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ABSTRACT

There is a C'-residual (Baire second class) subset R of symplectic dif-
feomorphisms on 2d-dimensional manifold, d > 1, such that for every
non-Anosov fin R, its topological entropy is lower bounded by the
supremum of the Lyapunov exponents of their hyperbolic periodic
pointsin the unbreakable central sub-bundle (i.e. central direction with
no dominated splitting) of f. The previous result deals with the fact
that for fin a C-residual set R of symplectic diffeomorphisms (con-
taining R) satisfies a trichotomy: or fis Anosov or f is robustly tran-
sitive partially hyperbolic with unbreakable centre of dimension 2m,
0 < m < d, or f has totally elliptic periodic points dense on M. In the
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periodic points converging to M. Indeed, R contains an C' open and 37020
dense subset of symplectic diffeomorphisms.

1. Introduction

The concept of topological entropy of a dynamical system provides information about its
complexity and it is invariant by conjugacy. Topological entropy is a positive real number
that, roughly, measures the rate of exponential growth of the number of distinguishable
orbits with finite but arbitrary precision as time advances. Precisely, let (X, d) be a compact
metric space and f: X — X be a continuous map. For each natural number n, we define the
metric

dy(x, y) = max{d(f'(x), f'(y)) : 0 <i<n}

Notice that, given any ¢ > 0 and n = 1, two points of X are e-close with respect to this
metric if their first n iterates are -close. A subset E of X is said to be (n, €)-separated if each
pair of distinct points of E has distance greater than ¢ in the metric d,. Denote by N(n, ¢)
the maximum cardinality of an (n, £)-separated set. The topological entropy of the map fis
defined by

1
hop(f) = lil’l’(l) (hm sup — log N(n, 8)) .
E—> n

n—o0
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Recall that the above limit always exists in the extended real line (but could be infinite).

Lyapunov exponents are another useful tool to measure the complexity of a dynamical
system. They are important constants to measure the asymptotic behaviour of dynamics in
the tangent space level. Positive Lyapunov exponents indicate orbital divergence and long-
term unpredictability of a dynamical system because the omnipresent uncertainty in deter-
mining its initial state grows exponentially fast in time. In other words, Lyapunov exponents
tell us the rate of divergence of nearby trajectories. More precisely, given a diffeomorphism
fover amanifold M, we say that a real number A(x) is a Lyapunov exponent of x € M if there
exists a non-zero vector v € T, M such that

1
lim —log||Df"(x) v| = A(x).
n—+oo n

Using the lack of hyperbolicity inside the central direction, in Theorem B, we relate
these two different ways to measure the complexity of a system. Roughly, we provide lower
bounds of the topological entropy for a class of symplectic systems using Lyapunov expo-
nents of the hyperbolic periodic points in the central direction, i.e. taking v above in the
central sub-bundle. Hence, we obtain an estimate to topological complexity of symplectic
systems via differential properties of its hyperbolic periodic points for a class of symplectic
diffeomorphisms. By class we mean a residual subset of Diff. (M) in the complement of
symplectic Anosov diffeomorphisms. The estimate we obtain for the topological entropy
of a diffeomorphism f depends on the level of partial hyperbolicity of f, namely, the centre
dimension. Hence, it is worthwhile to know conditions that allow to identify the level of
partial hyperbolicity of a symplectic diffeomorphisms. In this sense, we obtain Theorem A,
which allows to specify the level of partial hyperbolicity of a symplectic diffeomorphism
through a study of the periodic set of the symplectic diffeomorphism.

Let us make precise the statements.

We say that a diffeomorphism f: M — M s partially hyperbolic if there exists a continuous
Df-invariant splitting TM = E*®E‘®E" with non-trivial extremal sub-bundles E* and E¥,
such that for every x € M and every n large enough,

e the splitting is dominated:

IDSME )N IDFE/(f" el < =, forany (i, j) = (s,¢), (s, u), (¢, u); and

1
2

e the extremal subbundles are hyperbolic:

IDfME (o) < and [IDf"E¥ ()] <

N | =
N =

We say that a partially hyperbolic difftomorphism f € Diff. (M) has unbreakable centre
bundle if the centre bundle E° has no dominated sub-splitting for f. If the centre bundle E°
is trivial, then fis hyperbolic, that is, fis an Anosov diffeomorphism.

Here, (M*, w) denotes a compact, connected, and boundaryless symplectic mani-
fold with dimension 2d and Diﬂfo (M??) denotes the set of C'-diffeomorphisms on (M??,
w) that preserve the symplectic form w. Recall that a partially hyperbolic symplectic



DYNAMICAL SYSTEMS (&) 463

diffeomorphism has even dimensional unbreakable centre bundle. So, we can split the set
of partially hyperbolic diffeomorphisms in subsets according to the dimension of their
unbreakable centre bundle. We denote by P’Hi(m) C Diﬂfi) (M*), 0 < m < d, the set of
partially hyperbolic diffeomorphisms with dim(E) = 2m. For convenience, we denote by
737-[[19 (0) = A the subset of Anosov diffeomorphisms and by 737-[(10 (d) the complement of
the closure of the union of all PH, (m), 0 < m < d. Notice that PH_ (i) and PH_ (j) are
disjoint subsets for every distinct 0 < i,j < d. Moreover, they form a partition of Diff. (M??).

In order to state the first result, let us recall the definition of elliptic periodic points. Let
Per( f) be the set of periodic points of fin Diff. (M??). We say that p € Per(f) of period
k is an m-elliptic periodic point, 0 < m < d, if Df*(p) has exactly 2m non-real and simple
eigenvalues of modulus one, and all other eigenvalues have modulus different from 1. Here,
a d-elliptic periodic point is called totally elliptic periodic point.

Recall that, as hyperbolic periodic points, m-elliptic periodic points are robust for sym-
plectic diffeomorphisms. Also, if fis a partially hyperbolic diffeomorphism and has an m-
elliptic periodic point then dim E° must be larger than 2m. In particular, from the continuity
of the partially hyperbolic splitting and the robustness of m-elliptic periodic points for sym-
plectic diffeomorphisms it follows that every f € PH. (m) having an m-elliptic periodic
point belongs to the interior of PH. (m).

In [3], Arnaud, Bonatti, and Crovisier show that a generic partially hyperbolic symplec-
tic diffeomorphism f € 777-[610 (m) C Diff(lu (M*), 1 < m < 2, must have m-elliptic peri-
odic points dense on M. They also conjectured that the same is true in Diff. (M??) for any
d = 1. The next result provides a positive answer to the conjecture.

Theorem A: There exists a residual subset R C Dift} (M??), such that if f € R, one of the
following properties happens:

(a) fis an Anosov diffeomorphism;

(b) fis a robustly transitive partially hyperbolic diffeomorphism in PH. (m), for some 0
< m < d, and there is a sequence of m-elliptic periodic points converging to M (in the
Hausdor(f topology);

(c) fis not partially hyperbolic and has a sequence of totally elliptic periodic points con-
verging to M (in the Hausdor{f topology).

In particular, generically the non-existence of totally elliptical periodic points implies
some level of (uniform/partial) hyperbolicity.

Let us recall some previous related results. Newhouse [14] shows that in the complement
of the set of Anosov symplectic diffeomorphisms (in Diffllv (M?)), there is a residual subset
of symplectic diffeomorphisms exhibiting 1-elliptic periodic points dense on M. Arnaud
[2] prove the existence of an open and dense subset of Diffi) (M*) such that fis Anosov, or
fis partially hyperbolic, or fhas a totally elliptic periodic points on M. These results were
extended in two direction: in the first one, Saghin and Xia [15] generalize to Diffi) (M?),
for any d = 1; this result also follows from Horita and Tahzibi [12]. In the second direction,
Arnaud, Bonatti, and Crovisier [3] has a four-dimensional version of our Theorem A, as
we have already mentioned.

Before we state the result of estimates for the topological entropy of non-Anosov maps,
we define some notations and recall some previous results. We denote by 7(p, f) the period
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of a periodic point p of f. For f € Diff. (M) and p a periodic point with some eigenvalue
with modulus different from 1, we define

Amin(ps f) = min{|A| : A is an eigenvalue ofof(P’f)(p) with [A] > 1}.

and if f has hyperbolic periodic points, we define

s(f) = sup { log Amin (p, f) : pis a hyperbolic periodic point of f} . (1)

1
t(p, f)

Recall that generically (i.e. for a residual subset) symplectic diffeomorphisms have hyper-
bolic periodic points (in fact they are dense). So, s(f) is well defined for fin a residual subset
of Diff} (M).

Newhouse [13] relates the topological entropy and s(-) for certain non-Anosov sym-
plectic diffeomorphisms on surfaces. Recently, Catalan and Tahzibi [7] generalize [13] for
symplectic diffeomorphisms in any 2d-dimensional manifold.

Theorem 1.1 ([13] for d = 1 and [7] for any d > 1)): There is a residual subset R C
Diff} (M??) of C' symplectic diffeomorphisms in M, such that for every non-Anosov diffeo-
morphism f € R, we have

heop (f) = s(f).

Moreover, Catalan and Tahzibi [7] obtain a stronger result for symplectic diffeomor-
phisms on surface: for a generic non-Anosov surface symplectic diffeomorphism f, we have
hiop(f) = s(f).

