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Abstract

This paper deals with the class&¥w, f, b) of strong distribution functions defined on the interigd /b, b],
0<p<b<oo, where 20 € Z. The classification is such that the distribution functipne $3(w, g, b) has a
(reciprocal) symmetry, depending o» about the poinj3. We consider properties of the L-orthogonal polyno-
mials associated withh € S3(w, f, b). Through linear combination of these polynomials we relate them to the
L-orthogonal polynomials associated with sofhe $3(1/2, §, b).
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let 0<a <b< oo and lety be a bounded nondecreasing function definedagi], with infinitely
many points of increase da, b], such that the momenig = fab Fdy(r), k=0,+1,42, ..., all exist.
We refer toy as a strong distribution function da, b] or we simply refer to ¢ as a strong distribution
onla, b].
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It is known (see for examplg5]) that the monic ponnomiaIB,(,”(t), n >0, defined for eache 7,
by the L-orthogonality condition

b
/ fn+s+lBr(ll)(t) dy(r) =0, O0<s<n—1, forn>1, @

exist and if we writep"*) fb —n+s+ B ) dy (1) then(=1)" p¢ ™Y > 0 andp?™ > 0.

For any given integel, the sequence of Laurent polynomla{dsl(”ﬂ)/zi B (1)}, form a sequence
of orthogonal Laurent polynomials in relation to the distributigh &olynomials such aB\” (1) were
introducedir{11]in order to solve the strong Stieltjes moment problem and later these polynomials and the
orthogonal Laurent polynomials were explored in many articles. Applications of these polynomialsinclude
differential equations and electrostati@, quadrature rule$10,15] two-point Padé approximation
[5,6,9,12]and moment preserving approximati@h. For a survey on orthogonal Laurent polynomials and
strong moment theory s¢&]. For simplicity, we refer to the ponnomiaB,(f) (t) as Laurent-orthogonal
polynomials or L-orthogonal polynomials.

The ponnomiaIsB,(,’) (1) satisfy the recurrence relation

I I ! I
B = — ﬁ,ﬁipB,S”(r) DB, n>1 )
with B(l) (1 =1, Bf)(t) = /3(1) whereﬂ(l) w/u_q, and
Mo P(l ) 0 P(l _11)
n
1= U1 >0, Bui1= % ’(11 -1~ 0, nzl
Pn—1 n

Note thatB” (0) = (— 1"V ... g £ 0.
The coeff|C|ent3<(l) andlgfp can be generated using thed algorithm (seg12]), given by

I+ 0 (I+1

l (1) I+1 I+1 l
ﬁﬁz) —ﬁ( )+( ), By n+1—ﬁ()°‘n+1’ n>1

with oc(ll) =0 andﬂl) = 1/ _1, for all values ofl. These two relations in the algorithm also provide

I O] I
51) OCn—l—l /( )

0 — (l+l) @
ﬂn+l %41 Ynt1

n>1, (3)

whereyff) = f,’) + ac,(fjrl The ponnomialsB,Sl) (1) also satisfy other relations (sgk3]) such as

B0 =B (0) — )18 (1), n>1, @)

BV 1)y =BY ) + U BL @) /1, n=0, (5)

B! Y(t)= (B (1) - B 1) /357, n=0 6)
and

B D@y = (BUYBO @) + 0P 1 BL jan 07V, a1 7)
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As shown in[11] for B,SO)(t), the zeros of the ponnomiaB,(,l)(t) are real, distinct and they lie inside
(a, b).

Leta = f2/b, 0<f<b<oo andw be such that 2 € 7. We say that the distribution functiof
belongs to the clas$3(w, 8, b) (or y € S3(w, B, b)) if  is a strong distribution function ofa, »] with
the additional property

dy(r) _ _ dy(p?/n)
to (ﬁZ/t)w
Clearly Eq. (8) implies that,,, = 2™+ ,_ . . The notations3(w, f, b) was introduced if4], where

some properties ofthe ponnomi:Bé’) (1) associated withh € S3(w, B, b) were considered. For example,
it was shown that for any e 7,

/
l‘nB,(, )(ﬁz/t) _ pd-2w-I)

, f€la,bl. (8)

=B (), n=0 (9)
l n 9 9
B, (0)
(1-2w—1) a(172rofl) y(l—Zw—l)
popa-20-n _ g2 P S~ S NS} (10)

@) O] (-1
ﬁn+1 %11 Ynt1

In this article we give information on polynomials obtained as linear combinations of the L-orthogonal
ponnomialsB,SO)(t) when the associated distribution functipre S3(w, g, b). The results given in this
article provide technics for obtaining examples of strong distributions with explicitly known information
on their L-orthogonal polynomials.

