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Investigations in massive 3D gravity
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Some interesting gravitational properties of the Bergshoeff-Hohm-Townsend model (massive 3D
gravity), such as the presence of a short-range gravitational force in the nonrelativistic limit and the
existence of an impact-parameter-dependent gravitational deflection angle, are studied. Interestingly
enough, these phenomena have no counterpart in the usual Einstein 3D gravity. In order to better
understand the two aforementioned gravitational properties, they are also analyzed in the framework of
3D higher-derivative gravity with the Einstein-Hilbert term with the “wrong sign.”
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I. INTRODUCTION

According to physical lore, field theories based on fourth
(or higher) derivative actions entail unphysical ghost states
of negative norm. Generally, in the literature the arguments
for so undesirable a state of affairs have actually only been
pushed forward for one particular class of such theories,
viz. the hybrid ones in which there are both second- and
fourth-order derivatives [1]; moreover, the discussion has
only been formulated within the context of canonical
quantization [2]. Nonetheless, it is remarkable that even
among these hybrid theories, there exists a class of tree-
level ghost-free models. At first sight, it seems that pure
scalar curvature models, i.e. the fourth-order gravity sys-
tems with Lagrangian R + aR?, belong to this privileged
elite. Actually, these systems are conformally equivalent to
Einstein gravity with a massive scalar field [3]. In other
words, despite having fourth derivatives at the metric
level, these models are ultimately second order in their
scalar-tensor versions. Just about two years ago, however,
Bergshoeff, Hohm, and Townsend (BHT) [4—12] proposed
a particular higher-derivative extension of the Einstein-
Hilbert (EH) action in three spacetime dimensions which
is ghost-free at tree level [4]. The proof of unitarity given in
[4] is based on the existence of an alternative form for the
BHT action involving an auxiliary field, whose linearized
version is equivalent to the standard Fierz-Pauli action,
which is known to be ghost-free; incidentally, this proof
was reviewed in [13]. We can also convince ourselves of
the absence of ghosts in the linearized BHT model by
directly performing a canonical analysis [14]. The BHT
model, of course, radically violates standard folklore since
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it is an example of a fourth-order system that is not
pestered by ghosts.

Massive 3D gravity, which is also known as “massive
new gravity,” is actually a particular case of the most
general three-dimensional theory obtained by augmenting
planar gravity with the EH term with the “wrong sign”
through the curvature-squared terms (3DHDG). The
Lagrangian for this generic theory can be written as

L= f( R+2R2+’[23wa), (1)

where k> = 327G, with G being the 3D analog of
Newton’s constant, and « and S are free coefficients.
Note that the constants «, «, and 8 have mass dimensions
[k] = —3 and [a] = [B] = —1, in fundamental units. A
glance at the propagator P of this theory, in momentum
space—namely,

M3 2A M3

P=—amr 2t PO+ 2p)—— 0
k2 (k> — M3) k? k*(k* — M})

M2
I (k* — M)
2[2AK* — M3(21 + 1)]
k*(k* — M)

pO-s)

[P(O*sw) + P(O*ws)]

P(O_W), (2)

where P@, p) pO=w) p0=s) pO=sw) anq pO=ws) gre the
usual three-dimensional Barnes-Rivers operators [15,16],
M3 = —(>0) M3 = —m(>0), and A is a gauge
parameter—clearly shows that the 3DHDG system is non-
unitary, even at tree level. We call attention to the fact that
the above propagator is a special case concerning N = 1
and N = 2 supergravity in three dimensions augmented by
(curvature)? terms, which was calculated by Nishino and
Rajpoot [17]; it can also be obtained from the propagator
related to 3D gravity with the wrong sign enlarged by a
Chern-Simons term [18-20].
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On the other hand, if we set in Eq. (1) @ = — % B, with
B > 0, the equation at hand reduces to

2 2 _é 2)
m2<R oK ] 3)

(m, is a mass parameter), which is the

r- J{

where m3 = 35
Lagrangian for the BHT model. This system, as we
have already commented, is a tree-level unitary system.
Nonetheless, it is not clear at all whether or not this
particular ratio between « and 8 will survive renormaliza-
tion at a given loop level, even at one loop; in other words,
unitarity beyond tree level has to be checked [11]. In
reality, most likely the BHT model is nonrenormalizable
since it improves only the spin-2 projections of the propa-
gator but not the spin-0 projection [21].