Roughly, in the proof of Theorem 1.1, the authors use the lack of hyperbolicity to obtain
the estimate. Here we are able to use the lack of partial hyperbolicity getting better estimates
to topological entropy. Let us make this precise.

Let A: V — V be a linear operator defined on a vector space V and let E C V be an A-
invariant subspace. We denote by o (A|E) the spectral radius of A restrict to E. Hence, given
fe PHi(m) in 0 < m < d, we define

1
(p, f)

Sm(f) = sup { logo (DfT*P|ES(p)) : p hyperbolic periodic point off} .

Let us remark that, according to Theorem A, for a residual subset of Diff. (M>?), a non-
Anosov diffeomorphism f belongs to a subset PH_ (m), for some 0 < m < d. Indeed, it
holds for an open and dense subset of R \ P’HL (0). So, if f € Diffi) (M*) is a generic
non-Anosov diffeomorphism, then S, (f) is defined for some m. Clearly, if 0 < m < d,
then S,(f) > s(f). In fact, for f € PH. (1), the equality holds, i.e. $;() = s(f). It is not
difficult to show that S,,,(-), 0 < m < d, is a lower semi-continuous function as s(.) is, see
Section 4.

The next result provides lower bounds for the topological entropy of a non-Anosov sym-
plectic diffeomorphism.



DYNAMICALSYSTEMS (&) 465

Theorem B: There exists a residual subset R C Diff. (M*?), d > 1, such that if f € RN
PH(IL}(m), 0 <m <d, then

htop(f) Z Sm(f)

It is worth to remark that, generically, in the lack of partial hyperbolicity, i.e. for a generic
fin PH. (d), the previous result yields a lower bound to topological entropy in terms of
the supremum of the largest Lyapunov exponent of all hyperbolic periodic points of f.

The paper is organized as follows: in Section 2, we recall and provide some useful per-
turbative results in the symplectic scenario as connecting lemma, Franks lemma, and linear
systems with transitions. Section 3 is devoted to prove Theorem A. Using periodic linear
systems we show in Section 4 how to perturb a symplectic diffeomorphism in order to find
a nice periodic point, namely a diagonalizable periodic point, having Lyapunov exponents
close to Lyapunov exponents of an arbitrary fixed periodic point, Lemma 4.3. Further-
more, in Proposition 4.2, we show that S,,(f) can take account just diagonalizable hyper-
bolic periodic points and using a technical result, Proposition 4.5, we complete the proof
of Theorem B. We obtain, in Section 5, intersections between strong stable and unstable
manifolds of diagonalizable periodic points with small angles, Lemmas 5.1 and 5.2. These
lemmas are essential to prove Proposition 4.5 in Section 6.

We finish this section by giving a sketch of the proof of the main theorems. We point
out what we should overcome from the technics used in [13] and [7] in order to prove
Theorem B. Also, we put how Theorem A follows from the technics developed in order to
prove Theorem B.

Let us recall the key points in the proof of Theorem 1.1. An essential point is that in
the symplectic scenario, the Palis conjecture is known, more precisely, symplectic diffeo-
morphisms either are approximated by symplectic Anosov diffeomorphisms or by diffeo-
morphisms exhibiting homoclinic tangencies, see Newhouse [14]. Another essential point
is also due to Newhouse that show how to perturb a symplectic surface diffeomorphism f,
which exhibits a homoclinic tangency for a hyperbolic periodic point p, in order to create
a basic hyperbolic set having topological entropy arbitrary close to the (unique) positive
Lyapunov exponent of p for f. This kind of perturbation is called here by snake perturba-
tion. To prove Theorem 1.1 for symplectic diffeomorphisms in higher dimension, Catalan
and Tahzibi developed higher dimensional snake perturbations. The hyperbolic basic set
obtained after a snake perturbation has topological entropy close to the smallest positive
Lyapunov exponent of a periodic periodic point p. This is because of the natural Df*®)-
invariant dominated splitting in T,M given by the eigenspaces of Df*®”’(p). This is why
Theorem 1.1 provides lower bounds for topological entropy in terms of the smallest posi-
tive Lyapunov exponents of all hyperbolic periodic points.

Hence, to prove Theorem B, following the programme of Theorem 1.1, we need to per-
turb a symplectic diffeomorphism f in order to find a basic hyperbolic set associated to
a hyperbolic periodic point p of f, having topological entropy close to non-minimal Lya-
punov exponents of p. In this sense, we find an f-invariant symplectic sub-manifold DCM
containing p, such that the stable and unstable manifolds of p inside D has a non-transversal
intersection, which allows us to use the snake perturbation inside D, to construct a basic
hyperbolic set having entropy close to the smallest Lyapunov exponent of p for f restrict
to D.
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There are many technical steps to find the sub-manifold D, cited before. One of them is
to prove the existence of a periodic point p having all central eigenvalues equal to one, after
a perturbation. This result is due to Horita and Tahzibi [12]. Theorem A is a consequence
of this fact.

2. Preliminaries

In this section, we recall some techniques and provide results that we will use along the
proofs of Theorems A and B. They encompass perturbations of linear symplectic transfor-
mations, connection of invariant manifolds, and periodic symplectic linear systems with
transitions.

2.1. Linear symplectic perturbations

First, let us recall some basic facts about symplectic vector spaces. Let (V, @) be a symplectic
vector space of dimension 2d. For any subspace WCV, we define its symplectic orthogonal
vector space as

We={veV:ww,w)=0 forall we W}.

The subspace W is called symplectic ift W*NW = {0}. We say W is isotropic if WC W, that
is, if w|(W x W) = 0. When W = W* we say that W is a Lagrangian subspace.

For a symplectic form w in V, there is a symplectic basis B = {ey, . . ., ex4} of V such that,
with respect to this basis, w is in the standard form w = Z?:l de; N deiy g, ie. w(e;, eqy i)
= 1land w(e;, ¢)) =0ifj + d + i, for every 1 < i < d. Now, if ] is the canonical map on V,
with respect to B, such that J* = —Id, we say that a linear map A is symplectic if A*JA = J.
In particular, A is a symplectic map if and only if A*w = w. Notice that, if we take an inner
product on V for which B is an orthonormal basis, then w(u, v) = <u, Jv >.

Given two vector subspaces E and E’ of a vector space V endowed with an inner prod-
uct, dim E = dim E’ = j, we say that E and E’ are §-close if there exists orthonormal basis
{e1, ..., ¢} of Eand {e], ...,e/j} of E' such that max{|le; — ell| : 1 <i < j} < §, where |||
is induced by the inner product. For any pair of E and E’ of vector subspaces of the same
dimension, it is trivial to find a linear isomorphism A such that A(E') = E. Moreover, if E
and E’ are close, then A can be chosen close to the identity. The next lemma asserts that if
E and E' are close, then A can be taken symplectic and preserving a complementary space
of E.

In the remainder of this section, for sake of simplicity, we denote by V = (V, w) a sym-
plectic vector space.

Lemma 2.1: Suppose V = E®F, where E is an isotropic subspace. For any € > 0, there exists
8 > 0 such that if WCV is an isotropic subspace §-close to E, then there exists a symplectic
linear map B on V e-close to Id such that B(W) = E and B|F = Idp.

Proof: We use here coordinates (x, y) in V with respect to the decomposition V = E®@F,
and we fix an arbitrary norm ||-|| in V.

Since W is close enough to E, there exists a linear map A: E — F such that W = {(x,
A(x)): x € E}. Moreover, given ¢ > 0, we can choose § > 0 small enough such that if W is
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8-close to E, then ||A| < . We define j: E — V by j(x) = (x, A(x)). Since W is an isotropic
subspace, we have j*w = 0 (j*w is the pullback of the symplectic form w by j). Analogously,
if i E — V is the natural inclusion, i(x) = (x, 0), we have *w = 0.

Finally, if we define B: V— V by B(x, y) = (x, y — A(x)), then to conclude the proof we
just need to show that B is indeed symplectic, since |B — Id|| < ||A|| < &, B(W) = E and
B|F = Idp.

Let 7: V — E be the projection on the first coordinate, i.e. 7 (x, y) = x. We can write B
as B=Id + iomw — jom. Therefore,

* * ok * ok
Bo=w+n"T"w—-7n"jw =0,

since i*w = j*w = 0. The proof is finished. |

The next lemma allows to perturb inside a given symplectic subspace, keeping invariant
its symplectic orthogonal space.

Lemma 2.2: Let WCV be a symplectic subspace. For any € > 0, there exists § > 0, such that
if A: W — W is a symplectic linear map -close to the identity map Id|W, then there exists a
symplectic linear map B over V, e-close to Id such that Bl|W = A and B|W® = Id|W®.

Proof: If W = V, we are done, so we suppose dim W =2m < 2d =dim V. Let {ey, ...,
exm} be a symplectic basis of Wand let {e, 1 1, ... , €24} be a symplectic basis of W*”. Hence,
{e1, ..., x4} is a symplectic basis of V. Let <, - > be the inner product for which this basis
is orthonormal and thus w(u, v) = <u, Jv >, where

w0 _ 0 1d, _ »
]_|:0 ]Ww:|’f0r]‘_|:—ldt 01|, =W, W¢,

where Id, is the identity matrix of order m x m, if t = W, or the (d — m) x (d — m) is the
identity matrix if t = W*.
Since A is a symplectic linear map on W, we have A*JiyA = J. Defining

A 0
2=[5 1)

we have that B*JB = J. So, Bis a symplectic linear map on V such that BjW = A and Bl]W*® =
Idww .
Therefore, for any £ > 0, we can choose § > 0 small enough, depending on the symplectic

basis fixed at the beginning, such that if A is §-close to Idy, then the linear map B is e-close
to Id. The proof is finished. |

Now, we recall a symplectic version of the well-known Franks lemma in [9], which enable
us to perform nonlinear perturbations along a finite invariant set, namely a periodic orbit,
from linear perturbations (in particular, from those given in the previous lemmas).

