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1. Introduction

In this article, we study a minimax optimal control problem
with state constraints. As a starting point of our investigation, we
consider the article [33] by R.B. Vinter, where a maximum prin-
ciple of the Pontryagin type for an optimal control problem
involving a set of unknown parameters is derived. We follow the
path traversed by the author of [33] by extending his methodology
and results to the case in which state constraints are present. The
consideration of this case involves some challenges and adds a
novel flavor to the arguments.

From a mathematical point of view, the investigation of
Necessary Conditions of Optimality (NCO) for “minimax” control
processes is complicated by a certain degeneracy effect associated
with the endpoint constraints. This phenomenon has been
described in detail in [33]. Therein, a number of examples are also
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given showing that the NCO do not generally hold true for certain
types of endpoint constraints, such as, for example, equality con-
straints imposed on the both endpoints. In the proof, this is
reflected by the fact that the set of normalized Lagrange multi-
pliers becomes non-convex which does not allow the application
of standard techniques to find measurable (w.r.t. the unknown
parameter) Lagrange multipliers.

Nevertheless, from an engineering point of view, the uncertainty
parameter implies that it does not make a lot of sense to consider
fixed endpoints or even some equality constraints imposed on the
both endpoints in a “minimax” problem. Moreover, the endpoint
constraint set S (see the problem statement below) should generally
be “sufficiently good” and large enough, in order to exhibit at least a
nonzero Lebesgue measure. Indeed, a relevant perturbation in the
uncertainty parameter should lead to a perturbation of the final state
trajectory value (otherwise we do not have uncertainty in a practical
sense). But, if the terminal point, or some of its coordinates, is fixed,
then we may easily incur in constraint violation and a lack, or even
total absence, of feasibility. Then, the problem statement becomes ill-
posed. So, it is natural to consider that the set S, or the so-called
“aiming area”, is be given by only the inequality type of constraints.
This is one of the reasons why we do not address the above issue of
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degeneracy related to the endpoint constraint in this particular work
(which is surely a rather complex and interesting issue in general). On
the other hand, another type of degeneracy associated with the state
constraints (which are highly relevant in various classes of engineering
applications) is addressed.

One of the distinguishing features of NCO for minimax problems
is that the maximum condition and the Hamiltonian become, dis-
tributed over the set of unknown parameter values. In what follows,
we consider the case when the uncertainty parameter w does not
depend on time. It is worth remarking that, from the engineering
perspective, these two cases, the time-dependent and the time-
constant w, are inherently different. While the time-constant case
can usually be found in systems whose design is such that pertur-
bations are in general not affected by natural processes (and thus are
fully human “determined”) during the life cycle of the system, the
time-varying case appears due to natural causes, such as wind, and
turbulence, etc. Then, the role of the control is to ensure some kind of
robust optimality in the natural environment. The time-varying case
can also be addressed in the context of a generalization of differential
games [35,37], notably, in the case of two players controlling the
system with conflicting objectives. However, it is important to
emphasize that the minimax control problem that we consider here
and the class of problems designated by differential games are
inherently different in their formulations.

Regarding the study of state constraints, the authors are not
aware whether this type of constraints had been investigated
before in the context of NCO for minimax control problems.
However, the state constraints have been appearing in the litera-
ture in the context of robust control as a whole (see, e.g., [25] and
the bibliography cited therein).

The article is organized as follows. In Section 2 we present and
discuss the problem formulation. The NCO of the Pontryagin type
in the framework of the Gamkrelidze approach are presented,
discussed, and proved for different instances of increasing com-
plexity in Section 3. The issues concerning the nondegeneracy of
the optimality conditions are addressed in Section 4. An example
illustrating the usefulness of the controllability conditions in the
minimax framework is provided. Finally, in the last section, a brief
outline of the key conclusions is exposed.

