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a b s t r a c t

In this work, we have presented the generalized phase diagrams of the van Hemmen model for spin S¼1
in the presence of an anisotropic term of random crystalline field. In order to study the critical behavior
of the phase transitions, we employed a mean-field Curie–Weiss approach, which allows calculation of
the free energy and the equations of state of the model. The phase diagrams obtained here displayed
tricritical behavior, with second-order phase transition lines separated from the first-order phase tran-
sition lines by a tricritical point.

& 2015 Elsevier B.V. All rights reserved.
1. Introduction

The interest in understanding the physical properties of disordered
systems provides a fertile ground of novel models and studies in sta-
tistical physics. Many disordered systems are known to be of funda-
mental importance, including the so-called spin-glass (SG) [1–3] and
the random field Ising model (RFIM). The RFIM is a topic of interest
current and one of the reasons for this is its physical realization as a
diluted Ising antiferromagnet in the presence of a uniform magnetic
field along the uniaxial direction [4]. Several of its properties have been
revealed, particularly the lower critical (dl¼2) dimension above which
a stable ferromagnetic state exists at low temperatures [5]. The phase
diagram is another interesting feature of RFIM. Here, the use of the
mean-field theory has shown that the nature of the phase transition
depends on the distribution associated with the random magnetic
field. For Gaussian distribution, the phase transition is always con-
tinuous [6], and with a symmetric bimodal distribution the phase
transition is continuous (second-order) in the region of low and high
temperatures, becoming discontinuous (first-order) for sufficiently
large values of magnetic field (random) and low temperature [7]. The
trimodal distribution [8–11] indicates a critical pc for which the tri-
critical behavior disappears. Other studies have indicated that in the
three-dimensional case a jump in magnetization and no latent heat is
observed [12,13]. Moreover, also very important systems are the spin
glasses [14]. Research in spin glasses began in the 1970s after the
discoveries of a peak in AC susceptibility in dilute alloys of gold and
oy),
iron [15]. Basically, the spin glasses are dilute magnetic alloys, where
the interactions between spins are randomly ferromagnetic or anti-
ferromagnetic distributed, which are examples of frozen disorder. This
is a necessary requirement for having a locally random competition
between ferromagnetic and antiferromagnetic interactions. The pre-
sence of disorder introduces frustration and produces difficulties for
the system to form an optimized configuration. These heterogeneities
of the couplings lead to frustrated spin arrangements, that is, for any
choice of orientations of spins leaves we have at least one frustrated
bond. There are a large number of examples of spin glass systems,
which include CuMn and AuFe alloys [16]. These systems are known to
exhibit non-trivial thermodynamic and dynamic properties, which are
different when compared to those observed in ordered systems.

Ising-type Hamiltonians with random bonds between the spins
are used to spin glass models. In mean-field models the effects of
frustration are enhanced, and the thermodynamic that emerges is
in some case novel and surprising. On one hand, when compared
to ordinary ferromagnets, which host two pure states present
below of the transition temperature, the mean-field spin glasses
model exhibit at low temperature a complex structure of infinitely
large number of equilibrium states, organized in a hierarchical
structure. Formally, there is a mathematical approach that enables
us to appropriately deal with the quenched disorder present in the
Hamiltonian which allows us to compute the thermodynamic
properties, but this is very difficult problem to be treated.

Recently, the Ising spin glass with random field similar to model
proposed by Sherrington and Kirkpatrick (SK) [17] has been treated for
Gaussian [18] and bimodal [19] distributions. The mean-field spin
glass model has often been employed in the study of the dynamic
anomalies, which are associated with relaxational phenomena in
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supercooled liquids and real glasses [20]. The aging and breakdown of
the fluctuation dissipation theorem are intrinsic features of these
systems that are captured by dynamic versions of such models. The
dynamic calculations are frequently used, but often solutions are
found only numerically [21].

It is worth noting that the problems related to spin glasses
remain difficult to treat in statistical mechanics [22–24]. Up to
now, only mean-field models are exactly tractable, but they re-
quire sophisticated mathematical tools [25,26]. Therefore, disorder
in spin systems is a permanent source of challenging problems.
The spin-glass (SG) state is one of the most interesting examples
where disorder can provide new physics properties and responses.

