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Abstract

A new adaptive concurrent multiscale approach for modeling concrete that contemplates two well separated scales (represented
by two different meshes) is proposed in this paper. The macroscale stress distribution is used as an indicator to identify critical
regions (where the material is prone to degrade) with the explicit aim to enrich these zones with detailed mesoscale material
information comprising three basic phases: coarse aggregates, mortar matrix and interfacial transition zone. Thus, the concrete
initially idealized as a homogeneous material is gradually replaced and enhanced by a heterogeneous multiphase one. This
technique is particularly powerful to handle cases where the region with nonlinear behavior is not easy to anticipate. Furthermore,
the proposed approach does not require the definition of a periodic cell (or a RVE), and the meshes from distinct scales are
totally independent. The new adaptive mesh technique is based on the use of coupling finite elements to enforce the continuity
of displacements between the non-matching meshes associated with the two different scales of analysis. Besides that, mesh
fragmentation concepts are incorporated to simulate the crack formation and propagation at the mesoscopic scale, without the
need of defining complex and CPU-time demanding crack-tracking algorithms. The strategy is developed integrally within
the framework of continuum mechanics, which represents an advantage with respect to other approaches based on discrete
traction/separation-law. Numerical examples with complex crack patterns are conducted to validate the proposed multiscale
approach. Furthermore, the efficiency and accuracy of the novel technique are compared against full mesoscale and standard
concurrent multiscale models, showing excellent results.
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1. Introduction

The process of initiation and propagation of cracks in heterogeneous materials like concrete is a multiscale
phenomenon. The local damage on a structural member is the result of physical processes occurring at a lower scale,
identified hereafter as the mesoscale that involves: coarse aggregates, mortar matrix and an interfacial transition zone
(ITZ). This multiphase meso-level dictates the fracture properties of the material. The properties of the individual
mesoscale components (and their mutual interactions) play a critical role in the crack formation and subsequent
propagation, as well as in the global mechanical behavior of the concrete [1,2]. In spite of some satisfactory results
obtained with macroscopic constitutive models, it seems they are not the best option to assist a reliable understanding
of this problem. The main drawback associated with macroscopic models is related to their limitations to include the
effects of the mesoscale in the macroscopic response.

The use of multiscale models has been gaining progressively more prominence, particularly when trying to
understand better the material trans-scale failure phenomenon [3–13]. In these models, the macroscopic problem
is mainly controlled by the mechanical behavior of the material structure (e.g. the degradation of the micro and
meso constituents is translated into loss of stiffness and energy dissipation). Hierarchical and concurrent multiscale
approaches have been successfully used to model the nonlinear behavior of concrete structures [14]. These methods
were initially based on two main concepts: scale separation and representative volume element (RVE) [15–20].
Distinct scale models are sequentially coupled in a continuous interaction between them. Two interacting processes
are generally involved in this type of analysis: (i) the localization process, in which the coarser-scale response
is transferred to the finer-scale material model to evaluate the behavior of the material structure, and (ii) the
homogenization process, where the information from the finer structure is upscaled (to feed the constitutive equations
related to the coarser-scale), to solve the macroscale problem [21]. This interaction characterizes the trans-scale
process, where the nonlinear behavior occurring in the finer-scale controls the coarser-scale response, at the same
time the boundary conditions at the macroscale affect the failure process taking place at the finer-scale. Usually
this technique is known as F E2 multiscale method because there is a finite element (FE) model inside another FE
model [22]. Therefore, for each integration point of the macroscopic (global) FE mesh, a RVE analysis is conducted,
and the homogenized response is returned up to the macroscale model.

One of the main challenges associated with the FE modeling of heterogeneous materials (e.g. concrete)
incorporating mesoscale effects is to accurately represent the internal material structure using the current computer
power. For example, analyses involving small concrete specimens (i.e. reduce scale experiments or similar), have been
conducted based on a purely mesoscale approach to represent the material structure [2,23–27]. The excellent results
obtained in these studies show that mesoscopic models are very useful for studying the influence of the concrete
internal-structure (i.e. coarse aggregates, mortar matrix and the ITZ) on the macroscopic response. However, the very
fine mesh necessary to conduct this type of analysis increases dramatically the computational effort (i.e. CPU time
and memory requirements), which makes practically prohibitive the modeling of engineering problems using a pure
mesoscale approach.

In the concurrent multiscale model the structure is generally divided into two main subdomains: (i) “critical” zones
(i.e. regions where inelastic processes are anticipated), and (ii) “undamage” zones. The explicit representation of the
concrete mesoscale circumscribes to those sub-domains where the nonlinear behavior is expected (i.e. critical regions).
Both scales are solved simultaneously, resulting in a strong coupling between them [17,28,14]. An advantage of this
method is that the definition of a RVE is not necessary. However, an efficient scheme to couple the non-matching
meshes is needed to enforce global equilibrium and displacements compatibility between the subdomains, aspect that
can be very challenging. Another advantage of this kind of approach is that the failure of the material can be explicitly
simulated. Furthermore, accurate results in terms of both, crack initiation and propagation can be achieved. However,
as pointed out by [17], the subdomains not only differ in terms of mesh refinement (i.e. a much finer mesh is required
to represent the mesoscale), but also in terms of constitutive modeling (i.e. the behavior of each phase of the proposed
material needs to be properly reproduced).

