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Abstract We present a new approach for the f(R,T)
gravity formalism, by thoroughly exploring the extra terms
of its effective energy-momentum tensor Tﬁff, which we
name fuv: so that Tlfif = Ty + Tuv’ with T}, being the
usual energy-momentum tensor of matter. Purely from the
Bianchi identities, we obtain the conservation of both parts
of the effective energy-momentum tensor, rather than the
non-conservation of 7,,, originally occurring in the f(R, T')
theories. In this way, the intriguing scenario of matter cre-
ation, which still lacks observational evidence, is evaded.
One is left, then, with two sets of cosmological equations to
be solved: the Friedmann-like equations along with the con-
servation of T),, and along with the conservation of 7},,,. We
present a physical interpretation for the conservation of T,w,
which can be related to the presence of stiff matter in the
universe. The cosmological consequences of this approach
are presented and discussed as well as the benefits of evading
the matter energy-momentum tensor non-conservation.

1 Introduction

Alternative cosmological models have been constantly used
to solve or at least evade the dark energy (DE) problem [1-3]
— among other shortcomings — found in standard (ACDM)
cosmological model. Higher dimensional [4-6] and f(R)
gravity theories [7-9], with f(R) indicating an arbitrary
function of the Ricci scalar R, emerge as optimistic scenar-
ios from which healthy cosmological models can be derived.
S (R) gravity in higher dimensions can also generate well-
behaved models [10-14].
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In generalized and higher dimensional gravitational mod-
els, the extra terms of the field equations1 can induce
the effects of a cosmic acceleration, predicted by type Ia
supernovae observations [15,16] and cosmic microwave
background temperature fluctuations [17]. Good agreement
between theory and cosmological and astrophysical obser-
vations can also be obtained from such alternative theories
[18-20].

Another reputed alternative gravity model was proposed
in [21], named f (R, T) theory of gravity, which presents in
its field equations extra contributions from both geometry,
through a general dependence on R, and matter, through a
general dependence on 7', the trace of the energy-momentum
tensor (EMT). The T-dependence is motivated by the con-
sideration of quantum effects or imperfect fluids.

Cosmological scenarios derived from the f(R,T) the-
ory of gravity have been continuously proposed. In [22], the
authors have introduced the bulk viscosity in the f(R,T)
formalism within the framework of a flat Friedmann—
Robertson—Walker (FRW) model. Since according to the
authors describing f (R, T') gravity the dependence on T of
the gravitational part of the action might come from the con-
sideration of imperfect fluids, the authors have investigated
more realistic models, by explicitly taking into account dis-
sipative processes due to viscosity. In this regard, it is known
that when neutrinos decoupled in the early universe, matter
could have behaved like a viscous fluid.

Moreover, in [23], a Little Rip model in f (R, T') gravity
was investigated. An analysis of f(R, T) models through
energy conditions can be found in [24]. A complete cos-
mological scenario was derived from the f(R, T?) formal-
ism, which is nothing but the f(R, T) theory in the pres-
ence of a scalar field, in [25]. Cosmological models from
the simplest non-minimal matter—geometry coupling, that is,
f(R,T) = R 4+ «RT with constant «, and from the sim-
plest non-trivial polynomial function of 7 in the f(R,T)

! “Extra terms” when compared to standard gravity field equations.
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formalism were presented, respectively, in [26,27]. f(R, T)
theories of gravity have also been expanded to five dimen-
sions, as explored in [28-31]. Furthermore, an anisotropic
cosmological model was built in f(R, T) gravity in [32].

The well-behaved cosmological models cited above,
among others found in the literature, make reasonable and
promising to consider the f (R, T') gravity as a possible alter-
native to general relativity (GR), from which ACDM cosmo-
logical model is derived. Once the gravitational part of the
action is generalized, including a general dependence not
only on geometrical terms, as in f(R) gravity, but also on
material terms through the general dependence on 7', the
new terms of the derived field equations might be responsi-
ble for inducing the observed late-time acceleration of the
universe expansion with no need of a cosmological constant
(CC), which still lacks a convincing physical interpretation
[33]. Moreover, as shown in [34], some specific functional
forms for f (R, T) may retrieve other cosmological models,
as the Chaplygin gas and quintessence models, manifesting
the generic aspect of such a theory of gravity, i.e., different
cosmological models found in the literature can be obtained
from different particular cases of f(R, T).