In this present work, we have studied the influence of the
random crystalline anisotropy field on the spin glass mean field
model introduced by van Hemmen [27–29]. This model is exactly
solvable and unlike the Sherrington–Kirkpatrick model [17], its
solution does not require the use of replica trick. In spite of being
not fully realistic, mean-field models give a first qualitative un-
derstanding of the thermodynamic behavior of a system.

The outline of the paper is as follows: in Section 2, we have
introduced the model, where obtained an analytical expression for
the free-energy and equation of states. In Section 3, we presented
and discussed the phase diagrams. Finally, Section 4 is devoted to
our conclusions.
2. Formalism and calculation

The Hamiltonian of the van Hemmen spin-glass model, with an
additional ferromagnetic Ising term and a random crystal field, is
given by

J

N
S S J S S H S D S ,

2.1i j
i j

i j
ij i j
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i
i i

0
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where J 00 > is the direct ferromagnetic coupling between the
spins in the nearest-neighbor sites iand j, which is fundamental to
the existence of a mixed phase. H is an external uniform magnetic
field and Jij are random interactions between the nearest-neighbor
spins, which is given by
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Here, ξi and ηj are independent random variables, obeying the
probability distribution P ,i jξ η( )

⎧⎨⎩ ⎡⎣ ⎤⎦⎫⎬⎭
⎧⎨⎩

⎡⎣ ⎤⎦
⎫⎬⎭P ,

1
2

1 1
1
2

1 1 ,
2.3i i j jξ η δ ξ δ ξ δ η δ η( ) = ( − ) + ( + ) ( − ) + ( + )

( )

which is expected to mimic the presence of disorder in real spin
glasses. Moreover, in Eq. (2.1) i j,〈 〉 denote the sum over all nearest-
neighbor pairs of spins on a d-dimensional lattice. In that follows, we
have considered S 1/2i > (due to the presence of Di) which are spin
variables integer or half-integer. The crystalline anisotropy fields (or
crystal fields) Di are subject to a bimodal probability distribution

P D p D p D D1 , 2.4j j jδ δ( ) = ( ) + ( − ) ( − ) ( )

where the first term p Djδ( ) indicates that a fraction p of the spins are
free of the influence of crystalline anisotropy field, and in the second
term p D D1 jδ( − ) ( − ) a fraction p1( − ) is subject to the crystalline
anisotropy field of intensity D. Given a configuration of the random
variables, the partition function can be written as
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where k T1/ Bβ = is the inverse of temperature and J K0 0β = e J Kβ = .
Using the following identities:
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and the procedures employed in Refs. [24,23], the free energy func-
tional and the equation of states for the ferromagnetic phase (mag-
netization) and the spin-glass phase (parameter q) are given by
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Thus, we have employed a mean-field Curie–Weiss approach to ob-
tain the three generic (for any spin) equations with random aniso-
tropy, which are the free energy and of the equations of state of the
van Hemmen model.

3. Numerical results

The phase diagrams of the van Hemmen model is obtained via a
detailed numerical analysis of the three equations [free energy (Eq.
(2.9)), magnetization (Eq. (2.10)) and the parameter q (Eq. (2.11)],
but few properties of the phase diagrams can also be obtained
analytically. It is important to notice that the first generalization of
the van Hemmen model is an extension of the variables of spins
S 1/2= for S¼1, and in this context, the crystalline anisotropy field
will have a very important role in the topology of the phase dia-
grams and on the thermodynamic properties of the model. For the
case S¼1, Eqs. (2.9)–(2.11) are reduced, respectively, to
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which are used to construct the full phase diagrams, i.e., to derive
all the thermodynamic properties of the system.