The finer-scale subdomains in concurrent multiscale models can be defined a priori to reduce the numerical effort
and memory demand. These models are called explicit direct multiscale models and the most difficult task is to
anticipate the regions that will present a nonlinear behavior to introduce there the refined scale mesh. To circumvent
this problem, a number of adaptive multiscale models have been proposed [25,29–33]. In these models, the finer-scale
region is not pre-defined but incorporated during the nonlinear simulation. The adaptive schemes are not new and they
are not restricted to multiscale techniques. Mesh adaptation procedures, for example the h-p-adaptation method, has
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been successfully applied to minimize the computational cost and the discretization error in computational mechanics
[34].

In the multiscale context, the adaptive procedure can be used to enrich the modeling or to improve the
computational efficiency. Based on appropriate adaptive indicators, the coarser-scale can be replaced by the finer-
scale in the critical regions only. In general, these adaptive multiscale approaches are formulated using two or even
three scales by using the concept of non-overlapping subdomains together with coexisting periodic cells or RVE [29].
Those subdomains where the adopted criterion is violated are replaced by the corresponding periodic cell or RVE.
As a consequence of the adaptation process, several new meshes will appear in the critical regions and a coupling
technique is needed to connect these independent subdomains. The Lagrange multipliers technique [35–37] is usually
adopted to ensure the correct continuity and compatibility conditions at the non-matching interfaces between them.
This technique introduces extra unknowns to the system of equations associated with the Lagrange multipliers that
increases the numerical effort and memory demand. Moreover, as a consequence of the coexisting periodic cells or
RVEs, regular subdomains need to be defined.

This paper proposes an alternative adaptive concurrent multiscale model for concrete. In this model the material
is represented by two well separated scales in a concurrent manner. The macroscale considers the concrete as a
homogeneous single-phase material (i.e. the internal structure is disregarded at this level), while the mesoscale
contemplates the typical three phases observed in concrete, namely: coarse aggregates, mortar matrix and the
ITZ. During the numerical analysis, the homogenized macroscale FE mesh is upgraded with information from the
mesoscale in those critical regions identified by a macroscopic indicator. Consequently, the macroscopic mesh is
automatically replaced by a mesoscopic one in those zones where the nonlinear behavior is imminent. The main
novelty of the proposed technique is the introduction of coupling finite elements proposed by [38] for connecting non-
matching meshes from macro and mesoscale regions. This technique ensures the continuity of displacements between
independent and concurrent meshes (i.e. macroscale and mesoscale meshes), without increasing the total number of
degrees of freedom of the problem. Moreover, periodic cells or RVEs are not required in this method. All the nonlinear
behavior of the material is explicitly ascribed to the mesoscopic level, applying the approach proposed by Rodrigues
et al. [26] based on the mesh fragmentation technique (MFT) proposed by Manzoli and collaborators [39,40]. Thus,
the analyses are conducted integrally in the context of the continuum mechanics. Furthermore, the formation and
propagation of complex and arbitrary cracks can be simulated without the need of tracking algorithms.

The remainder of this paper is organized as follows. An overview and the main aspects of the proposed adaptive
concurrent multiscale technique are presented in Section 2. Section 3 details the main ingredients of the mesoscopic
model used to simulate the crack formation and propagation based on the MFT. In Section 4 three numerical analyses
are conducted in order to validate the proposed approach. Finally, a summary and the main conclusions are presented
in Section 5.

2. Adaptive concurrent multiscale model for concrete

This section presents the proposed adaptive concurrent multiscale model for concrete.

2.1. An overview

Let us consider the problem depicted in Fig. 1(a), in which a prescribed displacement field is imposed on a concrete
specimen. The first step to capture the crack propagation process consists in the discretization of the problem in two
(initially independent) FE meshes. The coarse mesh is adopted to represent the material behavior at the macroscale
(Fig. 1(b)), which is assumed to be linear elastic and based on effective (or homogenized) material properties. The
fine mesh (i.e. Fig. 1(c)) represents the mesoscale with the associated heterogeneities of the concrete. As it can be
seen in Fig. 1(d), the idea is to create two layers with independent meshes (associated with the two material scales),
which will be combined based on the stress-dependent evolution laws to construct the concurrent multiscale model.

Thus, based on the macro and mesoscopic meshes discussed above, the proposed adaptive concurrent multiscale
model can be described according to the flowchart shown in Fig. 2 consisting of the following main steps:

1. During the first loading step of the analysis, the entire domain is represented by the macroscopic mesh and a
linear elastic solution is obtained.
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Fig. 1. Proposed adaptive concurrent multiscale model.

2. During the second loading stage (and at the beginning of each subsequent loading step), an appropriate adaptive
scale-change criterion is checked at each integration point of the macroscopic elements (see Section 2.2 for
details about the adopted adaptive mesh criterion).

3. If at any integration point of a macroscopic element, the adaptive scale-change criterion is violated, this element
is deactivated and replaced by the corresponding mesoscopic mesh that has at least one node that belongs to the
domain of the macroscopic element that is being deactivated.

4. To enforce the equilibrium and ensure the displacement compatibility between the non-matching meshes from
the distinct scales, coupling elements are introduced to connect macro and mesoscopic meshes (Fig. 1(e)).

5. Finally, once the concurrent multiscale model (at a given loading step) is completed, the converged solution is
obtained and the maximum positive principal stress (σmax) associated with each macroscopic element is stored
to be used in the next step to check the scale-change criterion.

