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Abstract We introduce and prove the existence of Hermes, Filippov, and Krasovskii gen-
eralized solutions to discontinuous dynamic equations on time scales. We also consider
comparisons between the Carathéodory, Euler, Filippov, Hermes, and Krasovskii general-
ized solutions to discontinuous dynamic equations on time scales.
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1 Introduction

In this report we introduce three concepts of generalized solutions to discontinuous dynamic
equations on time scales. These three concepts are those involved in the Hermes, Filippov,
and Krasovskii solutions. Such generalized solutions to dynamic equations on time scales are
extensions of the concepts of generalized solutions to discontinuous differential equations
[11,15,17,18].

The study of dynamic equations of the first order on time scales can be found, for exam-
ple, in [3,7,10,12,20,23,26]. In particular, Euler solutions were introduced in [23] while
Carathéodory solutions were treated in [7,12].

We extend to systems of dynamic equations on time scales results of the existence of solu-
tions to discontinuous differential equations, see, for example [6,11,15,16]. Thus, we prove
the existence of Carathéodory, Hermes, Filippov, and Krasovskii solutions to discontinuous
dynamic equations on time scales. The existence of Carathéodory solutions were obtained
without the assumption that the vector field of the dynamic equation be bounded. To the
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best of our knowledge, the results of the existence of solutions for discontinuous dynamic
equations on time scales obtained in this report have not been considered in the literature.

We also studied comparisons between Carathéodory, Euler, Hermes, Filippov,
and Krasovskii solutions to dynamic equations on time scales. Among these comparisons,
we found that some properties of solutions to discontinuous differential equations [15,17]
are not valid to discontinuous dynamic equations on time scales.

2 Background and preliminaries

In this section, we consider basic concepts and results that will be used throughout the work.
We will use the following conventions:

(i) if x ∈ R
n we denote the Euclidean norm of x by ‖x‖;

(ii) B is the open unit ball {x ∈ R
n : ‖x‖ < 1};

(iii) for M ⊂ R
n, coM denotes closure of the convex hull of M;

(iv) given a compact subset E ⊂ R and a function g : E → R
n , we will denote by ‖g‖∞

the supremum norm.

2.1 Calculus on time scales

A time scale is a nonempty closed subset T ⊂ R of the real numbers. We will use an arbitrary
bounded time scale T such that a = minT and b = maxT. Furthermore, we suppose that
a < b.

We define the forward jump operator σ : T → T by

σ(t) = inf{s ∈ T : s > t}
and the backward jump operator ρ : T → T by

ρ(t) = sup{s ∈ T : s < t}.
Here we assume that inf ∅ = supT and sup∅ = inf T.

Lemma 1 [5] There exist I ⊂ N and {ti }i∈I ⊂ T such that

RS := {t ∈ T : t < σ(t)} = {ti }i∈I ,
where RS stands for right scattered points of the time scale T.

Define the function μ : T → [0,+∞) by

μ(t) = σ(t) − t.

If A ⊂ R, we define the set AT by AT = A ∩ T. We define Tκ := T\(ρ(supT), supT]T.
Consider a function f : T → R and t ∈ T

κ . If ξ ∈ R is such that, for all ε > 0 there
exists δ > 0 obeying

| f (σ (t)) − f (s) − ξ(σ (t) − s) | ≤ ε | σ(t) − s |
for all s ∈ (t − δ, t + δ)T, we say that ξ is the delta derivative of f at t and we denote it by
ξ := f Δ(t).

Now, consider a function f : T → R
n and t ∈ T

κ . We say that f is Δ-differentiable
at t if each component fi : T → R of f is Δ-differentiable at t . In this case f Δ(t) =
( f Δ

1 (t), . . . , f Δ
n (t)).
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Discontinuous dynamic equations on time scales 385

The following result is proven in [2] for scalar valued functions. But the generalization
for vector valued functions is straightforward.

Theorem 1 [2] Consider a function f : T → R
n and t ∈ T

κ . Then the following statements
hold:

(i) If f is Δ-differentiable at t then f is continuous at t .
(ii) If f is continuous at t and σ(t) > t , then f is Δ-differentiable at t . Furthermore,

f Δ(t) = f (σ (t)) − f (t)

μ(t)
.

(iii) If σ(t) = t , then f is Δ-differentiable at t if and only if there exists the limit

lim
s→t

f (t) − f (s)

t − s

as an element of Rn. In that case

f Δ(t) = lim
s→t

f (t) − f (s)

t − s
.

(iv) If f is Δ-differentiable at t , then

f (σ (t)) = f (t) + μ(t) f Δ(t).

Consider a nonempty compact subset K ⊂ R. A partition of K is a set P =
{t0, t1, . . . , tN } ⊂ K such that t0 = c < t1 < · · · < tN = d , where c = min K
and d = max K . For a given δ > 0, we denote by Pδ(K ) the set of all partitions
P = {t0, t1, . . . , tN } of K satisfying:

(i) if ti − ti−1 > δ for some i then ρ(ti ) = ti−1; or
(ii) ti − ti−1 ≤ δ otherwise.

Lemma 2 [14] For each δ > 0 the set Pδ(K ) is nonempty.

2.2 Δ-measurable sets

Below, we recall the σ -algebra of subsets of the time scale T.
Denote by F the collection of all subintervals of T of the form [ã, b̃)T = {t ∈ T : ã ≤

t < b̃}, where ã, b̃ ∈ T. The interval [ã, ã)T is understood as an empty set.
Let E be an arbitrary subset of T. If there exists at least one sequence of intervals

[a j , b j )T ∈ F such that E ⊂ ⋃
j [a j , b j )T, the outer measure of E is defined by

m∗(E) = inf

{+∞∑

k=1

(bk − ak) : E ⊂
⋃

k

[ak, bk)T, [ak, bk)T ∈ F

}

.