Phase transition spin-glass (SG) – paramagnetic (P)
In the spin-glass phase the magnetization is zero, thus the

expressions of free energy and the spin-glass parameter are re-
duced to
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Moreover, in the spin-glass to paramagnetic transition the order
parameter of the spin-glass phase tends to zero ( q 0SG → ), and
given the fact that in the paramagnetic phase the magnetization is
also zero, provide second-order phase transition lines in the phase
diagram. Therefore, Eq. (3.4) can be expanded in power series up
to first order in q, which results in

e
pK

K pK
3 2

6 2 6
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3.5
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In the case from the first-order phase transition, the frontiers
are obtained by solving the system of equations ( f SG f P( ) = ( ) and
q q SG= ( )), where fSG and fP represent the free energy of the spin-
glass and paramagnetic phases, respectively. The particular case of
p¼1 corresponds to the case where all spins are free from the
effect of crystal fields and reproduces the original results obtained
by van Hemmen [27], wherein the critical temperature is T 2/3c = .
For the case p¼0, all spins of the lattice are subject to the influ-
ence of an anisotropy constant D. The numerical analysis of Eq.
(3.5) provides the second-order phase transition lines of phase
transitions between the spin-glass and paramagnetic phases. In-
deed, we will examine two types of phase diagrams, the first for
D 0< and the second for D 0> in the T J D J/ /− phase space.

Fig. 1 shows the phase diagram in the T J D J/ /− plane of the van
Hemmen model with spin S¼1. It displays the transition between the
paramagnetic and spin-glass phases for D 0< . (i) In the case p¼0, for
small values of D| | and at high-temperatures the phase transition is
second-order. When the magnitude of D| | increases, the critical tem-
perature decreases and the second-order phase transition line ends at
tricritical point (TCP) located by (D J T J/ 0.4650, / 0.3160= − = ). No-
tice that the first-order phase transition and the critical temperature
decreases with increasing at D| |, going to zero at D 0.5= − . The TCP
separates the second-order from the first-order phase transitions and
the system displays tricritical behavior. (ii) In the range of

p0 0.18≤ ≤ , the phase diagram shows a region of first-order phase
transition at low temperatures. The phase transition is second-order at
high temperatures. The two types of phase transitions are separated
by tricritical points. (iii) In the case p 0.18> the system shows only
second-order phase transitions between spin-glass and paramagnetic
phases. Taking into account that the anisotropy D 0< favors the state



Fig. 1. Phase diagram in the T J D J/ /− plane of the van Hemmen model with spin
S¼1 for different values of p, as indicated in the figure. The solid and dotted lines
represent second- and first-order phase transitions lines, respectively. The black
dots represent tricritical points. P and SG, denote the paramagnetic and spin-glass
phases, respectively.

Fig. 2. Phase diagram in the T J J J/ /o− plane for the Hemmen model with spin S¼1
for p¼0 and different values of D, as indicated in the figure. The solid and dotted
lines correspond to second- and first-order phase transition lines, respectively. The
tricritical points are denoted by a black points. F and P, denote the ferromagnetic
and paramagnetic phases, respectively.
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S¼0, its enhancement to the negative values leads to a decrease in
critical temperature. In this region of the thermodynamic space,
the tricritical behavior disappears. Therefore, the increase in the ran-
domness parameter p indicates that a greater amount of spins are free
of the influence of the crystalline anisotropy field, indicating that this
anisotropy D is essential for the existence of tricritical behavior. The
enhancement of the critical temperature is displayed in the phase
diagram of Fig. 1. When p 1→ , all the spins are free of the influence of
the crystalline anisotropy field. Thus, the behavior of the our model
follows the original of van Hemmen model behavior. Furthermore, we
also have studied the region with D 0> . Here, the model does not
present tricritical behavior (the phase transition is of second-order
type for all values of p). For second-order phase transition lines, with
different values of p, starting at D J/ 0= and T J/ 2/3= , the critical
temperatures grow with increasing D J/ . This fact can be understood
since positive values of D favors the states S 1= ± , or the spin-glass
magnetic order. In the limit p 1→ , we have the pure case with
T 2/3c = .

