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Abstract

In this work we review the maximal helicity violating (MHV) scattering amplitude in
the context of super-Yang-Mills theory. We study the symmetries of the MHV amplitude

in the twistor space as a motivation to introduce the twistor string theory.

The twistor string action introduced by Nathan Berkovits [3] is reviewed and also
a general formula is given for the scattering amplitude with n gluons. In the end, the

MHYV amplitude is derived from this formula.
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Resumo

Neste trabalho revisamos as amplitudes de MHV no contexto da teoria de super-
Yang-Mills. Nés estudamos as simetrias das amplitudes de MHV no espago de twistors

como uma motivacao para introduzir a teoria de cordas com twistors.

A teoria de cordas com twistors feita por Nathan Berkovits [3] é revisada e uma
férmula geral é dada para calcular amplitudes de espalhamento com n gluons. No final,

a partir desta férmula deduzimos a amplitude de MHV.
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Chapter 1

Introduction

The Large Hadron Collider (LHC) is the largest scientific lab ever constructed to con-
duct high-energy particle physics research. By smashing particles physicists can test
different theories and discover new physics. The theoretical tools used to understand
the behavior of subatomic particles include calculating scattering amplitudes using the
Feynman diagrams. This method is straightforward for small systems but it can be-
come increasingly complicated when adding multiple particles or loop corrections. For
example, in the Yang-Mills theory the 5-gluon tree scattering amplitude gives almost
10,000 terms. As an alternative, using the helicity formalism Park and Taylor [1] were
able to conjecture an amazing simple formula for the maximal helicity violating (MHV)
amplitude for n number of particles. Using this approach, the 10,000 terms needed to
calculate the 5-gluon tree scattering can be compressed to a single term. Aside from
the numerical efficiency, we want a deeper understanding of the structure of multi-gluon

amplitudes.

One big step towards this deeper understanding was done in 2004 by Witten [2] who
proposed a string theory that is dual to a weakly coupled N' = 4 gauge theory. He
constructed a topological B-model from twistor worldsheet variables and argued that D-
instanton contribution in this model reproduce the perturbative super-YM amplitudes.
In the same year an alternative string theory [3] was proposed by Nathan Berkovits.
Berkovits’ string theory is also based on twistor worldsheet variables, but use ordinary
open string tree amplitudes instead of D-instantons in the B-model. Later giving sup-
port on this an alternative twistor string theory, a cubic open string field theory was
constructed by [4] N.Berkovits and L.Motl. After the Witten original idea of twistor
string theory [2], further development was done in many of papers [5-9] and drastically

simplify the conventional Feynman diagram techniques for SYM and Super gravity.
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Despite the success of twistor string theory at tree level, there are still many open
questions. One issue is that in both Witten’s and Berkovits’ twistor strings gives N =
4 conformal supergravity [10]. At tree level, it is possible to recover the Yang-Mills
amplitudes by extracting the single-trace amplitude. But at loop level, the single trace
gluon amplitude receive contributions from internal supergravity states. Since Yang-
Mills theory makes sense without conformal supergravity, it is likely that there is a

twistor string theory that is dual to pure Yang-Mills theory.

In chapter 2 we will review the spinor helicity formalism, used to describe the Park &
Taylor formula for the MHV amplitude. N' = 4 super Yang-Mills theory is an important
test case for perturbative gauge theory. It is the simplest case and has the same tree
gluonic amplitudes as the pure Yang-Mills theory. In addition, we are also going to

present a review of the MHV amplitudes and Super-Yang Mills theory.

After that in chapter 3 we present the MHV amplitudes in twistor space by Fourier
transforming the spinor variables introduced in chapter 2. We also review on conformal
symmetry and super conformal symmetry, and check that super Yang-Mills amplitudes

have the same symmetries.

Finally in chapter 4 we switch our focus to present some aspects of 2d conformal field
theory(CFT), the be system, which is going to be used in chapter 5. chapter 5 will be
dedicated to introduce the Berkovits’” Twistor string theory. In the end of the chapter
the MHV amplitude is found from the Twistor string theory. The chapter 6 is dedicated
to motivate the study done here, and also shed some lights in the problems and future

work. In Appendix A we explain the notation and present a spinor review.



Chapter 2

Helicity Amplitudes

In the past 5 years the helicity formalism has been used to describe most of the recent
discoveries in massless scattering amplitudes. For this reason, it is a fundamental tool if
one wants to understand what has been done in the field of the scattering amplitudes.
With this in mind, this chapter is dedicated to introduce the helicity formalism and
also give a review on MHV amplitudes and Super Yang-Mills. The notation and some

background on spinors are given on Appendix A.

2.1 Null momenta - The spinor helicity formalism

We begin by introducing Appendix A that the Lorentz Group SO(3,1) is isomorphic to
SL(2,C). A Null Lorentz vector p,, (m = 0,1,2,3) can be constructed by the product
of two spinors, one from (1/2,0) representation and one from (0,1/2). The spinor A,,
a = 1,2, that transforms under (1/2,0) are called left-handed Chiral spinors and g,
& = 1,2 that transforms under(0,1/2) are called the right-handed Chiral spinors.

The map that takes the Lorentz vector index m to two spinors indices (a) is done

by a linear combination of Pauli Matrices and the identity [c™ = (-1, 5)]:
Pad = Pm0 "aq = —Pol + 7 - P (2.1)
As a consequence of (2.1) we get:
det(pac) = —p"'Pm (2.2)

the minus sign is due to the metric 7, = (— + ++). Note that we are using p to

denote different objects. Because we are interested in massless particles, p> = 0 implies
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det(pas) = 0. So p has one zero eigenvalue and the rank of the 2 x 2 matrix goes down

by one. We can write the matrix p as a product of two component spinors:

Paa = >\a5\d (2.3)

these spinors are usually called helicity spinors. The A, X are not sufficient to determinate

p, there is a scale freedom:
(M) = (tA TN teCr (2.4)
And since the momentum p,, is real

Pac = Py, = Ai = A, (2.5)

a

and the scale parameter ¢ becomes just a phase e?. The spinors (A, \) are not inde-
pendent. This is the real world, but we are theoretical physicists and we can do almost
anything, for example consider the case where the momentum is complex, then we get rid
off the constrain A3 = \,. Your mathematician friend would say that you are complexing
the Lorentz group and that it is locally isomorphic to SO(3,1,C) = SL(2,C) x SL(2,C).
Another way to make the spinors (A, A) be independent, is to consider the Lorentz group
with a different signature: n = (— + +4) — (— — ++). We can use the fact that
S0(2,2) = SL(2,R) x SL(2,R), and write (A, \) as two real independent spinors.

A quick exercise is to count the degrees of freedom for each case. In complex mo-
mentum we have: 4 x 2 — 2 (detp = 0 constrain) = 6 real parameters. For complex
(X, A) minus the scale freedom 2 x 2 — 1 = 3 complex or 6 real parameters. In the real

momentum case we have 4 — 1 = 3 real parameters.

Given two spinors A, p the Lorentz invariant object is:

O ) = e Aapg = Aap® (2.6)

where we use the antisymmetric tensor e defined as e19 = 2! = —1 and 50‘565p = 5ap

, to lower and raise the indices. From the definition (2.6) the product (X, u) = —(u, A)
is antisymmetric. In particular, if (\, u) = 0, it implies p ~ A. This is true because A, u
are commuting variables, note that if they were anti-commuting (\, u) = (1, A) as seen

Appendix A.

The same thing is valid for two dotted spinors:

] = e hajiy = Aail® (2.7)
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Note that for the real momentum we have the complex conjugation

A )" = [\ p (2.8)

Let’s see how others objects look in the spinor formalism. Given two null momentum

P = A*A% and qag = fafla

(p+9)? =2p-q=2X" N uafic = 2(\, w)[\, ] (2.9)

For instance if we label different momentum by a number p™@), p2 p®) p*) . we can
simplify even more the notation. Using the numbers to identify the momentum write

(p™M) +p2)2 = 2(1,2)[1,2]. This notation is common in the literature, and very elegant.

Recall that the scattering amplitudes for gluons are described by momentum p,, and
polarization vectors €. We already have p in spinors, now we need the polarization

vector. From the Yang-Mills Equation of motion in momentum space:
p-e=0 (2.10)

it represents the fact that the polarization vector €™ does not have longitudinal com-
ponents and it has a gauge symmetry €™ — € + bp™. To construct €™ as a bi-spinor
we can guess the result using its symmetries. Let us define ejx'd = d o where d is
a Lorentz invariant object, and p, is an arbitrary spinor. The polarization has to be
invariant under a scale y — au because p is arbitrary. Thus d ~ pg, but d is Lorentz

invariant, and the only object that we have to construct is A*. The result is:

a>\d
+ = b (2.11)

Just by looking at (2.11) we see that €. .p*® = 0 due to [\, \] = 0. The gauge transfor-
mation (e™ — €™ + bp™) is now translated to a spinor shift (u, — apiq + bAy). Then

we get:
Ao

(1, A)

We know that the polarization vector (the photon) has two degrees of freedom. So we

+ +
€o > €ag T 0

ad

(2.12)

have another polarization. Doing the same process we find:

v (2.13)
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Note that this vectors are normalized ¢~ - €™ = 1. Another thing that is important

to mention is that under complex conjugation the helicity is flipped
(€as)” = €aa (2.14)
Now we return to the scaling and make contact with to helicity. The helicity is a

Lorentz conserved quantity and it is define as the projection of the spin operator S into

the 3-momentum p’

7

In the massless case the particle is moving at the speed of light. So we can not do a

h

(2.15)

boost that invert the direction of the rotation.

Let us write the massless Dirac equation in terms of Weyl spinors:

(6™)** Omthe =0 (2.16)
(6™)acOm* =0 (2.17)

we get the massless Klein-Gordon equation if we multiply it by 20, (using Tro"e™ =

—2n"M"):
0" O =0 (2.18)
It has a plane wave solution ¢, = Loe®? | for a constant L,. From (2.16) L, must

satisfy Lop®® = (L, \)A% = 0 that implies L, = c\o. Thus the wave function is
o = CAg e Tas (2.19)

The spinor transforms as a rotation by angle # around the 7 direction as described in

Appendix A

Yo = eig.Tﬁwa (2.20)

this implies that A carries half units of angular momentum. Now if we define the scalar
parameter t = e’s" we see that the wave function scales as =2 if h = —1 /2. So we say

that A\ has negative helicity h = —1/2.

We can go on and find the wave function for ¢»¢. This will define a wave function for
helicity h = 41/2. Because 1 transforms as the complex conjugate of 1,. Thus the i

on the rotation give a minus sign, and flips the h.

e = CAge'?"Tas (2.21)
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Now we can understand why the polarization vector were label by €, ¢~. Under the

scaling (A, ) — (tA,t~'\) the polarization vectors scale as
(e, ) — (t_2e+, t+2e_) = (t_2h€+, t_zhe_) (2.22)

then e has helicity +1 and €~ has helicity h = —1. Consider a function that transforms
as f(e?z) = € f(x). We can think of the function as f(z) = z" and this satisfy
20, f(x) = hf(z). A wave function (X, \) will satisfy a similar equation

L0 40 o _
()\ PO aXd) b\ N) = —2h(\, V) (2.23)

sometimes this constraint is called the auxiliary condition. We can define the helicity

he -1 <)\°‘a a9 ) (2.24)

operator as

2.2 Scattering Amplitudes

Scattering amplitudes correspond to the probability amplitude for the a specific scat-
tering process. The amplitude for the scattering of an initial state at ¢ — —oo of n;
particles into a final state at ¢ — +o0 of ny particles is determined by the S-matrix
element (out|S|in). The asymptotic states are given |p;, €;), where p; is the on-shell ex-
ternal momentum and ¢; is the polarization vector. Since we can specify a particle with
spin by its momentum pg()l = A@ng) and helicity h(?), the amplitude can be written as

function of Lorentz invariant objects in term of (X, A, h)

(A1, Ay, e, Ty) (Ao Aoy v T

(12' 12' hZ! TZ)

(’13113-]13'713) "
(A4 24, 10, Ty)

FIGURE 2.1: Scattering Amplitude with N external gluons in Yang-Mills Theory. Each

external gluon is label by a color factor T;, spinors A;, A; and helicity h;

Ap = A, AD AD hW; A X0 b)) (2.25)
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Recall that under crossing we have p — —p and € — €* or e — ¢. Then we
can treat as all particles as outgoing and then use crossing to find the other helicity
amplitudes. Since the amplitude is a function of the helicity spinors, it must also satisfy

a auxiliary condition (2.23) for each particle A, X():

()\o‘(i)ag(i) — X&) aﬁw)) AND XD 0y = —2p®D AN XD ) (2.26)

We see that under the scaling the amplitude transforms homogeneously with weight

—2h  where h() is the helicity of the particle 4

AGAD 17120 300 — =21 430 30, ) (2.27)

2.3 MHV Amplitudes

To appreciate the power of the spinor helicity formalism let us consider tree level scat-

tering amplitudes in Yang-Mills Theory. The Yang Mills action is

1
Sy =~ / dz*Tr(F™ Fpp) (2.28)
with

Fin = Fip, T = 01 AGTA —ig AL AT [T, T (2.29)
and T4 are generators of the gauge group SU (N) with A = 1,...N2—1. These generators

satisfy the algebra with the normalization:

1
(T4, T8 = i fABCTC | Tr(TATB):§5AB (2.30)

where fABC = —2iTr[T4, TB]TC are the structure constants and being antisymmetric

in all of its indices.

