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Abstract We introduce and prove the existence of Hermes, Filippov, and Krasovskii gen-
eralized solutions to discontinuous dynamic equations on time scales. We also consider
comparisons between the Carathéodory, Euler, Filippov, Hermes, and Krasovskii general-
ized solutions to discontinuous dynamic equations on time scales.
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1 Introduction

In this report we introduce three concepts of generalized solutions to discontinuous dynamic
equations on time scales. These three concepts are those involved in the Hermes, Filippov,
and Krasovskii solutions. Such generalized solutions to dynamic equations on time scales are
extensions of the concepts of generalized solutions to discontinuous differential equations
[11,15,17,18].

The study of dynamic equations of the first order on time scales can be found, for exam-
ple, in [3,7,10,12,20,23,26]. In particular, Euler solutions were introduced in [23] while
Carathéodory solutions were treated in [7,12].

We extend to systems of dynamic equations on time scales results of the existence of solu-
tions to discontinuous differential equations, see, for example [6,11,15,16]. Thus, we prove
the existence of Carathéodory, Hermes, Filippov, and Krasovskii solutions to discontinuous
dynamic equations on time scales. The existence of Carathéodory solutions were obtained
without the assumption that the vector field of the dynamic equation be bounded. To the
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best of our knowledge, the results of the existence of solutions for discontinuous dynamic
equations on time scales obtained in this report have not been considered in the literature.

We also studied comparisons between Carathéodory, Euler, Hermes, Filippov,
and Krasovskii solutions to dynamic equations on time scales. Among these comparisons,
we found that some properties of solutions to discontinuous differential equations [15,17]
are not valid to discontinuous dynamic equations on time scales.

2 Background and preliminaries

In this section, we consider basic concepts and results that will be used throughout the work.
We will use the following conventions:

(i) if x € R" we denote the Euclidean norm of x by | x||;
(ii) B is the open unit ball {x € R" : ||x]| < 1};
(iii) for M C R", coM denotes closure of the convex hull of M;
(iv) given a compact subset £ C R and a function g : E — R”", we will denote by |/g[lco
the supremum norm.

2.1 Calculus on time scales

A time scale is a nonempty closed subset T C R of the real numbers. We will use an arbitrary
bounded time scale T such that @ = min T and b = max T. Furthermore, we suppose that
a <b.

We define the forward jump operator o : T — T by

o()=inf{s € T:s > t}
and the backward jump operator p : T — T by
p(t) =sup{s e T:s < t}.
Here we assume that inf § = sup T and sup ¥ = inf T.
Lemma 1 [5] There exist I C N and {t;}ic; C T such that
RS ={teT:t <o)} ={ti}ier,
where RS stands for right scattered points of the time scale T.
Define the function i : T — [0, +00) by
u()=o(t) —t.

If A C R, we define the set AT by At = A N T. We define T* := T\ (p(sup T), sup T]r.
Consider a function f : T — Rand t € T*. If £ € R is such that, for all ¢ > 0 there
exists § > 0 obeying

[ flo@®) = f(s) &) =s) | = ela(r)—s]|

forall s € (+ — 8,1 + §)T, we say that £ is the delta derivative of f at ¢ and we denote it by
£:= 2.

Now, consider a function f : T — R" and r € T“. We say that f is A-differentiable
at ¢ if each component f; : T — R of f is A-differentiable at 7. In this case f2(r) =
@,y [ @),
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Discontinuous dynamic equations on time scales 385

The following result is proven in [2] for scalar valued functions. But the generalization
for vector valued functions is straightforward.

Theorem 1 [2] Consider a function f : T — R" andt € T*. Then the following statements
hold:

(1) If f is A-differentiable at t then f is continuous at t.
(i) If f is continuous at t and o (t) > t, then f is A-differentiable at t. Furthermore,
flo@®) —f@)
(1) '
(i) Ifo(t) =t, then f is A-differentiable at t if and only if there exists the limit

lim L0 = f©)
m-—-—-

s—>t r—s

A =

as an element of R". In that case
30— tim OO
s—>t r—s
(iv) If f is A-differentiable at t, then
flo@®) = f@)+u®) f2@).

Consider a nonempty compact subset K C R. A partition of K is a set P =
{to,t1,...,ty} C K suchthatty = ¢ < 1 < --- < ty = d, where ¢ = minK
and d = max K. For a given § > 0, we denote by Ps(K) the set of all partitions
P = {1, 11, ..., 1y} of K satistying:

(i) ift; —ti—1 > & for some i then p(t;) = t;_1; or
(i) t; —t;—1 < 6 otherwise.

Lemma 2 [14] For each § > 0 the set Ps(K) is nonempty.

2.2 A-measurable sets

Below, we recall the o-algebra of subsets of the time scale T.