2. Linear combinations

Letr be a positive integer. We consider the sequence of real monic polynd®Bjals, 1, ..., Ay 1)},
n>r, defined by

,
9 0
BuUna. - i) = BOW) + Y hn i B (1),

k=1
where/, 1, ..., 4nr € R. Then it follows from the L-orthogonality relation (1) that
b
/ "B Onds ooy dn s ) (1) =0, r<s<n—1. (12)
Itis known (seg4]) that the polynomial®, (1, 1, - . ., 4x.r; t) has atleasi—r zeros of odd multiplicity
inside(a, b).

Lemma 1. Let r be a positive integefet Q,,(¢) be a real monic polynomial of degrae> r such that

b
f 0, dy() =0, r<s<n—1

Then there exist r real numbeis 1, ..., 4, such thatQ,(t) = B,(An.1s - - - s Anrs 1).
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Proof. We can writeQ,, (1) = Z'}:o cj BEO)(t) with ¢, = 1. Hence,

b n b
[ rreomn=3c [ rrsPoan=o ren-1
a j=0 a

Settingsg=n—1,n-2, ..., r+1, r, and using the L-orthogonality relation (1), we obtain the homogeneous
triangular system of — r equations in the — » unknownscg, c1, ..., ¢h—r—1
0,—1
péo 2) 0,—1 o 0
o7 P ca | _|O0
péO,—n-‘,—r) p(lo,—n+r+1) o Pflo_’:})l Crer1 0

Since the diagonal elements do not vanish, the only solutiopisc; = --- = ¢,—,—1 = 0. By setting
cn—j=/njforj=1,2 ..., r, wethen obtain the required result]

By using the above lemma we can prove the following result.

Theorem 1. Given a positive integer, tet y € S3(w, §, b), wherew = (1 — r)/2. If n>r then for any
Jnds - -5 Jnr € RsUchthatB, (A, 1, ..., Anr; 0) # O,there exisy,, 1, ..., 1, , € R that satisfy

"By (Gnds - s 2nrs B2/1)
Bn(/ln,l, ey ;Ln,r; 0)

=Bn(1y1-- sty s 0)-
Proof. Forn = r the result is obvious. For > r settings = 2/t in (11) and using (8) it follows that
b
/ tn_s_szn(;Ln,la e j~n,r; ﬁz/t) dl//([) =0, r<s<n-—1
a

Sincer =1—2w, thent 2 fors=r,r+1,...,n—1is equivalentte™" ™ fors=n—-1n—-2,...,r,
and we obtain that

/b (ks (t"Bn Cnds - oy dnrs B2/1)
a B, ()»n,l, cee )vn,rQ 0)

) dy(r)=0, r<s<n-—1
Hence from Lemma 1 the result follows

These results can be found[iti7] for the special case=1 — 2w = 1.
In this work, based on the result of Theorem 1, we seek for the values of the paraipeters, 4, , €
R that satisfy

"By (n1. .. s B2/1)
Bn(/ln,l, cees ;Ln,r; 0)

=By(n1s .-y dnrs ).

Now we give some definitions which we use throughout this work.
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If a monic polynomialr, (¢) of degreen satisfy

1" Ry (f%/1)
R.(0)

we call it ag-inversive polynomial.

Since|R,(0)| = ", the zeros ofR, () are symmetrically (inversely) positioned abguand/or—p.
Hence, ifnis odd thenr, (t) has a zero of odd multiplicity at= g or atr = —p.

