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DISSERTAÇÃO DE MESTRADO

IFT–D.003/2017

Scattering Amplitudes using Twistor Strings

Matheus Loss Lize

Orientador

Prof. Dr. Nathan Jacob Berkovits

Fevereiro de 2017



IFT-UNESP

Abstract

In this work we review the maximal helicity violating (MHV) scattering amplitude in

the context of super-Yang-Mills theory. We study the symmetries of the MHV amplitude

in the twistor space as a motivation to introduce the twistor string theory.

The twistor string action introduced by Nathan Berkovits [3] is reviewed and also

a general formula is given for the scattering amplitude with n gluons. In the end, the

MHV amplitude is derived from this formula.

Key Words: Super Strings, Twistors, MHV Amplitudes .
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Resumo

Neste trabalho revisamos as amplitudes de MHV no contexto da teoria de super-

Yang-Mills. Nós estudamos as simetrias das amplitudes de MHV no espaço de twistors

como uma motivação para introduzir a teoria de cordas com twistors.

A teoria de cordas com twistors feita por Nathan Berkovits [3] é revisada e uma

fórmula geral é dada para calcular amplitudes de espalhamento com n gluons. No final,

a partir desta fórmula deduzimos a amplitude de MHV.

Palavras-chave: Super Cordas, Twistors, Amplitude de MHV
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Chapter 1

Introduction

The Large Hadron Collider (LHC) is the largest scientific lab ever constructed to con-

duct high-energy particle physics research. By smashing particles physicists can test

different theories and discover new physics. The theoretical tools used to understand

the behavior of subatomic particles include calculating scattering amplitudes using the

Feynman diagrams. This method is straightforward for small systems but it can be-

come increasingly complicated when adding multiple particles or loop corrections. For

example, in the Yang-Mills theory the 5-gluon tree scattering amplitude gives almost

10, 000 terms. As an alternative, using the helicity formalism Park and Taylor [1] were

able to conjecture an amazing simple formula for the maximal helicity violating (MHV)

amplitude for n number of particles. Using this approach, the 10, 000 terms needed to

calculate the 5-gluon tree scattering can be compressed to a single term. Aside from

the numerical efficiency, we want a deeper understanding of the structure of multi-gluon

amplitudes.

One big step towards this deeper understanding was done in 2004 by Witten [2] who

proposed a string theory that is dual to a weakly coupled N = 4 gauge theory. He

constructed a topological B-model from twistor worldsheet variables and argued that D-

instanton contribution in this model reproduce the perturbative super-YM amplitudes.

In the same year an alternative string theory [3] was proposed by Nathan Berkovits.

Berkovits’ string theory is also based on twistor worldsheet variables, but use ordinary

open string tree amplitudes instead of D-instantons in the B-model. Later giving sup-

port on this an alternative twistor string theory, a cubic open string field theory was

constructed by [4] N.Berkovits and L.Motl. After the Witten original idea of twistor

string theory [2], further development was done in many of papers [5–9] and drastically

simplify the conventional Feynman diagram techniques for SYM and Super gravity.

1



Introduction 2

Despite the success of twistor string theory at tree level, there are still many open

questions. One issue is that in both Witten’s and Berkovits’ twistor strings gives N =

4 conformal supergravity [10]. At tree level, it is possible to recover the Yang-Mills

amplitudes by extracting the single-trace amplitude. But at loop level, the single trace

gluon amplitude receive contributions from internal supergravity states. Since Yang-

Mills theory makes sense without conformal supergravity, it is likely that there is a

twistor string theory that is dual to pure Yang-Mills theory.

In chapter 2 we will review the spinor helicity formalism, used to describe the Park &

Taylor formula for the MHV amplitude. N = 4 super Yang-Mills theory is an important

test case for perturbative gauge theory. It is the simplest case and has the same tree

gluonic amplitudes as the pure Yang-Mills theory. In addition, we are also going to

present a review of the MHV amplitudes and Super-Yang Mills theory.

After that in chapter 3 we present the MHV amplitudes in twistor space by Fourier

transforming the spinor variables introduced in chapter 2. We also review on conformal

symmetry and super conformal symmetry, and check that super Yang-Mills amplitudes

have the same symmetries.

Finally in chapter 4 we switch our focus to present some aspects of 2d conformal field

theory(CFT), the bc system, which is going to be used in chapter 5. chapter 5 will be

dedicated to introduce the Berkovits’ Twistor string theory. In the end of the chapter

the MHV amplitude is found from the Twistor string theory. The chapter 6 is dedicated

to motivate the study done here, and also shed some lights in the problems and future

work. In Appendix A we explain the notation and present a spinor review.



Chapter 2

Helicity Amplitudes

In the past 5 years the helicity formalism has been used to describe most of the recent

discoveries in massless scattering amplitudes. For this reason, it is a fundamental tool if

one wants to understand what has been done in the field of the scattering amplitudes.

With this in mind, this chapter is dedicated to introduce the helicity formalism and

also give a review on MHV amplitudes and Super Yang-Mills. The notation and some

background on spinors are given on Appendix A.

2.1 Null momenta - The spinor helicity formalism

We begin by introducing Appendix A that the Lorentz Group SO(3, 1) is isomorphic to

SL(2,C). A Null Lorentz vector pm (m = 0, 1, 2, 3) can be constructed by the product

of two spinors, one from (1/2, 0) representation and one from (0, 1/2). The spinor λα,

α = 1, 2, that transforms under (1/2, 0) are called left-handed Chiral spinors and λ̄α̇,

α̇ = 1̇, 2̇ that transforms under(0, 1/2) are called the right-handed Chiral spinors.

The map that takes the Lorentz vector index m to two spinors indices (αα̇) is done

by a linear combination of Pauli Matrices and the identity [σm = (−I, ~σ)]:

pαα̇ = pmσ
m
αα̇ = −p0I + ~σ · ~p (2.1)

As a consequence of (2.1) we get:

det(pαα̇) = −pmpm (2.2)

the minus sign is due to the metric ηmn = (− + ++). Note that we are using p to

denote different objects. Because we are interested in massless particles, p2 = 0 implies

3
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det(pαα̇) = 0. So p has one zero eigenvalue and the rank of the 2× 2 matrix goes down

by one. We can write the matrix p as a product of two component spinors:

pαα̇ = λαλ̄α̇ (2.3)

these spinors are usually called helicity spinors. The λ, λ̄ are not sufficient to determinate

p, there is a scale freedom:

(λ, λ̄)→ (tλ, t−1λ̄) t ∈ C∗ (2.4)

And since the momentum pm is real

pαα̇ = p∗αα̇ ⇒ λ̄∗α̇ = λα, (2.5)

and the scale parameter t becomes just a phase eiθ. The spinors (λ, λ̄) are not inde-

pendent. This is the real world, but we are theoretical physicists and we can do almost

anything, for example consider the case where the momentum is complex, then we get rid

off the constrain λ̄∗α̇ = λα. Your mathematician friend would say that you are complexing

the Lorentz group and that it is locally isomorphic to SO(3, 1,C) ∼= SL(2,C)×SL(2,C).

Another way to make the spinors (λ, λ̄) be independent, is to consider the Lorentz group

with a different signature: η = (− + ++) → (− − ++). We can use the fact that

SO(2, 2) ∼= SL(2,R)× SL(2,R), and write (λ, λ̄) as two real independent spinors.

A quick exercise is to count the degrees of freedom for each case. In complex mo-

mentum we have: 4 × 2 − 2 (det p = 0 constrain) = 6 real parameters. For complex

(λ, λ̄) minus the scale freedom 2 × 2 − 1 = 3 complex or 6 real parameters. In the real

momentum case we have 4− 1 = 3 real parameters.

Given two spinors λ, µ the Lorentz invariant object is:

〈λ, µ〉 ≡ εαβλαµβ = λαµ
α (2.6)

where we use the antisymmetric tensor εαβ defined as ε12 = ε21 = −1 and εαβεβρ = δαρ

, to lower and raise the indices. From the definition (2.6) the product 〈λ, µ〉 = −〈µ, λ〉
is antisymmetric. In particular, if 〈λ, µ〉 = 0, it implies µ ∼ λ. This is true because λ, µ

are commuting variables, note that if they were anti-commuting 〈λ, µ〉 = 〈µ, λ〉 as seen

Appendix A.

The same thing is valid for two dotted spinors:

[λ, µ] ≡ εα̇β̇λ̄α̇µ̄β̇ = λ̄α̇µ̄
α̇ (2.7)
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Note that for the real momentum we have the complex conjugation

〈λ, µ〉∗ = [λ, µ] (2.8)

Let’s see how others objects look in the spinor formalism. Given two null momentum

pα̇α = λαλ̄α̇ and qαα̇ = µαµ̄α̇ :

(p+ q)2 = 2p · q = 2λαλ̄α̇µαµ̄α̇ = 2〈λ, µ〉[λ, µ] (2.9)

For instance if we label different momentum by a number p(1), p(2), p(3), p(4)... we can

simplify even more the notation. Using the numbers to identify the momentum write

(p(1) +p(2))2 = 2〈1, 2〉[1, 2]. This notation is common in the literature, and very elegant.

Recall that the scattering amplitudes for gluons are described by momentum pm and

polarization vectors εm. We already have p in spinors, now we need the polarization

vector. From the Yang-Mills Equation of motion in momentum space:

p · ε = 0 (2.10)

it represents the fact that the polarization vector εm does not have longitudinal com-

ponents and it has a gauge symmetry εm → εm + bpm. To construct εm as a bi-spinor

we can guess the result using its symmetries. Let us define ε+αα̇ = d−1µαλ̄α̇ where d is

a Lorentz invariant object, and µα is an arbitrary spinor. The polarization has to be

invariant under a scale µ → aµ because µ is arbitrary. Thus d ∼ µα, but d is Lorentz

invariant, and the only object that we have to construct is λα. The result is:

ε+αα̇ =
µαλ̄α̇
〈µ, λ〉

(2.11)

Just by looking at (2.11) we see that ε+αα̇p
α̇α = 0 due to [λ, λ] = 0. The gauge transfor-

mation (εm → εm + bpm) is now translated to a spinor shift (µα → aµα + bλα). Then

we get:

ε+αα̇ → ε+αα̇ + b
λαλα̇
〈µ, λ〉

(2.12)

We know that the polarization vector (the photon) has two degrees of freedom. So we

have another polarization. Doing the same process we find:

ε−αα̇ =
µ̄α̇λα
[µ, λ]

(2.13)
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Note that this vectors are normalized ε− · ε+ = 1. Another thing that is important

to mention is that under complex conjugation the helicity is flipped

(ε−αα̇)∗ = ε+αα̇ (2.14)

Now we return to the scaling and make contact with to helicity. The helicity is a

Lorentz conserved quantity and it is define as the projection of the spin operator ~S into

the 3-momentum ~p

h ≡
~S · ~p
|~p|

(2.15)

In the massless case the particle is moving at the speed of light. So we can not do a

boost that invert the direction of the rotation.

Let us write the massless Dirac equation in terms of Weyl spinors:

(σ̄m)α̇α∂mψα = 0 (2.16)

(σm)αα̇∂mψ̄
α̇ = 0 (2.17)

we get the massless Klein-Gordon equation if we multiply it by σnα̇α∂n (using Trσnσ̄m =

−2ηmn):

∂m∂mψα = 0 (2.18)

It has a plane wave solution ψα = Lαe
ip·x , for a constant Lα. From (2.16) Lα must

satisfy Lαp
α̇α = 〈L, λ〉λ̄α̇ = 0 that implies Lα = cλα. Thus the wave function is

ψα = cλαe
ipα̇αxαα̇ (2.19)

The spinor transforms as a rotation by angle θ around the ~n direction as described in

Appendix A

ψα = ei
~θ·~n
2 ψα (2.20)

this implies that λ carries half units of angular momentum. Now if we define the scalar

parameter t ≡ ei
~θ·~n
2 we see that the wave function scales as t−2h if h = −1/2. So we say

that λ has negative helicity h = −1/2.

We can go on and find the wave function for ψ̄α̇. This will define a wave function for

helicity h = +1/2. Because ψ̄α̇ transforms as the complex conjugate of ψα. Thus the i

on the rotation give a minus sign, and flips the h.

ψ̄α̇ = cλ̄α̇e
ipα̇αxαα̇ (2.21)
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Now we can understand why the polarization vector were label by ε+, ε−. Under the

scaling (λ, λ̄)→ (tλ, t−1λ̄) the polarization vectors scale as

(ε+, ε−)→ (t−2ε+, t+2ε−) = (t−2hε+, t−2hε−) (2.22)

then ε+ has helicity +1 and ε− has helicity h = −1. Consider a function that transforms

as f(eiθx) = eiθhf(x). We can think of the function as f(x) = xh and this satisfy

x∂xf(x) = hf(x). A wave function ψ(λ, λ̄) will satisfy a similar equation(
λα

∂

∂λα
− λ̄α̇ ∂

∂λ̄α̇

)
ψ(λ, λ̄) = −2hψ(λ, λ̄) (2.23)

sometimes this constraint is called the auxiliary condition. We can define the helicity

operator as

h = −1

2

(
λα

∂

∂λα
− λ̄α̇ ∂

∂λ̄α̇

)
(2.24)

2.2 Scattering Amplitudes

Scattering amplitudes correspond to the probability amplitude for the a specific scat-

tering process. The amplitude for the scattering of an initial state at t → −∞ of ni

particles into a final state at t → +∞ of nf particles is determined by the S-matrix

element 〈out|S|in〉. The asymptotic states are given |pi, εi〉, where pi is the on-shell ex-

ternal momentum and εi is the polarization vector. Since we can specify a particle with

spin by its momentum p
(i)
αα̇ = λ

(i)
α λ̄

(i)
α̇ and helicity h(i), the amplitude can be written as

function of Lorentz invariant objects in term of (λ, λ̄, h)

Figure 2.1: Scattering Amplitude with N external gluons in Yang-Mills Theory. Each
external gluon is label by a color factor Ti, spinors λi, λ̄i and helicity hi

An = An(λ(1)
α , λ̄

(1)
α̇ , h(1); . . . ;λ(n)

α , λ̄
(n)
α̇ , h(n)) (2.25)
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Recall that under crossing we have p → −p and ε → ε∗ or ε+ → ε−. Then we

can treat as all particles as outgoing and then use crossing to find the other helicity

amplitudes. Since the amplitude is a function of the helicity spinors, it must also satisfy

a auxiliary condition (2.23) for each particle λ(i), λ̄(i):(
λα(i) ∂

∂λα(i)
− λ̄α̇(i) ∂

∂λ̄α̇(i)

)
A(λ(i), λ̄(i), h(i)) = −2h(i)A(λ(i), λ̄(i), h(i)) (2.26)

We see that under the scaling the amplitude transforms homogeneously with weight

−2h(i), where h(i) is the helicity of the particle i

A(tλ(i), t−1λ̄(i), h(i)) = t−2h(i)
A(λ(i), λ̄(i), h(i)) (2.27)

2.3 MHV Amplitudes

To appreciate the power of the spinor helicity formalism let us consider tree level scat-

tering amplitudes in Yang-Mills Theory. The Yang Mills action is

SYM = −1

2

∫
dx4Tr(FmnFmn) (2.28)

with

Fmn ≡ FAmnTA = ∂[mA
A
n]T

A − igABmACn [TB, TC ] (2.29)

and TA are generators of the gauge group SU(N) with A = 1, ...N2−1. These generators

satisfy the algebra with the normalization:

[TA, TB] = ifABCTC ; Tr(TATB) =
1

2
δAB (2.30)

where fABC = −2iT r[TA, TB]TC are the structure constants and being antisymmetric

in all of its indices.