The mesoscale mesh can be generated either prior to run the case (as it was described above) or, as the analysis
evolves, the new mesh can be generated and inserted in those zones where it is necessary to include it. The first option
was selected in this work to save the computational time associated with the interruptions required in the second
option for the generation and upgrading of the mesh in the selected zones. The procedure adopted here looks like
more efficient in terms of processing time, at least for the size of the problems considered in this research. However,
for problems involving a large number of degrees of freedom (i.e. large scale engineering structures), it is possible
that an adaptive strategy to generate the new meshes as the loading process progresses may be more efficient. This is
an interesting research area to be explored in the future.
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Fig. 2. Flowchart of the proposed adaptive concurrent multiscale model.

An advantage of the proposed approach is that there are no requirements with respect to mesh alignment, it is not
necessary to enforce coincidence of nodes between macro and meso discretizations.

A possible drawback of this method is that eventual mesh overlaps between macro and meso discretizations
may introduce spurious change in the global stiffness matrix. However, this problem can be certainly minimized
by increasing the mesh refinement of the mesoscopic model.

2.2. Adaptive mesh criterion

An adaptive scale-change criterion is defined to update the model in the critical regions from the macroscale to the
mesoscale to capture the crack propagation process considering the material internal structure. Therefore, from the
second loading step onward (see flowchart in Fig. 2), the following equation is checked:

F
(
σmax, Ftadap

)
= σmax − Ftadap < 0 (1)

where the critical regions at macroscale domain are defined by the difference between the maximum positive principal
stress (σmax) calculated in the previous step and the adaptive mesh predictor (Ftadap). In the context of this work, the
adaptive mesh predictor will be defined as a function of the concrete tensile strength.

The damage process tends to initiate in the ITZ. Therefore, the adaptive indicator (based on the maximum positive
principal stress of the macroscopic mesh) should preferable assume values that are close to the tensile strength of the
ITZ or between the ITZ and matrix tensile strength. On one hand, if it is assumed that the adaptive indicator is smaller
than the ITZ strength, the mesoscale mesh will be activated well before any failure occurs. This creates a very large
region of the macroscopic mesh to be replaced by the mesoscopic one. On the other hand, if higher values than the
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Fig. 3. Mesoscopic model based on the mesh fragmentation technique (MFT): (a) fragmented mesh, (b) matrix-aggregate and matrix–matrix
interface representations and (c) finite element with high aspect ratio.

tensile strength of the matrix are assumed for the adaptive indicator, the mesoscopic mesh may be activated in a very
restricted region. However, the mesoscale damage process can be in a very advanced stage, which may negatively
affect the simulation of actual failure process.

Note that the adapted adaptive criterion is based on the previous stress state of the macroscopic finite elements
only. However, other criteria to transfer the macroscale to the mesoscale domain could be adopted. For example,
as proposed by [25], the criterion can be based on a combination of the maximum principal positive stress for the
macroscale with the spatial distribution of damage on the mesoscopic mesh that is already activated.

2.3. Mesoscopic model

The mesoscopic scale is represented by the approach proposed in [26] based on the fragmentation tech-
nique [40,39], which consists in the insertion of FE with high aspect ratio HAR [41] between all the bulk finite
elements. These interface elements play a critical role to model the mesoscale behavior because they concentrate all
the non-linear behavior of the material, which allows simulating the crack propagation process on the matrix and also
between the bulk matrix and the aggregate elements (i.e. representing the complex behavior of the ITZ). Fig. 3(a)
shows the fragmented mesh and Fig. 3(b) illustrates the two embedded aggregates with the surrounding ITZ interface
elements. To keep this figure readable, the interface elements are much bigger than the ones actually implemented.
Fig. 3(c) presents a HAR element.

The basic formulation of the interface finite element and the continuum damage model adopted to describe the
material behavior are described in the following sections. More details about the MFT and the mesoscale model can
be found elsewhere (e.g. [40,39,26]).

The damage criterion of the interface elements defines the crack initiation in the mesoscopic model. This damage
criterion is based on the tensile stress normal to the interface elements (see Section 3.1.1) indicating damage evolution
and the corresponding dissipation process when the tensile stress reaches the tensile strength of the concrete. To obtain
a good correspondence with the damage criterion of the mesoscopic model, the adaptive scale-change indicator is
based on the maximum positive principal stress of the macroscopic mesh.
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Fig. 4. Coupling technique based on the use of coupling finite elements to connect the non-matching meshes of the macroscopic (ΩM AC RO ) and
mesoscopic (Ωmeso) domains: (a) insertion of CFEs at a loading step, (b) details of the floating nodes (C1, C2, C3 and C4) on the domain of the
base element F EΩM AC RO = {k, l, m} and (c) CFEs inserted in the mesh.

2.4. Coupling the macroscopic and mesoscopic meshes

The strategy proposed by [38] for coupling non-matching meshes is adopted in this paper to couple the concurrent
macro and mesoscopic meshes at each loading step during the nonlinear regime. This technique is based on the use
of coupling finite elements (CFEs), which can be derived from a standard isoparametric FE with an additional node,
called coupling node (Cnode).

