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2 Astronomy Unit, Queen Mary and Westfield College, University of London, Mile End Road, London E1 4NS, UK

Received 15 May 1996 / Accepted 22 July 1996

Abstract. Analytical models for studying the dynamical be-
haviour of objects near interior, mean motion resonances are
reviewed in the context of the planar, circular, restricted three-
body problem. The predicted widths of the resonances are com-
pared with the results of numerical integrations using Poincaré
surfaces of section with a mass ratio of 10−3 (similar to the
Jupiter–Sun case). It is shown that for very low eccentricities
the phase space between the 2:1 and 3:2 resonances is predom-
inantly regular, contrary to simple theoretical predictions based
on overlapping resonance. A numerical study of the ‘evolution’
of the stable equilibrium point of the 3:2 resonance as a function
of the Jacobi constant shows how apocentric libration at the 2:1
resonance arises; there is evidence of a similar mechanism being
responsible for the centre of the 4:3 resonance evolving towards
3:2 apocentric libration. This effect is due to perturbations from
other resonances and demonstrates that resonances cannot be
considered in isolation. On theoretical grounds the maximum
libration width of first-order resonances should increase as the
orbit of the perturbing secondary is approached. However, in
reality the width decreases due to the chaotic effect of nearby
resonances.
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1. Introduction

The well-documented preference for commensurability be-
tween the orbital periods of solar system objects (Roy & Oven-
den 1954) shows the importance of resonant phenomena in the
dynamical evolution of the solar system. The existence of a
mean motion resonance between a pair of objects can lead to a
repeating geometrical configuration of the orbits which guaran-
tees stability. Even if the resonance is not exact, there is still the
possibility of stable librational motion around an equilibrium
point. Therefore it is important to have an understanding of the
dynamics of resonance and to develop analytical models which
accurately reflect the true nature of resonant interactions.

In this paper we consider the dynamics of resonance in the
context of the planar, circular, restricted three-body problem.
This is, perhaps, the simplest dynamically meaningful problem
that exhibits the various phenomena associated with resonance,
including regular and chaotic motion. In the current paper we
are particularly interested in the motion of the test particle in
the vicinity of the major first-order interior resonances. One of
the greatest advantages of the circular restricted problem is that
the existence of an integral of the motion (the Jacobi constant)
allows us to study such behaviour by means of a Poincaré sur-
face of section. The circular problem also has the advantage of
simplifying the various analytical models.

The main aim of this paper is to review, clarify and test
the various analytical models that have been used in the study
of interior first-order resonances. The validity of each model
is tested against the results of numerical integrations of the full
equations of motion. One analytic attempt to study resonant mo-
tion uses the pendulum approximation (see Dermott & Murray
1983). This is the ‘ideal resonance problem’ and it is based on
the assumption that the particle is sufficiently close to the reso-
nant location given by the exact commensurability of the mean
motions. We show that this assumption requires that the or-
bital eccentricity of the particle is sufficiently large. The study
of resonances for small eccentricities usually follows another
model based on Andoyer’s Hamiltonian, also called the ‘sec-
ond fundamental model of resonance’ (Andoyer 1903, Henrard
& Lemaı̂tre 1983). In this model the particle does not necessar-
ily have to be close to the nominal resonant position; the only
restriction is that the eccentricity has to be small. Therefore,
the problem can be divided into two classes depending on the
eccentricity of the particle’s orbit. We are particularly interested
in the effects of small eccentricity on the location and size of
the resonant libration regions, and the stability of nearly circular
orbits. We follow the evolution of the libration regions associ-
ated with the 2:1, 3:2 and 4:3 interior resonances, comparing the
results of full numerical integration with those predicted from
the analytical models.

The current paper represents one part of Project CRISS-
CROSS (Chaotic Regions of the Inner Solar System – Chaotic
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Regions of the Outer Solar System). The ultimate goal of this
project is to understand the location and origin of chaotic re-
gions of the phase space of the solar system. We have already
carried out extensive numerical integrations of the planar, circu-
lar, restricted three-body problem and mapped out a large part
of the phase space interior to the orbit of the secondary mass
(Winter & Murray 1994a). A similar study for exterior motion
has also been carried out (Winter & Murray 1994b). In each case
we used a secondary/primary mass ratio of 10−3, similar to that
of the Sun–Jupiter system. We have already discussed some of
the preliminary results of this work relating to the surface of
section method and the Liapunov characteristic exponent (Win-
ter & Murray 1995, 1996a). In the current study we make use
of the numerical results from Winter & Murray (1994a,b) in
order to compare the different analytical approaches to interior,
first-order resonance. A companion paper (Winter & Murray
1996b) examines the case of first-order, exterior resonances;
future papers will discuss other phenomena.

In Sect. 2 we describe the planar, circular restricted three-
body problem and present an analysis of the variation of the
orbital elements of the test particle near a resonance. This ap-
proach leads to a discussion of the pendulum model (Sect. 3) and
its predictions of resonance width. A Hamiltonian approach to
the resonance problem is presented in Sect. 4 and the problem is
considered for large and small values of the particle’s eccentric-
ity. The results of the numerical integrations and the comparison
with theory are given in Sect. 5. In Sect. 6 we present the results
of a series of numerical integrations at the 2:1 interior resonance.
These illustrate the various phenomena discussed elsewhere in
the paper. A summary of our conclusions is presented in Sect. 7.

2. Variation of the orbital elements

The planar, circular restricted three-body problem consists of
two bodies — a primary or central body (of mass m1), a sec-
ondary or perturbing body (of mass m2), both moving in circular
orbits about their common centre of mass, and a test particle
moving under the gravitational effect of the other two masses
without affecting their motion.

If the particle has position vector (x, y) and velocity vector
(ẋ, ẏ) then the equations of motion in a uniformly rotating frame
with the x-axis lying along the primary–secondary line are given
by

ẍ − 2ẏ − x = −m̄1
x + m̄2

r3
1

− m̄2
x − m̄1

r3
2

(1)

ÿ + 2ẋ − y = −
(

m̄1

r3
1

+
m̄2

r3
2

)
y (2)

where the constants m̄1 and m̄2 are the reduced masses given by
m̄1 = m1/(m1 + m2) and m̄2 = m2/(m1 + m2), and the squares
of the distances of the test particle from the centre of mass and
the two masses are given by r2 = x2 + y2, r2

1 = (x + m̄2)2 + y2

and r2
2 = (x − m̄1)2 + y2, respectively. In this system of units

m̄1 + m̄2 = 1 and the origin is at the centre of mass of the
system. The constant separation of the two masses is taken to

be the unit of distance and the angular velocity of the rotating
frame is taken to be unity; this is also the mean motion of either
mass about the centre of mass. Consequently the orbital period
of the secondary is 2π time units.