If there is no such a cover of E we set m∗(E) = +∞.
The outer measure defined on R will be denoted by λ∗.
Properties of the outer measure m∗ defined previously can be found in [5,13,21]. Below,

we have presented some of these properties.

Lemma 3 [13] If c, d ∈ T and c < d then

m∗([c, d)T) = d − c.

By [21] one can prove the following lemma.
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Lemma 4 [21] If {Ei }i∈N is a sequence of subsets of T, then

m∗
(+∞⋃

i=1

Ei

)

≤
+∞∑

i=1

m∗(Ei ).

Lemma 5 [5] Let E ⊂ [a, b)T be such that E ⊂ {t ∈ T : σ(t) = t}. Then
m∗(E) = λ∗(E).

Definition 1 A set E ⊂ T is said to be Δ-measurable (Lebesgue Δ-measurable) if

m∗(A) = m∗(A ∩ E) + m∗(A ∩ (T\E))

for each A ⊂ T.

Proposition 1 [5] Take E ⊂ T. Then E is Δ-measurable if and only if E is Lebesgue
measurable.

As a consequence we have the following result.

Theorem 2 The family of Δ-measurable sets is a σ -algebra on T.

Denote by Δ the σ -algebra of Δ-measurable subsets of T. The measure m∗ : Δ →
[0,+∞] will be called Δ-measure of Lebesgue and it is denoted by m∗ ≡ μΔ.

Let E ⊂ T. We say that a statement P holds Δ-almost everywhere (Δ-a.e.) on E , if the
set N given by

N = {t ∈ E : P does not hold at t}
satisfies μΔ(N ) = 0.

2.3 Δ-measurable functions and Δ-integrability

It is said that a function f : T → [−∞,+∞] is Δ-measurable if for each r ∈ R the set
{t ∈ T : f (t) < r} is Δ-measurable. A vector valued function f : T → R

n is called
Δ-measurable if each component fi : T → R of f is Δ-measurable.

Given a function f : T → R
n we define f̃ : [a, b] → R

n by

f̃ (t) =
{
f (t), t ∈ T

f (ti ), t ∈ (ti , σ (ti )) for some i ∈ I

where I ⊂ N and {ti }i∈I ⊂ T are such that {t ∈ T : t < σ(t)} = {ti }i∈I .
Proposition 2 [5] Consider a function f : T → R

n. Then f is Δ-measurable if and only if
f̃ is Lebesgue measurable.

Proof This result is an direct consequence of [5, Proposition 4.1]. �

The Lebesgue integral of a function f : T → R̄ with respect to the measure μΔ over a

set E ∈ Δ is denoted by
∫

E
f (s)Δs.

We call this integral the Lebesgue Δ-integral of f over E and denote the set of functions
f : T → R which are Δ-integrable over E by L1(E). When f : T → R

n is a Δ-measurable
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Discontinuous dynamic equations on time scales 387

function and E ∈ Δ, f is integrable over E if each component fi : T → R is integrable
over E . We also denote by L1(E,Rn) the set of functions f : T → R

n Δ-integrable over E .
Next, we consider a result that relates the Lebesgue Δ-integral on time scales and usual

Lebesgue integral and that is needed in the sequel.
If E ⊂ T define the set Ẽ as

Ẽ = E ∪
⋃

i∈IE
(ti , σ (ti ))

where

IE := {i ∈ I : ti ∈ E ∩ RS}.
The following result is proven in [5] for scalar valued functions. However, one can readily

see that it holds for vector valued functions as stated below.

Theorem 3 [5] Take a Δ-measurable set E ⊂ T such that b �∈ E. Let f : T → R
n be a

Δ-measurable function and f̃ : [a, b] → R
n the extension of f previously defined. Then

f ∈ L1(E,Rn) if and only if f̃ ∈ L1(Ẽ,Rn). In this case
∫

E
f (s)Δs =

∫

Ẽ
f̃ (s)ds.

2.4 Absolutely continuous functions on time scales

A function f : T → R
n is absolutely continuous if given ε > 0 there exists δ > 0 such that

N∑

i=1

‖ f (bi ) − f (ai )‖ < ε

whenever ai ≤ bi and {[ai , bi )T}Ni=1 are disjoint intervals obeying

N∑

i=1

(bi − ai ) < δ.

Theorem 4 given below is stated and proven in [4] for scalar valued functions. However,
it is easy to check that it can be extended for vector valued functions as stated below.

Theorem 4 [4] A function f : T → R
n is absolutely continuous if and only if the following

assertions are valid:

(i) for Δ-a.e. t ∈ [a, b)T the function f is Δ-differentiable and f Δ ∈ L1([a, b)T,Rn);
(ii) for each t ∈ T we have

f (t) = f (a) +
∫

[a,t)T

f Δ(s)Δs.

A function f : T → R
n is called an arc if it is absolutely continuous.

We will use the following results concerning absolutely continuous functions on time
scales.

Proposition 3 [23]Consider a sequence {xi }i∈N of arcs xi : T → R
n. Let φ : T → [0,+∞)

be in L1([a, b)T) such that for each i , we get

‖xΔ
i (s)‖ ≤ φ(s) Δ-a.e. s ∈ [a, b)T. (1)
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388 I. L. D. dos Santos

If {xi (a)} is a bounded sequence, then there exists a subsequence {xik } ⊂ {xi } and an arc
x : T → R

n such that xik ⇒ x. Furthermore, if c, d ∈ T and c < d then

lim
k→∞

∫

[c,d)T

xΔ
ik (s)Δs =

∫

[c,d)T

xΔ(s)Δs.