The first step of simplification of the Yang-Mills amplitude is the technique used to

separate the color and kinematics degrees of freedom, it is called color decomposition.

Amplitudes for the gluons will have products of color indices, due to Feynman rules

for the vertex, see figure 2.2. In tree level the color decomposition lets us write the

amplitude in terms of a single trace factor. To convince you that this really happens,

recall that for the gauge group SU(N) we have this identity (G,H are combination of
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Figure 2.2: Color index dependence for Yang-Mills Feynman rules.

T ′s matrices):

Tr(GTE)Tr(HTE) =
1

2
Tr(GH) (2.31)

where we used the fact that Tr(TA) = 0 and E′s are summed. From Tr(F 2) we get two

types of self interaction terms AAAB∂mA
C ∼ gpmTr([T

A, TB]TC) and AAABACAD ∼
Tr([TA, TB][TC , TD]. The propagator glues two vertices by a δAB. Then color indices

are summed over and the double trace term reduces to a single trace.

In the end, for n particles we have cyclic permutation of Tr(TA1TA2 ...TAn) and the

amplitude factorizes as:

An = gn−2(2π)4δ(

n∑
i=1

pi)A(p1, h1, ..., pn, hn)Tr(TA1TA2 ...TAn) + permutations (2.32)

and we can concentrate in the color free Amplitude A(1, 2, . . . , n).

Dimensional analysis is a powerful tool. Let us use it to have a feeling how the tree-

amplitude behaves. From (2.29) we have [dx4] = M−4; [F ] = M2 ; [∂] = M1 ; [A] = M1

; [g] = M0, where M is the mass dimension.

We have two vertices, the cubic vertex V3 ∼ gfABCp, from AA∂A that has mass

dimension 1 ([V3] = M1). And the quartic vertex V4 ∼ g2f2, from A4 that has mass

dimension zero ([V4] = M0). From the figure 2.3 is easy to see that the number of V3

is always greater by one the number of propagators P (please do not get confuse with

the momentum P ). Also for n particle scattering, the number of V3 is n− 2. The mass

dimension of the propagator is −2 ([P ] = M−2).

In conclusion the mass dimension of n particle scattering amplitude is

[An] =
Mn−2

(M2)n−3
= M4−n (2.33)
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Figure 2.3: Sketch to count the number of vertices V3 and Propagators P for three,
four and five gluons diagrams. The mass dimension for n gluon amplitude is [An] =

M4−n

An important note is that, in the numerator, the powers of momenta (M) can not be

greater than n − 2. Note that in the five gluons diagram 2.3 you also have a diagram

with quartic vertex V4. But you still have [A5] = M4−5

A general tree amplitude is a product of Lorentz scalars

[An] =
∑

diagrams

∑∏
(εi · εj)

∏
(εi · pj)

∏
(pi · pj)∏

P 2
(2.34)

in terms of spinors (2.11)-(2.13) the polarizations products take the form:

ε+i · ε
+
j ∝ 〈µiµj〉 ; ε−i · ε

−
j ∝ [µiµj ] ; ε−i · ε

+
j ∝ 〈λiµj〉[µiλj ] (2.35)

where µi is an arbitrary spinor that represents gauge freedom (2.11). Finally we can

attack the amplitude with all the tools so far developed.

Let us start with all plus polarizations amplitudes An(1+2+ . . . n+). For n particles

we have n polarizations ε+. From (2.35) we see that if we choose µ1 = µ2 = · · · = µ

the product
∏

(ε+i · ε
+
j ) = 0 due to 〈µµ〉 = 0 . Then the only way for the amplitude not

to be zero is to have
∏

(εi · pj). But as we saw the amplitude in the numerator has n

polarizations and we need n momenta to create a Lorentz scalar. But it can have only

n − 2 powers of momenta p′s and thus it is zero. In few lines we were able to evaluate

ALL the plus helicity amplitudes. That’s powerful.

We can continue, and see what else we learn about the amplitude with only the k

particle with negative helicity, An(1+ . . . k− . . . n+). Again we use the freedom that we

have and choose µ1 = µ2 = . . . µn = λk, then all the terms ε+i · ε
+
j vanish where i, j 6= k.

And from ε−k · ε
+
j ∝ 〈λkµj〉[µkλj ] we also see that it is zero. Thus we get the same

problem as before. We need n powers of momenta and we can only have n − 2. We

conclude that An(1+ . . . k− . . . n+) = 0.

Now that we have got this far let us do more, and calculateAn(1−, 2−, 3+ . . . . . . n+).By

Choosing µi = λ1 for i ≥ 3, then ε+i · ε
+
j = 0 for i, j ≥ 3. Set µ1 = µ2 = λk. Then the
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only non zero polarizations are ε−2 · ε
+
i ∝ 〈λ2µi〉[µ2λi] for i ≥ 3 & i 6= k. Now we see

that we can have a term with two polarization, and we can fill in with n− 2 momentum

contraction εi · pj . Therefore, we don’t have a vanishing amplitude.

This AmplitudeAn(1−, 2−, 3+ . . . n+) is called the Maximally Helicity Violating (MHV).

Before we continue let us understand this name. Because we choose all the particles to

be outgoing, to see the physical (2 → n − 2 ) scattering, we have to use crossing.

Recall that crossing symmetry interchange the helicity between the incoming parti-

cle and the outgoing particle. Then the first amplitude An(1+, 2+ . . . n+) describes

1−2− → 3+ . . . n+ scattering, that’s two particle incoming and n− 2 particles outgoing.

This ’violates’ the helicity conservation. We can do the same thing for the other am-

plitudes. Then An(1+, 2− . . . n+) describes 1−2+ → 3+ . . . n+ also violate but it is zero.

Finally An(1+, 2+, 3−, 4− . . . n+) describes 1−2− → 3−, 4−, 5+ . . . n+ is the processes

that can be maximal violated that is not zero.

Now that we understand the name, let us jump to the final result. The MHV am-

plitude has a nice closed formula that was postulated by Parke & Taylor [1] and proved

by Berends and Giele [11]. The prof uses off-shell recursion methods. This formula

can be proven [12] by the BCFW recursion Relations that use on-shell methods and

complex momenta. Then the tree-level amplitude for two negative helicity particles

({pr, hr = −}, {ps, hs = −}) and n − 2 positive helicity particles is (without the color

factor and momentum conservation)

An(r−, s−) =
〈λr, λs〉4∏n
i=1〈λi, λi+1〉

(2.36)

This is a very elegant and simple formula. Unfortunately we can are not going

to prove this formula here, but we can check if the symmetries found on it hold . The

Lorentz symmetry is trivial because (2.36) is made of Lorentz Invariant objects 〈λi, λj , 〉.
For the scaling, note that the denominator has two spinors for each particle (i), i.e,∏
〈λi, λi+1, 〉 ∼ λ(i)λ(i). Thus under the scaling λ(i) → tλ(i) the amplitude gets a factor

of t−2. And in the numerator a factor of t4, but note that the numerator gets this factor

only for negative helicity r, s.

Then for a particle with positive helicity hi = +1 (i) 6= r, s the amplitude scales as

An(r−, s−, ti+) = t−2An(r−, s−, i+) = t−2h(i)An(r−, s−, i+) (2.37)

and for a particle with negative helicity hs = −1

An(r−, ts−) = t+2An(r−, s−) = t−2hsAn(r−, s−) (2.38)
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As we expected from the auxiliary condition (2.27). The googly-amplitude is defined as

the MHV-amplitude with all fliped helicities . The googly amplitude can be obtained

by the complex conjugation (2.8)-(2.14) on the MHV-amplitude. The amplitude with

particles r, s with positive helicities and n− 2 particles with negative helicities is given

by

An(r+, s+) =
[λr, λs]

4∏n
i=1[λi, λi+1]

. (2.39)

Another symmetry that Yang-Mills Theory have is conformal symmetry. Wait until

the next chapter for an explain about conformal transformations and a proof that the

Yang-Mills theory and MHV amplitude are conformal invariant. Now we are going to see

that the reason for the amplitudes An(1+2+ . . . n+) and An(1+ . . . k− . . . n+) are zero,

is due to supersymmetry in the Super Yang-Mills theory.

2.4 N =4 Super Yang-Mills Theory

We are interesting in the supersymmetric version of Yang-Mills, but to get there I will

make a review of supersymmetry, but a very brief one. The review on supersymmetry

will be based on [13], and for super Yang-Mills [14, 15]. Supersymmetry is a very

interesting subject and we hope to find it in the LHC soon. The supersymmetry algebra

is the only graded Lie algebra of symmetries of the S-matrix in a relativistic Quantum

Field Theory, this result was proven by Haag, Sohnius and Lopuszanki. We are enlarging

the Poicaré algebra by adding fermionic generators (Q, Q̄). These fermionic generators

(Grassmann) map fermions to bosons. The supersymmetry algebra is given by

{QAα , Q̄α̇B} = 2σmαα̇Pmδ
A
B {QAα , QBβ } = εαβZ

AB (2.40)

where m and αα̇ are the usual vector and spinor index respectively. The index A

labels the number of supersymmetries, it runs from 1 . . .N . Thus the total number of

supercharges is l × N , l is the dimension of spinor representation. The Q̄α̇ ≡ (Qα)† is

the adjoint of the operator Qα. The ZAB = −ZBA are called the central charges and

only exist for N > 1, because they are antisymmetric. But they are zero in the massless

case1.

Note that the algebra is preserved under a U(N ) transformation called R-Symmetry:

Q′Aα = RABQ
B
α Q̄′α̇A = R−1B

A Q̄α̇B RAB ∈ U(N ) (2.41)

1{QA2 , Q̄B2̇ } = 0⇒ 〈ψ|Q̄B
2̇
QA2 |ψ〉 = 0 which implies that QA2 |ψ〉 = 0. Then ZAB is zero since QA2 = 0
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Let us analyze the massless spectrum in four dimensions. In the frame Pm = (−E, 0, 0, E)

we have the algebra (2.40)

{QAα , Q̄α̇B} =

(
4 0

0 0

)
δAB (2.42)

In the upper side of the matrix (2.42) we can define the creation and annihilation oper-

ators a†A, a
A by

aA =
QA1

2
√
E

; a†A = (aA)† =
Q̄1̇A

2
√
E

(2.43)

with this normalization we get {aA, a†B} = δAB. We can use (a†A, a
A) to raise and lower

the helicity of a state by 1
2 . So we know how to create the Hilbert space. We start with

the highest helicity hmax state a†A|h〉 = 0 and use the annihilation operator to decrease

the helicity:

|h〉 , aA|h〉 , aA1 · · · aAN |h〉 (2.44)

The highest helicity is hmax = hmin + N
2 , thus we have 2N states. We can see that by

looking the string of aA1 ...aAN and noting that in each space we can have or not an aAi .

Each state is
(N
n

)
2 degenerate, where n is the number of aAi in the state.

If we want to keep the helicity |h| < 1 then the N = 4 is the maximal amount of

supersymmetry that we can have in four dimensions. And that is the Theory that we

want to study. One interesting fact is that CPT theories usually double the number of

states, because one needs the opposite helicity. But our theory is self-dual CPT, i.e. it

has h = ±1; ±1/2. The spectrum can be summarize in the table 2.1.

states |h〉 Number of states Name

|1〉 1 gluon
aA|h〉 = |1/2〉 4 gluion
aAaB|h〉 = |0〉 6 scalar

aAaBaC |h〉 = | − 1/2〉 4 anti-gluion
a1a2a3a4|h〉 = | − 1〉 1 gluon

Table 2.1: N = 4 Super Yang-Mills Spectrum

The spectrum can be obtained by dimension reduction from the d = 10, N = 1 action

SYM = − 1

4g2
YM

∫
dx10Tr

(
FMNF

MN − 2iψ̄ΓMDMψ
)

(2.45)

M,N run from (0, . . . , 9) and ψ is a 10d Majorana-Weyl spinor that has the minimal

representation 16 real components. The ΓM are the gamma matrices in 10d. By dimen-

sion reduction (M) → (m, i) we get the N = 4 d = 4 Super Yang-Mills theory, where

2
(N
n

)
= N !

n!(N−n)
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m runs from 0 to 3, a 4d Lorentz index and i runs 4 . . . 10 is the 6 compacted dimensions.

To see that is true, note that (2.45) has N × l = 1 × 16 super charges ( l is the spinor

dimension), and no fields are higher than spin 1. The only theory in 4 dimensions that

has the same properties is N = 4 SYM. For a review and more details, see [16].

After the dimension reduction, the action for N = 4 SYM in d = 4 become

SYM = − 1

2g2
YM

∫
dx4

(
1

2
(Fmn)2 + (DmX

i)2 − [Xi, Xj ]2 + iψ̄IγmDmψ
I+ (2.46)

+ ψ̄IΓiIJ [Xi, ψJ ]

)
Here (field)2 means the proper contraction of indices. The ψI are four 4d Weyl spinors

(I = 1 . . . 4) , γm the 4d gamma matrices, and ΓiIJ the gamma matrices for SO(6). Also

the Xi are six real scalars, which i labels the SO(6) global R-symmetry. This scalars

come from the gauge field under the dimension reduction AM → (Am, Xi). All the fields

(Am, Xi, ψI) are in the adjoint of the gauge group (color group) which we choose to be

SU(N), i.e. Am ≡ Am(a)T (a) where a = 1, . . . , N2 − 1. Please do not get confused with

N - number of the gauge group & N - number of supersymmetries.

It is convenient to rewrite the Xi six real scalars as six complex field φIJ = −φJI

with I, J = 1, . . . 4 transforming in the fully anti-symmetric 2-index representation of

SU(4). It also has to satisfy the condition φ̄IJ = 1
2εIJKLφ

KL.

From the figure 2.4 a tree level amplitude with only external gluons the scalars and

fermions can not appear. This change in loop level, because we can form loop with

scalar interaction and only external gluons (see the fourth vertex in figure 2.4).

Figure 2.4: Interaction vertices for super Yang-Mills. Note that in amplitudes with
only external gluons, the gluon-scalar, gluon-fermion interactions only appears in loop

level.

2.4.1 On-shell Superspace and Superamplitudes

The on-shell degrees of freedom of N = 4 SYM can be group together on an on-shell

chiral superfield Φ. If we introduce the Grassmann odd variables ηA labeled by the
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SU(4) index A = 1 . . . 4, the table 2.2 can be grouped in

Φ(p, η) = g+(p) + ηAψ
A(p)− 1

2!
ηAηBS

AB(p)− 1

3!
ηAηBηCψ

ABC(p)+ (2.47)

+
1

4!
ηAηBηCηDε

ABCDg−(p)

Fields Helicity Name(Type) SU(4)R representation

g+ 1 gluon (B) singlet
ψA 1/2 gluion (F) fudamental (4)
SAB 0 scalar (B) anti-symmetric (6)

ψABC ∼ ψ̄A −1/2 anti-gluion (F) anti-fund (4̄)
g− −1 gluon (B) singlet

Table 2.2: Super Yang-Mills spectrum and its global R-symmetry transformation

The super-amplitude is parametrized by the external super legs that depends on

the usual helicity spinors plus the new grassmann parameter {λα, λ̄α̇, ηA}. We can

think of Φi ≡ Φ(p(i), η(i)) as the super-wavefunction for the i′th external particle of the

super amplitude An(Φ1,Φ2, . . . ,Φn). In the spirit of super space formalism, the super

amplitude is to be understood as the power series expansion in η. The SU(4)R-symmetry

requires that the external states form a SU(4) singlet.