The first step of simplification of the Yang-Mills amplitude is the technique used to
separate the color and kinematics degrees of freedom, it is called color decomposition.
Amplitudes for the gluons will have products of color indices, due to Feynman rules
for the vertex, see figure 2.2. In tree level the color decomposition lets us write the
amplitude in terms of a single trace factor. To convince you that this really happens,

recall that for the gauge group SU(IN) we have this identity (G, H are combination of
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A C
/}ywc ANN\NNANL B
B ° D

6AB

~

""ngBCP ""ngABEfECD p_z

F1GURE 2.2: Color index dependence for Yang-Mills Feynman rules.

T's matrices):
1
Tr(GTE)YTr(HT?) = 5 7(GH) (2.31)

where we used the fact that Tr(T4) = 0 and E’s are summed. From T7(F?) we get two
types of self interaction terms A4AB0,,AC ~ gp,, Tr([T4, TPIT) and AAABACAD ~
Tr([T4, TB][TC, TP]. The propagator glues two vertices by a 64Z. Then color indices

are summed over and the double trace term reduces to a single trace.

In the end, for n particles we have cyclic permutation of TT(TAlTAQ...TA") and the

amplitude factorizes as:
n
A = g”_2(27r)45(z p)ADL P ooy Dy b)) Tr(THTA2 TA) 4 permutations (2.32)
i=1

and we can concentrate in the color free Amplitude A(1,2,...,n).

Dimensional analysis is a powerful tool. Let us use it to have a feeling how the tree-
amplitude behaves. From (2.29) we have [dz?] = M~ [F] = M? ; [0] = M' ; [A] = M

: [9] = M°, where M is the mass dimension.

We have two vertices, the cubic vertex Vs ~ ¢gfAB%p, from AAHA that has mass
dimension 1 ([V3] = M?'). And the quartic vertex V4 ~ ¢%f2, from A* that has mass
dimension zero ([V4] = M?). From the figure 2.3 is easy to see that the number of V3
is always greater by one the number of propagators P (please do not get confuse with
the momentum P). Also for n particle scattering, the number of V3 is n — 2. The mass

dimension of the propagator is —2 ([P] = M ~2).
In conclusion the mass dimension of n particle scattering amplitude is

n—2
[An] = WJWQ)”_?) = M (2.33)
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N=3 N=4 N=5
Va=1 V=2 V=3
P:O P=1 P=2

FIGURE 2.3: Sketch to count the number of vertices V3 and Propagators P for three,

four and five gluons diagrams. The mass dimension for n gluon amplitude is [A,] =
M4fn

An important note is that, in the numerator, the powers of momenta (M) can not be
greater than n — 2. Note that in the five gluons diagram 2.3 you also have a diagram

with quartic vertex V;. But you still have [As] = M43

A general tree amplitude is a product of Lorentz scalars

[An] _ Z Z H(Ez ) fj) 1_1[{61;21%) H(pz 'pj) (234)

diagrams
in terms of spinors (2.11)-(2.13) the polarizations products take the form:

oc (uipg) i€ € o [uipg] e e o (Nipy) (i) (2.35)
where p; is an arbitrary spinor that represents gauge freedom (2.11). Finally we can

attack the amplitude with all the tools so far developed.

Let us start with all plus polarizations amplitudes A, (172" ...n"). For n particles
we have n polarizations €. From (2.35) we see that if we choose p; = g = -+ = p
the product [](e; - e;r) = 0 due to (up) = 0. Then the only way for the amplitude not
to be zero is to have [[(e; - p;). But as we saw the amplitude in the numerator has n
polarizations and we need n momenta to create a Lorentz scalar. But it can have only
n — 2 powers of momenta p’s and thus it is zero. In few lines we were able to evaluate

ALL the plus helicity amplitudes. That’s powerful.

We can continue, and see what else we learn about the amplitude with only the &

particle with negative helicity, A,(17 ...k~ ...n"). Again we use the freedom that we
+

have and choose 11 = p2 = ...y, = A, then all the terms €, - € vanish where 7, j # k.
And from ¢, - e;r o (Appj) [peeA;] we also see that it is zero. Thus we get the same
problem as before. We need n powers of momenta and we can only have n — 2. We

conclude that A, (17 ...k~ ...nT) =0.

Now that we have got this far let us do more, and calculate A, (17,27,37...... nt).By
Choosing p; = A\ for ¢ > 3, then ej . e;r =0 for i,7 > 3. Set u; = p2 = Ag. Then the
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only non zero polarizations are €5 - €; oc (Aopi)[poi] for i >3 & i # k. Now we see
that we can have a term with two polarization, and we can fill in with n — 2 momentum

contraction ¢; - pj. Therefore, we don’t have a vanishing amplitude.

This Amplitude A, (17,27,3" ...n™") is called the Maximally Helicity Violating (MHV).
Before we continue let us understand this name. Because we choose all the particles to
be outgoing, to see the physical (2 — n — 2 ) scattering, we have to use crossing.
Recall that crossing symmetry interchange the helicity between the incoming parti-
cle and the outgoing particle. Then the first amplitude A, (17,27 ...n") describes
1727 — 3% ...n7T scattering, that’s two particle incoming and n — 2 particles outgoing.
This ’violates’ the helicity conservation. We can do the same thing for the other am-
plitudes. Then A, (17,27 ...n") describes 1727 — 3% ...n™ also violate but it is zero.
Finally A, (17,27,37,47...n") describes 1727 — 37,4757 ...n" is the processes

that can be maximal violated that is not zero.

Now that we understand the name, let us jump to the final result. The MHV am-
plitude has a nice closed formula that was postulated by Parke & Taylor [1] and proved
by Berends and Giele [11]. The prof uses off-shell recursion methods. This formula
can be proven [12] by the BCFW recursion Relations that use on-shell methods and
complex momenta. Then the tree-level amplitude for two negative helicity particles
{p",h" = =}, {p°®,h® = —}) and n — 2 positive helicity particles is (without the color

factor and momentum conservation)

(Ars As)?

An(r57) = [T (s Aign)

(2.36)

This is a very elegant and simple formula. Unfortunately we can are not going
to prove this formula here, but we can check if the symmetries found on it hold . The
Lorentz symmetry is trivial because (2.36) is made of Lorentz Invariant objects (A;, Aj, ).
For the scaling, note that the denominator has two spinors for each particle (i), i.e,
[T Aig, ) ~ ADAD | Thus under the scaling A® — tA(®) the amplitude gets a factor
of t2. And in the numerator a factor of t*, but note that the numerator gets this factor

only for negative helicity 7, s.

Then for a particle with positive helicity h; = +1 (i) # r, s the amplitude scales as
An(r=, s tiT) =t 2 A,(r s ,it) = tiQh(”An(r*, 5,01 (2.37)
and for a particle with negative helicity hy = —1

An(r= ts™) =tP2 A (r 57 ) =t 2P A, (r,s7) (2.38)
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As we expected from the auxiliary condition (2.27). The googly-amplitude is defined as
the MHV-amplitude with all fliped helicities . The googly amplitude can be obtained
by the complex conjugation (2.8)-(2.14) on the MHV-amplitude. The amplitude with
particles r, s with positive helicities and n — 2 particles with negative helicities is given

by
[Ary As]t

Ap(rt, sty = —10m sl
87 [T [Ny A

(2.39)

Another symmetry that Yang-Mills Theory have is conformal symmetry. Wait until
the next chapter for an explain about conformal transformations and a proof that the
Yang-Mills theory and MHV amplitude are conformal invariant. Now we are going to see
that the reason for the amplitudes A, (1721 ...n") and A,(17... k™ ...nT) are zero,

is due to supersymmetry in the Super Yang-Mills theory.

2.4 N =4 Super Yang-Mills Theory

We are interesting in the supersymmetric version of Yang-Mills, but to get there I will
make a review of supersymmetry, but a very brief one. The review on supersymmetry
will be based on [13], and for super Yang-Mills [14, 15]. Supersymmetry is a very
interesting subject and we hope to find it in the LHC soon. The supersymmetry algebra
is the only graded Lie algebra of symmetries of the S-matrix in a relativistic Quantum
Field Theory, this result was proven by Haag, Sohnius and Lopuszanki. We are enlarging
the Poicaré algebra by adding fermionic generators (Q, Q). These fermionic generators

(Grassmann) map fermions to bosons. The supersymmetry algebra is given by

{Q,Qan} =200 Py {Q2,Q5) = cop24P (2.40)

where m and «ac¢ are the usual vector and spinor index respectively. The index A
labels the number of supersymmetries, it runs from 1...A. Thus the total number of
supercharges is | x A/, [ is the dimension of spinor representation. The Q4 = (Qa)T is
the adjoint of the operator Q4. The ZAB = —ZBA are called the central charges and
only exist for N’ > 1, because they are antisymmetric. But they are zero in the massless

casel .

Note that the algebra is preserved under a U (N) transformation called R-Symmetry:

A =R%QE Qha=RPQus R e UWN) (2.41)

Loy, QY}=0= <1/J|Q§Q§‘|1/}) = 0 which implies that Q%'|1)) = 0. Then Z4% is zero since Q4 =0
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Let us analyze the massless spectrum in four dimensions. In the frame P,, = (—FE,0,0, E)

we have the algebra (2.40)

(QX Qan) = (f) g) 54, (2.42)

In the upper side of the matrix (2.42) we can define the creation and annihilation oper-

ators aL, a?t by

aA _ 62114 . aT — (aA)T — QiA (2 43)
oE A 2WE '

with this normalization we get {a”, a};} = 5“5, We can use (aL, a?') to raise and lower

the helicity of a state by % So we know how to create the Hilbert space. We start with
the highest helicity hj,q. state al\h) = 0 and use the annihilation operator to decrease
the helicity:

) ,a?h) L aft - a™Wh) (2.44)

The highest helicity is hpmae = Pmin + %/, thus we have 2V states. We can see that by
looking the string of a”...a~ and noting that in each space we can have or not an a“.

Each state is (/X ) 2 degenerate, where n is the number of a®i in the state.

If we want to keep the helicity |h| < 1 then the N' = 4 is the maximal amount of
supersymmetry that we can have in four dimensions. And that is the Theory that we
want to study. One interesting fact is that CPT theories usually double the number of
states, because one needs the opposite helicity. But our theory is self-dual CPT, i.e. it

has h = £1; £1/2. The spectrum can be summarize in the table 2.1.

states |h) Number of states Name

1) 1 gluon

a’|h) = [1/2) 4 gluion

aa®|n) = |0) 6 scalar
a’aPaC|h) = | —1/2) 4 anti-gluion

ata’aa*|h) = | - 1) 1 gluon

TABLE 2.1: N = 4 Super Yang-Mills Spectrum

The spectrum can be obtained by dimension reduction from the d = 10, N' = 1 action

1

49}2’M

Syar = — / daOTr (Fopn FMY — 2i0M Do) (2.45)

M, N run from (0,...,9) and ¢ is a 10d Majorana-Weyl spinor that has the minimal
representation 16 real components. The I'™ are the gamma matrices in 10d. By dimen-

sion reduction (M) — (m,i) we get the N' =4 d = 4 Super Yang-Mills theory, where

() = s
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m runs from 0 to 3, a 4d Lorentz index and ¢ runs 4. .. 10 is the 6 compacted dimensions.
To see that is true, note that (2.45) has N’ x [ = 1 x 16 super charges ( [ is the spinor
dimension), and no fields are higher than spin 1. The only theory in 4 dimensions that

has the same properties is N' =4 SYM. For a review and more details, see [16].

After the dimension reduction, the action for A" =4 SYM in d = 4 become

Sym = — / da’ (;(F’""ﬁ + (D X2 = [X5 X i Ty DT+ (2.46)

29}2’M

TP IX v’])

Here (field)? means the proper contraction of indices. The ¢! are four 4d Weyl spinors
(I=1...4),~™ the 4d gamma matrices, and I'y ; the gamma matrices for SO(6). Also
the X' are six real scalars, which i labels the SO(6) global R-symmetry. This scalars
come from the gauge field under the dimension reduction AM — (A™, X?). All the fields
(A™ X% 9!) are in the adjoint of the gauge group (color group) which we choose to be
SU(N), i.e. A™ = A™MA)T@) where a = 1,...,N% — 1. Please do not get confused with

N- number of the gauge group & N- number of supersymmetries.