f (R, T) theories, as originally proposed, predict a non-
conservation of the usual EMT of matter, which will be care-
fully described in Sect. 2 below. Such a non-conservation
yields the motion of massive test particles to be non-geodesic,
taking place in the presence of an extra force orthogonal
to the four-velocity. In [35], the solar system’s bounds on
this extra force were found. In [36], it was argued that due
to the coupling between matter and geometry predicted in
f (R, T) theories, there should be an energy flow between
the gravitational field and matter. The V#T,,,, # 0 issue was
considered to be related to an irreversible matter creation
process.

Anyhow, observational evidence of particle creation on
a cosmological scale is still missing. Likewise there is no
observational evidence of the predicted extra force. In order
to confirm such an intriguing property predicted by f(R, T)
gravity (among other theories, such as f (R, L,,) theory [37],
with L, being the matter lagrangian density), those theories
should be tested in a non-usual aspect. If there is creation
of matter throughout the universe history, some kind of sig-
nature should be imprinted in the cosmic microwave back-
ground anisotropy. The classical macroscopic theory predic-
tions in structure formation with linear perturbations may
also corroborate or dismiss the scenarios with EMT non-
conservation.

Such a lack of observational evidence as regards mat-
ter creation led some authors to evade the non-continuity
equation in f (R, T) gravity. The vanishing of V#T},, was
imposed in [38] and an alternative to the DE problem was
obtained. Moreover, the approach has revealed some con-
straints to the functionality of f(7) in f(R,T). In [39]
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the authors have reconstructed f(R, T) gravity for a spe-
cific model that permitted the standard continuity equation
to hold. The dynamics and stability of f (R, T') theory for de
Sitter and power-law expansions of the universe with EMT
conservation were discussed in [40].

In the present approach we will also evade the EMT non-
conservation predicted in f (R, T') theories. However, there
will be no imposition of conservation. The non-vanishing
covariant derivative of 7, will be evaded purely from GR
geometrical identities.

The present article is organized as follows. In Sect. 2 a
review of f(R,T) gravity is given. The equation for the
non-conservation of 7}, is indicated. In Sect. 3 we distin-
guish the presence of extra terms in the effective energy-
momentum tensor (EEMT) in the f (R, T) formalism and
construct a scenario in which there is no violation of the
continuity equation. General cosmological solutions for this
approach are presented in Sect. 4. In Sect. 5 we physi-
cally interpret the extra terms of the EEMT. Section 6 is
devoted to a discussion of the benefits of having the non-
conservation of T, evaded in a given theory. A rigorous dis-
cussion concerning the results of our approach is presented in
Sect. 7.

2 A brief review of the f (R, T') gravity

As recently proposed by Harko et al. [21], the f(R, T) the-
ory of gravity assumes the gravitational part of the action
to depend on an arbitrary function of R and 7. According
to the authors, the dependence on 7 may be induced by the
consideration of exotic fluids or quantum effects. The total
action in such a theory is given by

1
[ —

= d*xf(R, T)«/_—g+/d4me«/_—g. 1)

In (1), f(R, T) is an arbitrary function of R and T, and g is
the metric determinant. Moreover, throughout this paper, we
will assume units such thatc = G = 1.

The usual EMT of matter is written as

oLy,

- 2@. 2)

T;w = g;wLm

We will assume the matter source is a perfect fluid (PF) in (2)
and the universe is homogeneous and isotropic at cosmolog-
ical scales, i.e., its geometry is described by an FRW metric.
We will also consider a flat universe, in accordance with
recent cosmic microwave background observations [17] and
work with the case f(R, T) = R+2AT, with A being a con-
stant. By assuming f(R,T) = R+ 2AT,such an f(R, T)
functional form benefits from the fact that one can recover
GR just by letting A to be null.
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The assumptions above yield, for the variation of the
action (1) with respect to the metric, the following field
equations:

Gy =8nTyy + ATy + pguv) + Tguvl, 3)

for which G, is the usual Einstein tensor and p is the pres-
sure of the universe.

