e. these matrices must commute:

, 0 2.111s
2 2  =x[ ] ( )
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and, therefore, there must be a matrix  able to diagonalize them simultaneously. Apart from
that, we have already seen that the matrix

v v
v v

u v
v u

2.112
v

u

1

1





=

-

-

h r

r h

h

hh
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⎜ ⎟
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⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

⎞

⎠

⎟⎟⎟⎟
( )

is such that

2.1132 2  =x x ( )

with 2x diagonal. Thus, from equation (2.111), it follows that , 0s
2 2     =x[ ] , or

, 0, where 2.114s s s
2 2 2 2     = ºx[ ] ( )

i.e. the rotation of the total mass matrix by will commute with the diagonal mass matrix of
the Goldstone bosons. In terms of components the above result can be written as

2.115
k

s ik kj
k

ik s kj
2 2 2 2   å å=x x( ) ( ) ( ) ( ) ( )

or

0 2.116
k

s ik kj jj ik s kj ii
2 2 2 2   å d d- =x x[( ) ( ) ( ) ( ) ] ( )

and, finally,

0. 2.117s ij ii jj
2 2 2  - =x x( ) {( ) ( ) } ( )

Thus, the s
2 must emerge into a block diagonal form, whose dimension will agree with the

number of eigenvalues inside 2x with multiplicity one.

Our second step consists of finding a matrix  to diagonalize s
2 and, in general, is

simple to define. Again, from equation (2.114), the matrix 2x would remain block-diagonal
after a rotation by , such that

and 2.118s s
2 2 2 2        = =x x( ) ( ) ( ) ( ) ( )

with s
2 diagonal.

In other words, the matrix that can simultaneously diagonalize the total and the gauge-
fixing mass matrices is being constructed by parts, after claiming a general Goldstone theorem
corollary. Surely, we just need to look at the total s

2 . However, the direct identification of the
Goldstone bosons becomes clear and definitive through these steps since we require the
gauge-dependent sector to play a role in the process.

Let us apply these results in our particular case, from equations (2.100) and (2.101). The
2x was previously obtained and is given by
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and, from equation (2.117), we must expect s
2   ( ) ( ) to contain a 2×2 block. In fact,

v

v v u

v u u

u

. 2.120s

W

V

2

2

2
2

2
2

2

W

V

  

x

l

l

x

=

l
rh
c

h

rh
c

h
l

h

h

⎛

⎝

⎜⎜⎜⎜⎜⎜

⎛

⎝
⎜⎜

⎞

⎠
⎟⎟

⎞

⎠

⎟⎟⎟⎟⎟⎟
( ) ( ) ( )

The central matrix can be diagonalized after the insertion of a new , such that
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and, finally,
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( )
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In summary, the β-independent potential follows a mixing pattern in precise accordance
with the SU(2) subalgebras, i.e. by pairs of the scalars entailed by the same gauge-interac-
tions. In the notation of equation (2.40) it corresponds to ,V V U Uc h c h( ) ( ) and W Wr h( ).
When this pattern is broken by the insertion of specific allowed terms, the physical fields
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inside these pairs can be connected through an additional rotation, leaving the gauge-sector
unchanged.

The previous analysis of the additional term in the potential holds for 3b =∣ ∣ . In
addition, from equation (2.40), for 1

3
b =∣ ∣ one of the triplets ρ or η has the same

hypercharge as χ. The authors in [22] introduce a new non-Z2 piece in the context of neutral
heavy leptons, i.e for 1

3
b = - , where χ and η share the same X. These new contributions are

given by

V V, ,

h.c. 2.126

1
3

c r h m c h l c h h h l c h r r

l c h c c

É º + +

+ +

b ch ch ch
h

ch
r

ch
c

=-( )∣ ( )( ) ( )( )

( )( ) ( )

† † † † †

† †

In this variant, the gauge-boson V has electric charge equals to zero. The above expression
presents a linear term in the complex neutral field V

0c , whose coefficient must be zero in order
to leave V(χ, ρ, η) with a lower limit at 0V

0c =⟨ ⟩ . This condition converts into the equation:

v v u

2 2 2
0 2.127

2 2 2
m l l l+ + + =ch ch

h h
ch
r r

ch
c ( )

Nevertheless, the bilinear c h( )† in equation (2.126) turns factorized by the rhs of the
above expression, implying that the μχ η portion along with the mixing terms for the charged
scalars U Wc h( ) will vanish. We rewrite equation (2.126) as

V h.c. 2.128v v u0 0 02 2 2l c h h h l c h r r l c h c c= + + +ch ch
h

ch
r

ch
c

= = =h r
( )( )∣ ( )( )∣ ( )( )∣ ( )† † † † † †

and emphasize that the notation excludes only the quadratic vev’s, preserving the trilinear
interactions.