It is convenient to rewrite the X six real scalars as six complex field ¢!/ = —¢/!
with I,J = 1,...4 transforming in the fully anti-symmetric 2-index representation of

SU(4). Tt also has to satisfy the condition ¢;; = %EIJKLgbKL.

From the figure 2.4 a tree level amplitude with only external gluons the scalars and
fermions can not appear. This change in loop level, because we can form loop with

scalar interaction and only external gluons (see the fourth vertex in figure 2.4).

Tay (L2 ¢ A PAA ¢

FIGURE 2.4: Interaction vertices for super Yang-Mills. Note that in amplitudes with
only external gluons, the gluon-scalar, gluon-fermion interactions only appears in loop
level.

2.4.1 On-shell Superspace and Superamplitudes

The on-shell degrees of freedom of NV = 4 SYM can be group together on an on-shell
chiral superfield ®. If we introduce the Grassmann odd variables n4 labeled by the
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SU(4) index A =1...4, the table 2.2 can be grouped in

®(p,n) = g* (p) + nar™(p) — %UAUBSAB (p) — %WAanchBC(p)‘i‘ (2.47)

1 _
+InAananeABOD 9 (p)

Fields Helicity | Name(Type) | SU(4)r representation
g" 1 gluon (B) singlet
YA 1/2 gluion (F) fudamental (4)
SAB 0 scalar (B) anti-symmetric (6)
PABC ~4hy | —1/2 | anti-gluion (F) anti-fund (4)
g~ -1 gluon (B) singlet

TABLE 2.2: Super Yang-Mills spectrum and its global R-symmetry transformation

The super-amplitude is parametrized by the external super legs that depends on
the usual helicity spinors plus the new grassmann parameter {\q,Aq,n4}. We can
think of ®; = @(p(i), n(i)) as the super-wavefunction for the ith external particle of the
super amplitude A, (®1, Py, ..., P,). In the spirit of super space formalism, the super
amplitude is to be understood as the power series expansion in 7. The SU (4) g-symmetry

requires that the external states form a SU(4) singlet.

The SU(4)r symmetry is generate by

1 0
B __ s B
R;° = nag, - 45A <n03770> (2.48)

and we can see that 1 and n* = m1mansns are singlets, i.e, R,°1 = R Bn* = 0. For

example, the amplitudes from the previous section can be extract as

An’no :An(1+,2+,...,n+) (249)
A”‘n‘f = Au(17,27, . n) M= Minni2nisnia (2.50)
Anl s = An(17,27,3% ) (2.51)

We could also have extracted them using Grassmann integrals. If we define the helicity

operator
1 0

hi=1-—= i i 2.52
2" G (2.52)

when h; acts on each component of the superfield ®; it gives the helicity of each particle.
For example:
1
higt = +1gt(p) 5 hinav (p) = +5ma0" () (2.53)



Helicity Amplitudes 16

Using the same logic, when h; acts on the super-amplitude it gives the helicity of the
particle. One can see this because h; A, (P;) = (1— %)An(q)l) where K counts the degree
in 7;. When K = 0 it represents the positive gluon g% and for K = 4 it represents the

negative gluon g—. The homogeneity condition on super-amplitude becomes

Ap(tn;) = 7220, () (2.54)

Let us see how the supersymmetry of the super-amplitude imposes that the two am-
plitudes (2.49)-(2.50) are zero. The supersymmetry generators in the on-shell superspace

are

A _ = @, A . A _ n—(i) 9
Qa—\@;Aa MGy QaB—ﬁ;)\d e (2.55)

here we are summing over all the external particle (i = 1,...n). These generators satisfy

the algebra

n

{Q4,Qap} = 2Pas % with Pag =Y ADAY (2.56)
=1

where P, is the generator of translations for the external particles. Recall that Ampli-

tudes have the delta of momentum conservation §*(3"% AS)XS)) on it. Thus

{Qéa Qo'zB}An = 2Po¢dc5ABAn = QéAn = QQBAn =0 (257)

We have that the supersymmetry generators annihilate the super-amplitude. Note
that the generator Q2 acts multiplicatively, and we can write it as a Grassmann delta

function, from the property 3 6(n —no) =7 —no -

The statement that Q4'A,, = 0 translates into A,, oc 6%(Q4) because Q46%(Q4) = 0.

The explicit expression for the Grassmann delta is

2 4 n 4 n
P =TT (So00) =5 TSt a9
a=1A=1

i=1 A=14,j=1

we used (A;, Aj) = (ij). Then the superamplitude can be decomposed as

An(Niy Aiymi) = 83(Qa) 5 (PYAYI (N, Aiymi) (2.59)

3To see that use a test function F(n) = Fy + Fin and the integration rules Jdm=1 [dnl =0

and prove [ dnd(n —no)F(n) = F(1po).
“for Grassmann variables we have 6162 = 0“0, then Q'Q5 = 1Q**Q2
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K is the degree of n, where A,(lK) ~ O(n™). Note that the SU(4)r symmetry imposes

on A%K) an expansion of the form

AEK) = A0 4 AW L A®) 4y AUn—16) (2.60)

Finally we can see that the expansion on the super-amplitude starts at order n® from
the Grassmann delta. Then the amplitudes (2.49)-(2.50) are zero because they are order
zero and forth in 7. As I promised in the end of section 2.3, these two amplitudes are

zero due to a hidden supersymmetry.

The MHV amplitude with particles r, s with negative helicity, can be extracted from

the superamplidute as

A7) = [ ity af (2.61)
4 n
= 54(P) / d'nsd'ny [T D )Gy Ax
A=1ij=1
= §4(P)(sr)A0

and we can read from (2.36) that AY (zeroth order expansion in 1) is given by

A0 — !

nT(12)(23) ... (nl) (2.62)

We can also see that the power in (sr)* is due to N' = 4 supercharges.



Chapter 3

MHYV in Twistors variables

In four dimensions, twistor variables were introduced in 1967 by Penrose as an alterna-
tive description of spacetime in which light-like lines replace points as the fundamental
objects [17]. These d = 4 twistor variables transform linearly under SO(4,2) conformal

transformations and provide a compact description of massless states.

We will start with a conformal transformations and then see that the generators in
twistor variables are easier to deal with than the spinors variables (A, \). Then we will
see how the MHV-amplitudes looks like in twistor variables, which is going to be related

to the twistor string theory.

3.1 Conformal Invariance

Conformal transformations on an space are those that locally preserve angles between

two lines, mathematically:
3:1:l al‘k / ’
—— T A -1
glk(x) Oz'™ 9z'n (z )gmn(x ) (3 )

In our case will be sufficient to consider the flat metric in d-dimensions 7, = (—, + +

...+). Then the equation that we want to solve is:

855[ 8$k /

We could also write this equation in infinitesimal form using '™ = 2™ 4 €£™(z) + O(€2),

where € is small. So if we just do a Taylor expansion in A(z') = 1 — eK () + O(e?) and

18
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dzk
oz’

= 0% — €0,&" + O(€?) we see that in the infinitesimal form is given by

Om&n + Oném = K(2)Nmn (3.3)

we can solve the K (z) by taking the trace in both sides and to get:

Before we continue let us show that Yang-Mills has conformal symmetry. The Yang-

Mills in d-flat dimensions is given by the action

1
Sy = % / daTr(F™ Fpp) (3.5)

where Fy,;, = Oy Ay —0p Ay, is the usual field strength, and g is the coupling constant and

Ay = AATA. So let us see how this action transform under a conformal transformation.

The potential transforms as A, (z') = 8‘1”,”; Aj(x) then under x}, =z, — €&,:

/ ! !

A (@) = Ay (2) — €€ 00 Ay () = A () + O (e€) Ay ()
Then the infinitesimal transformation is given by
SeAm = Ay () — A () = €€ A () + O (e€)) Ay () (3.6)

this infinitesimal transformation is the Lie derivative L¢Ap,. Now if we do the same

thing for the tensor F,, we get

5§an = Gfraran(fU) + am(eé-l)ﬂn(x) + 8n(€£l)le($) (37)

Now we have all the ingredients we can calculate the variation of the action

1
T / AT [F™ (€70, Fyu + O (€1) iy + 00 (€ Fou}]

N _219 /dd:UTT[{;aT(gTFQ) o %8 ’ £(F2) + FmanT(amﬁn + 0n&m) 1]
_ _le‘g/ddeT[{ar(ng2) + (% . 1)F2}] (38)

here F? = F™F,,, and to go from the second line to third I used the equation (3.4).

The Yang-Mills theory is conformal invariant only in d = 4.
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3.1.1 Generators of conformal algebra

Let us continue the study of conformal transformations and find the generators. It will

be based on two good books [18, 19]. To find the generator we have to solve the (3.4).

First let us manipulate (3.4) by acting with 9™ and then 0" we get:
0’ = (2—d)on(0-€) 5 (d=1)0*(-€) =0 (3.9)

we see that d = 2 things become simpler. If you write 01 = 9, + 105 and 0y = 9, — 03
in complex variables z, z, you find (in n = (1,1)) the Laplacian 0,0:£(z,%) = 0. This
implies that £(z, z) has infinity solutions, for example, £(z,2) = f(z) or g(z) . From the
second equation in (3.9) when d # 1 the vector is & ~ x?. From equation (3.2) if we set

A(xz) =1 then the equation (3.3) becomes

which implies &, = an, + b,)'xy With by, = —bpy,. This is Translation and Lorentz
transformation, i.e the Poicaré transformations. Now if we make rescaling on 2 =z
we see from (3.9) that A = \? so it’s a valid transformation, these are called dilations.
We still can have order quadratic in . There are not some many ways to write a second
order term. A good start could be &,, = @y, z2+ (b-2)2y,. If one plug this in the equations
(3.9) and do some manipulations, you get the right answer &, = d" (N2 — 22,2,,) this
are called the Special Conformal Transformations (SCTs). To summarize the conformal

vector is given by:

&n = am  +b, vn+ crpy + d"('nmna:2 — 2Zp T (3.11)
~— N _ ~—~ ~
Translation  Lorentz Dilation SCT

One thing to recall is that all this analysis was done for the Minkowski metric. Now
we can read the generator G for each transformation from (3.11), if we use the differential

operator representation, from the definition d¢zy, = & - Gy, We get:
P, = —i0, and My, = i(2m0n — Tn0m) (3.12a)

D= —iz™d,, and K™ = —i(n™"2® —22™2™)d, (3.12b)
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with these generators we can go and calculate the algebra they form. With [P, X, ] =
inmn and [A, BC] = [A, B|C' + B[A, C] we get

[D,P"]=iP™ ; [D,K™=—iK™ ; [D,M™]=0 (3.13)
(M, Pl =~ P grtpm M K = R g KT (3.14)
[M™ M) = i(—p™ M — g M T g (3.15)
(K™, P"] = 2i(—M™ + 17" D) (3.16)

We can just look the generator and count how many they are. In d-dimension M : d
P:d,K: dand D: 1 a total of %. What is this group? If we look for the
number of generators in the Lorentz group(M) and compare with the conformal group
is just a shift on d — d + 2, i.e, d(dgl) — (dH)Q(dH), this is a hint! that the Conformal

group is SO(q,p) with ¢+ p = d + 2. The conformal group in d =4 is SO(4, 2)

3.2 Conformal invariance of the MHV amplitudes

As we just saw, the Yang-Mills theory has a bigger group that the Poicaré symmetry, it
is also invariant under conformal transformations. Thus, the amplitude should also be
invariant under these transformations. To be able to calculate this invariance we have to
find the generators (3.12a)-(3.12b) in the spinor (A, \) representation. The momentum

generator are just the multiplication operator
Poo = Aada (3.17)

The Lorentz Generators can be found by looking how a spinor transform (Appendix A):

1

Ao = = Winn (0™ As (3.18)
PR GLY
Q.8
the variation is define as
5N, = Q%map, (3.19)

where Q% are the coefficients of the transformation and mgp is the generator of the
transformation. Thus, the Lorentz generator is a first order differential operator given

by
i 0 0

!This just shows that the number of generators are the same, to prove that this is indeed the group
one should show that the algebra is the same.
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The same thing for the dotted indices:
i (< O - 0
M. 5 = — )\di )\f 3.21

They are symmetric in («,3) and (&, ) which gives 4 — 1 = 3 generators in a
total of 6 for both m,m. They can be thought as the projection mq,3 = M"" 0,3 and
Mz = anﬁ(w where 0,58 & 044 are the Lorentz generators (Appendix A). We
have to find the generators of dilation and special conformal transformation. From the
[D,P™] = iP™ and [D,K™] = —iK™, we can associate a dilation weight +1 and a

dilation weight —1 for K™. A natural guess for the dilation is

i 0 4 O
d=- [ N"z= + \*—= 3.22
> ( I C) (8:22)
we see that [d,A\a] = £\, and [d,As] = £A4, for any constant c¢. Thus is natural to

associate the dilation weight 1/2 for the (A, \) spinors.

