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The critical dynamics near the transition from unlimited to limited action diffusion for two families of 
well known dissipative nonlinear maps, namely the dissipative standard and dissipative discontinuous 
maps, is characterized by the use of an analytical approach. The approach is applied to explicitly 
obtain the average squared action as a function of the (discrete) time and the parameters controlling 
nonlinearity and dissipation. This allows to obtain a set of critical exponents so far obtained numerically 
in the literature. The theoretical predictions are verified by extensive numerical simulations. We conclude 
that all possible dynamical cases, independently on the map parameter values and initial conditions, 
collapse into the universal exponential decay of the properly normalized average squared action as a 
function of a normalized time. The formalism developed here can be extended to many other different 
types of mappings therefore making the methodology generic and robust.

© 2016 Elsevier B.V. All rights reserved.
1. Introduction and model

Phase transitions in statistical mechanics [1,2] are commonly 
related to abrupt changes in the spatial structure of given sys-
tems. This is related to the variation of a control parameter, hence 
leading to physical observables described by power laws’ [3] near 
criticality, with well defined critical exponents [4]. In dynamical 
systems, the phase transitions are associated to modifications in 
the structure of the phase space [5], while physical observables are 
also characterized by critical exponents [6]. Near a phase transi-
tion, the dynamics of a system is frequently described using scaling 
functions [7–13] where critical exponents characterize the dynam-
ics around criticality. In recent years, much effort has been devoted 
to describe the dynamics, and hence the scaling properties, of non-
linear dissipative and non-dissipative mappings [14,15]. One of the 
main results of those phenomenological studies is the definition 
of universality classes gathering maps whose average dynamics is 
characterized by the same critical exponents [16].
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The main purpose of this work is to study the effects of dissipa-
tion on the average properties of dynamical systems. To that end 
we consider the dissipative dynamics produced by the following 
general mapping

Mγ :
{

In+1 = (1 − γ )In + K f (θn) ,

θn+1 = θn + In+1 , mod(2π) ,
(1)

where γ ∈ [0, 1) is the dissipation parameter, K controls the non-
linearity of the map, and the function f (θ) is assumed to be a 
periodic function with period 2π and zero average 〈 f (θ)〉 = 0. 
Also, since a goal of this letter is to investigate the dynamics near 
the transition from unlimited to limited action diffusion, the range 
of control parameters to be considered is then γ ∼= 0 and K � 1; 
warranting the absence of any stable periodic orbit. Notice that 
map Mγ has the canonical form of the dissipative standard map, 
introduced by Zaslavskii [17] (see also [18]). However, since the 
function f (θ) has not been specified yet, Mγ may also include 
dissipative discontinuous maps [6] or even dissipative polynomial 
maps [19] if the conditions stated above for f (θ) are relaxed. Be-
cause the determinant of the Jacobian matrix of map (1) is 1 − γ , 
Mγ is area preserving only when γ = 0. This fact has a very im-
portant consequence for the family of mappings we are dealing 
with: For γ = 0 and K � 1 the action exhibits unlimited diffusion 
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in phase space. However, for γ �= 0 the phase space area contracts 
leading to the creation of attractors; which, given they are far from 
infinity, prevent unlimited action diffusion (see for example [20,
21]). This unlimited-to-limited transition in action diffusion is the 
transition we want to address in this letter. It is pertinent to add 
that even though the subject of dissipation was at the focus of 
seminal works on dynamical systems and chaos, see e.g. [17,18,
22–26], it is still a matter of current research [27–31].

2. Analytical approach

Given the symmetry of the phase space of mapping (1) (with 
respect to I = 0, leading to 〈In〉 = 0), we choose to work with 
the squared average action by deriving its scaling properties as 
follows. From the first line of Eq. (1) we have that I2

n+1 = (1 −
γ )2 I2

n + K 2 f 2(θn) + 2(1 − γ )K In f (θn), so we can write 
〈
I2
n+1

〉 =
(1 − γ )2

〈
I2
n

〉 + K 2
〈
f 2(θ)

〉 + 2(1 − γ )K 〈In〉 〈 f (θ)〉 with 
〈
f 2(θ)

〉 ≡〈
f 2(θn)

〉
. Since we have assumed that 〈 f (θ)〉 = 0, the term 2(1 −

γ )K 〈In〉 〈 f (θ)〉 can be eliminated (moreover, also 〈In〉 = 0). There-
fore,〈
I2
n+1

