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In this paper we deal with an alternative approach to the description of massless
particles of arbitrary spin. Within this scheme chiral components of a spinor field
are regarded as fundamental quantities and treated as independent field variables.
The free field Lagrangian is built up from the requirement of chiral invariance. This
formulation is parallel to the neutrino theory and allows for a formulation that
generalizes, to particles of arbitrary spin, the two-component neutrino theory. We
achieve a spinor formulation of electrodynamics. In the case of the photon, the
nonzero helicity components satisfy Weyl's equations and are associated to observ-
ables(electromagnetic fieldswhereas the zero helicity components are related to
nonobservable&lectromagnetic potentialswithin the spinor formulation of elec-
trodynamics the minimal coupling substitution follows as a consequence of the
linearity of the interaction and the preference of nature for chiral components, that
is, of the left—right asymmetry of nature. @996 American Institute of Physics.
[S0022-248806)01310-4

[. INTRODUCTION

Nowadays there is plenty of evidence that nature is asymmetric with respect to chledtity
and right handednesSWithin the realm of the fundamental interactions this asymmetry has been
realized since th¥-A theonyf of weak interactions and has been verified empirically in 1957 in a
parity violating process occurring as a result of weak procesbethis paper we will show that,
within an alternative scheme for treating massless particles, electrodynamics is also a left—right
asymmetric theory. In this way we extend even further the notion that fundamental interactions
violate left—right symmetry.

Within the usual formulation of electrodynamitthe tensorial methgdhe seemingly asym-
metrical magnetisthcannot be entirely understood in view of the fact that the electromagnetic
fields are fundamentally symmetriddhe Lagrangians, in terms of these fields, do not exhibit any
left—right asymmetry Within the spinor method, the one that will be employed in this paper, one
has an equivalent formulation of electrodynamics allowing us to understand that magnetism and
electrodynamics is, in fact, a basic departure from the left—right asymmetry of nature.

The spinorial formulation proposed here allows us to formulate theories involving massless
spin 1 particles in close analogy with massless gpparticles. The requirement of chiral invari-
ance, at the free field level, leads to Maxwell’s equation in vacuum. The requirement of chiral
asymmetry for the linear interaction of the spinor field with matter leads to Maxwell’s equation in
the presence of matter. Previous spinorial formulations of electrodynamics can be found in Refs.
4 and 5.

In order to generalize the left—right asymmetry to other interactions, as will be done in this
paper, let us recall that for massless spiparticles one can define chiral componegitsand i
of a basic fieldy as follows:

Ypr=3(1+V) 0, =319y
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Furthermore, under space reflectidp) (these components transform as

P P

Yr—Pr(X) = Evot (=X, =P (X)=Evod(=X1).

The intriguing aspect of the weak interactions is that, at low energies, the right and left
components interact in a different way with ordinary matter. As a matter of fact, there is no
evidence at all that the right-hand component interacts with ordinary matter. Weak interactions are
definitely asymmetric with regard to left and right. This follows from the fact that right and left
components interact with different strength to matter.

At the Lagrangian level this preference of nature for chiral components can be formulated in
a simple way by stating that the Lagrangian is not invariant under the transformation

Yr— -

Due to the transformation properties $§(#, ) under space reflections, the noninvariance of the
Lagrangian under the left—right transformation implies breakdown of space reflection.

The first question that we deal with in this paper is the possibility of extending, to massless
particles of arbitrary spin, the usual neutrino theory. We shall see that the spinor method provides
an approach that permits us such a generalization. Within the spinor method it is possible to
generalize the notion of chiral invariance for particles of arbitrary spin as well as to define chiral
components analogous to the ones associated to massless particles bf\Wijilin the spinor
method one assigns to a particle of spia symmetric spinot of rank 2s. The definition of chiral
components, for a particle of arbitrary spin, is the tensor product of the usual ones.

We propose that these chiral components should be treated as independent variables and that
they satisfy extended Dirac equations analogous to the ones satisfied by the left and right neutrino
field components. These equations, as will be shown later, follow from the requirement that the
free field Lagrangian be chiral invariant.

The generalized chiral components provide a very simple criterion on whether a theory in-
volving masslessness is left—right symmetric or not. The theory is left—right symmetric if the
Lagrangian is invariant under the subscript interchangeR (or R—L). Otherwise the theory is
L—R asymmetric. The theory is left—right asymmetric if the coupling of the chiral components to
the matter fields occurs with different strengths.

As a byproduct of the formulation of zero-mass particles in terms of chiral components, we
will show that it is possible to generalize the two-component neutrino theory to particles of
arbitrary spin. The generalized two-component fields satisfy generalized Weyl's equations.

It seems to be worthwhile to analyze whether, besides the neutrinos, there is other evidence in
nature of an asymmetric coupling of chiral components of zero-mass patrticles to ordinary matter.
The next, nontrivial, zero-mass particles that couple to ordinary particles are the photons. We find
that the coupling of photons reflects some kind of asymmetry between the coupling of chiral
components to ordinary matter. We will show that, as in other theories, in electrodynamics chiral
asymmetry and parity nonconservation are intimately connected. We shall see that, in electrody-
namics, the only consequence of violation of these symmetries is a dynamical one, namely, the
minimal substitution way of coupling the electromagnetic fields to matter.

In Sec. Il we present a novel approach to the study of massless particles of arbitrary spin. In
close analogy with the spifiparticles we generalize, to arbitrary sgparticles, the usual spin
3 chiral components. One can also generalize the two-component neutrino theory to massless
particles of arbitrary spin. This extension is possible in the context of the Bargmann—-Wigner
(BW) theory. The totally rightleft) components have generalized helicity componeritss) and
obey the generalized Weyl's equation.