The SU(4)R symmetry is generate by

R B
A = ηA

∂

∂ηB
− 1

4
δ B
A

(
ηC

∂

∂ηC

)
(2.48)

and we can see that 1 and η4 ≡ η1η2η3η4 are singlets, i.e, R B
A 1 = R B

A η4 = 0. For

example, the amplitudes from the previous section can be extract as

An
∣∣
η0 = An(1+, 2+, . . . , n+) (2.49)

An
∣∣
η4

1
= An(1−, 2+, . . . , n+) η4

i = ηi1ηi2ηi3ηi4 (2.50)

An
∣∣
η4

1η
4
2

= An(1−, 2−, 3+ . . . , n+) (2.51)

We could also have extracted them using Grassmann integrals. If we define the helicity

operator

hi = 1− 1

2
ηiA

∂

∂ηiA
(2.52)

when hi acts on each component of the superfield Φi it gives the helicity of each particle.

For example:

hig
+ = +1g+(p) ; hiηAψ

A(p) = +
1

2
ηAψ

A(p) (2.53)
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Using the same logic, when hi acts on the super-amplitude it gives the helicity of the

particle. One can see this because hiAn(Φi) = (1− K
2 )An(Φi) where K counts the degree

in ηi. When K = 0 it represents the positive gluon g+ and for K = 4 it represents the

negative gluon g−. The homogeneity condition on super-amplitude becomes

An(tηi) = t−2hi+2An(ηi) (2.54)

Let us see how the supersymmetry of the super-amplitude imposes that the two am-

plitudes (2.49)-(2.50) are zero. The supersymmetry generators in the on-shell superspace

are

QAα =
√

2

n∑
i=1

λ(i)
α η

A
(i) ; Q̄α̇B =

√
2

n∑
i=1

λ̄
(i)
α̇

∂

∂ηB(i)
(2.55)

here we are summing over all the external particle (i = 1, . . . n). These generators satisfy

the algebra

{QAα , Q̄α̇B} = 2Pαα̇ δ
A
B with Pαα̇ =

n∑
i=1

λ(i)
α λ̄

(i)
α̇ (2.56)

where Pαα̇ is the generator of translations for the external particles. Recall that Ampli-

tudes have the delta of momentum conservation δ4(
∑n

i=1 λ
(i)
α λ̄

(i)
α̇ ) on it. Thus

{QAα , Q̄α̇B}An = 2Pαα̇δ
A
BAn ⇒ QAαAn = Q̄α̇BAn = 0 (2.57)

We have that the supersymmetry generators annihilate the super-amplitude. Note

that the generator QAα acts multiplicatively, and we can write it as a Grassmann delta

function, from the property 3 δ(η − η0) = η − η0 .

The statement that QAαAn = 0 translates into An ∝ δ8(QAα ) because QAαδ
8(QAα ) = 0.

The explicit expression for the Grassmann delta is

δ8(QAα ) =

2∏
α=1

4∏
A=1

(
n∑
i=1

λ(i)
α η

A
(i)

)
=

1

2

4∏
A=1

n∑
i,j=1

〈ij〉ηA(i)η
A
(j)

4 (2.58)

we used 〈λi, λj〉 = 〈ij〉. Then the superamplitude can be decomposed as

An(λi, λ̄i, ηi) = δ8(QAα )δ4(P )A(K)
n (λi, λ̄i, ηi) (2.59)

3To see that use a test function F (η) = F0 + F1η and the integration rules
∫
dηη = 1

∫
dη1 = 0

and prove
∫
dηδ(η − η0)F (η) = F (η0).

4for Grassmann variables we have θ1θ2 = 1
2
θαθα, then QA1 Q

A
2 = 1

2
QαAQAα
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K is the degree of η, where A(K)
n ∼ O(ηK). Note that the SU(4)R symmetry imposes

on A(K)
n an expansion of the form

A(K)
n = A(0)

n + A(4)
n + A(8)

n + · · ·+ A(4n−16)
n (2.60)

Finally we can see that the expansion on the super-amplitude starts at order η8 from

the Grassmann delta. Then the amplitudes (2.49)-(2.50) are zero because they are order

zero and forth in η. As I promised in the end of section 2.3, these two amplitudes are

zero due to a hidden supersymmetry.

The MHV amplitude with particles r, s with negative helicity, can be extracted from

the superamplidute as

An(r−, s−) =

∫
d4ηsd

4ηrAKn (2.61)

= δ4(P )

∫
d4ηsd

4ηr

4∏
A=1

n∑
i,j=1

〈ij〉ηA(i)η
A
(j)A

K
n

= δ4(P )〈sr〉4A0
n

and we can read from (2.36) that A0
n (zeroth order expansion in η) is given by

A0
n =

1

〈12〉〈23〉 . . . 〈n1〉
(2.62)

We can also see that the power in 〈sr〉4 is due to N = 4 supercharges.



Chapter 3

MHV in Twistors variables

In four dimensions, twistor variables were introduced in 1967 by Penrose as an alterna-

tive description of spacetime in which light-like lines replace points as the fundamental

objects [17]. These d = 4 twistor variables transform linearly under SO(4, 2) conformal

transformations and provide a compact description of massless states.

We will start with a conformal transformations and then see that the generators in

twistor variables are easier to deal with than the spinors variables (λ, λ̄). Then we will

see how the MHV-amplitudes looks like in twistor variables, which is going to be related

to the twistor string theory.

3.1 Conformal Invariance

Conformal transformations on an space are those that locally preserve angles between

two lines, mathematically:

glk(x)
∂xl

∂x′m
∂xk

∂x′n
= Λ(x

′
)gmn(x

′
) (3.1)

In our case will be sufficient to consider the flat metric in d-dimensions ηmn = (−,+ +

...+). Then the equation that we want to solve is:

ηlk
∂xl

∂x′m
∂xk

∂x′n
= Λ(x

′
)ηmn (3.2)

We could also write this equation in infinitesimal form using x
′m = xm+εξm(x)+O(ε2),

where ε is small. So if we just do a Taylor expansion in Λ(x
′
) = 1− εK(x) +O(ε2) and

18
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∂xk

∂x′n
= δkn − ε∂nξk +O(ε2) we see that in the infinitesimal form is given by

∂mξn + ∂nξm = K(x)ηmn (3.3)

we can solve the K(x) by taking the trace in both sides and to get:

∂mξn + ∂nξm =
2

d
(∂ · ξ)ηmn (3.4)

Before we continue let us show that Yang-Mills has conformal symmetry. The Yang-

Mills in d-flat dimensions is given by the action

SYM = − 1

4g

∫
ddxTr(FmnFmn) (3.5)

where Fmn = ∂mAn−∂nAm is the usual field strength, and g is the coupling constant and

Am = AAmT
A. So let us see how this action transform under a conformal transformation.

The potential transforms as A
′
m(x

′
) = ∂xl

∂x′m
Al(x) then under x′n = xn − εξn:

A
′
m(x

′
) = A

′
m(x)− εξn∂nA

′
m(x) = Am(x) + ∂m(εξl)Al(x)

Then the infinitesimal transformation is given by

δξAm ≡ A
′
m(x)−Am(x) = εξn∂nAm(x) + ∂m(εξl)Al(x) (3.6)

this infinitesimal transformation is the Lie derivative LξAm. Now if we do the same

thing for the tensor Fmn we get

δξFmn = εξr∂rFmn(x) + ∂m(εξl)Fln(x) + ∂n(εξl)Fml(x) (3.7)

Now we have all the ingredients we can calculate the variation of the action

δξSYM = − 1

2g

∫
ddxTr[Fmn{ξr∂rFmn + ∂m(ξl)Fln + ∂n(ξl)Fml}]

= − 1

2g

∫
ddxTr[{1

2
∂r(ξ

rF 2)− 1

2
∂ · ξ(F 2) + FmrFnr(∂mξn + ∂nξm)}]

= − 1

4g

∫
ddxTr[{∂r(ξrF 2) + (

4

d
− 1)F 2}] (3.8)

here F 2 ≡ FmnFmn and to go from the second line to third I used the equation (3.4).

The Yang-Mills theory is conformal invariant only in d = 4.
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3.1.1 Generators of conformal algebra

Let us continue the study of conformal transformations and find the generators. It will

be based on two good books [18, 19]. To find the generator we have to solve the (3.4).

First let us manipulate (3.4) by acting with ∂m and then ∂n we get:

d∂2ξn = (2− d)∂n(∂ · ξ) ; (d− 1)∂2(∂ · ξ) = 0 (3.9)

we see that d = 2 things become simpler. If you write ∂1 = ∂z + i∂z̄ and ∂2 = ∂z − i∂z̄
in complex variables z, z̄, you find (in η = (1, 1)) the Laplacian ∂z∂z̄ξ(z, z̄) = 0. This

implies that ξ(z, z̄) has infinity solutions, for example, ξ(z, z̄) = f(z) or g(z̄) . From the

second equation in (3.9) when d 6= 1 the vector is ξ ∼ x2. From equation (3.2) if we set

Λ(x) = 1 then the equation (3.3) becomes

∂mξn + ∂nξm = 0 (3.10)

which implies ξm = am + b n
m xn with bmn = −bnm. This is Translation and Lorentz

transformation, i.e the Poicaré transformations. Now if we make rescaling on x
′

= λx

we see from (3.9) that Λ = λ2 so it’s a valid transformation, these are called dilations.

We still can have order quadratic in x. There are not some many ways to write a second

order term. A good start could be ξm = amx
2+(b·x)xm. If one plug this in the equations

(3.9) and do some manipulations, you get the right answer ξm = dn(ηmnx
2−2xnxm) this

are called the Special Conformal Transformations (SCTs). To summarize the conformal

vector is given by:

ξm = am︸︷︷︸
Translation

+ b n
m xn︸ ︷︷ ︸
Lorentz

+ cxm︸︷︷︸
Dilation

+ dn(ηmnx
2 − 2xnxm)︸ ︷︷ ︸
SCT

(3.11)

One thing to recall is that all this analysis was done for the Minkowski metric. Now

we can read the generator G for each transformation from (3.11), if we use the differential

operator representation, from the definition δξxm = ξ ·Gxm, we get:

Pm = −i∂m and Mmn = i(xm∂n − xn∂m) (3.12a)

D = −ixm∂m and Km = −i(ηmnx2 − 2xmxn)∂n (3.12b)



MHV in Twistors variables 21

with these generators we can go and calculate the algebra they form. With [Pm, Xn] =

iηmn and [A,BC] = [A,B]C +B[A,C] we get

[D,Pm] = iPm ; [D,Km] = −iKm ; [D,Mmn] = 0 (3.13)

[Mmn, P l] = −ηmlPn + ηnlPm ; [Mmn,K l] = −ηmlKn + ηnlKm (3.14)

[Mmn,M lr] = i(−ηmlMnr − ηnrMml + ηnlMmr + ηmrMnl) (3.15)

[Km, Pn] = 2i(−Mmn + ηmnD) (3.16)

We can just look the generator and count how many they are. In d-dimension M : d(d−1)
2 ,

P : d , K : d and D : 1 a total of (d+1)(d+2)
2 . What is this group? If we look for the

number of generators in the Lorentz group(M) and compare with the conformal group

is just a shift on d→ d+ 2, i.e, d(d−1)
2 → (d+1)(d+2)

2 , this is a hint1 that the Conformal

group is SO(q, p) with q + p = d+ 2. The conformal group in d = 4 is SO(4, 2)

3.2 Conformal invariance of the MHV amplitudes

As we just saw, the Yang-Mills theory has a bigger group that the Poicaré symmetry, it

is also invariant under conformal transformations. Thus, the amplitude should also be

invariant under these transformations. To be able to calculate this invariance we have to

find the generators (3.12a)-(3.12b) in the spinor (λ, λ̄) representation. The momentum

generator are just the multiplication operator

Pαα̇ = λαλ̄α̇ (3.17)

The Lorentz Generators can be found by looking how a spinor transform (Appendix A):

δλα =
i

2
ωmn(σmn) β

α︸ ︷︷ ︸
Ω β
α

λβ (3.18)

the variation is define as

δλρ = Ωαβmαβλρ (3.19)

where Ωαβ are the coefficients of the transformation and mαβ is the generator of the

transformation. Thus, the Lorentz generator is a first order differential operator given

by

mαβ =
i

2

(
λα

∂

∂λβ
+ λβ

∂

∂λα

)
(3.20)

1This just shows that the number of generators are the same, to prove that this is indeed the group
one should show that the algebra is the same.
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The same thing for the dotted indices:

m̄α̇β̇ =
i

2

(
λ̄α̇

∂

∂λ̄β̇
+ λ̄β̇

∂

∂λ̄α̇

)
(3.21)

They are symmetric in (α, β) and (α̇, β̇) which gives 4 − 1 = 3 generators in a

total of 6 for both m, m̄. They can be thought as the projection mαβ = Mmnσαβ and

m̄α̇β̇ = Mmnσ̄α̇β̇ where σαβ & σ̄α̇β̇ are the Lorentz generators (Appendix A). We

have to find the generators of dilation and special conformal transformation. From the

[D,Pm] = iPm and [D,Km] = −iKm, we can associate a dilation weight +1 and a

dilation weight −1 for Km. A natural guess for the dilation is

d =
i

2

(
λα

∂

∂λα
+ λ̄α̇

∂

∂λ̄α̇
+ c

)
(3.22)

we see that [d, λα] = i
2λα and [d, λ̄α̇] = i

2 λ̄α̇, for any constant c. Thus is natural to

associate the dilation weight 1/2 for the (λ, λ̄) spinors.

Is not so trivial to guess the special conformal transformation operator:

Kαα̇ =
∂2

∂λα∂λ̄α̇
(3.23)

but is the simplest operator that has the right dilation weight −1 and the commutator

with d

[d,Kαα̇] = −iKαα̇ (3.24)

If it works is fine, but keep in mind that the second order differential operator is not so

trivial to work with, and this may be seen as a motivation to introduce Twistors. One

way to fix the constant c in the dilation operator is using the commutation relation

[Kαα̇, P
β̇β ] = −i(δ β

α m̄ β̇
α̇ + δ β̇

α̇ m β
α + δ β

α δ β̇
α̇ d) (3.25)

doing the calculation on the left side by just plugging the definition of K and P we find

[Kαα̇, P
β̇β ] = δ β

α δ β̇
α̇ + δ β

α λ̄β̇
∂

∂λ̄α̇
+ δ β̇

α̇ λβ
∂

∂λα
(3.26)

using the antisymmetric property of two spinors (AαBβ − AβBα) = εαβA
ρBρ. (To see

this just plug the numbers). Thus we can split λβ ∂
∂λα in symmetric plus antisymmetric

part

λβ
∂

∂λα
= −im β

α +
1

2
δ β
α λρ

∂

∂λρ
(3.27)
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the same is true for the dotted index

λ̄β̇
∂

∂λ̄α̇
= −im̄ β̇

α̇ +
1

2
δ β̇
α̇ λρ̇

∂

∂λ̄ρ̇
(3.28)

here we used the fact that the symmetric part is proportional to the Lorentz generator.