Is not so trivial to guess the special conformal transformation operator:

82

Koo = mromes
OAXON

(3.23)

but is the simplest operator that has the right dilation weight —1 and the commutator
with d
[d, Koo = —iK s (3.24)

If it works is fine, but keep in mind that the second order differential operator is not so
trivial to work with, and this may be seen as a motivation to introduce Twistors. One

way to fix the constant ¢ in the dilation operator is using the commutation relation
[Koa, PPP) = —i(0,Pm, " + 6,/ m.° +6,°8,°d) (3.25)

doing the calculation on the left side by just plugging the definition of K and P we find

o
O

0

5.578
o4 A ga

(Ko, PPP) = 5J”éf +6,03° (3.26)

using the antisymmetric property of two spinors (A,Bg — AgBy) = €0 APB,. (To see
this just plug the numbers). Thus we can split \? aj\ia in symmetric plus antisymmetric
part

g 0 0

1
L im B s B
A e im, +25a A N (3.27)
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the same is true for the dotted index

0

5 0
2\ —
ONP

== —im) + =57\
e 1M, +2 &

(3.28)
here we used the fact that the symmetric part is proportional to the Lorentz generator.

Finally we can identify with the left-side of (3.25) and the dilation operator is

i 0 40
d_2(AW+AW+2> (3.29)

Now we are ready to prove that the MHV amplitude is invariant under conformal
transformations. First the generators that we found were for one particle. For n particle

is just the sum of the individual particle.

Let me remind you the form of the MHV-Amplitude (without the color trace):

An(r~,s7) = g"2(2m)*6* Y ADRO AT
=1 1y 7N\

7

e Translation operator:

Pag = ADAY (3.31)
i=1
then

PoA, =0 (3.32)

as a distribution function.

e Lorentz operator:
i N0 y 0
_ v (4) ()

Mas 2Z <)\a 3T T ma(i)> (3.33)

the Lorentz is manifest in the MHV amplitude because it only depends on Lorentz

Invariant objects (A, A0},

e Dilation operator:

i~ (ya@_ 9 sa) 0
d=3) (A e T 5w T2 (3.34)

i=1
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As we saw the the dilation operator measures the weight in mass units. Then the
operator will give the mass weight plus n when act on the amplitude

dAp = ([An] + 1) An = (KA“%A“»ﬂ-+h¢@»}+[ ! g-+n)44n (3.35)

TT (A Aiga

thus we have [A\] = 1/2 ; [(A® A4 = 4 ; and [6%(p)] = —4. AlSO[(Ai ii-&-l)] =—1. We
have
dA, =4 —-44n(-1)+n)4, =0 (3.36)
e Special Conformal operator:
(3.37)

XD PXa() 8)\0‘ i

=1
To prove that the invariance of the MHV amplitude we note that \ appears on the delta

function only so

- 0 0 0 0
Koo Ay = — == ) ) = An 3.38
;kW@@W”(QA+wa@QmwA} 339
using the chain rule 85\2@) = g;if) 81;9/35 = AP0 8138&[3 we get
o 0 i 38 8 8 4
0
+Z (aPaﬂ ) AP )ma(i) Ay, (3.39)

The last term we use the decomposition of symmetric and antisymmetric (3.27).
Keeping in mind that maﬁ A, = 0. The antisymmetric piece is the A part of the dilation

operator, thus

e 8(;“4“ =[A,] = (4—n)A, (3.40)

The last piece of information is to note that

0

55 O 0
BB
P 8Paa

4
5P 5pa 54 (p) (3.41)

5(p) =

this can be seen as a property of delta function 0 (z) f(z) = —f (2)0(x) and 26" (z) f () =
—26'(x) f(z). The extra 2 in the formula is due to gf;gz = 2(56 compare to the simple
example. Plugging (3.40)-(3.41) in to (3.39), we see that the MHV amplitude is indeed

invariant under special conformal transformations.
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3.3 Twistor Space as a conformal representation

The space where the conformal generators are simpler (transforms linearly) is called
Twistor space. Consider the wave function 1(\, A) and let us make a Fourier transfor-

mation in the ¢ particle
92) = [ ERvn R exp(iXpao) (3.42)

where Z! = (A¢, u&) denotes a 4-component vector, and I = («,&). The Z! is called
the twistor variable and lives on Twistor space. If we consider the metric (— — ++) the
spinors (), A) are real and independent. Thus (3.42) is the usual Fourier transformation,
and the variable p can be interpreted as the conjugate of A, in the same sense p is the

conjugate of x in Quantum Mechanics.

As you probably noted the scaling (A, \) — (tA,t7')\) plays a important role, it
connects the helicity of the particle and how the amplitude changes under this scaling.

Just to remind you
A, t71N) = 72 AN, N) (3.43)

If we transform the amplitude to the Twistor space

Az = / XA, ) expl(ie g (3.44)

Under Z;(\;, i) — tZ;i(A\i, 1) the amplitude change as

AtZ;) = /dQAiA(t)\i, i) exp(z’X‘(ii)tud(i)) = ¢ 2t D) 4(Z;) (3.45)

where the t=2 came from redefining the d2X; — t~2d2);. From (3.45) the A(Z;) trans-
forms homogeneously with weight —2(h;+1) in the Z; variable. We can identify the sets
of Z! that differ by the scaling Z! — tZ! and throw away the point Z/ = 0. We get the

projective twistor space RP3. From (3.45) we can write the helicity operator (2.24) as

(0
= (o) (40

To find the generators G(\, A) in the twistor space G(\, 1) we use the Fourier transfor-

mation

GOTO) = [ ERGORPON) exp(iXa) (3.47)
Doing carefully you find that

< 0 0
A ST — —€4p +M58,u0‘ (3.48)
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and the remaining transformations are trivial. The generators in twistor variables be-

come homogeneous first order operators

e Lorentz operator:

i@ 9 @ O
Mag = 5 Z; <>\a 35T T 35 (3.49)
i~ 0 @ 0
Mas = 2; <ud T +hg am(i>> (3.50)
e Dilation operator:
i (et 0 a0
d=2) ()\ e® 1 5w (3.51)

=

e Special Conformal operator:

Zn 0
Kad =1 £ MQW (352)
e Translation operator :
Poa :ig:/\(i)ia (3.53)
oo — a 3Hé‘(i) ’

The conformal group in the signature (— —++) is SO(3,3) = SL(4,R). Note that the
Z! in this metric is a 4 real component vector that transforms naturally under SL(4, R).
That is why the generator of the conformal group looks more naturally (just first order
differential operators) in the Twistor space. In this signature the Twistor space is a
copy of RP? instead R* due to the equivalence Z! — tZ!. If we consider the (— + ++)
metric the conformal group is SO(4, 2) that is locally isomorphic to SU(2,2).

The conformal generators in the twistor variables can be written compactly as

0 i 0
I _ ol _rer K , (e a
G ;=17 577 45J<Z azK) ; I,J = (@) (3.54)

then we identify the generators as:

Gdoc:Kda ) Gaa:d ; Gad:Pao'z
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3.3.1 The MHYV amplitude in Twistor space

Now that we know how the conformal generators look in Twistor variables, let us go one

step further and transform the MHV-amplitude (3.30) to twistor space.

The MHV-amplitude can be written as

An(r™,s7) = g" 2(2m)*s* (i wug)) FN) (3.55)

where f(\) is the (rs)?/(12)...(nl) piece. First replace the momentum delta function

for its integral representation:

(2m)46% (E AG) Xé“) = / d*T o exp (z’xm 3 A%X%) (3.56)

and them perform the Fourier transformation to twistor space A()\(i), X(i)) — A(/\(i), ,u(i))

for each particle

A, 0D Dy = gn= 2/d2)\(1 /dQ)\(n 1307 M) Ha) /d4 (0 7 252 m)f()\)

(3.57)
we can write the \ integrals using the delta function §2(C, = XeiCar" | We get
Ay (AP Dy = gn=2 / d'zae [ [ (16 + 2aa ™) f(N) (3.58)
and
e + Taa A =0 with & =1,2. (3.59)

If we pick some real z,4 we can solve the pg in term of A%, so (A!, A?) serve as
homogeneous coordinates. We say that the curve has degree one, because the equation
are linear in A*. The two equations (3.59) defines a real curve in RP?. The curve can
be described as a straight line. Throwing away the set A! = 0 in RP?, we can describe
the rest of RP? by coordinates by = = A2/A1,y = p1 /A1 and z = po /A1 in R3. The delta
functions in (3.58) mean that all the n points (,u?‘, AY), j =1,...,n are in the curve
defined by £®®. The points are collinear in R3. The MHV amplitudes with mostly plus
helicities are thus supported, in twistor space, on configurations of n points that all lie

on a curve in RP? of degree one and genus zero.

The Twistor equation (3.59) or the Incidence relation has a nice geometrical picture
3.1. A point in Twistor space represents a null line in spacetime. And a Line in twistor

space represents a point in spacetime. Note is that given x,4 the solution for (3.59)
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does not change by a shift in momentum direction Tag — Tag + cAaAq. Being more
explicit, given two points in space time x,4, Yo that satisfy (3.59), we get the equation
(Taa — Yaa)A® = 0. This implies that the matrix o4 — Yaa has zero eigenvalue or
det(Tag — Yaa) = (r — y)? = 0. Thus the set of points that are null/lightlike separated

in spacetime (ST) represents a point in Twistor Space (TS).

Twistor Space Spacetime

s e v
zZe

X

Zo | e

F1cUrE 3.1: Upper side: A point in twistor space represents a null line in spacetime.
A line in twistor space correspond to a point in space time

Given two points (a, b) = (Z,, Zp) in TS that defines a straight line. Each Z represents
a null line in spacetime. A natural question is do they intersect? If yes, where? The
answer is yes. The solution is given by the point dug

A T

doc = —03am30) (3.60)

The solution can be checked by direct substitution in ,u((jéa) + dag @ = (0 and ,ug’) +
dae ) = 0. The two null lines in spacetime intersect in one point dag. Thus a line in

twistor space represent a point in spacetime.

3.3.2 The Ambitwistor

In (3.44) we choose to Fourier transform A but we could have done the opposite and

Fourier transform \

A(VVZ) = /dz)\l.A()\“ Xl) exp(zﬁ?‘z))\a(l)) (361)

here we define W; = (fia, A\s) called the ambitwistor variable. Than we can use the

scaling to see how the amplitude behaves in the ambtwistor space

A(tW;) = / XA, EA) exp(itafy Aagy) = 2D AW) (3.62)
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using At~ i, tA;) = t2MA(Ni, \;) . The W can be interpreted as the conjugate of Z.
In the same way we did for the ;¢ and A\. We can construct a invariant Lorentz object
ZIW] = A + ,uaj\d.

We can write the MHV with ambitwistor variables W; if we Fourier transform \
instead A. Then we get a similar equation for the MHV-amplitude (with the momentum

delta function)
A 3010 = g2 [ abaos [T 6% (0 + 2063)9(N) (3.6
=1

Note that if the particle ¢ has positive helicity then A(tW;) = A(W;) and the same is
true for a particle with negative helicity A(tZ;) = A(Z;). With these constrains we can
calculate for example the 4 gluon scattering A(17,2%,37,47). Using the fact that

AW Wi 25, 27) =AGWL Wi 25 27) = AW W5, 23, 27) =
AW WS 25 25) = AW WS 25, 025) (3.64)

it seems to not depend on either W's and Z’s variables. Therefore, in twistor/am-
bitwistor variables the amplitude is just a constant!. Actually the amplitude will depend

the sign of each Lorentz product.
AW Wit 25, Z) = sign(Zs - Wy)sign(Zs - We)sign(Zy - Wh)sign(Zs - Wa) (3.65)

This is amazing! We were able to find the 4 gluon scattering in very few lines using just

scaling and the right variables.

3.4 Super conformal Transformation

The N = 4 SUSY YM theory has the superconformal symmetry defined by the su-
pergroup PSU(2,2[4) [20]. It has 30 bosonic generators and 32 fermionic generators.
We have 15 bosonic generators from the SU(2,2), the conformal group. The other
15 bosonic come from Rf , the SU(4)r symmetry. Supersymmetry generators give 16
fermionic generators. We have two new sets of generators, S, 4 and 5’&4 that give 8 + 8
fermionic generators. We are going to find the algebra of the group, first in the X, \,n
variables then we are going to Fourier Transform to Twistors variables A, i, where v

is going to be the supertwistor variable that will be define later.