A notorious feature about f(R,T) theory is the non-
nullity of the covariance divergence of T},,. Recently, the
authors in [41,42] have recalculated V#T,,,,, by arguing that
Harko et al. [21] missed an essential term, which has conse-
quences in the equation of motion of test particles. From such
an argumentation, the corrected relation for V#T},, when
f(R, T)=R+2AT is

2

VH*T,) = ——
MY o) — 87

1
Vu(zT;w + pguv) + Eg;vaT .
)

Note that, as required, the case A = 0 retrieves GR in both
(3) and (4).

3 Evading the non-continuity equation in the
f(R,T) = R+ 2AT gravity

The lhs of the field equations (3) is exactly the same as
in GR, i.e., given uniquely by the Einstein tensor. The rhs
clearly presents some extra terms when compared to standard
gravity. In order to obtain an accelerated expanding universe
in standard cosmology, one has to assume that ~ 70% of
the universe composition is in the form of some exotic fluid
dubbed DE, which may enter the GR field equations in the
form of a CC EMT. The extra terms in (3) may play the role
of the CC, however, evading the DE problem quoted above.

As carefully highlighted in the previous section, Eq. (2)
refers to the usual EMT of matter. By keeping that in mind,
we write

Gy =87 TS), )

with TS = 7,,, + T, and

~ A
T = g[z(Tuv + pguv) + Tguvl (6)

being the extra contribution of the EEMT.

Considering a PF in Eq. (2) yields T, = diag(p, —p,
—p,—p), with T = p — 3p and p being the matter-energy
density of the universe. Yet, from (6), we have

~ A
Too = §(3,0 - D), (N

~ A
T = —g(p—kp), (8)

ng = T33 = Tll and T = —(A/2m)p. The fluid described
by Eq. (6) permeates the universe along with the usual PF
which is often considered as the (only) matter source of the
universe. Effectively, there is one fluid permeating the uni-
verse, whose density is given by the sum of the densities of
both fluids presented above, i.e., 7}, and f",w. We shall revisit
this question later on.
The non-null components of (5) are

N2
3 (g) — (87 +30)p — Ap, ©9)

. )
I (‘_’> =20 — 87 +M)p, (10)
a a

with dots representing time derivatives. As required, A = 0
yields the standard Friedmann equations.

When one breaks the EEMT into two parts, one being the
usual EMT of matter, the other coming from the dependence
of the action on 7', a remarkable feature is easily seen: what
makes V#T,, # 0 in (4) is the indistinct presence of TM
defined in Eq. (6). However, the application of the Bianchi
identities V# G, = 0in (5) yields V#[87 (T, + f}w)] =0,
or

VAT, =0 (1)
and
VAT, = 0. (12)

Therefore one has two sets of three equations with three
unknowns to be solved: (9), (10), (11) and (9), (10), (12).

Note that by approaching the f (R, T) gravity from such
a perspective indeed evades the non-continuity equation
VH#T,» # 0 originally predicted in the formalism.

4 Cosmological scenario

The evaluation of (11) yields the well-known continuity
equation of cosmology:

p+3§(p+p)=o. (13)

By recombining Eqgs. (9), (10) and (13), it is straightfor-
ward to obtain the following differential equation for the scale
factor:

i 1[a\* 87 (4 i
i @5 G-2)
a 2 \a 3 a a a
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.. L2
(87 +41) [(871 + 3)\)2 + 4 (;l) ] —0, (14

with L(A) = A2 — (87 + 31) (87 + A).
On the other hand, by developing (12) yields

b =p. 15)

in which a constant of integration has been discarded.
Equation (15), if integrated, reveals the presence of stiff
matter (SM) in the universe. Such a prediction of the present
model shall be revisited later on.
By recombining Eqs. (9), (10) and (15), one obtains

q i a %a‘_ L) |d a\? 6
”(5—;)‘ PRy ;‘(;> - 319

Substituting Eq. (16) into (14), we have

@, A fa 2—0 (17)
a A \a) 7

where we are using the definitions

A
A =LA) <] + m) + (87 4+ 31) (8w +41),
(18)
1
Ay =L((A) (5 + m) + 4w (8w + 4A). 19)

After straightforward manipulations, we can put Eq. (17)
in the form

d
3 (nd+g5lna) =0, (20)

with ¢ = A /A1. Hence, by solving the above equation and
applying some manipulations, the scale factor can be written
as

a(t) = apt?, (21)

where ag is an arbitrary constantand y = 1/(1 + ¢).