In the restricted problem neither the orbital energy nor the
angular momentum are conserved since the test particle does
not affect the motion of the other two bodies. However, the
dynamical system still has an integral of the motion, the Jacobi
constant, given by

CJ = x2 + y2 + 2

(
m̄1

r1
+

m̄2

r2

)
− ẋ2 − ẏ2. (3)

The structure of the phase space of this dynamical system is
mainly determined by resonant phenomena. In such situations
there is a commensurability between the mean motion of the
particle, n, and the mean motion of the secondary mass (the
perturber), n′, such that (p + q)n′ ≈ pn, where p and q are
integers. In this case the particle and the perturbing mass are said
to be close to the p+q : p mean motion resonance and q is called
order of the resonance. In this paper we are concerned with the
q = 1 (first-order) resonances interior to the perturber (i.e. n >
n′). We can study the orbital evolution of the test particle by
direct numerical integration of the equations of motion given
above, making use of the Jacobi constant to generate Poincaré
surfaces of section.

An analytical understanding of the evolution can be achieved
by considering the variation of the orbital elements. In the re-
mainder of this section we carry out a simple analysis of the
variation of the orbital elements using Lagrange’s planetary
equations. The equations for the time variation of the semimajor
axis, a, the mean motion, n, the eccentricity, e, the longitude of
pericentre, $, and the mean longitude at epoch, ε are given by

ȧ =
2

na
∂R
∂λ

(4)

ṅ = − 3
a2

∂R
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(5)

ė = −
√
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na2e
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√
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−
√
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(6)
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√

1− e2

na2e
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(7)

ε̇ = − 2
na

∂R
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+
√

1− e2

na2e

(
1−

√
1− e2

) ∂R
∂e

(8)

(see, e.g., Brouwer & Clemence 1961) where λ =
∫

n dt + ε
is the mean longitude and R is the perturbing potential ex-
perienced by the particle due to the mass m2. In keeping with
our notation for orbital elements, primed quantities refer to the
perturber and unprimed quantities refer to the particle. Hence
m′ = m2 is the mass of the perturber and we define M = m1 to
be the mass of the central object.

It can be shown that the term associated with the resonant
angle ϕ = j1λ′ + j2λ+ j3$ (where j1, j2 and j3 are integers) is
given by

R = (−1)j3 G m′

a′
f (α)e|j3| cosϕ (9)
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Fig. 1. Curves of constant Jacobi constant in a–e space for a particle
at pericentre at inferior conjunction The values of the Jacobi constants
are 3.040, 3.120 and 3.222. Note that for a fixed value of ∆e, the
corresponding value of ∆a decreases as e decreases.

where G is the universal gravitational constant, f (α) is a func-
tion of α = a/a′ and we have included only the lowest order
term in e (Dermott & Murray 1983).

If the resonant term in the disturbing function is considered
to dominate and we neglect all other terms, we can substitute
the partial derivatives of R in Lagrange’s equations to obtain

ȧ = −2j2C ae|j3| sinϕ (10)

ṅ = 3j2C ne|j3| sinϕ (11)

ė = C e|j3|−1
√

1− e2
{

j3 + j1
(

1−
√

1− e2
)}

sinϕ (12)

$̇ = |j3|C e|j3|−2
√

1− e2 cosϕ (13)

ε̇ = |j3|C e|j3|−2
√

1− e2
(

1−
√

1− e2
)

cosϕ (14)

where, using Kepler’s third law,

C = (−1)j3 (m′/M)nαf (α). (15)

Note that for these purposes we have assumed a to be a con-
stant such that there is no contribution from the first term in the
equation for ε̇.

D’Alembert’s rule requires that the sum of the coefficients
of angles of longitude inϕmust be zero. A resonance of the form
(p + q)n′ ≈ pn can be studied by selecting a resonant angle ϕ
with j1 = (p + q), j2 = −p and j3 = −q. Thus |j3| is the order
of the resonance. Hence, from Eqs. (10–14), it can be seen that
for resonances of order 2 or greater, all terms involving negative
powers of the eccentricities disappear. Therefore the effects of
low eccentricity are only important for first-order resonances.

In the case of interior, first-order resonances the resonant
angle has the formϕ = jλ′+(1− j)λ−$ (i.e. j1 = j, j2 = 1− j,
j3 = −1) and it can be shown that

f (α) = jb(j)
1/2 +

α

2

db(j)
1/2

dα
(16)

(Murray & Harper 1993) where b(j)
1/2 is a Laplace coefficient

which can be calculated numerically by evaluating a hypergeo-
metric function (as a series in α) or by using

b(j)
1/2(α) =

1
π

∫ 2π

0

cos jθ dθ
(1− 2α cos θ + α2)1/2

. (17)

In our case, j = 2 corresponds to the 2:1 resonance, j = 3 to
the 3:2 resonance, etc.

Including terms up to first order in e, Lagrange’s equations
for motion near a first-order resonance become

ȧ = −2(1− j)C ae sinϕ (18)

ṅ = 3(1− j)C ne sinϕ (19)

ė = −C sinϕ (20)

$̇ = C
1
e

cosϕ (21)

ε̇ = C
e
2

cosϕ (22)

From the above equations we can deduce some of the prop-
erties of motion near first-order resonances for the special case
of small eccentricities:
– a is almost constant since ȧ is linearly dependent on e; con-

sequently C is also nearly constant, justifying our previous
assumption.

– ė is independent of e, so it is a factor ∼ 1/e larger than ȧ.
– $̇ is large for near circular orbits.
– ε̇ is small, implying that ε is almost constant for near circular

orbits.
– ȧ and ė have opposite signs; therefore, when a is increasing

e is decreasing and vice-versa.
The rate of variation of the orbital elements given in Eqs. (18–
22) involves the sine or cosine of the resonant angle, ϕ. The
coefficients of these functions give the maximum variation for
each orbital element. For small eccentricities the maximum vari-
ation of e is almost constant while the maximum variation of a
decreases as e decreases. This analysis can also be visualised
with the help of contour plots of the Jacobi constant in the a–
e plane for a fixed value for $. Fig. 1 shows such plots for a
particle at pericentre at inferior conjunction covering the range
of semimajor axis and eccentricity of interest. Note that since
the unit of distance is defined by a′ = 1, a and α = a/a′ are
identically equal.

In Fig. 1 the particle was chosen to be at pericentre at inferior
conjunction because this is the configuration that is expected to
give rise to the largest change in a and e. Although $ changes
rapidly at low e, it can be shown that the curve in the a–e space
does not change significantly for different values of $. There-
fore, it is reasonable to assume that the changes in a and e will
have to be such that the (a, e) point remains on the curve defined
by the relevant Jacobi constant for a fixed $. From Fig. 1 we
can see that for equally spaced intervals of the eccentricity, ∆e,
the corresponding intervals of semimajor axis, ∆a vary such
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Fig. 2. Phase space of a pendulum-like system. The separatrix (dashed
line) passing through the unstable point B is the boundary between
the librational motion (closed curves) about the stable point A and the
region of circulation (continuous curves).

that as e decreases ∆a also decreases and a can reasonably be
assumed constant at very low values of e.