Finally we can identify with the left-side of (3.25) and the dilation operator is

d =
i

2

(
λα

∂

∂λα
+ λ̄α̇

∂

∂λ̄α̇
+ 2

)
(3.29)

Now we are ready to prove that the MHV amplitude is invariant under conformal

transformations. First the generators that we found were for one particle. For n particle

is just the sum of the individual particle.

Let me remind you the form of the MHV-Amplitude (without the color trace):

An(r−, s−) = gn−2(2π)4δ4

(
n∑
i

λ(i)
α λ̄

(i)
α̇

)
〈λr, λs, 〉4∏n
i=1〈λi, λi+1〉

(3.30)

• Translation operator:

Pαα̇ =
n∑
i=1

λ(i)
α λ̄

(i)
α̇ (3.31)

then

Pαα̇An = 0 (3.32)

as a distribution function.

• Lorentz operator:

mαβ =
i

2

n∑
i=1

(
λ(i)
α

∂

∂λβ(i)
+ λ

(i)
β

∂

∂λα(i)

)
(3.33)

the Lorentz is manifest in the MHV amplitude because it only depends on Lorentz

Invariant objects 〈λ(i), λ(j)〉.

• Dilation operator:

d =
i

2

n∑
i=1

(
λα(i) ∂

∂λα(i)
+ λ̄α̇(i) ∂

∂λ̄α̇(i)
+ 2

)
(3.34)
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As we saw the the dilation operator measures the weight in mass units. Then the

operator will give the mass weight plus n when act on the amplitude

dAn = ([An] + n)An =

(
[〈λ(r), λ(s)〉4] + [δ4(p)] + [

1∏n
i=1〈λi, λi+1〉

] + n

)
An (3.35)

thus we have [λ] = 1/2 ; [〈λ(i), λ(j)〉4] = 4 ; and [δ4(p)] = −4. Also[ 1
〈λi,λi+1〉 ] = −1. We

have

dAn = (4− 4 + n(−1) + n)An = 0 (3.36)

• Special Conformal operator:

Kαα̇ =
n∑
i=1

∂2

∂λα(i)∂λ̄α̇(i)
(3.37)

To prove that the invariance of the MHV amplitude we note that λ̄ appears on the delta

function only so

Kαα̇An =
n∑
i=1

[
∂

∂λα(i)

(
∂

∂λ̄α̇(i)
δ4(p)

)
An +

(
∂

∂λ̄α̇(i)
δ4(p)

)
∂

∂λα(i)
An
]

(3.38)

using the chain rule ∂
∂λ̄α̇(i) = ∂P β̇β

∂λ̄α̇(i)
∂

∂P β̇β
= λβ(i) ∂

∂P α̇β
we get

Kαα̇An =

(
n

∂

∂P α̇α
δ4(p) + P β̇β

∂

∂P α̇β
∂

∂Pαβ̇
δ4(p)

)
An+

+

n∑
i=1

(
∂

∂P α̇β
δ4(p)

)
λβ(i) ∂

∂λα(i)
An (3.39)

The last term we use the decomposition of symmetric and antisymmetric (3.27).

Keeping in mind that m β
α An = 0. The antisymmetric piece is the λ part of the dilation

operator, thus

λβ
∂

∂λα
An = [An] = (4− n)An (3.40)

The last piece of information is to note that

P β̇β
∂

∂P α̇β
∂

∂Pαβ̇
δ4(p) = −4

∂

∂P α̇α
δ4(p) (3.41)

this can be seen as a property of delta function δ
′
(x)f(x) = −f ′(x)δ(x) and xδ

′′
(x)f(x) =

−2δ
′
(x)f(x). The extra 2 in the formula is due to ∂Pββ̇

∂Pβα̇
= 2δβ̇α̇ compare to the simple

example. Plugging (3.40)-(3.41) in to (3.39), we see that the MHV amplitude is indeed

invariant under special conformal transformations.
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3.3 Twistor Space as a conformal representation

The space where the conformal generators are simpler (transforms linearly) is called

Twistor space. Consider the wave function ψ(λ, λ̄) and let us make a Fourier transfor-

mation in the i particle

ψ̃(Zi) =

∫
d2λ̄iψ(λi, λ̄i) exp(iλ̄α̇(i)µα̇(i)) (3.42)

where ZIi ≡ (λαi , µ
α̇
i ) denotes a 4-component vector, and I = (α, α̇). The ZI is called

the twistor variable and lives on Twistor space. If we consider the metric (−−++) the

spinors (λ, λ̄) are real and independent. Thus (3.42) is the usual Fourier transformation,

and the variable µ can be interpreted as the conjugate of λ̄, in the same sense p is the

conjugate of x in Quantum Mechanics.

As you probably noted the scaling (λ, λ̄) → (tλ, t−1λ̄) plays a important role, it

connects the helicity of the particle and how the amplitude changes under this scaling.

Just to remind you

A(tλi, t
−1λ̄i) = t−2hiA(λi, λ̄i) (3.43)

If we transform the amplitude to the Twistor space

Ã(Zi) =

∫
d2λ̄iA(λi, λ̄i) exp(iλ̄α̇(i)µα̇(i)) (3.44)

Under Zi(λi, µi)→ tZi(λi, µi) the amplitude change as

Ã(tZi) =

∫
d2λ̄iA(tλi, λ̄i) exp(iλ̄α̇(i)tµα̇(i)) = t−2(hi+1)Ã(Zi) (3.45)

where the t−2 came from redefining the d2λ̄i → t−2d2λ̄i. From (3.45) the Ã(Zi) trans-

forms homogeneously with weight −2(hi+1) in the Zi variable. We can identify the sets

of ZI that differ by the scaling ZI → tZI and throw away the point ZI = 0. We get the

projective twistor space RP3. From (3.45) we can write the helicity operator (2.24) as

hi = −1

2

(
ZIi

∂

∂ZIi
+ 2

)
(3.46)

To find the generators G(λ, λ̄) in the twistor space G̃(λ, µ) we use the Fourier transfor-

mation

G̃(λ, µ)ψ̃(λ, µ) =

∫
d2λ̄iG(λ, λ̄)ψ(λ, λ̄) exp(iλ̄α̇µα̇) (3.47)

Doing carefully you find that

λ̄α̇
∂

∂λ̄β̇
→ −εα̇β̇ + µβ̇

∂

∂µα̇
(3.48)
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and the remaining transformations are trivial. The generators in twistor variables be-

come homogeneous first order operators

• Lorentz operator:

mαβ =
i

2

n∑
i=1

(
λ(i)
α

∂

∂λβ(i)
+ λ

(i)
β

∂

∂λα(i)

)
(3.49)

m̄α̇β̇ =
i

2

n∑
i=1

(
µ̄

(i)
α̇

∂

∂µβ̇(i)
+ µ

(i)

β̇

∂

∂µα̇(i)

)
(3.50)

• Dilation operator:

d =
i

2

n∑
i=1

(
λα(i) ∂

∂λα(i)
− µα̇(i) ∂

∂µα̇(i)

)
(3.51)

• Special Conformal operator:

Kαα̇ = i

n∑
i=1

µα̇
∂

∂λα(i)
(3.52)

• Translation operator :

Pαα̇ = i
n∑
i=1

λ(i)
α

∂

∂µα̇(i)
(3.53)

The conformal group in the signature (−−++) is SO(3, 3) ∼= SL(4,R). Note that the

ZI in this metric is a 4 real component vector that transforms naturally under SL(4,R).

That is why the generator of the conformal group looks more naturally (just first order

differential operators) in the Twistor space. In this signature the Twistor space is a

copy of RP3 instead R4 due to the equivalence ZI → tZI . If we consider the (−+ ++)

metric the conformal group is SO(4, 2) that is locally isomorphic to SU(2, 2).

The conformal generators in the twistor variables can be written compactly as

GIJ = iZI
∂

∂ZJ
− i

4
δIJ

(
ZK

∂

∂ZK

)
; I, J = (α, α̇) (3.54)

then we identify the generators as:

Gα̇α = Kα̇
α ; Gαα = d ; Gαα̇ = Pαα̇

Gαβ = mα
β +

1

2
δαβd ; Gα̇

β̇
= m̄α̇

β̇
− 1

2
δα̇
β̇
d
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3.3.1 The MHV amplitude in Twistor space

Now that we know how the conformal generators look in Twistor variables, let us go one

step further and transform the MHV-amplitude (3.30) to twistor space.

The MHV-amplitude can be written as

An(r−, s−) = gn−2(2π)4δ4

(
n∑
i

λ(i)
α λ̄

(i)
α̇

)
f(λ) (3.55)

where f(λ) is the 〈rs〉4/〈12〉 . . . 〈n1〉 piece. First replace the momentum delta function

for its integral representation:

(2π)4δ4

(
n∑
i

λ(i)
α λ̄

(i)
α̇

)
=

∫
d4xαα̇ exp

(
ixαα̇

n∑
i

λα(i)λ̄
α̇
(i)

)
(3.56)

and them perform the Fourier transformation to twistor space A(λ(i), λ̄(i))→ Ã(λ(i), µ(i))

for each particle

Ãn(λ(i), µ(i)) = gn−2

∫
d2λ̄(1) . . .

∫
d2λ̄(n)e

(
i
∑n
j λ̄

α̇
(j)
µα̇(j)

) ∫
d4xαα̇e

(
ixαα̇

∑n
i λ

α
(i)
λ̄α̇

(i)

)
f(λ)

(3.57)

we can write the λ̄ integrals using the delta function δ2(Cα̇) =
∫
d2λ̄eiCα̇λ̄

α̇
. We get

Ãn(λ(i), µ(i)) = gn−2

∫
d4xαα̇

n∏
i=1

δ2(µα̇ + xαα̇λ
α)f(λ) (3.58)

and

µα̇ + xαα̇λ
α = 0 with α̇ = 1, 2. (3.59)

If we pick some real xαα̇ we can solve the µα̇ in term of λα, so (λ1, λ2) serve as

homogeneous coordinates. We say that the curve has degree one, because the equation

are linear in λα. The two equations (3.59) defines a real curve in RP3. The curve can

be described as a straight line. Throwing away the set λ1 = 0 in RP3, we can describe

the rest of RP3 by coordinates by x = λ2/λ1,y = µ1/λ1 and z = µ2/λ1 in R3. The delta

functions in (3.58) mean that all the n points (µα̇j , λ
α
j ), j = 1, . . . , n are in the curve

defined by xαα̇. The points are collinear in R3. The MHV amplitudes with mostly plus

helicities are thus supported, in twistor space, on configurations of n points that all lie

on a curve in RP3 of degree one and genus zero.

The Twistor equation (3.59) or the Incidence relation has a nice geometrical picture

3.1. A point in Twistor space represents a null line in spacetime. And a Line in twistor

space represents a point in spacetime. Note is that given xαα̇ the solution for (3.59)



MHV in Twistors variables 28

does not change by a shift in momentum direction xαα̇ → xαα̇ + cλαλ̄α̇. Being more

explicit, given two points in space time xαα̇, yαα̇ that satisfy (3.59), we get the equation

(xαα̇ − yαα̇)λα = 0. This implies that the matrix xαα̇ − yαα̇ has zero eigenvalue or

det(xαα̇ − yαα̇) = (x− y)2 = 0. Thus the set of points that are null/lightlike separated

in spacetime (ST) represents a point in Twistor Space (TS).

Figure 3.1: Upper side: A point in twistor space represents a null line in spacetime.
A line in twistor space correspond to a point in space time

Given two points (a, b) ≡ (Za, Zb) in TS that defines a straight line. Each Z represents

a null line in spacetime. A natural question is do they intersect? If yes, where? The

answer is yes. The solution is given by the point dαα̇

dαα̇ =
−λaαµbα̇ + λbαµ

a
α̇

〈λa, λb〉
(3.60)

The solution can be checked by direct substitution in µ
(a)
α̇ + dαα̇λ

α(a) = 0 and µ
(b)
α̇ +

dαα̇λ
α(b) = 0. The two null lines in spacetime intersect in one point dαα̇. Thus a line in

twistor space represent a point in spacetime.

3.3.2 The Ambitwistor

In (3.44) we choose to Fourier transform λ̄ but we could have done the opposite and

Fourier transform λ

Ã(Wi) =

∫
d2λiA(λi, λ̄i) exp(iµ̄α(i)λα(i)) (3.61)

here we define WI = (µ̄α, λ̄α̇) called the ambitwistor variable. Than we can use the

scaling to see how the amplitude behaves in the ambtwistor space

Ã(tWi) =

∫
d2λiA(λi, tλ̄i) exp(itµ̄α(i)λα(i)) = t2(h−1)Ã(Wi) (3.62)
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using A(t−λi, tλ̄i) = t2hiA(λi, λ̄i) . The W can be interpreted as the conjugate of Z.

In the same way we did for the µ and λ̄. We can construct a invariant Lorentz object

ZIWI = λαµ̄α̇ + µαλ̄α̇.

We can write the MHV with ambitwistor variables WI if we Fourier transform λ̄

instead λ. Then we get a similar equation for the MHV-amplitude (with the momentum

delta function)

Ãn(λ̄(i), µ̄(i)) = gn−2

∫
d4xαα̇

n∏
i=1

δ2(µ̄α + xαα̇λ̄
α̇)g(λ̄) (3.63)

Note that if the particle i has positive helicity then A(tWi) = A(Wi) and the same is

true for a particle with negative helicity A(tZi) = A(Zi). With these constrains we can

calculate for example the 4 gluon scattering A(1+, 2+, 3−, 4−). Using the fact that

A(W+
1 ,W

+
2 , Z

−
3 , Z

−
4 ) =A(tW+

1 ,W
+
2 , Z

−
3 , Z

−
4 ) = A(W+

1 , tW
+
2 , Z

−
3 , Z

−
4 ) =

=A(W+
1 ,W

+
2 , tZ

−
3 , Z

−
4 ) = A(W+

1 ,W
+
2 , Z

−
3 , tZ

−
4 ) (3.64)

it seems to not depend on either W ′s and Z ′s variables. Therefore, in twistor/am-

bitwistor variables the amplitude is just a constant!. Actually the amplitude will depend

the sign of each Lorentz product.

A(W+
1 ,W

+
2 , Z

−
3 , Z

−
4 ) = sign(Z3 ·W1)sign(Z3 ·W2)sign(Z4 ·W1)sign(Z4 ·W2) (3.65)

This is amazing! We were able to find the 4 gluon scattering in very few lines using just

scaling and the right variables.

3.4 Super conformal Transformation

The N = 4 SUSY YM theory has the superconformal symmetry defined by the su-

pergroup PSU(2, 2|4) [20]. It has 30 bosonic generators and 32 fermionic generators.

We have 15 bosonic generators from the SU(2, 2), the conformal group. The other

15 bosonic come from RBA , the SU(4)R symmetry. Supersymmetry generators give 16

fermionic generators. We have two new sets of generators, SαA and S̄Aα̇ that give 8 + 8

fermionic generators. We are going to find the algebra of the group, first in the λ, λ̄, η

variables then we are going to Fourier Transform to Twistors variables λ, µ, ψ where ψ

is going to be the supertwistor variable that will be define later.

