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Resumo

Nesta tese abordaremos aspectos qualitativos e dindmicos de problemas envolvendo
campos de vetores suaves por partes, também conhecidos como campos descontinuos.
Primeiramente, apresentamos aplicacoes da teoria de campos de vetores descontinuos
em modelos de tratamento intermitente de Cancer e Virus da Imunodeficiéncia
Humana onde exibimos a existéncia de singularidades tipicas e érbitas periddicas.
Ainda no contexto de aplicacoes, revisitamos um modelo predador-presa descontinuo
de modo a concluir que o mesmo tem um comportamento cadtico através da
existéncia de uma o6rbita de Shilnikov. Posteriormente, respondemos questoes sobre
existéncia de conjuntos minimais e cadticos para campos de vetores descontinuos
na esfera bidimensional. Em seguida, partimos ao estudo de bifurcaciao de ciclos
limites em campos de vetores descontinuos tri e bidimensionais. No primeiro caso,
perturbamos um campo descontinuo tangente a uma folheacao por toros de modo a
gerar uma quantidade finita ou infinita de ciclos limites. No segundo caso, estudamos
uma familia de campos descontinuos apresentando uma dobra-dobra invisivel de
costura, sua ciclicidade e a relagao entre os coeficientes de Lyapunov desta familia
e sua regularizacdo. Além disso, estudamos campos vetoriais suaves por partes
Hamiltonianos contendo uma dobra-dobra invisivel de costura donde apresentamos
uma férmula explicita para o calculo dos cinco primeiros coeficientes de Lyapunov,
além de explorar os diagramas de bifurcacao gerados pelo desdobramento desta

singularidade.

Palavras-chave: Campo de vetores suaves por partes. Singularidades tipicas.
Conjuntos minimais e cadticos. Ciclos limites. Coeficientes de Lyapunov. Orbita

de Shilnikov.



Abstract

In this work we discuss qualitative and dynamic features of problems involving
piecewise smooth vector fields, also known as discontinuous vector fields. Firstly, we
present applications of discontinuous vector field theory in Human Immunodeficiency
Virus and Cancer intermittent treatment models where we exhibit typical singularities
and periodic orbits. Moreover, we revisit a discontinuous predator-prey model in
order to conclude that it has a chaotic behavior through the existence of a Shilnikov
orbit. Next, we answer questions about the existence of minimal and chaotic
sets in the bidimensional sphere for discontinuous vector fields. Subsequently, we
investigate the creation of limit cycles in three and two-dimensional discontinuous
vector fields. In the first case, we perturb a discontinuous vector field tangent to a
foliation composed by topological nested tori to generate a finite or infinite number
of limit cycles. In the second case, we analyze a family of discontinuous vector fields
containing a crossing invisible fold-fold, their cyclicity and the relation between the
Lyapunov coefficients of this family and their reqularization. Also, we study general
piecewise Hamiltonian vector fields presenting a crossing invisible fold-fold where we
give an explicit formula for the computation of the five first Lyapunov coefficients in

addition to the investigation of the bifurcation diagrams.

Keywords: Piecewise smooth vector fields. Typical singularities. Minimal and

chaotic sets. Limit cycles. Lyapunov coefficients. Shilnikov orbit.
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Introduction

Ordinary Differential Equations (ODE’s) are important mathematical tools for investigating
natural phenomena. However, we know that many of them do not admit explicit solutions
and this motivated great mathematicians to look for different alternatives to understand such
solutions. Consequently, the way in which Ordinary Differential Equations were studied changed
dramatically in the late 19th century. This fact is due to Henri Poincaré after the publication
of his work Mémoire sur les courbes definies par une équation différentielle (see [100]) in which
he introduces a new technique for the study of ODE’s that was the basis of which today we call
the Qualitative Theory of Ordinary Differential Equations. This theory gives us important and
significant results and tools for studying the behavior of the orbits of the differential equation
and the analysis of its phase portrait, without knowing its explicit solutions, through geometric,
topological, analytical aspects, among others.

Several and important models used in applied problems, related to engineering and biology,
are described by systems that are not completely differentiable, but in different parts, where a
law of evolution is suddenly interrupted by another law of evolution that will begin to govern
such system. The modeling of such systems consists of different vector fields defined in distinct
regions separated by a switching manifold and are known as piecewise smooth vector fields,
discontinuous systems or Filippov systems.

Pioneering studies initiated by Andronov [5] and Filippov [47] led to a theoretical foundation
for this kind of problem and developed certain conventions for the transition of orbits between
different regions, in order to define the basic objects of Qualitative Theory of Differential
Equations and investigation of their dynamics. Currently, there is a wide literature on
discontinuous vector fields. See, for example, the book [37] for main theory and applications,
[16, 40, 82] for applications in mechanical models, [28, 32, 76] on circuits electrical, [39, 71] in
relay systems, among others.

The study of minimal sets and limit sets is of great importance in the context of qualitative

theory, as they help us to understand the behavior of a dynamic system. In the context of vector

14
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field flows in compact sets of the plane, and even in the sphere, the Poincaré-Bendixson Theorem
establishes that the limit set of a trajectory must be an equilibrium point, a graph or a periodic
orbit. Denjoy in [36] proves that if we consider in the torus (or a connected two-dimensional
compact manifold) a flow of class C? then the minimal sets are trivial, that is, fixed points,
closed orbits or all the torus, in which case the flow is topologically equivalent to an irrational
flow. However, a C' flow can present non-trivial minimal sets, a fact that was also shown by
Denjoy in [36] (see also [22, 63, 102]).

Minimal trivial sets significant in the theory of dynamical systems are isolated periodic orbits,
that is, limit cycles. Studies involving bifurcations of limit cycles and the maximum number of
limit cycles that can bifurcate in a family of vector fields, that is, their ciclicity, are some of the
topics most covered in the qualitative theory, both for their mathematical relevance and for their
applications in real models. Such an object is the subject of Hilbert’s famous 16¢h problem (see
[65]) which seeks for an upper bound for the number of limit cycles in planar polynomial vector
fields. The appearance of non-trivial minimal sets requires a lower regularity than that required
in the Denjoy-Schwartz Theorem, that is, vector fields of class C!' or even discontinuous as can
be seen in [18], [19], and [36].