An exact resonance exists where the time derivative of a
particular resonant argument is identically equal to zero. For a
general argument this occurs where

ϕ̇ = j1n′ + j2(n + ε̇) + j3$̇ = 0 (23)

and at this location the resonant angle ϕ is stationary. If the ε̇
and $̇ in Eq. (23) are neglected, resonance occurs at the exact
commensurability of the mean motions with j1n′ + j2n = 0,
where j1 and j2 have opposite sign. We refer to this as the nominal
location of the resonance. Therefore, from Kepler’s third law,
the semimajor axis of the nominal resonance is given by

anom = (−j2/j1)2/3a′. (24)

We have seen that for first-order resonances with small ec-
centricity ε̇ is small and can still be neglected. However, $̇ is
large and has to be included in the determination of the location
of the exact resonance. In this case the resonant semimajor axis
is shifted from the nominal position due to the $̇ contribution
in Eq. (23). The sign of $̇ determines whether the resonant
semimajor axis is larger or smaller than the nominal one. For
interior, first-order resonances f (α) > 0 and C < 0. Hence
$̇ < 0 for ϕ = 0 and the resonant semimajor axis is smaller
than the nominal value. Conversely, $̇ > 0 for ϕ = π, and the
resonant semimajor axis is larger than the nominal value.

The equation of motion of the first-order resonant argument
ϕ is obtained by taking its second time derivative:

ϕ̈ = j2ṅ + j2ε̈ + j3$̈ (25)

where, for a general resonance,

ε̈ = j3C
(
∂F(e)
∂e

ė cosϕ− F(e)ϕ̇ sinϕ

)
(26)

$̈ = j3C
(
∂G(e)
∂e

ė cosϕ− G(e)ϕ̇ sinϕ

)
(27)

with

F(e) = e|j3|−2
√

1− e2
(

1−
√

1− e2
)

(28)

G(e) = e|j3|−2
√

1− e2 . (29)

Note that the contribution due to ε̈ and $̈ can be neglected
in almost all cases since they are a factor m′/M smaller than ṅ
(m′/M ≈ 10−3 for the Jupiter-Sun system). Note that the second
term on the right-hand side of the ε̈ and $̈ equations (Eq. (26,27))
have the same powers of m′/M as ṅ but they are multiplied
by ϕ̇ which is small near the resonant position. However, for
first-order resonances with small e, $̈ is inversely proportional
to e, and the $̈ cannot be neglected. In order to find all the
possible values of a and e for which a resonant argument is
librating and therefore in resonance, Dermott & Murray (1983)
considered the cases of small and large e using the pendulum
approximation. In the next section we follow their work and
apply the resulting model to the 2:1, 3:2 and 4:3 resonances.

3. Pendulum model

For first-order resonances with large eccentricity (e ≥ 0.15) and
for any higher order resonance, Eq. (25) can be well approxi-
mated by including just the lowest order terms in the m′/M,
giving

ϕ̈ = 3j2
2ne|j3|C sinϕ . (30)

This corresponds to a simple pendulum equation (cf. ϕ̈ =
−w2

0 sinϕ) when n, e and C are assumed to be constant. The
various types of motion of ϕ can be visualized from the well
known topology of the phase space of the pendulum (see Fig. 2).
The phase space has two equilibrium points, one (A) is stable,
and the other (B) is unstable. The types of motion can be clas-
sified as either libration or circulation. The division is made by
the trajectory that passes through the unstable equilibrium point
(dashed line in Fig. 2); this is the separatrix. Trajectories within
the separatrix exhibit libration. In such trajectories the resonant
angle ϕ oscillates (ϕ̇ changes sign periodically), and the ampli-
tude of oscillation is less than 2π. For the trajectories outside
the separatrix ϕ exhibits circulation. In this case the variation
of ϕ̇ has a fixed sign such that ϕ is always increasing (ϕ̇ > 0)
or decreasing (ϕ̇ < 0).

The maximum libration of ϕ determined by the separatrix
gives the boundaries of all the values of a and e for which the
trajectory is said to be in resonance. By finding the energy in-
tegral for the separatrix, given by the energy at the unstable
equilibrium point, and comparing it with the time derivative of
ϕ one can find the maximum deviation of mean motion from the
nominal value nnom, given by the exact commensurability of the
mean motions (nnom = (−j1/j2)n′). From Dermott & Murray
(1983) this is

δn = ±
√

12n|C |e|j3| = ±
√

12G m′|f (α)|e|j3|
a′a2

. (31)
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Fig. 3. Maximum libration regions in (a, e) space derived using the
pendulum approach for the 2:1, 3:2 and 4:3 resonances. The dashed line
is the libration width derived by neglecting the pericentre contribution;
the solid line includes the pericentre contribution. The locations of
the nominal resonant semimajor axes are indicated at the top of the
diagram.

For first-order resonances with low e the $̈ contribution
becomes important; from Eq. (27) it can be approximated by

$̈ =
C 2

2e2
sin 2ϕ− C

e
(jn′ + (1− j)n) sinϕ . (32)

Hence Eq. (25) becomes

ϕ̈ =
{

3(1− j)2enC +
C
e

(jn′ − (1− j)n)

}
sinϕ

− C 2

2e2
sin 2ϕ .

(33)

This equation can be considered as a modified pendulum equa-
tion. By finding the energy integral of the separatrix (given by
the energy at the unstable equilibrium point) and making use of
ϕ̇, the maximum change in n is found to be (Dermott & Murray
1983)

δn = − |C |
3(1− j)e

±
√

12|C |ne

(
1 +

|C |
27(1− j)2e3n

)
= − (m′/M)nα|f (α)|

3(1− j)e
± [12(m′/M)n2α|f (α)|e]1/2

×
[

1 +
(m′/M)α|f (α)|

27(1− j)2e3

]1/2

. (34)

The first term on the right-hand side of Eq. (34) represents a
shift in the location of the exact resonance; this must occur
when the average of $̇ is non-zero. The second term is the
maximum variation in n that can occur, including the effect of
a low eccentricity pericentre variation. From Kepler’s third law
the corresponding variation in semimajor axis, δa, is given by

δa = −2a
3n

δn . (35)

Therefore, for a given first-order resonance and eccentricity
the maximum libration in semimajor axis can be found from

Eq. (35) and Eq. (31) (if the pericentre variation can be ne-
glected) or Eq. (34) (if e is small and there is a pericentre con-
tribution). We have computed these variations for the 2:1, 3:2
and 4:3 resonances, and the results are shown in Fig. 3. For
each resonance a different maximum value of eccentricity was
considered during the computations due to the problem of con-
vergence of the disturbing function for larger values of e. The
dashed lines in Fig. 3 show the parabolic shape resulting from
neglecting the effects due to small e (i.e. using Eq. (31)). Note
that with this approach there is no overlap of the libration re-
gions for low e. This is not the case when Eq. (34) is used (the
solid lines in Fig. 3). For small eccentricity (e ≤ 0.02) the plot
appears to imply that any value of a would place the particle
in the libration region of all three resonances and consequently
there would be overlap in the (a, e) plane for all these first-order
resonances. The overlap of resonances is generally used as a
criterion for the onset of chaotic motion (Chirikov 1979). In the
overlap region the particle would have to be librating simultane-
ously in two different resonances leading to chaotic behaviour.
Note that the difference between the two approaches shown in
Fig. 3 only occurs for eccentricities smaller than 0.1. In fact,
as we show below, the region of low e is not associated with
simultaneous libration in several resonances.