First let me redefine the supersymmetry generators (2.55) just to removes the annoy-

ing factor of
√

2 and the sum over particles (
∑n

i=1). So the supersymmetry generators
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become

qαA = λαηA ; q̄α̇A = λ̄α̇∂A where ∂A =
∂

∂ηA
(3.66)

The two new sets of fermionic generatos arise from the commutators

[Kαα̇, q
βA] = δ β

α S̄Aα̇ with S̄Aα̇ = ηA
∂

∂λ̄α̇

[Kαα̇, q̄
β̇
A] = δ β̇

α̇ SαA with SαA =
∂

∂λα
∂

∂ηA
(3.67)

The SαA and S̄Aα̇ are called the super conformal generators in the same sense the qαA

and q̄αA are called the super translation :

{qαA, q̄α̇B} = δABP
αα̇ ; {SαA, S̄Bα̇ } = δ B

A Kαα̇
2 (3.68)

The non-trivial anti-commutators are:

{qαA, SβB} = mα
βδ
A
B + δαβR

A
B +

1

2
δABδ

α
β (d+ c) (3.69)

{q̄α̇A, S̄ B
β̇
} = m̄α̇

β̇
δAB − δαβRAB +

1

2
δABδ

α
β (d− c) (3.70)

where d is the dilation operator and c is the central charge (because it commutes with

all the other generators)

c =

(
1− 1

2
ηC∂C

)
+

(
1

2
λα

∂

∂λα
− 1

2
λα̇

∂

∂λ̄α̇

)
= hf − hb (3.71)

where hf is the helicity fermionic operator (2.52) and hb is the helicity bosonic operator

(2.24). So we can see that cAn = 0 for every particle. Before we go to Twistor space, let

us show that the super-amplitude it is PSU(2, 2|4) invariant. To do this we just have

to check that SβBAn = S̄ B
β̇

An = 0. The super-amplitude is given by

An(λi, λ̄i, ηi) = δ8(QAα )δ4(P )A(K)
n (λi, λ̄i, ηi) (3.72)

but let us restrict to the MHV amplitude (K=0), where A0
n = 1

〈12〉〈23〉...〈n1〉 .

First note that

S̄ B
β̇
δ4(P ) = ηB

∂

∂λ̄β̇
δ4(P ) = ηBλα

∂

∂P β̇α
δ4(P ) = qBα δ

4(P ) (3.73)

2Just to be clear {A,B} = AB +BA is the anti-commutator.
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then S̄ B
β̇

An = 0 due to the delta of super charge δ8(Q). The second operator is more

complicated :

SβBAn =
n∑
k=1

∂

∂λβk

∂

∂ηBk

[
δ8(Q)δ4(P )A0

n

]
=

n∑
k=1

∂

∂λβk

(
λαk

∂

∂qBαk
δ8(Q)

)
δ4(P )A0

n +
∂

∂qBα
δ8(Q)

n∑
k=1

λαk
∂

∂λβk

(
δ4(P )A0

n

)
=

[
(n− 1 + 3)

∂

∂qBα
δ8(Q) +

∂

∂qBα
δ8(Q)(−n− 2)

]
δ4(P )A0

n

using
n∑
k=1

λαk
∂

∂λβk
δ4(P ) = Pαγ̇

∂

P βγ̇
δ4(P ) = −2δαβ δ

4(P )

and

SβBδ
8(Q) = (n− 1 + 3)

∂

∂qBα
δ8(Q) (3.74)

in the sence of distribution function as we did on Kαα̇. The amplitude is zero.

3.4.1 Super-Twistor Space

In the same spirit we can transform the Grassmann parameter to Sueper-Twistor space

by performing a Fourier transformation

f̃(ψ) =

∫
d4ηf(η)e(iηAψA) (3.75)

with this transformation we get

ηA → i
∂

∂ψA
;

∂

∂ηA
→ iψA ; ηA

∂

∂ηB
→ δAB − ψB

∂

∂ψA
(3.76)

Now we can use these transformations (plus the bosonic twistor transformation) to

get make all the generators first order operators:

qαA = λαηA → λα
∂

∂ψA
(3.77)

q̄αA = λ̄α̇∂A → ψA
∂

∂µα̇
(3.78)
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S̄Aα̇ = ηA
∂

∂λ̄α̇
→ µ̄α̇

∂

∂ψA
(3.79)

SαA =
∂

∂λα
∂

∂ηA
→ ψA

∂

∂λα
(3.80)

hf = 1− 1

2
ηA

∂

∂ηA
→ −1 +

1

2
ψA

∂

∂ψA
(3.81)

and

RAB = ηA
∂

∂ηB
− δAB

1

4
ηC

∂

∂ηC
→ ψB

∂

∂ψA
− δAB

1

4
ψC

∂

∂ψC
(3.82)

c = hf − hb → 1

2

(
λα

∂

∂λα
+ µα̇

∂

∂µα̇
+ ψC

∂

∂ψC

)
(3.83)

If we define an extention for the twistor variable ZI(λα, µα̇) called SuperTwistor

ZR = (λα, µα̇, ψA) with R = (α, α̇, A). Then we can write the generators of PSU(2, 2|4)

group in a compact form

GRS = ZR ∂

∂ZS
− 1

4
δRSZT

∂

∂ZT
(3.84)

and the generators can be organize in a nice matrix:

GRS =

[
SU(2, 2) Mix

Mix SU(4)R

]
=


mα

β Pα
β̇

QαB

Kα̇
β m̄α̇

β̇
S̄α̇B

SAβ Q̄A
β̇

RAB



The SU(2, 2) block are the 15 bosonic generators of conformal transformation. The

SU(4)R block are the 15 bosonic generators of the global R-Symmetry. The Mix block

are the 32 fermionic generators of supersymmetry and superconformal transformation.

We can study the homogeneity of superamplitude in the supertwistor variables. Recall

that in the bosonic part the amplitude in twistor space satisfies Ã(tZi) = t−2(hi+1)Ã(Zi).

For the fermionic part we do the supertwistor transfomation in the superamplitude

Ãn(tψi) =

∫
d4ηA(ηi)e

(iηAtψA) = t2hi+2Ãn(ψi) (3.85)

using η → t−1η, d4η → t+4d4η and also recall (2.54) A(t−1ηi) = t2hi−2A(ηi). Thus, the

homogeneity condition of the superamplitude in the supertwistor space become

Ãn(tZi) = t−2(hi+1)t2hi+2Ãn(Zi) = Ãn(Zi) (3.86)
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or

ZRi
∂

∂ZRi
Ãn(Zi) =

(
ZIi

∂

∂ZIi
+ ψiA

∂

∂ψiA

)
︸ ︷︷ ︸

CentralCharge (c)

Ãn(Zi) = 0 (3.87)

Note that (3.87) is the same observation that we found that the central charge anni-

hilates the superamplitude cAn = 0.



Chapter 4

First order Lagrangian

Let us switch gears completely and review some properties of 2d Conformal Field Theory

(CFT), the bc system. It will be based on [21] and Polchinski’s book [19]. The goal for

this chapter is to become familiar with the bc CFT that is similar to the Berkovits’s

Twistor String in the next Chapter.

4.1 bc Conformal Field Theory

Consider the fields b and c with the action

S =
1

2π

∫
d2zb(z, z̄)∂z̄c(z, z̄) (4.1)

This action is conformal invariant if b and c transform as tensor/primary operators

with weight (λ, 0) and (1−λ, 0) respectively. The fields b and c can have Bose or Fermi

statistics, we are going to treat both cases in parallel. The tracker device is given by ε

such that bc = −εcb , and so ε = +1 for Fermi statistics and ε = −1 for Bose statistics.

Just to make sure that we are in the same page a primary operator O′(z′, z̄′) with

weight (h, h̄) transforms as

O′(z′, z̄′) = (∂zz
′)−h(∂z̄ z̄

′)−h̄O(z, z̄) (4.2)

under a conformal transformation (z′ = f(z)) recall the paragraph above (3.10). The

action is invariant using the transformations dz′dz̄′ = (∂zz
′)(∂z̄ z̄

′)dzdz̄ , ∂z̄′ = (∂z̄z
′)−1∂z̄

and (4.2) for b, c .

34
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The operator equation of motion are given by

∂̄b(z) = ∂̄c(z) = 0 (4.3)

The b, c are holomorphic under the E.O.M. To find the OPE we use the Path Integral

technique. We insert the operator b inside the path integral to obtain

0 =

∫
[dbdc]

δ

δb(z1)

[
e−Sb(z2)

]
=

∫
[dbdc]

[
− 1

2π
∂̄1c(z1)b(z2) + δ2(z12, z̄12)

]
e−S

(4.4)

which tell us that

∂̄1c(z1)b(z2) = 2πδ2(z12, z̄12) (4.5)

The normal order bc is defined as:

: c(z1)b(z2) := c(z1)b(z2)− 1

z12
(4.6)

such that this satisfies1 the naive equation of motion (4.5):

∂̄1 : c(z1)b(z2) := 0 (4.7)

The Operator Product Expansion (OPE) are given by

b(z1)c(z2) ∼ ε

z1 − z2
; c(z1)b(z2) ∼ 1

z1 − z2
(4.8)

4.1.1 Properties

The stress energy tensor is defined as the conserved currents which arise from transla-

tional invariance. Consider the infinitesimal change in the coordinates where r(z), l(z̄)

are small

z′ = z + r(z) ; z̄′ = z̄ + l(z̄) (4.9)

To find the holomorphic T (z) and antiholomorphic T̃ (z̄) stress energy tensor we make

r(z) be z̄ depended, thus r(z)→ r(z, z̄), and similar for l(z̄). The variation of the action

becomes

δS ∼
∫
d2z[T (z)∂̄r(z, z̄) + T̃ (z̄)∂l(z, z̄)] (4.10)

Note that when we return to r(z, z̄) → r(z), δS = 0. So (4.9) is a symmetry as we

expect. With (4.2) the variation for b, c become

δb ≡ b′(z, z̄)− b(z, z̄) = [r(z, z̄)∂b(z, z̄) + b(z, z̄)λ∂r(z, z̄)]− l(z, z̄)∂̄b(z, z̄) (4.11)

δc ≡ c′(z, z̄)− c(z, z̄) = [r(z, z̄)∂c(z, z̄) + c(z, z̄)(1− λ)∂r(z, z̄)]− l(z, z̄)∂̄c(z, z̄)

(4.12)

1using ∂ 1
z̄

= ∂̄ 1
z

= 2πδ2(z, z̄)
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Plugging these on the action we find the stress-energy tensor

T (z) =: (∂b)c : −λ∂(: bc :) (4.13)

T̃ (z̄) = 0 (4.14)

The T̃ (z̄) is easy to see that is zero just by looking that the terms with l(z, z̄) form a

total derivative ∂̄(l(z, z̄)bc) inside the action. This is because the action only has ∂̄.

The OPE’s are:

T (z)b(w) ∼ λ

(z − w)2
b(w) +

1

(z − w)
∂wb(w) (4.15)

T (z)c(w) ∼ 1− λ
(z − w)2

c(w) +
1

(z − w)
∂wc(w) (4.16)

and

T (z)T (w) ∼ −2ε(6λ2 − 6λ+ 1)

2(z − w)4
+

2

(z − w)2
T (w) +

1

z − w
∂wT (w) (4.17)

Then the central charge (c) is

c = −2ε(6λ2 − 6λ+ 1) = ε(1− 3Q2) ; Q = ε(1− 2λ) (4.18)

The usual b, c Faddev-Popov ghosts from the gauge-fixing the Polyakov string has

λ = 2, Fermi statistics (ε = +1) and central charge c = −26. Another example are the

β, γ ghosts from gauge fixing the super string, that has λ = 3
2 , Bose statistics(ε = −1)

and c = −11.

The b, c action has one more symmetry, a ghost number, U(1) charge. Under δb =

−iεb, c = +iεc and the Noether current is

j(z) = − : b(z)c(z) : (4.19)

with OPE’s

j(z)b(w) ∼ −b(w)

z − w
; j(z)c(w) ∼ +c(w)

z − w
; j(z)j(w) ∼ ε

(z − w)2
(4.20)

We call the number in front of the single pole of j(z)O(w) OPE the Ghost number

Ng or U(1) charge of operator O(w). From (4.20) Ng(b) = −1 and Ng(c) = +1. The

Current j is not a tensor (has cubic pole):

T (z)j(w) ∼ Q

(z − w)3
+

j(w)

(z − w)2
+
∂wj(w)

z − w
(4.21)
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So the transformation under z′ = z + r(z) is

δj(z) = −r(z)∂j(z)− j(z)∂r(z)− Q

2
∂2r(z) (4.22)

The U(1) current can be used to built a stress-energy tensor such that it has the same

OPE (4.21):

Tj(z) = ε

(
1

2
j(z)j(z)− 1

2
Q∂zj(z)

)
(4.23)

The OPE’s :

Tj(z)j(w) ∼ Q

(z − w)3
+

j(w)

(z − w)2
+
∂wj(w)

(z − w)
(4.24)

Tj(z)Tj(w) ∼
1
2(1− 3εQ2)

(z − w)4
+ . . . (4.25)

If we compare the central charge (cj = 1−3εQ2 ) for this new stress-tensor (Tj) with

the original central charge c = ε(1− 3Q2) we have these relations

c =

cj , if ε = +1 Fermi

cj − 2, if ε = −1 Bose
(4.26)

In the case of Fermi Theory the U(1) current j(z) can be used to construct the Total

stress-energy tensor, the Total means it has the same central charge. For the Bose theory

we need another stress-energy tensor that has central charge −2 denoted by T−2. If the

central charge is −2, from (4.18), we can choose Q = −1 → λ = 1 for a Fermi theory.

For a Bose theory (4.18) does not have a solution. So we can write this auxiliary fermi

theory as

Sηξ =
1

2π

∫
d2z η∂̄ξ with weight hη = 1 hξ = 0 (4.27)

T−2 ≡ Tηξ(z) =: (∂η)ξ : −∂ : (ηξ) : (4.28)

Thus the Bose b, c theory can be rewritten with Tj + Tηξ.

4.2 Linear Dilaton and bc are the same?

There is a very nice relation to the Linear Dilaton Theory and the b, c theory. To see

this we need something called bosonization.
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4.2.1 Bosonization

Note that we can reproduce the OPE (4.20) if we define

j(z) = ε∂zφ(z) with φ(z)φ(w) ∼ ε ln(z − w) (4.29)

Consider the operator eqφ(z). To calculate its OPE’s with j(z) and Tj(z) we need two

basic OPE’s

∂zφ(z) : eqφ(w) :=
εq

(z − w)
: eqφ(w) : (4.30)

and the double contraction

: ∂zφ(z)∂zφ(z) :: eqφ(w) :=
q2

(z − w)2
: eqφ(w) : (4.31)

One way to obtain these results is to use 2 eqφ(w) =
∑∞

n=0
1
n!q

nφn(w) . Then with

(4.30)-(4.31) we find

j(z) : eqφ(w) :∼ q

(z − w)
eqφ(w) (4.32)

Tj(z) : eqφ(w) :∼

(
1
2εq(q +Q)

(z − w)2
+

1

z − w
∂w

)
eqφ(w) (4.33)

The conformal weight of eqφ(w) is
1
2
εq(q+Q)

(z−w)2 . Note that

: eqφ(z) :: e−qφ(w) :∼ 1

(z − w)εq2 (4.34)

For a Fermi theory ε = +1 if choose q = 1 then (4.34) has the same OPE as (4.8). So

we can identify b, c with eqφ(z):

b(z) = e−φ(z) ; c(z) = eφ Fermi (4.35)

But For Boson theory ε = −1 we have to add more operators, in the same way we add

in the stress energy tensor. Using the same variables η, ξ we can identify

b(z) = e−φ(z)∂zξ(z) ; c(z) = eφη(z) Boson (4.36)

2Given a set of m operators : O1 . . . Om(z) : the total number of maximal contraction (all operators
are contracted) with a set with n operators is given by

(
n
m

)
= n!

m!(n−m)!
. In the first case we have(

n
1

)
= n!