〉
=

〈
I2
n

〉
− (2γ − γ 2)

〈
I2
n

〉
+ K 2

〈
f 2(θ)

〉
. (2)

Then, by noticing that

〈
I2
n+1

〉
−

〈
I2
n

〉
=

〈
I2
n+1

〉 − 〈
I2
n

〉
(n + 1) − n

≈ d J

dn
, (3)

we rewrite Eq. (2) as the differential equation

d J

dn
= −(2γ − γ 2) J + K 2

〈
f 2(θ)

〉
, (4)

where J ≡ 〈
I2
n

〉
. The approximation in Eq. (3) can be done when-

ever 
〈
I2
n+1

〉 − 〈
I2
n

〉
is sufficiently small. Note that Eq. (4) can be 

solved straightforwardly:

J∫
J0

d J ′

−(2γ − γ 2) J ′ + K 2
〈
f 2(θ)

〉 =
n∫

n0

dn′ , (5)

J0 = 〈
I2
0

〉 = I2
0, n0 = 0. Therefore, we finally write

〈
I2
n

〉
= I2

0e−(2γ −γ 2)n +
〈

f 2(θ)
〉 K 2

2γ − γ 2

[
1 − e−(2γ −γ 2)n

]
. (6)

This result will now be discussed and fitted into several different 
cases.

It is relevant to stress that in the expression above the form 
of f (θ) is still not specified. In fact, f (θ) contributes to Eq. (6)
just as the constant 

〈
f 2(θ)

〉
.1 This makes Eq. (6) very general and 

applicable to a large class of dissipative maps; i.e. all dissipative 
maps having the form (1). Then, below, to show the applicability 
of Eq. (6) we will consider two families of well known dissipative 
maps: The dissipative standard map [17] and dissipative discontin-
uous maps [6].

In several previous works where the scaling properties of non-
linear discontinuous maps were studied, instead of investigating 〈
I2
n

〉
directly, its cumulative-normalized value

〈
I2
n

〉
int

= 1

n

n∫
n0=0

〈
I2
n′

〉
dn′ (7)

1 This is particularly true when f is a trigonometric function of θ , which is the 
case in most mappings with the form (1) reported in the literature.
Fig. 1. (Color online) 〈
I2
n

〉
int as a function of n for the DSM (i.e. Eq. (1) with 

f (θ) = sin(θ)) when K � 1 and (a) I0 � K , (b) I0 � K . Full symbols (open sym-
bols) correspond to K = 102 (K = 103). (a) I0 = K/100 and (b) I0 = 100K were 
used. Red full lines are Eq. (8).

was explored; see for example [14]. Fortunately, from Eq. (6) we 
can also write down an explicit expression for 

〈
I2
n

〉
int:〈

I2
n

〉
int

= I2
0

n(2γ − γ 2)

[
1 − e−(2γ −γ 2)n

]

+
〈

f 2(θ)
〉 K 2

n(2γ − γ 2)

[
n − 1 − e−(2γ −γ 2)n

2γ − γ 2

]
. (8)

Thus, below we numerically compute 
〈
I2
n

〉
int for map (1) follow-

ing two steps: First we calculate the cumulative average squared 
action over the orbit associated with the initial condition j as 〈
I2
n, j

〉
= (n + 1)−1 ∑n

i=0 I2
i, j , where i refers to the i-th iteration of 

the map. Then, we average over M independent realizations of 
the map (by randomly choosing values of θ0) to finally obtain 〈
I2
n

〉
int ≡ M−1 ∑M

j=1

〈
I2
n, j

〉
. In our simulations, for each combination 

of parameters (I0, γ , K ), we consider an ensemble of 103 initial 
random phases uniformly distributed in the interval 0 < θ0 < 2π . 
We have verified that larger ensembles lead to qualitatively the 
same results.