2. Problem statement

Consider the minimax optimal control problem

Minimize max{@(x;,w)},
weC

subjectto X =f(x,u,w),
x(0)=xg9, x(1)=x; €S,
uit)yeU aa.te[0,1],
gx(),w)<0 Vvtel0,1]. (@)

Hereinafter, x :%, where t €[0, 1] denotes time, x is the state
variable with values in the n-dimensional Euclidean space R", u e
U cR™ is the value of the control function, and w e R! is the so-
called unknown parameter. The vector x; is termed endpoint. The
maps

@ R"xR'5R, f:R"xR"xR'-R", g:R"xR' >R

satisfy the following general hypothesis (which are, from now on,
adopted without any reference to them):

Hypothesis 1. Maps ¢, f are continuously differentiable w.r.t. x,
map g is twice continuously differentiable w.r.t. x, and maps @, f,

and g together with all their partial derivatives w.r.t. x are
continuous.

The sets C, S, and U are compact. The control function is a
measurable function u: [0,1]— U. Note that the unknown para-
meter w e C does not depend on time. We denote the set of control
functions by /.

Let uei/ be a control function. A control process (x,u) com-
prises u and the family {x(t;w)},, . of arcs, satisfying for each
w e C, the equation

X(t; w) =f(x(t; w), u(t),w) aa.tel0,1].

A control process (x,u) is said to be feasible if the endpoint con-
straint x(1; w) e S, with x(0) = xq, and the state constraints

gx(t; w),w) <0V t e[0, 1] are satisfied for each w e C
A control process (X, ) is said to be optimal if

max{@(x(1:w), w)} = max{pX(1: w), w)}

for all feasible control processes (x,u).

Therefore, we first maximize the cost over the set of all
unknown parameters which yields the worst possible perfor-
mance case for the given control strategy u(-). Then, the result is
minimized over all control strategies u(-) in order to obtain the
solution or the so-called robust optimal control. The robust opti-
mal control guarantees a certain minimal cost which is considered
fair or acceptable for all the values of the uncertainty parameter w
because it is the cost of the worst performance case.

3. The necessary conditions of optimality

In this section, we state and derive the NCO in the form of a
Pontryagin maximum principle for the following three cases of
increasing complexity w.r.t. the set C: singleton, finite, and infinite
valued. The NCO considered here are derived in the framework of
Gamkrelidze approach (for details, see Chapter 6 of [29] and also
[22,30,13]).

Let us define some notation.

Consider the extended Hamilton-Pontryagin function

Hx, u,w,y, )=y, f(x, u, W) — (u, T(x, u, w)),

where I'(x, u, w):=g/,(x, w)f (x, u,w), and by h;, we denote either the
gradient or the Jacobian of the function h w.r.t. the variable y.

Throughout the article, Ng(x) designates the limiting normal
cone to the set S at point x in the sense proposed by Mordukhovich
in [26]. The limiting subdifferential is denoted as usual by symbol 0
[27].

3.1. The case of singleton set C

Since this case corresponds to the classical problem statement,
throughout this subsection we omit the dependence of functions
on the unknown parameter w. The following NCO in the form of a
Pontryagin Maximum Principle can be derived with the help of the
Variational Analysis technique [27,32] relying essentially on Eke-
land's variational principle [19].

Theorem 1. Suppose that (x,u) is a solution to problem (1), in which
the set C is a singleton, and ¢ is a merely Lipschitz continuous
function.

Then, there exist Lagrange multipliers A e [0,1], w € W1 ([0, 1]),
and p € BV([0, 1)) such that

,1+[r§[g3]<]lw(t)| +1p0) =1,

Y (6) = —H (), W(), w(t), u(t)) aa.tel0,1],
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-y (1) € Lo 1)+Ns(X1),
ng{ﬁ(f(f)» u,y(t), u(t)} = HR(), W), w(t), u(t)) aa.te[0,1],

where the map p = (u', 12, ..., u¥) satisfies the following properties:

(a) for a given arbitrary subinterval [a, b] = [0, 1], the function 1 is
constant on [a, b], when gx(t)) <0V te[a, b];

(b) each function (¥ is nonincreasing;

(c) for each j, Wi(1)=0.

Another approach to derive this theorem is to use a certain
variable change in the multipliers. Let us demonstrate how The-
orem 1 can be easily deduced from the corresponding result of
Chapter 9 in [32]. Let the multipliers (4, p, q,#), where q(0) = p(0),
satisfy Theorem 9.3.1 of [32]. Consider the new multipliers:

/,{(t)::/ dn vtel0,1), pu(1)=0,
Jien

w(O):=q(t)+pu(Hg,(X(1)), te[0,1].