The occurrence of non-trivial minimal sets in certain systems is linked to the presence of
complex behaviors, such as chaotic dynamics. Chaos can be understood through the existence
of an invariant compact set in which trajectories by their initial conditions exhibit transitivity
and sensitive dependence (see [67, 89]) and can be traced by studying the existence of previously
known objects being chaotic as this is the case of Shilnikov’s homoclinic orbit, a trajectory
connecting a hyperbolic equilibrium of saddle-focus type to himself (see [67, 103, 104]). Chaotic
behaviors in discontinuous vector fields (see Definition 12) have recently been investigated and
the first evidence of chaoticity in such systems comes from the work of Jeffrey [31] where new
and rich chaotic models appear.

The theory of discontinuous vector fields has been developed taking, at first, parallel to the
classical theory. It is known that the Existence and Uniqueness Theorem is not valid in this
context since we have no uniqueness of solutions in the orbits defined by means of the sliding field
(see Definition 1). The Poincaré-Bendixson Theorem has a version for discontinuous systems
(see [19]) as well as the Peixoto Theorem (see [107]). Even a technique that allows us to relate
discontinuous to regular systems has been developed. The regularization method, introduced
by Sotomayor and Teixeira in [109] consists of the approximation of a discontinuous system by
a one parameter family of smooth vector fields, from where we can apply the classical theory to

try to obtain information about the piecewise smooth vector field.
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As in the regular case, the study of limit cycles is an important problem in discontinuous
systems theory. Traditionally, the study of limit cycles in a family of planar vector fields X close
to a continuum of periodic orbits or a center-type equilibrium can be replaced by the study of
the fixed points of a first return map P or, equivalently, by studying the zeros from the so-called
displacement function dy = Py — Id. Such technique is still very useful in the study of crossing
limit cycles in discontinuous vector fields and great effort has been devoted to determining the
maximum number of limit cycles that can occur in a piecewise smooth vector field, in which
even the linear case is already shown intriguing. In the planar case, if the separation curve is not
a straight line, for each positive integer n, we can find a piecewise linear system with exactly n
limit cycles (see [15, 92]). However, if the separation curve is a straight line, continuous piecewise
linear systems can present at most one limit cycle, a fact that was conjectured by Lum and Chua
in [86] and proved later in [48]. This result also proved to be valid for sewing planar piecewise
linear systems as can be seen in [88]. Discontinuous vector fields, on the other hand, can have
three limit cycles (see [84]) and there is a strong belief that three is the maximum number of
limit cycles that can appear in crossing piecewise linear systems. There is also the appearance of
crossing limit cycles for linear vector fields in which the separation line involves sliding regions
as can be seen in [14].

In this way, many authors have contributed to the development of discontinuous vector field
theory. Several models related to engineering and biology governed by discontinuous systems
occur in families with n parameters that undergo some kind of bifurcation, making it essential to
establish the notion of structural stability and the classification of bifurcations for such systems.
One of the starting points in this context was the work of Teixeira [116] in which he studies
vector fields in two-dimensional manifolds with boundaries. The structural stability of Filippov’s
vector fields had as precursors the works of Kozlova [77] and Teixeira [118] and, in the study
of generic singularities, Teixeira’s work in [117]. The classification of one parameter local and
global bifurcations of a Filippov planar system was established later by Kuznetsov et al. em [80]
and complemented by Guardia et al. in [62] which also begins the study of unfoldings of two
parameters generic singularities.

We now present a brief description of the chapters of this work.

In the first chapter, we introduce the terminology and basic concepts of the theory of
piecewise smooth vector fields in order to define the fundamental objects of the theory that
will be essential in the development of this work.

In chapter two, we present applications of discontinuous vector field theory. We explored

models of intermittent treatment of Cancer and Human Immunodeficiency Virus (HIV) and,
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after, we studied the chaoticity of a discontinuous predator-prey model. In the first case, we
studied a system of differential equations in R? that models the treatment of leukemia. We
explored the transition between the model with or without the treatment given by chemotherapy
and/or immunotherapy and we exhibit an interesting behavior next to the switching manifold
due to the existence of typical singularities. Some of the singularities found in this work are more
complicated than those already shown in the literature (see, for example, [24, 26]) as they are
not yet represented by normal forms. This study resulted in the papers I and II from the list of
published or submitted papers derived from this thesis available at the end of the introduction.
In the second case, we studied the qualitative dynamics of a piecewise smooth system that models
the intermittent treatment of HIV. We exhibit the existence of typical singularities and periodic
orbits and explore the dynamics around these objects. In addition, we conclude that such a
protocol is successful, since the trajectory that passes through any initial condition converges to
one of these distinct orbits. Our results corroborate the observation of the real world, where the
virus is not eliminated, but is controlled around a specific value. The results derived from this
study are the contents of preprints III and IV from the list available at the end of this section.

Also in chapter two, we revisit a piecewise smooth vector field in R? that was obtained
recently by modeling the interaction between a predator and two prey in which the predator
adjusts its feeding preference between a preferred prey and an alternative. Such a model proposed

by Piltz et al. in [99] is given by

(r1 —2)x
X(.’L‘,y,Z) = T2y h(xuyaz) Zoa
(eqrx — m)z

N
(..2)" =

_bB
Y(z,y2)=| \"27 57°)Y h(z,y,2) <0,
(o)
—y—m])z
aq

where (z,y,z) € R‘;O and h(z,y,z) = x —y. In this model, the authors observed numerical

evidences of chaotic behavior. We proved that in a codimension one submanifold of the parameter
space such a system exhibits a Shilnikov connection (see Definition 15) and through this fact we
conclude that the system is chaotic (see Theorem 9). This work resulted in preprint V of the
list of papers derived from this thesis available at the end of this section.

The third chapter is dedicated to the study of piecewise smooth vector fields tangent to

the bidimensional sphere. We show the existence of discontinuous vector fields in the two-
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dimensional sphere that do not present singularities, but presenting chaotic non-trivial minimal
sets, following Filippov’s conventions. In addition, we show the existence of a discontinuous
vector field that has the entire sphere as a minimal set. As far as we know, the literature does
not yet contemplate the study of piecewise smooth vector fields in the sphere via Filippov’s
conventions. Such studies resulted in paper VI and preprint VII of the list of papers.