Denote by § the collection of all subintervals of T of the form [a, I;)T ={teT:a=<
t < 15}, where G, b € T. The interval [a, @)t is understood as an empty set.

Let E be an arbitrary subset of T. If there exists at least one sequence of intervals
[aj,bj)T € § such that E C Uj [aj, bj)T, the outer measure of E is defined by

+o00
m*(E) = inf [Z(bk —a) : E C [ Jlax, by, lag. bo)r € s} :

k=1 k

If there is no such a cover of E we set m*(E) = +o0.

The outer measure defined on R will be denoted by A*.

Properties of the outer measure m* defined previously can be found in [5,13,21]. Below,
we have presented some of these properties.

Lemma 3 [13] Ifc,d € T and ¢ < d then
m*([c,d)r) =d —c.

By [21] one can prove the following lemma.
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Lemma 4 [21] If{E;}ien is a sequence of subsets of T, then

+o0 +00
m* (U Ei) < zm*(Ei)-
i=1 i=1

Lemma 5 [5] Let E C [a, b)t be suchthat E C {t € T : o(t) =t}. Then
m*(E) = A*(E).
Definition 1 A set E C T is said to be A-measurable (Lebesgue A-measurable) if
m*(A) = m*(ANE)+m*(AN (T\E))
foreach A C T.

Proposition 1 [5] Take E C T. Then E is A-measurable if and only if E is Lebesgue
measurable.

As a consequence we have the following result.
Theorem 2 The family of A-measurable sets is a o-algebra on T.

Denote by A the o-algebra of A-measurable subsets of T. The measure m* : A —
[0, +00] will be called A-measure of Lebesgue and it is denoted by m* = 4.

Let E C T. We say that a statement P holds A-almost everywhere (A-a.e.) on E, if the
set N given by

N ={t € E: P doesnothold at 7}
satisfies ua(N) = 0.

2.3 A-measurable functions and A-integrability

It is said that a function f : T — [—o00, +00] is A-measurable if for each r € R the set
{t € T: f(t) < r}is A-measurable. A vector valued function f : T — R” is called
A-measurable if each component f; : T — R of f is A-measurable.

Given a function f : T — R" we define f : [a, b] — R" by

o0 | f@),1eT
10= [f(ti)’ t € (t,o(t;)) forsomei €I

where I C Nand {t;};c; C Taresuchthat{tr € T :t <o (¢)} = {ti}icr.

Proposition 2 [5] Consider a function f : T — R". Then f is A-measurable if and only if
[ is Lebesgue measurable.

Proof This result is an direct consequence of [5, Proposition 4.1]. m}

The Lebesgue integral of a function f : T — R with respect to the measure 14 over a
set E € A is denoted by
/ f(s)As.
E

We call this integral the Lebesgue A-integral of f over E and denote the set of functions
f : T — R which are A-integrable over E by L1(E). When f : T — R” is a A-measurable
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Discontinuous dynamic equations on time scales 387

function and E € A, f is integrable over E if each component f; : T — R is integrable
over E. We also denote by L1 (E, R") the set of functions f : T — R" A-integrable over E.
Next, we consider a result that relates the Lebesgue A-integral on time scales and usual
Lebesgue integral and that is needed in the sequel.
If E C T define the set E as

E=EU ]G, 0w
ielg
where
Ip:={iel:t; e ENRS}.

The following result is proven in [5] for scalar valued functions. However, one can readily
see that it holds for vector valued functions as stated below.

Theorem 3 [5] Take a A-megsumble set E C T such thatb ¢ E. Let f : T — R" be a
A-measurable function and f : a, b] — R” the extension of f previously defined. Then
feLi(E,RY ifandonly if f € L1(E,R"). In this case

/f(s)As:/f(s)ds.
E E

2.4 Absolutely continuous functions on time scales

A function f : T — R is absolutely continuous if given ¢ > 0 there exists § > 0 such that

N
D Nfbi) = flal <e

i=1

whenever a; < b; and {[q;, bi)?l‘},N: | are disjoint intervals obeying

N
> (i —ap) < 6.
i=1

Theorem 4 given below is stated and proven in [4] for scalar valued functions. However,
it is easy to check that it can be extended for vector valued functions as stated below.

Theorem 4 [4] A function [ : T — R”" is absolutely continuous if and only if the following
assertions are valid:

(i) for A-a.e. t € [a, b)T the function f is A-differentiable and f* € Li(la, b)T, R");
(ii) foreacht € T we have

ﬂnzﬂm+/ FA(s) A,
[a,0)1

A function f : T — R” is called an arc if it is absolutely continuous.
We will use the following results concerning absolutely continuous functions on time
scales.

