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1 Introduction

Although the superstring worldsheet action in an AdSs x S° background is well-known
both in the Green-Schwarz [1, 2| and pure spinor [3, 4] formalisms, an explicit superfield
construction of AdSs x S® supergravity vertex operators is still an open problem. Superfield
expressions for the dual half-BPS super-Yang-Mills gauge-invariant operators have been
constructed using d=4 N=4 harmonic superspace [5, 6] [7], however, analogous superfield
expressions for supergravity have only been constructed for the field strengths [8, 9] and
not for the supergravity gauge fields that appear in superstring vertex operators.

In the Green-Schwarz formalism, supergravity vertex operators must preserve kappa-
symmetry and, in the pure spinor formalism, supergravity vertex operators must preserve
BRST invariance. Only the pure spinor formalism will be discussed here, however, it should
be possible to extend our results for the Green-Schwarz supergravity vertex operators. In
any consistent curved background, Type IIB supergravity vertex operators in the pure
spinor formalism are defined by [10]

V = AN Au5(x,0,0) (1.1)

where A% and M2 are left and right-moving pure spinors and A,g is an N’ = 2 d=10 bispinor
superfield. The BRST operator is Q = A*V,, + \? Vg where V,, and Vg are the covariant
N = 2 d=10 superspace derivatives.



In this paper, we will compute the BRST cohomology by first expanding () near the
boundary of AdSs as

Q=Q 1+Q1+Qs+... (1.2)
where @, is proportional to 2z and z is the distance from the boundary of Ad.Ss. In perform-
PSU(2,2[4) SO(6)

ing this expansion, it will be convenient to use a g X S0(5) supercoset description

O(4,1)xS0O(6)
of AdSs x S° instead of the usual % supercoset description. We will then argue,
making some assumptions, that the BRST cohomology is completely determined by the
cohomology of the first two terms ¢)_1 + Q1 and, as expected from holography, BRST-
invariant vertex operators are determi;ed by2 their behavior near the boundary of AdSs.
Finally, we will compute the zero mode cohomology of )_1 4+ Q1 and express the result in
N = 4 d=4 harmonic superspace. In this way, we will 0btai2n exp2licit superfield expressions
for the behavior of supergravity vertex operators near the boundary of AdSs.
In section 2 of this paper, we describe the AdS5 x S® pure spinor formalism using the
PSU(2,2/4) S0(6) . PSU(2,2/4) .
SO, xS0 X SO(3) supercoset instead of the usual SO(41)x50(5) supercoset. In section
3, we expand the BRST operator as () = Q_% + Q% + Q% + ... where ), is proportional

to 2" and z is the distance from the AdSs boundary, and argue that the cohomology is

determined by the first two terms @)_1 + Q1. In section 4, we restrict to the zero mode
cohomology corresponding to supergra\?ity st;tes and explicitly compute the cohomology of
Q_1+Q1, thereby obtaining explicit superfield expressions in N' = 4 harmonic superspace
for the behavior of supergravity vertex operators near the boundary of AdSs. In section
5, we summarize our results and discuss possible applications such as computation of the
massive spectrum and tree-level scattering amplitudes in AdSs x S°.

PSU(2,2|4)

2 Pure spinor formalism with 50(4,1)x50(6)

supercoset

In this section, the pure spinor formalism in an AdSs x S° background will be reviewed.

However, instead of representing the worldsheet matter variables with the AdSs x S° su-
PSU(2,2/4)

SO(4,1)xS0(5) the worldsheet matter variables will be represented by the

perspace coset

AdSs5 superspace coset % together with %Eg; variables for S°. Although the
two superspace cosets are related by a field redefinition, the Sofzi[igié‘é)(ﬁ) X Sggg; is more
SO(6)

convenient for comparing with A/ = 4 d=4 harmonic superspace since the 503 variables
transform under N' = 4 d=4 supersymmetry in the same manner as harmonic variables.

2.1 Worldsheet variables

The AdSs5 superspace contains 5 bosonic variables denoted [2™, 2] for m = 0 to 3, and 32
fermionic variables denoted [0/ ,5?,1#]9‘,@&]] for (,&) = 1to 2 and 5 = 1 to 4. These

SO(4,1)xS0(6) SUPEr

variables appear in the
g=exp(x™ Py, +1i 0ajqaj + i@dﬁdj) exp(1 zp;“sg + z@i?j‘) 2P, (2.1)

where [Py, ¢aj, qi] are the N' = 4 d=4 supersymmetry and translation generators, D is the
dilatation generator, and [so‘j,E?] are the N' =4 d=4 superconformal generators. Under



global PSU(2,2|4) transformations generated by X, g transforms by left multiplication as
0g = ¥g. And under local SO(4,1) x SO(6) transformations generated by €2, g transforms
by right multiplication as dg = ¢€2. Note that with the parameterization of (2.1), when
z — 0 at the AdSs boundary, the variables [z,0,0] transform in the usual N =4 d=4
superconformal manner under global PSU(2,2/4) transformations.

The S space will be parameterized using a unit vector y’ for J = 1 to 6 satisfying

y’y? = 1. Using SO(6) Pauli matrices O’Jk, one can define y;, = —yi; = yjajk' which
satisfies the normalization condition that ejklmy]kylm = —1. Note that ka = %eﬂklmylm

and that y; Lyt = 5l.