In the fourth chapter, we perturb a discontinuous vector field tangent to a foliation composed

by topological nested tori. Such vector field in cylindrical coordinates is given by

2 10,4
4—}-177;1 127“) .50,
r

X(r,0,z) = (r, 0,
Zo(r,0,z) =

2 104
4—|—177;L 127“) 2 <o0.
r

Y(r,0,z) = <—T, 0,

In each half-plane Iy, = {(x,y,2) € R3|z = rcos(fy),y = rsin(fp) where r > 0} the vector
field Zj is invariant and behaves like a center. Through two uncoupled perturbations we consider

a perturbation of Zy of the form

44 17r2 — 1274 OF,
Xelrt2) = (r 0, ZE B G ) sz

Za(T, 07 z) =

4+ 17r% —127%
4r

YV(r,0,z) = (—7“, v(0),
in order to generate a finite, or infinite, number of invariant half-planes, with each of these
half-planes having a finite, or infinite, number of limit cycles. The stability of such limit cycles
is related to the derivatives of the perturbation functions involved, and we can also have multiple
limit cycles. This study resulted in preprint VIII of the list of papers derived from this thesis.

Finally, in chapter five, we study a k parameters unfolding of the family of discontinuous

vector fields containing an invisible fold-fold at the origin given by

%b,k‘(way) = (17 —T+ bek) y=>0

(T, y) =
Y)\(l‘ay) = (*1,*LE+>\) y§0,
where A is a small parameter, b a non-zero real number and £ = 1,2,3,.... We show that,
for each fixed k, there exists A € R sufficiently small and a = (ag,aq, ..., asr_2) such that the

unfolding Z, . x given by

Xop(z,y) = (1, -2+ a2 + -+ + agpo2® 2+ 2%%)  y >0;

Za,k,/\(xay> =
Y)\(x,y):(—l,—x—i—)\) ySOa

has exactly k crossing limit cycles in a neighborhood of the origin, a number that is also
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maximum. We generalize the results found in [80] and [62] in which such a family was studied
with one and two parameters, respectively, where one and two limit cycles were found and
the bifurcation diagrams displayed. Given the similarity of such diagrams with classic Hopf
bifurcations, we wondered if there could be any relationship between the Lyapunov coefficients
of the family of discontinuous vector field and its regularization. The answer was positive
and we showed the following result: For ¢ > 0 small enough, the Lyapunov coefficients of the
discontinuous vector field Z, ;o and the Lyapunov coefficients of its regularization Z. has the
same sign. This work is the content of preprint IX of the list of papers derived from this thesis
available at the end of this introduction.

Also in chapter five, we consider a piecewise smooth vector field of the form

X(x,y,p,v), y=>0;
Y(x,y,p,v), y <0,

Z(x,y,p,v) =

containing an invisible fold-fold at the origin where & and ) are Hamiltonian systems. We
obtained explicit formulas, written in terms of the derivatives of the Hamiltonian functions
associated with the vector fields X and ), for the calculation of the first five Lyapunov coefficients
associated with a Hamiltonian piecewise smooth vector field with an invisible fold-fold at the
origin (see Theorem 15 and Theorem 18). In addition, we study the bifurcation diagrams
associated with such a discontinuous vector field when the second Lyapunov coefficient is nonzero
or when the second Lyapunov coefficient is zero and the fourth is nonzero (see Theorems 16 e
19). In the last case, we give a general expression for the curve of non-hyperbolic periodic orbits
that occurs in this diagram (see Proposition 42 and Remark 22). This study resulted in the
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CHAPTER

Preliminaries

In this chapter, we present basic concepts and results concerning piecewise smooth vector
fields which is the main subject of this work. Also, we present a method to compute the Lyapunov

coefficients for smooth systems.

1.1 Basic theory about piecewise smooth vector

fields

Let us consider a codimension one manifold ¥ of R™ given by ¥ = h=1(0), where h : R® — R is a
smooth function having 0 € R as a regular value, that is, Vh(p) # 0, for any p € h=1(0). We call
¥ the switching manifold that is the separating boundary of the regions X = {q € R" | h(q) > 0}
and ¥~ = {g € R"| h(q) < 0}.

Designate by x the space of C"-vector fields on V' C R"™ endowed with the C"-topology, with
r > 1 large enough for our purposes. Call 2" the space of piecewise smooth vector fields (PSVFs

for short) Z : V.C R™ — R" such that

(1.1)

where X = (X1,...,X,),Y = (Y1,...,Y,) € x. We endow Q" with the product topology. As
usual, System (1.1) is denoted by Z = (X,Y’) and the trajectories of Z are solutions of ¢ = Z(q).
We notice that Z is considered multivalued at points of X.

In order to establish a definition for the trajectories of Z and investigate its behavior we need

a criterion for the transition of the orbits between T and ¥~ across X. The contact between

21
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the smooth vector field X and the switching manifold ¥ is characterized by the expression
Xh(p) = (Vh(p), X(p)) where (.,.) is the usual inner product in R". Observe that Xh(p) is the
derivative of h in the direction of X, also known as the Lie derivative of h with respect to X.

Analogously, we have
X'h(p) = (VX" h(p), X (p)), for i > 2.
The basic results of differential equations in this context were stated by Filippov [47]. We can
divide the switching manifold ¥ in the following regions (see Figure 1.1):
e Crossing Region: ¢ = {p € ¥| Xh(p) - Yh(p) > 0}.
e Sliding Region: ¥° = {p € ¥ | Xh(p) < 0,Yh(p) > 0}.
e Escaping Region: 3¢ = {p € X | Xh(p) > 0,Yh(p) < 0}.

Moreover, we denote the sets X7 = {p € Y| Xh(p) > 0,Yh(p) > 0} and X = {p €
Y| Xh(p) <0,Yh(p) < 0}.

Figure 1.1: Crossing, sliding and escaping regions, respectively.

In the case Xh(p) = 0 the trajectories of X are tangent to ¥ in p and we say that p is a
tangential singularity of X. A tangential singularity p € ¥ is a fold point of X if Xh(p) = 0 but
X2h(p) # 0. Moreover, p € X is a visible (respectively invisible) fold point of X if Xh(p) = 0 and
X2h(p) > 0 (respectively X2h(p) < 0). When p is a fold point for both X and Y we say that pis a
fold-fold singularity or two-fold singularity. When p is a cusp point for X (Xh(p) = X2h(p) =0
and X3h(p) # 0) and a fold point for Y we say that p is a cusp-fold singularity (see Figure
1.2). These singularities are particularly relevant because in its neighborhood some of the key
features of a piecewise smooth system are present: orbits that cross Y, those that slide along
it, among others. Generic 3D fold-fold and cusp-fold singularities are studied, for example, in
[12, 30, 31, 38, 72] (two-fold) and [24, 26, 32] (cusp-fold).