Proposition 3 [23] Consider a sequence {x;}iecn ofarcs x; : T — R". Let¢ : T — [0, 4-00)
be in L([a, b)T) such that for each i, we get

2@ < @) A-ae s €la, b M
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388 I. L. D. dos Santos

If {x;i(a)} is a bounded sequence, then there exists a subsequence {x;,} C {x;} and an arc
x : T — R" such that x;, = x. Furthermore, ifc,d € T and ¢ < d then

lim xl-f(s)As =/ xA(s)As.
[e.d)T le.d)T

k—o00

The notation x;, = x means uniform convergence. We also note that the above proposition
remains valid if the condition given by Eq. (1) is replaced by

H/ xP(s)As 5/ ¢ (s)As
[e,d)T [e,d)T

foreach ¢, d € T suchthatc < d.

Proposition 4 [23] Let f : T — [0, +00) be a L{([a, b)T) function. Given ¢ > 0 there
exists 8§ > 0 such that, if A € A and pa(A) < 8 then

/ f(s)As < e.
A

Lemma 6 Consider an arc x : T — R”" and a function f € Li([a, b)T, R"). Let c and d in
T be such that ¢ < d. If, for each t € [c, d]T, we have

x(t) = / f(s)As
[e.O)

then
xA(s) = f(s) A-ae. s €[c,d)r.

Proof Consider ¢ € [c, d)T such that there exists the delta derivative x2(¢). If o (f) > 1 it
follows that

_ f[c,a(r))ﬂ- f(s)As — f[L',l)T f(s)As
u(r)
oy J $)As
= f“(t);j(t) = f@.

If 0(t) = t and t is a Lebesgue point of f, let {t;}ien C [c, d)T be a sequence such that
t; | t. Using Theorem 3 and the definition of a Lebesgue point [22], we obtain

xA(1)

20 =2 g Joas F945

A .
=1
X2 tlrgo i —t i—00 i —1t
S f©ds
= lim f[’”)i = f(t) = f@).
i—00 i —t

Thus, if D = {t € [c, d)T : x2() # f(t)} then D C AN E, where
A={telc,d)r:0(@) =t}

and E is the set of points ¢ € [c, d)1 such that# is not a Lebesgue point of f . From Lemma 5,
we find that

m*(D) <m*(ANE) =) (ANE) < \*(E)=0

and therefore x2(r) = f(t) A-ae.t € [c, d)T. O
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Discontinuous dynamic equations on time scales 389

2.5 Aumann integral

Given a set-valued mapping I" : [a, b] ~ R", the Aumann integral f[ ab] I"(t)dt is the set
consisting of all f[a’ bl y (t)dt for Lebesgue integrable y (.) such that y(t) € I'(t) for each
t €la,b].

The following two results stated and proven in [15], fora = 0 and b = 1, will be required
for obtaining the closure theorem for Krasovskii solutions.

Lemma 7 [15] Let I" : [a,b] ~~ R" be a set-valued mapping whose values I'(t) are
compact, convex subsets of R", all contained in a common ball. Then f[ ab] I (t)dt is compact
and convex.

Lemma 8 [15]Let I" : [a, b] ~ R" be a set-valued mapping, whose values are all contained
in a common ball of R". If x : [a, b] — R" is such that

x(t) — x(s) e/ I'(t)dt
[s,7]

forallt > s in[a, b], then x(.) is an arc and satisfies
x(t)ecol'(t) a.e. t€la,b).

In particular,

x(t) = x(a) —I—/

[a,1]

x(t)dt € x(a) +/ col'(t)dt

la,]

forallt € [a, b].

3 Generalized solutions to discontinuous dynamic equations

Consider the initial value problem

[ x2(t) = f@t,x(t)) A-ae.t €la, b
_ (2)
x(a) = xo

where xg € R" and f : T x R" — R”. In this section, we introduce and prove the existence
of Hermes, Filippov, and Krasovskii solutions to the problem stated in Eq. (2). We also prove
the existence of Carathéodory solutions to Eq. (2) using the methodology already introduced
for discontinuous differential equations, see, for example [9,16]. We extend to systems of
dynamic equations on time scales the relationship H C K [15, Corollary 4.4], that is, each
Hermes solution is a Krasovskii solution. In addition, we remind Euler solutions to Eq. (2)
and we consider comparisons between the solutions generalized throughout the section.

We denote the sets of Euler, Hermes, Filippov, and Krasovskii solutions to Eq. (2) respec-
tively by €, H, F, and K.

We say that the function f : T x R” — R” is continuous in x if for each 7 € T, the
function x — f (¢, x) is continuous. The function f is said to be A-measurable in ¢ if and
only if t — f (¢, x) is A-measurable for each x € R". Furthermore, we say that f is locally
bounded, if f is bounded on each bounded subset of T x R”.
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390 I. L. D. dos Santos

3.1 Carathéodory solutions

In Theorem 5 below, we prove the existence of Carathéodory solutions to Eq. (2). Unlike [7],
we do not require that the vector field of the dynamic equation be bounded. Furthermore, we
do not use the concept of the solution tube [12] to obtain Carathéodory solutions to Eq. (2).