From Eq. (21) we can calculate the Hubble parameter H =
@/a and the deceleration parameter g = —éa/a’.

We can plot g as a function of y in order to visualize the
range of values of y that yield a value of g in accordance
with observational data on the Hubble parameter [43]. This
can be checked in Fig. 1 below.

From [43],q = —0.181'8:%%, which means that the accept-
able values for y are 1.064 < y < 1.429.

Being in the possession of (21) we can also obtain the
solutions for the matter-energy density of the universe. We
can solve the Friedmann-like equations of the model for p

@ Springer

Fig. 1 The deceleration parameter ¢ as a function of the free parameter
Y
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Fig. 2 Evolution of the matter-energy density of the universe in red-
shift for A = 0.857. The thin (blue) line stands for the usual PF while
the dotted (green) line represents the SMF. Effectively, the universe
behaves as composed of one fluid, whose density is given by the sum
of those contributions, as in the thick (red) curve

by using Eqgs. (13) and (15), obtaining, in this way, solutions
for the usual PF and for the SM fluid (SMF), respectively.
Effectively, we have one fluid whose matter-energy density
is given by the sum of those, as it can be checked in Fig. 2
below, in which the quantities are plotted against the redshift
z,suchthata = 1/(1 + 2).

In the same way, in possession of (21) we can obtain the
solutions for the pressure of the universe. In Fig. 3 we plot
these solutions in z.

5 The arising of stiff matter

Equation (15), after having been integrated, describes an
SMF. It is not the first time that f(R, T') gravity reveals
the possibility of the existence of SM. In [29], a particular
case of the cosmological solutions is the one of an SM dom-
inated scenario. In [44,45] the presence of SMF permeating
the universe was also predicted in the f (R, T') scenario.
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Fig. 3 Evolution of the pressure of the universe in redshift for A =
0.857. The thin (blue) line stands for the usual PF while the dotted
(green) line represents the SMF. Effectively, the universe behaves as
composed of one fluid, whose pressure is given by the sum of those
contributions, as in the thick (red) curve

Some early universe models indicate that there may have
existed a phase prior to the radiation-dominated era in which
our universe dynamics was dominated by a gas of baryons
with equation of state (EoS) p = p, which interacted through
a vector-meson field [46].

The conjecture of a primordial SM era firstly appeared in
[47]. The existence of SM may explain the baryon asymme-
try and the density perturbations of the right amplitude for
the large scale structure formation in the universe, as shown
in [48]. It can play an important role in the spectrum of infla-
tionary gravitational waves [49] and characterize the EoS of
compact astrophysical objects [50]. A thermodynamics anal-
ysis of an FRW universe with bulk viscous SMF was made in
[51]. An article presenting a broad study of cosmology with
an SM era was recently written [52]. SMF has also appeared
in anisotropic cosmological models [46,53,54]. Moreover,
SM occurs in the relativistic scalar fields approach when their
kinetic energy dominates the potential energy. In fact, a pri-
mordial SM era is fundamental for any model based on a
relativistic scalar field [55].

Our purpose in Sect. 3 was to evade the EMT non-
conservation issue surrounding f(R, T') gravity theory. By
doing this, Eqs. (11) and (12) have arisen. By developing
them, we obtained Eqgs. (13) and (15). Equation (13) stands
for the usual conservation of matter. On the other hand, Eq.
(15) predicts the existence of SM in the universe.

As in another SM cosmological models (check [52], for
instance), everything happens as if the universe were com-
posed of two non-interacting fluids, in our case, one respect-
ing Eq. (13) and another submissive to Eq. (15). Effectively,
we have just one fluid whose energy density is given by the
sum of the solutions of (13) and (15).

6 The importance of maintaining the usual
energy-momentum tensor conserved

Despite the lack of observational evidence as regards cor-
roborating scenarios with continuum or episodic creation of
particles in cosmological scales, some efforts on this subject
have been made, as can be checked, for instance, in [56,57].

One might wonder how the evasion of V,, T*" # 0, which
was described above in Sect. 3, can coexist with f(R, T)
solutions whose usual EMT of matter is not conserved. We
argue about this issue in the following.