It is a straightforward task to verify from the conditions of Theo-
rem 9.3.1 of [32] that the multipliers (1,y, 4) satisfy Theorem 1
(see [13,6] for details).

Despite the fact that the NCO in Gamkrelidze form [22,30] are
closely related (due to the above change of the conjugate variable)
to the ones given by A.Ya. Dubovitskii and A.A. Milyutin in [18],
independently, by L. Neustadt in [28], and in its nonsmooth ver-
sions in [32,15], the consideration of the extended Hamilton-
Pontryagin function H has some advantages in what concerns
their application. A good example is the geodesic equation, see,
e.g., [29,12,16]. The form of the NCO in Theorem 1 also turns out to
be convenient to study the continuity of the Lagrange multiplier
() under various regularity assumptions, see [30,3,14,36,4]. Such
a property is important in some applications, see, e.g., [1]. Another
interesting outcome follows from the study of conditions for
nondegeneracy and the conservation law in the presence of state
constraints. Moreover, the extended maximum condition often
helps to relate y and g, to be more precise, it helps to express y
through y under a natural regularity condition. Note that the NCO
involving the extended Hamilton-Pontryagin function require the
extra hypothesis of the existence of the second order derivative for
the state constraint function. This is the price to pay for an addi-
tional useful information that we may expect from these NCO.

The idea to derive the Gambkrelidze-like NCO (like in Theorem
1) from the NCO in the Dubovitskii-Milyutin-Neustadt form was
first proposed in [13]. The direct proof of Gamkrelidze-like NCO
involving a penalization technique and the application of Eke-
land's variational principle can be found in, e.g., [12,7]. The
approach based on the variational principles has been extensively
used in Variational Analysis, see books [27,32,15]. Note that, along
with a commonly used non-smooth penalization, one could also
employ smooth penalty functions. Smooth penalization is highly
relevant to derive second-order NCO for optimal control problems
[31,2,8,23].

3.2. The case of finite set C

Let C = {wq,Ws>, ...,wy}. The problem (1) with finite set C turns
out easy to treat because it can be reduced to a conventional
optimal control problem, through a bookkeeping scheme yielding
a certain non-smooth control problem [33]. Consider N state
variable components x?, i=1,..,N, each of them in R".

Consider the following reduced problem (P,;x) equivalent to

(1):

Minimize max{@p'", wy), px, wy), ..., e, wy)},

subjectto  x? = fxD, u, wy),
xD(0)=xo, xV(1)=x{ €S,
uityeU aa.te[0,1],
gxD),w)<0 vte[0,1], i=1,...,N.
Let us apply Theorem 1 to the reduced problem (P,,x). By using
non-smooth calculus, the subgradient of the max function yields
the existence of N non-negative numbers @; such that vaz jai=1,

a number A > 0, and functions y® € W ([0, 1]), u® € BV([0, 1]), for
i=1,...,N, such that

N N
At 3 max [y o)1+ 3 1O =1,
i=1 y i=1
iy — T e® 7 YU U]
(6 = —H, &), u©), wi, y(0), u(t)) aa.tel0,1],
—y (1) € A=, wy) + Ns @),

N
max{ SCHEOD), 1w, w(i)(t),ﬂ(i)(t))}

N
=Y HEO@®), u(), wi, O (0), pO(0)).

=
Here, the control process (®X,x?,...,x™), ) is optimal.
Let us designate 4; = Aa;, and let

¢i = Ai+ max [y ()] +|u(0)].
te[0,1]

By introducing the probability measure

N
A= Z c,-é(wi),

i=1
and by dividing A;,w® and u® by ¢; for i such that ¢; >0, we
rewrite the above conditions in an equivalent form in order to
obtain the following result.