Fmaﬂy7 one needs to include the left and right-moving pure spinor variables (A%/, X]a)

and ()\‘” )\ ), as well as their conjugate momenta (wq;, W Ja) and (wa],gi). These variables
satisfy the pure spinor constraints

A9NT =0, A NE %d“%,xﬁ —0, (2.2)
Koy =0, NI — LA, = 0,
which are the four-dimensional reduction of the d=10 pure spinor constraints
MW =0, MWMA=o, (2.3)

for M = 0 to 9. As in ten dimensions, gauge invariance under dw = (v X)Aj; and
ow = (’yM X)?\\M implies that w and @ can only appear in the combinations of either
SO(9,1) Lorentz currents NV = 1 (wyMN)) and NMN — i(ﬁ)\’yMNX), or ghost currents
Jg = (wA) and jg = (@X) So as in ten dimensions, there are 11 independent ’s and \’s
and 11 gauge-invariant w’s and w’s.

Under the local SO(4,1) x SO(6) gauge transformations which transform ¢ by right
multiplication as dg = g¢{2, one also must transform the y;;, and pure spinor variables.
Under the SO(3,1) x SO(6) subgroup of SO(4, 1) x SO(6), these variables transform in the

obvious way as

0Yjk = nguc + it (2.4)
oM, = EX, — AL, 5N = X 4 R

ow§ = —cgfwf + c?w,‘j, 5WZX = —caw/j Clygwk

53, = I3~ A%, 5, — caﬁcguk,

ow; = —cgftﬁf + c?@,?, 51/5@ = —cawﬁ cj*

where Q@ = c?cRé€ - %(C%(O’mn)aﬁ + cg(im”)gd)an, R;? are the SU(4) R-symmetry gener-
ators and M,,,, are the SO(3,1) Lorentz generators. And under the local SO(4,1) trans-
formations which are not contained in SO(3,1), these variables transform as

5yjk = O, (25)



ON, = —CantFXG, 6N = POypE 6N, = —caat™ Ny, 0N = Oy

o — —Caal k> i = C YjkAas a — —Caal k> i = C YjikAas
_ . — i " P . ~k ~j T~

5w]°-‘ = "My, 0wy, = —caal’ WY, (5qu‘ = "YW, oW, = —Cany’ Wy,

where Q = ¢*¥ig™ Ms,, and Ms,, are the four SO(4,1)/SO(3,1) generators. Note that

A = M, waj = [, —y;rTE, (2.6)
~ . ~. e’ N N ~k
>\A] = [)‘gxﬂy]k)‘k]v WaA; = [w;la _yjkwd]a

transform covariantly as SO(4, 1) x SO(6) spinors where A = («, &) is an SO(4, 1) spinor
index.

2.2 Worldsheet action

To construct the BRST-invariant worldsheet action using the % supercoset ¢

of (2.1), the first step is to define the left-invariant currents J = g~ '0g and J = g~10g tak-
ing values in the PSU(2,2|4) Lie algebra. The bosonic currents will be denoted as (J™, .J°)
for the AdSs translations, [J*%, J# JP] for the SO(4, 1) rotations, and JIZ for the SO(6)
rotations. And the fermionic currents will be denoted as [J7%, J4;] for the supersymmetries
and [J¢, Ji] for the superconformal transformations. So the left-invariant current is

g log = Jmi(Pm+Km)+J5D+JABMAB+JJ’?R;+J%W + Jag @+ J5s) + J1sE (2.7)

where Map = Mpa are the SO(4,1) generators, A = (a, &) is an SO(4,1) spinor index,
and K, is the generator of special conformal transformations.

In terms of these currents, the ghost-independent contribution to the worldsheet ac-
tion is

1 N R | —
Smatter - /dQZ |:2nanmJ + §J5J5 - g(vy)]k(vy)]k (28)
— 20 T), — 20 oy — 2J0T5 — 20650

— Y T = P T Tk + v Tag Ty + yin LT |

where (Vy)jr = 0yjr — J]l»ylk — J,iyjl. The easiest way to verify this action is to use the
SO(6) gauge invariance to gauge-fix y;;, = (0%);, where (07/);;, for J = 1 to 6 are the

SO(6) Pauli matrices. One can then compare (2.8) with the action written in terms of the
PSU(2,2[4)
SO(4,1)xSO(5) supercoset.

When y;, = (0) 1, the term —32(Vy),(Vy)7* reduces to 3 2?721 767 7% where J67 =
%(JGJ)k]JJ’?. Furthermore, the third line of (2.8) reduces to

— (0 eapJATY — (0%) ke T T (2.9)

where € 4 is the SO(4, 1)-invariant antisymmetric metric, i.e. €ap = 0, €aB = €ap and €app =
€4 In this gauge, one can easily show the equivalence of (2.8) with the ghost-independent



contribution to the action written in terms of the #@% supercoset which is

1 a —b 1 —BK | —AJ
Shatter = /d2z|:277ab‘](2)‘](2) - §5AB(06)JK(JE?}]J(3) + T JE) (2.10)

1 —BK  —AJ
+ ZeAB(Uﬁ)JK(JGSIJ(B) =T ")

where we have used the notation

—BK i 787 ij & 8
ean(0%) k(] Ty = (0%)ieas 3T (35) — (0%) €45 700 T 3 (2.11)

and similar for the other terms. In (2.10) a = 0 to 9 is an SO(4,1) x SO(5) vector index

and the currents [J/ J(éi)j’ Sl Jﬁ%, J(D;é))j] are related to the currents of (2.7) by

(1)

Jaj) = \/§J0‘j + ﬂ(gﬁ)j’ijia, J(Oé]) — _\/§Jaj + \/i(Uﬁ)jiJia, (212)
and J [Jm, J°, J67].