Non-minimal matter—curvature coupling is thought to be
the mechanism responsible for gravitationally induce parti-
cle production in f(R, T) or f(R, L,,) theories [36,37,58].
The coupling of matter with higher order derivative curva-
ture terms can be interpreted as an exchange of energy and
momentum between them, which induces a gravitational par-
ticle production. In other words, the matter—curvature cou-
pling generates an irreversible flow from the gravitational
field to matter constituents being created, and the second
law of thermodynamics requires that the geometric curva-
ture transforms into matter (check [58]).

In f(R, L,) theory, the functional form f(R, L,) =
JS1(R) +[1 4+ Afa(R)]Ly,, with f1(R) and f>(R) being arbi-
trary functions of R, was considered in the study of gravita-
tionally induced particle creation in Ref. [58]. Recalling the
argumentations above, it is clear that such a model indeed
describes a non-minimal coupling of matter and geometry,
through the product f>(R)L,,, justifying, at a theoretical
level, a scenario with matter creation. Such a coupling is
prevented when A = 0.

Departing from the case in Ref. [58], the functional form
used in the present article, f(R, T) = R + 2AT, does not
predict a non-minimal matter—geometry coupling (recall that
there is no product between material terms, proportional to
T, and geometrical terms, proportional to R). In this way,
there is no mechanism able to explain geometric curvature
transforming into matter.

Therefore, when there is no explicit coupling between
matter and geometry, as in the f(R,T) = R + 2AT the-
ory, one is capable of escaping the argument of creation of
matter in the universe through the approach above, which
is worth considering, since so far there is no observational
evidence of such a phenomenon.

Another importance in evading V,7#" # 0 in the
f (R, T) theory arises when one considers an astrophysical
approach for the theory, as the evaluation of the Tolman—
Oppenheimer—Volkoff equation for compact astrophysical
objects [59], as we argue below.

While in a cosmological scenario one interprets the
usual EMT non-conservation as due to the creation of mat-
ter through the universe evolution (despite the absence of
observational corroboration), on an astrophysical level, such
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as the hydrostatic equilibrium configurations of compact
objects, there is no mechanism able to physically inter-
pret V, T*" # 0. This can easily be seen: the Tolman—
Oppenheimer—Volkoff equation is constructed from a static
spherically symmetric metric. Naturally, in a static scenario
it is not possible to create (or destroy) matter. Since, in order
to construct the Tolman—Oppenheimer—Volkoff equation in
f(R, T) gravity, one needs the equation for the covariant
derivative of the usual EMT, one could make use of the
present approach to evade the lack of physical interpretation
quoted above.

7 Discussion and conclusions

There are plenty of motivations for the search of alterna-
tive cosmological models nowadays. That happens because
although the ACDM cosmological model is able to provide
good agreement between theoretical predictions and observa-
tions, itis surrounded by shortcomings and drawbacks (check
[1-3D.

In this article we have taken the f (R, T) theory of grav-
ity into account. Besides the references mentioned above,
f (R, T) gravity has shown to be an alternative to dark mat-
ter [60] and to respect solar system tests [61]. Moreover, it
has been shown in [62] that wormholes in f (R, T) gravity
do not need to be filled by exotic matter.

Our goal in the present article was to surpass the non-
conservation of the usual EMT of matter, which is origi-
nally predicted in the f (R, T') theory. In order to do so, our
proposal was to establish an alternative form of treating the
EEMT of the f(R, T) = R+2AT gravity, by distinguishing
the presence of a fluid described by Eq. (6). Such an approach
implies the continuity equations (11) and (12).

Indeed, the achievement of an f(R, T) formalism able
to conserve the EMT is the main difference of the present
research article when compared to the literature. The moti-
vation to conserve the EMT in a gravity theory was rigorously
discussed in the previous section and will be revisited below.
Anyhow, it is important, here, to remark that Alvarenga et al.
have worked out a particular f(7") function that conserves
the EMT in f (R, T) gravity, namely f(7) = aT% [41].
Differently, we have assumed here that our functional form
for f(T) is linear in T and we have figured out the mecha-
nism which allows the conservation of the EMT for this f(T')
case, which is the most popular of the f(7") models, as can
be checked, for instance, in several astrophysical and cosmo-
logical applications, like in Refs. [21,28,39,58,63-66].