First let me redefine the supersymmetry generators (2.55) just to removes the annoy-

ing factor of v/2 and the sum over particles ( >oi1)- So the supersymmetry generators
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become
. o
=Xt @G =) %0 where 0y = ot (3.66)
The two new sets of fermionic generatos arise from the commutators
_ . _ 0
[Kaa,a™'] = 6,58 with 5§ = UAﬁ
B7 ¢ B ‘th o 0 0
[Kad, qA] = 6(:'1{ SQA wit SaA = Waﬁj (367)

The S,4 and S&.‘l are called the super conformal generators in the same sense the ¢®4

and g4 are called the super translation :

{¢®, 38} = 09 P°Y ; {Saa, S8} = 6,8 Kos? (3.68)

The non-trivial anti-commutators are:

1
{qu, SﬁB} = maﬁéAB + (SaﬁRAB + §5AB(5aﬁ (d + C) (369)

—& g — & « 1 «
{q As SﬁB} =m BéAB — 6 6RAB + 561435 B (d — C) (370)

where d is the dilation operator and c is the central charge (because it commutes with
all the other generators)
1 & 1 0 1.4 0
=(1-=n"0 A — = N*— ) =hs—h 3.71
¢ ( 2" C)+<2 e 2 axa) fo (871)
where hy is the helicity fermionic operator (2.52) and hy is the helicity bosonic operator
(2.24). So we can see that cA,, = 0 for every particle. Before we go to Twistor space, let

us show that the super-amplitude it is PSU(2,2/4) invariant. To do this we just have
to check that SgpA,, = S BBAH = 0. The super-amplitude is given by

An(Ni; i) = 3°(Q2)8 (PYATD (Ni, A i) (3.72)
but let us restrict to the MHV amplitude (K=0), where A% = m
First note that
S.Bst(p) = nBi.cs“(P) =B i.a‘*(P) = ¢Z5(P) (3.73)
p NP opr? “

2Just to be clear {A, B} = AB + BA is the anti-commutator.
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then S BBAn = 0 due to the delta of super charge 6%(Q). The second operator is more

complicated :
Sontn =30 0 (5@ (PIAY)
1 8)‘k U
% 8 ( a 8 ) 4 0 8 8 . 8 4 0
=) — (M —=5%(Q) ) s*(P)A? + 8(Q A—— (64(P)A°
;mﬁ F P (Q))6°(P) BgPo (); kmf(() )
o) o)
— [(n —1+3) FqPa 8(Q) + FqPa B3(Q)(—n — 2)] o4(P)A°
using
i Agié“(zﬂ) = Pa‘fi.a‘*(P) = —2056"(P)
=N PPy
and 5
Sppd®(Q) = (n—1+3) JgP 58(Q) (3.74)

in the sence of distribution function as we did on K*®. The amplitude is zero.

3.4.1 Super-Twistor Space

In the same spirit we can transform the Grassmann parameter to Sueper-Twistor space

by performing a Fourier transformation

fw) = [ dtngaelnten (3.75)
with this transformation we get
0 0 0 0
A . .Y . . A Y A

Now we can use these transformations (plus the bosonic twistor transformation) to

get make all the generators first order operators:

0
ad _ yapd oy 3.77
q n 90 (3.77)
=294 — m—a_ (3.78)
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S =n aia — /ZdaZA (3.79)
e o ape 350
hy=1-— ;"Aai - -1+ 11’“82,4 (3.81)

and
R = TZAag 5ABi 0820 - Ypa— 3¢ wc@@b (3.82)
c=hy—hy, — L <>\aaia+ aaa + Y Z ) (3.83)

If we define an extention for the twistor variable Z/(A\%, %) called SuperTwistor
R = (A% u% v4) with R = (a, &, A). Then we can write the generators of PSU(2,2/4)

group in a compact form

0 0
R _ 1§R T
G = 2" =5 5 ST (3.84)

and the generators can be organize in a nice matrix:
_ K‘j‘ﬁ maﬁ Sé,
A NA A

SU(2,2) | Mix

G =
Miz | SU@)n

The SU(2,2) block are the 15 bosonic generators of conformal transformation. The
SU(4)r block are the 15 bosonic generators of the global R-Symmetry. The Mix block
are the 32 fermionic generators of supersymmetry and superconformal transformation.
We can study the homogeneity of superamplitude in the supertwistor variables. Recall
that in the bosonic part the amplitude in twistor space satisfies A(tZ;) = t=2(h+1) A(Z;).

For the fermionic part we do the supertwistor transfomation in the superamplitude
An(tyy) = / d*nA(;)e " 0a) = 2hi 2 () (3.85)

using n — t~ 1, d*n — tT4d*n and also recall (2.54) A(t~'n;) = t?*~2A(n;). Thus, the

homogeneity condition of the superamplitude in the supertwistor space become

A (t2;) = t7 2 2hit2 ) (7)) = A, (Z)) (3.86)
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or

0 0
z! ;
‘9] +wAawiA

CentralCharge (c)

zRiA (Z) = <

P )An(zozo (3.87)

Note that (3.87) is the same observation that we found that the central charge anni-

hilates the superamplitude cA,, = 0.



Chapter 4
First order Lagrangian

Let us switch gears completely and review some properties of 2d Conformal Field Theory
(CFT), the bc system. It will be based on [21] and Polchinski’s book [19]. The goal for
this chapter is to become familiar with the bc CFT that is similar to the Berkovits’s
Twistor String in the next Chapter.

4.1 bc Conformal Field Theory

Consider the fields b and ¢ with the action

S = 217T/d2zb(z, Z)0z¢(z, 2) (4.1)

This action is conformal invariant if b and c transform as tensor/primary operators
with weight (A, 0) and (1 — A, 0) respectively. The fields b and ¢ can have Bose or Fermi
statistics, we are going to treat both cases in parallel. The tracker device is given by ¢

such that bc = —ecb , and so € = +1 for Fermi statistics and ¢ = —1 for Bose statistics.

Just to make sure that we are in the same page a primary operator O'(2/,z’) with

weight (h, h) transforms as

0'(,7) = (0.2/)M8:2)""0(z, 2) (4.2)
under a conformal transformation (2 = f(z)) recall the paragraph above (3.10). The

action is invariant using the transformations dz'dz’ = (9,2')(052')dzdz , 0z = (052') 710

and (4.2) for b, c .

34
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The operator equation of motion are given by
0b(z) = dc(2) =0 (4.3)

The b, c are holomorphic under the E.O.M. To find the OPE we use the Path Integral

technique. We insert the operator b inside the path integral to obtain

0= /[dbdc] d [G_Sb(ZQ)] = /[dbdc] [;Talc(zl)b(zg) +52(212,512) e s

5b(Z1)
(4.4)
which tell us that
510(21)})(22) = 271‘52(212, Z12) (4.5)
The normal order bc is defined as:
1
:c(z1)b(22) := c(z1)b(z2) — P (4.6)
such that this satisfies’ the naive equation of motion (4.5):
01 :c(z1)b(22) :=0 (4.7)
The Operator Product Expansion (OPE) are given by
€ 1
~ ; ~ 4.
b(z1)c(22) oyl c(21)b(22) po—— (4.8)

4.1.1 Properties

The stress energy tensor is defined as the conserved currents which arise from transla-
tional invariance. Consider the infinitesimal change in the coordinates where 7(z),(Z)
are small

d=z4r(z) ; F=z+I1Z) (4.9)

To find the holomorphic T'(z) and antiholomorphic T(Z) stress energy tensor we make
r(z) be zZ depended, thus r(z) — r(z, ), and similar for [(z). The variation of the action
becomes

55 ~ / 22[T(2)0r (2, %) + T(2)0U(2, 2)] (4.10)

Note that when we return to r(z,2) — r(2), 65 = 0. So (4.9) is a symmetry as we

expect. With (4.2) the variation for b, ¢ become

Sb=b/(z,2) —b(z,2) = [r(z,2)0b(z, 2) + b(z, 2)\Ir(z, 2)] — I(2,2)0b(2,2)  (4.11)
Sc=c(2,2) —c(z,2) = [r(2,2)0c(z, 2) + c(z, 2)(1 — N\)Or(z, 2)] — I(z,2)0c(z, 2)
(4.12)

'using 01 = 9L = 2n6%(2, 2)
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Plugging these on the action we find the stress-energy tensor

T(z) =: (Ob)c: —AI(: bc ) (4.13)
T(2)=0 (4.14)

The T'(%) is easy to see that is zero just by looking that the terms with I(z, Z) form a

total derivative d(I(z, z)bc) inside the action. This is because the action only has 0.

The OPE’s are:

T(b(w) ~ )\w)Qb(w) + (le)awb(w) (4.15)
T(2)e(w) ~ (Zl__ 2)2c(w) + (z_lw)awc(w) (4.16)
and
T()T(w) ~ _2€(§é2:£;+ DI . _ZM)QT(w) + ﬁawT(w) (4.17)
Then the central charge (c) is
c=—2e(6) —6A+1)=¢(1-3Q% ; Q=-¢€(1-2) (4.18)

The usual b, ¢ Faddev-Popov ghosts from the gauge-fixing the Polyakov string has
A = 2, Fermi statistics (e = +1) and central charge ¢ = —26. Another example are the
58,7 ghosts from gauge fixing the super string, that has A\ = %, Bose statistics(e = —1)
and ¢ = —11.

The b, ¢ action has one more symmetry, a ghost number, U(1) charge. Under db =

—ieb, ¢ = +iec and the Noether current is

j(z) = = :b(2)c(z) : (4.19)
with OPE’s
Jom) ~ 2 e ~ T e~ s 420)

We call the number in front of the single pole of j(z)O(w) OPE the Ghost number
Ny or U(1) charge of operator O(w). From (4.20) N4(b) = —1 and Ny(c) = +1. The

Current j is not a tensor (has cubic pole):

Q ., i | ujw)

T(2)j(w) ~ (z —w)? + (z —w)?

(4.21)

Z— W
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So the transformation under 2z’ = z + r(2) is

Q

— 5827"(2) (4.22)

6j(2) = —r(2)04(2) — j(2)0r(z)

The U(1) current can be used to built a stress-energy tensor such that it has the same
OPE (4.21):

73) = ¢ (3324 - 500:i(2)) (4.23)
The OPE’s :
Ti(2)i(w) ~ _Qw)3 + (ijwu)))Q + Z*’i (3 (4.24)
101 — 3:02
T;(2)Tj(w) ~ m + (4.25)

If we compare the central charge (c; = 1 —3eQ? ) for this new stress-tensor (7}) with

the original central charge ¢ = €(1 — 3Q?) we have these relations

cj, if e = 4+1 Fermi
c= (4.26)
cj —2, if e=—1 Bose

In the case of Fermi Theory the U(1) current j(z) can be used to construct the Total
stress-energy tensor, the Total means it has the same central charge. For the Bose theory
we need another stress-energy tensor that has central charge —2 denoted by T_s. If the
central charge is —2, from (4.18), we can choose Q = —1 — A = 1 for a Fermi theory.

For a Bose theory (4.18) does not have a solution. So we can write this auxiliary fermi

theory as
Spe = 2i / d*zno¢  with weight h, =1 he =0 (4.27)
T
T 5 =The(z) = (0n)§: =0 : (ng) : (4.28)

Thus the Bose b, ¢ theory can be rewritten with T + T}.

4.2 Linear Dilaton and bc are the same?

There is a very nice relation to the Linear Dilaton Theory and the b, c theory. To see

this we need something called bosonization.
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4.2.1 Bosonization
Note that we can reproduce the OPE (4.20) if we define
Jj(z) = €d.p(z) with ¢(z)p(w) ~ eln(z — w) (4.29)

Consider the operator e%?). To calculate its OPE’s with j(z) and Tj(z) we need two
basic OPE’s

0.6(2) : €1 (w) = ﬁ e (w) : (4.30)

and the double contraction

L 0,0(2)0,0(2) = TP (w) 1= — L+ T (w) : (4.31)

(- w)?