2
Finally, the ghost-dependent contribution to the action is given by

A ~as 1= 1 ., — o~
Sghost:/dZZ [wAj(V)‘)A] —wAj(V/\)A]+§y]l(Vy)zkwAj)\Ak—§yjl(Vy)zkwAj/\Ak (2.13)
— 2Ny N — A(y” Ny (g NE™) + 2N e N7E — 4(y" Ny, ) (s NM) |

where in the first line of (2.13), A%/, wy;, A and wa; are the SO(4,1) x SO(6) spinors
defined in (2.6) and

wa; (VA = wlON, + whyid(yAd) — wi TN, —whT5N, (2.14)
+ 205 Taay ¥ Ny — 205y TN, + 0§ TAE + Wy T, 0PN,

and similar for @Aj(VX)Aj. In the second line of (2.13), the SO(9,1) Lorentz currents
NMN = L(wyMNX) for M = 0 to 9 are constructed out of the SO(3,1) x SO(6) spinors
()\O‘j,X?) and (wq;, wﬁy) and have been decomposed into their SO(3,1) x SO(6) components
as [Nmn’NmJ’NJK]‘
This ghost contribution can be verified by choosing the gauge y;, = (09) jk and com-
PSU(2,2/4)

paring with the ghost contribution using the SO1)xS0(5) supercoset which is

~ .. o~ . =~cd
Sghost = /dQZ[wAjV)\AJ — ’L/EAJ'VAA] + RabchabN ], (215)

where V only involves the SO(4,1) x SO(5) connection, N is constructed out of the
SO(4,1) x SO(5) spinors A\ and way, and Rgpeq is the AdSs x S° curvature, i.e. Rypeq =
Nafady if (a,b,¢,d) are on AdSs5 and Rapea = —Maianep if (a,b,¢,d) are on S5, Since
(VI = VAN — %76‘](06 J) kj MEthe first line of (2.13) reproduces the first two terms
of (2.15) when y;;, = O'?k. And by writing the SO(4, 1) x SO(5) Lorentz spinors in terms of
SO(3,1) x SO(6) spinors, one finds that when y;;, = U?k, the second line of (2.13) reduces
to the last term of (2.15).



2.3 BRST operator

Physical closed string states in the pure spinor formalism are described by the cohomology
at +2 ghost number of the sum of the left and right-moving BRST operator. In terms of

the % supercoset, the BRST operator in an AdSs x S° background is

Q = /dZ )\AJé“AB(UG)JKJ(B:;)K —/dz /):AJ€AB(06)JKjg§(. (2.16)

Using the relation of (2.12) for the fermionic currents, one therefore finds that the BRST

operator in terms of the % supercoset is

Q= /dz [)\aj(\@Jaj — ﬁyjkjﬁ) — de(ﬁjdj + \/Qyjkjg)] (2.17)
—~ / Az D9 (V2T o + VY Tt) + hag (VET = Vay* T,

Under a BRST transformation of (2.16) a representative ¢ of the supercoset

PSU(2,2/4)
SO(L1)%S0(5) transforms as

09 = g (\"Ty + A\°T2) (2.18)
where T2 and T3 are the fermionic generators of the PSU(2 214) , @ =1,...,16 and
a=1,...,16. These generators are related with gu;, qa, sl s 7 as

ViR SV PR
Tali = 4 5 qoi — T(U )zjsgya TC%Z = —Tqa — T( ) Saj (2.19)
VIV e VB,V e
TS = —y i T ~=(0%)isl, Ty = —qu + T(Uﬁ)wsdj

Note that in the gauge ;i = (6°);x, (2.12) and (2.19) satisfy
T gaj + Jajq™ + I8l + st = J' Ty + T (2.20)
Using the relations above we can see that the BRST transformation of g under (2.17)

2
*4[ [IAT g,

is

d0g=g —iINTysk 4 z)\aﬂ‘” + i, yjk 9 (2.21)

where (q] 7q ) and (sa, 3] @) are the NV = 4 d=4 supersymmetries and superconformal trans-
formations and

AT = —i(A 4 X%, AT = (A =A%) (222)
- = ~+ _ .t 3
Moy = i — M), Aij = 1(Aaj + Aaj)-

Since w4; and W4, are conjugate to M and \AI , one finds that w4, and w4 transform
under BRST as

Swaj = V2J0j — V2yJE, ST = —/2J% — /2Tt I (2.23)



Note that these BRST transformations are defined up to the gauge transformation
sw = (YMA)Ap and 6@ = (vMN)Ayy.

Finally, the BRST transformations of A7, M and y7* are zero. However, note that
these variables transform under local SO(4,1) x SO(6) transformations. So if the BRST
transformation on g needs to be compensated by a local SO(4,1) x SO(6) transformation
in order to preserve a gauge-fixing condition, these variables will transform under the
compensating SO(4, 1) x SO(6) gauge transformation.

3 Cohomology analysis

In this section, the BRST operator in an AdSs x S° background will be expanded in terms
of the AdS5 radial variable z. The cohomology will then be shown to be described by the
boundary value of the state near z = 0.

To simplify the analysis of cohomology, it will be convenient to express the BRST
operator in terms of the worldsheet variables [x,6, 1,2, v, )\,X] and their canonical
momenta [Py, Py, Py, P, Py, Py, P;] instead of the worldsheet variables and their time
derivatives. As usual, the canonical momenta will be defined as P, = %, etc. Note
that unlike in the Green-Schwarz formalism which has first and second-class constraints,
there are no constraints on the canonical momenta in the pure spinor formalism. Using
the Lagrangian of (2.8) and (2.13), one finds, for example, that

z . = —ag
P, = —5 <z + 20a]waj + 29@j’¢) > (3.1)
where dot means derivative with respect to 7.
Expanding the sum of the left and right-moving BRST operator given in (2.17) in terms
of these variables and z, one finds that the BRST operator splitsas Q = Q_14+Q1+Qz+. ..
2 2 2

where

V2\ Z1iom V2\ _i<ta
Q_% = <2>Z 2)\+PY ymlpwj — (2) 2)\] y] PEza + f(ao-X) (32)
2 ) 4 ) .
QL= ({)ZéA(M(—Pgm‘ — (0% aa; Pra + 200i2 Py + 400k Py y?* — 1ai Pyiry™?