In order to illustrate how the spinor method works we present in Sec. Il the BW theory for
spin 1 massive particles. The interesting point here is that clearly BW theory leads to a complete
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description of massive particles by associating to these particles a symmetric rank 2 tensor field
instead of associating particles to a rank 1 terifoe usual proceduyeThe subsidiary condition
#B,=0, for instance, follows naturally from the decomposition of the basic BW field into the
spinor space and the BW equation.

In Sec. IV we present an alternative approach to spin 1 massless particles. We show how
Maxwell’s equation in vacuum emerges from the requirement of chiral invariance and the treat-
ment of the chiral components as independent variables.

In Sec. V we formulate electrodynamics in terms of the chiral componggys ¥r, ., ¥R,
and ¢, | . Here we show explicitly that one can formulate QED as long as matter couples only to
some components of the chiral fields. That is, QED is manifestly left—right asymmetric.

In Sec. VI we touch on the question of the quantization of the BW fields. This is achieved by
imposing an appropriate commutation relation among the BW components.

We end this paper with a section dedicated to conclusions.

II. ALTERNATIVE METHOD FOR THE DESCRIPTION OF MASSLESS PARTICLES

A. Bargmann—Wigner method—Massive particles

It has long been recognized that spinor quantities can be regarded as fundamental in any
particle description within the field theoretical approach. In this chapter we will describe the
spinor method, proposed by Bargmann and Widrfer, studying massive particles and an alter-
native method, based on treating the chiral components of a spinor field as independent variables,
for the description of massless particles.

Before setting the framework it is important to recall that the description of processes involv-
ing particles, within the field theoretic approach, requires the assignment to every particle a set of
basic fields. In order to have Lorentz covariance explicitly the fields should have a well defined
Lorentz transformation property. It just happens that, as in the case of spin 1 particles, the fields
contain more degrees of freedom than the particles they are describing. These extra degrees of
freedom of the field are eliminated by imposing complementary conditions on the fields. The case
of massive(massm) spin 1 particles is a very good example of this situation. In this case one
associates to these particlgsree polarization statgs four-component vector field,, . In order
to eliminate the extra degree of freedom one imposes the covariant restriction

d,B#=0. (2.1)
The free field equation is
4,G*"=0, (2.2
where
G,,=9,B,—3d,B,. (2.3

It was pointed out by Bargmann and Wighérat the assignment partielefield is not unique.
In fact, within the Bargmann—Wigner method one assigns to a massive particle ofmmasg
spins a spinor field of rank &:

‘/falaz---aZS(X)y a=1,2,3,4. (2.9

Since the rank & spinor field contains, for particles of spin larger thHamuch more degrees
of freedom than the particle description requires, one has to impose further restrictions on the field
. One requires, as proposed by Bargmann—Wigner, #Ha¢ symmetric in its spin indices and
imposes further thats satisfies a set of 2Dirac-like equations; that is,
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iﬁakaﬁwal~~~al§ma23(x) = m'ﬂalwakwaZS(X)y

(2.9
k=1...

The set of equation&.5) can be written under the equivalent form, or permutation of it,
IR ®-- -l p=my. (2.9

It is then evident, from(2.6), that the Bargmann—Wigner approach is just an extension of
Dirac’s theory to particles of arbitrary spin.

As a final remark on the whole framework, not only valid for the Bargmann—Wigner method
but also for the generalized four-component and two-component theory that will be presented
next, we would like to emphasize the need for an explicit representatiorsfaarik spinors. The
method that will be used is to express the rank spinor fields as linear combinations of sym-
metric 4x4 matrices(within the four-spinor framewonk or symmetric X2 matrices(for the
two-spinor framework The coefficients in these expansions are new fields. The properties of the
new fields allow us to establish the connection of our approach to the usual electrodynamics.

In7 the four-spinor case the symmetric matrices are, by using the notation of Bjorken and
Drell,

(0,,C) and(y,C), 2.7
whereas in the two-spinor case the symmetric matrices are
(d*Cy), k=1,2,3, (2.9
whereC is charge conjugation matrix ar@}; is the 2<2 charge conjugation matrisee Appendix
? As an example, let us write the decomposition of the rank 2 spinorzﬂgllgl2 associated to a

massm and spin 1 particle in terms of the symmetric matricg4C) and(c*"C). aa, admits the
following decomposition:

1
Ya,a,00 = VM| BL(X)(7*C)aya, = 5= Gun(X)(0#Claa, f (2.9

where the field ,(x) is a vector fieldwhich, as will be shown later, is the usual spin 1 fiekhd
G,.(X) is a field not yet determined and that, in principle, should involve derivatives d fle)
field. This is actually what happens. As will be shown in the next section, {&6 and(2.9) it
follows thatG,,, in (2.9 can be written as

Gu(X)=39,B,(x)—3d,B,(X). (2.10

B. Massless particles—Chiral components

For the description of spia massless particlggeutrinog one defines, as usual, the right and
left components of a four-component spingras

Yr= 31+, (2.113

h=31-¥). (2.119

The free field Lagrangian, in terms of the right and left components, is
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L=dri b+ i bie=4i by (212

By treating the left and right components independently one gets as equations of motion the
following equations:

idyr=0, (2.133
iy =0. (2.13p

For the description of massless particles of arbitrary spin we assume, in analogy with the BW
theory for massive particles, that a particle of spiis associated to a symmetric spinor field of
rank 2s:

Uagapa, (X, a=1234. (2.14

For the rank 2 spinor field(2.14 one can define a set of chiral components as follows:

Yr...R(X)= ‘ﬁRal- --RaZS(X) = %(I + 75)a1a1%(| + ')’5)a2aé' o %(I + ')’5)a25aéslﬂai- . ~aéS(X)'

YR rUO=YR, R, 1, (X)= A+ Ys)alai’ 30+ ey jar 31— 75)a25aéslr/fai---aés(x)y

As—1 g 2s—1

P 0=, o, (0= 30— ¥ )agar 0= P )y g gy (). (2.15

1 2s

We propose that these components satisfy an equation analogti43o that is,

[ &alai wRaiRaz. . RaZS(X) = 0!

i&alai‘pRaiRaz--‘L (x)=0,

as

malai‘://LaiLaz---LaZS(X) =0. (2.16

We shall see in Sec. IV A that these equations follows from chiral invariance of the free
Lagrangian.