4. Hamiltonian approach

Another common approach to the resonance problem is to use a
Hamiltonian treatment. This has the advantage of using canon-
ical variables and making transformations that can simplify the
underlying dynamics of the problem. On the other hand, succes-
sive transformations can make it difficult to visualise the effect
of the resonance on the orbital elements. In terms of the Delau-
nay canonical elements (see, e.g., Brouwer & Clemence 1961)
the Hamiltonian for the planar, circular, restricted three-body
problem is given by

H = − µ2
1

2L2
−R (36)

where µ1 = G M, and L =
√
µ1a is the momentum canonical

to the mean anomaly, l. The first term on the right-hand side
of the equation corresponds to the two-body Hamiltonian and
the second term is the complete disturbing function due to the
perturber. R can be written as

R = µ2

∞∑
i=0

∞∑
j=−∞

K (i,j) cos(il + j(t − g)) (37)

where µ2 = G m′, g is the longitude of periapse (in the planar
problem) and is conjugate to the momentum, G = L

√
1− e2,

and K (i,j) is a function of L and G.
A resonance occurs when one of the cosine arguments in the

disturbing function is nearly stationary. This means that there
is a commensurability of frequencies of the system. Since the
Hamiltonian is time dependent, the equation for the resonance
condition has the form

(p + q)l̇(L,G)− p {1− ġ(L,G)} = 0 (38)
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where p and q are integers and the frequencies l̇ and ġ are given
by Hamilton’s equations neglecting all the periodic terms of the
Hamiltonian (Eq. (36)). Hence

l̇ ≡ ∂

∂L

(
− µ2

1

2L2
− µ2K (0,0)(L,G)

)
(39)

ġ ≡ ∂

∂G

(−µ2K (0,0)(L,G)
)
. (40)

Poincaré (1902) was the first to study motion in the vicinity
of a resonance in the restricted three-body problem by means
of a Hamiltonian without any perturbing terms other than the
resonant ones. This Hamiltonian is also called the zero-order
resonance Hamiltonian. In order to reduce the degrees of free-
dom of the Hamiltonian, we perform a canonical transformation
to the Poincaré resonance variables,

φ = l + g − t (41)

/υ = (p + q)l − p(t − g) (42)

via the generating function

F = {(p + q)l − p(t − g)}Ψ + (l + g − t)Φ . (43)

Note that /υ has the same form as the resonance variable ϕ used
previously. The respective conjugate momenta are

Φ = ((p + q)G − pL)/q (44)

Ψ = (L − G)/q . (45)

In terms of the orbital elements, these can be written as

Φ =
√
µ1a

{
(p + q)

√
1− e2 − p
q

}
(46)

Ψ =
√
µ1a

{
1−√1− e2

q

}
. (47)

Hence the new Hamiltonian, H ′ can be written as

H ′ = H +
∂F
∂t

= − µ2
1

2(Φ + (p + q)Ψ)2
−pΨ−Φ−R(48)

where R is to be written in terms of the new variables. Note
that H ′ is explicitly time independent and is thus a constant of
the motion.

In terms of the Poincaré variables /υ is the resonant argument
and the resonance condition is

/̇υ =
∂

∂Ψ

{ −µ2
1

2(Φ + (p + q)Ψ)2
− pΨ− Φ− µ2K (0,0)

}
= 0

(49)

The term µ2K (0,0) is a secular term. Since it only serves to shift
the position of the resonance by a quantity of order µ2, it can
be ignored.

The zero-order resonance Hamiltonian must contain all
those terms with nearly stationary arguments, i.e., those inde-
pendent of φ. Let

Ki = K (i(p+q),−ip) (50)

and set q = 1 to consider just interior, first-order resonances.
Ignoring Ki for i /= 1 (i.e. ignoring all arguments which are
multiples of the resonant one), and changing p + q to j1 to be
consistent with our previous notation, the zero-order resonance
Hamiltonian can be written as

H 0
j11 =

−µ2
1

2(Φ + j1Ψ)2
− (j1 + 1)Ψ− Φ− µ2K1 cos /υ (51)

Since this Hamiltonian is independent of φ, Φ is also a con-
stant of the motion. The contours of constant H0

j11 on surfaces
of constant Φ have been studied many times (see, for exam-
ple, Message 1966 and Wisdom 1980). For a given resonance
there are usually two critical values of Φ which separate qual-
itatively different types of contours. Fig. 4 illustrates the con-
tours of these different regions using the Cartesian coordinates
ξ =

√
2Ψ sin /υ and η =

√
2Ψ cos /υ. In this coordinate system

the radial distance is directly proportional to e. The stable and
unstable equilibrium points are marked by a ‘•’ and a ‘◦’ re-
spectively. Though all the contours are symmetric about ξ = 0,
it is not obvious from the form of the Hamiltonian that all the
equilibrium points lie on the ξ axis. That this is in fact the case
for the interior region (a < 1) was shown by Message (1958).
The regions in which /υ librates are shaded.

For Φ < Φ1 there is only one equilibrium point for which
/υ = 0, and only one libration region (see Fig. 4(a)). The libra-
tion and circulation regions are separated by the contour which
passes through the origin. This contour crosses the η axis again
at ηmax =

√
2Ψmax, where Ψmax is defined by

H 0
j11(Φ,Ψ = 0) = H 0

j11(Φ,Ψmax, /υ = 0) . (52)

As Φ is increased to Φ1, a cusp appears (Fig. 4(b)) which
then bifurcates into a stable and an unstable point for Φ > Φ1.
At this stage there are now two libration regions: one about
/υ = 0 and the other about /υ = π.

The interval is further subdivided by Φ2, which is the value
of Φ when the separatrix passes through the origin. For Φ1 <
Φ < Φ2 the libration region about /υ = π is defined by the
separatrix while the libration region about /υ = 0 is defined by
the contour that passes through the origin (see Fig. 4(c)).

For Φ2 < Φ <
√
µ1 the libration region about /υ = 0 is

defined by the separatrix while the libration region about /υ = π
is defined by the contour that passes through the origin (see
Fig. 4(d)). Wisdom (1980) also found another bifurcation for
Φ >

√
µ1. However, these values of Φ are not relevant to the

present study and will not be considered further.
A diagram of the equilibrium points in terms of η for dif-

ferent values of Φ is shown in Fig. 5. Note that the two distinct
branches of stable equilibrium points are asymptotic to η = 0
and hence, since ξ = 0 at an equilibrium point, never correspond
to e = 0.

In order to locate and measure the region of libration about
/υ = 0 in terms of a and e for particles that start at pericentre on
the line of inferior conjunction, we adopt the procedure used by
Wisdom (1980). Given particular values of a0 and e0, the values
of Φ0 and Ψ0 are calculated using Eqs. (46) and (47). The test
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Fig. 4a–d. Contours of constant Hamiltonians plotted in terms of ξ =
√

2Ψ sin /υ and η =
√

2Ψ cos /υ for different ranges of Φ (see text). The
stable and unstable equilibrium points are denoted by • and ◦, respectively. The shaded areas show the libration regions. The relevant values of
Φ are: a Φ < Φ1. b Φ = Φ1. c Φ1 < Φ < Φ2. d Φ2 < Φ <

√
µ1.