The notation xik ⇒ x means uniform convergence. We also note that the above proposition
remains valid if the condition given by Eq. (1) is replaced by

∥
∥
∥
∥

∫

[c,d)T

xΔ
i (s)Δs

∥
∥
∥
∥ ≤

∫

[c,d)T

φ(s)Δs

for each c, d ∈ T such that c < d .

Proposition 4 [23] Let f : T → [0,+∞) be a L1([a, b)T) function. Given ε > 0 there
exists δ > 0 such that, if A ∈ Δ and μΔ(A) < δ then

∫

A
f (s)Δs < ε.

Lemma 6 Consider an arc x : T → R
n and a function f ∈ L1([a, b)T,Rn). Let c and d in

T be such that c < d. If, for each t ∈ [c, d]T, we have

x(t) =
∫

[c,t)T
f (s)Δs

then

xΔ(s) = f (s) Δ-a.e. s ∈ [c, d)T.

Proof Consider t ∈ [c, d)T such that there exists the delta derivative xΔ(t). If σ(t) > t it
follows that

xΔ(t) =
∫
[c,σ (t))T

f (s)Δs − ∫
[c,t)T f (s)Δs

μ(t)

=
∫
[t,σ (t))T

f (s)Δs

μ(t)
= f (t).

If σ(t) = t and t is a Lebesgue point of f̃ , let {ti }i∈N ⊂ [c, d)T be a sequence such that
ti ↓ t . Using Theorem 3 and the definition of a Lebesgue point [22], we obtain

xΔ(t) = lim
i→∞

x(ti ) − x(t)

ti − t
= lim

i→∞

∫
[t,ti )T f (s)Δs

ti − t

= lim
i→∞

∫
[t,ti ) f̃ (s)ds

ti − t
= f̃ (t) = f (t).

Thus, if D = {t ∈ [c, d)T : xΔ(t) �= f (t)} then D ⊂ A ∩ E , where

A = {t ∈ [c, d)T : σ(t) = t}
and E is the set of points t ∈ [c, d)T such that t is not a Lebesgue point of f̃ . From Lemma 5,
we find that

m∗(D) ≤ m∗(A ∩ E) = λ∗(A ∩ E) ≤ λ∗(E) = 0

and therefore xΔ(t) = f (t) Δ-a.e. t ∈ [c, d)T. �
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Discontinuous dynamic equations on time scales 389

2.5 Aumann integral

Given a set-valued mapping Γ : [a, b] � R
n , the Aumann integral

∫
[a,b] Γ (t)dt is the set

consisting of all
∫
[a,b] γ (t)dt for Lebesgue integrable γ (.) such that γ (t) ∈ Γ (t) for each

t ∈ [a, b].
The following two results stated and proven in [15], for a = 0 and b = 1, will be required

for obtaining the closure theorem for Krasovskii solutions.

Lemma 7 [15] Let Γ : [a, b] � R
n be a set-valued mapping whose values Γ (t) are

compact, convex subsets ofRn, all contained in a common ball. Then
∫
[a,b] Γ (t)dt is compact

and convex.

Lemma 8 [15] LetΓ : [a, b] � R
n be a set-valuedmapping, whose values are all contained

in a common ball of Rn. If x : [a, b] → R
n is such that

x(t) − x(s) ∈
∫

[s,t]
Γ (τ)dτ

for all t > s in [a, b], then x(.) is an arc and satisfies

ẋ(τ ) ∈ coΓ (τ) a.e. τ ∈ [a, b).

In particular,

x(t) = x(a) +
∫

[a,t]
ẋ(τ )dτ ∈ x(a) +

∫

[a,t]
coΓ (τ)dτ

for all t ∈ [a, b].

3 Generalized solutions to discontinuous dynamic equations

Consider the initial value problem

{
xΔ(t) = f (t, x(t)) Δ-a.e. t ∈ [a, b)T
x(a) = x0

(2)

where x0 ∈ R
n and f : T × R

n → R
n . In this section, we introduce and prove the existence

of Hermes, Filippov, and Krasovskii solutions to the problem stated in Eq. (2). We also prove
the existence of Carathéodory solutions to Eq. (2) using the methodology already introduced
for discontinuous differential equations, see, for example [9,16]. We extend to systems of
dynamic equations on time scales the relationship H ⊂ K [15, Corollary 4.4], that is, each
Hermes solution is a Krasovskii solution. In addition, we remind Euler solutions to Eq. (2)
and we consider comparisons between the solutions generalized throughout the section.

We denote the sets of Euler, Hermes, Filippov, and Krasovskii solutions to Eq. (2) respec-
tively by E, H, F , and K.

We say that the function f : T × R
n → R

n is continuous in x if for each t ∈ T, the
function x �→ f (t, x) is continuous. The function f is said to be Δ-measurable in t if and
only if t �→ f (t, x) is Δ-measurable for each x ∈ R

n . Furthermore, we say that f is locally
bounded, if f is bounded on each bounded subset of T × R

n .

123
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3.1 Carathéodory solutions

In Theorem 5 below, we prove the existence of Carathéodory solutions to Eq. (2). Unlike [7],
we do not require that the vector field of the dynamic equation be bounded. Furthermore, we
do not use the concept of the solution tube [12] to obtain Carathéodory solutions to Eq. (2).

Definition 2 An arc x : T → R
n is a Carathéodory solution (or C-solution) to Eq. (2) if and

only if it satisfies the dynamic equation given by Eq. (2) forΔ-a.e. t ∈ [a, b)T and x(a) = x0.

Consider a function φ : T × R
m → R

n . We say that φ is a Δ-Carathéodory function if it
satisfies the following properties:

(i) for each t ∈ T, the function x �→ φ(t, x) is continuous.
(ii) for each x ∈ R

m , the function t �→ φ(t, x) is Δ-measurable.