(n−1)
! and the second case

(
n
2

)
= n!

(n−2)
!.
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The Linear dilaton relation with b, c can be viewed if we ask what action reproduces

the stress-energy tensor Tj(z) or, more importantly, what part of the action reproduces

the Q part. The answer is given by

SQ =
1

4π

∫
d2σ
√
g(
Q

2
)φR(2) (4.37)

The R2 is the world-sheet Ricci scalar in 2d. And this is the action for the Linear Dilaton

where φ is called the dilaton field. The stress energy tensor is given by

Tαβ = −4π
δS

δgαβ
= −∂α∂β(

Q

2
)φ+ ∂2δαβ(

Q

2
)φ (4.38)

where we set gαβ = δαβ. In complex coordinates δzz = δz̄z̄ = 0, thus we get the stress-

energy tensor

T (z) = −Q
2
∂z∂zφ = −εQ

2
∂zj(z) (4.39)

agreeing with (4.23).

4.2.2 The twist

Consider the action

S =
1

2π

∫
d2zb∇z̄c =

1

2π

∫
d2z(b∂z̄c− hAz̄bc) (4.40)

where Az̄ is a gauge field and h is some constant. Let us focus on the new part (the term

with Az̄). Recall that the U(1) current under bozonization is given by j(z) = −bc(z) =

ε∂zφ(z). Thus we can write the action as

SA ∼
∫
d2zhAz̄bc =

∫
d2zhAz̄ε∂zφ(z) = −

∫
d2zh(∂zAz̄)εφ(z) (4.41)

where the second equality we integrated by parts. If we choose

Az̄ = 2tΓz̄z̄z̄ (4.42)

where t is some other constant.3 Then

− 1

2π

∫
d2z(∂zAz̄)hεφ(z) =

1

2π

∫
d2z
√
gR(2)φ(htε) (4.43)

where Γz̄z̄z̄ is the Christoffel symbol in conformal gauge and complex variables. Recall

that in conformal gauge gab = δabe
2ω and in complex coordinates gzz = gz̄z̄ = 0. The

3I add this constant so in the next chapter we can keep track on the choice of Az̄.
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Christoffel symbol and Ricci scalar are define as

Γijk =
1

2
gim(∂lgkm + ∂kgml − ∂mgkl) (4.44)

R = gab(∂cΓ
c
ab − ∂bΓcac + ΓdabΓ

c
cd − ΓdacΓ

c
bd) (4.45)

In conformal gauge the only non-zero components of the Christoffel symbols are

Γzzz = 2∂zω and Γz̄z̄z̄ = 2∂z̄ω (4.46)

with
√
gR = −(∂Γz̄z̄z̄ + ∂z̄Γ

z
zz) = −2(∂Γz̄z̄z̄) = −2∂z̄Γ

z
zz (4.47)

with (4.47) we see that (4.43) is true. The (4.43) is equal to (4.37) with htε = Q/2 and

d2σ = 2d2z. Then the b, c stress energy tensor Tbc(z) is modify by

Tbc(z)− ht∂j(z) (4.48)

The conformal weight of b will be shift by −htNg, where Ng is the ghost number or

U(1) charge. From the j(z)b(w) and j(z)c(w) OPE’s

(Tbc(z)− ht∂j(z))b(w) ∼ λ+ htNg(b)

(z − w)2
b(w) (4.49)

(Tbc(z)− ht∂j(z))c(w) ∼ 1− λ+ htNg(c)

(z − w)2
c(w) (4.50)

This result will be important for the twistor string action on the next chapter.



Chapter 5

Berkovits’ Twistor String Action

This chapter is dedicated to the twistor string action introduced by Nathan Berkovits

[3] as an alternative theory to the Witten’s twistor theory[2]. In this new proposal, the

tree-level amplitude for super-Yang-Mills come from open strings amplitudes. A general

formula is given for the scattering amplitude with n gluons. The MHV amplitude is

derived from this formula. In the end we see some of the issues that arises from the

conformal supergravity.

5.1 Twistor String action

The worldsheet matter variables in string theory consist of left-moving super-twistor

ZI = (λα, µα̇, ψA) with α, α̇ = 1 to 2 and A = 1 to 4, and their conjugate super-twistor

WI = (λ̄β, µ̄β̇, ψ̄B). Also a left-moving current algebra jk with k = 1 to dim(G). The

complete action has right-moving variables Z̃I , W̃I , j̃
k which in the open string they

satisfy the boundary conditions:

ZI = Z̃I ; WI = W̃I ; jk = j̃k (5.1)

The worldsheet action for the matter field is

S =

∫
d2z[WI∇z̄ZI + W̃I∇zZ̃I ] + Sc (5.2)

where Sc is the action for the right and left-moving current algebras. The covariant

derivatives are

∇z̄ = ∂z̄ −Az̄ ; ∇z = ∂z −Az (5.3)

41
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where Aa is a GL(1) worldsheet gauge field. The definition of Aa is such that the Z̃I ,ZI

have charge +1 and W̃I ,WI have charge −1. The gauge transformations are:

δWI = −iθz̄WI δW̃I = −iθzW̃I (5.4)

δZI = +iθz̄ZI δZ̃I = +iθzZ̃I (5.5)

δAz̄ = −i∂z̄θz̄ δAz = −i∂zθz (5.6)

giving finite transformations

A′z̄ = g∂z̄g
−1 +Az̄ with g = eiθz̄ (5.7)

A′z = h∂z̄h
−1 +Az with h = eiθz (5.8)

Locally the conformal weight of Z is (0, 0) and the conformal weight of W is (1, 0),

when we can gauge fix Az̄ = Az = 0. But we can not do this globally, we have to add

instantons since the topology is not trivial1. We will see how to do this explicit in a

moment. Note that the transformation h, g are independent, so we can think Az̄, Az as

components Az, Ãz̄ coming from different gauge fields Am, Ãm. The components of these

fields are

Az = Az, Az̄ = 0 and Ãz = 0, Ãz̄ = Az̄ (5.9)

The action (5.3) is just a set of b, c variables from (4.1) where the conformal weight

of h(b) = (λ, 0) and h(c) = (1 − λ, 0) with λ = 1. So we can use all the results from

chapter 4 if we identify b ↔ W and c ↔ Z. The conformal transformation is given by

(4.12)

δW = ∂[r(z, z̄)W(z, z̄)]− l(z, z̄)∂̄W(z, z̄), (5.10)

δZ = r(z, z̄)∂Z(z, z̄)− l(z, z̄)∂̄Z(z, z̄). (5.11)

The OPE’s are

WJ(z)ZI(w) ∼
εδ I
J

(z − w)
; ZI(z)WI(w) ∼

δ I
J

(z − w)
(5.12)

where

δ I
J =


+δ α

β

+δ α̇
β̇

+δ A
B

; εδ I
J =


−δ α

β

−δ α̇
β̇

+δ A
B

(5.13)

1Topologically trivial space we mean a space, which can be shrunk to a point without tearing it
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Here ε is the tracker device defined in chapter 4:

WJZI = −εZIWJ ; ε =

+1 fermionic

−1 bosonic
(5.14)

Note that εδ I
I = −2− 2 + 4 = 0. The stress-energy tensor is given by (4.14) with λ = 1

T0(z) = −WI∂zZI + Tc (5.15)

where Tc is the stress energy tensor for the current algebra. The subscript in T0 will

become clear in a moment. It also have a GL(1) current

J(z) = −WIZI (5.16)

Because the number of bosons {4} and fermions {4} are the same, the central charge

for W,Z is zero

T0(z)T0(w) ∼ +
εδ I
I

(z − w)4
+

cc
2(z − w)4

+O((z − w)−2) (5.17)

here cc is the central charge for the Current algebra. Basically all quantities that depend

on ε in chapter 4 will be zero for W,Z because we have to sum and subtract the same

quantity. For example the central charge was c = ε(1− 3Q2) so the total central charge

is 4(1− 3Q2)− 4(1− 3Q2) = 0.

5.1.1 Q-BRST & Current Algebra

The BRST ghosts can be treated as negative degrees of freedom. The BRST trans-

formations for the matter fields (ZI ,WJ) can be obtained by replacing the conformal

parameter by a Grassmann parameter (r(z) → c(z)) i.e the ghost. Now we have one

more gauge symmetry, the GL(1). Replacing the GL(1) parameter by a new ghost

(θz̄(z)→ v(z)) we get the BRST transformations

δBZI(w) = ξc∂wZI + ξvZI δBWI(w) = ξ∂w(cWI) + (−1)ξvWI (5.18)

where ξ is just a Grassmann parameter, such that transformation preserves statistics.

The Virasoro ghosts are the usual bc with conformal weight hb = 2, hc = −1 and

central charge −26. The GL(1) ghosts are uv with conformal weight hu = 1, hv = 0 and

central charge −2. So we can use (4.14) to construct the stress energy tensor for these
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ghosts:

Tbc = (∂b)c− 2∂(bc) = −(∂b)c− 2b∂c (5.19)

Tuv = (∂u)v − 1∂(uv) = −u∂v (5.20)

The BRST charge is

Q =

∫
dzjB =

∫
dz[c(T0 +

1

2
Tbc + Tuv) + vJ ] (5.21)

The BRST transformation for the field O(w) can be read off from the single pole in

the jB(z)O(w) OPE.

δBb(w) = ξ(T0 + Tbc + Tuv) δBc(w) = ξc∂wc (5.22)

δBu(w) = ξJ + ξ∂w(cu) δBv(w) = ξc∂wv (5.23)

δBZI(w) = ξc∂wZI + ξvZI δBWI(w) = ξ∂w(cWI) + (−1)ξvWI (5.24)

The BRST transformation of the b ghost is the expected, since it came from the gauge

fixing of the metric. It is proportional to the Total stress energy tensor, the generator

of the conformal transformation. For the u ghost is almost just generator of GL(1)

transformation, but the other piece is necessary to make δ′BδBu(w) = 0. The BRST

charge is nilpotent, Q2 = 0. The Q is used to construct physical states. The natural

construction for a nilpotent operator is called the cohomology. One important result

from Q2 = 0 is that the central charge of the current algebra has to be cc = 28 or the

total central charge has to be zero c = cc − 26− 2 + 0 = 0.

Current Algebra

The current algebra is responsible to add the color factor on the amplitude. Usually

this is done by the Chan-Paton factors, where you add degrees of freedom to the end

points of an open string. The basis for a string state is |N ; k; ab〉, where a, b labels the

states of the end points of the string, and a is the group index. But here the group

index comes from the currents ja(z). Let us see some properties of the current algebras.

The current ja(z) is a holomorphic operator with conformal weight (1, 0). The currents

ja(z), jb(w) satisfy the OPE

ja(z)jb(w) ∼ kgab

(z − w)2
+
ifabcj

c(w)

z − w
(5.25)

and have Laurent expansion

ja(z) =
∞∑

m=−∞

jam
zm+1

(5.26)
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in which the coefficients satisfy the current algebra 2

[jam, j
b
n] = mkgabδm,−n + ifabcj

c
m+n (5.27)

The m = 0 modes form a Lie algebra G with fabc being the structure constant totally

antisymmetric

[ja0 , j
b
0] = ifabcj

c
0 (5.28)

and gab is a symmetric tensor invariant under the algebra. The last piece of information

before calculating the correlation function of these currents is that ja1 , j
b
0, j

c
−1 Jacobi

identity requires

f bcdg
ad + f badg

dc = 0 (5.29)

so we can think gab as the metric used to raise the index.

The correlation function for the one and two currents is given by

〈ja(z)〉 = 0 ; 〈ja(z1)jb(z2)〉 =
kgab

z2
12

(5.30)

where z12 ≡ z1 − z2. From this we can build the three point function,and the SL(2, R)

symmetry on the Disk. The tree point function is given by

〈ja(z1)jb(z2)jc(z3)〉 =
ikfabc

z12z23z31
(5.31)

To calculate the n−point function it is useful to give a representation for ja0 = T a.

Where the matrix T a is a element of the Lie algebra. We can represent ja(z) as

ja(z) = (T a)ijψ
j(z)ψ̄i(z) (5.32)

with the OPE

ψj(z1)ψ̄i(z2) ∼
δji

(z1 − z2)
(5.33)

Note that for the two point function

〈ja1(z1)ja2(z2)〉 = 〈(T a1)i1j1ψ
j1(z1)ψ̄i(z1)(T a2)i2j2ψ

j2(z2)ψ̄2(z2)〉 = Tr[T a1T a2 ]
1

z2
12

(5.34)

The correlation function for the specific order T a1T a2 . . . T an comes from the con-

traction of ψj(zk)ψ̄i(zk+1) for k = 1, . . . , n.

〈ja1(z1)ja2(z2) . . . jan(zn)〉 = Tr[T a1T a2 . . . T an ]× 1

z12z23 . . . zn1
(5.35)

2It also has the names affine algebra or (affine) Kac-Moody algebra
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The total correlation function for n particles is given by permutations of n elements

minus the subset of cyclic permutations, which is equivalent to the set of n−1 permuta-

tions. For example n = 3 we have (n−1)! = 2, which are Tr[T a1T a2T a3 ], T r[T a1T a3T a2 ].

We are going to consider a fix order for the correlation function, and the rest is given

by non-cyclic permutations. To be clear, the permutation also involves the points, so if

the trace is Tr[T a1T a3 . . . ] the denominator will have z13.

The correlation function also have double trance contributions. This can be seen

from the four point function. Where we can contract ja1(z1)ja2(z2) and ja3(z3)ja4(z4)

them the four-point function splits in two two-point functions:

〈ja1(z1)ja2(z2)ja3(z3)ja4(z4)〉 =
Tr[T a1T a2 ]

z2
12

× Tr[T a3T a4 ]

z2
34

(5.36)

5.1.2 Twisting and instanton number

The Euler characteristic number for some genus g in a 2d surface is

χ(g) = 2− 2g =
1

4π

∫
d2σ
√
gR(2) (5.37)

so for a sphere g = 0 and in z, z̄ coordinates (d2σ = 2d2z) we get

4π =

∫
d2z
√
gR(2) (5.38)

The instanton number is given by

d =
i

4π

∫
d2σεabFab (5.39)

with ε12 = 1 and Fab = ∂aAb − ∂bAa. In z, z̄ coordinates3 becomes

2πd =

∫
d2z(∂zAz̄ − ∂z̄Az) (5.40)

Recall that (5.9) we have two gauge fields Am, Ãm. So we will have two intanton numbers

2πd̃ =

∫
d2z(∂zÃz̄ − ∂z̄0) (5.41)

2πd =

∫
d2z(∂z0− ∂z̄Az) (5.42)

3Az = 1
2
(A1 + iA2) , Az̄ = 1

2
(A1 − iA2), ∂z = 1

2
(∂1 − i∂2) and ∂z̄ = 1

2
(∂1 + i∂2)
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Writing the Ricci scalar in complex coordinates (4.47)

4π = −
∫
d2z(∂zΓ

z̄
z̄z̄ + ∂z̄Γ

z
zz) = −2

∫
d2z(∂zΓ

z̄
z̄z̄) = −2

∫
d2z(∂z̄Γ

z
zz) (5.43)

then we can identify

Ãz̄ = −d̃Γz̄z̄z̄ ; Az = dΓzzz (5.44)

In the boundary d̃ = −d. Then the stress energy tensor is twisted by

Td(z) = T0 +
d

2
∂zJ(z) + Tc = −WI∂zZI +

d

2
∂zJ(z) + Tc (5.45)

5.2 Tree Amplitudes

The N-point tree-level scattering amplitude 4 in string theory is given by

A(k1, . . . , kN ) =

∫
[dZdAdg]

Vdiff×Weyl
exp(−S)

N∏
i=1

∫
d2σig

1/2Vi(σi). (5.46)

Here ki is the momentum of the string. The way we get red of the diff×Weyl redundancy

of the world-sheet metric gab in a quantum theory is the usual way with bc ghosts (the

BRST quantization). Where in tree level we just add a c ghost for each fixed position.