— 4¢ak)\’§P/\g + %MgPAg — 4wak>\§PX% + %MEPXZ — 27 Agpw — Zwm/\{lP/\g
B3 P oy NI P Yp o Yp N T
- 2¢Z AﬁP)\aj 2wﬁz>\ip/\; + 4/11)0416)\1' PX: wazAk PX? + 4"/}ak)\7; Piz waz)\k Pi:‘

+ 4oy Pya — Wi Pa Py ) + <\/§> 2

—a

[N

2 (= Py = i07(0%) o P — 2 2P,

2
—1 —i —j i —i —j —i
— 4 Py yi + Vs Py yin — 4PN Py + PeAb Pay — 40N, Py + P\ Py
-8 —i— _ B _i =B —i—3 —Bie
+ 4PN Py = DaNiPys + 40 Py = VA Pas — 2050, Prs + 207 Nk P
B ¢ i k ’

— ~B —Bi= —k
_ 21/)[3)\kP§a —+ 21[1 Adkpiﬁ - 4wd 1/) PEMB — 2wakwdpwm)
k k



V2 PR —i—& s —id — e —i A~
+ (2>22’2/\er ymi(ibQAky’”Pw + ykl/\{‘/PXkd Jri/Jd/\kyk]PXm + yklAfypid)
k

V2\ o it i o~ = o
- <2>222>\m Y™ (Vairkay’ Py +¢f>\lgyklpxg+1/fm>\akyjkpxg +1; ALZ/MP;@)-FH(@JX)
k

2\ : —idc 2\ st
and ... are terms which are at least quadratic in . We have suppressed the [do in the

expression above and f(9,X) and ¢(0,X) denote additional terms that contain sigma
derivatives of the fields. We will work to lowest order in o so possible normal-ordering
contributions to () will be ignored.

Near the AdS5 boundary, physical states V' can be expanded as V =) d>d, Va where
V is proportional to z% and V4, is the leading behavior near z = 0. Defining the degree to
be the power of z in the expansion, V' has a minimum degree dy, so one can use standard
methods to compute the cohomology of (). One first computes the cohomology of @)_1,
then computes the cohomology of ()1 restricted to states in the cohomology of _1, thezn
computes the cohomology of Q)3 restricted to states in the cohomology of @Q_ ;Q—i— Q1,
etc. This procedure is well deﬁried since the complete BRST operator given in 62.17) 2is
nilpotent, and after performing the z expansion, this implies {Q%, Q%} + 2{@7% , Q%} =0.
So @) 1 is a nilpotent operator when acting on states in the cohomology of @) _ 1. The same
argument of nilpotency applies to Qs , Qs , .. ..

In what follows we will focus 01(12 the 2zero mode BRST cohomology which is relevant
for the supergravity states. Because of the usual quartet argument, the zero mode
cohomology of

V2

2 ~+a i
Q.= (2> TENT My Py — <{>2%Aj Y P (3.3)

1
2

will be assumed! to be given by states which are independent of AT and which only
depend on ¢ in the combination A~y where i) =y 7(v74). This combination A\~M ¥
has been written in ten-dimensional notation where A= and zﬂa are d = 10 Weyl spinors,
@ =1to 16, and M =0 to 9. Note that the pure spinor condition (2.3) implies that

AAMAT =0 and ATAMAT £ AT MAT =0, (3.4)

so that Qfé()\_sz/A)) =0.

Since states in the cohomology of @ 1 are independent of AT, the condition
AFAMAT £ A=AMA~ = 0 implies that )\_’yMQ)\_ = 0, i.e. A7 is a pure spinor with 11
independent components. This implies that A=y ¥ has only 5 independent components.

'As shown by A. Mikhailov and R. Xu in [11], this treatment using the quartet argument is too
naive and there is one state at ghost-number two in the Q_% cohomology that depends on AT which

is AtyM) (A" yard) [12]. However, if one allows dependence on the non-minimal pure spinor variables
A and r described in the following section, this state in the cohomology of @ _ 1 can be represented by

AN A AME)Y A AN D) (AP D) (ryarn pA) which is independent of AT



Therefore, states in the cohomology of ()_1 depend on the 21 bosonic coordinates
2
[z, 2,9, A\ and 21 fermionic coordinates [0, \=yM1)].
The next step is to compute the cohomology of Q1 +@s +... when restricted to states
2 2
in the cohomology of ()_1. Since states in the cohomology of ()_1 are independent of
2 2

AT and only depend on % in the combination A\~y™ 1[1, any terms proportional to AT in
Qs + ... act as zero when restricted to these states. And any terms proportional to A~ in
Qg + ... are at least cubic in ¢ and must act as zero when restricted to these states. This
is because any operator which is linear in A~ and cubic in ¥ cannot be expressed in terms
of the five \=yM 1& variables. Thus all the operators in 3 +. .. act as zero when restricted
to these states. So computing the cohomology of @ reduées to computing the cohomology
of @1 restricted to states depending on the variables [z, 0, z,y, A ™, )\_’}/Mlz}].

§ince @1 has a fixed degree, one only needs to consider vertex operators of a fixed
degree to cor2npute its cohomology. If V' is the original vertex operator in the cohomology
of @, this will be the term Vj, of lowest degree in V' after restricting to states in the
cohomology of @ _ 1 For this reason, the vertex operator inside the region of validity
of the z expansion is determined up to a BRST-trivial quantity by its boundary value
Va,- Holography predicts that Vg, should be dual to a gauge-invariant super-Yang-Mills
operator, and the precise relation will be discussed in the next section for the case of
supergravity vertex operators which are dual to half-BPS super-Yang-Mills operators.