Definition 2 Anarc x : T — R” is a Carathéodory solution (or C-solution) to Eq. (2) if and
only if it satisfies the dynamic equation given by Eq. (2) for A-a.e.t € [a, b)T and x(a) = xop.

Consider a function ¢ : T x R™ — R". We say that ¢ is a A-Carathéodory function if it
satisfies the following properties:

(i) foreacht € T, the function x — ¢ (¢, x) is continuous.
(ii) for each x € R™, the function ¢ — ¢ (¢, x) is A-measurable.

We will use the following basic result.

Lemma9 Let ¢ : T x R" — R" be a A-Carathéodory function and x : T — R" a
A-measurable function. Then the function

1> ¢, x(1))

is A-measurable.

Proof Define the function ¢ : [a, b] x R™ — R" by

ot,u), teT
¢(ti,u), te(to(t)) forsomei e I.

ot u) = [

Since qE isa L-CarathéNOdory function [24, Lemma 4.7], it follows from [19, 2B.5. Lemmal],
that the function ¢ +— ¢ (¢, X(¢)) is Lebesgue measurable. Thus, by Proposition 2, the function
t +— ¢(t, x(t)) is A-measurable. ]

Theorem 5 (Existence for C-solutions) Let f be a A-Carathéodory function. Suppose also
that, for each B > 0 there is a function mg : T — [0, +00) in L([a, b)T) such that

ILf @ )0 <mg(t)

whenevert € T and ||x|| < B+ ||xol||. Then there exists by € T\{a} such that the initial value
problem

[xA(t) = f(t,x(t)) A-ae.t€la,b)T 3)

x(a) = xg

has a Carathéodory solution.

Proof If 0 (a) > a take by = o(a). Define the arc x : [a, bi]r — R" by x(a) = xo and
x(by1) = u(a) f(a, x(a)) + x(a). Hence,

_ x(@@) —x@

A
@ (@)

= f(a, x(a))
and then

XA = f(t,x1)

whenever ¢ € [a, b1)T = {a}. Therefore x is a Carathéodory solution to Eq. (3).
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Discontinuous dynamic equations on time scales 391

If 6 (a) = a, consider B > 0 arbitrarily fixed. By Proposition 4, there exists b; € T\{a}
such that

/ mg(s)As < B.
la,by)T

Let A the set of arcs x : T — R” satisfying

lx(@) — xoll < B

for all ¢ € [a, by]T, and

H/ xA(s)As
[e.d)

< / mg(s)As
le.d)r
for each ¢, d € T such that ¢ < d.
Using the Proposition 3, we conclude that A is a compact set. It is easy to see also that A
is a convex set.
For each x € A define the function g, : T — R"” by g.(s) = f(s, yx(s)) forall s € T,
where the function y, : T — R” is given by

x(t), t €la, bilr

() = (x(b1), t € T\[a, by]T.

Since y, is a continuous function, it follows from Lemma 9 that the function g,
is A-measurable.

Denote by C(T, R") the set of all continuous functions with domain T and taking values
on R”. We define the mapping 7' : A — C(T,R") as

(Tx)(t) = x0 + / g:(5)As

la.O)T

forallt € Tand all x € A.
Consider x € A arbitrarily fixed. From the Proposition 4, it follows that 7 x is an arc.
Now, it follows from Lemma 6 that

(Tx)2(t) = g (t) A-ae.t € [a,b)r.

Hence, for each ¢, d € T such that ¢ < d we have

H / (Tx)?(s)As =H / gx(5)As
[e.d)T [e,d)T

5/ lgx(s)lIAs E/ mg(s)As.
[e.d)T [e.d)T

Finally, for each ¢ € [a, b1]r we deduce that

I(T0) () — xoll = H / 20 (5) As
[a,0)T

< / lgx(s)[1 As
[a,0)1

5/ mﬁ(sMss/ ms(s)As < B
[a,t)T

la,by)T

and then 7'(A) C A.
Take x € A arbitrary. Consider a sequence {x;};cny C .A such that

lim [|x; — %[loo = 0.
11— 00
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Foreacht e T,
Tim ||g, (1) — g (1) = 0
11— 00

and || gy, (1) — gz ()|l < 2mg(¢) for all i € N. It follows from the dominated convergence
theorem [22] that

lin [ ()~ gl A5 =0
1—> 00 [a,b)T
and then
lim |Tx; — Tx|leo =0.
1—> 00
Hence, T is continuous in Xx.
Since C(T, R") equipped with the supremum norm is a Banach space, it follows from

fixed point theorem of Schauder [25] that there exists x, € A such that Tx, = x,. From
Lemma 6, we may conclude that

x2(1) = g, (1) = f(t, x4(1)) A-ae.t € [a,b)r

and x, is a Carathéodory solution to Eq. (3). O

3.2 Euler solutions

Leté > Oand w = {t0, 11, ..., tn} € Ps(T). Define the function x, : T — R” by
Xx(t0) = X0, Xz (t) =x0+ (t —10) f(t0,x0) ¢ € [to,t1lr
Xz() =x1, Xx(O)=x1+ @ —1)ft,x1) teln, nlr

and by induction
Xx(ti) =xi, xg(O)=xi + @ — 1) f G, x;)) 1€t tig1lr

asi € {0, 1,..., N — 1}. The arc x is called the Euler polygonal arc.