Lemma 2.3 (Symplectic Franks lemma): Let f € Diff; (M) and let U C Diff; (M) be any
neighbourhood of f. Then, there exists § > 0 and U’ C U a small neighbourhood of f such
that given g € U', a finite g-invariant set {x, ..., xn}, a neighbourhood U of {x, ..., xn} and
symplectic linear maps A; : ToM — ToyM such that ||A; — Dg(x;)|| < 8 forall1 <i <
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N, then there is a symplectic diffeomorphism g € U such that g(x) = g(x) if x € {xy, ...,
xnfUM\U) and Dg(x;) = A, foralll <i < N.

The proof in [9] can be extended to the symplectic set using generating functions.

2.2. Connecting invariant manifolds.

Given a hyperbolic periodic point p of a symplectic diffeomorphism f, we define its stable
(resp., unstable) manifold, W*(p, f) (resp., W*(p, f)), as the subset of points in M whose
forward (resp., backward) orbit by f®/ converges to p.

Remark 2.4: If f is a symplectic diffeomorphism over M and p is a hyperbolic periodic
point of f, the stable and unstable manifolds of p, W*(p, /) and W*(p, f), are Lagrangian
submanifolds of M, that is,T,, W' (p, f) is a Lagrangian subspace for every x € W'(p, f),1 =s
or u. In particular, E*(p, f) and E*(p, f) are Lagrangian subspaces of T, M.

Remark 2.5: If f is a partially hyperbolic symplectic diffecomorphism over M, TM =
E*®E‘@E", then we also recall that E* and E** are isotropic sub-bundles of TM. Fur-
thermore, any partially hyperbolic splitting for a symplectic diffeomorphism is such that E
is a symplectic sub-bundle of TM satistying (E°(x))” = E*(x)®E**(x), for every x € M. In
particular, E*(x)®E"“(x) is a symplectic subspace of T..M.

Now, given a periodic point p of f € Diff. (M), if there exists a partially hyperbolic
splitting T,M = E§* & Ef & E;* for Dff®#, with dim(E*) = dim(E}*) = k and dim E{ =
2d — 2k, then by [11], there exists a f®# (resp., f*®?) local invariant k-dimensional strong
stable (resp., unstable) manifold W (P) (resp., Wi (p) ) tangent to E;° (resp., E;*) at
p varying C'-continuously with respect to the diffeomorphism. Hence, we define the k-
dimensional strong stable (resp., unstable) manifold of p by

W) = J f " W) (resp, Wi (p) = | £ W5 (D))

neN neN

We say that a periodic point p of f € Diff. (M) is diagonalizable if Dff*/(p) has only
real positive eigenvalues with multiplicity one. If p is a diagonalizable periodic point, then
for each 0 < k < d, the partially hyperbolic splitting T,M = E;* ® E ® E;* is defined. So,
for those points k-strong invariant manifolds are defined for any 0 < k < d. Hence, for
any diffeomorphism f € Diff. (M) and any diagonalizable hyperbolic periodic point p of
f-denotingby A, < **+ < Az, p» the distinct simple eigenvalues of Df*®/ (p) and by E; | ) <
+++ < Ey,, ,» the respective eigenspaces, we set the k-dimensional strong stable (resp., strong
unstable) subspace in T,M, 0 < k < d, as follows:

EF(p) = @ E,, resp., E{"(p) = @ E;;,

1<j<k 2d—k+1<j<2d

For analogy, taking m = d — k, we denote

Ep= P E,,.

k+1<j<2d—k
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which is the 2m-dimensional centre subspace. It is worth to point out that according to the
previous definition,W;*(p) = W*(p) and W;*(p) = W*(p).

In this work, by k-strong homoclinic intersections, k < d, we mean non-trivial intersec-
tions between W,*(p) and W (p). Moreover, if q is a k-strong homoclinic intersection such
that W= (p) N T,W,*(p) = {0}, then we say q is a k-strong quasi-transversal homoclinic
intersection. To create such intersections, we use a symplectic version of Hayashi connecting
lemma [10], due to Xia and Wen [16].

Proposition 2.6 (Theorem F in [16]): Let z € M be a non-periodic point of f € Diff. (M).
For any C'-neighbourhood U of f, there are p > 1, L € N and 8y > 0 such that, for any 0 <
8 < 8o, and for any point x outside the tube A = U:_ f~"B(z, §), and any point y € B(z,
8/p), if the forward f-orbit of x intersects B(z, 8/p), then there is a symplectic diffeomorphism
g € U such that g = foff A and y is on the forward g-orbit of x.

We emphasize that the perturbation g of fin the above proposition is a local perturbation.
That is, g should be different from fonly in A.

Remark 2.7: Symmetrically, we can restate the previous proposition for a tube along the
positive orbit of z, and require that the backward f-orbit of x intersects B(z, §/p), obtaining
now that y belongs to the backward g-orbit of x.

The next result is a consequence of Proposition 2.6 which permit us create k-strong
homoclinic intersections.

Lemma2.8: Let f € Diff} (M) and let p, q be either hyperbolic or m-elliptic periodic points of
fbooth having k-dimensional strong stable and unstable manifolds. For any neighbourhood U
of fand any y € W*(p, f), there exists a diffeomorphism g € U with a k-strong heteroclinic
intersection y, which is arbitrary close to y, for the analytic continuation p(g) and q(g) of p
and q, respectively, for g. That is, y € W (p(g)) N W (q(9)).

The proof of this lemma uses the fact that transitive diffeomorphisms are C'-dense in
Diff:u (M). This is the content of [3, Theorem 1], let us state it for completeness.

We define the homoclinic class of a hyperbolic periodic point, H(p, f), as the closure
of transversal intersections between the stable and unstable manifolds of all points in the
orbit of p: H(p, f) = W=(orb(p)) M WH(orb(p)). It is well known that homoclinic class is
a transitive set and coincides with the closure of the hyperbolic periodic points homoclin-
ically related to p (we say that a hyperbolic periodic point g is homoclinically related to p if
Wi (p)hW*(q) # @ and W*(p)hW*(q) # ¥).

Proposition 2.9 (Theorem 1 in [3]): There exists a residual subset R of Diﬁfclu (M) such that if
f € R, then there exists a hyperbolic periodic point p of f such that M = H(p, f). In particular,
fis transitive.

Proof of Lemma 2.8: By Proposition 2.9, after a perturbation, we can suppose that f is
transitive. Also, by transversality, we can suppose that W*(p) N W (q) = . Assume
Z =y e WZ(p),and take z¥ € W/ (q). Now, letl/, p > 1, L € N, and §, > 0 satisfy simul-
taneously Proposition 2.6 for z = z" and Remark 2.7 for z = z°.
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We write A*=UL_ f"B(z%,8) and A* = UL_ f"B(z", 8). Since L is finite and
W (p) N W (q) = ¥, we can choose § > 0 small enough such that A*NA* = @ and

f"(z) ¢ A°UA"and f"(z") ¢ A°U A", foreveryn € N.

Since fis transitive, we can find x € B(2’, §/p) such that flx) € A*UA" and f"(x) € B(z",
8/p) for a positive integer m. Now, by choice of § and x, applying Proposition 2.6 simul-
taneously for z° and z* (which is possible since the perturbation is a local perturbation of
f) we can find a symplectic diffeomorphism g, C'-close to f, such that flx) = g7 (%)
and g~ ! (f(x)) = 2. Therefore, z* belongs to the forward orbit of z*, and since g = f outside
A*UAY, we have 2%, 2 € WE(p(g)) N W*(q(g)). The lemma is proved. |

2.3. Periodic symplectic linear systems

We recall the notion of periodic linear systems with transitions in the symplectic scenario
as done in [12]. For the general definition and more details, see [6].

Let fbe a homeomorphism defined on a topological space X. Let £ be a locally trivial
vector bundle over X such that for every x € X, £(x) is a symplectic vector space of the
same dimension and endowed with the same symplectic form w. We define S(X, f, £) as
the set of maps A : £ — &€ such that, for every x € %, the induced map A(x, -) is a linear
symplectic isomorphism £ (x) — £(f(x)), that is, w(u, v) = w(A(u), A(v)). Thus, A(x, -)
belongs to £, (£ (x), E(f(x))), the set of linear maps from £ (x) to £(f(x) that preserve
the symplectic form w. We define anorm | - | on £,, (£ (x), £(f(x))) induced by Euclidean
metrics of £(x) and £(f(x)):

|A(x, )| = sup{|A(x, v)|, v € E(x), [o] = 1}.

ForA € S(%, f, &), weset |A| = sup{|A(x, -)| : x € Z}. Then we define the norm of A €
S(S, £, €) as Al = max {|A], |A~]).

