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Some integrals occurring in a topology change problem
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In a paper presented a few years ago, De Lorendl. showed, in the context of canonical quantum
cosmology, a model which allowed space topology changes. The purpose of this present work is to go a step
further in that model, by performing some calculations only estimated there for several compact manifolds of
constant negative curvature, such as the Weeks and Thurston spaces and the icosahedral hyperi§Blsspace
space.

PACS numbeis): 98.80.Hw, 02.40-k

[. INTRODUCTION In [1] the values of the functions, were only estimated
for two different compact manifolds, the Poincaledecahe-

A few years ago De Lorendit al.[1] presented a model dral spaceD?, of positive curvature, and the hyperbolic ico-
of quantum cosmology which allowed space topologysaedral spacé® (also known as Best spaceof negative
changes, having as the main idea the use of the “conditionaturvature; since there the authors claimed that “it is not pos-
probability interpretation” to establish selection rules for thesible to calculate th&;'s exactly” for these manifolds, the
possible changes of topology; the wave functions involved inmportance of the present work is in the exact calculation of
the process were of the type the functionsF, for several compact manifolds of constant

negative curvature, including the citégl
\P:\I’(a’ug!gi ¢):Ak(a1¢)e§Fk1 (1)

. . . . Il. SOME CALCULUS IN COMPACT MANIFOLDS
where o and B8 are appropriated canonical variables built

upon the more common set of spherical coordinate®,(¢), The functionsF,, such as presented in E@), are prob-
the scale factom and the curvaturé; & and ¢ are, respec- ably uncomputable since the specific form of the functions
tively, a dust field describing a “distribution of irrotational xo(0,¢;V3) are difficult, if not impossible, to determine;
dust particles” and a scalar field, both representing the mathowever, one can simply establish the following limits for
ter content of the model, and, is basically a numerical theF’s:

coefficient obtained by integration of certain functions con-

structed upon the “value’yq(8,¢;V°) of the radial coordi- sin 2\/EXmin< Fy sin 2\/E)(max

nate of the fundamental polyhedron’s boundary of the three- 77 2\/E ~ (al2mhm) =4am 2\/E )
dimensional manifold/3, of curvaturek, considered, written
explicitly as where xmin @and xmax are, respectively, the radii of the in-
scribed and circumscribed circumference of the fundamental
! sin 2vkxo( 6, ¢;V°) . cell of the manifold in consideration. |ri] the functionsy,
Fk—zﬁﬁmfvs 2k désinéde. (2 appear after performing an “integration with respect to the
variable y,” wusing as the interval of integration

The topology changes would occur at some valoéthe the  [0:Xo(6,¢;V®)]; so, in order to obtain a numerical value for
dust field, whera=a and =&, such that the conditional the functionsF, it is easy to see that one can start with the

probability of havingk=—1, 0 or +1 would be integral
. a
N V(k,a,¢)|? F =——f sitVky—cos Vky]dxdé sindde.
P.(K2. ) = [ ( )I__ K= 2mim )il Vkx Vkxldx ¢
> Wk .adl ®
K=ot Noticing now that
A2(a. d)eiFr
- A . (3 itk .

k'=0,x1
o is simply the element of the volume for the spatial part of a
So, whené— + o one has one of thB.(k|a, ¢) equal to one  Friedmann-Robertson-Walker metric, written in spherical
and the other two null, depending upon the valud-pf coordinates, there are two possible ways to proceed, one
plainer and the other a little more sophisticated; in both,
however, one needs to redefine the coordinates and limits of
*Email address: sancosta@ift.unesp.br the integration used. So, the next step consists in the use of
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C The easiest path of integration consists of simply making
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FIG. 1. Division of one face of the Weeks manifdiguadrilat- yvherev. is Fhe \{olume of the compact mapifo_ld Wherg the
eral area bounded by the segmented liriesseveral triangles; the ~INtegration is being performed. The remaining integral in the
triangles labeledBCD and BCD' form, when connected to the ight-hand side of the last equality must be done in the new
centerA of the fundamental polyhedron, the basis of one positiveSet Of cylindrical coordinateswhere the limits of integration
and one negative tetrahedron, respectively. Notice that the point for the particular case of negative curvatuke=(—1) are, in