C. Massless particles—Generalized two-component theory ~ ®

It is well known that massless particles of sgioan be described by a two-component theory.
We will show that this is also true for massless patrticles of arbitrary spin. That is, we will show
that one can describe massless particles of arbitrary spin by means of a generalized two-
component theory. Furthermore, we will show that these components satisfy equations analogous
to Weyl's equations for particles of spj

In order to extend the two-component neutrino theory we just recall that one can write a
four-component spinor as

&(x)

PO0=| 3 [= ¥Rt oL, (217
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where&(x) and n(x) are two-component spinors, ang,y, are defined in2.11).
The set of equation&.13 for g and ¢y is equivalent to the following Weyl's equations for
the two-component spinogand #:

(—iodo—i0-V)EX)=0, (—iogdo+io-V)p(x)=0. (2.18

The two-component spinorgand y are eigenstates of the helicity operager-n(n=p/|p|)
with eigenvaluest 3.

The formulation of massless particles, in terms of generalized two-component spinors, can
now be implemented by recalling thatjftransforms, under a Poincaransformation, as a tensor
product of Z bispinors,

i~ ¥

X

_fns

Xus)’ 219

Jo--

then, in chiral representation, the one that we will use from now on in the massless case,
Ur...r Ur...rL WL...L, Will transform like

& €is
- 0
YRR~ ég}@"‘@ §(|)|s = : ;
0
0
:ﬂ - 3 o §|ls,1 [ 0 }_ §|“‘§|(|)s,1)(||s 220
R--RL™| o 0 Yiis : , .
0
0
~ {0}@ 0] :
Y X Xus] _ 0_
X177 Xus
From (2.20, one can write, by usin¢2.15),
(P(l)
~ 0
YR~ L |
0
0
) (P(Z)
Yrr~| O |,
0

(2.21
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180 G. C. Marques and D. Spehler: Left—right asymmetry and minimal coupling

0
1~ﬂL~~~L“ 0 '

(P(ZS)

wheree®,¢?, ... o9 are, respectively, the only nonzero componentgof. g, #...gLs-- 1L ...
and are two-component spinors of rang 2

1)—
o= Pbyby- by

(2)

¢ :(Pkl’lbz"'bzs’
(2.22
2s) _ 2s—1
QD( S)_gog)l%z"?bzy

by,bys... bpe=1,2.

Using Egs.(2.16 we can see thap'¥ and ¢® satisfy generalized Weyl's equations:
(—i0%—io-V)®1®- - @1eY(x)=0, (2.233
(—i0%+io-V)®1®- - @19 (x)=0, (2.23h

wherego(l) and ¢'® are symmetric two-component spinors of rank Equation(2.230 can be
derived from(2.233 by space reflection, so one can consider just one of the equafidiB.
The other componenig®?.,... ¢(2s—1) satisfy equations analogous to Weyl's.
Since the spin operator, in chiral representation, is given by

3=3301el - ®l+ - +11®l--®3), (2.24
then the generalized helicity operattis
W=n.3. (2.29
The eigenvalues o0fV(w) lie in the range—s<w=<s. In particular, we have
Wi r=Str...r, Wi . =—Sh..L. (2.26

Our proposal for treating massless particles is then parallel to the neutrino theory. For the free
field theory one requires chiral invariance. For massless particles it is sensible to define chiral
components and treat them as independent variables. For free fields, by using four-spinors, these
equations ar€2.16), whereas, by using two-spinors, the basic equationg2a®8. We shall see
that this leads to Maxwell's equation in vacuum in the case of spin 1 particles.

lll. BW THEORY FOR MASSIVE SPIN 1 PARTICLES

A. Free fields

This chapter shows how one describes massive spin 1 particles with the spinor method pro-
posed by Bargmann and Wigner.

Within the BW method a spin 1 massive particle of masis described, in the noninteracting
case, by a rank 2 symmetric spingbglaz(x) obeying a system of two Dirac-type equations:

J. Math. Phys., Vol. 37, No. 1, January 1996
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(i) y=my, (I®id)y=my. (3.9

Equations(3.1) may be derived from the following Lagrangién:
—[ i
Lo=y) 5 [y el+1©y*],~miel 4. (3.2

If we treat the fie'dlﬂalaz as the independent variable, one gets, in particular,
{i b— m}alaé ’paiaz(x) =0. (3.3

We replacel,//ail.,12 in (3.3 by its decompositiori2.9) and obtain
. a 1 )
! yalaiaa BM(X)( 7MC)a1a2_ m GMV(X)(O"“‘ C)aia2