A linear symplectic system (or linear symplectic cocycle over f) is a 4-tuple (2, f, £, A),
where X is a topological space, fis a homeomorphism on ¥, £ is a symplectic vector bundle
defined over X, and A € S(Z, f, £) with ||A|| < . When all points in ¥ are periodic
points of f, we say that (X, f, £, A) is periodic.

Now, we recall the concept of linear systems with transitions. Given a set B, a word with
letters in B is a finite sequence of elements of 3. The product of the word [a] = (a3, ..., a,)
by [b] = (b, ..., by) is the word (ay, ..., ay, by, ..., by). We say a word is not a power if
[a] # [b]* for every word [b] and k > 1.

With this notation, for a periodic symplectic linear system (%, f, £, A), if we consider
the word [M4(x)] = (A(f* ~ '(x)), ..., A(x)), where n is the period of x € X, then the matrix
M (x) is the product of the letters of the word [M,(x)], that is,

Ma(x) = A(f" A1) ... A).

A periodic linear system is diagonalizable at the point x € X, if M, (x) has only real eigen-
values of multiplicity one.
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Definition 2.10 (Definition 1.6 of [6]): Given ¢ > 0, a periodic symplectic linear system
(2, f, &, A) admits e-transitions if for every finite family of points x1,..., x, = x; € X,
there is an orthonormal system of coordinates of the linear bundle £ so that (X, f, £, A)
can now be considered as a system of matrices (%, f, A), and for any (i, j) € {1, ..., n}?, there
existk(i, j) € Nanda finite word [t"/] = (¢,”, ..., t,’(’(]i, ;) of symplectic matrices, satisfying
the following properties:

(1) Foreverym € N,1=(iy,...,iy) €{1,...,n}",anda = (a1, ..., &y) € N" consider
the word

[W G, )] = [£7 ] [Ma (x5, )1 [ =1 [ Mg (i, )]0 (620 ][ M (23,)]

where the word [W(1, a)] is not a power. Then there is x(1, ) € X such that
e the length of [W(i, )] is the period of x(1, );
e the word [M,(x(1, @))] is e-close to [W(1, )] and there is an e-symplectic pertur-
bation A of A such that the word (M (x(1, )] is [W(, a)].
(2) One can choose x(1, ) such that the distance between the orbit of x(1, «) and any
point x;_ is bounded by some function of a; which tends to zero as a goes to
infinity.

Given 1,  as above, the word [¢*/] is an &-transition from x; to x;. We call e-transition
matrices, the matrices Tj ; which are the product of the letters composing [t*/]. We say a
periodic linear system admits transitions if, for any € > 0, it admits e-transitions.

Remark 2.11: Let x;, ..., x, = x; bein ¥ and let [¢*/] be an &-transition from x;j to x;. Then,
for every «, 8 = 0, the word

([M4 e[t 1 [Ma(x)]1P)

is also an e-transition from x; to x;. Further, if [#>*] is an e-transition from x; to x;j, then the
word [t"7][#¥] is an e-transition from x; to x;. In particular, for any ¢ > 0 and x € %, we
can consider non-trivial ¢-transitions from x to itself.

The following lemma gives an example of linear systems having symplectic transitions.
It is a symplectic version of Lemma 1.9 in [6].

Lemma 2.12 (Lemma 4.5 in [12]): Let f be a symplectic diffeomorphism and let p be a hyper-
bolic periodic point of f. The derivative Df induces a continuous periodic symplectic linear sys-
tem with transitions on the set ¥ formed by hyperbolic periodic points homoclinically related

to p.

A nice property of periodic linear systems (X, f, £, A) admitting transitions is the
existence of arbitrarily small perturbation of A which is diagonalizable and defined
on a dense subset of X, see [6, Lemma 4.16] (and [12, Lemma 4.7] for a symplectic
version).
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3. Proof of Theorem A

We start this section proving that after a small pertubation we obtain a diffeomorphism in
PH. (m) having a special non-hyperbolic periodic point. In the sequel, we use this result
to prove Theorem A.

Proposition 3.1: Let f € int(P'Hclu(m)). For any small neighbourhood U C P’Hi)(m) of
fand & > 0, there exists a diffeomorphism g € U and a periodic point p of g such that
Dg" "8 (p)|E, = Id. Moreover, the orbit of p is e-dense in M.

The proof of this proposition is a direct consequence of the next result and
Proposition 2.9. Let us mention that part of this proposition is given in [4, Theorem 3.5].

Proposition 3.2 (Proposition 5.3 in [12]): For any € > 0, and K > 0, there is I > 0 such that
any symplectic periodic 2d-dimensional linear system (X, f, £, A) bounded by K (i.e. | A|| <
K) and having symplectic transitions satisfies the following points:

e either A admits an I-dominated splitting,
® or there are a symplectic e-perturbation A of A and a point x € X such that M (x) is
the identity matrix.

Remark 3.3: We remark that the periodic point x in the second item of the previous propo-
sition can be found with e-dense orbit in X, for any ¢ > 0.

Proof of Proposition 3.1: Let TM = E‘®E‘®E" be the partially hyperbolic split-
ting with unbreakable centre given by f over M. Since f € int(PH.(m)), by
Proposition 2.9, we can suppose, after a perturbation, that M = H(p, f). We denote by X
the set of hyperbolic periodic points homoclinically related to p, which are dense in M,
and consider thus the periodic symplectic linear system (X, f, E°, Df|E°) having symplectic
transitions.

Provided that f € PH) (m), the vector bundle E° admits no dominated splitting for Df.
It follows from Proposition 3.2 and Remark 3.3 that there exists x € ¥ with e-dense orbit
in M and a symplectic perturbation A of Df|E° along the orbit of x, such that M (%) =1d.

Hence, let § > 0 be a small constant and U/ a neighbourhood of f given by Franks lemma
(Lemma 2.3), we use Lemma 2.2 to find symplectic linear maps A;, §-close to Df(f(x)), 0 <
i < 1(x), such that A;|E° = A(fi(x)) and A;|(E*®E") = Df|(E*®E"*). Thus, there exists
g € U such that x still is a periodic point of gand Dg(g'(x)) = A;, for any 0 < i < 7(x), which
implies

Dgt(x)lEC(x) — MA(x) — Id'Ec(x)

The proof is complete. |
Using Proposition 3.1, we are able to prove Theorem A.

Proof of Theorem A: By Dolgopyat and Wilkinson [8], for any 1 < m < d, there exists

an open and dense subset P?—l L(m) C 1nt(73’H (m)) such that every f € 737-[ (m) is a
robustly transitive partially hyperbohc symplectic diffeomorphisms.
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Recall we are denoting the set of Anosov symplectic C'-diffemorphisms by .A. We write

PH,(d) = Diff, M)\ AU ] PH,m).

1<m<d

Notice that ﬁi; (d) coincides with PH! (d) (the complement of the closure of partially
hyperbolic and Anosov diffeomorphisms). In fact, if f € Diff. (M) is partially hyperbolic
(or Anosov), then after a perturbation we can assume that the centre bundle E° of f has
no dominated splitting, say dim E = 2m, 0 < m < d, in a neighbourhood of f. Hence, by
continuity of the partially hyperbolic splitting, f € int(PH. (m)).

Given 1 < m < d and n € N, we denote by B, ,, C ﬁ-[i(m) the subset of diffeomor-
phisms g having an m-elliptic periodic point, with 1/n-dense orbit in M. Since m-elliptic
periodic points are robust, B, ,, is an open set.

Let f € 73\3’/-[; (m) and n € N. By Proposition 3.1, there exists a diffeomorphism g €
int PH_ (m), C'-close to £, having a periodic point p with 1/n-dense orbit in M, such that
Dg"?9|E(p) = Id. Let {ey, ..., ey} be a symplectic basis in E°(p), where the subspace
spanned by {e;, e, + i}, 1 < i < m, is a symplectic subspace. We rearrange the vectors and
we consider the basis B = {e}, €ni1, - - - » €, €mtis - - - s €m» €2} Of E€(p). Thus for any small
positive value o, we can define a symplectic linear map in T, M induced by the following
matrix with respect to the basis B:

A 0 0 0
0 A 0 ... 0 3 ;
A= . , where A = |: cosa sma]
: — Sino coso
0 ... A

Note this symplectic linear map restrict to the symplectic plane generated by {e;, e, 1 ;} is a
small rotation, whenever « is small enough, for any 1 < i < m. So, we can suppose A arbi-
trary close to Id. Hence, by Lemma 2.2 and Remark 2.5, we can find a symplectic linear map
B: T,M — T,M arbitrary close to Id, such that B|E° = A and B|(E*®E"*) = Id|(E*®E*").
Taking C = BoDg(g""”) ~ 1) which is a symplectic linear map close to Dg(g*® ~!), we can
use Franks lemma to perform a local perturbation of g and find a diffeomorphism h C
—close to g, such that p still is a periodic point of & and Dh*® " (p) = BoDg*® & (p). Then
D™ M|E¢(p) = A, which implies p is an m-elliptic periodic point. Since this perturbation
keeps the orbit of p, this m-elliptic periodic point still has (1/n)-dense orbit in M, which
implies h € B, ,,. When m = d, p is a totally elliptic periodic point.
Therefore, the sets B, ,, are open and dense inside 757{(11,(111), which implies

R:AU( U ﬂBn,m)

1<m=<d neN

is a residual subset of Diff}v (M).
To finish, we remark that diffeomorphisms in R satisfies one, and only one, of the three
items in Theorem A. |



474 (&) T.CATALAN AND V. HORITA

4. Bounds for entropy: proof of Theorem B

Using periodic symplectic linear systems with transitions, we show that the supremum in

1
(p, f)

Sn(f) = sup { logo (Df*PP|E*(p)) : pis a periodic hyperbolic point of f}

is achieved taking account just diagonalizable periodic points.