An Euler solution to the problem stated in Eq. (2) is any arc x which is the uniform limit of
a sequence of Euler polygonal arcs xr; related to partitions 7; € Ps, (T), for some sequence
5; 4 0.

The existence of Euler solutions to Eq. (2) has been proven in [23] as follows.

Proposition 5 [23] Suppose that there exist y > 0 and c, > 0 such that
£ @Ol <vixll +cx “

forall (t, x) € T x R". Then the problem given by Eq. (2) has a Lipschitz-continuous Euler
solution.

3.3 Hermes solutions

Below, we introduce and prove the existence of Hermes solutions to Eq. (2).

Definition 3 Let x : T — R” be absolutely continuous. Then x is called a Hermes solution
(or ‘H-solution) to Eq. (2) if and only if there exist A-measurable functions p; : T — R”"
and C-solutions x; of

{ yA@t) = f(t,y(t) + p;(t) A-ae.tela,b)r
y(a) = xg
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Discontinuous dynamic equations on time scales 393

such that p; = O and x; = x.
We need the following technical result.
Lemma 10 [8] Consider the real numbers ro, ry, ...,ry > 0 obeying
rigr =+ Bri+ni, 1€{0,1,...,N -1}

where Bi, n;i > 0andry = 0. Then

N—-1 N—-1
ry < (eXp(Z ,31')) > i
i=0 i=0

Let § > 0 and take a partition « = {f9, 11, ..., ty} in Ps(T). We denote by x, the arc
Xg : T — R" given by

Xq(to) = x0, Xxa(f) = X0 +/ f(s,x0)As t € [to, t1]r
[t0,.0)T

Xo (1) = x1, xo(t) = x3 +/ [, x)As t €n, blr
[t1.0T

and by induction

Xo () = xi, xq(t) = x; +/ f(s,x))As t et tipzalr
[ti,0)T

asi €{0,1,..., N — 1}. The arc x, satisfies the following result.

Lemma 11 Suppose that f is A-measurable in t and satisfies the condition given by Eq.
(4). Then the arc x4 is such that

Ix2 Ol < ¥ K + ylxol + ¢ ==L A-ae.t €[a, by
where K := (b — a)(y llxoll + ¢x) exp(y (b — a)).
Proof From Lemma 6, we get
xQ () = f(t,x;) A-aet et tiv)r
foralli € {0,1,..., N — 1}. Since
£ G, x)Il < ylixill + cx = vlixi — xoll + ¥ llxoll + ¢«
foreachi € {0,1,..., N — 1} we have

lxiv1 —xoll < llxit1 — xill + llx;i — xoll

= H/ f(s,x)As
[titis )T

S/ £ (s, x) 1 As + llx; — xoll
[ti tiv )T

+ llxi — xoll

< (i — Dy llxill + cod + llxi — xoll
< (i1 — )y lxi — xoll + yllxoll + ¢} + llxi — xoll
= {(tix1 — 1)y + Lxi — xoll + @1 — ) llxoll + cx).
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394 I. L. D. dos Santos

Foreachi letr; = ||x; — xoll, Bi = (ti+1 — )y and n; = (ti+1 — t:)(¥ %ol + ¢x). Given
M e{l,..., N} we have

riv1 < (L +Bprj+n;
forall j € {0,..., M — 1}. Using Lemma 10, we obtain

rm < [exp(Bo + Bi + -+ Bu—D)] [0 +mi + - + nm-1]
= [exp((tm — 1)) [(trr — 10) (¥ I x0ll + ¢4)]
< (b —a)(ylxol + co) exp(y (b —a)) = K

Thence
X2 < yK + ylxoll + ¢5 := L A-ae.t € [a.b)r.

m}

Theorem 6 (Existence for H-solutions) Let f be A-measurable int. Suppose, moreover, that
f satisfy the linear growth condition stated in Eq. (4). Then, there is a Lipschitz-continuous
Hermes solution to Eq. (2).