1
- m{ B, (¥)(7*Ca,,~ 5— Gw<x><wc>alazj. (3.4

In order to see tha3.4) leads to the usual equations one has to make some simple operations
involving y matrices. For instance, if one multipli€3.4) by (Cfl)azal and sums ovea,a,, one

gets
19,8, Tr(y*y*)=0,
from which it follows that
d,B*=0. (3.9
It is interesting to see that the subsidiary conditigyB”=0 follows directly from the BW

equation. If, on the other hand, one multiplig&s4) by (C‘lyﬁ)azal, one gets

1 a uv.B B
~ 5 4Gy Ty 0 98) =mB, Tr(y"),

from which one gets
— "G5+ M?By=0. (3.6
Finally, if we multiply (3.4) by (C™*¥#%")a,.,, One gets
19,8, Tr(y“y*yPy)=— e » TH(a# 7Py,
2m 4
from which it follows that
d,B*gP*+ 9*BP — 9B =GP, (3.7
By using (3.5 in (3.7) one gets
GP = "B - 9PBN; (3.9

that is, in the decompositiof2.9) of the field i, the only acceptable tensor #B*— ¢*“B”.
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182 G. C. Marques and D. Spehler: Left—right asymmetry and minimal coupling
We have then seen that BW equations lead to the following restrictions upon theBftetal
G
/*B,=0, G,,=d,B,-3d,B,, —3dG,,+m’B,=0. 3.9

In order to see the equivalence between the BW method and the usual approach, in which we
assign to a vector fiel@,, a spin 1 particle, let us now writ&, in terms ofB,, .
By using decompositiofi2.9) one gets

Lo=4m’B*B,—2G*'G,,, (3.10
or, using(3.8),
Lo=4m’B*B,+4*B"(4,B,—3,B,). (3.11

If we considerB, as the independent field, then one gets fr@@rll) the usual Euler—
Lagrange for theB , field; that is,

m?B,—d*G,,,=0, (3.12
where
G,,=d,B,—d,B,.

Equation(3.12) is the same as E@3.6).

B. Interacting fields

Let us consider the interaction of massive spin 1 particles with massive 3spanticles,
described, as usual, by a rank 1 spinor field

If we restrict ourselves to Lagrangians that are linear ingHilds (which leads, ultimately,
to renormalizable modelsthen the forms that are compatible with Lorentz invariance are

Lint= 91¢a1a27l§l77§2+ g2¢a1a277§177;2+ h.c=g17"¥n+g2n¥n+h.c, (3.13

whereg, andg, are constants with dimensioh [*?=1/[M]*2,

In the following we shall takg,=0. As we shall see later in the zero-mass limit nature seems
to prefer this type of coupling.

We shall study the following total Lagrangian for a spin 1 massive field interacting with a spin
1 massive field:

Z= {3y el +12y) 9, ~mIel} g+ gy n° Yyt nib—mpp. (314

Treating nOWlZalaz, aja, 7 A independent fields, we obtain usit®9 and Lagrange
equations

Jm _
(?#GPMZ—mZBP-i-ng 7y’ 7. (3.15

Model (3.15 leads to equations analogous to Maxwell’s. In fact, in analogy with the massless
case, we name

GH*=EX Glk=elkH'. (3.16
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We obtain from(3.195 the following set of equations:
m _
V.-E+m?B%= 0 1 77’)/07],

m _
PE-VAH-m?’B=—g; g 7v°7,

V-H=0, ®H+VAE=0. (3.17

Equationg3.17) are analogous to Maxwell's. That is, we get a set of coupled equations of first
order in terms of the observablé&sandH.

C. Hamiltonian

We take the form(3.14) of £ as a starting point. The two fieldsand ¢ are independent. We
construct conjugate momenta frofi by the standard prescription, so we obtain

0L e
Taja,~ A Doy Yajay 51 Vara, Sasa,* Gaja, Yara, )

(3.18
— 0L _ - .0
Ta, = t9(t90—7l)al = Ma,! Ya,a,-
The Hamiltonian is defined by
H=15,0,0"a,a,® 7a,0°7a,~ 7. (3.19
R9P|aCingl/fala2(<Zala2) by its decompositior{2.9), one gets
H=4{G% 0B, + doB,G*}—4{m’B*B,— 3;G*'G,,,}

_ 1 — .
+91VM| B,y 75— G, ot n) = (i v a—my) 7, (3.20
where
k,j=1,2,3,
mn,v=0,1,2,3.
Now, following Bjorken—Drelfl we adopt the notation
El=E|+El=-9,B°- B!

and we assume that the fiel@sandH are real, so we obtain
2 2 2 2 0_~.0 — 1 .
H=4(H2+E?)—4E?— 4m?B*B,,+g,\m{ By n+ Bi7Y n— 5 Gm0""y

= (i y*g—mg) 7. (3.2)
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184 G. C. Marques and D. Spehler: Left—right asymmetry and minimal coupling

IV. ALTERNATIVE APPROACH TO SPIN 1 MASSLESS PARTICLES

A. Spin 1 massless particles

In this section we will see how one can apply the two-component and the four-component
spinorial formalism in the description of spin 1 massless particles. In this case one works with a
rank 2 spinor fieldy,,, . Our starting point could be the zero-mass limit(8f2). The Lagrangian
that one gets in this limit is

(i Y
Lo=¢ E®1+1®E

0. (4.)

Lagrangian4.1) is not, however, the appropriate Lagrangian for spin 1 massless particles. The
reason why the extension of the Bargmann—Wigner theory, in this case, is not straightforward is
chiral symmetry.%, defined in(4.1) is not invariant under the generalized chiral transformation

Y lp/:eia75®ei0175¢_ 4.2

Only the equivalent Lagrangians

F=(ib01)y [ L =h(1®id) ] 4.3
are invariant under the chiral transformations
l)[I—)w,:(eiQYS@l)l// [¢/:(1®ei075)w]_ (44)

Expressiong4.3) suggest that the Lagrangian for massless spin 1 particles is not uniquely
defined. This would be the case if the fields asymmetric. However, for a symmetgidield both
expressions it4.3) are equivalent. The problem is that we are not able to impose, at the Lagrang-
ian level, the symmetry properties of tigefield.

The need to work with asymmetrig fields lead us eventually to difficulties in dealing with
discrete symmetries. This is due to the fact that depending on the Lagrangian we take we might get
a different transformation law for the field& These transformation laws are equivalent only in
the case of symmetri¢ fields. This is just to call attention to the fact that some care is needed
when dealing with discrete symmetries.