Thus far the exotic sector is still connected to the SM particles through tree-level
interactions with real Higgs bosons. There will still be remaining bilinears involving the real
scalars and the neutral ,V Vc h( ):

V uv H uv H u H

v H v v H uv H

1

2
h.c.

1

2
h.c. 2.129

V V V

V V V

2

2

l h l h l h

l c l c l c

É + + +

+ + + +

ch ch
h

h h ch
r

r r ch
c

ch
h

h h ch
r

h r r ch
c

h

( )

( ) ( )

For real λ′s, these couplings mix the Higgs sector with the real part of the V-scalars, here
denoted as ,V

r
V
rc h( ).

The gauge-fixing Lagrangian to the complex neutral boson V will arise similarly to
equations (2.63) and (2.64), now with complex conjugates. Thus, on the basis

H H HV
r

V
rc h h r( ), only the first block of x differs from zero and is equal to the result of

equation (2.72):

u uv

uv v 2.130V

2

2
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-
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h h
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⎛
⎝
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⎞
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( )

The contribution from V(χ, ρ, η) is given by

uv uv u

uv uv u
where 2 2.131V

2

2
2

2

2
1
3


 
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and ch is defined from equation (2.69). In order to build an invertible matrix  for the
diagonalization ofx, we can fill it with the rotation matrices as presented in equation (2.65)
and equation (2.94). Finally, from our previous discussion, by applying a rotation for the total
mass matrix VV

  = +x through we obtain a block-diagonal matrix, here represented
by 4×4, that can be fully diagonalized after the insertion of an additional .

2.8. Self-interactions of gauge-bosons

The self-interactions of the gauge-bosons are mediated by

W WW W
1

4

1

4
2.132g b. .

0
0 = - -mn

mn
mn

mn· ( )

where W W WW , , ,1 2 8=mn mn mn mn( ), and

W W W gf W W 2.133a a a aki k i= ¶ - ¶ +mn m n n m m n ( )

or, in a simplified notation,

W W W gTr 2.134a a a a = ¶ - ¶ -mn m n n m mn[ · ] ( )

with fa
ij

aij =( ) the structure constants, and W Wij i j ºmn m n( ) . Before perform the sum in
equation (2.132), a set of transformations to the non-diagonal fields may be applied:

W W

W W i i
V U
V U

1

2
1 1 2.135

q q

q q

4 6

5 7

V U
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⎞
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W
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W
W
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2
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1

2
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-
+

-
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⎛
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⎛
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and, finally,

W
W
W

s c c c s
s c

c s c s s

Z
A
Z

0 . 2.137
x x w x w

w w

x x w x w

0
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⎛
⎝
⎜⎜

⎞
⎠
⎟⎟
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⎠
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One important feature of g b. . is the absence of Z′ interactions with standard vectors at
tree- and loop-level. On the other hand, the charged bosons will couple with SM at loop-level
and, for illustration, we present the vertices for VW and the triple VZA:

VW
g

V V W W V W V W V W V W:
2

2 2.138g b. .

2
 É - + -n

n
m

m
m

m
n

n
m

m
n

n- + - + - - + + + - - +( ) ( )

VZA
g

s s c s s

V A V Z V A V Z A Z V V

:
4

3 1 2 1 3

2 . 2.139

g b x w w w x. .

2
2 2 É - + -

´ + -n
n

m
m

n
n

m
m n n

m
m- + + - + -

( ( ) ( ))

( ) ( )

Additional Feynman rules can be extracted from [1].

3. Fermions in the 3-3-1HL

This section is a brief description of the fermions in the 3-3-1HL. Among four possible
versions, those models with 1

3
b =∣ ∣ might require a special attention. This because they

introduce heavy quarks and leptons with the same electric charges as the standard particles
(see equations (2.34)–(2.38)), corresponding a new pattern of mixing among different
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generations and then to a large set of original vertices at leading order [16]. We can sum-
marize their fermion content like:

• :
Three additional neutral heavy leptons or right handed neutrinos ;
Two additional flavors for D quarks;
One new flavor for U quarks.

1

3
b = -

- -
-
-

⎧
⎨⎪
⎩⎪

( )

• :
Three additional heavy leptons with the electron charge;
Two additional flavors for U quarks;
One new flavor for D quarks.