Proof Let {§j}jen C R be a sequence such that §; | 0. For each j take a partition

o) — (1Dt (J),.. I(VJ()])}mPg (T) and let x,; be the arc xo; : T — R” given by

Xaj t(()j) =x0,Xq; () =x0+ [ f(s,x0)Ast € (/) (./')
! / [t(().l),t) T

X (tl(j)) = xl(j) Xo; (1) = x(’) +/<,-) S (s xl(/)) Ast € [ 19, <-’)]T
[1| »Z)T

and by induction

xay (1) =27 xa, (z)—x(“+/.

f (v x(J)) As t € I:t(j) t-(j)l]
1”0 e

asi €{0,1,..., N(j) — 1}. Without loss of generality we relabel {xaj} by {x;}.
Because of Lemma 11, there exists L > 0 such that

Ix? @Il <L A-ae.t€la,b)r

forall j. Since x (a) = xo, using Proposition 3, there exists a subsequence {xj, } C {x;} and
anarc x : T — R” such that x; = x.

Since x is a Lipschitz continuous function with constant L for each j, then x is a Lipschitz
continuous function with constant L.

For each j define the function p; : T — R" as
@)

pj(t) =x;7" —x;(t)

(/) (/) ) (1)

LT and p;j(b) = 0. Consider 1 € [t;"", L

p ) = 1) we have 1 = 1/ and then p;(1) = 0.1 /), — 1/ < &; it follows that

lp; @)l = ||x<” —xj0l < Lt — 7] < Ls; and so p; = 0.
From Lemma 6, we get

for each 1 € [1 )t arbitrarily fixed. If

X0 = f (t,xl-(j)) Ft.x;() + pj(1) Aaete [ D ffl)T
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and then
X8y = f(t,xj(0) + pj()) A-ae.t € la,b)r.
Therefore x is a Hermes solution to Eq. (2). ]

3.4 Krasovskii solutions
The set-valued mapping Kf : T x R" ~» R" is defined by

Kf(t.x)=)cof(t.x+eB)

>0

where x + ¢ B represents the open ball of radius & about the point x.

Definition 4 An arc x : T — R” is a Krasovskii solution (or -solution) to Eq. (2) if it
satisfies the dynamic inclusion

x2(1) € Kf(t, x(1)) A-ae.t € [a,b)r

and x(a) = xg.

If f satisfies the condition stated in Eq. (4), then

Kf(t,x) C (ylxll+c)B

forall (r, x) € T x R". Hence, K f (¢, x) is a nonempty compact convex subset of R" for all
(t,x) € T x R".

The graph of K f is defined by the set

GrKf :={(t,x,y) e TxR'"xR":y € Kf(¢t, x)}.

We have the following Lemma concerning the graph of K f.

Lemma 12 The set-valued mapping K f has closed graph.

Proof Let (t,x,y) € GrKf. Thus, there exists a sequence {(¢;, x;, ¥i)}ien C GrK f such
that

lim (#, xi, yi) = (&, x, y).

11— 00
Take ¢ > O arbitrary. Then there exists igp € N such that for i > ip, x; € x + ¢B. If
& = |lx; — x| if follows that y; € cof(t,x; + & B) C cof(t,x + 2eB), for all i > ij.
Hence, y € Kf (¢, x) and, therefore, K f has closed graph. O

From [23, Theorem 7], we get the existence for Krasovskii solutions.

Proposition 6 (Existence for K-solutions) Let f obey the condition given by Eq. (4). Then,
there is a Krasovskii solution to Eq. (2).

From the definition of K f, it is clear that f(¢,x) € Kf(t,x) for all (t,x) € T x R".
Thence C C K, that is, every Carathéodory solution is a Krasovskii solution.
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3.4.1 Closure theorem for Krasovskii solutions

In the following theorem, we obtain an extension of the closure theorem for Krasovskii
solutions [15] to systems of dynamic equations on time scales.

Theorem 7 (Closure theorem for K-solutions) Let f : T x R* — R”" be locally bounded.
Let {x;} jen be a sequence of arcs xj : T — R" such that for each j, we have

X2 e Kf(t,xj(1)) A-ae t€la,b)r

and xj(a) = xo. If {xj} converges uniformly to the function x : T — R", then x is a
Krasovskii solution to Eq. (2).

Proof Fix an arbitrary number € > 0. Then there exists jo € N such that
llxj (@) —xOI < llxj — xlloo <€
forallt € T and all j > jo. Hence, for each j > jy we have
xjA(t) €cof(t,xj(t) +€B) Ccof(t,x(t)+2eB) A-ae. tela,b)r.

Since ||x(#)|| < € + |lxj,lloo for each r € T and f is locally bounded, there exists r > 0
satisfying

cof(t, x(t) +2¢B) CrB
forall # € T. Thus,
Ix? @Il <r A-ae. t€la,b)r

for all j > jo.

For each j > jo we also have ||x;(a)|| < € + [lx(a)|l. From Proposition 3, it follows
that there is a subsequence {x; } C {x;} and an arc z : T — R”" such that x; = z. Since
Xj, = x, we conclude that x = z.