For the Lagrangiar? (#") one can introduce, in close analogy with the shaase, the chiral
components

(1+ys) (1+vys) (1+ys) (1—ys)
RRE 5 @75 W, RIS 7 ¥,
(4.9
(=y5) (1+ys) 1=y (1-s)
U R= > ® > ) L=""> ® 5 ,
where, by definition,
= Yrt Yrrt Yirt YL (4.9

These chiral components are eigenstates of the chirality opeyatd(1® y5) with eigenval-
ues+1 or (—1). That is, they are polarized either to the right or to the left.
For massless particles the most general decomposition af fredd is now

walazzclA;L( Vﬂc)alaz_CZF,uv(O'#VC)alazy 4.7
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whereC; andC, in (4.7) are arbitrary constants that, in the massless case, cannot be related to
each other as in the massive cgsgpression2.9)], sinceC; andC, are dimensional constants
having different dimensions.

The chiral components defined {#.5 assume, after insertin@t.7) in (4.5), the following
form:

(Yrr(X))aya,= — Col 1+ 78)*"Cla o F o,

(¥rL(X))a,a,= Cal 21+ ¥5) ¥*Cla,a,Au
(4.8
(‘//LR(X))alaZZ Cyl %(l_ ¥s) ')"uc]alazAp. )

(LX) aa,= — Col 51— ¥5)0#"Cla o F v -

That is, ¥r| , ¥rr are related to potentials whereégg, | are related to observabléslectro-
magnetic fields

Our proposal for treating massless spin 1 particles is, in close analogy with paiticles, to
treat all chiral componentsiiz, , ¥ r, ¥ .¥rr) @s independent field variables. These chiral
components describe, in principle, different species of spin 1 massless particles. In this way we
consider all chiral components as dynamical variables. This approach leads to a formulation of
QED in which potentials and observable fields are treated on equal footing. It is simple to check
that the substitution of4.6) into (4.3) leads to the following Lagrangian density:

2/0: lZRL(m®|);0RR+ lZLR(m‘?@l)IZLL‘F ‘ZRR(M‘X’U;”RL"‘ l/:/LL(m@')lLLR- 4.9

By treating all chiral components as independent field variables one gets the following equa-
tions of motion:

(iﬂ@l):ﬂRR:O, (m®|)l~ﬂRL:0,
(4.10
(i621) g g=0, (i6®1)¢gy =0.

We will be interested in analyzing whether the interaction of photons with matter exhibits any
preference of nature with regard to chiral components and, if this occurs, if there is violation of
parity. The free field Lagrangian is invariant under space refledtien—x) if the chiral fields
transform as

P
YLp— Y R(X ) =E(yo® 1) Yrp( +X,1),

)
Y=L (X)) =E(yo® 1) Yr i (+X,1),
(4.11

P
Yrr—= YRr(X' ) =E(yo@ 1) Y r(+X,1),

P
Yri—= PR (X ) =E(vo@ 1) P (+X,1).
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From (4.11) and (4.8) one would conclude that the mirror fields of the potentials are the
observable field¢E andH) and vice-versa. This example illustrates, as pointed out before, the
difficulty which we might run into when dealing with discrete symmetries within the spinors
method.

There are two alternatives in dealing with discrete symmetries that can easily be checked
taking the explicit example of space reflection. In the first case one can use the explicitly sym-
metric representatiof4.7) in any of the alternative forms if4.3) and analyze the symmetry
properties of the Lagrangian in terms of the fieldsandF ,,. The Lagrangian is the standard one
of electromagnetism as we shall see later.

The other alternative is to impose, from the very beginning, ¢higtsymmetric. Under these
circumstances Lagrangiari4.3) and (4.1) are equivalent. These equivalent Lagrangians would
now be invariant under space reflections if the chiral fields transform as

YRrOX)=E(Y°@ Y)Y (X),  YrU(X)=E(Y°® YO YLr(X),

PLROX)=E(Y°@ V) PrL(X),  PL(X)=E(Y°® ¥°) Yra(X).

It can be checked explicitly that these transformations lead to the proper transformation
properties of theA , andF ,, fields.
The generalized helicity operatd¥ is now

HE-nl+1e3%-n)=W, nz%. (4.12

It is straightforward to show thatrg, s, ¥ g, ¥ are eigenstates &V with eigenvalues
+1,0,-1; that is,

3Nl +103-n)drr=rr, HES-NR1+103n) g =0,
. B (4.13
%(2”@' +1 ®2'”)¢LR:O, %(2”@' +|®2'n)lpu_: - wLL .

B. Free electrodynamics

Let us check, finally, that the Lagrangian densiy9) provides an alternative formulation of
free electrodynamics. By substitutid.8) into Egs.(4.10 and furthermore multiplying4.10 by
(C) and taking the trace, we get

A, =0; (4.14

that is, we get a Lorentz condition. Furthermore, multiplyi@g10 by (C %) we get the
equation of motion for thé&*" field,

9*F ,,=0. (4.15

We shall see, by employing the two-spinor approach, Eygtcan be written, in terms of an

antisymmetric field tensiorv,,, as

R T (4.19
where
THr= %E“V“B.j7aﬁ. 4.17

J. Math. Phys., Vol. 37, No. 1, January 1996



G. C. Marques and D. Spehler: Left—right asymmetry and minimal coupling 187

The equation of motion far”,, and,jvffw is, from (4.15),
39,7%=0, 9,7"=0, (4.18

It should be pointed out at this point that since in the masslessygasand ygrg cOmponents
are treated as independent variables there is no connection bef#&emd the derivatives of the
field A,. That is, in this casé , andF ,, are independent field variables. We shall see, however,
that within the generalized two-component theory of massless spin 1 particles this connection
emerges from Maxwell's equations for the observable fields. We shall see that, also in this case,
one can write