In addition, a tangential singularity g is singular if ¢ is an invisible tangency for both X and
Y. On the other hand, a tangential singularity ¢ is regular if it is not singular. Furthermore,
given Z = (X,Y) € Q" we say that an equilibrium point p of X (respectively, Y) is real for Z if
p € BT (respectively, ¥7) and virtual if p € X~ (respectively, XT).



1.1 Basic theory about piecewise smooth vector fields 23

Figure 1.2: On the left, it appears a cusp-fold singularity and on the right a two-fold singularity.

In order to define the trajectories of a PSVF passing through a crossing point, since the
vector fields X and Y point in the same direction, it is enough to concatenate the trajectories
of X and Y by that point. However, in the sliding and escaping regions we need to define an
auxiliary vector field. So, we consider the Filippov’s convention in order to define a new vector
field on X° U X€. This new vector field, called sliding vector field, is a convex linear combination

of X(p) and Y (p) in a way that Z*® is tangent to ¥ in the cone generated by X (p) and Y (p).

Definition 1. Given a point p € 3° U3¢ C X, we define the sliding vector field at p as the
vector field Z°(p) = m — p with m being the point of the segment joining p+ X (p) and p+ Y (p)
such that m — p is tangent to ¥. (see Figure 1.3).

.p+X(p)

S2°(p)

Figure 1.3: Sliding vector field.

The sliding vector field is given by the expression

Z%(q) = ) )Y (9) for all ¢ € X% U X°. (1.2)

Moreover, when it is well defined (i.e., X° U X¢ # (), the sliding vector field can be extend to
YeUXs. Any point p € 3° U X€ such that Z%(p) = 0 is called a pseudo equilibrium of Z.
Let Sx (respectively, Sy) be the set of all tangential singularities of X (respectively, V).

Next, we define a vector field at the tangential singularities when 3% U X¢ = ().

Definition 2. When Sx = Sy = S and the dimension of S is nonzero, we define a motion on S

in the following way. Given a point p € S C X, we define the tangential sliding vector field
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at p as the vector field ZT (p) = m — p with m being the point of the segment joining p + X (p)
and p+ Y (p) such that m — p is tangent to S (see Figure 1.4).

Figure 1.4: Tangential sliding vector field.

Remark 1. Suppose that S C ¥ C R3 is a curve depending on one variable, let us say w(z).

Then, the tangential sliding vector field Z* in a point p € S is given by

7 (Ywp)X(p)— (Xw(p))Y(p)
S 73 R ST/ R

where Xw(p) is the Lie derivative of X restricted to the curve w given by Xw(p) = X(p) - W (z),

with W (x) a vector in the tangent space of ¥ and normal to w(x) at the point x.

We call a tangential equilibrium an equilibrium point of the tangential sliding vector field
given in the Definition 2. In the next definitions, we establish the concepts of local and global

trajectories of a PSVF.

Definition 3. The local trajectory (orbit) ¢z(t,p) of a PSVF given by (1.1) through p € V

1s defined as follows:

(i) Forp € ¥T\X and p € X7\X the trajectory is given by ¢z(t,p) = ¢x(t,p) and ¢z(t,p) =

oy (t,p) respectively, where t € I.

(i) For p € X" and taking the origin of time at p, the trajectory is defined as ¢z(t,p) =
oy (t,p) fort € IN{t <0} and ¢z(t,p) = ¢x(t,p) fort € IN{t > 0}. For the case

p € X7 the definition is the same reversing time.

(iii) Forp € ¥¢ and taking the origin of time at p, the trajectory is defined as ¢z(t,p) = ¢zs(t,p)
fort € IN{t <0} and ¢pz(t,p) is either ¢px(t,p) or ¢y (t,p) or ¢pzs(t,p) fort € IN{t > 0}.

For p € ¥° the definition is the same reversing time.
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(iv) For p a regular tangency point and taking the origin of time at p, the trajectory is defined
as ¢pz(t,p) = P1(t,p) fort € IN{t <0} and ¢z(t,p) = ¢a2(t,p) fort € IN{t > 0}, where
each @1, P2 is either ¢x, ¢y, ¢zs or ¢ r .

(v) For p a singular tangency point in R?, ¢z(t,p) = p for all t € R. In other cases, taking
the origin of time at p, the trajectory is defined as ¢z (t,p) = ¢p,r(t,p), fort € I.

Definition 4. The global trajectory (orbit) T z(t,po) of Z passing through py is a union

Tz(t,po) = | J{oi(t,pi) : t: <t <tip1}
i€Z
of preserving-orientation local trajectories o;(t,p;) satisfying o;(tiv1,0i) = oit1(tit1, Pitv1) =

Pit1-

Definition 5. When the trajectory of X through p € ¥ returns to X (by the first time) after
a positive time t1(p), called X -flight time, we define the half return map associated with
X by x(p) = ¢x(t1(p),p) = p1 € £. When the trajectory of Y through p; € ¥ returns to X
(by the first time) after a positive time to(p1), called Y -flight time, we define the half return
map associated with Y by my(p1) = ¢y (ta(p1),p1) € X. The first return map associated
with Z = (X,Y) is defined by the composition of these two involutions, that is,

mz(p) = 1y o mx(p) = Py (ta(p1), ox (t1(p),p)) (1.3)

or in the reverse order, applying first the flow of Y and after the flow of X.

See Figure 1.5 and [119] for more details.
¢X t7p>

mz(p)
b b1

¢Y(t7p1)

Figure 1.5: First return map for a PSVF.

When the vector fields X and Y associated with Z = (X,Y) are Hamiltonian, the solution
curves of the respective differential equations are contained in the level sets of the Hamiltonian
functions. In this scenario, the first return map can be handily computed by seeking for points
in X that are on the same level curves of these Hamiltonian functions. In this case, we avoid

working with flight times.
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Now we introduce some concepts about a-limit and w-limit sets of a global trajectory of a
PSVF. In order to define it we need to consider each trajectory passing through a given point

since we do not have the uniqueness of solutions.