Theorem 2. Suppose that (x,u) is a solution to (1), in which the set C
is finite. Then, there exist a probability measure A on C, and, for each
w e C, Lagrange multipliers A(w) € [0, 1], w(-; W) € W1 ([0, 1]), and u
(-;w) e BV([0, 1]) such that

MW)“ZT[%’]‘]‘ w(t:w)| +|u0:;w)| =1, A-ae "
Y (t:w) = —HX(t: W), T(0), w,yr(t: W), u(t: W) a.a. te[0,1],
—yw(1;w) e AW)@,(X(1; w), w)+Nsx(1; w)),
max / HE(t; w), u, w,yw(t; w), u(t; w))dA
ueU C

weC,

= [AEEw.ao.wp@w.pewidd aa teo.1)
C
where the map u(t; w) satisfies, for each w, the following properties:

(a) fora given arbitrary subinterval [a, b] = [0, 1], the function i (-; w)
is constant on [a, b), if gX(t;w),w) <0V te][a, b];

(b) each function pi(-;w) is non-increasing;

(c) for each j, yi(1;w)=0.

Remark 1. In the absence of endpoint and state constraints, one
can state in addition that

supp(A) = arg max @(x, w).
weC
However, this formula holds only for the simplest problem for-

mulation and fails in the presence of constraints.

Remark 2. A mere verbatim repetition of the above arguments
enables the extension of the above NCO for the case in which f
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depends measurably on the time variable t. See [13] for the
detailed hypothesis on the data.

3.3. The case of infinite set C

The study of this case is significantly complicated by a degen-
eracy effect in the NCO associated with the endpoint constraint set
S [33]. This issue was mentioned in the Introduction. In order to
avoid this degeneracy effect, we simplify the problem statement
by additionally assuming that

S={xeRr": ¢i(x) <0, j=1,...,1},

where ¢; : R" >R are given smooth functions. Thereby, from now
on, we shall deal with inequality right endpoint constraints only.
Our main result is as follows.

Theorem 3. Suppose that (X, ) is a solution to (1), in which the set S
is replaced by inequality constraints. Then, there exist a Radon
probability measure A on C and, for each w e C, Lagrange multip-
liers Aw)e[0,1], vw)e[0,1] : (v(w),eX(1;w)))=0, w(;w)e
W1 .o0([0, 1]), and pu(-; w) € BV([0, 1]) such that

r k
W+ S w+ Y @0iw =1, A-ae,

ji=1 j=1
Y (t:w) = —H X(t: W), T(0), w,y(t: W), u(t: W) a.a. te[0,1],
—w(1:w) = AW)@X(1: W), w)

+ i Y(wye,®(1:w), weC,

=1
max/ﬁ(i(t; w), u, W, w(t; w), u(t; wy)dA
ueU Jc
= /H(X(t; w), T(t), w, w(t; w), u(t; w)dA a.a.te[0,1],
c

where the function y satisfies the properties (a)-(c) of Theorem 2, the
Lagrange multipliers A and v are A-measurable, y is A-measurable
forall t €[0,1], and p is A-measurable for a.a. t € (0, 1], and for t=0.

In the proof, we need the following lemma (Proposition 6.1 in
[33]). Consider some closed set E in a Euclidean space.

Lemma 1. Take a sequence of Radon probability measures A; defined
on the Borel subsets of E, such that A; 5> A for some Radon probability
measure A, and a sequence of set-valued maps D; : E—2%" such that
Limsup GrD; = GrD
1—00

for some set-valued map D : E— 2" with compact graph GrD. Take a
sequence of A;measurable Borel functions y;: E-R" such that
7i(X) € Di(x) for a.a. x e E with respect to A;.

If D(x) is convex for all x, then there exists a A-measurable Borel
function y : E-R" such that y(x) e D(x) for a.a. xeE w.rt. A, and,
along a subsequence,

[rie0dai= [ yeoda.

The proof of this key lemma can be found in [32,34]. Note that,
here, its formulation is simplified and adapted for the proof given
below.

Proof of Theorem 3. First, let us observe that the NCO stated in
the theorem degenerate whenever there exists w e C s.t. g/(xo, w)

=0 for some j." Therefore, it is not restrictive to assume that,
gxo,w) <0V weC, j=1,..k
Pick any sufficiently large number c such that

C>max max |X(t;w)|.
weC te[0,1]

Let 7 = U be the subset of all feasible controls, such that u e F if
and only if the control process (x,u) is feasible and

maXy ¢ c MaX e o171 X(t; W)| <c.