We classify thes-inversive polynomials into two types:

e p-inversive polynomial of type,AvhenR,,(0) = (—p)". This means thaR, (t) cannot have a zero of
odd multiplicity atr = —p,

e f-inversive polynomial of type,BvhenR, (0) = —(—p)". This means thak, () must have a zero of
odd multiplicity atr = —p.

We note that whend is an odd integer, since all the zerosB;&‘) (r) are inside(a, b), then from (9)
the ponnomialsB,(l(l_Z“’)/z)(t) are p-inversive of type A. In particular, whe = 1/2 the polynomials
B,(,O) (1) arep-inversive of type A.

In[1], Andrade et al. studied the polynomials satisfying (12) for wikgt0) =(— )" . Based on results
found in[1] we can state the following.

Lemma 2. Let{R,,(r)} be a sequence of monic polynomials whesg) is of degree m ang-inversive
of type A. Then given any monic polynon®gkr), n > 1 with theg-inversive property12),the following
holds

(1) If R, (2) is B-inversive of type A then there exist unique constéats,, ..., & € R, 0<s<|n/2],
with g = 1, such that

Ry(t) =) &t" Ryai (1),

k=0
(2) If R,(¢) is p-inversive of type B then there exist unique constdpis,..., & € R, 0<s<
L(n — 1)/2], with ¢ = 1, such that
S
Ru(t) =t +B) Y &t* Ru-1-2i(0).
k=0

The proof of part 1 of this lemma can be foundij. The proof of part 2 follows from part 1, since
R, (1) is p-inversive of type B impliegr + ) 1R, (1) is p-inversive of type A.
3. PolynomialsB, (4, 1; r) wheny € S3(0, B, b)

We know that the zeros of the polynomiag(4,.1; ¢) for any strong distribution functior, defined
on[a, b], are real, distinct and at least- 1 of these zeros are inside, b).
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According to Theorem 1, it is appropriate to consider the polynon#ia(s, 1; r) when the associated

distribution functiony is in S3(0, g, b). This was done in Sri Ranga et §7] where they have shown
that for anyn >1,

. "B,y 1; 2/¢
it a1 =0+ then nn i BT _ g ),
Bn(}~n,1; 0)

In particular,

"B, )A : 2 . . . .
o if / An 1= (0) \/ﬁflo)yf,o) then%—B (in 1), 1.e,B, ()” 1 1) is ap-inversive polynomial
of type A.

2B . . . .
o if )L 1= (O) \/ﬂﬁ,o)yﬁ,o) then% —B, (ln 1 1),1.e,By, (,In 1 1) isap-inversive polynomial
of type B, and its only zero which lies outsidg?/b, b) is equal to—g.

In [16] Sri Ranga has shown that
B.Gf 0 =B0@ and B,(E;0=+pB2 w0,
whereé,(,o) () andéf,o) (t) are polynomials defined by (1), respectively, with the distributions

Ay () = Tﬁ dy(r) and di(r) =t + ) dy(r),

both of classs3(1/2, g, b). Note that both§,(,0)(t) and l§,§0) (r) arep-inversive polynomials of type A.

4. PolynomialsB, (/,.1, 4n.2; t) Wheny € S3(—1/2, ., b)

Following Theorem 1 we consider the polynomi#s(4,. 1, in.2; 1) = B,(,O) ) + /ln,legl(t) + n2

(0) (1) when the associated distribution functigre $3(=1/2, B, b).
Slncew =-1/21in (9), we have that

BP0 _ o) ® 1" ByY (62/1)

: =BY1), n>1, (13)
B\”(0) " B (0) !

and from (10) we obtalm(l) B, n>=1. Hence,{B,Sl) (1)} form a sequence gf-inversive polynomials
of type A.

Theorem 2. Letn >2. Let the parameters, 1, 4,2 € R be such that thg-inversive property

1" By (n.1s 4n.2; B2/ 1)
B, (in,l’ }~n,2; 0)

= Bn(;»n,l, ln,Z; t)
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holds. Then
(1) the polynomialB, (4, 1, /n.2; t) is p-inversive of type A if,, 1 and /, » satisfy
(an+1 + /n, )ﬂ — n2=0,
(2) the polynomialB,, (1,1, An.2; t) is p-inversive of type B if
in1=BO + B and iyo2=—pa0.