not shown in the figure, belongs to a different plane. each tetrahedroh,
cylindrical coordinatesgd, ¢,z), related to the spherical co- 0=z=zy=d,g, 0= ¢<CBD, (10
ordinates §, 8, ¢) by means of the relations
and
cosyky = cosykp cos/kz,
. _sinhz
. . . @) 0=<p=<py(z,¢)=arctanhtanBAC ——|. (17
sinyky sin 6=sinvkp, cosg
or The integration in the coordinaje is easily done and gives
® finally
sirtvky
2 2 2
dx*+ —— —[d6*+siode?] Fa +fcéDd JdAB dz
: al2aim "7 o "Jo coshz
2 2 sin? Jkp 2
=dp +CO§\/Ede + K do”. (8 _
coS¢+tarf BAC
XIn — 12)
Now, one has the interval of integrati¢0,00(z, ¢:V3)] cos ¢ —tarf BAC sinlt z

for the coordinate; the expression fopy(z,¢;V3) is easily _ ) _
obtainable, since it is only a matter of using trigonometricalfom where numerical results can be obtained by plain nu-
identities in the plane, i.e., in the triangles that compose th@erical integration. . .
faces of each tetrahedron in which the fundamental polyhe- Notice that one could go a step further with analytical
dron can be dividedusing the following procedure: integration, making in Eq.12) the integration in the variable
For each face draw a geodesic line perpendicu|ar to |t,Z, yleldlng a formula for the volume of each tetrahedron of
connecting it to the centeX of the polyhedron, and crossing the manifold? and finishing with an expression fér_; con-
it or its plane in a poinB (this line AB gives the heighz of  Sisting of one single integral in the variabfe However, the
the tetraedro)’] for each edge draw a geodesic line perpenjntermediate results of this procedure are somewhat Iengthy,
dicular to it and connecting it to the poi of the face to and so, instead, one can start doing
which the edge belongs, crossing the edge or its extension in

a point C; complete the tetrahedron with one of the two ak
vertices of the edge, naming . Fe="— thmfv3[1—cot2\/Ex]dV
These steps will create some “negative” tetrahedra, cov-
ering also regions outside the polyhedron, and some “posi- a
tive,” covering only regions of the polyhedron, each one of == i kv + fvgvﬂwdv} (13

them having four right-angled triangles, one of which
(named her&CD) is the base of the tetrahedron; integration
on the compact manifold represented by the polyhedron is
the difference between the sums of the integrations on all of 2In the new set of coordinates the element of the volume to be
the positive tetrahedra and the integrations on all of the negaised is

tive tetrahedrgsee Fig. 1 dV=sinhp coshpdpdzdyp,

obtained from Eq(8).
3The trigonometric identities that lead to such a result are shown
'For more information on trigonometric identities in non- in the appendix at the end of this work.
Euclidean spaces one can see Rgfs:6]; [3] is a classical book of “The final result for the volume is presented in the last section of
cosmology with one section on spherical trigonometry. this work.
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TABLE |. Data for each manifold studied. TABLE Il. Summary of the results.

Manifold Volume Xmin Xmax Manifold F_i/(al2mhm) 27 sinh 2vyin 27 SINh 2xmax
Weeks 0.942707 0.519162 0.752470 Weeks 9.28474 7.76109 13.4518
Thurston 0.981369 0.535437 0.748538 Thurston 9.48385 8.09029 13.3355
mO036(—3,2) 2.029883 0.675646 1.014814 mO036(—3,2) 13.4897 11.3208 23.4987
m016(—4,3) 2.343017 0.691286 0.895576 mO016(—4,3) 14.5526 11.7314 18.3142
mO036(—2,3) 2.568971 0.726205 0.895576 mO036(—2,3) 15.3167 12.6901 20.6181
Best 4.686034 0.868298 1.382571 Best 21.4948 17.2847 49.6976
v3469(+3,1) 5.137941 0.808931 1.45241 ©v3469(+3,1) 22.5418 15.2178 57.1996

where V# is a vector satisfying the first-order differential This procedure can be used also to give the volume of each
equation tetrahedron, which allows one to write, in the case of nega-
tive curvature,

V,V#=(a,+T" )W+=—kcot Jky. (14)