Fig. 4(a) shows the insertion of CFEs (i.e. green elements) to couple the domain of the macroscopic (ΩM AC RO )
and mesoscopic (Ωmeso) meshes at the last loading step presented in Fig. 1. A four-noded triangular coupling FE is
introduced for each “floating node” (also known as “loose node”, it corresponds to those nodes of the mesoscale mesh
that do not have a corresponding one in the macroscale mesh) of the mesoscopic domain. Fig. 4(b) depicts the three-
noded triangular finite element F EΩM AC RO = {k, l, m} that is the base element to construct the following four coupling
finite elements: C F E1 = {k, l, m, C1}, C F E2 = {k, l, m, C2}, C F E3 = {k, l, m, C3} and C F E4 = {k, l, m, C4}

(Fig. 4(c)). Each CFE has three nodes that are identical to an underlying FE of the macroscopic mesh (ΩM AC RO )
and an extra node coinciding with the floating node belonging to the mesoscopic mesh (Ωmeso), called coupling node
(i.e. C1, C2, C3 and C4).

Fig. 4(c), considers a CFE derived from an isoparametric element with domain Ωe, containing nn nodes, shape
functions N i (i = 1 : nn) and an additional node, nn + 1, located on the XC ∈ Ωe, which has the same coordinates of
the Cnode. A relative displacement ([[U]]) can be defined as the difference between the displacements of the material
point XC , evaluated using the shape functions of the underlying FE and the actual displacements of the Cnode.
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[38] defines the reaction force associated with these relative displacements as:

F ([[U]]) = C [[U]] = C
nn∑
i

N̄i (XC) Di − Dnn+1  
[[U]]

(2)

where Di = (i = 1 : nn) is the nodal displacement vector of the isoparametric FE used as base element, Dnn+1 is the
displacement vector of the Cnode and C is the matrix that stores the constant elastic components. High values of these
constant (C̃) can be assumed to ensure the displacement compatibility of the two non-matching meshes:

C =

⎡⎣C̃ 0 0
0 C̃ 0
0 0 C̃

⎤⎦ . (3)

Note that in Eq. (2) the high elastic value assigned to (C̃) plays the role of a penalty variable in relation to the
relative displacement ([[U]]). The objective is to ‘anchor’ the ‘floating’ elements to the macroscale mesh. Since the
equilibrium condition states that the reaction force must be bounded, the relative displacement shall tend to zero.

Eq. (2) can be rewritten as:

F ([[U]]) = CBeDe  
[[U]]

(4)

where Be is expressed as:

Be = [N1(Xc) N2(Xc) . . . Nnn(Xc) − I], (5)

I being the identity matrix. The internal force vector Fint
e,ΩC F E

and the stiffness matrix Ke,ΩC F E of the CFE can be
defined as:

Fint
e,ΩC F E

= BT
e F ([[U]]) = BT

e CBeDe (6)

and

Ke,ΩC F E =
F int

e,ΩC F E

∂De
= BT

e CBe. (7)

The global internal force (Fint) vector and the stiffness matrix (K) can then be written as:

Fint
= AnelΩM AC RO

e=1 Fint
e,ΩM AC RO  

macroscopic elements

+ AnelΩmeso
e=1 Fint

e,ΩMmeso  
mesoscopic elements

+ AnelΩC
e=1 Fint

e,ΩC F E  
coupling elements

(8)

and

K = AnelΩM AC RO
e=1 Ke,ΩM AC RO  

macroscopic elements

+ AnelΩmeso
e=1 Ke,Ωmeso  
mesoscopic elements

+ AnelΩC
e=1 Ke,ΩC F E  
coupling elements

. (9)

where A stands for the FE assembly operator. The first and second terms of Eqs. (8) and (9) are related to the
subdomains ΩM AC RO and Ωmeso, respectively, and the third term is associated with the incorporation of CFEs in
the model. Note that the second and third terms are null during the elastic regime.

The procedure described above is repeated for all the loading steps according to the adaptive scale change criterion
defined by Eq. (1). The coupling finite elements are generated during the preprocessing stage. Therefore, the data
for coupling all the potential boundary nodes belonging to the mesoscopic mesh is stored in the input file, these
elements being activated and deactivated according to the stress field distribution at each loading step. An important
advantage of the proposed technique is that macroscopic and mesoscopic meshes are completely independent. In this
way, aligned meshes or even pre-defined regular subdomain, as required by other well-known methods [14,25,33], are
not necessary here. Any material overlap associated with the connection between the two meshes can be minimized
by reducing the size of the mesoscale mesh (Fig. 4(b)).
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3. Mathematical and numerical framework

This section presents the main components related to the interface finite element selected in this work to describe
the mesoscale, as well as the adopted constitutive mechanical model and the algorithm adopted for its numerical
implementation.

3.1. Interface finite element with high aspect ratio

Let us consider the three-noded triangular FE depicted in Fig. 3(c), with height h, given by the distance between
the node (1) and its projection on the element base, (1′); as well as, the local coordinate system (n, s), oriented such
that axis s coincides with the orientation of the base element.