Proof. The idea for proving this theorem comes from the results of Lemma 2. That is, we expand
B,(/n.1, 4n.2; t) in terms of a sequence of polynomials which fri@versive of type A.

SinceBy, (Jn.1, An.2; 1) = B,EO) ) + }vn,lBﬁl(t) + AH,ZB,EO_)Z(t), using (4), (6) and (7) we obtain

(0)

: %y 0 p( 1
Bunt iz 1) = BP0 + 2T (5O B ) 450 15D )
Yn—1

@
Vn 1

1 1 0 2 2 0 ,, 0
LetCxP =CiY U1, 20 2) =00 1+, DB 1 — 2, ANACY =CP (in, 1, 2, 2) = (0 4 g 1) ts o, 2.
Hence the previous equation can be wrltten as

1 1 1 1
By (1, 2,2 1) = BV () + 5= CV B, (1) + —5-Ci2 1B, (1), (14)
Tn—-1 Tn—-1

Hence, ift" B, (/n.1, An.2; B2/t)/(—p)" = B, (n.1, An.2; 1), then from (13) and (14) we have

t 1 1 1
By(in1 72 1) = BP (1) = —5-C\P B (1) + —5=CP1 B, (0).
Vn—]_ /n 1

(€3]

Comparing the two above expressions B4, 1, » 2; t) we conclude thaf’,,” = 0. This concludes

part 1 of the theorem.
To prove part 2 of the theorem IB;SD=D,§1)(in,l)zin,l—(ﬁ(o)-i-ﬁ) andD(z) (2) (An,2)=2n. 2+,Boc(0).
Then we first obtain from (4) and (5) that

1 0 0
ByUnt, in2;t) = (t + HB 1)+ DY B (1) + D@ B, 0).

Now applying (6) and (7), this becomes

1 0 1
BuCin1, nzi ) =t + HBO10) + - (01D — DP)BD (1)

Yn—1

o (oc(O)D(l)—I—D(Z))tB(l) (1). (15)
Vn 1
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If By(An.1, Zn.2; t) IS f-inversive polynomial of type B, then from (13) and (15) we obtain
By (i 1, /23 1) = (t+ﬂ>B,§?1<r> too — 5 (B2, DF — DP)BE, (1)
Yn—1

(0) O p® 4 p@yBD 1.
yn 1

Comparing the two above expressions B/, 1, 4, 2; ) we get
0 1 1
B9 0D — D)t — pBY (1) = 2860 DD + D@y BD 1),
which is possible only iil),ﬁl) = D,(f) =0, concluding part 2 of the theorem

Remark 1. Theorem 2 gives us that,if € S3(—1/2, §, b) then the polynomial
BuGf 1 28 200 = BV + 28 1B 1 (1) + 41, B (1)
=@+ pBL0)

is p-inversive of type B. Here? , = O 4 p andi}, = e

Remark 2. Theorem 2 also gives us thatyife S3(—1/2, §, b) then the polynomial

0 0 0) R
By, 2850 =BOW + 2 B2 (0) + 04 + 2 DY BO, 1)
=BV ) + @2+ 24 B, (16)
is p-inversive of type A, for anyi'; € Randi}, = (ocfg)_l + 4, 1)[3(0) The last equality of the above

equation comes from (14) by taklmg(, (n.1, 4n,2)=0. Hence, for example, ﬁ;jl fﬂl andAn »=0,

then
A SA 0 0
Bn(/“n,l’ in,Z; 1) = Br(LO)(Z) - O‘( ) ( ) (Z)
=BV (1)
. i . . .. ~ . ~A _ (0) (0)
is -inversive polynomial of type A. Similarly, for example,4f ; = 0 and4, , = o,/ ,” 1, then
sA oA 0 0 RO
ByCny s 0 2i ) = BO (@) + 0015071 B, (1)

0, p
=BP (1) + o) 1B (1)

is p-inversive polynomial of type A.