Ift € [a, b)T and o (t) > ¢, we have

_ 500 - x50

A
O (o)

ecof(t,x(t) +2B)

and then

lim x7 (1) = x*(t) € cof (t,x(t) + 2€B).
J—o0

Let f; : T — R" be defined by f;(t) = xjA(t). Then, f; € Li([a,b)T,R") and so

fj € Li(la, b), R").
Define the set-valued mapping I" : T ~» R" by

I'(t) =cof(t, x(t) + 2€B).
Also consider the set-valued mapping I :[a,b] ~ R" given by

s | T@,teT
ro= (F(fi), t € (tj,o(t;)) forsomei € I.

For eachi € I, we have

fi@0) = fiw) =x7@) e M) =T
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forallt € [t;, o(1;)).
If

A:={tela,b)yy:o() =1}
and
C={tela,b)r: fi®) € '}
we have D C A N C, where
D={rela,b): fj(t) ¢ [ ).
Hence,
A(D) < A(ANC)=m*(ANC) <m*(C)=0
and then
fit)ye () ae. tela,b).
Since I"(t) C r B, we obtain
IfiOl <r ae.t€la,b).

Define the arc y; : [a, b] — R" by

¥i() = xj(@) + /[ Fios.
a,t
Ifr eT,

i) =xj(a)+/

[a,0)

fi($)As = xj(a) —|—/ xjA(s)As = x;(1).

[a,0)

Since {y;(a)} is a bounded sequence and

yi(t) = fi(t) ae.t€la,b)

it follows from Proposition 3 that there is a subsequence {y;, } C {y;}andanarcy : [a, b] —
R” such that y;, = y.
If r € T we have

lim y; (t) = x(t)
k—00

and so y(t) = x(1).
Foreach s < ¢t in [a, b],

yjk(l)—yjk(S)Z/ f}k(r)dr:/ fi (v)de e/ I'(t)dz.
[s,1) [s,] [s,2]

Using Lemma 7, we obtain

y(z)—y@)e/{ ]f(r)dr
s,t

and by Lemma 8,
y(r) ecol (v) =TI (1) ae.t €[a,b).
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Let ¢ € A such that there exist the derivatives x4 (¢) and y(¢). Consider the sequence
{si}ien C T such thats; | ¢. Hence,

y(t) = lim yesi) —y@) lim x(si) —x(1) — A

i—»oo 8§ —1 i—»oo S — @
and then H = {t € [a, b)1 : x2(t) ¢ I'(t)} C AN (E U F), where
E={t€la,b):Ay1)}
and
F={telab):y1) & @)
We have
m*(H) <m*(AN(EUF)) =A*(AN(EUF))
SM(EUF) <A(E)+A(F)=0
and, therefore,
x2(1) ecof(t, x(t) +2¢B) A-ae. t € [a,b)r.
Take a sequence {€;};eny C R such that €; | 0. If the set Z is given by
Z =\t ela,byr:x*@) & Kf (1, x1))
it follows that
zcJw.
ieN
where
W; ={t ela.b)yr:x*(t) ¢ cof(t.x(t) + € B)}.
Since m*(W;) = 0, using Lemma 4, we may conclude that m*(Z) = 0 and then
x2(1) € Kf(t, x(1)) A-ae.t € [a,b)r
proving the theorem. O

The proof of the result below is similar to proof of Theorem 7.

Proposition 7 Suppose that f : T x R" — R" is locally bounded. If an arc x : T — R" is
a H-solution to Eq. (2) then x is a K-solution to Eq. (2).

However, the relationship K C H for autonomous systems in continuous time [15, Theo-
rem 5.5], itis not valid for the time scale T = {a, b}. Indeed,if xo = Oand f : {a, b} xR — R
is given by

x>0
x <0

I,
ft,x) = [ oL
it follows that x = 0 is a Krasovskii solution but not a Hermes solution. If x = 0 was a

Hermes solution, there would A-measurable functions p; : {a, b} — R and C-solutions x;
of

( yA@t) = f(t,y(t) + p;t)) A-ae.tela,b)r
y@ =0

@ Springer



Discontinuous dynamic equations on time scales 399

such that p; = 0 and x; = 0. Since [a, b)T = {a} we have

_ M = f(a,xj(a)+ pj(a))

and taking j — oo we obtain a contradiction.

3.5 Filippov solutions
We define the set-valued mapping Ff : T x R" ~» R" by

Ffi.x)=() [ cof. (x+eB)\2)

e>0Z;0M2Z2)=0

where A denotes the Lebesgue measure.