Following the standard FE approximation, the strain tensor at any point of the element can be approximated by:

ε = ε̃ + ε̂ =
1
b

⎡⎢⎢⎢⎢⎢⎣
0

1
2

(
u(3)

n − u(2)
n

)
0

1
2

(
u(3)

n − u(2)
n

) (
u(3)

s − u(2)
s

)
0

0 0 0

⎤⎥⎥⎥⎥⎥⎦ +
1
h

⎡⎢⎢⎢⎢⎢⎣
[[u]]n

1
2

[[u]]s 0

1
2

[[u]]s 0 0

0 0 0

⎤⎥⎥⎥⎥⎥⎦ (10)

where the part ε̂ collects all the components of the strain tensor which depends on h and ε̃ contains the rest of the
components, u(i)

n and u(i)
s are the displacement components of the node (i); and [[u]]n and [[u]]s are the components of

the relative displacement between node (1) and the point corresponding to its projection on the element base (1′).
In the case of a general coordinate system, it is possible to write the strain part associated with h as:

ε̂ =
1
h

(n ⊗ [[u]])S (11)

where (•)S refers to the symmetric part of (•), n is the unit vector normal to the element base, ⊗ denotes a dyadic
product and [[u]] is a vector that stores the components of the relative displacement. Therefore, the total strain tensor
given by Eq. (10) becomes:

ε = ε̃ +
1
h

(n ⊗ [[u]])S  
ε̂

. (12)

Note that, when the height h tends to zero, the strain component ε̃ remains bounded while the component ε̂ is no
longer bounded. Therefore, in the limit situation of h tending to zero, the element strains are related almost exclusively
to the relative displacement between node (1) and its projection on the element base, (1′), implying that node (1) and
its projection (1′) tend to the same material point. Consequently, the relative displacement [[u]] becomes a measure
of the displacement discontinuity (strong discontinuity). The structure of the strain field in Eq. (12) corresponds to
the typical kinematics of the Continuum Strong Discontinuity Approach (CSDA) [42–44]. As a consequence, the
analyses can be performed integrally in the context of the continuum mechanics, which represents a clear advantage
of this method.

3.1.1. Tensile damage model with IMPL–EX
In this work, a tension damage constitutive relation between stress and strain is proposed to describe the crack

formation and propagation processes. The nonlinear behavior of this model is described by means of a single scalar
damage variable, d , which ranges from zero (for the case of undamaged material) to one (for the case of a completely
damaged concrete). The model is based on the effective stress field, σ̄ = C : ε, and its damage criterion is defined as
a function of the stress component normal to the base of the element (σ̄nn). Thus, if the normal stress component is
greater than zero (σ̄nn > 0), the current stress tensor is calculated after applying the damage variable to degrade all
the components of the effective stress tensor as,

σ =

{
(1 − d) σ̄ i f σ̄nn > 0
σ̄ i f σ̄nn ≤ 0 (13)
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Table 1
IMPL–EX integration scheme for the continuum tensile damage model.

INPUT:C, A, H, εn+1, rn−1, rn

Evaluate the effective stress tensor σ̄ n+1 = C : εn+1 (14)

Damage criterion and the implicit calculation stage of the
strain-like variable

Fn+1 = σ̄nn(n+1)
− rn ≤ 0

if true rn+1 = rn
else rn+1 = σ̄nn(n+1)

(15)

Computation of the linear extrapolated internal variable r̃n+1 = rn +
rn−rn−1
∆tn

∆tn+1
∆tn = tn − tn−1 ; ∆tn+1 = tn+1 − tn

(16)

Calculate the damage variable in terms of the extrapolated
strain-like variable

d̃n+1 = 1 −
ft

r̃n+1
e

f 2
t

EG f
h
(

1−
r̃n+1

ft

)
(17)

Evaluate the nominal stress tensor σ̃ n+1=

{(
1 − d̃n+1

)
σ̄n+1 i f σ̄nn(n)

> 0

σ̄n+1 i f σ̄nn(n)
≤ 0

(18)

Compute the effective algorithmic tangent operator C̃tang
n+1 =

∂σ̃ n+1
∂εn+1

=

{(
1 − d̃n+1

)
C i f σ̄nn(n)

> 0

C i f σ̄nn(n)
≤ 0

(19)

OUTPUT:rn+1, σ̃ n+1, C̃tang
n+1

In principle, any stress integration algorithm could be adopted to update the stresses. The implicit–explicit (IMPL–
EX) integration scheme [45,46] was adopted in this work. This scheme has been proved as very efficient and robust
to integrate the constitutive tensile damage mode adopted in this work. It has also assisted to circumvent possible
numerical instability and convergence issues associated with the complex problem of the formation and propagation
of multiple (and simultaneous) cracks in the nonlinear zone of the material.

Table 1 shows the IMPL–EX scheme adopted to integrate the constitutive tensile damage model. In the current
pseudo-time step, tn+1 and given the strain tensor, εn+1, the effective stress tensor, σ̄ n+1, is obtained by Eq. (14), where
C is fourth order elastic tensor. In Eq. (15) the current strain-like variable, rn+1, is evaluated implicitly according to
the damage criterion and saved as a history variable to be used in the next time step. Note that, the strain-like variable
is updated (assuming the current component value σ̄nn(n+1)

) when the damage criterion condition is violated only.
Once the implicit stage is completed, an explicit linear extrapolation of the strain-like variable, r̃n+1, is performed

using the implicit values (rn and rn−1) obtained in the previously time steps, tn−1 and tn , according to Eq. (16).
Therefore, the damage variable, dn+1, is calculated in terms of the actual extrapolated strain-like variable using
Eq. (17), where ft is the material tensile strength, E is the Young’s modulus and G f is the fracture energy of the
material. The damage variable is then used to compute the nominal stress tensor, σ̃ n+1, in Eq. (18). The corresponding
algorithmic tangent operator is given by Eq. (19).