THV= GHAY — g AH (4.19
and, as a result, fror.19 and(4.14), it follows that theA* field satisfies, by using4.18),
OA#*=0. (4.20
C. Two-component formulation of free electrodynamics

We shall now consider the formulation of free electrodynamics within the generalized two-
component theory presented in Sec. I. In the case of spin 1 particles the fieddsforms as

| I
i/wa'g(l ® )'g(ll (4.21
so that the fields/g, , ¥ g, ¥rr, ¥ defined in(4.5 transform like
. I} fll} - | [ O }
Yre~| 0 [® 0o | l//RL~0®)'(IIy
(4.22
~ 0 f” ~ N[O 0
YR )'(|®0, b )'(|®)'(||-

The generalized Weyl's equations satisfied by the nonzero componetits;@nd ¢, | are

(—i0%—10-V) 0 &, &1 =0,

o (4.23
(—10%90+10-V)aar XarXh =0,
where symmetrization in the spin indices is assumed in(EQ3.
Equations(4.23 can be written, in terms o™ and ¢ defined in(2.21), as
(—io%9y—io-V)eM(x,1)=0, (4.243
(—iogdgtio-V)eP(x,t)=0. (4.24b

We are now ready to get the field equations of electrodynamics. As in the generalized four-
component approach, one tries to writg and ¢'¥ as a linear combination of>22 symmetric
matrices. In this case, the candidate matrices are the matéid®s oC;, whereC; is the 2<2
charge conjugation matrix. One can then write

eV x)=f(x)(0-Cy), (4.29

wheref is a vector that satisfies, after substituti@g25 into (4.24), the following equations:
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V.f=0, (4.26)
i °f=V xf. (4.2

We have shown in Sec. IV A that? and ¢ (or, equivalentlyyrg and ¢ ) should be built
from an antisymmetric tensdt,,,. More specifically, it follows from(4.8) and(4.29 that theith
componentf; can be written as

fi=2 €oiapF ™= 7 €iapF ™, (4.28
with i,@,8=1,2,3.

As pointed out in Ref. %, in (4.28 should be self-dual. In this way if one assumes thgf,
is an antisymmetrical tensor, then one can construct from this tensor a self-dual one by writing

FHY = FRV i 77, (4.29
where
THr= 36" BT . (4.30
If one defines further,
E'=7,, H=7%i. (4.30

It follows that Eqs.(4.26) and (4.27) for f imply Maxwell's equations for thé& andH fields
defined in(4.31). That is,

V.-E=0, V:-H=0,

(4.32

Finally, it follows from Maxwell's equatior4.32 and from(4.31) that.7,, can be written as
T =0, A= 3,A,,. (4.33

It is worth commenting, at this point, on the connection betwegp and the derivatives of
the field A, in the case of massless particles. In the massive case the connection analogous to
(4.33 follows from the restriction imposed by BW equations. In the massless case the possibility
of writing .7, under the form(4.33 follows from Maxwell’s equations that allows us to write the
observable fields in terms of derivatives of the four-potentials. We will show, in the interaction
case, how expressio@.33 can be derived by adding chiral violating terms to the Lagrangian.

The conclusion is that, within the spinor method proposed here, Maxwell's equation in
vacuum emerges from the requirement of chiral invariance of the free field Lagrangian. Maxwell’s
equations for the field& andH emerge from the equations analogous to Weyl's equation in the
two-component neutrino theory.

V. INTERACTING FIELDS—QED

A. Linear interactions

Let us now consider the interaction of massless spin 1 fields. We will mainly be concerned
with the interaction of these particles with ordinary matter. That is, we will be concerned with the
most general interaction Lagrangian describing massless spin 1 particles interacting wigh spin
massive (n;) particles.
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The most general Lagrangian involving the interaction of the chiral figld® with ordinary
matter(here represented by the Fermi on fiefdis

L= P00 1) Prpt pLr(1001) ) + relid® 1) P+ (160 1)
X Y rt+ n(id—m)n+ L Yrr, YrL, YR, YL, 7). (5.1

By imposing that the Lagrangian is linear in thiefields, then the most general form that is
bilinear in the matter field; that we can construct with the four independent fields, x| , i g,
and iy | is

Zim=A l’/lRalRaz Ma, Ma, +B wLalLaz Na, Ma, +D I’bRalLaz Na, Ma, +E ”Z/LalRaz Na, Ma, +F ‘//RalRaz 7731 Na,

+J d/LalLaanl Ma, P KR, 1, 75, Ma,+ L P, R, 75, Ma, T h.C., (5.2

whereA, B, D, E, F, J, K, andL are arbitrary constants.

The reason for so many terms is that we shall assume, to start with, that ordinary matter
couples with different strengths to the chiral components of the flelds a matter of fact, we
shall see that, in this case, only the zero helicity components couple to ordinary matter.

It is trivial to check that if nature is asymmetric with regard to left and righat is, if it
prefers chiral componentshen the theory violates parifin the sense that the Lagrangian is not
invariant under transformatior{d.11)]. The physical consequences, however, depend on how this
symmetry is broken. We will show that within the field theoretical context the breakdown of
parity, and consequently of left—right symmetry, does not lead always to processes occurring with
different probabilities in the actual system or in its mirror image. That is, for theories in which not
all the fields are observables, the parity symmetry breakdown might not be accompanied by
observable effects. Electrodynamics follow into this category of field theories. In order to illustrate
this relevant aspect let us consider two parity nonconserving Lagrangians:

AM=D(r) e, (5.3

L= K (YRt YLR) Me, (5.9

whereK andD are coupling constants.