Another interesting choice fdﬁ‘,l is the one that makes the polynomialin (16) to have a zero at the point
t = — . Because of the symmetry of the polynomial in (16) and since only two zerB,s(o)f,l, 2;12; t)
can be out side of the intervét, b), the zero at = — must be of multiplicity 2. Letting = —f in (16)
we then obtain

[@H)]
P ita,= B CP
n, n
BB, (—p)
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Corollary 1. Leti,/il, for n>2, be such that

Tpr+oQ =ap+ o g, 4a0 =ap 4o 4P
EAINER

o o
Iy = ap o D o T2l 5 n>4
21+ 2

Then the monic polynomiaﬁfgz(t) (t + p~?B, (An 1s (A 1+ a(o)l)ﬁflo)l, t), n>2is p-inversive of
type A and

b
/ t_nﬂ]},(,o)(t) do(r) =0, O0<s<n-—1, a7

where¢ € $3(1/2, B, b) is such thatlp(r) = (1 + [)’)2 dy/(¢). Furthermore
BOW = —pB21) —aP1B0y10), n>2,

with By (1) = 1and B\? (t) =t — B, where

~ 0 ~A ~A
70 =0, 400 g (ripy—Taq), for n=2 (18)

Proof. From the three term recurrence relation (2) B;SP(I) we obtain the first result of the corollary.
From (11) we know that

b
/ B, G, G+ 0@ DB dp(n) =0, 2<s<n— 1.
a
Since
<A <A
(t + B2B2y(1) = BuCiy 1, Oy + 20082150, n=2, (19)

we then obtain the L-orthogonality relation (17).
To obtain the last part of the corollary, we first compare the coefficients dfon both sides in (19)
and obtain

~ ~ ~A ~A
bn—2,n—3 - bn—3,n—4 = bn,n—l - bn—l,n—Z + in,l - ;“n—l,l’

whereB O (1) = 1" + by y_1t""L + -+ + byo and B (1) = " + by p_1t""1 + - - - + by.0. ON the other
hand, from the three term recurrence reIationsH,&?r) ) andéflo)(t) we obtain, respectively,

~ = ~(0
bn,n—l - bn—l,n—Z = —(ﬁﬁ,o) + “,(10)) and bn—2,n—3 - bn—3,n—4 =—(B+ Of,g )2)
These results immediately lead to the required result of the corollary.

Example 1. We consider the strong distribution functigrgiven by

W= g
Ctb—tJt—a

where 0< < b < oo, f = +/ab, which belongs to the clas&’(—1/2, 8, b).
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For this distribution function, from results given[i8] one can determine that

f+ 20 (0) B+ 20
. ay =

o _ P © _ 2P
o 3 B+ o

L 7 p420 "2 B+ 2a

0 0
BY =B o= n=3,

B . B =p

9

wherex = (Vb — /a)?/4. Also

oc(zl) = 20, ﬁfll) =, “5114)-2 =o n=1

We now use Corollary 1 to obtain information on the polynomiél,@)(t) which satisfy the
L-orthogonality property

b
/ B BO @ dp(r) =0, 0<s<n—1,
a

where di (1) = [(r + B)?/(tv/b — 1/t — a)] dt. We have
BOyt) =t + B 2Byl g, G + 5008 % 00, n>2,

~A ~ ~
wherey = 48 + af/(B+ 2), Jaq =4 + 22, Jg1+a=48+ 20— 42/ (2f +a),

o2

~A
dp1to=4p+ 20— o E— n>b.
;Vn_zil + o
We can writei,f’l, n >4, explicitly. Note that forj =0, 1 andn > 2,

o 1 1 1 1
T 214 2B/0) —2(1 + 2B/a) — - -+ — 2(1+ 2B/o) — 2(L + 2B/a) + 1

~A
;”2n+j,l +a
wherexg = —(1 4+ 28/«) andxy = 1. The expression on the right-hand side is a continued fraction of
ordern (n terms).
We now use the following known result:
Upax) 1 1 11
Uy(x)  2x—2x—---—2x—2x’
whereU, (x) = sin((n + 1)0)/ sin(0), with x = cos¥, is thenth degree Chebyshev polynomial of the

second kind and the expression on the right hand side is a continued fraction ofi.dfdem this result
and from the properties of the numerators and denominators of continued fractions, we then obtain