Our aim in this paper is twofold.

(1) To explore some interesting properties of this
remarkable model that have no counterpart in
the usual Einstein gravity in three-dimensional
spacetime.

(2) To highlight these properties by carrying out a com-
parative study between them and the analogous ones
obtained in the context of 3DHDG.

The article is organized as follows. In Sec. II it is shown
that in the context of the BHT model, short-range gravita-
tional forces are exerted on slowly moving test particles.
These attractive forces are a distinguishing feature of
massive 3D gravity. The analytical expression for the
gravitational deflection angle of a light ray in the frame-
work of the mentioned system is obtained in Sec. III. This
angle, unlike that of Einstein 3D gravity, depends on the
impact parameter. In Sec. IV a comparative study between
the results found in Secs. II and III and the corresponding
ones obtained via the 3DHDG system is done. This analy-
sis greatly helps us to better comprehend the results of
Secs. IT and III. Finally, we present in Sec. V some com-
ments and observations.

We employ natural units, ¢=#%a=1, and our
Minkowski metric is diag(+1, —1, —1). Our Ricci tensor
is defined by R, = R*,,, = 9,1, —a,I",, +

II. INTERPARTICLE POTENTIAL

In quantum mechanics the notion of a potential is intro-
duced to be used in conjunction with the Schrodinger
equation. In quantum field theory, in turn, the interactions
are visualized as arising from the exchange of quanta.
It is remarkable that these two concepts can be merged
for slowly moving particles if we restrict ourselves
to lowest-order processes. Indeed, according to the
Born approximation the differential cross section con-
cerning, for instance, the scattering of two scalar bosons
with the same mass m is given by (“5)cm =

| [ e ® P U(r)d’r|, where p and p’ are, respectively,
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the ingoing and outgoing momenta of one of the particles.
On the other hand, the cross section for the interaction of
the aforementioned bosons via graviton exchange can be
expressed as (9)cm = | jlvéljrf |2, wherein My is the non-
relativistic limit of the Feynman amplitude for the process
under discussion. As a result, the interparticle potential
assumes the form

1 1

U0 =02 @

[deMNRe—ik'l" (4)

where k is the momentum of the graviton exchanged.
Using the above equation we shall compute, in the
following, the expression for the gravitational potential
energy in the framework of the BHT model.
The elementary vertex for the process just described is

Nu(p - p' +m?)],
)

L..(p.p)=3xlp.p, + popl —

where the momenta are supposed to be incoming. The
Feynman amplitude is, in turn, given by

M =T, (p

2

ms 1
=55 —5A+ 5B, 6
K (k> — m ) k2 ©)

_p/)?#y,aﬁraﬁ(q’ _q/)

where the propagator is given by

2A m2 1
P="Cph 4 T2 p@) 4 plO-s)

k2 k2(k2 _ m%) k2

2 B 3 41 2

+ F(P(O sw) 4 po ws) 4 (k2 k2)P(O ), (7)
and

1 / /
A=z« Hp-p' )+ (p-g)p'-q)

(q q')(m*—p-p') kz(p p(m* —q - q')?

+p[(p q)—(p-q)—(p' g+ (p'q)]
X(m*—=p-pm?*—q-q)—(p-p)g-q)

1
+ F(m2 -p- p/)Z(mz —q- q’)z}, (8)
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B= %Kz[(p “P)Nq-q") +(q-q")m* = p-p')
+(p-p)m?* —q-q)+ %(q q")m* = p - p')y
(e P =g g (2 = g )
X (m* = p-p') Jr%(m2 —q-q)m*—p-p')
+ %(rrf —q-q)m*—p-p)
+ %(m2 —p-pPm*—q- q/)z]- )

In the nonrelativistic limit Eq. (6) reduces to

1 m*
Mg ==K 5. 10
NR 2K+ m3 (10)
Performing the appropriate integration using

Egs. (4) and (10), we come to the conclusion that the
potential energy is given by

U(r) = —2m*>GKy(myr), (11)

where K|, is the modified Bessel function of order zero.
Note that Ky(x) behaves as — Inx at the origin and as
x~ (/2= agymptotically.