We will use the following basic result.

Lemma 9 Let φ : T × R
m → R

n be a Δ-Carathéodory function and x : T → R
n a

Δ-measurable function. Then the function

t �→ φ(t, x(t))

is Δ-measurable.

Proof Define the function φ̃ : [a, b] × R
m → R

n by

φ̃(t, u) =
{

φ(t, u), t ∈ T

φ(ti , u), t ∈ (ti , σ (ti )) for some i ∈ I.

Since φ̃ is a L-Carathéodory function [24, Lemma 4.7], it follows from [19, 2B.5. Lemma],
that the function t �→ φ̃(t, x̃(t)) is Lebesguemeasurable. Thus, by Proposition 2, the function
t �→ φ(t, x(t)) is Δ-measurable. �

Theorem 5 (Existence for C-solutions) Let f be a Δ-Carathéodory function. Suppose also
that, for each β > 0 there is a function mβ : T → [0,+∞) in L1([a, b)T) such that

‖ f (t, x)‖ ≤ mβ(t)

whenever t ∈ T and ‖x‖ ≤ β +‖x0‖. Then there exists b1 ∈ T\{a} such that the initial value
problem {

xΔ(t) = f (t, x(t)) Δ-a.e. t ∈ [a, b1)T
x(a) = x0

(3)

has a Carathéodory solution.

Proof If σ(a) > a take b1 = σ(a). Define the arc x : [a, b1]T → R
n by x(a) = x0 and

x(b1) = μ(a) f (a, x(a)) + x(a). Hence,

xΔ(a) = x(σ (a)) − x(a)

μ(a)
= f (a, x(a))

and then

xΔ(t) = f (t, x(t))

whenever t ∈ [a, b1)T = {a}. Therefore x is a Carathéodory solution to Eq. (3).
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If σ(a) = a, consider β > 0 arbitrarily fixed. By Proposition 4, there exists b1 ∈ T\{a}
such that

∫

[a,b1)T

mβ(s)Δs ≤ β.

Let A the set of arcs x : T → R
n satisfying

‖x(t) − x0‖ ≤ β

for all t ∈ [a, b1]T, and
∥
∥
∥
∥

∫

[c,d)T

xΔ(s)Δs

∥
∥
∥
∥ ≤

∫

[c,d)T

mβ(s)Δs

for each c, d ∈ T such that c < d .
Using the Proposition 3, we conclude that A is a compact set. It is easy to see also that A

is a convex set.
For each x ∈ A define the function gx : T → R

n by gx (s) = f (s, yx (s)) for all s ∈ T,
where the function yx : T → R

n is given by

yx (t) =
{
x(t), t ∈ [a, b1]T
x(b1), t ∈ T\[a, b1]T.

Since yx is a continuous function, it follows from Lemma 9 that the function gx
is Δ-measurable.

Denote by C(T,Rn) the set of all continuous functions with domain T and taking values
on R

n . We define the mapping T : A → C(T,Rn) as

(T x)(t) = x0 +
∫

[a,t)T

gx (s)Δs

for all t ∈ T and all x ∈ A.
Consider x ∈ A arbitrarily fixed. From the Proposition 4, it follows that T x is an arc.

Now, it follows from Lemma 6 that

(T x)Δ(t) = gx (t) Δ-a.e. t ∈ [a, b)T.

Hence, for each c, d ∈ T such that c < d we have
∥
∥
∥
∥

∫

[c,d)T

(T x)Δ(s)Δs

∥
∥
∥
∥ =

∥
∥
∥
∥

∫

[c,d)T

gx (s)Δs

∥
∥
∥
∥

≤
∫

[c,d)T

‖gx (s)‖Δs ≤
∫

[c,d)T

mβ(s)Δs.

Finally, for each t ∈ [a, b1]T we deduce that

‖(T x)(t) − x0‖ =
∥
∥
∥
∥

∫

[a,t)T

gx (s)Δs

∥
∥
∥
∥ ≤

∫

[a,t)T

‖gx (s)‖Δs

≤
∫

[a,t)T

mβ(s)Δs ≤
∫

[a,b1)T

mβ(s)Δs ≤ β

and then T (A) ⊂ A.
Take x̄ ∈ A arbitrary. Consider a sequence {xi }i∈N ⊂ A such that

lim
i→∞ ‖xi − x̄‖∞ = 0.
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For each t ∈ T,

lim
i→∞ ‖gxi (t) − gx̄ (t)‖ = 0

and ‖gxi (t) − gx̄ (t)‖ ≤ 2mβ(t) for all i ∈ N. It follows from the dominated convergence
theorem [22] that

lim
i→∞

∫

[a,b)T

‖gxi (s) − gx̄ (s)‖Δs = 0

and then

lim
i→∞ ‖T xi − T x̄‖∞ = 0.

Hence, T is continuous in x̄ .
Since C(T,Rn) equipped with the supremum norm is a Banach space, it follows from

fixed point theorem of Schauder [25] that there exists x∗ ∈ A such that T x∗ = x∗. From
Lemma 6, we may conclude that

xΔ∗ (t) = gx∗(t) = f (t, x∗(t)) Δ-a.e. t ∈ [a, b1)T

and x∗ is a Carathéodory solution to Eq. (3). �

3.2 Euler solutions

Let δ > 0 and π = {t0, t1, . . . , tN } ∈ Pδ(T). Define the function xπ : T → R
n by

xπ (t0) = x0, xπ (t) = x0 + (t − t0) f (t0, x0) t ∈ [t0, t1]T
xπ (t1) = x1, xπ (t) = x1 + (t − t1) f (t1, x1) t ∈ [t1, t2]T

and by induction

xπ (ti ) = xi , xπ (t) = xi + (t − ti ) f (ti , xi ) t ∈ [ti , ti+1]T
as i ∈ {0, 1, . . . , N − 1}. The arc xπ is called the Euler polygonal arc.