4 Half-BPS states

4.1 BRST cohomology

In this section, the zero mode BRST cohomology at +2 ghost number will be related to the
dual of half-BPS gauge-invariant d = 4 N = 4 super-Yang-Mills operators. Zero mode co-
homology at +2 ghost number corresponds to supergravity states which, like the dual half-
BPS super-Yang-Mills operators, will be expressed using N’ = 4 d=4 harmonic superspace.

As argued in the previous section, the BRST cohomology is described by states in
the cohomology of Q% depending on [z, z,y,0, A", )\_'yMﬂAj} where A™yM A\~ = 0. In what
follows we are going to suppress the minus superscript in A~. The zero mode contribution
to @ 1 written in ten dimensional notation is:

— .3\ ity 9 (A~ 9 om0 a0 D~
Q% =22 [ A“Dg+4(\y w)ayjk +yi; (A7) <2zaz +y By A PG +uw%g (4.1)
where Dy = _8%5 — (Ovm)aazim is the d=4 dimensional reduction of the d=10 supersym-

metric derivative.
In (4.1) we have included the usual non-minimal pure spinor term w%rg [13] that is
not present in (3.2). The inclusion of this additional term is necessary? because, as will

2 Although some expressions for vertex operators in the next subsection will depend on A= and ra, it
should be noted that there always exists a gauge in which the vertex operator depends only on minimal
variables. This is clear from the expression of (1.1). However, to express the vertex operator in terms of
harmonic superspace variables, dependence on non-minimal variables appears to be necessary when the
supergravity state is dual to a half-BPS state involving four or more super-Yang-Mills fields.



be seen below, some of the results can be expressed as a function of (AyM 1&) only after

introducing the non-minimal bosonic pure spinor variables Xa satisfying
Aa(¥M)¥ Az =0. (4.2)

The w® are the conjugate momenta of )\f which act on functions of /\ as ai and rg is a

[

fermionic spinor which satisfies B
Aa(YM)*rg = 0. (4.3)
To rewrite ()1 given in (3.2) in the concise form of (4.1), we have performed a few
2

manipulations. Firstly, we have redefined A in order to adsorb the overall factor of ‘/5
Secondly, the term 224()\731%/)) F i (4.1) is understood to not act on (AyM4)) even

though (AyM w) depends on y;;. This is the case because we have not explicitly included
n (4.1) the terms

i — —k i —m—
[ 20 VAP — 2N, Yt Py, + 4) Yojthf Pys — AN wﬁmeﬁ}

1\3\»—‘

from (3.2), and one can show using pure spinor conditions for A that

. 0 i —j —a —k
(4(>\’7jk¢)ajk —2A 1/’aj¢jonglﬁ —2) %wanm (4-4)

+ 4Aai¢ajwf B T Pmﬁ) (M) =o0.

Finally, to extract the term —z2 Yij ()\'y”w))\aw in (4.1) from the complicated dependence
of @1 in (3.2) in m, we have used that terms with A™ act as zero on the states in the coho-
2

mology of _1 and we have omitted terms that are zero by the pure spinor condition such as
2
. 4 ~ _
A*M(wakA?PXg + 4ard; Pea) (A7) = 0.
k

4.2 Supergravity vertex operators

It will now be shown that supergravity vertex operators in the zero mode cohomology which
are proportional to y s, ...y, _, are related to half-BPS operators that are constructed from
N super-Yang-Mills fields. We start the analysis of the cohomology of the operator () 1 con-
sidering supergravity vertex operators which are independent of ;3. These states must be
annihilated by 22% — )\a% and must be in the +2 ghost-number cohomology of Q = A\*Dx.
Since A*Dg is the four-dimensional reduction of the ten-dimensional BRST operator
Q = \*Dg, these states are the antifields of super-Yang-Mills described by the bispinor su-
perfield A (:1: 0) [14]. In other words, the y-independent supergravity vertex operators are

V= z)\a)\BA* 5(2,0) (4.5)

where A —(z,0) is the dimensional reduction of the ten-dimensional super-Yang-Mills anti-
field. Note that the factor of z is required to cancel the BRST transformation of A and im-
plies that V' carries zero dimension (since A;B carries dimension +1 in units where " and
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z carry dimension —1). At zero momentum, the vertex operator of (4.5) can be gauged to

ZWABA;B = 2[(MMO) MY 0) (0yarn ) i+ (4.6)

+ MO (A 0) Oy + (™ 0) (3N 0) (673, 760) 8]

where ay, gb;k and v} are the antifields to the gluon a,,, scalars &%, and gluino . So
these y-independent operators are the duals to super-Yang-Mills “singleton” operators,
i.e. the duals to abelian super-Yang-Mills fields.
We next consider supergravity vertex operators in the cohomology which are linear in
y. The simplest example is the operator V = i A% )\ky it which is linear in y. Note that V'
is real since
NN i = =N Aaj (4.7)
And V is annihilated by @1 since ejklm)\aj )\2)\61 = 0 and X?)\aj = 0 imply that
2

()\'yijd;)ayaij (AMy) = 0. Since V is a PSU(2,2/4) scalar, it corresponds to the zero-
momentum dilaton that is dual to the super-Yang-Mills action.