It is a straightforward task to verify that the set F is closed with
respect to the Li-topology and, therefore, it is a complete metric
space (w.r.t. Ly-metric).

Take a sequence & —07". There is no loss of generality in
assuming that

max @(x,,w)=0.

weC

Let {w;}{2, be a countable and everywhere dense in C set of
points. In view of the optimality of X, the compactness of C, and

properties of continuity w.r.t. w, for each i, there is a number N =
N(i) such that

Jiwy=max p(x(1;w),w)+¢e? >0 VueF,
weCy
where Cy:={wq,W>, ..., Wn}.
It is clear that Ji(u) is continuous with respect to the L,;-metric,

and J;(@) < 2. Then, from Ekeland's variational principle, it follows
that, for each i, there exists a control function u; e F satisfying

1
/ (D)~ T(t) dt <,
JO

and

1
it = min {J,-<u)+ei [ ruw-u dr}.

Thus, we obtain the following auxiliary optimal control pro-
blem (which is referred to as i-problem in what follows):

1
Minimize maxg(x1,w)+¢€; / | u(t)—u;(t)| dt,
weCy 0

subject to X =f(x,u,w),
x(0; w) = xo,
uit)eU aa.tel0,1],

[x(t;w)| <c Vtel0,1],

x(1;w)=xq €8S,

(x(t;w),w) <0, weCy,

whose minimizer is the control process (x;,u;). It is clear that
u;(t)—u(t) in Ly, and x;(t; w)=x(t; w) V w € Cy.

The next step consists in applying the NCO from Theorem 2 to
the i-problem. By taking into account Remark 2, the fact that the
constraint |x| <c is not active for i sufficiently large, for each
w e C, there exist Lagrange multipliers A;(w), vy(w), y;(t;w), and
wi(t; w) satisfying®:

r . k .
AW+ > vw+ > pO:w)=1, Ai-ae,

j=1 j=1

Wit w) = — H(xi(&w), ui(0), w,y(Ew), gy(tw)) - aa.te(0,1],

1 For details, see Section 4.

2 The non-triviality condition is not the one of Theorem 2. However, it is
achieved by rearranging A; over Cy in a simple way (see the arguments of Theorem
2).
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—pi(1w) = W)@, (L w), wy+ 3 U wel (xi(1:w)),

=1

max / (Hi(tw), u, w, (6 w), (8 w)) — iw)e; | u —ui(t)] ) dA;
ue C
:/ﬁ(xi(t; w), (), w, (t; W), u;(t; w)dA;,  aa.t,
c

where A; is some probability measure on C with suppA; = Cy, and
Wi satisfies the (a)-(c) conditions in which X is replaced by x;.
Above, the Lagrange multipliers are trivial for those w which
are not in suppA;.
Denote by L(w) the set of the Lagrange multipliers with respect
to w. By definition, the four-tuple

q= v, u(),w(),

where 1eR, veR", peBV([0,1]) and y e W ([0, 1]), belongs to
the set L(w) if and only if the following conditions are satisfied:

r k
4D U+ W0)=1, 120, v=0, w.eX1:w)=0,

j=1 j=1

Y (6) = —H (X(t: w). T(), w, p(0), u(t) aa.te[0,1],

(1) =@ X(1;w),w)+ Y Ve, (®(1;w)),
j=1
and u(t) satisfies the conditions (a)-(c).
We may regard the set L(w) as a set of functions

q(t): [0,1]>R x R" x R¥ x R,

being the above multipliers A, and v considered as constant
functions with respect to t. Denote by £ the set of functions

qt;w): [O,] X C—)]Rl +T+k+n’
such that q(t; w) e Lw)Vw e C, being
q(t; w) = (Aw), (W), u(t; w), w(t; w)).

By definition, the set £ is convex. (Here, we essentially used the
fact that the endpoint constraints are given by inequalities only,
and thereby, the corresponding multipliers 2/ are non-negative.)