One way to obtain these results is to use ? e?®(w) = >0 ) 1¢"¢"(w) . Then with

n=0 n!
(4.30)-(4.31) we find

§(2) : e (w) i~ meq‘z’(w) (4.32)
e
T(2) : %) i (f@ fuff) +— w%) 19(w) (4.33)

L (4.34)

e9?(2) eI (w) i~ W

For a Fermi theory € = +1 if choose ¢ = 1 then (4.34) has the same OPE as (4.8). So

we can identify b, ¢ with e9?(z):
b(z) =e ?(2) ; c(z)=e®  Fermi (4.35)

But For Boson theory ¢ = —1 we have to add more operators, in the same way we add

in the stress energy tensor. Using the same variables 1, ¢ we can identify

b(z) = e 9(2)0.6(2) ; c(z) =en(z) Boson (4.36)

2Given a set of m operators : O1 ...Op(2) : the total number of maximal contraction (all operators

are contracted) with a set with n operators is given by (::1) = #lmy In the first case we have
(711) = ﬁ! and the second case (g) = (n%;)'
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The Linear dilaton relation with b, ¢ can be viewed if we ask what action reproduces
the stress-energy tensor 7)j(z) or, more importantly, what part of the action reproduces

the Q part. The answer is given by
1 2 Q (2)
- 4.
SQ /d U\/g( >¢R ( 33)

The R? is the world-sheet Ricci scalar in 2d. And this is the action for the Linear Dilaton
where ¢ is called the dilaton field. The stress energy tensor is given by

oS
Mo = ~0ad(3)0+ Paal()0 (4.38)

T.5=—4
ab 9 9

where we set go3 = d43. In complex coordinates 6., = dzz = 0, thus we get the stress-

energy tensor

T(z) = —%azew _ —e%@zj(z) (4.39)
agreeing with (4.23).
4.2.2 The twist
Consider the action
§— - / ?2bVsc = / d?z(bdsc — hAsbc) (4.40)
C2r V= o #ADe ? ’

where Az is a gauge field and h is some constant. Let us focus on the new part (the term
with Az). Recall that the U(1) current under bozonization is given by j(z) = —bc(z) =

€0,¢(z). Thus we can write the action as
Sy~ / d?zhAz;bc = / d?zhAzed,p(z) = — / d?2h(D.Az)ep(2) (4.41)
where the second equality we integrated by parts. If we choose
Az = 2TZ, (4.42)

where t is some other constant.? Then

1

— 5 / d?2(0,Az)hed(z) = % / d*z/gR® ¢ (hte) (4.43)

where I'Z; is the Christoffel symbol in conformal gauge and complex variables. Recall

that in conformal gauge gu, = dqpe® and in complex coordinates g% = g** = 0. The

31 add this constant so in the next chapter we can keep track on the choice of As.
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Christoffel symbol and Ricci scalar are define as

. 1 .
Fljk = iglm(algkm + Okgmi — Om9rt) (4.44)

R = gab(acrcab - 8brcac + Iwlzzbrcccl - 1Mictcr‘cbd) (4‘45)

In conformal gauge the only non-zero components of the Christoffel symbols are

%, =20,w and T%;=20:w (4.46)

with
\/§R = _(8F222 + afrzzz) = _2(8F522) = _285F2zz (447)

with (4.47) we see that (4.43) is true. The (4.43) is equal to (4.37) with hte = /2 and
d?0 = 2d?z. Then the b, ¢ stress energy tensor Th(z) is modify by

Toe(2) — htdj(2) (4.48)

The conformal weight of b will be shift by —htN,, where N, is the ghost number or
U(1) charge. From the j(z)b(w) and j(z)c(w) OPE’s

A+ htN,(b)

(Toe(z) ~ hidg (2 blu) ~ 2R (4.49)
(Tael) — h05 (@) ~ L2200 e (4.50)

This result will be important for the twistor string action on the next chapter.



Chapter 5
Berkovits’ Twistor String Action

This chapter is dedicated to the twistor string action introduced by Nathan Berkovits
[3] as an alternative theory to the Witten’s twistor theory[2]. In this new proposal, the
tree-level amplitude for super-Yang-Mills come from open strings amplitudes. A general
formula is given for the scattering amplitude with n gluons. The MHV amplitude is
derived from this formula. In the end we see some of the issues that arises from the

conformal supergravity.

5.1 Twistor String action

The worldsheet matter variables in string theory consist of left-moving super-twistor
ZI = (>, pu®, ) with o, e = 1 to 2 and A = 1 to 4, and their conjugate super-twistor
Wr = (5\5,;26',@[_13). Also a left-moving current algebra j* with k = 1 to dim(G). The
complete action has right-moving variables Z!, Wy, 7 which in the open string they

satisfy the boundary conditions:

zl=2z21  w=Wwr ; j*=j* (5.1)
The worldsheet action for the matter field is

S = / d22WiVzZE + W v, 21 + S. (5.2)

where S, is the action for the right and left-moving current algebras. The covariant

derivatives are

41
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where A, is a GL(1) worldsheet gauge field. The definition of A, is such that the 27, 2!

have charge +1 and wi! ,W! have charge —1. The gauge transformations are:

OWr = —if: Wy 5W1 = —i@zW[ (5.4)
62" = +ig, 2" 6Z; = +i0. Z; (5.5)
0As = —10505 0A, = —i0,0, (5.6)

giving finite transformations

AL =g0:g7" +A; with g=¢" (5.7)
AL =hdo:h P+ A, with h=¢"?" (5.8)

Locally the conformal weight of Z is (0,0) and the conformal weight of W is (1,0),
when we can gauge fix A; = A, = 0. But we can not do this globally, we have to add
instantons since the topology is not trivial'. We will see how to do this explicit in a
moment. Note that the transformation h, g are independent, so we can think Az, A, as
components A, A coming from different gauge fields A, A,,. The components of these

fields are
A=A, A;=0 and A, =0, A;=A4; (5.9)

The action (5.3) is just a set of b, ¢ variables from (4.1) where the conformal weight
of h(b) = (\,0) and h(c) = (1 — A,0) with A\ = 1. So we can use all the results from
chapter 4 if we identify b <> W and ¢ <+ Z. The conformal transformation is given by
(4.12)

W = 0lr(z, 2)W(z, 2)] — l(2,2)OW(z, 2), (5.10)
6Z =1(2,2)02(2,2) — l(2,2)0Z(2, 2). (5.11)

The OPE’s are
W) Z () ~ 0 2 W) ~ (512

(2 w Cow) 2IWr(w o) )
where
D +5Bd . oeb,l = _%d (5.13)
+65" +64

!Topologically trivial space we mean a space, which can be shrunk to a point without tearing it
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Here € is the tracker device defined in chapter 4:

7 7 +1 fermionic
WiZ' =—eZ'W; ; €= (5.14)
—1 bosonic

Note that €§;! = —2 —2+4 = 0. The stress-energy tensor is given by (4.14) with A = 1
To(2) = —Wr0. 2" + T. (5.15)

where T, is the stress energy tensor for the current algebra. The subscript in Ty will

become clear in a moment. It also have a GL(1) current
J(z) = -wrz! (5.16)
Because the number of bosons {4} and fermions {4} are the same, the central charge

for W, Z is zero

6(5[1 n Ce
40 2(z —w)

To(2)To(w) ~ + L+ O0((z —w)™?) (5.17)

(z —w)
here ¢, is the central charge for the Current algebra. Basically all quantities that depend
on € in chapter 4 will be zero for W, Z because we have to sum and subtract the same

quantity. For example the central charge was ¢ = ¢(1 — 3Q?) so the total central charge

is 4(1 — 3Q?) — 4(1 — 3Q?) = 0.

5.1.1 Q-BRST & Current Algebra

The BRST ghosts can be treated as negative degrees of freedom. The BRST trans-
formations for the matter fields (Z7,;) can be obtained by replacing the conformal
parameter by a Grassmann parameter (r(z) — ¢(z)) i.e the ghost. Now we have one
more gauge symmetry, the GL(1). Replacing the GL(1) parameter by a new ghost
(0z(2) — v(z)) we get the BRST transformations

opZl(w) = €cOpZT + w21 SpWr(w) = £, (cWr) + (—1)EoW; (5.18)

where £ is just a Grassmann parameter, such that transformation preserves statistics.

The Virasoro ghosts are the usual bc with conformal weight hy = 2,h, = —1 and
central charge —26. The GL(1) ghosts are uv with conformal weight h, = 1, h, = 0 and

central charge —2. So we can use (4.14) to construct the stress energy tensor for these
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ghosts:
Tye = (Ob)c — 20(bc) = —(9b)c — 2bdc (5.19)
Ty = (Ou)v — 10(uv) = —udv (5.20)
The BRST charge is
Q= /dsz = /dz[c(Tg + %Tbc + Tuw) + vJ] (5.21)

The BRST transformation for the field O(w) can be read off from the single pole in
the jp(2)O(w) OPE.

dpb(w) = &(To + Tpe + Tuw) dpc(w) = EcOyc (5.22)
dpu(w) = &J + 0y (cu) dpv(w) = &cOyv (5.23)
6pZ2l(w) = €0, 2T + cvZ! SpWi(w) = E0y(cWr) + (—1)éoWr  (5.24)

The BRST transformation of the b ghost is the expected, since it came from the gauge
fixing of the metric. It is proportional to the Total stress energy tensor, the generator
of the conformal transformation. For the u ghost is almost just generator of GL(1)
transformation, but the other piece is necessary to make dzdpu(w) = 0. The BRST
charge is nilpotent, @*> = 0. The Q is used to construct physical states. The natural
construction for a nilpotent operator is called the cohomology. One important result
from Q? = 0 is that the central charge of the current algebra has to be c. = 28 or the
total central charge has to be zero c =c¢. —26 — 2+ 0 = 0.

Current Algebra

The current algebra is responsible to add the color factor on the amplitude. Usually
this is done by the Chan-Paton factors, where you add degrees of freedom to the end
points of an open string. The basis for a string state is |NV; k; ab), where a, b labels the
states of the end points of the string, and a is the group index. But here the group
index comes from the currents j*(z). Let us see some properties of the current algebras.
The current j%(z) is a holomorphic operator with conformal weight (1,0). The currents
§%(2), 7 (w) satisfy the OPE

ki
z—w)? zZ—w

4 (2)5" (w) ~ ( (5.25)

and have Laurent expansion

@)=Y oy (5.26)
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in which the coefficients satisfy the current algebra 2

[ dn) = kg™ S, + i (5.27)
The m = 0 modes form a Lie algebra G with f% being the structure constant totally
antisymmetric

(56 o) = if o6 (5.28)

and ¢ is a symmetric tensor invariant under the algebra. The last piece of information

before calculating the correlation function of these currents is that j{, jg, j¢, Jacobi
identity requires

bcdgad + fbadgdc =0 (529)

so we can think ¢* as the metric used to raise the index.
The correlation function for the one and two currents is given by

ab
G =0 ¢ ) = (530)

where 219 = z; — z9. From this we can build the three point function,and the SL(2, R)

symmetry on the Disk. The tree point function is given by

ikfabc

— (5.31)
2127223231

(5(21)3"(22)5(23)) =

To calculate the n—point function it is useful to give a representation for j§ = 7.

Where the matrix 7% is a element of the Lie algebra. We can represent j%(z) as

§(2) = (T);97 (2)di(2) (5.32)
with the OPE ,
o &7
P! (21)¢i(22) ~ (f (5.33)
21— 22)

Note that for the two point function

(7% (21)5%2 (22)) = ((T™) 07 (2) i (1) (T) 207 (22)1h2(22)) = TT[T“IT“Q];%Q (5.34)

The correlation function for the specific order T%17T%2 ... T% comes from the con-
traction of 17 (z,);(2py1) for k=1,...,n.
1
(G (21)7%%(2z2) ... 3 (2p)) = Tr[TT*2 ... T X ————— (5.35)

2127293 ... 2nl

It also has the names affine algebra or (affine) Kac-Moody algebra,
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The total correlation function for n particles is given by permutations of n elements
minus the subset of cyclic permutations, which is equivalent to the set of n — 1 permuta-
tions. For example n = 3 we have (n—1)! = 2, which are Tr[T* T T%], Tr[T“T%T?2].
We are going to consider a fix order for the correlation function, and the rest is given
by non-cyclic permutations. To be clear, the permutation also involves the points, so if

the trace is Tr[T%T* ...] the denominator will have z;3.

The correlation function also have double trance contributions. This can be seen
from the four point function. Where we can contract j* (z1)j*?(z2) and j%3(23)j%(24)
them the four-point function splits in two two-point functions:

Tr[T0T%]  Ty[T%T04]

(% (20) 5% (22) 7% (23) 7% (20)) = — 3 X3 (5.36)
12 34

5.1.2 Twisting and instanton number
The Euler characteristic number for some genus g in a 2d surface is
U [ 2o ar®
X(g)=2-29= [ doJ/4R (5.37)
so for a sphere g = 0 and in z, Z coordinates (d’c = 2d*z) we get

Amr = / d?z/gR®? (5.38)

The instanton number is given by

d= ﬁ d2ea Fyp (5.39)

with €12 = 1 and F,, = 0,4, — OpA,. In 2, Z coordinates® becomes
27d = / d*2(0. Az — 0:A.) (5.40)
Recall that (5.9) we have two gauge fields A, A,,. So we will have two intanton numbers

ond = / d?2(0.A; — 0:0) (5.41)

2md = / d?2(8.0 — 0:A.,) (5.42)

3Az = %(Al +iAs) , Az = %(Al - iAg), 0, = %(61 — 282) and 0z = %(01 +i02)
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Writing the Ricci scalar in complex coordinates (4.47)

4 = — / d?2(0.1%, + 0;T%,) = —2 / d?2(9.1%;) = —2 / d?z(0:T%,.) (5.43)

then we can identify
A;=—dr%, ; A, =dI%, (5.44)

In the boundary d = —d. Then the stress energy tensor is twisted by

Ty(z) = Tp + gazj(z) +T, = -Wo.20 + gaz,](z) T, (5.45)

5.2 Tree Amplitudes

The N-point tree-level scattering amplitude * in string theory is given by

N
Ao h) = [ (28 o) [] [ #oig i) 640
Vaif fxweyl i

Here k; is the momentum of the string. The way we get red of the diffx Weyl redundancy
of the world-sheet metric ¢g?° in a quantum theory is the usual way with bc ghosts (the
BRST quantization). Where in tree level we just add a ¢ ghost for each fixed position.