An Euler solution to the problem stated in Eq. (2) is any arc x which is the uniform limit of
a sequence of Euler polygonal arcs xπ j related to partitions π j ∈ Pδ j (T), for some sequence
δ j ↓ 0.

The existence of Euler solutions to Eq. (2) has been proven in [23] as follows.

Proposition 5 [23] Suppose that there exist γ > 0 and c∗ > 0 such that

‖ f (t, x)‖ ≤ γ ‖x‖ + c∗ (4)

for all (t, x) ∈ T × R
n. Then the problem given by Eq. (2) has a Lipschitz-continuous Euler

solution.

3.3 Hermes solutions

Below, we introduce and prove the existence of Hermes solutions to Eq. (2).

Definition 3 Let x : T → R
n be absolutely continuous. Then x is called a Hermes solution

(or H-solution) to Eq. (2) if and only if there exist Δ-measurable functions p j : T → R
n

and C-solutions x j of
{
yΔ(t) = f (t, y(t) + p j (t)) Δ-a.e. t ∈ [a, b)T
y(a) = x0
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Discontinuous dynamic equations on time scales 393

such that p j ⇒ 0 and x j ⇒ x .

We need the following technical result.

Lemma 10 [8] Consider the real numbers r0, r1, . . . , rN ≥ 0 obeying

ri+1 ≤ (1 + βi )ri + ηi , i ∈ {0, 1, . . . , N − 1}
where βi , ηi ≥ 0 and r0 = 0. Then

rN ≤
(

exp

(
N−1∑

i=0

βi

))
N−1∑

i=0

ηi .

Let δ > 0 and take a partition α = {t0, t1, . . . , tN } in Pδ(T). We denote by xα the arc
xα : T → R

n given by

xα(t0) = x0, xα(t) = x0 +
∫

[t0,t)T
f (s, x0)Δs t ∈ [t0, t1]T

xα(t1) = x1, xα(t) = x1 +
∫

[t1,t)T
f (s, x1)Δs t ∈ [t1, t2]T

and by induction

xα(ti ) = xi , xα(t) = xi +
∫

[ti ,t)T
f (s, xi )Δs t ∈ [ti , ti+1]T

as i ∈ {0, 1, . . . , N − 1}. The arc xα satisfies the following result.

Lemma 11 Suppose that f is Δ-measurable in t and satisfies the condition given by Eq.
(4). Then the arc xα is such that

‖xΔ
α (t)‖ ≤ γ K + γ ‖x0‖ + c∗ := L Δ-a.e. t ∈ [a, b)T

where K := (b − a)(γ ‖x0‖ + c∗) exp(γ (b − a)).

Proof From Lemma 6, we get

xΔ
α (t) = f (t, xi ) Δ-a.e. t ∈ [ti , ti+1)T

for all i ∈ {0, 1, . . . , N − 1}. Since
‖ f (s, xi )‖ ≤ γ ‖xi‖ + c∗ ≤ γ ‖xi − x0‖ + γ ‖x0‖ + c∗

for each i ∈ {0, 1, . . . , N − 1} we have
‖xi+1 − x0‖ ≤ ‖xi+1 − xi‖ + ‖xi − x0‖

=
∥
∥
∥
∥

∫

[ti ,ti+1)T

f (s, xi )Δs

∥
∥
∥
∥ + ‖xi − x0‖

≤
∫

[ti ,ti+1)T

‖ f (s, xi )‖Δs + ‖xi − x0‖

≤ (ti+1 − ti ){γ ‖xi‖ + c∗} + ‖xi − x0‖
≤ (ti+1 − ti ){γ ‖xi − x0‖ + γ ‖x0‖ + c∗} + ‖xi − x0‖
= {(ti+1 − ti )γ + 1}‖xi − x0‖ + (ti+1 − ti )(γ ‖x0‖ + c∗).
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For each i let ri = ‖xi − x0‖, βi = (ti+1 − ti )γ and ηi = (ti+1 − ti )(γ ‖x0‖ + c∗). Given
M ∈ {1, . . . , N } we have

r j+1 ≤ (1 + β j )r j + η j

for all j ∈ {0, . . . , M − 1}. Using Lemma 10, we obtain

rM ≤ [
exp(β0 + β1 + · · · + βM−1)

] [
η0 + η1 + · · · + ηM−1

]

= [
exp((tM − t0)γ )

] [
(tM − t0)(γ ‖x0‖ + c∗)

]

≤ (b − a)(γ ‖x0‖ + c∗) exp(γ (b − a)) = K .

Thence

‖xΔ
α (t)‖ ≤ γ K + γ ‖x0‖ + c∗ := L Δ-a.e. t ∈ [a, b)T.

�

Theorem 6 (Existence forH-solutions)Let f beΔ-measurable in t. Suppose,moreover, that
f satisfy the linear growth condition stated in Eq. (4). Then, there is a Lipschitz-continuous
Hermes solution to Eq. (2).