The present motivation for working with f(R,T) = R+
2)T lies mainly in the remarkable outcomes that have been
presented in the literature from such an assumption. Besides
the references quoted above, Alhamzawi and Alhamzawi
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have shown that such a model can give a considerable con-
tribution to gravitational lensing effects [67]. Moreover, in
[59] the f(R, T) = R + 2AT model increased the predicted
maximum mass of neutron stars and, in view of recent astro-
physical observations [68,69], such an increase is very wel-
come. The extra terms of the field equations of the same
f (R, T) model were shown to be an alternative for galactic
dark matter effects [60].

The integration of Eq. (15) has revealed the presence
of SMF permeating the universe along with the usual PF
described by Eq. (13). The existence of SMF was already
predicted by f(R, T') models in [29,44,45] and in [70].

We also remark that two-fluid cosmological models have
been proposed along time ago [71-73]. For recent references
on this subject, see [74,75]. Even three-fluid cosmological
models have been proposed [76].

In the present article, we were capable of evading the non-
conservation of the usual EMT of matterin f (R, T') gravity.
It has been shown that the presence of SM in the universe
makes it possible to conserve the EMT of both fluids in the
present two-fluid cosmological model.

The main motivation for such an evasion is the lack of
observational evidence of particle creation in cosmology and
the lack of interpretation for the astrophysical static case
(hydrostatic equilibrium equation).

In contrast, there is some evidence that in the low redshift
regime, neutron stars and even other compact astrophysical
objects in the universe can have SM in their core (check
[50] and [77]). There may have been even a SM era in the
post-inflationary universe, as rigorously analyzed in [52]. It
is argued that this phase occurred in the very early universe,
before the known radiation era. It has been shown that in
certain conditions of internal energy, SM leads to the stan-
dard Big-Bang scenario [78]. The SM models also offer an
approach to gravitational particles creation, which may occur
for certain temperatures of the universe [79].

One might wonder if the MEMT non-conservation evasion
of the present approach conflicts with the original predictions
of f(R, T) gravity. The answer is no. In this article we have
shown that when there is no product of R and f(7), one is
able to break the EEMT of f (R, T') cosmology in two terms.
Then, by applying the Bianchi identities only, we have shown
that both of them are conservative.

Cosmologically, the present model has shown to be very
healthy and well behaved. Our cosmological solutions have
been constructed from the scale factor of Eq. (21), which was
obtained from the method presented in Sect. 4.

In particular, we have derived a deceleration parameter
which is in agreement with observations [43] for a range of
values for y (see Eq. (21)), namely 1.064 < y < 1.429. In
this way, besides solving the EMT non-conservation issue,
our model was capable of predicting the cosmic accel-
eration [15,16], with no need for a CC, which certainly
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sustains the viability of f(R, T) gravity as an alternative
to GR.

From Eq. (21), we were also able to plot the matter-energy
density of the model. The value chosen for A is in agree-
ment with observations (it respects the range of values for
y mentioned above). Figure 2 indicates that, for low red-
shift, indeed, the SM contribution to the total matter-energy
density is small when compared to the usual perfect fluid.

In Fig. 3, it is remarkable that the usual PF pressure is
negative. While in standard cosmology, this is usually put
in by hand as the equation of state p ~ —p, a negative
pressure was a solution of the present model. Moreover, it
might well be the mechanism responsible for inducing the
cosmic acceleration (¢ < 0) in the model.

To finish we would like to highlight that the non-
conservation of the EMT issue in the f(R, T) gravity still
lacks further investigation. In a cosmological level, it may
well be related to the creation (or destruction) of matter
particles through the evolution of the universe [36,56,80],
although no observation of such a phenomenon on cosmo-
logical scales has been made so far. On the other hand, in
the f(R, T) gravity applications regarding the astrophysics
of compact objects, such as the hydrostatic equilibrium con-
figurations of neutron stars, quark stars and white dwarfs
[59,81], the latter interpretation is not suitable, since those
objects are not expected to create matter, specially in a static
analysis. In this way, the non-conservation of the EMT in
the f (R, T) gravity should not rule out the theory, since fur-
ther observations may, somehow, corroborate the creation of
particles even on cosmological scales. For now, anyway, the
evading of the EMT non-conservation is worth considering.

‘We would also like to remark that the present approach can
be applied to other functional forms for f(R, T') in which
geometry and matter are minimally coupled. These further
applications may yield new two-fluid cosmological models.
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