From SL(2, R) invariance we can fix three positions.

We can not fix the GL(1) gauge globally to zero, instead we can choose the gauge
field such that we can construct a topological number, i.e, the instanton number d. The
instanton number is a not continuous parameter, so the integration on the path integral

after the gauge fixing becomes a discrete sum over the instanton number
[dA] = > (5.47)
Instanton
So the amplitude for IV particles becomes
N
Ay =) (eaVi(z)eVa(zo)esVa(zs) [ | / dzVi(2))a (5.48)
d =4

where ()4 represents the correlation function on a disk with instanton number d. As

we saw, the intanton number changes the conformal weight of Zf hz = (—d/2,0). Under

“Recall that in the Bosonic string, the S-matrix for N particles is S(ki,...,kn) =
> IXdI] oxp (=S, — AX) [1Y, [ d?0:g"/?V;. Where g is the world-sheet metric, and X is the

V.
top dif f X Weyl

matter field. The sum is over different topologies, but in tree level we consider just genus zero surface.
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a coordinate transformation it transforms as
Z'(Z)=2"12(z) for 2 =1/z (5.49)

To cover the sphere we have to use two coordinate patches u, 2z and join them by iden-
tifying the points u = 1/z. We can work in the z coordinate all the time and just check
that things behave properly on z — oo or u = 0 point. When z — oo the equation
(5.49) implies that

Zl(z) = Z Z"al where al, are the zero modes (5.50)

recall that I = (a, &, A) where («, &) label bosonic states and A fermionic states. This
means that the correlation function involves an integration over 4d + 4 bosonic modes

and 4d + 4 fermionic modes. We can use the GL(1) to fix one bosonic mode.

Physical states are described by dimension-one fields that are GL(1) invariant. The
Super-Yang-Mills vertex operator is built using a dimension zero-field p(Z’) and a cur-
rent j*, k =1,...,dimG. The function ¢ has to be invariant under the GL(1) scaling

of Z1, i.e,  is invariant under Z — tZ.

V, = j*ou(2) (5.51)

The twistor space wavefunction @ (Z) of massless Yang-Mills particle is

)‘2(ZT) m ‘Md(zr) 1
Z) = - — 7 Tra r .52
SOk;( ) 6()\1(2'7«) 7T;)exp <2A1(Zr>ﬂ— 7r7’>¢k (55 )
where
¢;" = (7?%)*214:' , for h = +1
S=14 " (5.53)

G = (1) 77 (%)4‘4&7 for h = -1

Here the external momentum is p2® = 7¢7%, and in the signature (2,2), 7& 7% are real
and independent quantities. The Yang-Mills gauge field for the r particle with color
index k is

7?‘,? = WasdAjk + EQﬁQA;k (5.54)
such that §%7, = 1 and %74 = 1.

We see that under the scaling of Z7 — tZ! that is (u — tp , A — t\, ¢ — tap) the

twistor wavefunction (5.52) is GL(1) invariant. Now under the scaling of the external
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momentum

(m,7) = (tm,t17)
the twistor wavefunction scales properly with respect to its helicity (h)

Ol = 120N, =7k,

— 20— __ 4—2h 41—
¢rk - t+ qbrk =t ¢rk

(5.55)

For each particle with negative helicity the wave function (5.53) contains four fermionic
variables (¢4)* = 1p21p39p%. The correlation function involves integration over 4d + 4
fermionic modes — the integral absorbs 4d + 4 fermionic modes. Thus for d = 1 the
fermionic integral is not zero only if you have 8 fermionic variables, that is to say, two
particles with negative helicity. Hence each winding number d calculate a different he-
licity violating amplitude. For N > 3 the amplitude with N positive helicities and
N — 1 positive and 1 negative helicities gives zero. This is the result that we found in
section 2.3 and chapter 3 that the first non-vanishing Yang-Mills amplitude contains

two negative helicities, i.e, the MHV-Amplitude.

The tree amplitude with (N — d — 1) positive helicity particles and d + 1 negative
helicity particles is given by

< 1
A >\7, A’L J) . — d2d+2 d2d+2b d4d+4 /d B /d
( ) 71/}) VOL(GL(2))/ a ’Y Z1 ZNX
al 1
Tr|[T“T* ... T™
) Tl:Il (2r — 2Zr41 mod N) | [9162. onx (5.56)

Lo (50 ) I3 (2 - )

r=1

with the zero modes (ag, b, ~;') from

d d d
N(2) =Y alz pi(2) =Y ba ) =Y v
n=0 n=0 n=0

the second line come from the current correlation function (5.35) and the Trace is taken

over the Lie Algebra, which gives the color trace in one specific order.

5.2.1 The MHYV amplitude from Twistor String

Let us derive the MHV-amplitude A(r~, s~) with the particles s, r with negative helicity
and N — 2 with positive helicity.
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For two negative particles the degree is one (d = 1) and the zero modes are given by
M (2)=a®+a%% ; pz) =02+ ; A(2) =11 +5%2 (5.57)

It is convenient to rewrite the zero modes using the spacetime and super-space variables
(¢ | 94). Using the twitor equation pu(z) = 224\, 4 = 4%\, we have:

bY = aqz®® | ba® = anz®® |, A4 =anb , 4 = a0 (5.58)
The SL(2) part of GL(2) can be used to fix tree position of the z, integrals, we usually
pick 0,1, c0. But it is easy to calculate if we use the SL(2) plus the GL(1) invariance to
set Al =1 and A\? = z, and then integrate over all the insertions positions for the vertex
operators. The gauge fixing explicitly is a' = 1, a®> = 0, @' = 0 and @ = 1. Now the

relation with the new variables and the zero modes becomes:

pY — xa? : bd _ mld : ,YA _ HAl : ,~YA _ 9A2 (5.59)

So the Jacobian from b%, l;d,’yA,’yA to (%%, 6%%) is one. Note that we don’t have any

a’'s because we fixed them already. Finally we have

1 4y 8 /4ad/8Aa
VOL(GL(2))/dadbd7_> d*z dcé (5.60)

Under the support of the delta function ¢ (i—f — :—f) and the supertwistor equation

A = 942\, one can write the negative helicity wavefuntion as

Al 4
¢~ = (x1)72 <¢A1 > A™ = ()2 (0%, ) A (5.61)

Just to be clear (04%m,)* = 91O‘7Ta92f37159377r704”77p. The wave-function part of the

Amplitude (5.56) becomes

G162 b Pr. I = [ [ (1) 77 x (08T sa) (67 7ra)* X

xATAT AT A LAY (5.62)
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Using the Twistor equation u%(z) = x**)\,(z) and the support of the delta function®
we can write the exponential part of the Amplitude (5.56) as

N
H exp 1x* 7Tm7rm) = exp ( ad Zﬁmwm> (5.63)

r=1

note that this is almost the conservation of external momentum delta function, we just

have to integrate over %%, Another useful variable to introduce is

N a?+alz,

= S TaE 5.64
TN T dl v als, (5:64)

Note that I didn’t use the gauge fixing for a’s, a’s here, just to show that this is indepen-

dent of the gauge choice. Let us rename a’s and @’s so that the manipulations becomes

more clear, such that

b+ az, ou, ad — be
o ; __ad=be 5.65
Y d+ cz, 0z (czn +d)? (5.65)

The z's denominator in term of u’s are

N
; x I1 ez +d)* (5.66)

— Zr41 mod N — Ur41 mod N

The Jacobian J from dz; ...dzy — Jduy ...duy is J = det(a“T) Hlj\il (C‘er’zic)g so the

extra part (5.66) cancels out, and we get

(5.67)

duN H

Connecting the pieces (5.60)-(5.62)-(5.63)-(5.67) we can write the amplitude as

2
AN, Ny s d*z /d8 /du /du 5<u,—7”> x
w / b NH r_ur+1 modN) 77%

X €Xp ( o Z 7Tr04777“a> H 11) (esAawsa)4(9fa77ra)4

=1

Ur — Ur4+1 mod N)

x Tr[T"T* ... T (A Ay ... Ay ... Ay ... A)
(5.68)

. . 3 . 2
5To see this just plug z**)\, and open in components and use Wl% =72
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Now is fairly easy to do the rest of the derivation. The conservation of momentum delta

function appears as expected.

N
4 (2197«) = /d4xexp< ao‘Zﬂmﬂrm> (5.69)

Recall the clean notation (i, j) = sagﬂaﬂf with €19 = —1. Then using the delta function
we get the usual MHV factor
N N 1 2
5.70
H(u _ur+1modN H TT+1 ( )

r=1 r=1

where the extra term in the numerator cancels out the inverse term in the amplitude

(5.68)( (m1)?(x})™2 =1 ). The fermionic integral gives the MHV numerator °

/ OO 70 ) (04,4 = (r, 5 (5.71)

Collecting everything we get the familiar MHV-amplitude (without the color trace)

r,Ss 4
A(r=,s7) =6 <Zpr) e 3>> Y (5.72)

Indeed the formula (5.56) reproduces the MHV amplitude. As we saw for each
negative gluon that we add we have to increase the degree d. The relation between the
MHV amplitude (n — 2 positive gluons and 2 negative gluons) and the googly MHV
(n — 2 negative gluons and 2 positive gluons) is just the complex conjugation((ij)* =
[ij] = 5d’35\a5\ ﬂ-). But the in the twistor formula this relation is not apparently. The
integration is over different degrees. The googly amplitude was calculated in [22, 23],

where they Fourier transform p — X in (5.56).

5.3 Conformal Supergravity

As we saw the correlation function (5.36) has double-trace contributions. These con-
tributions turns out to be related to exchange of conformal supergravity states. The
open twistor string also have vertex operators that represents conformal supergravity.
This section is dedicated to introduce these vertex operators and show that conformal

supergravity arises from the double-trace amplitudes.

Susing that 0791 = (9" - 91)%5&Y and [ do''do** (0" .91)%5&/ — B
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5.3.1 Conformal supergravity vertex

One can also construct these dimension one vertex operators
Vi=Wifl(2), Vy=g(2)02! (5.73)

which turns out to describe conformal supergravity. They have dimension one since Wy
and 0Z! have dimension one. The field f! has +1 GL(1) charge (it scales f — tf under
Z — tZ) and gr has —1 charge (scales as g — t~'g). To be primary fields with respect
to T and J, f! and g; must satisfy

ot =o, zlgr =o. (5.74)
These field also have a gauge invariance
off = ZIA, Sgr = Orx (5.75)

since

Vi =WrZIA =J 1A and 6V, =020y = T-1x (5.76)
are null states.

Now we show that both the vertex operators (5.73) indeed describes the spectrum of
conformal supergravity. The first thing we need is that a function of the homogeneous
coordinates Z! of twistor space that is homogeneous in Z! of degree k describes a
massless state in Minkowski spacetime of helicity h = 1 + k/2. As we saw the wave
function ¢(Z) was homogeneous of degree zero and describes the gluons with helicity
h=1+0/2=1.

First let us start with the homogeneous degree one field f/(Z), and set A = 0.
Recall that index I runs from four bosonic states I = (o, &), and four fermionic states
I = A. For each value of I, f/(Z) describes four bosonic and four fermionic helicity
states, with h = 3/2. But we have ignored the spin carried by the index I. For the
indices I = (a,c) the field f! describes two states with helicity h = 1/2 and two
with h = —1/2, as we saw how a spinor transforms under a Lorentz transformation in
chapter 2. Thus we get two bosonic states with h = 3/241/2 = 2 and two bosonic states
with h = 3/2 — 1/2 = 1. The fermionic index A carries information how it transforms
under the SU(4)r symmetry group. We get four fermionic states that transform in the
fundamental of SU(4)r with h = 3/2.

The gauge invariance f/ — Z!A implies that we have to remove a state described by

homogeneous function A of degree one, that is to say, remove one bosonic h = 1 state.
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The constrain 0;f! also removes another bosonic h = 1 state. Thus after removing
these two, we are left with two bosonic states of h = 2 and four fermionic states that
transform in the fundamental of SU(4)g with h = 3/2 for ¥4 = 0. The get the full

spectrum, we expand in powers of .

FO ) = fonw) + -+ O\ vt (5.77)

where f,g has degree 1 — k. If we take in to account the index I = («, &) we get helicities
h = 2,1,0,—1. The helicities 1, —1 are removed using the constrains. So we have a

massless spin +2 and a scalar, plus other states from the dots in (5.77).

One can do the same analysis for gy field

gr(\ i, ¥) = gro(\ p) + -+ + gra(, ! (5.78)

where g7, has degree —1 — k. In the end we get massless spin —2 and a scalar h = 0.
Doing the analysis more carefully one finds that the massless fields describes by g; have

opposite helicities and conjugate SU(4)g representations from those described by f7.