From SL(2, R) invariance we can fix three positions.

We can not fix the GL(1) gauge globally to zero, instead we can choose the gauge

field such that we can construct a topological number, i.e, the instanton number d. The

instanton number is a not continuous parameter, so the integration on the path integral

after the gauge fixing becomes a discrete sum over the instanton number

[dA]→
∑

Instanton

(5.47)

So the amplitude for N particles becomes

AN =
∑
d

〈c1V1(z1)c1V2(z2)c3V3(z3)

N∏
i=4

∫
dziVi(zi)〉d (5.48)

where 〈 〉d represents the correlation function on a disk with instanton number d. As

we saw, the intanton number changes the conformal weight of ZI hZ = (−d/2, 0). Under

4Recall that in the Bosonic string, the S-matrix for N particles is S(k1, . . . , kN ) =∑
top

∫ [dXdg]
Vdiff×Weyl

exp(−Sx − λχ)
∏N
i=1

∫
d2σig

1/2Vi. Where g is the world-sheet metric, and X is the

matter field. The sum is over different topologies, but in tree level we consider just genus zero surface.
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a coordinate transformation it transforms as

Z ′(z′) = z−dZ(z) for z′ = 1/z (5.49)

To cover the sphere we have to use two coordinate patches u, z and join them by iden-

tifying the points u = 1/z. We can work in the z coordinate all the time and just check

that things behave properly on z → ∞ or u = 0 point. When z → ∞ the equation

(5.49) implies that

ZI(z) =

d∑
n=0

znaIn where aIn are the zero modes (5.50)

recall that I = (α, α̇, A) where (α, α̇) label bosonic states and A fermionic states. This

means that the correlation function involves an integration over 4d + 4 bosonic modes

and 4d+ 4 fermionic modes. We can use the GL(1) to fix one bosonic mode.

Physical states are described by dimension-one fields that are GL(1) invariant. The

Super-Yang-Mills vertex operator is built using a dimension zero-field ϕ(ZI) and a cur-

rent jk, k = 1, . . . , dimG. The function ϕ has to be invariant under the GL(1) scaling

of ZI , i.e, ϕ is invariant under Z → tZ.

Vϕ = jkϕk(Z) (5.51)

The twistor space wavefunction ϕk(Z) of massless Yang-Mills particle is

ϕk(Z) = δ

(
λ2(zr)

λ1(zr)
− π2

r

π1
r

)
exp

(
i
µα̇(zr)

λ1(zr)
π̄rα̇π

1
r

)
φrk (5.52)

where

φrk =

φ
+
rk = (π1

r )
−2A+

rk, for h = +1

φ−rk = (π1
r )
−2
(
ψAr π

1
r

λ1
r

)4
A−rk, for h = −1

(5.53)

Here the external momentum is pαα̇r = παr π̄
α̇
r , and in the signature (2, 2), παr π̄

α̇
r are real

and independent quantities. The Yang-Mills gauge field for the r particle with color

index k is

Aαα̇rk = παsα̇A+
rk + s̄απ̄α̇A−rk (5.54)

such that s̄απα = 1 and sα̇π̄α̇ = 1.

We see that under the scaling of ZI → tZI that is (µ → tµ , λ → tλ, ψ → tψ) the

twistor wavefunction (5.52) is GL(1) invariant. Now under the scaling of the external
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momentum

(π, π̃)→ (tπ, t−1π̃)

the twistor wavefunction scales properly with respect to its helicity (h)φ
+
rk → t−2φ+

rk = t−2hφ+
rk

φ−rk → t+2φ−rk = t−2hφ−rk

(5.55)

For each particle with negative helicity the wave function (5.53) contains four fermionic

variables (ψA)4 = ψ1ψ2ψ3ψ4. The correlation function involves integration over 4d+ 4

fermionic modes − the integral absorbs 4d + 4 fermionic modes. Thus for d = 1 the

fermionic integral is not zero only if you have 8 fermionic variables, that is to say, two

particles with negative helicity. Hence each winding number d calculate a different he-

licity violating amplitude. For N > 3 the amplitude with N positive helicities and

N − 1 positive and 1 negative helicities gives zero. This is the result that we found in

section 2.3 and chapter 3 that the first non-vanishing Yang-Mills amplitude contains

two negative helicities, i.e, the MHV-Amplitude.

The tree amplitude with (N − d − 1) positive helicity particles and d + 1 negative

helicity particles is given by

A(λi, λ̄i, ψi) =
1

V OL(GL(2))

∫
d2d+2a d2d+2b d4d+4γ

∫
dz1 . . .

∫
dzN×

×
N∏
r=1

1

(zr − zr+1 mod N )
Tr [T a1T a2 . . . T an ]φ1φ2 . . . φN×

×
N∏
r=1

exp

(
i
µα̇(zr)

λ1(zr)
π̄rα̇π

1
r

) N∏
r=1

δ

(
λ2(zr)

λ1(zr)
− π2

r

π1
r

) (5.56)

with the zero modes (aαk , b
α̇
k , γ

A
k ) from

λα(z) =
d∑

n=0

aαnzn µα̇(z) =
d∑

n=0

bα̇nzn ψA(z) =
d∑

n=0

γAn zn

the second line come from the current correlation function (5.35) and the Trace is taken

over the Lie Algebra, which gives the color trace in one specific order.

5.2.1 The MHV amplitude from Twistor String

Let us derive the MHV-amplitude A(r−, s−) with the particles s, r with negative helicity

and N − 2 with positive helicity.
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For two negative particles the degree is one (d = 1) and the zero modes are given by

λα(z) = aα + ãαz ; µα̇(z) = bα̇ + b̃α̇z ; ψA(z) = γA + γ̃Az ; (5.57)

It is convenient to rewrite the zero modes using the spacetime and super-space variables

(xαα̇ , θAα). Using the twitor equation µα̇(z) = xαα̇λα, ψA = θAαλα we have:

bα̇ = aαx
αα̇ , b̃xα̇ = ãαx

αα̇ , γA = aαθ
Aα , γ̃A = ãαθ

Aα (5.58)

The SL(2) part of GL(2) can be used to fix tree position of the zr integrals, we usually

pick 0, 1,∞. But it is easy to calculate if we use the SL(2) plus the GL(1) invariance to

set λ1 = 1 and λ2 = z, and then integrate over all the insertions positions for the vertex

operators. The gauge fixing explicitly is a1 = 1, a2 = 0, ã1 = 0 and ã2 = 1. Now the

relation with the new variables and the zero modes becomes:

bα = xα2̇ ; b̃α̇ = x1α̇ ; γA = θA1 ; γ̃A = θA2 (5.59)

So the Jacobian from bα, b̃α̇, γA, γ̃A to (xαα̇, θαα̇) is one. Note that we don’t have any

a′s because we fixed them already. Finally we have

1

V OL(GL(2))

∫
d4a d4b d8γ →

∫
d4xαα̇

∫
d8θAα (5.60)

Under the support of the delta function δ
(
λ2

λ1 − π2

π1

)
and the supertwistor equation

ψA = θAαλα, one can write the negative helicity wavefuntion as

φ− = (π1)−2

(
ψAπ1

λ1

)4

A− = (π1)−2(θAαπα)4A− (5.61)

Just to be clear (θAαπα)4 ≡ θ1απαθ
2βπβθ

3γπγθ
4ρπρ. The wave-function part of the

Amplitude (5.56) becomes

φ1φ2 . . . φs . . . φr . . . φN =

N∏
i=1

(π1
i )
−2 × (θAαs πsα)4(θAαr πrα)4×

×A+
1 A

+
2 . . . A

−
s . . . A

−
r . . . A

+
N (5.62)
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Using the Twistor equation µα̇(z) = xαα̇λα(z) and the support of the delta function5

we can write the exponential part of the Amplitude (5.56) as

N∏
r=1

exp
(
ixαα̇π̄rα̇πrα

)
= exp

(
ixαα̇

N∑
r=1

π̄rα̇πrα

)
(5.63)

note that this is almost the conservation of external momentum delta function, we just

have to integrate over xαα̇. Another useful variable to introduce is

ur =
λ2
r

λ1
r

=
a2 + ã2zr
a1 + ã1zr

(5.64)

Note that I didn’t use the gauge fixing for a′s, ã′s here, just to show that this is indepen-

dent of the gauge choice. Let us rename a′s and ã′s so that the manipulations becomes

more clear, such that

ur =
b+ azr
d+ czr

;
∂ur
∂zn

=
ad− bc

(czn + d)2
(5.65)

The z′s denominator in term of u′s are

N∏
r=1

1

(zr − zr+1 mod N )
=

N∏
r=1

1

(ur − ur+1 mod N )
×

N∏
i=1

(czi + d)2

(ad− bc)
(5.66)

The Jacobian J from dz1 . . . dzN → Jdu1 . . . duN is J = det(∂ur∂zn
) =

∏N
i=1

ad−bc
(czn+d)2 so the

extra part (5.66) cancels out, and we get

du1 . . . duN

N∏
r=1

1

(ur − ur+1 mod N )
(5.67)

Connecting the pieces (5.60)-(5.62)-(5.63)-(5.67) we can write the amplitude as

A(λi, λ̄i, ψi) =

∫
d4x

∫
d8θ

∫
du1 . . .

∫
duN

N∏
r=1

1

(ur − ur+1 mod N )
δ

(
ur −

π2
r

π1
r

)
×

× exp

(
ixαα̇

N∑
r=1

π̄rα̇πrα

)
N∏
i=1

(π1
i )
−2 × (θAαs πsα)4(θAαr πrα)4

× Tr [T a1T a2 . . . T an ] (A+
1 A

+
2 . . . A

−
s . . . A

−
r . . . A

+
N )

(5.68)

5To see this just plug xαα̇λα and open in components and use π1 λ2

λ1 = π2
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Now is fairly easy to do the rest of the derivation. The conservation of momentum delta

function appears as expected.

δ4

(
N∑
r=1

pr

)
=

∫
d4x exp

(
ixαα̇

N∑
r=1

π̄rα̇πrα

)
(5.69)

Recall the clean notation 〈i, j〉 ≡ εαβπαi π
β
j with ε12 = −1. Then using the delta function

we get the usual MHV factor

N∏
r=1

1

(ur − ur+1 mod N )
=

N∏
r=1

(π1
r )

2

〈r, r + 1〉
(5.70)

where the extra term in the numerator cancels out the inverse term in the amplitude

(5.68)( (π1
r )

2(π1
r )
−2 = 1 ). The fermionic integral gives the MHV numerator 6

∫
d8θ(θAαs πsα)4(θAαr πrα)4 = 〈r, s〉4 (5.71)

Collecting everything we get the familiar MHV-amplitude (without the color trace)

A(r−, s−) = δ4

(
N∑
r=1

pr

)
〈r, s〉4

〈1, 2〉〈2, 3〉 . . . 〈N, 1〉
(5.72)

Indeed the formula (5.56) reproduces the MHV amplitude. As we saw for each

negative gluon that we add we have to increase the degree d. The relation between the

MHV amplitude (n − 2 positive gluons and 2 negative gluons) and the googly MHV

(n − 2 negative gluons and 2 positive gluons) is just the complex conjugation(〈ij〉∗ =

[ij] ≡ εα̇β̇λ̄α̇λ̄β̇). But the in the twistor formula this relation is not apparently. The

integration is over different degrees. The googly amplitude was calculated in [22, 23],

where they Fourier transform µ→ λ̄ in (5.56).

5.3 Conformal Supergravity

As we saw the correlation function (5.36) has double-trace contributions. These con-

tributions turns out to be related to exchange of conformal supergravity states. The

open twistor string also have vertex operators that represents conformal supergravity.

This section is dedicated to introduce these vertex operators and show that conformal

supergravity arises from the double-trace amplitudes.

6using that θ1βθ1γ = (θ1 · θ1) 1
2
εβγ and

∫
dθ11dθ12(θ1 · θ1) 1

2
εβγ = εβγ
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5.3.1 Conformal supergravity vertex

One can also construct these dimension one vertex operators

Vf =WIf
I(Z), Vg = gI(Z)∂ZI (5.73)

which turns out to describe conformal supergravity. They have dimension one since WI

and ∂ZI have dimension one. The field f I has +1 GL(1) charge (it scales f → tf under

Z → tZ) and gI has −1 charge (scales as g → t−1g). To be primary fields with respect

to T and J , f I and gI must satisfy

∂If
I = 0, ZIgI = 0. (5.74)

These field also have a gauge invariance

δf I = ZIΛ, δgI = ∂Iχ (5.75)

since

δVf =WIZIΛ = J−1Λ and δVg = ∂ZI∂Iχ = T−1χ (5.76)

are null states.

Now we show that both the vertex operators (5.73) indeed describes the spectrum of

conformal supergravity. The first thing we need is that a function of the homogeneous

coordinates ZI of twistor space that is homogeneous in ZI of degree k describes a

massless state in Minkowski spacetime of helicity h = 1 + k/2. As we saw the wave

function ϕ(Z) was homogeneous of degree zero and describes the gluons with helicity

h = 1 + 0/2 = 1.

First let us start with the homogeneous degree one field f I(Z), and set ψA = 0.

Recall that index I runs from four bosonic states I = (α, α̇), and four fermionic states

I = A. For each value of I, f I(Z) describes four bosonic and four fermionic helicity

states, with h = 3/2. But we have ignored the spin carried by the index I. For the

indices I = (α, α̇) the field f I describes two states with helicity h = 1/2 and two

with h = −1/2, as we saw how a spinor transforms under a Lorentz transformation in

chapter 2. Thus we get two bosonic states with h = 3/2+1/2 = 2 and two bosonic states

with h = 3/2 − 1/2 = 1. The fermionic index A carries information how it transforms

under the SU(4)R symmetry group. We get four fermionic states that transform in the

fundamental of SU(4)R with h = 3/2.

The gauge invariance f I → ZIΛ implies that we have to remove a state described by

homogeneous function Λ of degree one, that is to say, remove one bosonic h = 1 state.
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The constrain ∂If
I also removes another bosonic h = 1 state. Thus after removing

these two, we are left with two bosonic states of h = 2 and four fermionic states that

transform in the fundamental of SU(4)R with h = 3/2 for ψA = 0. The get the full

spectrum, we expand in powers of ψ.

f I(λ, µ, ψ) = f I0 (λ, µ) + · · ·+ f I4 (λ, µ)ψ4 (5.77)

where f Ik has degree 1−k. If we take in to account the index I = (α, α̇) we get helicities

h = 2, 1, 0,−1. The helicities 1,−1 are removed using the constrains. So we have a

massless spin +2 and a scalar, plus other states from the dots in (5.77).