3. Discussion

Let us now describe the behavior of 
〈
I2
n

〉
int obtained from the 

numerical iteration of map (1). In Fig. 1 we present 
〈
I2
n

〉
int as a 

function of n for the dissipative standard map (DSM), which is de-
fined by Eq. (1) with f (θ) = sin(θ) [17]; thus 

〈
f 2(θ)

〉 = 1/2. We 
have considered I0 � K and I0 � K separately (Figs. 1(a) and 1(b), 
respectively) since the behavior of 

〈
I2
n

〉
int vs. n shows important 

differences in both cases: For I0 � K there are two regimes sepa-
rated by the crossover iteration number nCO; a growth regime for 
n < nCO and the saturation regime where 

〈
I2
n

〉
int ≈ I2

sat for n > nCO. 
This is a typical scenario observed in phase transitions [5]; in this 
case a transition from diffusion to saturation. From Fig. 1(a) it 
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Fig. 2. (Color online) Same as in Fig. 1 for the DDM, i.e. Eq. (1) with f (θ) =
sin(θ)sgn[cos(θ)].

can be observed that the nonlinearity parameter K displaces the 
curves 

〈
I2
n

〉
int vs. n vertically2 while the dissipation parameter γ

determines nCO. When I0 � K the situation is more elaborate, see 
Fig. 1(b). For small n the curves 

〈
I2
n

〉
int vs. n are approximately con-

stant and equal to I2
0;3 but there is a critical value for γ such that 

if γ < γcr or γ > γcr, 
〈
I2
n

〉
int increases or decreases, respectively, as 

a function of n before saturating at n → ∞.
It is important to remark that in both cases, I0 � K and I0 � K , 

Eq. (8) describes remarkably well the behavior of 
〈
I2
n

〉
int; see red 

full lines in Fig. 1. Actually, this excellent correspondence will al-
low us to derive close expressions for nCO, I2

sat , and γcr below.
For the dissipative discontinuous map (DDM), the function f (θ)

in Eq. (1) is chosen as f (θ) = sin(θ)sgn[cos(θ)] [6]. Note that, 
as well as for the DSM, here 

〈
f 2(θ)

〉 = 1/2. This means that 
(even though the corresponding non-dissipative mappings repre-
sent qualitatively different dynamical systems) according to Eq. (8)
we expect no difference in the behavior of 

〈
I2
n

〉
int for both fam-

ilies of dissipative maps. This fact is evidenced in Fig. 2 where 
we show 

〈
I2
n

〉
int as a function of n for the DDM. Indeed, since we 

used the same parameter values as in Fig. 1, it is not possible to 
detect any difference (by eye) between the curves of Figs. 1 and 
2 corresponding to the DSM and the DDM, respectively. There-
fore, below we do not treat DSM and DDM independently any-
more.

In the following we describe different relevant behaviors of 
〈
I2
n

〉
predicted by Eq. (6) in connection with previous results from scal-
ing studies that our approach accurately validates.

2 This behavior is already anticipated by the second part of Eq. (8) as 〈I2
n

〉
int ∝ K 2. 

Indeed, it can also be directly observed from the first equation of map (1). Recall 
that I0 � K here.

3
〈
I2
n

〉
int ≈ I2

0 can be obtained by taking the limit n → 0 on Eq. (8). Moreover, it 
can also be observed from the first equation of map (1). Recall that I0 � K here.
3.1. Large-time limit: saturation of 
〈
I2
n

〉
For any γ > 0 the saturation of 

〈
I2
n

〉
is observed in the limit 

of n → ∞ for the DSM and the DDM; see Figs. 1 and 2 where 〈
I2
n

〉
int ≈ const = I2

sat for large n. In addition, the saturation of 
〈
I2
n

〉
, 

and related quantities, have also been reported for many other dis-
sipative maps; see e.g. [9,32,33]. By taking this limit into Eq. (6) we 
get

I2
sat ≡ lim

n→∞
〈
I2
n

〉
=

〈
f 2(θ)

〉 K 2

2γ − γ 2
. (9)

This provides I2
sat ∝ K 2γ −1, when γ � 1, as reported in [9,34,35]

for several dissipative maps.

3.2. Small initial action I0 � K

When I0 � K , case depicted in Figs. 1(a) and 2(a), the behavior 
of 

〈
I2
n

〉
as a function of n is quite simple: There are two regimes 

separated by the crossover iteration number nCO; a growth regime 
for n < nCO and the saturation regime for n > nCO. As a matter of 
fact, from Eq. (6) this situation can be well described by〈
I2
n

〉
≈ I2

sat

[
1 − e−(2γ −γ 2)n

]
, (10)

which provides the growth 
〈
I2
n

〉 ≈ 〈
f 2(θ)

〉
K 2n for small n, similar 

to normal diffusion, and the saturation 
〈
I2
n

〉 ≈ I2
sat for large n. More-

over, from Eq. (10) it is clear that the ratio 
〈
I2
n

〉
/I2

sat is a universal
function of the variable n ≡ n/nCO:〈
I2
n

〉
I2

sat

≈ 1 − e−(2γ −γ 2)n = 1 − e−n , (11)

where the crossover iteration number, that does not depend on K
nor on I0, is naturally defined as

nCO ≡ 1

2γ − γ 2
. (12)

In fact, nCO was correctly reported to be proportional to γ −1 in 
[6,9,11,12,15,32,34,35], when γ � 1, for several dissipative maps.