The first Lagrangian leads to left—right asymmetry leading to observable effects as far as
parity breaking is concerned. In fact, Lagrangi&3) describes essentially the interaction of a
vector fieldA , coupled to a vector and axial vector currgptl— ¥5)¥,,1]- As will be shown in the
next section, the Lagrangigh.4) is an equivalent formulation of QED.

If one wants to ensure that there are no observable effects in the breakdown of parity of
Lagrangian(5.2), one has to require that

A=B, D=E,
(5.9
F=J, K=L.
Under restrictiong5.5), the most general interaction Lagrangian is then
L= Arrn T hLLnn) + D(Yrinn+ dirnn) + F(drrntn+ i n°n)
+K(drun®n+ dLrn’n). (5.6)

We now consider the particular interaction Lagrangian obtained by takin® =K=0:
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L=F (rrn°n+ b 1°7). (5.7)

The complete Lagrangian is then
L= (i621) et PLr(i681) i+ dre(i02 1) iy

+ (1601 drt F(Jran®n+ duonn) + n(ib—mo) 7. (5.9

Writing Lagrange equations explicitly, one has

6@ i g+ F7°9=0, (5.93
6@ g+ F 7°9=0, (5.9p
1021 frgr=0, (5.99
01, =0. (5.99

Equations(5.9) and (4.8) imply, in particular, the following relations:
2iC49,A*=F 7, (5.10
*F,,=0. (5.1)

The conclusion is that LagrangidB.8) describes the interaction of massless spin 1 particles
with matter but this theory is not electrodynamics.

B. Electrodynamics and chiral asymmetry

Let us consider now the interaction of massless particles with ordinary matter described by the
interaction Lagrangian:

L= K{IZRU?Cﬂ+ l/:/LR77C77}- (5.12

By adding the free field Lagrangians we end up with the following total Lagrangian:
= U (1601 drpt PLa(id® ) P+ dreli601) Pai+ P (6 1) g

+ K{JRLWCW"‘ lZLR’?Cﬂ}"' n(ib—me) p+ adppiiL + @t drr- (5.13

One of the basic features of this approach is that although only some chiral components
couple with the usual matter, all chiral components should be considered as dynamical variables.
That is, one should write five Lagrange equations, one for each of the independentfigids

Yres YLrs YL, @and ).
With £ given by (5.13), they lead to

0@ e+ atp =0, (5.143
16| grgrt K7°9=0, (5.14h
101 g +Knty=0, (5.140
0@ i n+ ahrg=0, (5.149
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K 7% dm+ ‘ZLR}_mf;_i%(;l)Y’L:O- (5.14¢
From equation(5.14¢9 it follows that
Kng { IRt ‘ZLR}alaz_ Mt 772, ~ 19, 7a, Ya a,=0- (5.19
Or, replacingJ/R,_ and JLR by expression4.8),
~KC17a Au(Y*)aja,~ M 70, 10,78, V2 o =0. (5.16
Taking the Hermitian conjugate ¢6.16) one gets
(16—mMp)a,a,7a,= KC1(¥)a,0,A 4 7a,- (5.17

Now adding(5.14bh and(5.149 and repIac:ingN//RR and ljfLL by expression$4.8) we get
Fhu= Al B 5.1
d,FPH= ac, M (5.18

Similarly, adding(5.1439 and(5.149 and replacingZLR and prL by expression$4.8) we get
the following constraint:
*A,=0; (5.19

that is, one gets the Lorentz condition and

C
Lﬁﬂzzaé (AT — g AS). (5.20
2

This implies the usual relationship if one takes

Cy
5ac, L (5.20)

The conclusion is that, by adding chiral asymmetric terms in the Lagrangian, one can get the
usual relation(4.33.
We have seen in Sec. IV that the most general formFpyis

Frv=T i, (5.2

mv

ReplacingF ,, given by (5.22 in Eq. (5.18 we get an alternative form for E¢5.18. This
alternative form is

K
FBu—= _ ____ B

i (5.23
9, 7P*=0.

These are Maxwell’'s equations in Lorentz gauge if one writeg under the form(4.33 and
imposes the restriction

- ——=e. (5.249
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In order to see this equivalence in terms of the observablaadH one writes

fOk: Ek
. . (5.29
fik=gllky!  k,j,1=1,2,3.
Equations(5.23 give rise to the following equations;
V-E=eny’y, PE-VAH=—enyy,
(5.2

V-H=0, P H+VAE=0.

Equations(5.26) are Maxwell’s equation in the presence of matter.

As a final remark we would like to show the equivalence between the spinor method and the
usual tensor method. In order to show this all one has to do is to substitute in Lagréngdian
the expression for the chiral componesd). In terms of the field$=,, andA , the Lagrangian
density can be written as

IR, A*]=—8aCH{F* " (9,A,—d,A,) =A% (d,F*"— 3, F ")} +2KaChny  nAk
+n(id—mg) n—8aC3F% F~, (5.27

where we have used conditi@h.21).
By treatingF,,, A}, and 5 as independent field variables one gets the following equations:

K _
mY— n
1FH == e T (528
(ib—mp) p=—2KaCyry*nA,,, (5.29
T = 0"A,— I"A*. (5.30

Finally, one gets the usual Lagrangian of electrodynamics in tern#s,of one uses(5.30
and makes a proper choice of the constant

VI. QUANTIZATION

In this section we will consider the quantization of massive fields within the BW theory. We
also propose an extension to the zero-mass case. We show that there is no basic distinction
between this method and the usual approach. The relevant point is that it is possible to quantize the
spinor fields by imposing appropriate commutation relations for these fields.