To construct the general supergravity vertex operator in the BRST cohomology, recall
that gauge-invariant half-BPS operators involving N super-Yang-Mills field strengths are
elegantly described in harmonic superspace as [6-8]

W (u,2,0) = (uu)91 ... (uu) NINTe[Wi, j, (2,6) ... Wiy iy (2, 0)] (4.8)
where Wji(z,0) is an N = 4 d=4 superfield satisfying the constraints [15]

VaiWik = VWi, (4.9)

= 2 i =l
VQWJk - —35[]VaWk]l

In components,
Wik = bk + 0ai&h) + 0 €0 jhim + 0560, 5 F 7 + €ram0*' 07" Fog + . .. (4.10)

where ¢;j; are the scalars, £§ and {,f} are the chiral and antichiral gluinos, and F, and

Fab are the self-dual and anti-self-dual field strengths. The expression (uu)’* denotes
/Ky Ju % where G = (uf], ﬂf],) are harmonic variables parameterizing the coset %&4{)}(2))
with j = 1 to 4 and J,J' = 1 to 2. The inverse coset will be defined as G~ = (uj,uj/)
where the variables v and w satisfy the constraints

K’ —j K
uJu =%, uJJ,u = ok, uJu =0, w,u; =0, (4.11)
1 / /
(uu)’* = JKuJulf( =3 eFmy uK e g

Using the superspace constraints, one finds that W®) (u,x,0) satisfies

)y Doy W) = DWW = o, (4.12)

— 11 —



i.e. WV is a G-analytic superfield. Furthermore, since W) is independent of @, it
satisfies

<u§a.> W) =, (4.13)
ow’,,

i.e. W) is an H-analytic superfield. A superfield that is both G-analytic and H-analytic
will be called an analytic superfield for short. So if U(1) charge is defined as 3(u2 —u2),
half-BPS states constructed from N super-Yang-Mills field strengths are described by
analytic superfields of +N U(1) charge.

To construct the duals to these analytic superfields, consider the superspace integral [8]

/ dix / du / B ()W N (u, z, )TN (u, w, z, 0) (4.14)
SU(4)

where [ du denotes an integral over the compact space SUEXUE) and using the definitions
D" = D' DX' D, Dgyr, D' = DyD*" Dy, D (4.15)

where Dy = @), Daj and ﬁi = Hjﬁja , one can write [ d®(uf) = DD,

For the integral to be supersymmetric and non-vanishing, 7*=") must be a G-analytic
(but not necessarily H-analytic) superfield of U(1) charge (4—N). Furthermore, the integral
of (4.14) is invariant under the gauge transformation

o\
oT = <u> A7, (4.16)

du) ,;
for any G-analytic superfield A”,. So the dual to a half-BPS state constructed from N
super-Yang-Mills fields is described by a G-analytic superfield 7' of U(1) charge (4 — N)
which is defined up to the gauge transformation of (4.16).

In [8], these superfields TA=N) (u, @, z,0) were related to chiral N' = 4 d=4 superfields
coming from the AdSs x S® Type IIB chiral field strength at the AdSs boundary. However,
in this paper, the superfields T¢=N) will instead be related to AdSs x S° Type IIB
gauge superfields AEB which appear in the BRST-invariant supergravity vertex operators
V = )\EXEAEB of (1.1). Near the AdS boundary, BRST-invariant supergravity vertex
operators dual to half-BPS states constructed from N super-Yang-Mills fields will have
the form V = 22N AEAEA%)(y, z, 0, \yM 1&) up to non-minimal variables and the precise
relation between V and T is

V=22N / duf(yun) N TQOT 4 8(N — 1) (yuu)N 2QW T+ (4.17)
+8(N — )(N — 2)(yuw)V 30T 4+ 83 (N — 1)(N — 2)(N — 3)(yuu) V13 7+
+ 84N = 1)(N = 2)(N — 3)(N — 4)(yuw)V QW T7,
where
Q) = %(Ax)_2()"7Mﬁ)()"7Nﬁ)()‘7Pﬁ)(AVSE)(X'YMNPSTX)UT (4.18)
+5 27 HOX) 200 M D) D) D) e,

— 12 —



QM = i<AX>—2<A7M¢>mNﬁ)(AvSJND)(mPﬁ)(XvMNSPTX)vT (4.19)

+ 2 22N 2(MP) AN DY (M D) (rrvarh)
0> = g(AX)—%MM@(MW)(M%)(MPID)(XWNSPTX)UT (4.20)
+ ; 272 (O 2O MP) AN h) (A D) (rysnar V)
0@ = i(AXr?(AvM@(Av%)(m%)wPf?)(XwNSPTX)uT (4.21)
+ 52N 20DV D D) s
o = Tlﬁ(AX)_Z(A’yM D)D) WD) ) Cymnspr i’ (4.22)
In the above formulas, vy; and vj; are null vectors with nonzero components defined
by vy = —%aﬂk(uu)jk and vy = —ia?}k(m)jk where af,k are SO(6) Pauli matrices, and
D = vy (M D).

When N < 4, the terms in (4.17) do not depend on Q) and Q*) and one can choose
a gauge such that V' is independent of the non-minimal variables. In this gauge, V is equal
to (4.17) but with Q©, QM and Q®) replaced with

1 _ S _
o, = —Z()\VMD)(AWND)(DVMNPD)UP7 (4.23)
Qi = =) N D) (Dyagwp D) o”

M T \=— m
+24 (M )on (WD) 5

02, = 2 (M) N9 (Drre D"
. D
8O M) (2y) S

However, for N > 4, such a gauge is not possible since Q®) and Q@ require
non-minimal variables.

Before showing that (4.17) is in the BRST cohomology, it will be interest-
ing to discuss some simple examples of T and the associated vertex operator.
When N = 1, V becomes independent of y and 1& and describes the antifield
of (4.5). When N = 2, the dilaton vertex operator V = i X%\ y; of (4.7) is ob-
tained from T = [],_;, Ha:1,2(uj‘]/9gz)v and is dual to the super-Yang-Mills action
fd4mfduﬁ4 Tr(W?2) where D'* and D" are defined in (4.15). And when N = 4, the
vertex operator V = 2727%()\X)_2()\'yMl/AJ)()\VNi/AJ)()\’yS@)(TVSNMX) of footnote 1 is
obtained by choosing T to be constant, and is dual to [ d*z [ du D’ ‘D Tr(W*) which is
the supersymmetrization of the [ d*z Tr(F?) term.