Notice that by expanding the exponential in Eq. (11) one can 
also obtain the scaling function〈
I2
n

〉
I2

sat

≈ n

1 + n
, (13)

which was heuristically proposed in [11] for the DSM and vali-
dated, indirectly, for the dissipative versions of the oval billiard 
[36], the Lorentz gas [12], and the elliptical billiard [15].

3.3. Large initial action I0 � K

Given the definition of I2
sat , Eq. (9), we can rewrite Eq. (6) as〈

I2
n

〉
= (I2

0 − I2
sat)e−(2γ −γ 2)n + I2

sat , (14)

that can be well approximated by〈
I2
n

〉
≈ I2

0e−(2γ −γ 2)n + I2
sat , (15)

when I0 � K and γ > γcr. Equation (15) predicts the exponen-
tial decay of 

〈
I2
n

〉
for dissipative maps before saturation, as already 

illustrated in Figs. 1(b) and 2(b). This exponential decay of action 
(and related quantities) has also been reported for dissipative maps 
in [6,32,35]. Moreover, from Eq. (15) we can recognize the follow-
ing universal function of the variable n:
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Fig. 3. (Color online) (〈I2
n

〉
int − I2

sat

)
/I2

0 as a function of n = n/nCO for the DSM when 
I0 � K and γ > γcr ≈ 2.5 × 10−5, see Eq. (19). Full symbols (open symbols) corre-
spond to K = 102 (K = 103). I0 = 100K was used. Red full line is Eq. (17).〈
I2
n

〉 − I2
sat

I2
0

≈ e−(2γ −γ 2)n = e−n . (16)

Similarly, for 
〈
I2
n

〉
int we can write

〈
I2
n

〉
int − I2

sat

I2
0

≈ 1 − e−n

n
. (17)

Then, in Fig. 3 we show 
(〈

I2
n

〉
int − I2

sat

)
/I2

0 as a function of n for the 
DSM. It is clear that all numerically obtained curves (symbols) col-
lapse on top of Eq. (17) (red full line). However, due to oscillations 
of 

〈
I2
n

〉
int around I2

sat when n > nCO, enhanced here by the compu-
tation of the difference 

〈
I2
n

〉
int − I2

sat , in Fig. 3 we observe symbols 
that deviate from a perfect exponential decay.

3.4. Equilibrium condition: 
〈
I2
n

〉 = const

We have shown above that Eq. (6) reproduces behaviors pre-
viously reported for 

〈
I2
n

〉
and 

〈
I2
n

〉
int. Moreover, in addition, we can 

predict the following unexpected situation: By equating Eqs. (6)
and (9) we assume that 

〈
I2
n

〉
remains constant at all times n, if the 

appropriate initial action I0 is chosen. Indeed, such I0 reads

I2
0 =

〈
f 2(θ)

〉 K 2

2γ − γ 2
= I2

sat . (18)

With this choice of I0, dissipation and diffusion compensate each 
other exactly and the squared average action does not increase nor 
decrease; i.e. it remains constant and equal to I2

0 (or I2
sat ). In Fig. 4

we show 
〈
I2
n

〉
(which in this case coincides with 

〈
I2
n

〉
int) as a func-

tion of n for the DSM and the DDM for several combinations of 
K and γ (symbols). However, since we have used as initial action 
the value of I0 given by Eq. (18), the curves 

〈
I2
n

〉
vs. n are straight 

horizontal lines equal to I2
0 (red full lines).

Finally, we recall from Figs. 1(b) and 2(b) that there is a critical 
value of γ such that if γ < γcr or γ > γcr then 

〈
I2
n

〉
int increases 

or decreases, respectively, as a function of n before saturating at 
n → ∞. In fact, note from Eq. (18) that conditions γ < γcr and 
γ > γcr translate into I2

0 < I2
sat and I2

0 > I2
sat , respectively; therefore 

we obtain

γcr = 1 −
√

1 − 〈
f 2(θ)

〉 K 2

I2
0

. (19)

Equation (19) thus provides γcr ≈ 2.5 × 10−5 for the parameters 
used in Figs. 1(b), 2(b), and 3.
Fig. 4. (Color online) 〈I2
n

〉 = 〈
I2
n

〉
int as a function of n for the DSM (full symbols) and 

the DDM (open symbols). For each value of K we used three values of γ : 10−1, 
10−2, and 10−3. I0 is given by Eq. (18). Red full lines are also Eq. (18).