Definition 6. Given I'z(t,po) a global trajectory passing through py, the set

w(Tz(t,po)) ={q €V :3(tn) satisfying T z(tn,po) — q when t — +o0}

is called w-limit set of T'z(t,pp). In a similar way, we can define the a-limit set of T z(t,po)

as the set

a(Tz(t,po)) ={q €V :3(tn) satisfying I z(tn,po) — q when t — —o0} .

The w-limit (respectively, a-limit) set of a point p is the union of the w-limit (respectively,

a-limit) sets of all global trajectories passing through p.

We can notice that for single-valued trajectories the definition above coincides with the
classical one. In what follows, we bring some results concerning understand the role that

trajectories play in non-smooth vector fields with sliding motion.

Remark 2. In general, the w-limit set is not connected. In fact, since the global orbit through a
given point may not be unique, the positive global trajectory can follow distinct paths. In Figure
1.6 the trajectory through p can follow three paths, namely, I't, I's e I's. Notice that the w-limit
of Iy, fori = 1,2,3 is, respectively, a focus, a pseudo equilibrium and a limit cycle. So, the
w-limit set of p, that is the union of these objects, is not connected. Nonetheless, in this example,

the a-limit set of p is a connected set composed by a pseudo equilibrium.

Figure 1.6: The w-limit of p is disconnected.
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In the opposite direction from what happened in Remark 2, the next proposition has an
analogous in the classic theory for smooth vector fields, with similar proof which we include for

sake of completeness.

Proposition 1. The a and w-limit sets of a trajectory I of a PSVF are closed subsets of R™. In
particular, if I' is contained in a compact subset of R™ then the a and w-limit sets are non-empty

compact subsets of R™.

Proof. In fact, let p, be a sequence of points in w(I") with p,, — p. Given xy € T since p, € w(T'),

for each n = 1,2, ..., there is a sequence t,(fn) — 00 as k — oo such that limy,_, F(tlin),l‘g) = pn.
We may assume t,gnﬂ) > tgﬁb) since otherwise we can choose a subsequence of t;n). So, for all

n > 2, there is a sequence of integers K(n) > K(n + 1) such that for &k > K(n),
1
[ x0) = pul < -

Let ¢, = t%()n). Then t,, — oo and

1
Tt 20) = pl < [0 20) = pul + p = pl < +1pn = p| 0

as n — oo. Thus, p € w(I'). I T' C K, a compact subset of R", and I'(t,,z9) — p € w(T)
then p € K. Thus, w(I') C K and therefore w(I') is compact since it is a closed subset of a
compact set. Furthermore, w(I") # ) since the sequence of points I'(¢,,, zo) contains a convergent

subsequence which converges to a point in w(I') C K. O

Now we established the concept of periodic trajectories for PSVFs. Actually, it is analogous
to the definition of periodic trajectory for smooth systems and it will be necessary to the following

definitions that concern about chaos and minimal sets.

Definition 7. Let I'z(t,q) a global trajectory of the PSVF (1.1). We say that Iz is periodic if
Iz is periodic in the variable t, that is, if there exist T > 0 such that Tz(t + T,q) = T'z(t,q),
for allt e R.

Finding limit sets of trajectories is one of the most important goals of the qualitative theory
of dynamical systems. In the literature, there are recent papers (see [19], [20], [62]) where the
authors exhibit the phase portrait of non-smooth vector fields. In what follows, we introduce

the idea of minimality and non-deterministic chaos in non-smooth systems.

Definition 8. A set M C R"™ is invariant for Z € Q" if for each p € M and all global trajectory
Tz(t,p) passing through p it holds T z(t,p) C M.
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Definition 9. Consider Z € Q7. A set M C R™ is minimal for Z if:
(a) M #0;
(b) M is compact;
(¢) M is invariant for Z;
(d) M does not contain proper subset satisfying (a)-(c).

The definition of non-deterministic chaos for PSVFs was first introduced in [31], where the
authors adapt the classical definition (see, for example, [89]) to this context. Certainly, the
definition should contemplate topological transitivity and sensibility to initial conditions. This

leads us to the following definitions.

Definition 10. System (1.1) is topologically transitive on an invariant set W if for every pair
of non-empty, open sets U and V in W, there exist p € U, F}(to,p) a positive global trajectory
and to > 0 such that T'}(ty,p) € V.

Definition 11. System (1.1) exhibits sensitive dependence on a compact invariant set W if
there is a fized r > 0 satisfying r < diam(W) such that for each x € W and € > 0 there
exist y € B:(x) N W and positive global trajectories TV (x) and T" (y) passing through x and y,

respectively, satisfying

dp(T*(2), T (y) =  sup  d(a,b)>r
a€l* (z),bel (y)

where diam(W) is the diameter of W and d is the Euclidean distance.

We remark that the two previous definitions make a natural extension since they coincide
with those used for smooth systems when the flow is single-valued. In this way, we can define

chaos in this context.

Definition 12. System (1.1) is chaotic on a compact invariant set W if it is topologically

transitive and exhibits sensitive dependence on W.

1.2 Lyapunov coefficients for smooth systems

In this section, we present an efficient algebraic approach that allows us to compute what we
will call Lyapunov coefficients, a recursive method that permits us to determine the stability of

an equilibrium point whose linearization is a center.
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Define H" to be the vector space of all homogeneous polynomials of degree n in the variables

2 and y and consider the system

&= —y+ P(z,y);

(1.4)
y=1z+Q(z,y),
where
P(z,y) =Y _ Pji(z,y)
j=2
and

Q(‘T’y) = ZQ](-T,:U)
=2

with P; and @; homogeneous polynomials of degree j for each j > 2, in other words, P;,Q; € H’
for all j > 2. Let X(z,y) = (—y + P(x,y),z + Q(z,y)) denote the vector field associated with
system (1.4). We notice that the origin (z,y) = (0,0) is an equilibrium point of system (1.4)
whose linearization is of center type. The main task is to show if the origin is indeed a center

or a focus.

Definition 13. Let p be an equilibrium point of system (1.4). A function V: U — R defined in
a neighborhood of p is called a Lyapunov function for system (1.4) at p if V(p) =0, V(z,y) >0
for all z # p and V(z,y) < 0, where

V(e y) = SV () |,y = TV () X (20)

1s the derivative of V' in the direction of the vector field X and ¢¢ denotes the flow of X.

In what follows we define stability in the sense of Lyapunov. See [27] for more details.