Remark 4.1: Notice that S,(-), 0 < m < d, is a lower semi-continuous map.
Indeed, denote by Per;(f) the set of hyperbolic periodic points of period smaller
or equal to n. Provided that hyperbolic periodic points are robust, the map S/ (-) :=

sup { I(pl‘f) logo (DfTPD|E(p)) : p € PerZ(f)} is continuous. Then S,,(-) is lower semi-

continuous.

We denote the set of hyperbolic periodic points of f by Per;, ( f).
Proposition 4.2: There exists a residual subset R, C int PH;(m), 0 < m < d, such that if
f € Ry then

1
t(p. f)

Sm(f) = sup { logo(DfT(P’f)lE’:(p)) 1 p € Per(f) is diagonalizable} .

A key point in the proof of this proposition is the next technical result that allow us to
perturb symplectic linear system getting a diagonalizable system having the largest eigen-
value (in absolute value) as close as we want to the previous ones.

Lemma 4.3: Let (X, f, £, A) be a periodic symplectic linear system with transition. For any
£ >0, and x € X, there exists y € ¥ and an arbitrarily small symplectic perturbation A of A
defined on the orbit of y, such that M;(y) is diagonalizable. Moreover, if A, (resp. A,) denotes
the eigenvalue of Ma(x) (resp. M; (y)) with the largest absolute value, then

L Jog Il — —— log |
—log|r,] — —1o < e,
Tx) 8 () el

where T(x) (resp. T(y)) denotes the period of x (resp. y).

Proof: After an arbitrarily small symplectic perturbation of A along a periodic orbit x, we
can assume that My (x) has only simple eigenvalues and that any complex eigenvalue has
rational argument. If £ is a 2d-dimensional vector bundle, we can consider the partially
hyperbolic splitting R* = F, @ ... @ F, given by the eigenspaces associated to the eigen-
values of M, (x), which implies dim F, = 1 or 2. As a consequence of the symplectic struc-
ture, we have for every distinct 1 < i,j < m:

e F; is an isotropic subspace,
* F;®F;is a symplectic subspace ifi +j=n + 1, and
* FE®F)” =@ foifitj=n+1
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The fact that all eigenvalues of M4(x) has rational argument implies that there exists
a positive integer k such that (M, (%)) has only real eigenvalues. However, if dim F, = 2,
then (My(x))k |F; has a real eigenvalue with multiplicity two. We use Lemma 2.2 to find
a symplectic linear map H; arbitrary close to identity, such that H;|F; = Id, if j # i, n +
1 — i, and H;(M4(x))k |F;®F, ;1 —; have four distinct real eigenvalues. Moreover, for any
€ > 0, we can choose such H; such that defining M, ; = H;(My4 (x))k, if £ is an eigenvalue of
M, i|Fi®F, ;1 —;, then there is an eigenvalue A of M4 (x)|F;®F, ;1 —; such that

1 £
log|A| — Elogl&l <37 )

Hence, given ¢ > 0, we can use the existence of the linear maps above H; defined on
Fi®F, ;- whendim E; = 2, to find a symplectic linear map H arbitrarily close to Id such
that M; = H(M4(x))* has only real eigenvalues with multiplicity one, and (2) holds for every
1 < i < n. We denote by E; the one-dimensional M, -invariant eigenspaces, 1 < i < 2d.

Since the linear system has transitions, there exists a non-trivial word [t] = (¢, ..., t,) of
symplectic matrices which is a (¢/2)-transition from x to itself, see Remark 2.11. We denote
by T the symplectic matrix obtained by the product of the matrices in the word [¢]. After
an arbitrarily small symplectic perturbation of the matrix t;, if necessary, we can suppose
that

T(Ex) N (Ey® ... ® Eyy) ={0}and T~ (E)) N (E, @ ... ® Ex) = {0}.

Thus by the choice of the partially hyperbolic splitting on R (M, YT(E,q) converges to Ey;
when j goes to infinity. Hence, taking j,, large enough, by Lemma 2.1, we can find a symplec-
tic linear map Ly, close to Id, such that L,;(M, )24 T (Eyy) = Eyq and Lyg|(E,® - - ®Ey5 1)
=1Id.

Analogously, provided that (M;) 7T~ (E,) converges to E; when j goes to infinity, we can
choose j; > 0 to find a symplectic linear map L, arbitrarily close to Id, such that L, (E;) =
(M) "T~'(E,) and L, |(E,® - - - ®E,;) = Id. Therefore, defining

M, = Log(M,)2 T (M) Ly,

we have that M, (E;) = E, and M, (E,4) = E»4. Once again, as a consequence of the sym-
plectic structure, M; also satisfies

M(E,® - ®Eu ) =E® - ®Ey .

In fact, if this is not true, then there exist v € E,® @Ezd_l and u € E;®E,; such
that a)(M1 (v), u) # 0. On the other hand, by constructlon, M "(u) € E; ® E,y and then
w(v, M (1)) = 0, which gives a contradiction since M, is symplectlc

Proceedmg as before, we can find positive integers j,, jos—1 sufficiently large,
symplectic linear maps L, and L,;_; arbitrarily close to Id, such that L,(E,) =
(M) "2 (M) (Ey), L|(Ey®E;®- - - ©Ey) = Id, Lyg_y (M;)2d-1 M, (Ezq—1) = Ezy—y, and
Lyg—1|(E1®-+-®Ey;_ ,®E,;) = Id. So, defining

My = Lyg— (M) 241 My (M) Ly,
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we have that M, (E;) = E;, fori = 1,2,2d — 1, 2d, and
My(Es® - ®Eyy2) =Es @ @ Eyga.

Repeating the above process finitely many times, we also can find symplectic linear maps
L; close to identity, for any 3 < i < 2d — 2, such that the maps

My = Lag—gp1 (M) 24+ My (M) * Ly,

are well defined for any 3<k<d, satisfying My(E;)) = E,fori=1,...,k2d — k+1,.
2d and My(Ex1 & -+ @ Esa- ) = Exp1 @D - - - ® Erg_k, where the last equahty holds only
when k < d. In partlcular M = M, preserves E; for every 1 < i < 2d, i.e. M(E;) =

Now, since E; is a one-dimensional subspace, 1 < i < 2d, we can choose | > O large
enough and define M = (M, )M, such that if ;¢; and &, denote the eigenvalues of M|E; and
M, |E;, respectively,and 7 = t(x)k(j + 1) + r, where j =js 1 1, ... , jaa (recall T(x) is the period
of x € ¥ and r is the length of [t]), then we have

log |&; ©)

&
< -.
2

11 ] 1
T 08 I kt(x)

Hence, if we denote by 1) (resp. 1) the eigenvalue of the largest absolute value of M (resp.
M, (x)), then Equations (2) and (3) give

<e. (4)

‘—logmm—ﬁlogm |

Thus, since [¢] is a non-trivial (¢/2)-transition from x to itself, there exists y € X such that
[Ma(y)] is (/2)-close to [M] = [My (x)]FtHiar1++ia) [t][M, (x)] 71+ +id, and moreover,
7(y) is equal to the length of [M] which is 7.

Now, since Hand L;, 1 < i < 2d, are symplectic linear maps close to Id, then the matrix
M, (y) is close to M, which implies that there exists an arbitrarily small symplectic pertur-
bation A of A defined on the orbit of y, such that M 1(y) = M. Therefore, M;(y) is diago-
nalizable and if 1, denotes the eigenvalue with the largest absolute value of M; (y), we have,

by (4),

log|A,| — ——log|Al| < e.

() ()

This completes the proof. u

Remark 4.4: In the previous lemma, if we consider the additional hypothesis that the lin-
ear bundle £ has a dominated splitting for f, £ = &, @ - - - & &,, then the diagonalizable
periodic point y could be found such that Mj;(y) keeps invariant the subbundles &; and,
moreover,

1
il — ——=log|\,il| <&,
0o 08l = (y) 81
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where A, ; and A,, ; denote the eigenvalues with the largest absolute value of M, (x)|&; and
M; (y)|E;, respectively, for every 1 <i < n.

Proof of Proposition 4.2: For each 0 < m < d, we define

1
T(p, f)

§m(f) = sup { loga(Df”p’f)lEc(p)), p € Pery(f)is diagonalizable} .

Similar to S,,(f), the maps S,,(f) are lower semi-continuous for each 0 < m < d, see
Remark 4.1. Hence there exists a residual subset R,,, C int 737-[[10 (m) where S (f) is contin-
uous. Taking f € R, for any & > 0, there exists a small neighbourhood ¢ C int PH) (m)
of fsuch that

S (g) <§m(f)+§, forevery g e U. (5)

By definition of S,,(f), there exists a hyperbolic periodic point p of fsuch that

1
(p, )

S(f) < log o (D £~ |E*(p)) + § (©)

It follows from Lemma 2.12 that Df induces a periodic symplectic linear system with
transition (X, f, TM, Df), where X is the set of hyperbolic periodic points of fhomoclinically
related to p. We can suppose X non-trivial since fbelongs to a residual subset, see [17].