We guantize the BW fields by imposing the following commutation relations for BW’s mas-
sive fields:

[ay,200s Yarar g NIe= (=P 1yt Mg o i (it Mg, 7 A(x=y),

ai,...a;,...=1,234. (6.1

A(x—y) is the Jordan Pauli functiong is a constant to be determined, denotes all possible
permutations among the spinor indices, and we usé.it), the following notation:

[¢,¢]s= P+ (—1)> Loy, (6.2
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wheres is the spin of the fields i1i6.2).

In the case of massless particles, and as pointed out in Sec. Il, the fundamental objects are
two-component spinors of ranks2e™---¢?. For the massless case the quantization is carried
out by imposing the following commutation relations for the two-component Weyl spigiors

[0,-5,X): @7y (= (=DP 7 1(16°90 =10V )b+ (10°00 =107V ), ;.

XD(x—Y), (6.3

whereD(x—Yy) is the Jordan Pauli function for massless partickess a constant to be deter-
mined,7” denotes all possible permutations among the spinor indices, and where we use conven-
tion (6.2).

One can now use, for spin 1 massive particles, the decompos&i®nand write the usual
plane wave expansion for the fieRl,. In the case of the photon this decomposition for &)
field is

2
A*(x)= 2, €“(p, MIA(p, e~ P+ A% (p, M)e], (6.4

2w>3 f Nk

wherep=(p° p).

If one uses the decompositign.25 with f given by (4.28), then the commutation relations
(6.3 imply the following commutation relations for the creatioh™) and annihilatior(A) opera-
tors:

[A(p, M) AT(P', N)]=8%(p—p") b\ - (6.5

By analyzing the behavior of observables such as the energy, as we did in Sec. 1l C, and
momentum we would realize that these fields describe particles.

We shall not further analyze the question of the quantization of the spinor fields. We just
wanted to point out that one can provide a quantization method for spinor fields as well Feynman
rules for the interaction of these fields. Most of the questions on computing cross sections for
specific processes and the analysis of renormalization can be carried out in a simpler manner
within the usual approactiensor methoyd

VIl. CONCLUSIONS

In this paper we have presented the description of electrodynamics in terms of spinors. The
spinor method provides a description of massless particles in terms of chiral components when
they are treated as independent field variables.

We have shown that, within the spinorial approach proposed here, photons can be described in
close analogy with neutrinos. The requirement of chiral invariance, at the free field level, leads to
Maxwell’s equation in vacuum. The requirement of chiral asymmetry for the linear interaction of
the spinor field with matter fields leads, for a proper choice of chiral components, to Maxwell’s
equations in the presence of matter.

One of the advantages of this approach is that it allows one to formulate electrodynamics in
terms of potentials or, by using two-component spinors, in terms of the observableNelxisell
equation E andH.

The question is whether electrodynamics is a left—right asymmetric theory. If matter does not
distinguish between chiral components, then it should couple with the ieldhat is not, how-
ever, the case. On the other hand, if ordinary matter couples only gy, . we would have
electrodynamics formulated entirely in terms of observables. That is not the alternative that nature
chooses either.
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The usual QED is compatible with a theory in which omrlyg+ ¥z, couples with ordinary
matter. From this point of view QED is another example of an asymmetric interaction between
chiral components. The conclusion is that the Lagrangian describing electrodynamics, in this
four-componen{chiral componentsframework, is

L oEp= YrU(i0® 1) Prpt ir(i 60 1) P + relib® 1) Py
+ ‘ZLL(iﬁ@l)‘//LR_" n(id—m)n+ F(‘ZRL*’ l/_fLR) Nen-

Within this spinor framework it is easy to see that electrodynamics is a parity honconserving
theory. Although electrodynamics is asymmetric with regard to left and right and usually chiral
asymmetry is connected to parity nonconservation, it is obvious that in this case the consequence
of symmetry does not lead to processes occurring differently in the actual systems or in its mirror
image. There are no observable consequences for the breakdown of parity.

There is a dynamical consequence for the particular way in which nature chooses to break
chiral symmetry. Violation of chiral symmetry in this case reflects the preference of matter in
interacting through the electromagnetic potentials rather than interacting through the electromag-
netic fields. The linear nature of the interaction and the breakdown of the symmetry implies the
minimal coupling substitution.

Our conclusion is that the linearity of the theory and left—right asymmetry implies the mini-
mal substitution way of coupling the electromagnetic fields to matter.

The extension of this method to spin 2 field is under prepardttfn.
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APPENDIX A: RANK 2 s FOUR SPINORS
Remembering that a rank one spinor transforms, under Poitgarsformation, as
n(x)— ' (x")=D(1) n(x),
a 2s rank spinory(x) transforms as
Ypx)— ' (x")=D()® - @D(1)(x).
———_o——
2s factors
Analogously, the 2 rank spinonZ(x) defined by
Px)=y*(x)y°®--®9°
e o—
2s factors
transforms like

Y(x)—= ¢ (x")=¢(x)D" (D)@ --®D (1),

2s factors
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where we have used the property that
y’D*(1)»°=D~H().

APPENDIX B: NOTATION AND y MATRICES

(1) The metric used ig,,,=(1,—-1,-1,-1).
(2) Dirac’s matrices commutation rules are those of Bjorken and Drell.
(3) In chiral representation

10 o 0 0 —(ou)ap
5= , _ L Y= .
01 0 o @B | —(gh)ePk 0
(4) Charge conjugation matrix
. —ioc2,=C; 0
aB: .2
0 |O'a'ﬁ:C1
(5) Pauli matrices are defined by
0 1 0 0 1 5 0 —i 0 1 0
T7lo 1] T 0 770 o] 770 -2

By conventiono*=(0"=1, o) designates¢*) .3 -
We have used also the property that

(0%03=(00)up:  (09ap=— (0 ap-

C, denotes the charge conjugation matrix®2 space and obey€,=—-C,, C;=C; ™.
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