One can do the same analysis for gI field

gI(λ, µ, ψ) = gI0(λ, µ) + · · ·+ gI4(λ, µ)ψ4 (5.78)

where gIk has degree −1 − k. In the end we get massless spin −2 and a scalar h = 0.

Doing the analysis more carefully one finds that the massless fields describes by gI have

opposite helicities and conjugate SU(4)R representations from those described by f I .

5.3.2 Linearized conformal supergravity

At the lineareized level, N = 4 conformal supergravity can be described off-shell by a

chiral scalar superfield W(xαα̇, θAα , θ̄
α̇
A) which satisfies the condition

εABCDDα
CDEαDDβD

β
FW = εEFGHD̄

α̇AD̄G
α̇ D̄

B
β̇
D̄β̇HW̄ (5.79)

Here Dα
A and D̄A

α̇ are the usual superspace derivatives. It is convenient to choose co-

ordinates such that D̄A
α̇ = ∂

∂θ̄α̇A
, so the chiral condition D̄A

α̇W = 0, implies that W is

independent of θ̄α̇A. The component field expation of W is

W(x, θ) = C + a bunch of terms + θ8(∂m∂
m)2C̄. (5.80)

Of course this is a super simplified expansion, but I am interest in the scalar field only.

The linearized action for N = 4 conformal supergravity is

S =

∫
d4x

∫
d8θW2 =

∫
d4x

[
C(∂m∂

m)2C̄ + . . .
]

(5.81)

The scalar propagator ∝ 1
k4 is going to be important on the double-trace amplitudes.

To Support the idea that the supergravity states contribute to double-trace amplitudes,
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let us analyze the four-gluon amplitude. Consider theA(1+, 2+, 3−, 4−), from the double-

trace contribution of the correlation function (5.36) one finds

A(1+, 2+, 3−, 4−) = 〈λ3, λ4〉4 ×
Tr[T 1T 2]

〈λ1, λ2〉2
× Tr[T 3T 4]

〈λ3, λ4〉2
(5.82)

Now if we consider k2 = (p1 + p2)2 = 2p1 · p2 = 2〈λ1, λ2〉[λ1, λ2] from (2.9). The

amplitude become

A(1+, 2+, 3−, 4−) = Tr[T 1T 2]Tr[T 3T 4]× 〈λ3, λ4〉2[λ1, λ2]2

k4
(5.83)

This amplitude represents the exchange of the superconformal scalar field C, C̄ with

the coupling CTr[FmnF
mn], from the channel 12 → 34 see figure 5.1. Indeed with the

polarization contractions ε+1 · ε
+
2 = k2[λ1, λ2]2 and ε−3 · ε

−
4 = 〈λ3, λ4〉2/k2 and the scalar

propagator CC̄ = 1
k4 we get (5.83) . There is a similar analyzes for the graviton, that

contributes with the double-trace amplitude A(1+, 2−, 3+, 4−), but it is a little more

difficult, so for simplicity we choose to look on the scalar field only.

Figure 5.1: A double trace contribution coming from the exchange of conformal
supergravity scalar in the 12 → 34 channel. In the right diagram, a single trace loop

level contribution.

At tree level we can extract Yang-Mills amplitudes by considering only single-trace

amplitudes. However at loop level single-trace diagrams can be produced by conformal

supergravity states, so the presence of conformal supergravity (5.73) in the twistor string

theory, is the first sign of difficult to calculate loop amplitude in SYM using twistor

strings. Since Yang-Mills theory makes sense without conformal supergravity, it is likely

that there is a twistor string theory that is dual to pure Yang-Mills theory. It would be

very exciting to find such theory.



Chapter 6

Perspectives for the future

The reason, the goal and the difficulty

As we saw in chapter 5 super-twistors have played an important role in simplifying

the computation of d = 4 super-Yang-Mills scattering amplitudes, where in a single

formula (5.56) we have a way to calculate MHV and non-MHV super-Yang-Mills tree

amplitudes. After Witten original idea of twistor string theory [2], further developed

was done in a series of papers[5–9] and drastically simplified the conventional Feynman

diagram techniques for SYM and super-gravity. These twistor strings are specific to its

own theories and it remains unclear how to extend them to other theories, or if it is

valid for loop amplitudes.

In 2013, in the remarkable series of papers [24–27] , Cachazo, He and Yuan have

presented analogous formulae based on d = 4 twistor-inspired ideia in [7], but extended

to describe scattering of massless particles of spins 0, 1 or 2 in arbitrary dimension. So

we can express tree-level amplitudes for SYM and super-gravity in any dimension in an

elegant form using the results of Cachazo, He and Yuan. In the same year Mason and

Skinner [28] presented a family of string theories (Type II version, Heterotic version)

that in the infinite tension limit (or α′ → 0 limit) reproduces the Cachazo, He and Yuan

formulae for some amplitudes in d = 10. Soon after Nathan Berkovits constructed [29]

the pure spinor infinity tension limit of the Mason and Skinner superstring.

The pure spinor string can calculate all the d = 10 SYM and supergravity amplitudes.

The construction mirrors the Mason-Skinner approach and starts with the pure spinor

version of the d = 10 N = 1 and N = 2 superparticle action. The advantage of the pure

spinor formalism is that spacetime-supersymmetry is manifest. In principle one could

use this string theory to go beyond the tree-level and calculate the loop amplitudes.

Mason-Monteiro-Geyer-Tourkine have some papers [30, 31] that present some formulas
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for loop amplitudes. A good open problem is to calculate loop amplitudes using the

pure spinor approach in this infinity tension limit. However, there are two reasons to

suspect this will be difficult. First SYM and super-gravity in d = 10 have ultraviolet

divergences. Secondly the fact that this string theory depended on only holomorphic

world-sheet variables remember the same problem mention in end of chapter 5 with the

open twistor string theory [10].

Furthermore the Cachazo-He-Yuan results that were based on twistor string ideas,

and their SYM and super-gravity formulae in d = 10 can be useful to understand the re-

lation between pure spinors and Nathan’s d = 10 supertwistors [32]. In the supertwistor

paper, he found a relation between the twistor superfield Φ(Z) and the ten-dimensional

SYM vertex operator λαAα(x, θ) . This vertex operator is the same one that appears

in the superstring pure spinor formalism, but in super-Yang-Mills case the momentum

spinor play the role of pure spinor ghost. There is little discussion on super-twistors

in higher dimensions [33], but it is worth noticing that superstring theory, and twistor

theory have similar features [34]. Thus a future goal is to study the pure spinor and

twistor strings and try to relate them using the Cachazo-He-Yuan amplitudes as links.



Appendix A

Dotted or Undotted

This appendix it’s aimed to set up the conventions/notation that I will use in the rest

of the thesis and to refresh the reader some topics. The metric is the mostly plus

η = (− + ++). The notation will be the same as the book Wess & Bagger [13]. If

the reader is not familiar with these concepts keep going that in the end I will make a

connection with the usual Dirac stuff.

Let M be a two-by-two matrix with det M = 1, i.e. M ∈ SL(2, C), this are ma-

trices with complex values and unit determinant. One thing to note, is the number of

generators of this group. We have 4 complex entries (8 real) and the constrain from

the unit determinant give two equations (real part = 1 and imaginary = 0). Thus we

have 8− 2 = 6 generators, the same as our old friend The Lorentz Group SO(3, 1) with

3 boosts + 3 rotations. Now we introduce the the dotted and undotted indices. The

spinor with dotted indices transform under the (0, 1/2) representation of Lorentz group

and spinor with undotted indices transform under (1/2, 0) conjugate representation.The

spinor indices take values α = 1, 2 α̇ = 1̇, 2̇.

ψ
′
α = M β

α ψβ ; ψ
′α = (M−1) α

β ψβ (A.1a)

ψ̄
′
α̇ = (M∗) β̇

α̇ ψ̄β̇ ; ψ̄
′α̇ = (M∗)−1 α̇

β̇
ψ̄β̇ (A.1b)

We have two indices (dotted and undotted) the two representation are inequivalent, i.e.

we can not find a matrix C such that M = CM∗C−1. But the two representation in

(A.1a) are equivalent, thus exist a matrix ε such that M = εM−1T ε−1. Hang on that

we will see what it is this matrix . The same is valid for the two transformation with

dotted indices.
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We recall that any 2 × 2 matrix can be written as linear combination of the Pauli

matrices plus the identity. Let me call this basis as σm = (−I, ~σ), where m = 0, ..., 3.

P = Pmσ
m = −IP0 + ~P · ~σ =

(
−P0 + P3 P1 − iP2

P1 + iP2 −P0 − P3

)
(A.2)

We can see that P is hermitian (P = P†). A nice property of the matrix P is that

det P = P 2
0 − ~P · ~P = −ηmnPmPn. Using the fact that P is hermitian we can write

another matrix P′ as:

P′ = MPM† (A.3)

P′
†

= (MPM†)† = MPM† = P′ (A.4)

Both P′ and P can be written as linear combination of σm. The determinant of P′

(because the determinant of M is one and det[ABC] = det[A] det[B] det[C]) is equal to

the determinant of P′.

det P′ = −ηmnP ′mP
′
n = −ηmnPmPn (A.5)

Now we start to see the connection between the Lorentz group and this matrices.This

transformation correspond to a Lorentz transformation, that’s cool. Before we continue

let’s appreciate what we have done. We stared defining a 2 × 2 matrix M that had

determinant one (you could say unimodular), and we noted that any 2 × 2 hermitian

matrix P could be expanded as a linear combination of σm and the determinant of

this was the inner product of a Lorentz four vector, i.e, ηmnPmPn. Finally we found a

transformation that is the same as the Lorentz Transformation.

Lets take a look on the index structure of P. From (A.1a) that M† ≡ (MT)∗ =

((M β
α )T )∗ = (Mβ

α)∗ = M β̇
α̇. Thus we can rewrite (A.3) as:

P
′
αα̇ = M β

α Pββ̇M
β̇
α̇ (A.6)

The index structure of the Pauli matrices is : σm = σmαα̇. Note that we use Latin indices

for vectors and tensors and Greek indices for spinors. Now we return to the matrix ε

that relate the two equivalent representation (A.1a).
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Let

ε = (εαβ) =

(
ε11 ε12

ε21 ε22

)
=

(
0 −1

1 0

)
(A.7)

ε−1 = (εαβ) =

(
ε11 ε12

ε21 ε22

)
=

(
0 1

−1 0

)
(A.8)

with this matrix one can just plug in M−1T = εMε−1 and check that works. The εαβ

and εαβ are antisymmetric tensors, and satisfy det ε = 1 and εαβε
βγ = δ γ

α . we can write

M−1T = εMε−1 with indices :

εαβM γ
β εγρ = (M−1T ) α

ρ = (M−1)αρ (A.9)

ψ
′α = (M−1)αρψ

ρ = εαβM γ
β (εγρψ

ρ) (A.10)

(εβαψ
′α) = M γ

β (εγρψ
ρ) (A.11)

Thus εγρψ
ρ transform as ψγ and the ε tensor can be used to lower and raise indices:

ψγ = εγρψ
ρ ; ψγ = εγρψρ (A.12)

Every thing that we have done for undotted indices can be done similar for dotted.

We are almost ready to see the connection to Dirac usual spinor. Before to do we take

a look on some identities of the Pauli matrix. If we define another Pauli basis:

σ̄m = (−I,−~σ) (A.13a)

with indices

(σ̄m)α̇α = εα̇β̇εαβ(σm)ββ̇ (A.13b)

we have some important identities:

σ(mσ̄n) = (σmσ̄n + σnσ̄m) β
α = −2ηmnδ β

α (A.14a)

σ̄(mσn) = (σ̄mσn + σ̄nσm) β̇
α̇ = −2ηmnδ β̇

α̇ (A.14b)

and

Tr σmσ̄n = −2ηmn (A.15a)

(σm)αα̇(σ̄m)β̇β = −2δ β̇
α̇ δ β

α (A.15b)
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Now we can easy go back and forth between Lorentz indices and bispinor indices

(m↔ αα̇ ):

pαα̇ = pm(σm)αα̇ ; pm = −1

2
(σ̄m)β̇βpββ̇ (A.16)

As I promise, let’s see the connection with the usual Dirac matrices and spinors. The

Clifford algebra is (in the (−,+ + +) metric):

{Γm,Γn} = −2Iηmn (A.17)

In the Weyl basis the gamma matrix is :

Γm =

(
0 σm

σ̄m 0

)
(A.18)

One can easily see that this gamma matrix satisfy the Clifford algebra (A.17). The

gamma matrix act on a 4 components spinor with index structure:

Ψ =

(
ψα

χ̄α̇

)
One can write the Dirac equation:

(Γm∂m +m)Ψ = 0 (A.19a)

and in the weyl basis

((σ̄m)α̇α∂m +m)ψα = 0 (A.19b)

((σm)αα̇∂m +m)χ̄α̇ = 0 (A.19c)

Remember also that the Lorentz generators were given by Smn = 1
4 [Γm,Γn], and the

Dirac component spinor transform as Ψ → exp(1
2ωmnS

mn)Ψ. Then the Lorentz group

generator in the spinor representation become:

(σmn) β
α =

1

4
(σmσ̄n − σnσ̄m) β

α (A.20a)

(σ̄mn)α̇
β̇

=
1

4
(σ̄mσn − σ̄nσm)α̇

β̇
(A.20b)



Dotted or Undotted 62

These matrices seems strange when one looks for the first time, remember they are

made of Pauli Matrices, in particular:

σij = σ̄ij = − i
2
εijkσk and σ0i = −σ̄0i =

1

2
σi

these are rotations and boost respectively. The εijk is the usual Levi-Civita symbol,

and i, j, k = 1, 2, 3 with ε123 = 1. Note that rotations act the same in booth spinors as

opposed for boost. The Lorentz transformation acts as:

ψ
′
α = (e

1
2
ωmnσmn) β

α ψβ (A.21)

ψ̄
′α̇ = (e

1
2
ωmnσ̄mn)α̇

β̇
ψ̄β̇ (A.22)

Now let’s make some checks and see that with these Lorentz transformation we get

the right answers. We know what a rotation does on a vector Pm. Then if we use (A.3)

and multiply by σ̄m and take the trace using (A.15a) we get:

P
′m = −1

2
Tr[σ̄mMσnM†]Pn (A.23)

If we choose a rotation on z-axis:

M = eω12σ12
= e

i
2
θσ3

= I cos(θ/2) + iσ3 sin(θ/2)

where we used the fact ω12 = −ω21 that kills the 1/2 in (A.21) and then we choose

ω12 = −θ. Now that we have all the elements we can express (A.23) as:

P
′m = Pm cos2(θ/2)− 1

2
Pn sin2(θ/2)Tr[σ̄mσ3σnσ3]− i

2
sin(θ/2) cos(θ/2)PnTr[σ̄m[σ3, σn]]

(A.24)

with this expression and plus some sigma Trace identities and trigonometric one find:

P
′0 = P 0 ; ~P

′
=


cos(θ) sin(θ) 0

− sin(θ) cos(θ) 0

0 0 1

 ~P (A.25)

That’s our rotation matrix, it worked! Let me say the trivial fact that if θ = 2π

then ~P
′

= ~P . Now we do the same trivial statement for a spinor, under a full rotation

ψ
′

= e
i
2

2πσ3
ψ = −ψ, that’s another way to see that it’s ψ has spin 1/2.
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