Un1(1+25/2) + Un-2(1+26/0) _ Uzi-2(vI+B/2)
Un—2(1+2B/a) + Up—3(L+2B/0) ~  Upya (VI + B/2)’

Un(1+2B/0) — (1 + 2B/)Up—1(1 + 2B/2) " T,(1+ 2p/a)
Un—1(142B/0) — L+ 2B/0)Up—2(1 4 2B/2)  Ty—1(1+4 2p/2)’
for n>2. HereT,, (x) = cogn0) is thenth degree Chebyshev polynomial of the first kind.

~A
;\‘2}1—1,1 +o=uo

~A
;°2n,l + o=
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From (18) the coefficients of the recurrence reIationE&P (1) are found to be

~(0 ~A ~A
O(,(,l) = — (;“n+2,l_in+l,l)’ n>2

0

Then we can write the coefficierd? anda n>1, explicitly as

2n+1°

50 _ 0 22+ p)

2n Ty (L+ 2B/0) (Un—1(1 4 2B/2) + Up—2(1+ 2f/2))

. 2(+ )
Ty(1+28/0)Upy—2 (VI+ B/2)’

50 22+ p)

2nt1 Tu(L+ 2B/2) (Up(1+ 2B/2) + Up—1(1+ 2B/2))

20+ )

o — .
T,(1426/0)Us, («/l + ﬂ/:x)
Example 2. The log-normal distribution (sg&4]) is given by

dy(r) = T\/jE e INM/29% g, 4 ¢ (0, 00)

with0<g <1, g = 2 This is a very interesting distribution function in the sense thaan be
classified as any one of the cla&¥w, f, co) by taking = ¢“~V. The choicas = —%, then means that

y belongs to the clas$®(—1/2, g=%/2, c0).

The moments of this distribution function are explicitly giverjid]. Hence, assuming € S3(—1/2,
g3/2, 00), we obtain using the—d algorithm

— [ — —
pO = ¢ (1/2+1) a’gil:q @240 (=" 1) p>1.
Application of Corollary 1 gives
~(0 _3._ A=A 0 0
BOy(1) = (t +q~ ) 2By g, Opa + 0D 0). n>2,
satisfying the L-orthogonality

o0
/0 B0 @) + q3>2‘2£‘ e N0/29°gr =0, O<s<n—1.

The numbersifv1 can be generated by
~A _ _ _ _
o1+ q Mg -1 =q3(qt +3),

~A _ _ _ _ _
ia1+q Va2 -1 =g +q%+2)
and, forn >4,
g 3q " ¥ -1 "? -1

In—21+t g (g2 — 1)

~A B 3 B o o
;”n,l+q 1/2(q l’l_l):q 3/2(q (n 3)+q (n 2)+2)_
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5. PolynomialsB,, (4n.1, /n.2, /n.3; 1) Wheny € S3(—1, ., b)

Theideapresented inthe previous sections can be extended for the linear comBinetion 4,2, 4 3;

1) = (0)(t) + I, 1B( )1(t) + i, 2B( )z(t) ~+ An, 3B 3(t), wherey must be assumed to beS&(—1, B, b)
distribution functlon We give in Theorem 3 the main results for this case.
In (9) lettingw = —1, we have

"B (B2/1)

o =B2@1), n>1, (20)
B, (0)

and from (10), for example, thaﬁl) ,(12) = g2, n>1. Itis also easy to prove that

e -

(D

Vn

B = (1" - P = (=)

Theorem 3. Letn >3. Let the parameters, 1, 4,.2, 1,3 € R be such that thg-inversive property

1" By (. 1s #n.25 40,35 B2/ 1)
B, (in,l’ )~n,2’ in,S? 0)

holds. Leto-,(ll)_ = ,(11) —4/ ,21)%21) andaﬁll)Jr (1) + \/ﬂ(l) D' Then for anyl, 1 € R,

(1) the polynomialB,, (1.1, 4.2, 4n.3; 1) IS f-inversive of type A if

= Bn(;tn,ls in,29 )bn,S; t)

0 1— 0 1 0 1)—

(2) the polynomialB,, (1.1, 4.2, 4n.3; t) IS p-inversive of type B if

, 0 1 0 0 1 0 1 1
In2 = I A(By 2 + 0003 + o (B + 013) = Gy + o )an

ﬂ S0 Wt 4O (Dt (© fiut (23)
I3 = n 1By 2000 + By a0n s (g — Ez) ).