Phase transition: ferromagnetic (F) – paramagnetic (P)
Let us now analyze the phase transition between the ferro-

magnetic and paramagnetic phases ( F P− ). In the ferromagnetic
phase the order parameter m 0≠ , whereas the spin-glass para-
meter is q 0= , however, in the paramagnetic phase m¼0 and
q 0= , which simplifies the expressions of free energy and mag-
netization
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In the phase transition F P− , m 0→ allows an expansion in power
series of Eq. (3.7) as function of m, which leads to
e
pK

K pK

3 2

3 2 2 /3 2
.
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−

− − ( )
β

The particular case of p¼1 (D¼0) reproduces the original re-
sults obtained by van Hemmen [27], and in the case p¼0 a nu-
merical analysis of Eq. (3.8) provides the second-order phase
transition lines for the F P− phase transition in the T J J J/ /0−
phase space. Thus, the phase diagram shown in Fig. 2 displays
second-order phase transition lines (solid lines), tricritical points
(black points) and first-order phase transition lines (dotted lines)
for several values of the anisotropy parameter D and p¼0. For
D 0.01= − , or D 0→ , the phase transition F P− is entirely of
second-order type. If D 0.01> − , the system presents tricritical
behavior, i.e, the phase transition is second-order in regions with
higher temperatures and first-order in regions with lower tem-
peratures, where a tricritical point separates the two regimes. The
increase of D| | with D 0< leads to first-order phase transition for
the region of higher temperatures. Therefore, for D| | → ∞, the
phase transition will be entirely of first-order type. In this case, all
spins are under influence of the anisotropic field. We shall notice
that there is a competition between D and J0 in our model. The
increase of D| | for negative values takes the spins remain pre-
ferentially in the state with S¼0, but the growth of J0 forces the
spins to align themselves parallel. This competition increases the
complexity of the system and should induce a first-order phase
transition at higher temperatures.

In the case p 0≠ , the phase diagram T J/ versus J J/0 for
D 0.3= − and several values of p, is illustrated in Fig. 3. In the
range of p0.14 0≥ ≥ , the system presents tricritical behavior. This
phase diagram is indicating that for D 0.3= − and p 0.14> the
spin-glass phase disappears, since the second-order phase transi-
tion between the ferromagnetic and paramagnetic phases starts at
T J/ 0= and J J/ 00 = , and extends to all other values. Therefore, for
any value of T and J0 greater than zero there are only ferromag-
netic and paramagnetic phases.

For case where p pc> and for all values of D, the phase
diagram exhibits only second-order phase transition lines and
extends down to zero temperature. In the case where p pc> and
for any value of D, the first-order phase transition lines are



Fig. 3. Phase diagram in the T J J J/ /0− plane of the van Hemmen model with spin
S¼1 for D 0.30= − and different values of p, as indicated in the figure. The solid
and dotted lines correspond to the second- and first-order phase transition lines,
respectively. The tricritical points are marked by a back points. F and P, denote the
ferromagnetic and paramagnetic phases, respectively.

Fig. 4. Phase diagram in the T J D J/ /− plane of the van Hemmen model with spin
S¼1 for p¼0.7 and different values of D, as indicated in the figure. The solid lines
represent the second-order phase transition lines. F and P denote the ferromagnetic
and paramagnetic phases, respectively.

Fig. 5. Complete phase diagram in the T J J J/ /0− plane for the van Hemmen model
with spin S 1= for p¼0 and several values of D, as indicated in the figure. The solid
lines represents the second-order phase transition lines. F, P, SG and M denote the
ferromagnetic, paramagnetic, spin-glass and mixed phases, respectively.
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suppressed and the second-order phase transition lines
extends until the temperature is zero and J J 00= = . Fig. 4 exhibits
the case p¼0.7, where the lines begin to merge, meaning that
for p¼1 all the lines merge into a single second-order phase
transition line.

Phase transition complete: F P SG− − and mixed phase (M)
The analysis of Eqs. (3.1)–(3.3) gives the complete phase dia-

gram of the van Hemmen model with spin S¼1 and random
crystal field. Considering the particular case p¼1, corresponding to
the pure case D¼0, the phase diagram coincides with the original
model of van Hemmen where the vertical axis is multiplied by 2/3.
In the ground state (T¼0), the expressions of our model reproduce
the original result of van Hemmen [27], so that the phase transi-
tion M F( − ) is found at the same point in the thermodynamic
space J J/ 2/30 = .