4. Numerical model application

Three examples are analyzed to validate and demonstrate the effectiveness of the proposed multiscale model. Three
types of numerical simulations are considered:

• AMS — Adaptive Multiscale Simulation: corresponds to a numerical study based on the proposed adaptive
concurrent multiscale model incorporating CFEs.

• DMS — Direct Multiscale Simulation: corresponds to a numerical simulation adopting the standard concurrent
multiscale model.

• DNS-M — Direct Numerical Simulation in Mesoscale: corresponds to an analysis adopting a mesoscopic
mesh for the whole domain of the problem.

4.1. Uniaxial tension test

In this benchmark a concrete sample under plane stress state with an out-of-plane thickness of 100 mm is subjected
to tension. Two numerical analyses were conducted to compare the results obtained with the proposed multiscale
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Fig. 5. Concrete sample under uniaxial loading: (a) test setup and macroscopic mesh; and (b) mesoscopic mesh.

Table 2
Material parameters for the uniaxial tension test.

Materials Elastic modulus
(GPa)

Poisson’s ratio Fracture energy
(N/mm)

Tensile strength
(MPa)

Adaptive criterion
(MPa)

Concrete EC = 27.3 νC = 0.20 – – Ftadap = 2.0
Coarse aggregate Eagg = 40.0 νagg = 0.20 – – –
Mortar matrix Em = 20.0 νm = 0.20 – – –
Matrix–matrix interface Emi = 20.0 νmi = 0 G fmi = 0.14 ftmi = 3.0 –
ITZ Ei t z = 20.0 νi t z = 0 G fi t z = 0.07 fti t z = 2.0 –

model (AMS) against the ones from a full mesoscale model (DNS-M). Fig. 5(a) illustrates the geometry, boundary
conditions and the initial 800 three-noded triangular FE macroscopic mesh (i.e. coarser scale). The same 25,525
three-noded triangular FE mesoscopic mesh was adopted in both models (Fig. 5(b)). For this finer scale, a total
volume fraction of coarse aggregates of 45% was assumed with their diameters varying between 4 mm and 8 mm.

The aggregates were randomly generated and positioned as proposed by [26].
The material parameters adopted for the homogenized concrete and the three phases of the mesoscopic scale are

summarized in Table 2.
This example was strategically selected to validate the mesh adaptive criterion of the multiscale model since a

uniform stress state is imposed and the region to be replaced by the mesoscopic mesh is known in advance. The
nonlinear analyses are conducted imposing a prescribed horizontal displacement of 0.12 mm in 600 steps at the right
side of the sample (Fig. 5(a)). The behavior of the multiscale model is described by means of the macroscopic mesh
with effective material properties (EC and νC ) from the 1st to 64th load step. At the 64th step, the adaptive mesh
criterion is reached (σmax = Ftadap = 2.0 MPa) and the macroscopic mesh (Fig. 5(a)) is totally replaced by the
mesoscopic one because all the macroscopic finite elements are deactivated at the same time (Fig. 5(b)). From this
point on, the multiscale model is represented by the mesoscopic mesh and the crack propagation process is simulated
by the mesh fragmentation technique. A numerical analysis using a full mesoscale model from the 1st step was
conducted as well.

In Fig. 6 the reaction force is plotted against the imposed displacement for the two models considered. Note that
the 64th load step is indicated (i.e. arrow) to show the moment at which the mesh of the multiscale model is enhanced.
To validate the numerical model, the results in terms of crack propagation were also compared for the final load stage,
as depicted in Fig. 7.
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Fig. 6. Reaction force against imposed displacement curves for both models: adaptive concurrent multiscale model (AMS) and full mesoscale
model (DNS-M).

Fig. 7. Failure pattern obtained at final load: (a) adaptive concurrent multiscale model (AMS); and (b) full mesoscale model (DNS-M).

4.2. L-shaped panel

In this second example the panel tested experimentally by [47] at the University of Innsbruck was numerically
analyzed using the adaptive concurrent multiscale simulation (AMS). To compare the AMS performance against
others well-known approaches, two additional analyses were also conducted based on the full mesoscale model (DNS-
M) and the concurrent multiscale model (DMS). For the three cases, plane stress state conditions with an out of plane
thickness of 100 mm were assumed.
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Fig. 8. L-shaped panel: (a) test setup and macroscopic mesh and (b) mesoscopic mesh.

Table 3
Material parameters for the L-shaped panel.

Materials Elastic modulus
(GPa)

Poisson’s ratio Fracture energy
(N/mm)

Tensile strength
(MPa)

Adaptive criteria
(MPa)

Concrete EC = 20.0 νC = 0.18 – – Ftadap = 2.0
Coarse aggregate Eagg = 37.0 νagg = 0.18 – – –
Mortar matrix Em = 18.5 νm = 0.18 – – –
Matrix–matrix interface Emi = 18.5 νmi = 0 G fmi = 0.14 ftmi = 2.6 –
ITZ Ei t z = 18.5 νi t z = 0 G fi t z = 0.07 fti t z = 1.3 –

Fig. 8(a) shows the test setup and the macroscopic mesh consisting of 300 three-noded triangular finite elements
adopted for the first layer of the AMS (as depicted in Fig. 1). The lower horizontal edge is fixed and a vertical load
is applied at a distance of 30 mm from the vertical right side. The mesoscopic mesh is based on the mesoscale model
proposed by [26]. The coarse aggregate shapes are approximated by regular octagons which are randomly generated
by using the “take-and-place” concept [2] and distributed based on the Fuller’s curve with a volume fraction of
20, 7% (Fig. 8(b)). The aggregate diameter varies from 2 mm to 8 mm, as described by the experiments. The finite
element meshes employed in the DNS-M and DMS are composed of 161,013 and 65,188 three-noded triangular finite
elements, respectively.