Proof Let {δ j } j∈N ⊂ R be a sequence such that δ j ↓ 0. For each j take a partition

α j = {t ( j)0 , t ( j)1 , . . . , t ( j)N ( j)} in Pδ j (T) and let xα j be the arc xα j : T → R
n given by

xα j

(
t ( j)0

)
= x0, xα j (t) = x0 +

∫

[t ( j)0 ,t)T

f (s, x0)Δst ∈
[
t ( j)0 , t ( j)1

]

T

xα j

(
t ( j)1

)
= x ( j)

1 , xα j (t) = x ( j)
1 +

∫

[t ( j)1 ,t)T

f
(
s, x ( j)

1

)
Δst ∈

[
t ( j)1 , t ( j)2

]

T

and by induction

xα j

(
t ( j)i

)
= x ( j)

i , xα j (t) = x ( j)
i +

∫

[t ( j)i ,t)T

f
(
s, x ( j)

i

)
Δs t ∈

[
t ( j)i , t ( j)i+1

]

T

as i ∈ {0, 1, . . . , N ( j) − 1}. Without loss of generality we relabel {xα j } by {x j }.
Because of Lemma 11, there exists L > 0 such that

‖xΔ
j (t)‖ ≤ L Δ-a.e. t ∈ [a, b)T

for all j . Since x j (a) = x0, using Proposition 3, there exists a subsequence {x jk } ⊂ {x j } and
an arc x : T → R

n such that x jk ⇒ x .
Since x j is a Lipschitz continuous functionwith constant L for each j , then x is a Lipschitz

continuous function with constant L .
For each j define the function p j : T → R

n as

p j (t) = x ( j)
i − x j (t)

for each t ∈ [t ( j)i , t ( j)i+1)T and p j (b) = 0. Consider t ∈ [t ( j)i , t ( j)i+1)T arbitrarily fixed. If

ρ(t ( j)i+1) = t ( j)i we have t = t ( j)i and then p j (t) = 0. If t ( j)i+1 − t ( j)i ≤ δ j it follows that

‖p j (t)‖ = ‖x ( j)
i − x j (t)‖ ≤ L|t − t ( j)i | ≤ Lδ j and so p j ⇒ 0.

From Lemma 6, we get

xΔ
j (t) = f

(
t, x ( j)

i

)
= f (t, x j (t) + p j (t)) Δ-a.e. t ∈

[
t ( j)i , t ( j)i+1

)

T
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and then

xΔ
j (t) = f (t, x j (t) + p j (t)) Δ-a.e. t ∈ [a, b)T.

Therefore x is a Hermes solution to Eq. (2). �

3.4 Krasovskii solutions

The set-valued mapping K f : T × R
n � R

n is defined by

K f (t, x) =
⋂

ε>0

co f (t, x + εB)

where x + εB represents the open ball of radius ε about the point x .

Definition 4 An arc x : T → R
n is a Krasovskii solution (or K-solution) to Eq. (2) if it

satisfies the dynamic inclusion

xΔ(t) ∈ K f (t, x(t)) Δ-a.e. t ∈ [a, b)T

and x(a) = x0.

If f satisfies the condition stated in Eq. (4), then

K f (t, x) ⊂ (γ ‖x‖ + c∗)B

for all (t, x) ∈ T × R
n . Hence, K f (t, x) is a nonempty compact convex subset of Rn for all

(t, x) ∈ T × R
n .

The graph of K f is defined by the set

GrK f := {(t, x, γ ) ∈ T × R
n × R

n : γ ∈ K f (t, x)}.
We have the following Lemma concerning the graph of K f .

Lemma 12 The set-valued mapping K f has closed graph.

Proof Let (t, x, γ ) ∈ GrK f . Thus, there exists a sequence {(ti , xi , γi )}i∈N ⊂ GrK f such
that

lim
i→∞(ti , xi , γi ) = (t, x, γ ).

Take ε > 0 arbitrary. Then there exists i0 ∈ N such that for i ≥ i0, xi ∈ x + εB. If
εi = ‖xi − x‖ if follows that γi ∈ co f (t, xi + εi B) ⊂ co f (t, x + 2εB), for all i ≥ i0.
Hence, γ ∈ K f (t, x) and, therefore, K f has closed graph. �


From [23, Theorem 7], we get the existence for Krasovskii solutions.

Proposition 6 (Existence for K-solutions) Let f obey the condition given by Eq. (4). Then,
there is a Krasovskii solution to Eq. (2).

From the definition of K f , it is clear that f (t, x) ∈ K f (t, x) for all (t, x) ∈ T × R
n .

Thence C ⊂ K, that is, every Carathéodory solution is a Krasovskii solution.
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3.4.1 Closure theorem for Krasovskii solutions

In the following theorem, we obtain an extension of the closure theorem for Krasovskii
solutions [15] to systems of dynamic equations on time scales.

Theorem 7 (Closure theorem for K-solutions) Let f : T × R
n → R

n be locally bounded.
Let {x j } j∈N be a sequence of arcs x j : T → R

n such that for each j , we have

xΔ
j (t) ∈ K f (t, x j (t)) Δ-a.e. t ∈ [a, b)T

and x j (a) = x0. If {x j } converges uniformly to the function x : T → R
n, then x is a

Krasovskii solution to Eq. (2).

Proof Fix an arbitrary number ε > 0. Then there exists j0 ∈ N such that

‖x j (t) − x(t)‖ ≤ ‖x j − x‖∞ < ε

for all t ∈ T and all j ≥ j0. Hence, for each j ≥ j0 we have

xΔ
j (t) ∈ co f (t, x j (t) + εB) ⊂ co f (t, x(t) + 2εB) Δ-a.e. t ∈ [a, b)T.

Since ‖x(t)‖ ≤ ε + ‖x j0‖∞ for each t ∈ T and f is locally bounded, there exists r > 0
satisfying

co f (t, x(t) + 2εB) ⊂ r B

for all t ∈ T. Thus,

‖xΔ
j (t)‖ ≤ r Δ-a.e. t ∈ [a, b)T

for all j ≥ j0.
For each j ≥ j0 we also have ‖x j (a)‖ ≤ ε + ‖x(a)‖. From Proposition 3, it follows

that there is a subsequence {x jk } ⊂ {x j } and an arc z : T → R
n such that x jk ⇒ z. Since

x jk ⇒ x , we conclude that x ≡ z.
If t ∈ [a, b)T and σ(t) > t , we have

xΔ
j (t) = x j (σ (t)) − x j (t)

μ(t)
∈ co f (t, x(t) + 2εB)

and then

lim
j→∞ xΔ

j (t) = xΔ(t) ∈ co f (t, x(t) + 2εB).