The nonrelativistic potential, in turn, has the form

V(r) = —2mGKy(m,r). (12)

At this point, some comments are in order.
(i) Like the Newtonian potential Ve (r) = 2mG lné,

where ry is an infrared regulator, the potential con-
cerning the BHT model has a logarithm singularity
at the origin.

(i) V(r) — 0 as r — oo,

(iii) In the m, — oo limit, V(r) — 0, reproducing, in
this way, the potential of the wusual three-
dimensional gravity.

On the other hand, in the nonrelativistic limit a test
particle of mass m,, moving in a weak gravitational
field experiences a force F(r) = —mVV(r). Now, taking
Eq. (12) into account, we find that F(r) = F(r)F, where

F(r) = =2Gmyegmm, K (m,r), (13)

wherein K; is the modified Bessel function of order
one. Remembering that —xK(x) is a negative monotoni-
cally increasing function in the range 0 = x < o since
4[—xK,(x)] = xKy(x), we conclude that F(r) is always
attractive (see Fig. 1). This short-range gravitational force
does not exist in the framework of three-dimensional gen-
eral relativity, being peculiar to the BHT model.

The potential energy given by Eq. (11) is, as expected,
equivalent at the linearized level to that obtained via the
(unitary) Pauli-Fierz model for a massive spin-2 field.
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F(r)
”
0
FIG. 1. The short-range gravitational force related to the BHT
model.

III. LIGHT BENDING

Einstein 3D gravity is trivial outside the sources; con-
sequently, we should expect, at least in principle, no light
deflection in its framework. This is not so, in practice.
Actually, a light ray undergoes a deflection that is propor-
tional to the source mass; in addition, the bending is
impact-parameter independent. This can be easily shown
in the case of a point particle of mass m located at r = 0.
The corresponding linearized metric, in the de Donder
gauge, is given by

ds® = di* — (1 — N)(dr? + r2d6?),

where A = 8Gm lnr—’O, with r, being an infrared regulator,

and r and @ are the usual polar coordinates.
Now, introducing new radial (+') and angular (6') coor-
dinates through the change of variables

(1=Mr2=(1—8Gm)r? 0 = (1 —4Gm)0,
we obtain, to linear order in Gm,
ds?> = dt* — dr'’* — r?de"”. (14)

Interestingly enough, the geometry around the point
particle is locally identical to that of a flat spacetime;
however, it is not globally Minkowskian since the
angle @' varies in the range 0 = 6 <2m(1 —4Gm).
Accordingly, the three-dimensional metric (14) describes
a conical space with a wedge of angular size equal to
87 Gm removed and the two faces of the wedge identified.
The light deflection angle is therefore equal to 47Gm and
is independent of the impact parameter. This phenomenon
is very similar to the Aharonov-Bohm effect in electro-
dynamics. Indeed, there the interference pattern of two
coherent electron beams moving on different sides of a
thin solenoid is affected by the magnetic flux within the
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solenoid, although the magnetic field vanishes everywhere
along the beams; in our case, on the other hand, the light
ray propagating in the flat spacetime region around the
point particle feels the spacetime curvature which is re-
stricted to the massive point particle [22,23]. As we shall
see in the following, this odd geometrical effect does not
take place in massive 3D gravity. In this vein, let us
compute the gravitational deflection of a light ray in the
framework of the BHT model. To do that we have to solve
beforehand the linearized field equations related to the
BHT system.

The field equations concerning the Lagrangian density

r= f[ 2m(R2 §R2)—£M], (15)

8
where Ly is the Lagrangian density for matter, are

171
G+ [2 Ry~ 3 VuVuR = 2R RO
1 3 3
— _ 2
Zgl“’DR-i_DR,U«V RR gMV+ZRRILV]
2

K
= ZT’“” (16)
where T,, is the energy-momentum tensor, and
G,y = R,, — 38,,R is the Einstein tensor.