1

3
b =

-
-
-

⎧
⎨⎪
⎩⎪

3.1. Gauge interactions of the fermions

The gauge interactions for fermions may be better represented in a short notation if their left-
handed triplets are written like

E Q J Q JL q q; ; 3.1L
L i

L
i i L

L
L3 3 3y = = =a

a a ( ) ( )( ) ( )

where the index e, ,a m t= [ ], i 1, 2= [ ], and the boldface is just indicating the separation
between SM doublets and exotic singlets. The right-handed fields follow the usual notation
for the SM, i.e. q l,a

R R
a for quarks and leptons, J E,a

R R
a for the new particles. Thus, the total

gauge–kinetic Lagrangian can be written as

i D Q D Q Q D Q

d D d u D u J D J J D J

l D l E D E 3.2

e

L L

i
i
L

i
L L L

a
a
R

a
R

a
a
R

a
R

i
i
R

i
R R R

e

R R

e

R R

kin
, , 1,2

3 3

1,2,3 1,2,3 1,2
3 3

, , , ,

 å å

å å å

å å

y y= + + +

+ + +

+

a m t
a a

a m t
a a

a m t
a a

= =

= = =

= =

⎪

⎪

⎪

⎪

⎧
⎨
⎩

⎫
⎬
⎭

( )

and each field associates its correspondent covariant derivative.
The following identity might be useful during the task of dividing the 3-3-1 interactions

into SM and new physics:

b z b
b b b zba

x
x

a
a a a x x a 3.3* * * = + + +⎜ ⎟⎛

⎝
⎞
⎠( )( ) ( )†

†
† † †

such that the 2×2 matrix  for the covariant derivative will be given by

D gi 3.4ZSM
2 2 = + ´
¢ ( )

Apart from that, we define a vector of gauge bosons

g
V Ux

2
,µm m m( )

where the proportionality corresponds to the complex number i, for both x and x†. The b
component represents the new heavy degrees of freedom, like in the field definition of
equation (3.1). By applying equation (3.3) in equation (3.2) it follows
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{ }
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†
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and note:

• The first bracket corresponds to the SM gauge kinetic piece and we have just ignored the
meaningless difference in this piece due to the conjugate representation. Thus, all the
indices are running through the total three generations;

• The second contains the interactions for the heavy leptons, in addition to a tree-level term
with Z′;

• The third contains new exotic quarks and the Z′ at tree-level. After the rotation of SM
fields to their mass eigenstates, the matrix components of gZ′ give rise to flavor changing
currents due to a distinct coupling with the third generation. The couplings must take into
account the properties of the Gell-Mann matrices under conjugation and indices cover the
first two generations;

• The fourth bracket, in the fundamental representation, is similar to the previous line;
• The last bracket contains the right-handed exotic fields. The leptonic indices cover the
three generations while the following term contains the first two heavy quarks;

• The breaking of SU U3 1L XÄ( ) ( ) does not lead exactly to a theory invariant under
SU U2 1L YÄ( ) ( ) , unless the mass of the vectors inside the doublet x are equal, valid only
in the limit u?vη, vρ.

Moreover, the next section discuss the presence of β-dependent Yukawas that mix standard
and exotic fermions, thus expanding the first line into additional tree-level contributions. The
equation (3.5) can be symbolically written as

3.6SM E J J R
kin kin kin kin kin kin

L L L3     = + + + +a ( )

We conclude this section with a brief digression on the described vertices. The present
article composes the first part of a work in progress that intends to cover the complete
integration of these new heavy fields. Thus, the method will result into an effective version
of the Standard Model raised through the 3-3-1 gauge structure. Here we note, for example,
that the only gauge-interactions generated at leading order are those with Z′. In the second
part of this project we will compare the contributions of mixed terms involving
exotic fields, loop-suppressed in the expansion of dimension-six operators. Thus, the
complete set of terms involving x only contribute at this level, concealing the interactions
with the non-diagonal gauge bosons. The one-loop sector of this Effective Theory will
contain only the electromagnetic covariant derivative, i.e. the U(1) invariant piece, apart
from the interactions with Z. The terms with three exotic particles must be discarded.
Finally, as we mentioned in the previous paragraph, for specific β-dependent interactions,
the model suppression is reduced from the appearance of linear vertices on the heavy
quarks.
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3.2. Yukawa Lagrangian

Through this last section we discuss the division of Yukawa interactions into those pieces
independent of the 3-3-1HL version and those only valid for a particular value of β. In the
general case, the interactions are extracted from

Q d Q d Q u

Q u Q J Q J

d Q d Q u Q

u Q J Q J Q

l E l E , 3.7
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d
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i
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d
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L
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R
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d
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L
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a
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a
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a

L
i

a
u

R
a
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R
k

L
i J

R L

a b
l

L
a

R
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L
a

R
b

a b
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R
b

L
a

, 3,
3
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3

, 3,3
3 3

, 3,
3

,
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3

, 3,3
3 3

, , , ,

* *

*

* * *

* * *

* *


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

l h l r l r

l h l c l c

l h l r l r

l h l c l c

l y r l y c l r y l c y

= + +

+ + +

+ + +

+ + +

+ + + +

(

)

( ) ( )

†

† †

† †

where we have tried to unify the notation presented in [2, 5] and [14]. The indices run as a,
b=1, 2, 3 and i, k=1, 2. On what follows we clarify the reason for changing the lepton
notation.