Consider a system

&= [(t ) (1.5)
where f: U — R"” is a continuous function and U C R x R™ an open set.

Definition 14. Let ¢(t) be the flow associated with system (1.5) defined for all t > 0. We say
that ¢(t) is stable if for all € > 0 there exist 6 > 0 such that if ¥ (t) is a solution of system (1.5)
and [(0) — ¢(0)| < 0 then (t) is defined for all t > 0 and |¢(t) — ¢(t)| < € for all t > 0.

Moreover, if there exists d1 such that

[4(0) = ¢(0)] < 1 = lim [3h(t) — p(t)| =0
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then we say that ¢(t) is asymptotically stable.

The next result, due to Lyapunov, establish a criterion that allow us to analyze the stability

of the origin of system (1.4). The proof can be found in [27].

Theorem 1. IfV is a Lyapunov function at (z,y) = (0,0) for the system (1.4) in a neighborhood
of the origin then the equilibrium point is stable. If also holds V(x,y) < 0 for each point (x,y)

in the neighborhood of the origin, then the origin is asymptotically stable.

In order to determine the stability of the origin of system (1.4) we will seek for a Lyapunov

function represented formally as the series

(@ + %) + > Vi(z,y) (1.6)
=3

N | =

V(x,y) =

where each Vj is a homogeneous polynomial of degree j. So, the derivative of V' in the direction

of the vector field X is given by

V=VV(z,y) X(z,y) = <x+V3x+V4:c+--- ,y+V3y+V4y+~-> : <—y+P(m’7y),w+Q(x7y)>

where the subscripts « and y denote partial derivatives. Moreover, if we collect terms on the

right hand side of this identity according to their degrees, we get

Vo= [—nyrwy} + [—ster:v%erxPeryQQ} +

+ [ — YViag +xVay + 2P +yQ3 + V3. Py + V3yQ2] + - (1.7)

Observe that the terms of degree two in Equation (1.7) cancel. We will show that we can choose
V3 so that the terms of degree three vanish. However, the terms of degree four do not vanish in

general. Consider the linear transformation

T,: H™ — H"

pay) > Tulole9)) =~y (o) + 250 (@)
Accordingly, Equation (1.7) can be write as follow
Vo= T3(V3)+33P2+yQ2] + [T4(V4)+3?P3+yQ3+V3xP2+V3yQ2 +---

The proof of the next result can be found in [69].
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Theorem 2. Ifn is odd, T}, is an isomorphism. If n is even, T, has a one-dimensional kernel

generated by (x2 + y2) 2

In such manner, by Theorem 2 there exists V3 € H? such that
T2 (Vo) = — (2Pa(o,2) + 9Qa(o.0) )
and with this choice of V3 we get
Vo= [T4 (Vi) + 2Ps + yQs + Vay Po + V3yQ2] +--

By Theorem 2 the linear transformation 74 is not an isomorphism, but since it’s kernel is

generated by (x2 + y2)2 there exists V4 € H* such that
Ty (Vy) = — <$P3 +yQ3 + Vi P + V3yQ2> +y (2 + y2)2 :
Therefore, with this choice of the function V' we obtain
Vo= 774(3:2+y2)2+'~
where 74 is a constant with respect to the variables x and y. If n4 # 0 the function

(:132 + y2) + Va(z,y) + Va(z,y)

N | =

V($7y) =

determines the stability of the equilibrium point at the origin. More precisely, if ny < 0, then V
is a Lyapunov function in some sufficiently small neighborhood of the origin and the equilibrium
point is a stable weak focus. If n4 > 0, then the origin is an unstable weak focus. Repeating the

same procedure we can produce a function V such that
: 2 3
V=ns (22 4+ %) +n6 (2> + 92" + - +mon (2@ + %)+

Theorem 3. If o, = 0, for n = 2,..., N, but non+2 # 0, then the stability of the equilibrium
point at the origin is determined: If non42 < 0, then the origin is stable. If nan12 > 0, then the

origin is unstable.

As 19y, is relevant only if 7y = 0 for | < n, we put 72 = n4 = -+ = 1m25_2 = 0 in the

expression of 772,,. The quantities obtained in this way are called Lyapunov constants or Lyapunov
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coefficients and are denoted by

Lj=mjy2,  j=0,1,2,...n

By convention, nonzero multiplicative factors can be omitted from the expressions given by
the Lyapunov constants if we are interested only in knowing its sign. The question about what
happens if all the Lyapunov coefficients vanish was answered by Lyapunov center theorem stated

below. See [83] for details.

Theorem 4. If the vector field X is analytic and 1o, = 0 for each integer n > 2, then the origin
s a center. Moreover, the formal series for V is convergent in a neighborhood of the origin and

it represents a function whose level sets are orbits of the differential equation corresponding to

X.

Another important tool in the analysis of bifurcation and stability of periodic orbits is the
Poincaré map also called the first return map. This concept was established by Poincaré (see
[100]) who brought a considerable development to the theory of differential equations.

Let ¢(t,p) be the flow associated with system (1.5) and suppose that an (n — 1)-dimensional
submanifold S is transverse to the flow ¢(¢,p). If p is in S, then the curve ¢(¢, p) passes through
S as t passes through ¢ = 0. Suppose that there is an open subset > C S such that each point
of ¥ returns to S. Then X is called a Poincaré section or a transversal section. In this way, we

can define the Poincaré map by

T X — S

p — 7w(p)=9¢(T(p),p)

where T'(p) > 0 is the time of the first return to S by the trajectories. See Figure 1.7.

Figure 1.7: A Poincaré map for smooth systems.

Proposition 2. Let X be a vector field of class C", r > 1 or analytic. Then the Poincaré map

associated with a periodic orbit of X is a diffeomorphism of class C" onto its image.
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Instead of studying the fixed points of the Poincaré map, sometimes it is more convenient to

study the zeros of the corresponding displacement function defined by

é(p) =7(p) — p.

The Lyapunov coefficients can also be given by the Taylor coeflicients of the series expansion
of the displacement function. In [27, p. 518] it is established the relationship between the Taylor

coefficients of the displacement function and the Lyapunov coefficients.