Proof. By using relations (4), (6) and (7) we obtain

+9
1 +/ n,1
©
Yn—1
(€] (€3]
(o) B Z(t) B 1(t)) + -5 (o)
Yn—1 Yn—2

R . 0 1 1
By(n1s dn.2. in3:1) = BY @) + (i B,§_>1<r> +29:BWY 1))

23 tBW o) — B, (1)),
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This can be written as
Bt o i at) = BD © B!
(/Ln,la n,2’ /Ln,3v t) - n (t) + (0) ((OC 1 + /Ln 1)ﬁ /Ln 2) 1(t)
Tn-1
0 1
+ 5 (g + 2, D2 + 2 DB (1)
Vn 1

(0)
*)n 2

Now, by using (2) and (3) we can write
ByUn 1. /n2. in3: 1) = BV (1) + Fu BY1 (1) + Gut B (1) + Hyt B 5(0),

where
Fo_F 0) ) , /n,3
n=— n(;vn,l, ;vn,27 ;vn,S) (0) (O‘,H_l + /ln,l)ﬁn_l — /n,2 + (_0) s
Yn— 1 Bn—Z
0 n,3
G = Galin1. nz 1n3) = ~o— (00 + 20, Do? 2— 5= |
Yn—1 ﬁn72
in,3
Hn = Hn(in,i%) - W
ﬁn—Z

To prove part 1 of the theorem we use (20) and (21) and we get

1
" BUnts in2in B B0 _ B gy, SR
—p" e / W, ( -l
Tn n n
1)
_Pu2Cn p@ _ H, B?
t) — 1
@ @ 'B1—2(t) DD 3(®-
BroVn_2 Bron_2

Sincer” By (i 1, 7n.2 #n.3: B2/ 1) /(=)' =

(1)
1 1
L BM ) — 4D BP (1)

Bn(;hn,l, /ln,2a ;hn,3; 1) =
/ (1) (1)

F 1
mw(” )+ VB (1))
Yn
@D
B, oG 1 D 1
2" (BP,(1) — oY B L))
ﬁ(l)zy(l)2
n
1 1 1
1B, ) + BB, (0)).

D (1)
ﬂn 27n—2

27

(24)

(25)

By (n.1, 2.2, /n.3; ), Dy using (4) and (5) we have
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Equivalently,
(l) _ 1)((1(1) F,)
Bung, iz, ings ) = Pt gy P Cnia T 1) gy )
/ p(1) (l) [ pD), (1)
n n
ﬁ(l) 2@ o BalaUn 4 22,Go)
n Z(I) Bn S(I) (26)
® @D @ @D
ﬂn 2Vn—2 ﬂn—Z n—2

We now compare the two expressions (24) and (26BfaV.,..1, /n.2, 4n.3; t) t0 get information about
F,, G, andH,. SinceBy,(Ay.1, 4.2, /n.3; t) iS MONic we must have

Fo= B0 =B (27)

SInCE”/(l) (1)1+/3(1) Eq. (27) impliesF,, = — ,(11)( (1)1+F )/ ﬂﬁ,l)yf,l) Hence, subtracting (26) from
(24) we get
() (€8]
H, +oc ). G
Gy — ﬁT 8O0 + | #, + P2t —= 2| B®y0 =0

ﬁ( ) "/,(1_) /))( )2/,(1 )2
Considering the coefficient of 2, we conclude that

1 1@

Hy =G (12 = 225 ) (28)

Hence results (22) of the theorem follows from (25) and conditions (27) and (28).
Results (23) of the theorem can be obtained in a similar way using the relaBoo,, 1, 4, 2, /n.3;

ﬂz/l)/(_ﬁ)n = _Bn(/ln,la /ln,Za /Abn,3; r). O
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