Let f j : T → R
n be defined by f j (t) = xΔ

j (t). Then, f j ∈ L1([a, b)T,Rn) and so

f̃ j ∈ L1([a, b),Rn).
Define the set-valued mapping Γ : T � R

n by

Γ (t) = co f (t, x(t) + 2εB).

Also consider the set-valued mapping Γ̃ : [a, b] � R
n given by

Γ̃ (t) =
{

Γ (t), t ∈ T

Γ (ti ), t ∈ (ti , σ (ti )) for some i ∈ I.

For each i ∈ I , we have

f̃ j (t) = f j (ti ) = xΔ
j (ti ) ∈ Γ (ti ) = Γ̃ (t)
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for all t ∈ [ti , σ (ti )).
If

A := {t ∈ [a, b)T : σ(t) = t}
and

C = {t ∈ [a, b)T : f j (t) �∈ Γ (t)}
we have D ⊂ A ∩ C , where

D = {t ∈ [a, b) : f̃ j (t) �∈ Γ̃ (t)}.
Hence,

λ∗(D) ≤ λ∗(A ∩ C) = m∗(A ∩ C) ≤ m∗(C) = 0

and then

f̃ j (t) ∈ Γ̃ (t) a.e. t ∈ [a, b).

Since Γ̃ (t) ⊂ r B, we obtain

‖ f̃ j (t)‖ ≤ r a.e. t ∈ [a, b).

Define the arc y j : [a, b] → R
n by

y j (t) = x j (a) +
∫

[a,t)
f̃ j (s)ds.

If t ∈ T,

y j (t) = x j (a) +
∫

[a,t)T

f j (s)Δs = x j (a) +
∫

[a,t)T

xΔ
j (s)Δs = x j (t).

Since {y j (a)} is a bounded sequence and
ẏ j (t) = f̃ j (t) a.e. t ∈ [a, b)

it follows from Proposition 3 that there is a subsequence {y jk } ⊂ {y j } and an arc y : [a, b] →
R
n such that y jk ⇒ y.
If t ∈ T we have

lim
k→∞ y jk (t) = x(t)

and so y(t) = x(t).
For each s < t in [a, b],

y jk (t) − y jk (s) =
∫

[s,t)
˜f jk (τ )dτ =

∫

[s,t]
˜f jk (τ )dτ ∈

∫

[s,t]
Γ̃ (τ )dτ.

Using Lemma 7, we obtain

y(t) − y(s) ∈
∫

[s,t]
Γ̃ (τ )dτ

and by Lemma 8,

ẏ(τ ) ∈ coΓ̃ (τ ) = Γ̃ (τ ) a.e. τ ∈ [a, b).
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Let t ∈ A such that there exist the derivatives xΔ(t) and ẏ(t). Consider the sequence
{si }i∈N ⊂ T such that si ↓ t . Hence,

ẏ(t) = lim
i→∞

y(si ) − y(t)

si − t
= lim

i→∞
x(si ) − x(t)

si − t
= xΔ(t)

and then H = {t ∈ [a, b)T : xΔ(t) �∈ Γ (t)} ⊂ A ∩ (E ∪ F), where

E = {t ∈ [a, b) :� ∃ẏ(t)}
and

F = {t ∈ [a, b) : ẏ(t) �∈ Γ̃ (t)}.
We have

m∗(H) ≤ m∗(A ∩ (E ∪ F)) = λ∗(A ∩ (E ∪ F))

≤ λ∗(E ∪ F) ≤ λ∗(E) + λ∗(F) = 0

and, therefore,

xΔ(t) ∈ co f (t, x(t) + 2εB) Δ-a.e. t ∈ [a, b)T.

Take a sequence {εi }i∈N ⊂ R such that εi ↓ 0. If the set Z is given by

Z = {t ∈ [a, b)T : xΔ(t) �∈ K f (t, x(t))}
it follows that

Z ⊂
⋃

i∈N
Wi ,

where

Wi = {
t ∈ [a, b)T : xΔ(t) �∈ co f (t, x(t) + εi B)

}
.

Since m∗(Wi ) = 0, using Lemma 4, we may conclude that m∗(Z) = 0 and then

xΔ(t) ∈ K f (t, x(t)) Δ-a.e. t ∈ [a, b)T

proving the theorem. �

The proof of the result below is similar to proof of Theorem 7.

Proposition 7 Suppose that f : T × R
n → R

n is locally bounded. If an arc x : T → R
n is

a H-solution to Eq. (2) then x is a K-solution to Eq. (2).

However, the relationship K ⊂ H for autonomous systems in continuous time [15, Theo-
rem5.5], it is not valid for the time scaleT = {a, b}. Indeed, if x0 = 0 and f : {a, b}×R → R

is given by

f (t, x) =
{
1, x ≥ 0
−1, x < 0

it follows that x = 0 is a Krasovskii solution but not a Hermes solution. If x = 0 was a
Hermes solution, there would Δ-measurable functions p j : {a, b} → R and C-solutions x j
of

{
yΔ(t) = f (t, y(t) + p j (t)) Δ-a.e. t ∈ [a, b)T
y(a) = 0
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such that p j ⇒ 0 and x j ⇒ 0. Since [a, b)T = {a} we have

xΔ
j (a) = x j (b) − x j (a)

b − a
= f (a, x j (a) + p j (a))

and taking j → ∞ we obtain a contradiction.