Consider a countable and everywhere dense in ¢/ family of
control functions v;, j=1,2,... Take a positive integer N and the
linear operators A;, j=1,2,...,N, such that they map the functions
of £ into scalar functions defined on C as follows:

1
Aq(w) = /0 (HR(E; W), vi(t), W, (W), (s w))
—HE(t; w), u(t), w,p(t; w), u(t; w))) dt.

Let us put By = (A],Az, .4.,AN).
Now, define the map Dy(t; w)

DN(t;W)::{(a, byeR!Trrk+n L RN

a=q(t;w), b=By(q(-;w)) for some qe L}.

Note that the set Dy(t; w) is convex because £ is convex, while
the operator By is linear. Thanks to Helly and Arzela-Ascoli theo-
rems, and also due to compactness arguments and continuity of
the data with respect to w, the set-valued map Dy is
upper semicontinuous. Moreover it is bounded and thereby its
graph GrDy is a compact set.

Similarly, define the set L{w) of the Lagrange multipliers for the
i-problem. It consists of four-tuples

q= (ﬂ“a v, /’l()a ll/())a

which satisfy the conditions

r k
A4+ U+ H0)=1,
j=1 j=1
A>0,

v>0, veX(1;w))=0,

W () = — Hy(xi(t; W), (0, w, w(0), u(t)) .. te[0,1],

;
—y(1) =A@ (1 w), W)+ > Ve, (xi(1;w)),
j=1
and u(t) satisfies the (a)-(c) conditions, in which X is replaced by
Xj. .
Similarly, define the set £;. The linear operator A](.” is given by

- ] —
AW = [ (oW 0wyt e w)

—HXi(t; W), ui(£), w, (£ w), p(t; w)) ) dt.

The map D;\?(t; w) is defined as follows:
Df,)(t; w):={(a, bye R trk+n  gN .
a=q(t;w), b=BY(q(;w)) for some q e Li},

where BY) = (AD,AD, ... AD).

Note that due to the NCO for the i-problem obtained above, the
set-valued map D;y(t; w) contains a selector (a;(t; w), b;(t; w)) such
that

a;=q;, where q;(t; w) = (4i(w), v;(W), u;(t; w), yr;(£; w)).

Moreover, it is a straightforward exercise to check that

Limsup GrD{ = GrDy.

i—>o00

Now, we are ready to apply Lemma 1. Let # denotes the
Lebesgue measure on R. Denote by ¢#p the corresponding Borel
length-measure (its unique Lebesgue-Stieltjes extension equals 7).

In Lemma 1, let us consider E:=[0,1]xC, A= ® A,
Ap=¢p ® A;, DX):=Dn(t; W), D;j(x):=D{)(t; w) respectively, and, let us
take as y; the above-mentioned selector (a;,b;) which is surely
measurable with respect to A;.

Then Lemma 1 yields the existence of a £/ ® A measurable
selector of Dy. Therefore, there exist £/ ® A-measurable Lagrange
multipliers qy € £, where

qn(t: W) = (AN(W), UN(W), pp (6 W), iy (E; W)).

Moreover, the passage to limit ensures that
[ Bl@desea)- [ Buadics e A <0,
[0,1]xC [0,1]xC

where the inequality “ < 0” follows from the NCO for the i-pro-
blem. By definition of By and also in view of Fubini's theorem [24,
p. 359], the last inequality means that, forj=1,2,...,N,

1
/ / (FL(E W), vi(0), W, (6 W), (£ W)
JC JO
— HE(t; W), T(0), W,y (£ W), payy(t: W)))d# dA < 0. )

Let £™ c £ be the subset of # ® A measurable functions. Note
that we have just proved that qye £™, and thus £™ # @. To be
more accurate in the arguments, we recall the condition (a), and
that, by assumption, g/(xg, w) < 0. Thus, in the definition of £, we
can replace £#/(0) by ess supte[osl]/ﬂ(t).
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Now consider the Hilbert space
X=L(0,11xC;2 ® A)

of the # ® A measurable functions q(t,w) defined on [0,1] x C
with values in RT+7+k+n,

Note that £™ c &, and £™ is closed which is a straightforward
task to verify. The key point is to ensure the monotonicity — of
course, up to the equivalence class - of the limit y(-; w) for A-a.a.
w. However, this can be deduced from Egorov's theorem [24, p.
290]. Then, by taking into account the convexity of £™, Mazur's
theorem [24] yields that the set £™ is weakly closed. Since £™ is
bounded, and L, is separable, the set £™ is weakly sequentially
compact. Then, along a subsequence, qy % qe £™ weakly in L,, for
some

q(t; w) = (Aw), v(w), u(t; W),y (t; w)).