5.3.2 Linearized conformal supergravity

At the lineareized level, N' = 4 conformal supergravity can be described off-shell by a
ad 0A

s Yo

chiral scalar superfield W(z %) which satisfies the condition

eAPCD D& Do Dps DEW = eppan DA DS D D (5.79)

Here D and DdA are the usual superspace derivatives. It is convenient to choose co-

ordinates such that Dg‘ = 80% , so the chiral condition D(‘;‘W = 0, implies that W is
A

independent of éﬁ. The component field expation of W is
W(z,0) = C + a bunch of terms + 6%(8,,0™)*C. (5.80)

Of course this is a super simplified expansion, but I am interest in the scalar field only.

The linearized action for N' = 4 conformal supergravity is

S = /d4x/d80W2 = /d%; [C(0,0™)*C +...] (5.81)

The scalar propagator o k:i‘l is going to be important on the double-trace amplitudes.

To Support the idea that the supergravity states contribute to double-trace amplitudes,
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let us analyze the four-gluon amplitude. Consider the A(1%,2%,37,47), from the double-

trace contribution of the correlation function (5.36) one finds

Tr[TYT?)  Tr[T3T4

A(1F,2%,37,47) = (A3, M) x X
( ) = (s, 2) (A1, Ag)? (A3, Ag)?

(5.82)

Now if we consider k% = (p; + p2)? = 2p1 - pa = 2(\1, A2)[A1, Ao] from (2.9). The

amplitude become

<A37 )\4>2 [)\la A2]2

AT 27,37 ,47) = Tr[T T2 Tr[T3T x i

(5.83)

This amplitude represents the exchange of the superconformal scalar field C, C' with
the coupling CTr[Fy,, F™"], from the channel 12 — 34 see figure 5.1. Indeed with the
polarization contractions € - €5 = k%[A, Ao]? and €5 - €; = (A3, \1)?/k? and the scalar
propagator CC' = k%l we get (5.83) . There is a similar analyzes for the graviton, that
contributes with the double-trace amplitude A(17,27,3%,47), but it is a little more

difficult, so for simplicity we choose to look on the scalar field only.

€1+ E3_
__________ ,'/——\\\
1 \ 1
— € Y P
4 4 Ny i
e, k

FIGURE 5.1: A double trace contribution coming from the exchange of conformal
supergravity scalar in the 12 — 34 channel. In the right diagram, a single trace loop
level contribution.

At tree level we can extract Yang-Mills amplitudes by considering only single-trace
amplitudes. However at loop level single-trace diagrams can be produced by conformal
supergravity states, so the presence of conformal supergravity (5.73) in the twistor string
theory, is the first sign of difficult to calculate loop amplitude in SYM using twistor
strings. Since Yang-Mills theory makes sense without conformal supergravity, it is likely
that there is a twistor string theory that is dual to pure Yang-Mills theory. It would be

very exciting to find such theory.



Chapter 6

Perspectives for the future

The reason, the goal and the difficulty

As we saw in chapter 5 super-twistors have played an important role in simplifying
the computation of d = 4 super-Yang-Mills scattering amplitudes, where in a single
formula (5.56) we have a way to calculate MHV and non-MHV super-Yang-Mills tree
amplitudes. After Witten original idea of twistor string theory [2], further developed
was done in a series of papers[5-9] and drastically simplified the conventional Feynman
diagram techniques for SYM and super-gravity. These twistor strings are specific to its
own theories and it remains unclear how to extend them to other theories, or if it is

valid for loop amplitudes.

In 2013, in the remarkable series of papers [24-27] , Cachazo, He and Yuan have
presented analogous formulae based on d = 4 twistor-inspired ideia in [7], but extended
to describe scattering of massless particles of spins 0, 1 or 2 in arbitrary dimension. So
we can express tree-level amplitudes for SYM and super-gravity in any dimension in an
elegant form using the results of Cachazo, He and Yuan. In the same year Mason and
Skinner [28] presented a family of string theories (Type II version, Heterotic version)
that in the infinite tension limit (or o’ — 0 limit) reproduces the Cachazo, He and Yuan
formulae for some amplitudes in d = 10. Soon after Nathan Berkovits constructed [29]

the pure spinor infinity tension limit of the Mason and Skinner superstring.

The pure spinor string can calculate all the d = 10 SYM and supergravity amplitudes.
The construction mirrors the Mason-Skinner approach and starts with the pure spinor
version of the d = 10 N' =1 and N/ = 2 superparticle action. The advantage of the pure
spinor formalism is that spacetime-supersymmetry is manifest. In principle one could
use this string theory to go beyond the tree-level and calculate the loop amplitudes.

Mason-Monteiro-Geyer-Tourkine have some papers [30, 31] that present some formulas

56
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for loop amplitudes. A good open problem is to calculate loop amplitudes using the
pure spinor approach in this infinity tension limit. However, there are two reasons to
suspect this will be difficult. First SYM and super-gravity in d = 10 have ultraviolet
divergences. Secondly the fact that this string theory depended on only holomorphic
world-sheet variables remember the same problem mention in end of chapter 5 with the

open twistor string theory [10].

Furthermore the Cachazo-He-Yuan results that were based on twistor string ideas,
and their SYM and super-gravity formulae in d = 10 can be useful to understand the re-
lation between pure spinors and Nathan’s d = 10 supertwistors [32]. In the supertwistor
paper, he found a relation between the twistor superfield ®(Z) and the ten-dimensional
SYM vertex operator A*A,(z,0) . This vertex operator is the same one that appears
in the superstring pure spinor formalism, but in super-Yang-Mills case the momentum
spinor play the role of pure spinor ghost. There is little discussion on super-twistors
in higher dimensions [33], but it is worth noticing that superstring theory, and twistor
theory have similar features [34]. Thus a future goal is to study the pure spinor and

twistor strings and try to relate them using the Cachazo-He-Yuan amplitudes as links.



Appendix A

Dotted or Undotted

This appendix it’s aimed to set up the conventions/notation that I will use in the rest
of the thesis and to refresh the reader some topics. The metric is the mostly plus
n = (= 4+ ++). The notation will be the same as the book Wess & Bagger [13]. If
the reader is not familiar with these concepts keep going that in the end I will make a

connection with the usual Dirac stuff.

Let M be a two-by-two matrix with detM = 1, i.e. M € SL(2,C), this are ma-
trices with complex values and unit determinant. One thing to note, is the number of
generators of this group. We have 4 complex entries (8 real) and the constrain from
the unit determinant give two equations (real part = 1 and imaginary = 0). Thus we
have 8 — 2 = 6 generators, the same as our old friend The Lorentz Group SO(3,1) with
3 boosts + 3 rotations. Now we introduce the the dotted and undotted indices. The
spinor with dotted indices transform under the (0, 1/2) representation of Lorentz group
and spinor with undotted indices transform under (1/2,0) conjugate representation.The

spinor indices take values « = 1,2 & = 1,2.
Yo =M ys 5 = (MY (A.la)

— 5 — . 14 .
Yo = (M) Dy 5 = ()P (A.1b)
We have two indices (dotted and undotted) the two representation are inequivalent, i.e.
we can not find a matrix C such that M = CM*C~!. But the two representation in
(A.la) are equivalent, thus exist a matrix ¢ such that M = eM~T¢~1. Hang on that

we will see what it is this matrix . The same is valid for the two transformation with

dotted indices.
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We recall that any 2 x 2 matrix can be written as linear combination of the Pauli
matrices plus the identity. Let me call this basis as 0" = (=1, ), where m =0, ..., 3.

(A.2)

L —Py+P; P —1iP
P:Pmam:—IP0+P~5:< 0+ £3 1 12)

P+ —-FB—PFP;

We can see that P is hermitian (P = PT). A nice property of the matrix P is that
detP = P2 — P.P= —n"" P P,. Using the fact that P is hermitian we can write

another matrix P’ as:

P’ = MPM' (A.3)
P'' = (MPM')| = MPM! = P/ (A.4)

Both P’ and P can be written as linear combination of ¢™. The determinant of P’
(because the determinant of M is one and det[ABC| = det[A] det[B] det[C]) is equal to

the determinant of P’.
detP' = —™" P, P, = —)™P,, P, (A.5)

Now we start to see the connection between the Lorentz group and this matrices.This
transformation correspond to a Lorentz transformation, that’s cool. Before we continue
let’s appreciate what we have done. We stared defining a 2 x 2 matrix M that had
determinant one (you could say unimodular), and we noted that any 2 x 2 hermitian
matrix P could be expanded as a linear combination of ¢ and the determinant of
this was the inner product of a Lorentz four vector, i.e, " P, P,. Finally we found a

transformation that is the same as the Lorentz Transformation.
Lets take a look on the index structure of P. From (A.la) that M = (MT)* =
(M) = (MP)* = Mﬁd. Thus we can rewrite (A.3) as:

Pac’x = MaﬂpﬁﬁMﬁd (AG)

The index structure of the Pauli matrices is : 0" = o.% . Note that we use Latin indices
for vectors and tensors and Greek indices for spinors. Now we return to the matrix e

that relate the two equivalent representation (A.la).
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Let

0 -1

e=(eap)= [ " )= (A7)
B
€21 €22 1 0
11 _12

1 aBy_ € € B 0 1

e =)= <€21 €22> - <_1 0 (A-8)

with this matrix one can just plug in M~!7 = eMe~! and check that works. The EaB

and £? are antisymmetric tensors, and satisfy dete = 1 and 5a5557 = 0. We can write

M7 = eMe! with indices :

e My e, = (M)

5 o _ (Mfl)a

p

P = (MY 0P = e M (e,07)
(£pat)'®) = M (24p0")

Thus €, transform as 1, and the € tensor can be used to lower and raise indices:

1!)7 = 5'ypwp ;YT = 57pwp

(A.12)

Every thing that we have done for undotted indices can be done similar for dotted.

We are almost ready to see the connection to Dirac usual spinor. Before to do we take

a look on some identities of the Pauli matrix. If we define another Pauli basis:

with indices

we have some important identities:

O_(ma_n) _ (O_ma_n + O_na_m)aﬁ _ 72nmn5a,8
6_(mo_n) — (a_mo_n + 5_n0_m)d,3 —_ _znmnédﬁ
and
Tr o™o" = —2n™"

(0" aa (@) = =20,°5,7

(A.13a)

(A.13b)

(A.14a)

(A.14D)

(A.15a)

(A.15b)
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Now we can easy go back and forth between Lorentz indices and bispinor indices

(m < ad ):

1 .
Pac = pm(Um)ad ;o Pm = _*(5m)66

5 (A.16)

Psa
As I promise, let’s see the connection with the usual Dirac matrices and spinors. The

Clifford algebra is (in the (—,+ + +) metric):

(I™ ™) = —2[y™n (A.17)

In the Weyl basis the gamma matrix is :

m_ [0 o™
T —<am 0) (A.18)

One can easily see that this gamma matrix satisfy the Clifford algebra (A.17). The

gamma matrix act on a 4 components spinor with index structure:

()

One can write the Dirac equation:

(T 0y +m)¥ =0 (A.19a)
and in the weyl basis
((6™)%Dp, + Mg = 0 (A.19b)
((6™)aaOm +m)x* =0 (A.19¢)
Remember also that the Lorentz generators were given by S™" = %[Fm, '], and the

Dirac component spinor transform as ¥ — exp(%wmnsm”)\ll. Then the Lorentz group

generator in the spinor representation become:

1
(c™)f = Z(Um5n — o™} (A.20a)

(6™, = — (g™ — G"e™)4, (A.20b)
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These matrices seems strange when one looks for the first time, remember they are

made of Pauli Matrices, in particular:

0i _ _-0i _ L1 i

——likgh - =—0o

o =% = and o

these are rotations and boost respectively. The €7* is the usual Levi-Civita symbol,
and 7,4,k = 1,2,3 with €'?> = 1. Note that rotations act the same in booth spinors as

opposed for boost. The Lorentz transformation acts as:
Yo = (2477 Py (A.21)
P = (a8 (A.22)

Now let’s make some checks and see that with these Lorentz transformation we get
the right answers. We know what a rotation does on a vector P™. Then if we use (A.3)

and multiply by ¢ and take the trace using (A.15a) we get:
1
P =~ Tr[6™Mo"M'] P, (A.23)

If we choose a rotation on z-axis:

12

M = 120" = 307" — I cos(0/2) + io® sin(0/2)

where we used the fact wjo = —wo; that kills the 1/2 in (A.21) and then we choose

w12 = —0. Now that we have all the elements we can express (A.23) as:

P™ = P cos?(0/2)— %pn sin2(6/2) Tr[™ 050" —% sin(0,/2) cos(6/2) Py Te[a™ (0%, o]
(A.24)

with this expression and plus some sigma Trace identities and trigonometric one find:

cos(f) sin(d) 0O
pPO=pY . P =|_ sin(f) cos(f) 0 p (A.25)
0 0 1

That’s our rotation matrix, it worked! Let me say the trivial fact that if 6 = 27
then P’ = P. Now we do the same trivial statement for a spinor, under a full rotation

27“’3¢ = —1), that’s another way to see that it’s ¢ has spin 1/2.

’ i

Y = e
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