Fig. 5. Diagram of the value of η for the stable and unstable equilibrium
points for the Hamiltonian given by Eq. (51) for the 4:3 resonance. The
shape of the curves in this diagram is similar to that for other first-order
resonances.

for resonant libration about /υ = 0 is as follows: If Φ0 < Φ2,
then /υ librates if Ψ0 < Ψmax(Φ0), where Ψmax is defined by
the contour which passes through the origin; if Φ0 > Φ2 then
/υ librates if Ψmin(Φ0) < Ψ0 < Ψmax(Φ0), where Ψmin and
Ψmax are defined by the contour that passes through the unstable
equilibrium point. Fig. 6 shows the results of such computations
for the 2:1, 3:2 and 4:3 resonances using µ2 = 10−3.

For e < 0.02 the libration regions are broad and there is
an overlap at most semimajor axes. At first glance this phe-
nomenon seems to be similar to that shown in Fig. 3 (solid
lines) although, in fact, each has a completely different origin.
This will be discussed in more detail in Sect. 5. For analytical
studies of the motion the Hamiltonian considered in Eq.(51) is
usually simplified in two different ways depending on the or-
bital eccentricity of the particle. In the following subsections
we study the two approaches.

Fig. 6. Libration regions in (a, e) space using the Hamiltonian given by
Eq. (51) for the 2:1, 3:2 and 4:3 resonances with libration about /υ = 0.
The location of the nominal resonant semimajor axes are indicated at
the top of the diagram.

4.1. Large eccentricity

For relatively large eccentricities (e ≥ 0.15), the pendulum
model is usually considered. This is based on the assumption
that the system is close to the nominal resonant position, given
by the resonance condition. Therefore, it is possible to make
some approximations in the Hamiltonian (Eq. (51)). These are
(i) that K1(Φ,Ψ) is sufficiently well approximated near the res-
onance by K1(Φ,Ψres), where Ψres is defined implicitly by the
resonance condition, and (ii) that the first three terms of the
Hamiltonian (on the right-hand side of Eq. (51)) are sufficiently
well approximated by the quadratic terms in its Taylor series
expansion about Ψ = Ψres. In these circumstances Eq. (51) can
be approximated as

H ∗(Ψ∗, /υ) = A0 + A1Ψ∗ + A2Ψ∗2

+ B0 cos /υ (53)

where

Ψ∗ = Ψ−Ψres (54)

and A0, A1, A2 and B0 are constants given by
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Fig. 7a–d. Poincaré surfaces of section for a
CJ = 3.040, b CJ = 3.044, c CJ = 3.049
and d CJ = 3.052. The single points in-
side the islands, represented by× and named
S2:1, S3:2 and Sfirst , are used to show the loca-
tion of the stable fixed points for the 2:1 and
3:2 resonances and the periodic orbit of the
first kind, respectively. The location of the
e = 0 point (i.e. zero osculating eccentricity
at t = 0) is denoted by + when it is in a loca-
tion different from Sfirst . The largest islands
around each of the points are the furthest
regular orbits associated with them, giving
the boundary of each family of regular or-
bits. In the case of the resonances shown in
(a), (b) and (c) these islands correspond to
the actual maximum amplitude of libration
around a pericentric position.

A0 =
−µ2

1

2(Φ + j1Ψres)2
− (j1 + 1)Ψres − Φ

= − µ1

2ares
−
√
µ1ares(1− e2

res) (55)

A1 =
j1µ2

1

(Φ + j1Ψres)3
− (j1 + 1)

= −(j1 + 1) + j1

√
µ1

a3
res

= 0 (56)

A2 =
−3j2

1µ
2
1

2(Φ + j1Ψres)4
= − 3j2

1

2a2
res

= const. (57)

B0 = −µ2K1(Ψres,Φ) = −µ2f (αres)eres = const. (58)

and, since we are taking a′ = 1, we have αres = ares. Note that
A1 = 0 because this is the resonance condition. The level curves
of this Hamiltonian are then explicitly

Ψ = Ψres ±
{

H ∗ − A0 − B0 cos /υ

A2

}1/2

. (59)

The contours that form the boundary of the libration region,
the separatrices, are given by

Ψsep = Ψres ±∆Ψ cos
/υ

2
(60)

where the resonance half-width, ∆Ψ, is defined by ∆Ψ =
(2B0/A2)1/2. This result is similar to that obtained for the pen-
dulum approach in Sect. 3 and hence a plot of the phase space

would be similar to that given in Fig. 2 and an a–e plot of the
maximum libration would be similar to the dashed line plots
given in Fig. 3.

4.2. Small eccentricity

For small eccentricities, e ≤ 0.15, the second fundamental
model of resonance (Henrard & Lemaı̂tre 1983) is commonly
adopted; Hamiltonians of this kind were first used by Andoyer
(1903). The second fundamental model of resonance is based
on the assumption that the eccentricity of the particle’s orbit is
small, no matter how far the system is from the nominal res-
onant position. In this case the momenta can be approximated
by

Ψ =
√
µ1a e2/2 (61)

Φ =
√
µ1a (1 + j1e2/2) . (62)

Therefore, expanding the two-body contribution of the reso-
nance Hamiltonian, Eq. (51), about Ψ = 0, since e is small, and
retaining only the quadratic terms one gets Andoyer’s Hamilto-
nian

H † = D0 + D1Ψ + D2Ψ2 − µ2

√
2Ψ
Φ

f (αΨ) cos /υ (63)
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where

D0 = −
(

µ2
1

2Φ2
+ Φ

)
(64)

D1 =
(
− j1µ2

1

Φ3
+ (j1 + 1)

)
(65)

D2 =
(
−3j2

1µ
2
1

2Φ4

)
(66)

and

αΨ = α(Φ,Ψ = 0) =
Φ2

µ1a2
. (67)

Qualitatively this approach produces the same results as
those obtained from the original Hamiltonian given by Eq. (51).
This is to be expected since the latter was derived by consid-
ering just the terms of the disturbing function up to first order
in e. Therefore, at least qualitatively, H †, produces the same
behaviour as shown in Figs. 4, 6.

5. Numerical results

In this section we present an analysis of first-order resonances
in the interior region using data derived from Poincaré surfaces
of section. The existence of the Jacobi constant in the circular
restricted three-body problem means that we can represent the
trajectory in the four-dimensional phase space using just the
values of x and ẋ when y = 0 and ẏ > 0. The procedure is
described in more detail in Hénon (1966) and Winter & Murray
(1994a).

Using Poincaré surfaces of section we can follow the evolu-
tion of the islands of stability associated with the 2:1, 3:2 and 4:3
resonances as the value of the Jacobi constant changes. Our main
goal is to compare our results for the libration regions associ-
ated with these first-order resonances with the widths predicted
from the analytical theories presented above.