The corresponding linearized field equations are
given by

O 1 v 1
(1 + _)[_Emh“” + Z“ R(hn>] + E(aﬂry +9,I,)

m3
k(T
where RUW = 100K — y#» ], T, =(1+ m%)apyﬁ +
(lin)
4fm2 s Yur = hyy = 3M,,. Note that here indices are

ralsed (lowered) using n*”(n,,).

Mimicking Teyssandier’s work on 4D higher-derivative
gravity [24], it can be shown that it is always possible to
choose a coordinate system such that the gauge conditions,
I', = 0, on the linearized metric hold. Assuming that these
conditions are satisfied, it is straightforward to show that

the general solution of (17) is given by
E
hp.v = l//,u,V - hfull (]8)

where hﬁw is the solution of the linearized Einstein equa-
tion in the de Donder gauge, i.e.,

K
hE) =5 (Tn,, = T,,), yE =0 (19

where yf,), = h(E) n Lh® ) while .o satisfies the
equation
5 K 1
(D + mz)‘ﬂ,u.v - _E T,LLV - ET,/.LVT . (20)
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It is worth noticing that in this very special gauge the
equations for ¢ ,, and hﬁw are totally decoupled. As a
result, the general solution to Eq. (17) reduces to a linear
combination of the solutions of the aforementioned
equations.

Solving Egs. (19) and (20) for a pointlike particle of
mass m located at r = 0, we find

Km
hoo = — gKo(mzr), (21)
Km r
hll = ]’l22 = - 87[](0(77’12}") + 21nr0] (22)

Note that for m, — oo, the above solution reproduces the
solution of the three-dimensional linearized Einstein
equation with the wrong sign, in the de Donder gauge, as
it should.

We are now ready to discuss the deflection of a photon
due to the gravitational field generated by the mass m.
Suppose, in this spirit, a photon with momentum p,, com-
ing from infinity with an impact parameter b (see Fig. 2).

The net change in p,, while it passes through the afore-
mentioned gravitational field is given by

K (o]
Ap, = Ep“ f_ 3, hopdxP, (23)

where the integration is performed along the approxi-
mately straight line trajectory of the photon. As a conse-
quence, the displacement along the approximately straight
ray and the momentum are, respectively,

dx* = (dx', dx', 0), p* = (p!, p',0).

Inserting these quantities into Eq. (23), we obtain
K (o)
Apr =50t [7 ol +mdaxl, @4

which can be written as

_k a4 ﬂ}
Ap, > P /_m{[dr (hoo + hn)] 3y y:bdx~ (25)

YA

A \&

! @
m

FIG. 2. Geometry of the light bending.

=V
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With the results (21) and (22), we can write Eq. (25)
simply as

Ap, =

bmk?* [w[m2K1 (myv/x? + b?) 1 ] 4
- X.
41 P Va2 + b2 x>+ b?
Now, taking into account that [25]

[K,,(a X2 +y?)

_ 2*T(u + 1)
- a;l,+1yv—/.l,—l

0

x2,u+1

S |
V2 + y?)” '

KV—,LL—I(ay);

™ -z
K+(1/2)(Z): ?Ze ,

K>mp!

and

we promptly find

Ap, = (=1 + emb). (26)

Denoting the absolute value of the deflection angle by
o(= I% |), we come to the conclusion that

0 = 47Gm(1 — e~ "™P). 27)

We remark that for m, — oo, the modulus of the deflec-
tion angle reduces to 4mGm, which, as we have already
commented, is the geometrical prediction of 3D Einstein
gravity.

IV. A COMPARATIVE ANALYSIS

Since, as we have already discussed, the BHT model is a
special case of the 3DHDG system, a comparative study
between the predictions of these models concerning the
nonrelativistic potential, as well as the light bending,
will certainly shed a new light on the results found in
Secs. IT and III. Accordingly, we shall briefly analyze these
phenomena in the framework of 3DHDG and carry out,
afterwards, a comparative study between them and the
corresponding ones obtained for the BHT system. We re-
mark that the study of the potential energy in the context of
the 3DHDG model is worthy of being done due to the
astonishing similarity between this potential and that con-
cerning the interaction of two superconducting vortices.