This equation has, in principle, several solutions; if one as-
sumes, quite arbitrarily, that in spherical coordinaéésis a

vector with only a radial component and that all constants of
integration appearing in the solution of the differential equa-

tion can be set equal to zero, one obtains as a solution, i¥here zy=dxg; this result is the same one would obtain
spherical coordinates, from plain integration of Eq(12), validating therefore the

assumptions made in the choice of the solution\fér

F, JCED de | \/ cofe+tar? BAC

- = n ~ )
al2zmhm Jo  cothzy coge—tarf BAC sinlt z,
(18)

1
X—= — —
v 2[‘/EC°t‘/EX+kX csé vk IIl. NUMERICAL RESULTS
® 2.3 To obtain numerical results the data—volumes and coor-
1 kex . ; .
== o (15 dinates of all vertices for several hyperbolic compact
X =1 (kx*—m/7) manifolds—contained in the literature were us@sge, for

. _ instance,[9] and [10]) together with those of the software
where the last equality shows clearly the behavior of thegyappe£ [11]; part of the data used are presented in Table .
solution whenk=0. This result permits the use of Stokes’s The manifolds chosen present in some way a degree of sym-
theorem(8] to make metry which simplified the calculus, but, in principle, the
approach followed can be used to any compact manifold. All
_f kcotz\/EXdV=f 9,,VAn'dA, (16)  results are presented in Table Il where they are compared
v3 S=av3 with estimates done as ifl]; the result obtained for the

) Weeks manifold was used [i12].
wheren” is a vector normal to the boundagyof the funda-
mental cell of the compact manifold®, obeying the con-
straintn®n,=1.

In the procedure presented here the faces of the funda- There are several formulations of quantum cosmology
mental polyhedron that represents a compact manifold apand the intention of this work is to shed some new light on a

pear, by construction, as surfaces of constaatiowing one  particular one, showing that the wave functions built by the

IV. CONCLUSION

to use as an element of area procedure of 1] present a dependence on the volume of the
compact manifold in consideration; aside that, such wave

_ Sin\/Epd q functions have an additional dependence onsthegpeof the
- Jk pue: 17) fundamental cell of the manifold, due to a surface term that

does not appear in several other models.

To finish, it is also interesting to notice that the results
presented here, though of specific relevance for a particular
model of quantum cosmology, can be seen in a more gener-
alized context, since this work presents a method that allows
one to easily calculate the volume of the fundamental poly-

Finally, to carry out the integration the vecté¥ must be
written in cylindrical coordinates; only the componevit
=VX9,z, normal to the base of the tetrahedron, is important

SHere the identity used is

i cséz + T Cotf - E :2 ; ®snAPPEAIS an electronic catalog of thousands of hyperbolic com-
4? o moAm oM 2 @5 (1-KPnd)? pact manifolds, each one of them identified by volume and a code
found as Eq(1.423 of Ref.[7]. such asm036(—3,2).
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hedron of a compact manifold. Explicitly, for the particular 96/0052-3 of the Fundao de Amparo &esquisa do Estado
case of negative curvature, the volume of each tetrahedron ite S@ Paulo(FAPESB; the author is also deeply grateful

which the fundamental polyhedron can be divided is for the help of R.G. Teixeira and Professor Helio
V. Fagundes.
jcéo de
0= T
0 2 APPENDIX: TRIGONOMETRIC IDENTITIES
arctanlﬁtanhzo\/l+se@<ptanzBAC] In the non-Euclidean geometry the trigonometric identi-
X = —-Zy, ties valid for a triangleX'Y Z, with right anglez, of sidesx, y,
\/ 1+selptarf BAC and hypotenuse are[4]
(19
where agairgo=dag; alternatively, sinY= sinvky_ cosY = tanvkx, tanY = tan\/Ey.
sinvkz’ tanvkz' sinvkx
JdAB dz (A1)
v o 2
. - @ _y Using the second identity in the right-angled trianBI€D,
" arctanfitanCBD (cof’ BACcsctf z—1) 7] of right angleC, and the third one in the right-angled triangle
\/ Y 25 ' ABC, of right angleB, one can write, for the tetrahedron
cof BACescit 2—1 ABCD built as in Sec. II,
(20)

tanykdge  tanBACsinykdag

tanvkp  tanJkp

These results must be compared with the more traditional
ones given in4], [5], and[6].

cosCBD = cosg=

(A2)
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