Theorem 5. Suppose that & — 0(§) is the displacement function for the system (1.4), and noy,
forn > 2, are the corresponding Lyapunov coefficients. If k is a positive integer and nz; = 0 for
the integers j =1,...,k — 1, then

62k715



CHAPTER

Discontinuous vector fields in applied models

In this chapter, we explore some applications of discontinuous vector fields in applied science.
In Sections 2.1 and 2.2 we study intermittent treatment models of the Human Immunodeficiency
Virus and Cancer and analyze its qualitative dynamical features. In Section 2.3 we revisit a prey
switching model and prove the existence of a Shilnikov sliding connection which assures that the

model behaves chaotically.

2.1 An application of piecewise smooth vector fields

in a cancer model

The application of sliding mode control and piecewise smooth vector fields in cancer
is an incipient research area. Here we propose a piecewise dynamics to explore
chemoimmunotherapeutic strategies. We investigate the dynamic behavior of the discontinuous
mathematical model and we observe the occurrence of typical singularities. The on-off treatment
strategies are defined in terms of a time-dependent variable such as the number of cancer or
immune cells. Concerning this section, the results can be found in [57, 58].

In the field of cancer, the application of piecewise smooth vector fields can be also valuable,
since oncological therapies are usually administered in an on-off style. However, its use in
oncology sciences remains almost unexplored until the present, with few papers published in
applied areas such as discrete-continuous hybrid systems [66, 112], but not using Filippov’s
vector fields. These cited papers illustrate how “on-off” ordinary differential equations systems
can shed light on the use of intermittent androgen suppression for treating prostate cancer.

The biological scenario that motivates our mathematical model is the use of

34
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chemoimmunotherapeutic protocols for the treatment of chronic lymphocytic leukemia. We
consider the interplay between neoplastic B-lymphocytes and “healthy” T-lymphocytes under
chemotherapy and immunotherapy. A detailed discussion of these intervening treatments is
postponed until the presentation of the model, but for the moment we emphasize that an infusion
of T-lymphocytes in time is considered for modeling adoptive cellular immunotherapy. Other
blood cells such as erythrocytes are not taken into account in the model, but we consider that
chemotherapy does negatively affect the immune cells. Cancer cells (as well as immune cells)
are assumed to be identical within their niche and then modeled as a single compartment. For
the sake of simplicity, we neglect the dynamics of natural killer cells since there is some evidence
that their natural cytotoxic capacity may be weak in neoplastic B-lymphocytes (see [64, 70] for

details). Finally, the other assumptions that complete the model are:
e Cancer cells grow according to the logistic law;

e Immune cells are naturally provided at a constant rate by the host (even in the absence of

cancer), but they also die naturally (exponentially);

e Cancer cells stimulate the production of new immune cells, with a recruitment rate that

saturates after a certain number of cancer cells;

e The interaction between cancer and immune cells has a negative impact on each other,

whose rate is proportional to the number of encounters between them;

e The pharmacodynamics of the chemotherapeutic drug follows the log-kill hypothesis, but

with a Michaelis-Menten drug saturation response;
e The drug is eliminated according to first-order kinetics.

Denoting the number of cancer cells by N (neoplastic B-lymphocytes), the number of immune
cells by I (“healthy” T-lymphocytes) and the amount (or mass) of chemotherapeutic agent in the
bloodstream by @, based on de Pillis & Radunskaya (see [34]) we propose the following model:

(AN N LN Q

dat TN(l k> a NI a+Q

dl PN 5IQ

@ 4l NI - 2 2.1
dt s(t) + so tToIN @ b+ O 21)
dQ

“C_ L - o
7 q(t) — AQ

All parameters of the model are non-negative: k£ > 0, the cancer cells carrying capacity; r,

the cancer cell growth rate; ¢; and cs, the interaction coefficients between cancer and immune
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cells, respectively affecting cancer and immune populations; sg, the natural influx of immune
cells to the place of interaction; d, the natural death rate of immune cells; p, the production rate
of immune cells estimulated by the cancer; =, the number of cancer cells by which the immune
system response is the half of its maximum; p and §, the mortalities rates due to the action of
the chemotherapeutic drug on cancer and immune cells, respectively; a and b, the drug amount
for which such effects are the half of its maximum in each cell population; and A, the washout

rate of a given cycle-nonspecific chemotherapeutic drug

. In2

>\_7a
l1/2

(2.2)

where t; /5 is the drug elimination half-life (see [85]). Also, the time-dependent functions s and
q are source terms respectively standing for immunotherapy and chemotherapy. To the simplest
scenario, they are constants.

The first term in the equation for dN/dt describes the classical logistic cancer growth (see
[10]), and the ¢; term models the interspecific interaction between cancer and immune cells on
each population (i = {1,2}, respectively). Also, the immune system is represented by sg — dI,
as discussed in [35].

The third equation in (2.1) describes the first order pharmacokinetics of a chemotherapeutic
drug with an external source (see [9]). As for pharmacodynamics, the last term of the first and
second equations of (2.1) represent the log-kill hypothesis (see [106]), with a Michaelis-Menten
drug saturation response (see [6]) as it appears in the denominators of uN Q/(a + @) and
0IQ/(b+ Q). An analogous functional response with positive sign is taken for bounding the
production of immune cells stimulated by the cancer, i.e., p N I/(v+ N).

With respect to the chemotherapeutic or immunotherapeutic infusion fluxes given by the
functions g and s, there are two basic ways of therapy delivery. In terms of a generic function f

they are:

1. Constant administration: f is a constant function everywhere,
ft) = fo = 0. (2.3)

2. Periodic administration: f is defined by

>0, n<t<n+r,
flt) = (2.4)
0, n+7<t<n+1T,
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where 7 is the time taken for administration, 7" is the administration period and n =
{0,7,2T,...,mT}, with m + 1 being the number of administrations of chemotherapy or

immunotherapy.

Constant administration is a more theoretical way of therapy delivery, but still important to
understand thresholds of chemotherapy and immunotherapy infusion fluxes that lead to cancer
cure. Periodic administration, on the other hand, is more practical in oncology and is the main
point of our discussion.