Fig. 7 and Fig. 8 show representative Poincaré surfaces of
section illustrating the evolution of the libration regions asso-
ciated with the interior 2:1 and 3:2 resonances as the value of
the Jacobi constant increases. In these plots we have removed
all points that are not relevant to our study.

In Fig. 7(a) the single points inside the islands, represented
by ‘×’ and named S2:1, S3:2 and Sfirst, are used to show the lo-
cation of the stable fixed points for the 2:1 and 3:2 resonances
and the periodic orbit of the first kind (e = 0), respectively.
The location corresponding to e = 0 divides the points on the
x-axis into pericentric positions (at smaller x) and apocentric
ones (at larger x). The largest islands around each of the points
are the furthest regular orbits associated with each resonance or
periodic orbit, giving the boundary of each family of regular or-
bits. In the case of the resonances they correspond to the actual
maximum amplitude of libration around a pericentric position.
At this stage the three families of regular orbits are widely sep-
arated and do not affect one another. As the value of the Jacobi
constant increases the S2:1 and S3:2 points move to a larger value
of x and towards the location corresponding to e = 0. At the

same time the Sfirst fixed point moves to a lower value of x at
the location for e = 0 and starts to feel the influence of another
stable fixed point.

For a larger value of the Jacobi constant (see Fig. 7(b)) S3:2

gets close enough to Sfirst such that Sfirst moves to a location dif-
ferent from e = 0 (denoted by +). From the topological point of
view nothing has changed, but there is a physical consequence:
there are orbits in the family of regular orbits of Sfirst in which the
resonant argument associated with the 3:2 resonance is librating
about the apocentre. In fact Sfirst is the centre of this libration.
Note that Sfirst is still relatively far from the 3:2 resonance.

As the Jacobi constant increases the family of regular orbits
associated with Sfirst shrinks until it is completely destroyed (see
Fig. 7(c)). As this evolution continues the point corresponding
to e = 0 eventually moves inside the S3:2 family of regular orbits
(see Fig. 7(d)). The physical consequence is that the family of
orbits that are librating in the 3:2 resonance is a subset of the
family of regular orbits of S3:2.

The continuation of this process is illustrated in Fig. 8. For
the value of the Jacobi constant used in Fig. 8(a) S3:2 reaches
e = 0 and the 3:2 resonance disappears completely becoming
Sfirst.

At a larger value of the Jacobi constant, the influence of the
2:1 resonance on Sfirst is clear (see Fig. 8(b)). Sfirst has moved
away from the e = 0 point generating an apocentric libration
family for the 2:1 resonance. As CJ increases the maximum li-
bration of this family also increases and the location of the e = 0
point enters the region of the S2:1 regular orbits reducing the size
of the pericentric libration family (see Fig. 8(c)). Comparison
of Fig. 8(b) and Fig. 8(c) shows that the family of regular orbits
of Sfirst, itself enveloped by the family of regular orbits S2:1, is
shrinking. This family ends as the stable fixed point (Sfirst) and
the unstable fixed point of the system coalesce.

In Fig. 8(d) the family of Sfirst has just disappeared and the
evolution of the libration family of the resonance 2:1 is in its
final stages. In fact this family continues to get smaller until it
disappears when S2:1 reaches the e = 0 point at CJ = 3.222.

A clear difference between the evolution of the 2:1 and 3:2
resonances is that in the case of the 3:2 resonance the family of
regular orbits with centre at an apocentre position, Sfirst, is de-
stroyed in its very early stages with the orbits becoming chaotic,
while for the 2:1 case it persists until its ‘natural end’ when
the unstable and the stable fixed points coalesce and disappear.
Comparing the sequence in Figs. 8(b,c,d) with the sequence in
Figs. 4(d,c,b) generated by the second fundamental model of
resonance, we see that the analytical model is a good predictor
of the topology of the phase space for low e.

A diagram showing the relationship between the x value of
the location of the S2:1, S3:2, S4:3 and Sfirst stable points as a
function of the Jacobi constant, CJ, was constructed from the
Poincaré surfaces of section for 2.94 < CJ < 3.26 (see Fig. 9).
Fig. 9(a) gives the global picture for the 2:1, 3:2 and 4:3 res-
onances while Fig. 9(b) is an enlargement of part of Fig. 9(a)
showing the details for the 4:3 resonance. The dashed line cor-
responds to the location of the e = 0 point. The full lines below
this dashed line denote the location of the stable points for peri-
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Fig. 8a–d. Poincaré surfaces of section for a
CJ = 3.079, b CJ = 3.120, c CJ = 3.163
and d CJ = 3.165. The annotation is the
same as in Fig. 7. In the case of the 2:1 reso-
nance in (a) the curve corresponds to the ac-
tual maximum amplitude of libration around
a pericentric position. Note the change in
scale between a and b, and c and d.

centric libration at the 2:1, 3:2 and 4:3 resonances. The full lines
above the dashed line denote the location of the stable points
for apocentric libration at the 2:1 and 3:2 resonances.

Fig. 9 shows three different kinds of evolution of the stable
equilibrium points associated with first-order resonances. First,
the 2:1 pericentric libration curve seems to go asymptotically
to the dashed line, although it is possible it could intersect it for
large values of CJ. Second, the 3:2 pericentric curve has a smooth
transition to the 2:1 apocentric libration curve. This means that
as the value of CJ increases the centre of the 3:2 pericentric reso-
nance moves to a smaller eccentricity, becomes a periodic orbit
of the first kind at the e = 0 point, and then evolves to become
the centre of the 2:1 apocentric resonance. At first glance this
type of evolution seems to be valid for all first-order resonances
of the form p + 1 : p with p ≥ 2. However, there is another
factor which can affect this smooth transition. Wisdom (1980)
demonstrated that the mass ratio determines the extent of the
overlap of adjacent first-order resonances. Significant overlap
can eliminate stable regions associated with all first-order reso-
nances above a critical value of p (Wisdom 1980). For the mass
ratio used in this study (m̄2 = 10−3) part of the stable region
associated with the 4:3 resonance (a region of small eccentric-
ity) is destroyed and becomes a chaotic region. Therefore, the
third kind of evolution shown in Fig. 9 is the one where the 4:3
pericentric libration curve ends abruptly before it reaches the
dashed line (see Fig. 9(b)).

Fig. 6 of Winter & Murray (1994a) shows that the e = 0
point only occurs in the phase space for CJ > 3.027. Our full
numerical integrations show that the family of periodic orbits of
the first kind appears only for CJ > 3.039, while the 4:3 reso-
nance disappears at CJ > 3.037 (see Fig. 9(b)). Since these two
families of periodic orbits do not co-exist they cannot interact
to produce a family of orbits in apocentric libration. Therefore
in reality no apocentric libration occurs for the 4:3 resonance,
or indeed for any p + 1 : p first-order resonance with p ≥ 3.

The actual regions of maximum amplitudes of libration can
be obtained from the Poincaré surfaces of section when the
particle is at the line of conjunction at pericentre (or apocentre
in the case of apocentric libration). In Fig. 10 we show the
regions of maximum amplitude of libration in (a, e) space for
the 2:1, 3:2 and 4:3 resonances librating about /υ = 0 (full lines)
and for the 2:1 resonance librating about /υ = π (dashed line).
From this diagram we have a clear picture of the actual extent
of the libration at each resonance.