Let § > 0 be a small constant given by Franks lemma (Lemma 2.3) for f and the neigh-
bourhood Y. Provided that TM = E*®@E°®E", by Lemma 4.3 and Remark 4.4, there exist
p € ¥ and a symplectic §-perturbation A of Df along the orbit of p such that p is diagonal-
izable and, moreover,

1
(p, )

1 e
T(p. )| e (A EC _
o (Df"PPIEN(p)) < T(ﬁ)G(MA(P)IE )+ 3

Hence, using Franks lemma, we can find a symplectic diffeomorphism g € U such that p is
a diagonalizable hyperbolic periodic point of g satisfying

o (DfFPDIE(p)) < ! GHE@WE@»+§ )

1
(p, f) 7(p, 8)

Using, respectively, (6) and (7), definition of §m (2), and (5), we obtain

Sm(f) <

1 t(p.f)| e ¢
e logo (D f |ES(p)) + 3

1 - - 2¢
< ———logo (Dg"P?|E*(p)) + —
T(G.g E7D8 |E*(p 3

~ 2¢& ~
<Su@ + 5 < Su(f) te
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Therefore, since & > 0is arbitrary, we have S,,(f) < §m (f), for every f € R,,, which
finishes the proof, since S,,(f) < S,,(f) by definition. [ |

The next proposition is the main technical result in this paper.

Proposition 4.5: Let 0 < m < d and f € int(PH) (m)). If p is a diagonalizable hyperbolic
periodic point of f, then for any neighbourhood U of f and any large positive integer n, there
exists a diffeomorphism g € U, such that p still is a diagonalizable hyperbolic periodic point
of g. Moreover, there exists a hyperbolic basic set A(p, § CH(p, g) such that

1
hiop GIA(P. &) > logo (DfTP®|E) — -.

1
(p. Q)

We postpone the proof of this proposition to Section 6. Now, let us prove Theorem B.

Proof of Theorem B: For any positive integer n > 0, and every 0 < m < d, we define B3,,, , C
int (777-[; (m)) the subset of diffeomorphisms g such that

1
htop(g) > Sm(g) - ;

Since S,,(-) is alower semi-continuous map defined in P’Hi) (m), thereis a residual subset
Ry, C int(P’HfO (m)) where S,,(-) is continuous. We can choose R, as a subset of R,, in
Proposition 4.2.

Letus fix some 0 < m < d. Given f € R}, and n > 0, we consider a small neighbourhood
Uuc int(P'H}u(m)) of f such that

Sn(f) > Sn(€) — ﬁ, forevery &€ € U. (8)

By Proposition 4.2, there exists a diagonalizable hyperbolic periodic point p of fsuch that

1 () (e _ 1
T ) logo (Df |EY) > S, (f) P 9)

From Proposition 4.5, there exists g € U, and a hyperbolic basic set A(p, g CH(p, g) such
that

1
logo (Dg" ‘P9 |ES) — —. (10)

heop (8IA (P, 8)) > (0.9 i

Therefore, if g € U is a diffeomorphism C'-close to g, then there is a continuation of the
hyperbolic basic set A(p, g) which we denote by A (p(g), g), where p(g) is a continuation
of p. Using properties of entropy (10), continuity of the Lyapunov exponents (9) and (8),
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respectively, for g sufficiently close to f, we obtain

1
logo (Dg" P9 |ES) — —
T(p, g) & g 4n

1>S 3>S - 1
SN = 8@ -

hiop(§) = hiop (§1A(P(S), ) = hiop (1A (P ) =

1
> logo (D fFPD|ES) —
—Tp f) o8 (DHTIED

Hence, every ¢ sufficiently C'-close to g belongs to B,, .. So, B, , contains an open and
dense subset of int(P?—l}u(m)) in view of R} is dense in int(P’Hi)(m)). We denote this
subset by B},

Now, Theorem A implies that int(PH_. (1)) U--- U int(PH}D (d)) U A is an open and
dense subset of Diﬂi) (M). Hence,

d
Bn = U B;:tn U A’
m=1

is an open and dense subset of Diff, (M). Therefore,

R =B

neN

is a residual subset in Diff. (M), and satisfies the properties required. In fact, if f € R
and is non-Anosov, then there exists 0 < m < d such that f € B,,, for every n > 0.
Hence,

htop(f) Z Sm(f)
The proof is complete.

5. Nice properties of strong invariant manifolds

In this section, we obtain properties of the strong invariant manifolds, which are essential
to prove Proposition 4.5. Roughly, we get that for any two hyperbolic periodic points p and
phaving strong stable and strong unstable directions well defined with the same dimension,
we can perform a symplectic perturbation in order to obtain a symplectic diffeomorphism
such that the continuation of the hyperbolic periodic point p has a strong quasi-transversal
homoclinic intersection with angle as close as we want to the angle between the strong
directions of p.

Let us make precise the notion of angle between vector subspaces. Given a Riemannian
manifold M and vectors v, w € T,M, we define the angle between v and w by

e (i)
tan | arccos .
lolHlwl

If E is a vector subspace of T, M, the angle between a vector u € T,M and E is defined by

ang(v, w) =

ang(v, E) = wegnuignzl ang(v, w).
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Finally, if E, F C T, M are subspaces, we define

ang(E,F) = min ang(w, F).

weE, [w]=1

First of all, we show, after a perturbation, the existence of a hyperbolic periodic point
having strong stable and unstable directions with arbitrary small angle.

Lemma 5.1: Let 1 < m < d and f € int(PH_ (m)). For any ¢ > 0 and any neighbour-
hood U of f, there exists a diffeomorphism g € U with a hyperbolic periodic point p hav-
ing d — m + 1-strong stable and unstable manifolds W;* . (p) and W}* _ (p) such that

ang(Ecsis—m-H (P)’ Ezlilim-i—l (p)) <é.

Proof: The proof is similar in spirit to the proof of Theorem A. Fixed 1 < m < d, let
f € int(PH) (m)). Using Proposition 3.1, we can find a diffeomorphism g, C'-close to f,
having a periodic point p such that Dg*®#|E(p) = Id. Now, for any & > 0, we can choose
a symplectic basis {ey, ..., es} of E°(p), such that ang(e;, e,,+1) < €. Hence, taking small
constants £; = €, = -++ = g, > 0, we define a symplectic linear map over E°(p) close to
identity, induced by the symplectic matrix A = (a;;) of order 2m x 2m, where a; =1 — ¢,
ifl<i<ma;=0—¢) " ifm+1<i<2m;anda;=0,ifi*j.

Hence, as done in the proof of Theorem A, we can find a diffeomorphism h C'-close to g,
such that p still is a periodic point of h, Dh*)|E¢(p) = A and Dh™®|(E°(p))® = Dg. There-
fore, p is a hyperbolic periodic point of h. Moreover, by the choice of A and the symplectic
basis of E°(p), the d — m + 1-strong stable and unstable manifolds of p are well defined,
with e; € Ej | . (p) and e,y € Ef* (p). Thus, ang(E} , ., (p), Ef*, ., (p)) < e and
the lemma is proved. [ |

Next, we state and prove the main result in this section.

Lemma 5.2: Let f be a symplectic diffeomorphism on a 2d-dimensional symplectic manifold
M with two hyperbolic periodic points p and p, both having k-strong stable and unstable man-
ifolds, for some 1 < k < d. Given ¢ > 0, for any neighbourhood U of f and any neighbourhood
V of p, there exists a diffeomorphism g € U, such that the analytic continuation p(g) of p for g
has a k-strong quasi-transversal homoclinic intersection q in V, g € WE(p(g)) N W (p(g)).
Moreover, ,W;*(p(g)) and TyW*(p(g)) are e-close to Ty We*(p(g)) and Ts Wi (p(8)),
respectively.

Proof: First, we fix ¢ > 0 small enough. We may assume p is a fixed point of f, replacing fby
an iterate if necessary. Now, we consider in the neighbourhood V of p a continuous split-
ting TyM = E®@F®G, with dim E = dim G = k, not necessarily invariant, which extends
the D f(p)-invariant partially hyperbolic splitting on T;M, ie. E; = ES, F; = E5, and
Gy = E3".

Let U’ C U be a small neighbourhood of f and § > 0 given by Lemma 2.3. It follows
from Lemma 2.1, there exists y > 0 such that if G'CTyM is a k-dimensional isotropic sub-
space, then there is a linear map Ag, 8-close to the identity map, such that ang(A(G),
E®F)>y.
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With respect to the previous decomposition fixed on V, we define the strong unstable
cone fields C, on V:

Cx)={weTM: w=w;+ w,withw, € E®F, w, € G, and |w,| < a|w,|}.

We fix o > 0 such that any vector v € T, M satisfying ang(v, E @ F) > y must belong to
Cy(x), for all x € V. Now, since the decomposition at T;M is partially hyperbolic and Df-
invariant, by taking smaller neighbourhoods &” C U’ and V'CV of fand p, respectively,
there exists / > 0 such that, for any g € /" and any x € (..., g ' (V'),

D¢ (C,(x)) C Ce(g (x)).