The procedure to show that V' of (4.17) is in the BRST cohomology is as follows: to
zeroth order in (AyM 1[1) the condition for V' to be annihilated by @) 1 is

(22\Dg + @°rz)QOT = 0. (4.24)
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To see that Q)T given in (4.18) satisfies this equation, first note that A*Dg can be
decomposed as

ADg = Tyon MMV D) 4+ vy MYV D) . (4.25)
= AD1 + A\Dy

and we can rewrite (4.24) as
(22D + @rz)QOT + 22[AD; , QO ]T = 0 (4.26)

where [, ] means commutator and (AD;)T = 0 since T is G-analytic. It is easy to see that
[AD;, Q)] = 0 since

(DY), (¥ D)} = ~20 4™ \)7s 0 =0, (4.27)

where {, } is an anticommutator and we have used that A is a pure spinor.
To show that (Z%)\DQ + 0%r5)QOT = 0 we first note that using Fierz identities it is
possible to rewrite the first term in the right hand side of (4.18) as
o__1
Q) =- 1
— (AN AD2) (MD)W D)(AypsD)

(MY D)MN D) (Dyarnp D)o" (4.28)

where ft means first term. It is easy to see that the second term on the right hand side of
the equation above is annihilated by (AD3). To see that the first term is also annihilated,
it is convenient to choose a Lorentz frame where the only non-vanishing component of A is

AT which carries 3 charge with respect to a U(1) subgroup of SO(10). In SU(5) x U(1)

notation, an SO(10) chiral spinor S splits as (ST, S, S%) where a = 1 to 5 carrying U(1)

charge (2, 3, —3) and an SO(10) vector v splits as (v?,v,) carrying U(1) charge (+1, —1).
In this Lorentz frame, the first term of (4.28) is

CLNT )2 (€apede D*DP DE DY) 4 Co(ATH)2(Dyy D*D* D), (4.29)

where C} and Cy are constants. Using that ADy = AT (D%),) and v,v* = 0, one verifies
that ADy annihilates (4.29).
Also one can prove that

@1 (002 M X) 09N Y) 9P 2) (rypaarh) ) = 0
for any fermionic X, Y and Z which implies

rg () = —ém—%wz)(wﬁ)wNﬁ)(AvPﬁ)(mPNMX)

and this variation cancels precisely with the action of z%(ADg) in the second term
of the right hand side of Q) given in (4.18). This completes the proof that
(22ADsy + @%r5)QOT = 0.
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To see that V is BRST closed in higher orders in (Ay*1)), one also has to show that

1

(N = D[22 (MM up QOT + (22X Dg + @) QVT) = 0, (4.30)
(N — 1)(N — 2)[22 MM oy QUT + (22N D + @%r5) QDT] = 0,
(N = 1)(N = 2)(N = 3)[22 MM d)va QDT + (220 Dg + @°rg) QOT] = 0,
(N=1)(N=2)(N=3)(N—4)[22 Ay )vps QO T+ (22X D+ rg) QOT] = 0,
(N = 1)(N —2)(N = 3)(N —4)(N =5)(MMP)opy QDT =0 (4.31)

where the factors of (Ay™))vys above come from the BRST variation of Yjk/ %

When N < 4, only the first two equations of (4.30) need to be satisfied, and one can
show that they are satisfied by (ngi)n,ﬁfii)n,ﬁgi)n) of (4.23). However, in the rest of the
paper, we will not put any restrictions on N and will solve all five equations of (4.30)
and (4.31).

Consider the first equation in (4.30). To see that Q) given in (4.18) and QM) given
in (4.19) satisfy this equation we first note that (4.27) implies [(AD;), QW] = 0. We
follow the same steps of the discussion above and rewrite the first term in the right hand
side of (4.19) using Fierz identities as

Q) = —(\M) (S D)(Dyarsp D) v (4.32)
— (AN ) oM (\y° D) (A D) (MypsD)
— 3 (A1 (AD2) (MM ) (M D)(A\ysaD).

To show that ()\’)/MTZJ)UM(QES)) + (ADQ)(Q%)) = 0, note that many terms cancel and

one only needs to show that
(M yors MM DY(AyN D) (D p D)o+ (4.33)
~(AD2) (A M) (M ° D) (DyuspD) v” = 0.

1
4

By choosing as before a Lorentz frame in which the only non-vanishing component of \® is

AT it is not difficult to see that the two terms in (4.33) are proportional. And we have de-

veloped a Mathematica program to fix the coefficients so that the two terms in (4.33) cancel.
We also note that

g (W) = == O 72 () o (N D) (A" DY\ D) (ryspaA) (4.34)

1
5
3 (02 (AD2) M) (N D) (A D) (rypvar V)

2

and this variation cancels with the action of 22 (ADs) on the 7 dependent term of Q1) and
with the action of 22 (MyM4p)uas on the r dependent term of Q). Similar arguments can be
given to show that all the equations in (4.30) and in (4.31) are satisfied. One last comment
is that although it may seem surprising that Q*) does not depend on r, this follows because

g (QW) = —%(Airzwsz/?) S M) MNP D) (rrpnm ) (4.35)

and this variation is precisely cancelled with the action of 220 (MM 121) in the r dependent
term of Q)| so the last equation of (4.30) is satisfied.
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4.3 (Gauge invariance

For (4.17) to be consistent, V' must change by a BRST-trivial quantity under the gauge

transformation of 7. In other words dV = Q1% for some ¥ when §T = (uau)J/AJ
2

Integrating (4.17) by parts with respect to D:}/ = (ua%)j/ one finds that

5= 23N / dul(yun)N LAY AT, £ 8N — 1) (yuu) ¥ 2(AD)I AL, (4.36)
+8%(N — 1)(N — 2)(yuw) V3 (A@) T AT]
where
(AO)7 =300 (MM D) (M D) (Msm DY) (4.37)
+30N) " H{ WMDY, (WD) Y dywmD)
(AD)F =6 (AN~ (M D) (M D)YMrs DY) (4.38)