Fig. 10 also shows the connection between the regions asso-
ciated with libration in the 2:1 resonance about /υ = π and those
associated with libration in the 3:2 resonance about /υ = 0. A
comparison of this result for e ≥ 0.15 with the pendulum model
(Fig. 3) reveals the shortcomings of the pendulum model. In the
full integrations, for low e, the shift in the location of the centre
of the resonance is large. The shift is to the left (smaller a) for
/υ = 0 and to the right (large a) for /υ = π, as expected from our
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Fig. 9a and b. The relationship between the x value of the location of
the stable equilibrium points and the Jacobi constant, CJ, determined
by Poincaré surfaces of section obtained from numerical integrations
of the full equations of motion. The dashed line corresponds to the
location of the e = 0 points. Solid curves below this dashed line are
for the centres of pericentric libration. Solid curves above this dashed
line are for the centres of apocentric libration. a Global picture of the
evolution. b Enlargement of the region containing the 4:3 resonance.

analysis in Sect. 3. Comparing the pericentric libration in the
lower part (e ≤ 0.2) of Fig. 10 with Fig. 6 generated from An-
doyer’s Hamiltonian, it is clear that there is broad agreement;
the right-hand sides of the libration areas are almost vertical
straight lines, and the left-hand sides show a broadening for
moderate e and a narrowing for lower e. However, for e ≤ 0.02
there is an obvious disagreement— the full integrations show
there is no overlap of the libration regions of the 2:1, 3:2 and
4:3 resonances. If there was overlap such a region would be
chaotic whereas our results show that the region is regular, and
is mainly divided into libration in the 3:2 resonance or libration
in the 2:1 resonance. Furthermore, from the Poincaré surfaces of
section (see chap. 3 of Winter 1994, or in more detail, Winter &
Murray 1994a) we know that particles in the region between the
two resonances mostly move in regular orbits associated with
circulation or libration in higher order resonances.

The overlap of the libration regions of first-order resonances
for very small eccentricities (shown by the solid curves in Fig. 3
and in Fig. 6) were obtained using two different approachs and

have different origins despite their similarities. In our full nu-
merical integration using Poincaré surfaces of section this fea-
ture does not appear. The reason why this feature appeared in
the pendulum approach used by Dermott & Murray (1983) is
that the borders of the libration region were defined in terms
of the separatrix that passes through the unstable equilibrium
point. For very low eccentricities we have seen that the system
has no unstable equilibrium point; this means that there is no
separatrix and consequently it does not make sense to define the
libration region in terms of the separatrix. The division between
libration and circulation has to be defined in terms of the trajec-
tory that has the e = 0 point as we did in Sect. 4 (after Wisdom
1980). In the case of the approach using the second fundamental
model of resonance, the cause of the overlap is that the centre
of the resonance never reaches the e = 0 point. The diagram of
stable equilibrium points determined from our numerical results
(Fig. 9) shows that in the case of the 2:1 resonance, the e = 0
point may never be reached. However, the same diagram shows
that the centre of the 3:2 resonance will always reach the e = 0
point.

In their paper on the structure of the Kirkwood gaps in the
asteroid belt, Dermott & Murray (1983) showed a plot similar to
Fig. 3 together with the location of the asteroids in (a, e) space.
They showed that there was a good correspondence between the
maximum width of the resonances and the width of the observed
gaps. They also pointed out that the value of |a′R/G m′| for
a given first-order resonance increases as the semimajor axis of
the resonance approaches that of Jupiter. Since the width of a
resonance is proportional to the square root of |R|, and hence
the square root of the constant in the pendulum-like equation
(C in our notation), they expected the resonance width to in-
crease as a increases. Similarly, the second fundamental model
of resonance predicts a widening of the first-order resonances
as α → 1 (see Fig. 6). The results of our measurements (see
Fig. 10) show the opposite result. When the full problem is in-
tegrated it is clear that the actual resonance width decreases as
a increases. This can be partly understood if we plot the predic-
tions shown in Fig. 3 with the actual measurements (see Fig. 10
and the solid lines in Fig. 11). This shows that at the 2:1 reso-
nance, apart from the behaviour at very low e, the agreement is
excellent. This is because the 2:1 resonance is relatively isolated
from the next two first-order resonances; this is also clear from
the surfaces of section shown in Figs. 7 and 8. For the 3:2 and
4:3 resonances there is little agreement between the observed
and calculated widths; this might have been expected from the
extent of the predicted overlap (see Fig. 3 and the dotted lines
in Fig. 11) and the resulting increase in the extent of the chaotic
regions (see Winter & Murray 1994a for further evidence of this
phenomenon). Here the effect of these first-order resonances on
each other is considerable. Although the inner edge of the 3:2
resonance at moderate e is reasonably well approximated by the
second fundamental model, its outer edge and the boundary of
the 4:3 resonance are not.
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Fig. 10. Libration regions in the a–e space obtained from the Poincaré
surfaces of section. The full lines are for the 2:1, 3:2 and 4:3 resonances
librating about /υ = 0 and the dashed line is for the 2:1 resonance
librating about /υ = π. Note that the libration region associated with
the 4:3 resonance does not reach the e = 0 curve since it becomes
chaotic (see Fig. 9(b)).

6. The 2:1 resonance

In this section we show the time evolution of the orbital elements
and other parameters for a sample of trajectories in the vicinity
of the 2:1 resonance. This serves to classify and illustrate the
various types of regular behaviour that are possible at first-order
resonances. In each of the following diagrams we show (a) the
evolution of the semimajor axis a, eccentricity, e, longitude of
the pericentre,$, and the resonant argument,ϕ = 2λ′−λ−$,
(b) the corresponding Poincaré surfaces of section in x and ẋ,
and (c) the quantities ξ =

√
2Ψ sin /υ and η =

√
2Ψ cos /υ used

in Sect. 4. Recall that the radial distance from the origin in a
(η, ξ) plot is a linear function of the eccentricity. Note also that
while the (x, ẋ) plots are surfaces of section, the (η, ξ) plots
simply show the evolution of ξ and η. The nominal resonant
semimajor axis for the 2:1 resonance is a ≈ 0.629 and this is
indicated by the dashed line in the evolution of a in each plot.
In each plot the limits of a, e, $ and ϕ are 0.6 to 0.65, 0 to 0.25,
−π to π and−π to π respectively. Note that for the purposes of
comparison, the scales are the same in the corresponding parts
of Figs. 12–17

Fig. 12 shows the orbital evolution of a particle in almost
exact pericentric resonance, with initial conditions CJ = 3.163,
x = 0.545 and y = ẋ = 0; this corresponds to a = 0.625,
e = 0.128, $ = 0 and λ = 0. The resulting trajectory is very
close to the centre of the 2:1 resonance with ϕ = 0, as indicated
by S2:1 in Fig. 8(c). Note that ϕ is almost constant (ϕ ≈ 0), a

Fig. 11. Predicted maximum libration regions in a–e space from Fig. 6
(dotted lines) and those obtained from the Poincaré surfaces of section
in Fig. 10 (solid lines). The nominal semimajor axes of the 2:1, 3:2 and
4:3 resonances are indicated.

and e have very small amplitudes of oscillation and$ circulates
with a relatively large period.