Also, for technical reasons, we can also suppose that the local strong stable manifold of
p(g), g € U”, has two components outside V.

From Lemma 2.8, we can perturb f to find an intersection between the k-dimensional
strong unstable manifold of p and the k-dimensional strong stable manifold of p. See
Figure 1(a). That is, there exists a difftcomorphism h € U”, such that there is x €
WeE(ph)) N Wi ( p(h)). Replacing x by a backward iterate we can suppose x € V', and
since h™/(x) converges to p(h), after perturbation using Lemmas 2.1 and 2.3, if necessary,
uu

u

- E

E u
|~V %
/ A / ES
P )5S wip)  / P ss

/

— v
R
/ ﬁ E\S S

C/ \ | w“ ’{» .\N
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/
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Figure1. (a) Connecting W*(p) and W““ (p).(b) Taking strong iterated disks of p close to p. (c) Connecting
W*“(p) and W*(p).
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Wp)

. U
<« i /Ess

Figure 2. Creating a (2d — 2m)-dimensional surface containing an interval of strong homoclinic
intersections.
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Figure 3. Newhouse's snakes.

we can assume T),—j., (W (p(h))) converges to E,Sj(f)(h)), when j goes to infinity, using
partially hyperbolic splitting properties. Moreover, we can assume the existence of open
disks inside W*(p(h)) containing h7(x) converging in the C'-topology to the local strong
stable manifold of p(h), when j goes to infinity.

Thus, we choose a large positive integer N, such that T, (,, (W (p(h))) is e-close to
E( p(h)), and such that for every n > Ny, there are disks D(n) C W (p(h)) containing
h~"(x) which are C'-close to the local strong stable manifold of p(h). See Figure 1(b). Also,
recall that 1" (x) belongs to V, for every n > Nj, since x € W*“( p(h)).

Since the local strong stable manifold of p(h) has two components outside V' and since
h restricted to this local strong stable manifold is a contraction, we can take a point y €
(D(N; + 1) NV') C W&(p(h)) suchthath™' (y) & cl(V') and W(y) € V' for0 <j<I. Once
again, using Lemma 2.8, we can find a diffeomorphism ¢ € U arbitrary C'-close to h, and
y a point arbitrary close to y such that

- €d(V)andg(y) e V'for0<j<i
- yEWE(P@)NW(p)sand
= Ta Wi (p(g)) is e-close to Ty W (p(g))-

Where the last item comes from the continuously variation with respect to the diffeo-
morphism of the k-strong stable manifold of p and p in compact parts.

Let us remark that, for g, it is possible that there is no more strong connection between
W (g(p)) and W (g( P)). However, as we can see in the remainder of the proof, this is
unnecessary.

Considering the isotropic subspace T;W/“(p(g)) in T;M, by the choice of § and
y > 0, there exists a linear symplectic map ;\, 8-close to the identity map, such that
ang(A(T);Wk“”(p(g))), E; @ ;) > y. In particular, A = Ao Dg(¢g~'(y)) is a symplectic
linear map §-close to Dg(g (). Thus, since ge U’ C U’ and g '(y) ¢ (V') by
Lemma 2.3, we can find a diffeomorphism g € ¢/ such that

- 7 € WE(@) N W () ~
= Ta5 Wit (p(g)) is e-close to T, Wi (p(g))s
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- g(x) = g(x) for every x € V'; and
- ang(TG;W(p(g)), E; ® E;) > y. In particular, W (p(g)) C C,()).

Thus, since g€ U” and g coincides with ¢ on V', by the choice of I, we have
D¢ (T;W*(p(g))) € C.(y), which implies that it is e-close to E}*“(p(g)). Finally, by con-
tinuity of the partially hyperbolic splitting, we also have Ty Wi (p(g)) is &-close to
Ty W ( P(g)). See Figure 1(c). The lemma is proved. [ ]

6. Proof of Proposition 4.5

To prove Proposition 4.5, first we use Lemmas 5.1 and 5.2 to perturb a symplectic dif-
feomorphism f € PHi)(m) in order to find a symplectic (2d — 2m)-dimensional surface
containing a hyperbolic periodic point p and an interval of homoclinic points in the inter-
section of the strong stable and strong unstable manifolds of p. After, we use arguments
in spirit of those ones present in [7], to find a nice hyperbolic set by means of Newhouse’s
snake perturbations.

Proof of Proposition 4.5: Let f € int(PH_ (m)) and p be a diagonalizable hyperbolic peri-
odic point of f. In order to simplify notation, let us suppose that p is a fixed point.

Fixing an arbitrary ¢ > 0, by Lemma 5.1, after a perturbation, we can suppose there
exists a hyperbolic periodic point p of f having d — m + 1-strong stable and unstable
manifolds such that ang(E_,  (p), E{*,. . (p)) < &/2. Thus, since we have defined (d —

m + 1)-strong manifolds for p, we can use Lemma 5.2, to find a diffeomorphism f; C'-
close to f, such that p(f;) has a (d — m + 1)-strong quasi-transversal homoclinic point

q€ Wi, (pUD) NWEE, 4, (p(f1)), such that

SS uu 28
ang(TyWio . (p(f1)), TiWE, 0 (p(f1) < 3

Since f; is arbitrary C'-close to f, we can suppose p(f;) still is a diagonalizable hyperbolic
fixed point.

Now, we use a Pasting lemma of Arbieto and Matheus [1] to linearize the diffeomor-
phism in a small neighbourhood V of p(f;). More precisely, we can find f, C'-close to f;
such that p(f;) = p(f,) and f, = Dfi(p) in V (in local coordinates). We remark that after
this perturbation, we could have no more a strong quasi-transversal intersection between
W3 (p(f2)) and Wi o (p(f2)) near q. However, provided that these submanifolds
vary continuously in compact parts with respect to the diffeomorphism, this intersection
could be recovered after a local perturbation of f, in a neighbourhood of g.

Let T,V = E(x)®F(x)®G(x) be a continuous extension (not necessarily invariant) of
the local linear coordinates R* = E<(p) @ E°(p) & E**(p) induced by Df,(p) = Df,(p),
i.e. E(p) = E*(p), F(p) = E°(p), and G(p) = E**(p), with F(x) symplectic and E(x), G(x)
isotropic.

For 1 < m < d, we consider Ec(q) C E°(9) a 2m — 2)-dimensional symplectic
subspace having trivial intersection with T,W; = & T,W* . We set E<( fzj (9) =

Df](E(q)) C E°(f] (@)
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We remark now that the local strong stable and unstable manifolds of p coincide with
their strong directions restrict to V, since f, is linear in this neighbourhood. That is, the
local strong stable (resp. unstable) manifold of pis Ej , ,(p) NV (resp. E}* . (p) NV).
Thus, since q is a strong homoclinic point, for any large positive integer k,

fzk(q) €E} 1 (p) NV and fz_k(q) €E,.(pNV.

In the reminder of this proof by abuse of notation, we denote by p all its continuations
with respect to nearby diffeomorphisms and we denote the (d — m + 1)-strong directions
and manifolds of p only by E*(p) and W*(p), * = ss, uu, respectively. The same for the (2m
— 2)-central direction E°(p). |

Lemma 6.1: There exists a symplectic diffeomorphism f; C'-close to f,, a positive integer K,
a neighbourhood V'CV of p, and small neighbourhoods U_g, UxC V' of f, X (q) and fK(q),
respectively, such that

e f; = Dfi(p) = Dfi(p) is still linear on V' (in local coordinates);
° f:,‘zK((TfS—K(q)WSS(pa f3) ® ngj—K(q)WU”(p’ f3)) N U—K) C (Tff(q)WSS(p’ f3) ®
Tyx W™ (p. f3)) N Uk

Proof: First, we remark that after a local perturbation, if necessary, we can suppose that, for
any large positive integer k,

Df, "(T,W=(p) N (E°(f;5(9) @ Tyv W™ (p) = 0,
and
DS (T,W™ (p)) N (T, W*(p) @ E(fF(9))) = 0.

It follows from the dominated splitting properties that D fz_k(TqW“( p)) (resp.
D ka(TqW”” (p)) converges to E*(p) (resp. E*“(p)) when k goes to infinity. Hence, we can
choose a large positive integer K such that both D fz_K (T,W*(p)) and D X (T,W*(p)) are
close enough to E(f;X(g)) and G(fX(q)), respectively. Since for any hyperbolic periodic
point of a symplectic map its stable (resp. unstable) manifold is a Lagrangian submanifold,
see Remark 2.4, we have that T, W*(p) (resp. T, W*(p)) is a Lagrangian subspace for any
x € W¥(p) (resp. W*(p)). In particular, T, W*(p) (resp. T, W**(p)) is an isotropic subspace,
see Remark 2.5, for any x € W*(p) (resp. W*“(p)).

Hence, from Lemma 2.1, there is a symplectic linear map B on R?, C!-close to Id, such
that

BIDf; (T,W*(p))) = E(f; () and BI(E*(f; (@) ® Ty, W™ (p))) = Id.

Thus, taking B= Df, o B!, we can use Franks lemma to perform a local C'-perturbation
fo,1 of f» in a neighbourhood U, ; of £, %(q), if necessary, such that f, ; = f, in { £, “(q)} U
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(M \ UZ,I) and
Df, {(T,W=(p)) = E(f; (@) = E(f; “()).