A. The nonrelativistic potential for the 3DHDG model

A computation similar to that of Sec. II yields the
following expression for the potential energy:

U(r) = 2GM?*[Ko(Myr) — Ko(M,r)]. (28)

UNCWt(r) =
2GM? lnr—’o, which has a logarithmic singularity at the

Contrary to the Newtonian potential,

origin and is unbounded at infinity, this potential is ex-
tremely well behaved: it is finite at the origin (U(0) =

2GM? ln%) and zero at infinity. Interestingly enough, it

PHYSICAL REVIEW D 83, 104005 (2011)

describes three possible gravitational regimes. Indeed, de-
pending on the choice of the parameters in the action
functional, one obtains gravity (M, < M), antigravity
(M < M,), or gravitational shielding (M, = M,).

In Fig. 3 we show a schematic picture of the gravita-
tional potential for the three situations just described. It is
rather remarkable that this quantitative picture is very
similar, mutatis mutandis, to the qualitative one found by
Jacobs and Rebbi [26] through an approximate computer
study of the two-vortex potential. In fact, evaluating the
energy interaction of two vortex configurations, in the
Ginzburg-Landau theory or, equivalently, in the Abelian
Higgs model, as a function of the separation between the
two vortices and the parameter A, which measures the
relative strength of the matter self-coupling and the elec-
tromagnetic coupling, they showed that the intervortex
potential is attractive for A <1 and repulsive for A > 1.
They also found that for A = 1 a lower bound is actually
reached at all separations and that, therefore, in this case
vortices do not interact.

B. Light bending in the context of the 3DHDG system

A procedure analogous to that employed in Sec. III
provides the general solution to the linearized field equa-
tions related to the 3DHDG model generated by a pointlike
particle of mass m located at r = 0, i.e.,

hooy = %[KO(MOF) — Ko(M,r)], (29)

mk

hy = [KO(MOr) — Ko(M,r) — 21nri]. (30)
0

8
Using these results, one can then show that the absolute

value of the deflection angle 6 of a photon due to the
gravitational field of the mass m is given by

U(r)

<M

<M,

FIG. 3. The possible gravitational regimes predicted by
3DHDG.
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0 = 47Gm(l — e Mab), 3D

Note that the scalar excitation of mass M does not con-
tribute at all to the light bending. Why is this so? Because
the metric concerning linearized R + R? gravity with the
EH term with the wrong sign—the theory obtained by
linearizing the field equations related to the action
[d&x 3~ 5R + $R? — Ly]—is conformally related to
that of 3D linearized general relativity with the wrong sign.
Indeed, denoting the solution to the linearized R + R?

gravity with the wrong sign by gﬁf,f Rz), we promptly obtain
2 2
g ™ =+ el = (1= k), — xhii)]
= (1 — xp)gi),

where, of course, terms of order k2 were neglected. Here,
hﬁf,), and ¢ have the same meaning as in Sec. III, while gﬁf,l
stands for the solution of 3D linearized Einstein gravity
with the wrong sign. That is the reason why the expressions
(27) and (31), with the appropriate changes, are so strik-

ingly similar.

C. A comparative study

We are now ready to do a comparative analysis between
the two results obtained for the 3DHDG system and the
corresponding ones predicted by the BHT model, so that a
better physical understanding of the latter can be achieved.

From the preceding considerations, we come to the
conclusion that the birth of the BHT potential is the
3DHDG one with M, <M, (see Fig. 4). Examining
the diagram depicted in Fig. 4, we clearly see that as M,
becomes greater and greater, the 3DHDG potential rapidly
approaches the BHT one and eventually the two potentials
coalesce. Accordingly, to arrive at the BHT potential from
the 3DHDG one, the latter must necessarily become sin-
gular at the origin, which occurs in the My — oo limit. It is
remarkable that this is precisely the condition for avoiding,

u(r)

3DHDG (M, < My)

FIG. 4. Gravitational potential energy for both the 3DHDG
system with M, < M (continuous line) and the BHT model
(dashed line).