+2 007 Qd) or And 7™ D) S
(AP =300 D) (") dyrs DY), (4.39)

(ﬁj/)a = Dj/(ﬁa), and 'yjl = D:}/ (Tar ¥M). In order to construct ¥ to satisfy 6V = Q1%
2
we have to solve the following equations

(A\"Dg + 27 20%75) (AT AT, = (=DTQO) AT, | (4.40)
OYM9) var (A AT, + (VD + 2 20%r) (AT NI A = (=DTQWYAT,
M) vag (AT AL + (VD + 27 20%r5) (AP A, = (=D] Q@) A7,
MM vag (AP)] A = (=D Q) A7,

To see that (A(®)7 given in (4.37) satisfies the first equation of (4.40), we first note
that at zero momentum (i.e. setting all the anticommutators to zero) we have using Fierz
identities

(=D QYA =3 (/\X)’l()\DQ) (MM D)Y(A D) Mysar D) A7, (4.41)
~3272 (A2 (W) WMD) (T D) (Mypn DY) A,
+3272 (AN L (MD)W D) (rypar DY) A,

where we have used that Aﬁ, is G-analytic.
Using (4.41) we see that

(A\*Dg + 27 20%rg) (A7 A7, (4.42)
= (ADs + 2 20%rz) 3 (AN) "L AWM D) (M D) Mysa DY) A%
= (=D7QO) AT,

so at zero momentum the equation is satisfied. The next step is to consider the case where
the commutators are not zero and we have

(DI Ad = 3N (AD2) {0V DY), WD) v D) AY (4.43)
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MDY, AN D)} ryww D) A,

N2 () {(MMDT), (AN D)} MywaD) A
— 2N WMDY, N D)oy A® D) (sar D) A
NP oar{ (MM DT), (N D)} M D)(Aysw D) A
t3 {MDF), AN D)} DyunrD)o" A,

where the subscript ac means the contribution from the anticommutators. We note that it
is possible to rewrite the first three terms of the expression above as

3(AN) T (AD2) {(MM DT, MV D)} Mynw D) A, (4.44)
+3272 QAN TH{OM DY), AWV D)Hrywa D) A,
— 3272002 () {0 DY), VD) Rwm D) A,
= (ADy + 2 20%r5) 3 (AN " {(MM DY), 0N D)} Aynar D) AY
= (A"Dg + 27 70%5) 3(AN) " H{(MM DY), MV D)} (A D) A,
where we have used

{AD1)AMMDT), VD) Ay D)} = 0

and (AD1) A7, = 0. In order to rewrite the last three terms of (4.43) in a convenient form
we first note

{(MSDF), (MDY} = 207 (M y) 4™y A BRT (4.45)
and this implies
{0MD7), AD2)} = ~{(MV D7), MM D)} uw. (4.46)
Using the identity of (4.27) we have
{0V D7), (AD)} =0
and so
{(M°D7), (AD2)} = —{(\° D7), (AD1)}. (4.47)
Also noting that
3N MMDT (M D){(AD1), (MysmD)}
+6{(\D1), (\°D)(DysDJ )}
3 - - - -
= 5{(>\’YMDJ ), MV D)} DyynrD)T,
we see that
3~ - ~ U
—5 (W) HOYMDT), (MWD wn (A D) (Aysu D) A (4.48)
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+ 2 O Lo { (WMDY, (MY D) (MDY (MswD) A,

| W

3 - o s
+5 {0MD7), (MY D)} Dysnr D)o A7,
= {(AD1), (A)]'},

where we used the fact that the first part fp of (A(O))§/ (i.e. the part that is independent
of the commutators) can be written in the form given below using Fierz identities

(ADYT =300~ (M DS )M D)(Mysm D)
+6(\MD)(Dyw Dy ).
Using (4.42), (4.44) and (4.48) we see that
(A" Dy + 2 20%r5) (AQ)7 NS, = (=D Q@) A7,

Similar arguments can be used to show that all the equations given in (4.40) are satisfied.

5 Summary and possible applications

In this paper, we expanded the BRST operator near the boundary of AdSs and explicitly
computed the zero mode cohomology corresponding to supergravity states. The leading
behavior near the AdSs boundary of supergravity vertex operators was expressed in N = 4
d = 4 harmonic superspace in (4.17) and was shown to be BRST-closed and gauge invariant.

There are several possible applications of our results. One possible application is
to generalize our methods to massive AdS5 x S° vertex operators and to compute the
spectrum. This generalization would require allowing dependence on nonzero modes of
the worldsheet variables in the analysis of the BRST cohomology. It would be interesting
to compare the resulting vertex operator for the Konishi state with the pure spinor and
RNS vertex operators proposed in [16] and [17].

Another possible application is to use the supergravity vertex operators to compute
tree-level superstring scattering amplitudes corresponding to planar super-Yang-Mills
correlation functions. For generic tree amplitudes, these computations would probably
require working out the behavior of the supergravity vertex operators away from the
boundary of AdSs. However, knowing the boundary behavior may be enough for
computing certain terms in disc amplitudes with one closed string supergravity vertex
operator in the bulk and N open string super-Yang-Mills vertex operators located on
D-branes near the AdSs boundary. For the supergravity vertex operator constructed from
TW=N) in (4.17), one expects the resulting disc amplitude to contain terms proportional
to [d*a [ du [ d®(ud)W W) (u, 2, 0)TU N (u, @, x,0) of (4.14).
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