Moreover, this perturbation does not change the action of Df, over ES(0(g)) ®
To W™ (q).

On the other hand, as before, we can perform a local C'-perturbation f; , of f, ; in
a neighbourhood U,,, of f3;'(q) = f;'(q), if necessary, such that f, , = fo,1 = f, in
(A M@}V (M \ Uy,) and

DFES(Tk (W™ (p)) = G(f5,(q).

and keeps the action of Df,, over ]::C(O(q))GBTo(q)W”(q, f21). In particu-
lar, E(f,%(q) = ngf(q)Wss(p). We take V'CV, neighbourhood of p such that

52 (@), £5(@) € V! and U, 1UU, NV = . Thus, f,,, is still linear on V/, which
implies

D35 (T WS (D) ® Ty o, W™ (P)) = Ty, g W (p) @ Ty, W™ (p)).

Notice that the above perturbations do not change neither the orbit of g nor of p.
Finally, we use the Pasting lemma to get a symplectic diffeomorphism f; arbitrarily close
to 5, that linearizes f75 in a small neighbourhood UCV’ of f; ;' (q) such that

S UEST@) @ Tk, W (p) NU) = (Tyxy W (p) & G(f5 (@) NV

To finish the proof of the lemma, we take U_x = Uand Ux = fZX(U). ]

Lemma 6.2: There is a symplectic diffeomorphism fy, C'-close to f, such that
fK(Tf;KWW”(p, )N Tyx gy W™ (p, f1) contains a segment of line I.

Proof: Since strong invariant manifolds vary continuously in compact parts with respect
to the diffeomorphism, we have ang(T,W*(p, f3), T,W"(p, f3)) < & whenever f; is suffi-
ciently C'-close to f. Let u € T,W*(p, f3) and w € T,W**(p, f3) be unit vectors such that
ang(u, w) < ¢ and define E and W the one-dimensional subspaces generated by u and w,
respectively. In particular, E and W are near-isotropic subspaces. Also, recall that T, W*(p,
f3), TyW™(p, f3) is a symplectic space (see Section 4).

Thus, it follows from Lemma 2.1 that there is a symplectic linear map A defined on
T,W*(p, f3)® Ty W*(p, f3) such that A(W) = E. Notice that A is C!-close to 1d|(T,W*(p,
1)eTyW*(p, f3)), whenever ¢ is sufficiently small. By Lemma 2.2, there is a symplectic
linear map L: T,M — T,M such that L|(T,W*(p, f3)® T, W*“(p, f3)) = Aand L|E°(q) = Id.
Then, using Franks lemma, we make a local perturbation of f; in a neighbourhood of f; ' ()
to get a symplectic diffeomorphism f,C'-close to f3 (and so to f,) such that D f,(f, ' (q)) =
Lo Df;(f;'(q)),which implies that T, W= (p, 4)NTaW*(p, f4) is non-trivial. We stress that
the above local perturbation keeps unchanged the orbits of p and g.
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Since T, W*(p, f4) N Ty W**(p, f4) is non-trivial, there is an interval of strong homoclinic
points, that is, f2* (Tﬁ;x( q)W““ (p, )NU)N Tff(q) W*(p, f4) contains a segment of line
I. See Figure 2 The proof is finished. |

Let f, be C'-close to f; (and so to f,) as given by Lemma 6.2. After a perturbation, if neces-
sary, we assume that T, W*(p, f;) N T, W**(p, f4) is a one-dimensional subspace. Hence, if I is
sufficiently small, this holds for every x € I T, W*(p, fs) N T, W**(p, f1) is a one-dimensional
subspace for every x € I.

What follows is the construction of a local perturbation of the identity map in Uk to
finish the proof of Proposition 4.5. In order to simplify notation, let us set ];"Ss(fiK (@) =
Tff(q) W (p, f3), Eu (X)) := Tff(q)W““ (p, f3). In Uk we consider linear local coor-

dinates given by the extension of partial hyperbolic decomposition of E*(fK(q)) @
E(fX(q)) @ E*(fX(q)). That is, for every x € Uk, there exists x° € E*(fK(q)), x° €
E“(ff(q)), and x* € E" (fX(g)) such that x = (x*, x°, x*). By construction, in these coor-
dinates, fX(q) = (0,0, 0).

Now, let E; = D fX(E) (Easin the proof of Lemma 6.2) be the one-dimensional subspace
of E¥(fK(q)) containing the interval I and denote E5 = D fX(E*(q)). So, E*(fK(g)) =
E; @ E;. Similarly, we denote E* = D fX(W) and E¥ = D fX(E*(q)). Thus, E“(fK(q)) =
E! @ EY and E; @ E} is a symplectic subspace. According to these last direct sums, for
x* € E*(fK(q)) and x* € E“(fK(q)), we write x* = (x5, x3) and x* = (x%, x).

Let N be a large positive integer and § > 0 be an arbitrary small real number. Using the
Pasting lemma of [1], we find a symplectic diffeomorphism @y: M — M, §-C'-close to Id,
Oy = Id in the complement of Uk, and such that, for r > 0 small enough and x € B(fy(g),
T) C UK,

TxiN
c u u s c u 1 u
@N(xi,x;,x,xl,xz)=<3€1,x2, x,x1+Acos—2r ,x2>,

2Rr , . . .
where A = N R a constant depending only on the symplectic coordinate on Uk. Notice
b/

that ®y(I)NI contains N distinct points and that @y (E*(fX(¢)) ® E“(fK(q)) N Ux) C

E*(ff (@) ® E*“(ff (@) N Uk.
Now, we use Oy to get a symplectic perturbation of f;. We set f, y = ®yofs which is
8-C'-close to f; and satisfies

* f, N = fs in the complement of f, ' (Ux);

o SIN((Tx W (p, f3) & Ty W (p, ) NUx) € (T WS(p, f5) @
ik W (0. ) N Us

. FK (Tf;K(q)Wuu (p. f) NU_g) N (TyxyW*(p. fa) N Uk) contains at least N distinct
points.

By construction, Tf;K(q)W“”(p, f1) NU_x C E*(p) and Tk W= (p, f1)NUx C
E*(p). Since we are considering V' in local coordinates where f; is linear, these sets belong
to W*#(p) and W*(p) for f4 n, respectively.
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This perturbation is a kind of Newhouse’s snake perturbation for higher dimensions, i.e.,
it destroys the interval of homoclinic intersections and creates N transversal homoclinic
points for p inside Ug. See Figure 3.

After we have found these strong homoclinic points in Uk, we follow the arguments
developed in tep 3 of the proof of [7, Proposition 3.1], in order to find a hyperbolic set A
satisfying the proposition. Here ANV’ C(E*(p)®E**(p)), and this is a key point. For com-
pleteness, we sketch how we use the arguments in [7].

First, we choose a positive integer ¢t and a rectangle D, in (E*(p) ®E*“(p)) N Uk contain-
ing the N transversal homoclinic points obtained above and also that g'(D;) N\ D, has N dis-
joint connected components. We also require that ¢ is the smallest possible such that D is
(A/2)-C'-close to E¥(p)N Uy and fiN (Dy) is (A/2)-C! close to the connected component
of W**(p)N Uk containing the N transversal homoclinic points. Notice, ¢ goes to infinity
when N goes to infinity.

Therefore, the maximal invariant set in the orbit of D; is a hyperbolic set A(p, N) is
conjugated to a product of shift maps, with topological entropy

1
htop(f4,N|A(p’ N)) = ; IOgN

Since the dynamics of fy y is linear on V' and A(p, N) belongs to V'CE*(p)®E"“*(p),
it follows straightforward from the proof of [7, Lemma 4.2] an upper estimate for A, as
follows.

Lemma 6.3: For A and t defined as before, there exists a positive integer K, independent of
A, such that

A < Kymax{|[Df, y[E* (P, IDfynIE*(P)II}-

Finally, given a positive integer k, we can choose N large enough such that by the choice
of A and Lemma 6.3,

1 : 1 — uu — 1 ss — 1
;10gN> mln{;log IDfin E™ ()17, ;logllDfi,NlE 2 1} ok (11)

Since fy, y = fa in V' for every N, when ¢ goes to infinity, the minimum in (11) goes to the
smallest positive Lyapunov exponent of p restrict to E*(p)®E"“(p). As dim(E* @ E**) =
2(d — m + 1), the smallest positive Lyapunov exponent of p restricts to this subspace is
equal to logo (D fy y|E;, (p)). Thus, taking g = f, y for N large enough, we have that

1
hwop (1A (P, N)) > log o (Dg|E;, (p)) — .

In the general case, when p is a hyperbolic periodic point, we also can create a strong
homoclinic intersection between W*(p) and W*“(p), as before, and thus repeating the
above arguments for f = 7)), we can find a nice hyperbolic set A (p, N) of a symplectic
diffeomorphism g = g*»/), such that g is C'-close to f, satisfying

~ 7 - 1
hiop (81 A (p. N)) > logo (DgIE, (p)) — .
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Therefore, the proposition is proved, since the hyperbolic set

Ap,N) = | AP N)

0<i<t(p, f)
of g has topological entropy:
hp QA (P, N)) = ——— iy @A (. N))
top b, = s f) top b, .

The proof is complete.
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