Moreover, by taking the limit as N—oo in the integral
inequality (2), and by bearing in mind that iz, is everywhere
dense in ¢, we obtain the maximum condition in the integral form

1
max/ / HE(t; w), u(t), w, w(t; w), u(t; w)dt dA
cJo

ueld
1
= [ | He( w0, w.pt: w.ucc: wyde .
cJo

which is equivalent to the corresponding pointwise condition
stated in the theorem.

In order to complete the proof it remains to notice that the set
L™ corresponds exactly to the set of Lagrange multipliers in the
theorem.o

4. Non-degeneracy

The NCO obtained in Theorems 1-3 degenerate whenever there
exists w e C s.t. g/(xo, w) = 0 for some j. Indeed, in order to see this,
we just need to consider the Dirac measure A =04, and the
Lagrange multipliers

Aw)=0, vw)=0, w(:;w)=0, w(w)=0 if i#j],
and

ot w) — 1, t=0,

KEW=130 t>0.

Thus, in the case when the starting point lies on the boundary
of the state constraint set, the above results hold trivially true.’
Then, a natural question arises: How to overcome the degeneracy
phenomenon? Several approaches have been developed in the
literature for the classic problem statement, that is, for the case in
which C is a singleton, see, e.g., [9,17,21,11,20,10,5]. The same
approaches can be applied to the study of minimax state con-
strained control problem as well. Below, we employ the method
proposed in [10].

The key- idea is based on the time-transversality conditions.
Suppose, for a while, that the time interval [0, 1] in problem (1) is
not fixed, and now it is [tg, 1], where the left time-endpoint ¢ty is
free. At that, let the optimal process be still the same, that is, (X, )
defined on [0, 1], so to = 0. Then, the NCO from Theorem 3 can be
supplemented by a new condition (the so-called time-transvers-
ality condition):

max /C H(xg, u, w,w(0; w), 1(0; w))dA = 0. €)

uelU

3 The NCO may also degenerate at the terminal point, see [13]. Herein, we shall
consider only the left endpoint xo.

We omit the proof which is lengthy but is along the same lines as
the preceding analysis. Its details can be found in [10]. The
important distinguished feature with regard to the minimax con-
trol context is that, in the proof of Theorem 3, we consider not a
four-tuple, but the five-tuple:

q(t; w) = (AW), L(w), EW), u(t; W),y (t; w)),

where & = (afl , 52, fk), and &(w) > u(t; w)vt e [0, 1], while fi(w) =
1(0+;w) whenever g/(xo,w) <0, and

r k .
4> U+ =1
j=1 j=1
Note that, in this way, by setting x(0; w) = £(w), we ensure that the
map u(0;-) is A-measurable.
Let us associate with the problem (1) the minimax v-problem:

Minimize ma)é(p(xl,w)

wWe
subjectto x =(V+1)f(x,u,w),

X =v+1,
X(to) =X0, X(1)=2%1 €S,
X(t)=0, y(M=1,
u(t)e U, |v(t)|s% a.a. t e[t 1],
gx(t),w)<0 Vtelto,] 4@

Problem (4) is autonomous with free left time-endpoint t,.
There is a one-to-one correspondence between the feasible pro-
cesses of (4) and the feasible processes of the original problem (1).
Moreover, the values of cost on the processes corresponding to
each other coincide. This is true due to a simple time-variable
change t— y(t). Therefore, the two problems (1) and (4) are
equivalent.

It is easy to see that the feasible process x(t;w)=ZX(t;w),
y(®) =t, ut)=1u(t), v(t)=0, to =0 corresponds to the solution of
(1) with the same value of cost. Therefore, it is a solution to (4)
as well.