Here, we are mostly interested in the effects of the random
crystal field in the phase diagram. Therefore, we considered the
cases with D 0≠ , having in mind that D 0> favors states S 1= ±
and, therefore, in the limit D → ∞ the system becomes two states
S 1= ± , recovering the character the Ising model. On the other
hand, if D 0< , the state with spin S¼0 is favored and, therefore,
when D| | grows for negative values tends to eliminate the mixed
phase.

We notice here that the second-order phase transition lines
between the F P− (ferromagnetic to paramagnetic), F SG− (fer-
romagnetic to spin-glass) and SG P− (spin-glass to paramagnetic)
phases are obtained by expanding in power series of the order
parameters mF in the ferromagnetic phase and qSG in the spin-glass
phase, when it becomes zero in a phase transition. On the other
hand, in these phase transitions, the first-order phase transition
lines are obtained by equating the free energies in each phase and
considering the order parameter expressions.

In Fig. 5, we have shown the complete phase diagram of the
generalized van Hemmen model for the case p¼0. This figure
displays the results obtained for several values of the crystal field,
i.e., D 0.10= − , �0.12, �0.14 and �0.16 and it shows clearly that
the growth of D| | for negative values contributes for the dis-
appearance of the mixed phase. Keeping p¼0 and increasing the
anisotropy for negative values, the effect is to reduce the size of
the mixed phase with the growth of the spin-glass phase. When D
reaches the value D 1/6c = − the mixed phase disappears com-
pletely. This phenomenon can be understood by the fact that ne-
gative values of the anisotropy contribute for the state spin S¼0,
therefore, it contributes to the vanishing of the mixed phase. In
Fig. 6, we have displayed the values of p and D in which the mixed
phase disappears.

Finally, in Fig. 7 we have expressed the phase diagram for
several values of p and for a fixed anisotropy D 0.2= − in a region
where the mixed phase has already disappeared. This diagram
shows that increasing the parameter p, which corresponds to a
dilution in the influence of crystal field, leads the system to in-
crease the size of the ferromagnetic phase, i.e., it exists for smaller
values of J0.



Fig. 6. Phase diagram in the D pc c− plane of the van Hemmen model with spin
S¼1. We have displayed the values of p and D by which the mixed phase
disappears.

Fig. 7. Phase diagram in the T J J J/ /0− plane of the van Hemmen model with spin
S¼1 for D 0.2= − and different values of p, as indicated in the figure. The solid
lines represents the second-order phase transition lines. F, P and SG denote the
ferromagnetic, paramagnetic and spin-glass phases, respectively.
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4. Conclusion

In this paper, we have provided a systematic description of the
phase diagram of the van Hemmen model in the presence of
random crystal field, for a system with spin S¼1. Our study were
performed for the case of bimodal distributions governing the
random interactions (exchange P ,ξ η( ) and random crystal field
P Di( )), which provides three ordered (spin-glass, ferromagnetic
and mixed) phases.

Initially, for S¼1, the phase transition in the range of
p0 0.18≤ ≤ , from the spin-glass to paramagnetic phase is of

second-order (regions of high temperatures and small values of
D| |) and first-order (regions of low temperature) separated by
tricritical points. For p 0.18> , the phase transition is only of sec-
ond-order type, and increasing p leads to the behavior found in the
canonical van Hemmen model. In case of the phase transitions
F P− , for D 0.01= − , i.e., D 0( → ) the phase transition is entirely of
second-order type. If D 0.01> − , the phase transition is second-
order in regions with higher temperatures, and first-order in re-
gions with lower temperatures, where a tricritical point separates
the two regimes. For D| | → ∞, the phase transition will be entirely
first-order.

The complete phase diagram of the generalized van Hemmen
model, for the case p¼0, clearly indicates that the enhancement of
anisotropy to negative values contributes for the disappearance of
the mixed phase. Keeping p¼0 and growing the anisotropy
parameter, the effect is to reduce the size of the mixed phase with
the raise of the spin-glass phase. When D reaches the value
D 1/6c = − the mixed phase disappears completely. We also have
provided the values of p and D in which the mixed phase
disappears.
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