Table 3 lists the adopted material parameters, which correspond to the same ones assumed by [25]. They were
obtained based on the experimental results and are in line with the parameters adopted in previous studies dealing
with the same experiment and achieving very satisfactory results in terms of both, crack propagation and macro
structural response [48,49]. In the mesoscale modeling of the concrete, the value of the tensile strength adopted to
the matrix–matrix interface is twice the value adopted for the ITZ, as described in detail in [26]. Furthermore, as the
adaptive indicator is a value between the strengths of the ITZ and the mortar matrix, a number of initially cracks
(microcracks) are simultaneously formed throughout the ITZs at the moment that the mesoscopic mesh is activated.

Fig. 9 shows the crack propagation process for six loading stages (i.e. step-loads 50, 100, 150, 200, 250, 500).
The crack initiates at the inner corner (Fig. 9 (a)) and propagates toward the other side of the L-shaped specimen,
activating the mesoscale progressively. Details of microcracks being formed during the first load stages in the ITZs
can be seen in the zoomed Fig. 9(a) and (b) (both with scaling factor of 300).

The numerical results are compared against the experimental ones, in terms of both, crack propagation process
and applied load versus displacement curve, as shown in Fig. 10. The numerical and experimental results are in very
good agreement, indicating the ability of the proposed approach to predict the crack formation and propagation in
composite materials like concrete.

The results were also compared using the results from DMS and DNS-M analyses. The crack propagation process
and the applied load x displacement curves are illustrated in Figs. 11 and 12, respectively. The predominant crack
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Fig. 9. Crack propagation process: (a) stage I: step-load 50 (scaling factor of 150); (b) stage II: step-load 100 (scaling factor of 150); (c) stage III:
step-load 150 (scaling factor of 100); (d) stage IV: step-load 200 (scaling factor of 50), stage V: step-load 250 (scaling factor of 50); and (f) stage
VI: step-load 500 (scaling factor of 50).
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Fig. 10. L-shaped panel results: (a) experimental observations against numerical crack pattern; and (b) load versus displacement curves.

Fig. 11. Deformed state of the L-shaped panel (scaling factor of 50): (a) DMS; and (b) DNS-M.

paths obtained with the DMS (Fig. 11(a)) and DNS-M (Fig. 11(b)) are very similar to the one obtained with the AMS
(Fig. 9(f)). In addition, the agreement between the structural curves depicted in Fig. 12 is remarkable. The slight
differences between them could be associated with the distinct mesh in each strategy.

Considering the size of the system of equations to be solved, it is anticipated that the computational performance
of the AMS is more efficient than the DMS and DNS-M. Fig. 13 presents the number of active degrees of freedom
during the analysis for each type of model, which is an indication of the computational effort demanded by the
different methods, showing that the Adaptive Multiscale is the more efficient one in this respect.

4.3. Four-point bending of notched beam

This example is aimed at challenging the ability of the proposed adaptive multiscale technique to predict the
cracking process observed in the concrete beam with a notched, as reported in Galvez et al. (1998). Fig. 14(a) shows
the geometry of the beam alongside with the macroscopic mesh (594 elements) and the imposed boundary conditions.
Fig. 14(b) presents the mesoscopic mesh (30,376 elements). The out-of-plane thickness is 50 mm. As the grading
curve of the aggregates was not reported (Galvez et al., 1998), the Fuller’s curve was assumed with a percentage of
aggregates of 40%, with a minimum diameter of 3 mm and maximum diameter of 5 mm.

The material properties adopted for the macroscale and mesoscale constituents are listed in Table 4. Only the
homogeneous (i.e. global or macro) properties of the concrete, like Young’s modulus (Ec = 38.0 GPa), tensile strength
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Fig. 12. Load against displacement curves for the AMS, DMS and DNS-M.

Fig. 13. Number of active degrees of freedom against number of steps.

( ftc = 3.0 M Pa) and the fracture energy (G fc = 0.069 N/mm), were reported in Galvez et al. (1998). To estimate
the mesoscale parameters the method proposed by Rodrigues et al. (2016) was followed in this work, as briefly
explained next. The Young’s modulus of the mortar matrix was estimated from an inverse analysis based on the rule
of mixture proposed by [50] and assuming an aggregate Young’s modulus of 50.0 GPa. The same Young’s modulus
was assumed for the matrix–matrix interface elements. The tensile strength and fracture energy of the matrix–matrix
interface elements and ITZ interface elements were calculated so that the average values are equivalent to the ones
reported in the experiments, they also keep a ratio of 2 between them (i.e. ( ftmi + fti t z )/2 = ftc with ftmi / fti t z = 2 and
(G fmi + G fi t z )/2 = G fc with G fmi /G fi t z = 2 ).

The analysis was conducted under plane stress condition, in 1000 incremental load steps, controlling the
displacement of the loaded point. Fig. 15 illustrates the macroscopic mesh being progressively replaced by the
mesoscopic one, at the same time that the main crack propagates from the notch to the point of load application. Note
that, at the bottom of the beam some mesoscopic elements were also activated. However, the main crack propagation
reduces the tension stress in this region, stopping the adaptive process in this part of the beam.