Definition 5 Let x : T — R” be an arc. Then x is called a Filippov solution (or F-solution)
to Eq. (2) if and only if

x2(1) € Ff(t,x(t)) A-ae.t € [a,b)r
and x(a) = xg.
Suppose that f satisfies the condition given by Eq. (4). Hence,
Ff(t,x) C (yllx|l +¢c)B
for all (#,x) € T x R". Thus, Ff(z, x) is a nonempty compact convex subset of R” for all

(t,x) e T x R",
Also it holds the following result concerning the set-valued mapping Ff.

Lemma 13 The graph of F f is closed.

Proof Take (¢, x,y) € GrF f. Then there exists a sequence {(;, x;, ¥i)}ien C GrF f such
that

lim (4, x;, 7)) = (¢, x, y).
1—> 00

Fix an arbitrary ¢ > 0 and a subset Z C R” satisfying A(Z) = 0. Hence, there exists ip € N
such that x; € x + eB fori > ip. Let&; = ||x; — x| so y; € cof(t, (xi + & B)\Z) C
cof(t,(x+2eB)\Z), foralli > iy. Theny € Ff(t, x) and we conclude that F f has closed
graph. O

Thus, using [23, Theorem 7], we obtain the existence for Filippov solutions.

Proposition 8 (Existence for F-solutions) Suppose that f satisfies the linear growth con-
dition stated in Eq. (4). Then, there is a Filippov solution to Eq. (2).

Wehave Ff(t,x) C Kf(t, x) forall (t, x) € T xR". Thus, F C K and so every Filippov
solution is a Krasovskii solution.

In the next theorem, we extend to systems of dynamic equations on time scales the result
[15, Lemma 2.8], concerning autonomous systems.
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Lemma 14 Let f be such that f(t,x) = g(x) for all (t,x) € T x R". Suppose that there
exists a disjoint decomposition

R" = U M; with M; C IntM;

and continuous f; : R" — R”" such that g = f; on M;. Then each K-solution is a F-solution
(so F =K).

Proof From the proof of [15, Lemma 2.8], we have Kg(x) C Fg(x) for all x € R". Since
Kg(x) = Kf(t,x) and Fg(x) = Ff(t, x) for each (t,x) € T x R", we conclude that
Kf(t,x) C Ff(t,x) forall (¢, x) € T x R". Therefore, F = K. O

We also have that the relationship 7 C H for autonomous systems in continuous time
[17, Lemma 3], does not extend to the time scale T = {a, b}. To see this, we need just
consider xo = 0 and the function f : {a, b} x R — R given by

x>0
x < 0.

L,
Thus, x = 0 is a Filippov solution but not a Hermes solution.

3.6 Comparison between Carathéodory and Filippov solutions

In the two examples below, we verified that there is not a direct relationship between
Carathéodory and Filippov solutions whenever we consider two discontinuous vector fields
to the dynamic equation given by Eq. (2).

Example 1 Let f : T x R — R be defined as

1 =0
f(z,x>=[0’ 20

and suppose that xo = 0. Since Ff(¢,0) = {0}, x = 0 is a Filippov solution but not a
Carathéodory solution.

Example 2 Consider f : T x R — R defined by

0, x=0
f(”x)=[1, x#£0

and let xo = 0. Then x = 0 is a Carathéodory solution but not a Filippov solution.

On the other hand, if the vector field f : T x R" — R” is continuous with respect to x,
the set F f (¢, x) coincides with f (¢, x), as stated in [11].
So, if the function f is continuous with respect to x, we have C = F = K.

3.7 Comparison between Euler and the other generalized solutions

Comparisons between Euler and other generalized solutions to discontinuous differential
equations can be found in [1]. Below, we provide some comparisons between Euler and
other generalized solutions for the time scale T = {a, b}.

Given a function f : {a, b} x R" — R”, the arc x : {a, b} — R" defined by x(a) = xg
and x(b) = xo + (b — a) f (a, xo) is the only Euler solution. From the proof of Theorem 6,
we also have that the arc x is a Hermes solution. Hence, £ C H C K.

In the following examples, we see that the relation £ = H = K for autonomous systems
in continuous time [1, Corollary 4.5], does not hold for the time scale T = {a, b}.
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Example 3 Consider f : {a, b} x R — R given by

x=0
x #0

and let xo = 0. Hence, x = 0 is a Krasovskii solution but not an Euler solution.

fmm=[EL

Example 4 Let f : {a, b} x R — R be defined by

0, x=0
f(t’X):[bla’ X £0

and let xo = 0. Thus, the arc x : {a, b} — R defined by x(a) = xo and x(b) = 1 is a Hermes
solution but not an Euler solution.

Below, we also consider comparisons between Euler and Filippov solutions.

Example 5 1If f : {a, b} x R — Ris given by

1 =
ﬂnmz[d i#g

and xg = 0, then x = 0 is a Filippov solution but not an Euler solution.

Example 6 Let xo = 0 and define f : {a, b} Xx R — R by

ren= 120

Thus, x = 0 is an Euler solution but not a Filippov solution.
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