The results of the evolution for a trajectory librating about
the 2:1 resonance with large amplitude of libration are shown in
Fig. 13. The initial conditions for this trajectory are CJ = 3.163,
x = 0.63 and y = ẋ = 0; this corresponds to a = 0.638,
e = 0.012, $ = 0 and λ = 0. This trajectory corresponds
to the one with the largest amplitude of libration about the 2:1
resonance shown in Fig. 8(c). The amplitude of libration of ϕ
about pericentre is almost 2π and hence a and e also show a large
amplitude of oscillation with 0.012 ≤ e ≤ 0.2. On the other
hand $ oscillates with a small amplitude since e is relatively
large, as discussed in Sect. 3. Also note that after about t = 40,
$ changes more rapidly as e approaches its minimum value.

The case of a trajectory in the low eccentricity libration at
the 2:1 resonance is shown in Fig. 14. The particle has initial
conditions CJ = 3.210, x = 0.5995 and y = ẋ = 0; this cor-
responds to a = 0.602, e = 0.004, $ = 0 and λ = 0. This
trajectory is close to a periodic orbit of the first kind. However,
note that ϕ has a small amplitude of libration about 0, and con-
sequentely, a and e also have small amplitudes. Since e remains
very small,$ circulates quickly, with $̇ < 0. Thus the resonant
a is much smaller than the nominal value, as expected from our
analysis in Sect. 3. Note also that the trajectory in the ξ-η plot
is to the right of the origin.

Fig. 15 shows the result for a particle in apocentric libration,
with initial conditions CJ = 3.163, x = 0.675 and y = ẋ = 0;
this corresponds to a = 0.637, e = 0.060, $ = π and λ = 0.
This trajectory is very close to the centre of the 2:1 resonance
for ϕ = π as shown in Fig 8(c). Note that ϕ is almost constant
(ϕ ≈ π), a and e have small amplitudes of oscillation, and $
circulates with a relatively short period. Because $̇ > 0, a is
larger than the nominal value, as discussed in Sect. 3.

The results of the evolution for a trajectory in outer circu-
lation about the 2:1 resonance are given in Fig. 16. The initial
conditions for this trajectory are CJ = 3.163, x = 0.49 and
y = ẋ = 0; this corresponds to a = 0.611, e = 0.198, $ = 0
and λ = 0. This is the largest curve shown in Fig. 8(c). In this
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Fig. 12. a Variation of orbital elements, b the surface of section and c the ξ and η plot illustrating almost exact pericentric resonance at the 2:1
resonant location.

Fig. 13. a Variation of orbital elements, b the surface of section and c the ξ and η plot illustrating large amplitude libration at the 2:1 resonance.

case the resonant angle, ϕ, circulates relatively fast. As this is
a regular trajectory the semimajor axis and eccentricity show a
regular behaviour. Their amplitudes of oscillation are not very
large and the longitude of the pericentre circulates with a rela-
tively large period.

Fig. 17 shows the results for a trajectory displaying inner
circulation (or paradoxical circulation) about the 2:1 resonance.
The initial conditions for this trajectory are CJ = 3.163, x =
0.65 and y = ẋ = 0; this corresponds to a = 0.638, e = 0.018,
$ = π and λ = 0. This is the second largest curve shown
in Fig. 8(c). In this case the resonant angle, ϕ, circulates with
a much larger period than in the previous case of circulation
shown in Fig. 16. Some of the intricate features of the orbital
element plots can be better understood by comparing them with
the Poincaré surface of section shown in Fig. 17(b). We can
divide the evolution of this trajectory into two parts. In the first
the particle is moving on a small curve around the stable point
withϕ = π; in the second it is moving in a large curve around the
stable point with ϕ = 0. In the first case it gives the appearence
of being an apocentric librator and in the second it gives the
appearence of being in outer circulation. These two different
kinds of behaviours are shown in the time evolution of ϕ, a, e,
and even $. Between about t = 40 and t = 100 orbital periods

ϕ gives the impression of slowly librating about π, but before
and after this time interval /υ circulates rapidly.

7. Conclusions

In this paper we have attempted to compare the predictions of
known analytical models of resonance in the circular restricted
problem with the results of numerical integrations of the full
equations of motion. The numerical aspect of this work con-
sisted of an enormous computational task, part of which has
already generated two atlases of Poincaré surfaces of section
(Winter & Murray, 1994a,b) giving a representative and detailed
picture of large part of the phase space of the planar, circular,
restricted three-body problem for a specific mass ratio. Below
we highlight some important conclusions of this work.
– The technique of the Poincaré surface of section is an excel-

lent tool for determining the nature of a trajectory and also
its excursions through the phase space; it is ideally suited
to the planar, circular, restricted three-body problem since
this is a two-degree of freedom system with an integral of
the motion.

– Both the pendulum model and the second fundamental
model of resonance predict the overlap of adjacent libration
regions at low eccentricity for first-order resonances (see
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Fig. 14. a Variation of orbital elements, b the surface of section and c the ξ and η plot illustrating low eccentricity libration at the 2:1 resonance.

Fig. 15. a Variation of orbital elements, b the surface of section and c the ξ and η plot illustrating apocentric libration at the 2:1 resonance.

Fig. 16. a Variation of orbital elements, b the surface of section and c the ξ and η plot illustrating outer circulation at the 2:1 resonance.

Sec. 3 and 4). This leads to the incorrect conclusion that for
low eccentricities the phase space should be chaotic. How-
ever, our numerical results clearly demonstrate that, for the
mass ratio considered, the region of the phase space between
2:1 and 3:2 resonances, with $ = 0, is almost completely
dominated by regular motion.

– We have shown that the centre of the 3:2 pericentric reso-
nance passes through the e = 0 point and then becomes the
centre of the 2:1 apocentric resonance. This result was only
obtained because we considered the full problem which in-

cludes the interaction between the resonances. Our study of
the evolution of the centre of the 4:3 pericentric resonance
leads us to believe that this kind of evolution might be a gen-
eral rule for all p + 1 : p resonances with p ≥ 2, provided
that they have not already been destroyed by overlap with
other resonances.

– Since we considered the full problem, it was possible to find
the actual shape and location of the maximum amplitude of
libration for the interior first-order resonances and so ver-
ify the quality of the analytical models currently used. This



304 O.C. Winter & C.D. Murray: Resonance and Chaos. I

Fig. 17. a Variation of orbital elements, b the surface of section and c the ξ and η plot illustrating inner circulation at the 2:1 resonance.

shows that although the strength of the p + 1 : p resonances
increases as p increases (i.e. as the orbit of the perturber is
approached), the corresponding widths of these resonances
decreases due to perturbations from adjacent resonances and
the resulting increase in the size of the chaotic zones asso-
ciated with the separatrices.
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