Fig. 16 compares the predicted crack path against the experimental scattered response. The predicted crack
follows a path that falls inside the observed cracked zone, with a zigzag-type propagation induced by the weak ITZ
surrounding the stiff aggregates. Note that the experimental cracks reported in Fig. 16 are approximated, since they
were obtained after the scanning of the original figures.
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Fig. 14. Four point bending beam: (a) dimensions, macroscopic mesh and boundary conditions and (b) initially deactivated mesoscopic mesh.

Table 4
Material parameters for the four-point bending beam.

Materials Elastic modulus
(GPa)

Poisson’s ratio Fracture energy
(N/mm)

Tensile strength
(MPa)

Adaptive criteria
(MPa)

Concrete EC = 38.0 νC = 0.2 – – Ftadap = 2.0
Coarse aggregate Eagg = 50.0 νagg = 0.2 – – –
Mortar matrix Em = 30.2 νm = 0.2 – – –
Matrix–matrix interface Emi = 30.2 νmi = 0 G fmi = 0.092 ftmi = 4.0 –
ITZ Ei t z = 30.2 νi t z = 0 G fi t z = 0.046 fti t z = 2.0 –

During the analysis, the mesoscopic mesh is progressively activated, increasing the number of degrees of freedom,
as shown in Fig. 17. The structural response in terms of vertical load versus CMOD (i.e. crack mouth opening
displacement) is shown in Fig. 18 for both: numerical simulation and the experimental results. The model is in
excellent agreement with the observed experimental range. This very satisfactory outcome in terms of structural (or
global) behavior demonstrates that the proposed approach is able not only to qualitative reproduce very satisfactorily
the observed crack pattern, but it also provides excellent quantitative results.

5. Conclusions

This paper presents a novel adaptive concurrent multiscale model for concrete based on the inclusion of coupling
finite elements. The proposed adaptive scheme can deal with totally independent meshes associated with distinct
material scales. The concrete is initially idealized as homogeneous (i.e. single-phase) material represented by a
macroscopic mesh. As loading progresses, the model is gradually enriched in the critical zones with a mesoscopic
mesh that includes detailed information about the three phases typically found in concrete, namely: coarse aggregates,
mortar matrix and interfacial transition zone. The critical zones are detected by a pre-defined stress-based criterion
that dictates the need of a change in scale to properly model the material degradation. The modeling of the concrete
internal-structure (i.e. mesoscale) is conducted by means of the mesh fragmentation technique that combines high-
aspect-ratio elements with a damage mechanical model for a realistic modeling of the crack formation and propagation
phenomena. A key component of the proposed approach is the coupling finite elements that allow anchoring (in an
efficient and elegant manner), the floating nodes of the evolving mesoscale to the ones of the pre-existing macroscale.

Three challenging numerical examples associated with well-known case studies were adopted to validate the
proposed approach. The response and performance of the models were very satisfactory in all the analyzed cases,
in terms of both:
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Fig. 15. Deformed configuration of the beam in different stage of load, with scaling factor of 100.

Fig. 16. Experimental crack range response (for four tests) compared and numerical crack pattern.

Fig. 17. Number of active dofs (starts with 688 and finishes with 5940 dofs) as function of the analysis steps.

(i) realistic predictions of crack formation and prorogation were obtained, replicating accurately the observed
experimental patterns;

(ii) very satisfactory matching between the experimental and modeling results in terms of global-structural (macro)
response of the concrete structure.
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Fig. 18. Load–CMOD curve compared with the experimental range response.

The proposed framework has number of advantages with respect to existing methods. For example, it is able to
incorporate a detailed representation of the mesoscale in those critical regions that are actually needed only. This
represents a clear advantage with respect to full mesoscopic models that require a very fine discretization in the whole
domain and from the beginning of the analysis, with the associated (very high) computational cost. Furthermore,
as the mesh enrichment process is driven by a criterion that depends on how stresses develop in the structure, it
is not necessary to guess in advance the regions where a denser mesh will be necessary, as it happens in analyses
based on the standard concurrent multiscale method. In other words, mesh enhancement and loading processes are
concurrent because the proposed technique uses the evolving stress distribution to identify those regions that are
prone to be degraded without the need of anticipating/guessing where the mesh refinement will be necessary. Another
advantage of this technique is that the coupling finite elements (used to link the non-matching meshes) can be easily
implemented in standard FE programs. Besides, this method inherits all the advantages of the mesh fragmentation
technique, which is adopted for a detailed modeling of the mesoscale and the phenomena involved in the crack
formation and propagation processes. This technique has been already widely validated to model the crack formation
and propagation in concrete and soils. Finally, the concrete degradation processes and crack formation are modeled
in an entirely continuum approach, without the need of defining special zero technique elements, or similar (with the
associated ad-doc interpolation techniques and constitutive models), and without the need of incorporating complex
algorithm(s) to properly capture the crack paths. In this approach the crack formation and propagation depend on local
stress evolution and material properties only.

It was shown that the proposed method is robust and computationally efficient when compared against other
existing ones in problems involving 2D analyses. Advantages will be certainly more relevant when analyzing 3D
problems, where a good performance in terms of CPU time is critical for solving actual engineering problems.
However, this aspect is out of the scope of this paper and will be addressed in future research.
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