4. Summary and conclusions

We developed a transparent and powerful analytical approach 
able to accurately describe the behavior of the average squared 
action of dissipative nonlinear mappings near the transition from 
unlimited to limited action diffusion, for γ ∼= 0, as a function of 
the discrete time and the parameters controlling nonlinearity and 
dissipation, see Eq. (6). We also described in detail cases previously 
discussed in the literature that our approach accurately validates. 
We shown that from our Eq. (6) it is possible to derive universal
scaling functions that were obtained before only approximately; 
see Eqs. (9), (12), (13), and (17). Moreover, in Eq. (18), we were 
able to state the unforeseen condition for which dissipation and 
diffusion compensate each other exactly keeping constant the av-
erage squared action.

Furthermore from the rewritten Eq. (6), i.e. Eq. (14), it is possi-
ble to identify the universal scaling function〈
I2
n
〉 = e−n (20)

that embraces all behaviors discussed above. Here

〈
I2
n
〉 ≡

〈
I2
n

〉 − I2
sat

I2
0 − I2

sat

, n ≡ (2γ − γ 2)n , (21)

and I2
sat given by Eq. (9). Equation (20) explicitly shows that the 

net effect of dissipation is indeed the exponential decay of the 
(properly normalized) average squared action.

We would like to point out that our predictions may also be 
applicable to variations of the DSM that have been considered in 
the literature as well as to other systems described by mappings, 
such as Fermi–Ulam and bouncer maps, where dissipation appears 
either as drag forces or inelastic collisions.

Finally, we stress that the non-dissipative case, i.e. γ = 0 in 
mapping (1), can also be investigated by the use of the approach 
developed here. However, since the main focus of the paper is on 
the dissipative case, in order to do not distract the reader, we left 
the discussion of this case to the Appendix.
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Appendix A. Non-dissipative case: γ = 0

Indeed, the case of no dissipation can also be taken into ac-
count using our approach by setting γ = 0 into Eq. (4), leading 
to〈
I2
n

〉
= I2

0 +
〈

f 2(θ)
〉

K 2n . (22)

Notice that Eq. (22) reproduces the scaling laws

〈
I2
n

〉⎧⎨
⎩

∝ K 2n , when I0 � K ,

≈ I2
0 , n < nCO

∝ K 2n , n > nCO

}
when I0 � K ,

(23)

reported in [10] and [37] for the standard map and non-dissipative 
discontinuous maps, respectively. In (23), nCO is a crossover itera-
tion number that separates the regime of constant action and the 
regime of Fermi acceleration characterized by 

〈
I2
n

〉 ∝ K 2n. More-
over, it is clear from Eq. (22) that the ratio 

〈
I2
n

〉
/I2

0 is a universal
function of the variable n = n/nCO:〈
I2
n

〉
I2
0

= 1 +
〈

f 2(θ)
〉 K 2

I2
0

n = 1 + n , (24)

where nCO is naturally defined as

nCO ≡ I2
0〈

f 2(θ)
〉

K 2
. (25)

It is relevant to recall that, by the use of scaling arguments, the 
universality of the ratio 

〈
I2
n

〉
/I2

0 was deduced in [10,12,37–39]; 
there, nCO was also reported to be proportional to I2

0 K −2, in agree-
ment with Eq. (25).

Furthermore, scalings (23) have also been validated for several 
dynamical systems which are represented locally (but not exclu-
sively) by the standard map such as the Fermi–Ulam model [5,7,
8,13,16,40,41], time-dependent potential wells [42,43], and waveg-
uide billiards [16,44]; among others [14,15,45]. Also, notice that 
the non-dissipative discontinuous map [37,46] has been shown to 
describe systems including 2D billiard models, like the stadium 
billiard [47,48] and polygonal billiards [49,50]. Thus, our results 
for the non-dissipative case [i.e. Eqs. (22), (24) and (25)] are not 
restricted to the standard map nor to the non-dissipative discon-
tinuous map.
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