PHYSICAL REVIEW D 83, 104005 (2011)

at tree level, the massive spin-0 ghost that haunts 3DHDG.
Therefore, the presence of the singularity in the BHT
potential is, in a sense, correlated to the absence of the
tree-level ghost; in other words, unitarity at tree level and
the existence of a singularity in the potential are somewhat
intertwined.

We shall now improve our discussion about the light
bending in the framework of the BHT model. In Sec. I1I we
arrived at the conclusion that the gravitational deflection
angle predicted by this model is impact-parameter depen-
dent, as expected; however, is this angle small? Before
answering this question, we recall that one of the reasons
for doing research on three-dimensional gravity is that 3D
gravity has a direct physical relevance to modeling phe-
nomena that are actually dynamically confined to lower
dimensionality. In fact, gravitational physics in the pres-
ence of a straight cosmic string (infinitely long, perpen-
dicular to a plane) is adequately described by 3D gravity
[23]. This means that the answer to our initial question can
be found by analyzing the gravitational deflection in a 4D
gravity model somewhat analogous to the BHT model,
namely, 4D higher-derivative gravity with the wrong
sign, which is defined by the Lagrangian

2R  « B

One can show that the modulus of the deflection angle 6 is
now given by

0 = 47Gu(l — e M20),

where u is the energy density of the string and M3 =
— Kﬁ—B(>O). If we take into account that |8 = 109, we

immediately get M, =~ 103 cm™' [27,28]. As a conse-
quence, at large distances from the string the deflection
angle (0 = Gu) is small, as it should be. Indeed, observa-
tions constrain Gu =~ 107>, while the string scenario for
galaxy formation requires Gu = 10~°, corresponding to a
grand-unified scale = 10'® GeV [23]. As a result, only for
photons passing very near to the cosmic string will the light
bending differ significantly from the usual value predicted
by 4D higher-dimensional gravity with the wrong sign. The
same conclusion, with the appropriate changes, applies to
the BHT model.

V. FINAL REMARKS

As is well known, three-dimensional Einstein gravity
without sources is physically vacuous because Einstein and
Riemann tensors are equivalent in D = 3. In addition, the
quantization of the gravity field does not give rise to
propagating gravitons since the spacetime metric is locally
determined by the sources. Consequently, the description
of gravitational phenomena via 3D gravity leads to some
bizarre results, such as the following.

104005-6
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(1) Lack of a gravity force in the nonrelativistic limit.

(i) Gravitational deflection independent of the impact

parameter.

Nevertheless, as we have discussed, these odd phe-
nomena do not take place in the context of the BHT
model. In fact, in the framework of the latter, short-
range gravitational forces are exerted on slowly moving
particles; besides, the light bending depends on the impact
parameter, as it should. In other words, the idiosyncrasies
of 3D general relativity do not take place in the BHT
system.

The main reason for studying 3D gravity models is, in
reality, to try to find a gravity system with less austere
ultraviolet divergences in perturbation theory. Since gen-
eral relativity in 3D is dynamically trivial, the BHT model,
which is tree-level unitary, is an important step in this
direction. This kind of research conducted in lower dimen-
sions certainly helps us to gain insight into difficult con-
ceptional issues, which are present and more opaque in the
physical (3 + 1)-dimensional world.

PHYSICAL REVIEW D 83, 104005 (2011)

It is worth mentioning that the triviality of 3D general
relativity can also be cured by adding to the EH action in
3D a parity-violating Chern-Simons term. The resulting
model is commonly known as topological massive gravity
(TMG) [29]. Recently, Ahmedov and Aliev [12] showed
that the field equations concerning the BHT system consist
of a massive (tensorial) Klein-Gordon-type equation with a
curvature-squared source term and a constraint equation;
moreover, for algebraic type D and N spacetimes, the field
equations of TMG could be thought of as the ““square root”
of the massive Klein-Gordon-type equation, which allowed
them to map all type D and N solutions of TMG into those
of the BHT model. We remark, however, that in contrast
with TMG, 3D massive gravity has the great advantage of
being a parity-preserving theory.
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