3.5 Filippov solutions

We define the set-valued mapping F f : T × R
n � R

n by

F f (t, x) =
⋂

ε>0

⋂

Z;λ(Z)=0

co f (t, (x + εB)\Z)

where λ denotes the Lebesgue measure.

Definition 5 Let x : T → R
n be an arc. Then x is called a Filippov solution (or F-solution)

to Eq. (2) if and only if

xΔ(t) ∈ F f (t, x(t)) Δ-a.e. t ∈ [a, b)T

and x(a) = x0.

Suppose that f satisfies the condition given by Eq. (4). Hence,

F f (t, x) ⊂ (γ ‖x‖ + c∗)B

for all (t, x) ∈ T × R
n . Thus, F f (t, x) is a nonempty compact convex subset of Rn for all

(t, x) ∈ T × R
n .

Also it holds the following result concerning the set-valued mapping F f .

Lemma 13 The graph of F f is closed.

Proof Take (t, x, γ ) ∈ GrF f . Then there exists a sequence {(ti , xi , γi )}i∈N ⊂ GrF f such
that

lim
i→∞(ti , xi , γi ) = (t, x, γ ).

Fix an arbitrary ε > 0 and a subset Z ⊂ R
n satisfying λ(Z) = 0. Hence, there exists i0 ∈ N

such that xi ∈ x + εB for i ≥ i0. Let εi = ‖xi − x‖ so γi ∈ co f (t, (xi + εi B)\Z) ⊂
co f (t, (x +2εB)\Z), for all i ≥ i0. Then γ ∈ F f (t, x) and we conclude that F f has closed
graph. �


Thus, using [23, Theorem 7], we obtain the existence for Filippov solutions.

Proposition 8 (Existence for F-solutions) Suppose that f satisfies the linear growth con-
dition stated in Eq. (4). Then, there is a Filippov solution to Eq. (2).

We have F f (t, x) ⊂ K f (t, x) for all (t, x) ∈ T×R
n . Thus,F ⊂ K and so every Filippov

solution is a Krasovskii solution.
In the next theorem, we extend to systems of dynamic equations on time scales the result

[15, Lemma 2.8], concerning autonomous systems.

123



400 I. L. D. dos Santos

Lemma 14 Let f be such that f (t, x) = g(x) for all (t, x) ∈ T × R
n. Suppose that there

exists a disjoint decomposition

R
n =

⋃
Mi with Mi ⊂ I ntMi

and continuous fi : Rn → R
n such that g = fi on Mi . Then eachK-solution is aF-solution

(so F = K).

Proof From the proof of [15, Lemma 2.8], we have Kg(x) ⊂ Fg(x) for all x ∈ R
n . Since

Kg(x) = K f (t, x) and Fg(x) = F f (t, x) for each (t, x) ∈ T × R
n , we conclude that

K f (t, x) ⊂ F f (t, x) for all (t, x) ∈ T × R
n . Therefore, F = K. �


We also have that the relationship F ⊂ H for autonomous systems in continuous time
[17, Lemma 3], does not extend to the time scale T = {a, b}. To see this, we need just
consider x0 = 0 and the function f : {a, b} × R → R given by

f (t, x) =
{
1, x ≥ 0
−1, x < 0.

Thus, x = 0 is a Filippov solution but not a Hermes solution.

3.6 Comparison between Carathéodory and Filippov solutions

In the two examples below, we verified that there is not a direct relationship between
Carathéodory and Filippov solutions whenever we consider two discontinuous vector fields
to the dynamic equation given by Eq. (2).

Example 1 Let f : T × R → R be defined as

f (t, x) =
{
1, x = 0
0, x �= 0

and suppose that x0 = 0. Since F f (t, 0) = {0}, x = 0 is a Filippov solution but not a
Carathéodory solution.

Example 2 Consider f : T × R → R defined by

f (t, x) =
{
0, x = 0
1, x �= 0

and let x0 = 0. Then x = 0 is a Carathéodory solution but not a Filippov solution.

On the other hand, if the vector field f : T × R
n → R

n is continuous with respect to x ,
the set F f (t, x) coincides with f (t, x), as stated in [11].

So, if the function f is continuous with respect to x , we have C = F = K.

3.7 Comparison between Euler and the other generalized solutions

Comparisons between Euler and other generalized solutions to discontinuous differential
equations can be found in [1]. Below, we provide some comparisons between Euler and
other generalized solutions for the time scale T = {a, b}.

Given a function f : {a, b} × R
n → R

n , the arc x : {a, b} → R
n defined by x(a) = x0

and x(b) = x0 + (b − a) f (a, x0) is the only Euler solution. From the proof of Theorem 6,
we also have that the arc x is a Hermes solution. Hence, E ⊂ H ⊂ K.

In the following examples, we see that the relation E = H = K for autonomous systems
in continuous time [1, Corollary 4.5], does not hold for the time scale T = {a, b}.
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Example 3 Consider f : {a, b} × R → R given by

f (t, x) =
{
1, x = 0
−1, x �= 0

and let x0 = 0. Hence, x = 0 is a Krasovskii solution but not an Euler solution.

Example 4 Let f : {a, b} × R → R be defined by

f (t, x) =
{
0, x = 0
1

b−a , x �= 0

and let x0 = 0. Thus, the arc x : {a, b} → R defined by x(a) = x0 and x(b) = 1 is a Hermes
solution but not an Euler solution.

Below, we also consider comparisons between Euler and Filippov solutions.

Example 5 If f : {a, b} × R → R is given by

f (t, x) =
{
1, x = 0
0, x �= 0

and x0 = 0, then x = 0 is a Filippov solution but not an Euler solution.

Example 6 Let x0 = 0 and define f : {a, b} × R → R by

f (t, x) =
{
0, x = 0
1, x �= 0.

Thus, x = 0 is an Euler solution but not a Filippov solution.
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