There are a few important comments about the above β-independent Yukawa. Note that
both the heavy leptons and the new exotic quarks couples only with the first breaking triplet
χ. If the Scalar, Vector and Kinetic Lagrangian cannot connect the high sector with the SM at
leading order, the forced absence of mixing between the χ components and standard scalars
may compel the new physics to emerge always by pairs of exotic fields, leaving the heavy
leptons stable. One additional form to contour this feature is to consider the complete set of
allowed Yukawa terms in the framework of specific versions. For the leptons:

• EL Ry r and lL Ry c :

The total hypercharge for these terms is X 1

2

3

2
b= - and would be invariant for

1

3
b = , i.e. in the version with a neutral U gauge boson and where the heavy leptons

have the same charge as the electron. The Ee( ) mixing creates decay channels E SMa
via equation (3.5).

• EL Ry h :
Since Xψ=Xη, the total hypercharge is equal to the HL electric charge, or X=qE, which
is neutral for 1

3
b = - . Apart from that, V is the complex neutral gauge-boson and the

SM portal comes from the mixing with neutrino, En( ).

Since both triplets are in the fundamental representation, terms with conjugated scalars are
forbidden for the gauge symmetry.

These additional lepton interactions appeared in the context of 1

3
b =∣ ∣ , where the new

quarks have the same electric charges as the standard fermions. For 3b =∣ ∣ , however, the
quarks J have exotic charges and cannot mix with the U or D type. Thus, whenever the β-
dependent interactions are omitted from the potential, we may not expect new decay channels
for the leptons in these type of 3-3-1 models. Since the Yukawa is the last component of our
total Lagrangian, from equation (2.39) these stable particles would be electrically charged
with −2 or +1.

Similarly, new vertices can also be extracted for the quarks. The remaining Y com-
ponents are finally classified in terms of the β sign:
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•
1

3
b = + :

Q u Q d Q J

Q J Q J Q J h.c. 3.8
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•
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Q d Q u Q J

Q J Q J Q J h.c. 3.9
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As before, the indices run as a=1, 2, 3 and i, k=1, 2.

There is one important remark on the Yukawa components above—If we return to the high-
energy scenario where the symmetry breaking is given exclusively by χ, there will still be one
generation of standard leptons and quarks that acquire mass from their mixing with the new
heavy fields. In other words, the two first terms of equation (3.9), for example, is breaking the
SU U3 1L XÄ( ) ( ) directly intoU 1 q( ) leaving the bottom and the top-quark massive along with
Ji and J3. On the basis (u c t J3) this feature can be illustrated as:

a
a
a

a a a a
m

m

0
0 .

t

J
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24

34

14 24 34 44* * *
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⎞

⎠

⎟⎟⎟

⎛

⎝
⎜⎜⎜

⎞

⎠
⎟⎟⎟

Thus, the theory suggests that a mass hierarchy might be originated from the presence of at
least two distinct breaking scales.

The splitting of Y into SM and new terms is almost trivial, in the sense that only the
mass Lagrangian of U and D quarks will contribute to the standard part. Notwithstanding, the
diagonalization matrices VL

U and VR
U, in order to consent with our recent Higgs phenomen-

ology, might strongly constrain the parameters of these new Higgs sector. In the universal
3-3-1HL, i.e. in the context of only β-independent processes, the exotic quarks Ji, for i=[1,
2], must mix through a similar pattern as the standard quarks.

4. Conclusions

In our brief presentation of the 3-3-1HL components, we aimed to arrange a detailed
separation between Standard terms and new physics in order to prepare a model integration.
In other words, we have focused on the task of select the totality of pieces that must compose
a set of effective operators generated at tree-and loop-level. It has been stressed the impor-
tance of the variable β to define a particle content and paid a special attention on an universal
context defined by the β-independent vertices. Since, in principle, there is not a strong reason
for a specific 3-3-1HL choice, we have claimed that the first step to test its original gauge-
structure is to consider those processes present in all possible variants of the model. In this
scenario the Yukawa sector, for example, is loop-supressed due to the exclusive presence of
exotic mixed terms6.

The work intended to be complementary to the review section of [1] and considered the
most general scalar self-interactions by including new β-specific allowed terms, as present in

6 Namely, by vertices in pairs of new fields.
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[22]. Finally, we concluded that the omission of these particular contributions is equivalent to
assume a discrete symmetry for the variant where 3b =∣ ∣ , leaving the theory in the pre-
sence of stable particles.
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