By applying to (4) the NCO from Theorem 3, supplemented by
(3), and also by considering the fact that y does not depend on w,
we deduce

max / ﬁ(?(t; w), u, w, (6 w), u(t; w)dA =k aa.te[0,1], (5)
ue C
max / Hxo. 1w, w(0;w), u(0; w)dA =k, (6)
ue C

for some number « € R. This is just due to a verbatim repetition of
the arguments from [10, Chapter 2, Section 2.12].

Introduce the controllability condition imposed on the left
endpoint.

Definition 1. The controllability condition is said to be satisfied on
the left endpoint xo provided that there exists a vector ug € U, such
that

(& (X0, W), f(X0,up, W)) <0 Vj: glxo,w)=0 VweC. 7

Let us verify now, whether under the just imposed assumption,
the above-mentioned degenerate Lagrange multipliers combina-
tion may appear or not. Due to the conditions (5) and (6), the
answer is obviously “no”. Indeed, let (4,v,u,y,A) be degenerate.
Then, due to (6), it is clear that the controllability condition (7)
implies that x > 0. However, in view of (5), x =0. This contra-
diction prevents the existence of degenerate multipliers.

Similar arguments lead us to the following more general result.

Theorem 4. Suppose that (X,u) is a solution to (1), in which the set S
is given by inequality constraints, and the controllability assumptions
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are in force. Then, there exist a Radon probability measure A on C
and, for each w e C, Lagrange multipliers A(w) € [0, 1], v(w) €[0, 17,
w(;w) e Wi (0, 1)), and u(-;w) e BV([0, 1]) such that the assertion
of Theorem 3 is valid, and, moreover, there exists a Borel set C = C,
such that A(C) > 0, and, for a.a. we C

r k
Aw)+ D Vw)+ > (0+:w)>0.

j=1 j=1

Note that the function x(0+;w) above is A-measurable as the
pointwise (w.r.t. A) limit of A-measurable functions. The last
expression is a stronger non-triviality condition which ensures
non-degeneracy.

The following example clearly demonstrates the essential need
of the controllability condition. (This example is an extension into
the minimax context of the example given in [17].)

Example 1. Consider the minimax problem

1
Minimize max / (1 +w)yu(t)dt
we{0,1} Jo

subjectto x =wtu+(1-w)u,
x(O;w)=0, x(1;,w)=0,
x(t;w) >0,

and ueU=[-1,1].

It is easy to check that the solution is u = 0. Degeneration occurs at
the value w=1 with A =45(1), where 6(1) is the corresponding
Dirac's measure. Then, the nontriviality condition of Theorem 4
fails to hold. This happens because the controllability condition (7)
is violated at w=1.

Remark 3. The same arguments, theorems and proofs, as in this
article, remain valid also for the NCO in the Dubovitskii-Milyutin—
Neustadt form. It follows directly from the preceding analysis. In
this context, the existence of the second order derivative of g w.r.t.
X is not required.

5. Conclusions

In this article, we presented, discussed and proved NCO in the
Gamkrelidze-like form for optimal control problems with state
constraints. Besides the basic ones, an additional “time trans-
versality” condition was considered in order to ensure that the
obtained conditions do not degenerate.

As we mentioned in Remark 3, the above proofs also allow to
obtain the NCO in the Dubovitskii-Milyutin—-Neustadt form. Thus,
the requirement of second-order differentiability of g w.rt. x
appears to be a redundant assumption. However, this is not quite
true. As we noted earlier, the NCO in the Gamkrelidze-like form
stand out much closer to applications than the Dubovitskii-
Milyutin—Neustadt alternative. Many examples such as the geo-
desic equation, continuity of the measure multiplier, and con-
servation laws, which require the existence of the second-order
derivative of g, confirm this thesis as well (for details, see Section
3.1).

This issue is even more pertinent, when taking into account a
rather high cumbersomeness of the NCO for “minimax” optimal
control problems with state constraints, for which the
Gamkrelidze-like form seems to be more preferable than the
Dubovitskii-Milyutin—-Neustadt alternative. It is also worth adding,
that, by all means, in most engineering applications the second
order derivative of the state constraint function exist.
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