The PSVF theory allow us to examine the system (2.1) when chemotherapy and/or
immunotherapy suddenly starts or stops depending on a previously established threshold value of
N, I or Q. To this end, we consider the functions s(t) and ¢(t) as being discontinuous. Moreover,

the discontinuity occurs when a control function f(N,I,Q) is equal to zero, as follows:

Sc0y  f(N,1,Q) >0 Goor  f(N,I,Q) >0
s(t) = , and gq(t) = . (2.5)

0, f(N,I1,Q) <0 0, f(N,I,Q) <0

As a consequence, one gets a PSVF of the form:

Z(N.I.Q) = X(N,I1,Q) if f(N,I,Q)SE

Y(N,I,Q) if f(N,I,Q) =

where

X(N,1,Q) = <1~N (1 - JID — NI — Si\:g s

= (Xl(NvIaQ)7X2(N7]7Q)aX3(N7IaQ))’ (27)

and

Y(N.LQ) = (rN (1= §) = eaNT = X8, sc 4 50— dl + 2 — oNT = 213, g = AQ)

:<}/1(N717Q)’ }/Z(Nv‘[’@)? YS(N’IaQ)>’ (28)

which are multi-valuated in the switching manifold, chosen according to some control strategy
imposed on the system. We observe that the first coordinates of the vector field X and Y are
equals. The second (resp. third) one may be equal if we consider the case so, = 0 (resp. ¢oo = 0).
In such a case, s (resp. ¢) is continuous.

In practice, the values of the variables N = N(t), I = I(t) and Q = Q(t) only make sense
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when they are non-negative. In a mathematical point of view, however, it is possible to admit
negative values for them. Let us call the positive octant O being the octant in the domain
N x I x Q where these three coordinates are positive, i.e., OT = {(N,I,Q) € R3: N > 0,1 >
0,Q > 0}.

Generically, the behavior outside OF could have an effect on OF. For example, an
asymptotically stable equilibrium outside O could attract trajectories which initial conditions
placed on OF. As consequence, there are points of these trajectories where exactly one of the
variables N, I or () vanishes and then the model must be analyzed considering the interaction
modeled by the other two remaining variables. Now, we would like to understand the behavior
of the model (2.1) in the border of O.

Initially, let us analyze the plane NQ = {(N,I,Q) € R? : I = 0}. If I = 0, then it follows
that dI/dt = s(-)+so > 0 since s¢ is positive and s(-) > 0. Therefore, I is an increasing function
for initial conditions on the plane N@Q. Let us also consider the plane IQ = {(N,I,Q) € R3 :
N = 0}. In this case, dN/dt = 0 and any initial condition remains in the plane 1Q, i.e., IQ
is an invariant plane. Finally, the plane NI = {(N,I,Q) € R3 : Q@ = 0}. If Q = 0, then
dQ/dt = q(-) > 0. If g(t) > 0 Vt, then @ is an increasing function and if ¢(¢t) = 0 then N7 is an
invariant plane.

An immediate consequence is that O is invariant under the model and we can restrict our
analysis to this region. A summary of the aforementioned planes is presented in Figure 2.1,

either with or without chemotherapy and respective trajectories.

Q Q
Invariant Invariant
5 T ¥
R X“G@
I =
1 T
]H Invariant -~
Increasing L/
N N

Figure 2.1: Trajectories over the planes NQ, I(Q) and NI respectively either with or without a
chemotherapeutic agent.

Further, we can study the behavior of the system (2.1) on the axes. Let us consider the
axis I = {(N,I,Q) € R® : N = 0,Q = 0} over which then dI/dt = ss + so + dI. By
assuming that s(t) = ss, when I = (s + S0)/d = Iy implies dI/dt = 0 so that I is a constant

function for these values. On the other hand, the coordinate I is increasing for 0 < I < Iy
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and decreasing for I > Iy. If ¢(t) = 0 we observe that the axis I is invariant. Besides, on
the axis N = {(N,1,Q) € R3 : I = 0,Q = 0}, follows that dN/dt = rN(1 — N/k) and then
N is an increasing function when 0 < N < k and decreasing for N > k. Lastly, considering
q(t) = goo Vt, dQ/dt = q(t) — AQ and then @ is increasing if 0 < @ < ¢oo/ and decreasing if
Q@ > goo/ A

Let us analyze the vector fields X and Y given by Equations (2.7) and (2.8), respectively.
Firstly, let us consider the vector field X. We have that X3(N,I,Q) = 0 just when @ = 0. So,
the equilibria of X is in the invariant plane NI. Supposing @ = 0 we get that X;(N,I,Q) =0
when N = 0 or N = (—c1kI + kr)/r. Therefore, if N = @ = 0, then we have that Xy = 0
when I = sg/d. Therefore (N, 1,Q) = (0, s¢/d,0) is an equilibrium point of X. Considering the
Jacobian matrix of the vector field X we conclude that the equilibrium above has at least two
negatives eigenvalues given by —d and —A\. So the equilibrium (0, sp/d,0) can be an attractor
of the trajectories of X depending on the parameters values, more specifically when r < ¢1s¢/d.
The second case of N can give at most three real equilibria also depending on the parameters
values.

Secondly, let us analyze the vector field Y. We have that Y3(V,I,Q) = 0 just when Q =
@oo/A. So, the equilibria of Y is in the invariant plane Q = {(N,I,Q) € R? : Q = ¢oo/\}. So,
Y] restricted to @ = goo/A is null when N =0 or

N —c1klqeo + kGoor — ac1 kI + akr\ — kqoopt
B 7(goo + aX) '
So, Y2(0,1,gs/A) = 0 leads to

(5 4 50)(goo + bA)

dqoo + Gocd + bdA

I=

and therefore (0,1,qs/A) is an equilibrium point of Y. The analysis of the Jacobian matrix
shows that this equilibrium has at least two negatives eigenvalues for all positive values of the
parameters. The second case of N can give at most three real equilibria also depending on the
parameters values.

The analyses that follows are performed using the parameter values summarized in Table

2.1.
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Table 2.1: Parameters of the model.

Parameter Value Unity Reference
r 102 day ! [110]
k 1012 cell [124]
c1 5x 1071 cell='day ! -
c2 1x107%  cell"!day~! -
S0 3 x 10° cell day—! -
d 1073 day—! -
p 10712 day~! -
v 102 cell -
W 8 day ! -
1) 104 day~—! -
a 2 x 103 mg -

b 5 x 108 mg -
A 4.16 day~! [41]

Now we analyze the following system

N rN<1—]Z>—c1NI— HNQ

dt a+Q

dI pNT 51Q

— = so—dI —caNI — ; 2.9
dt STt T b+ Q (29)
dQ

I

dt @

which is related to the vector field X given by Equation (2.7). In this case, we guarantee the

existence of three equilibria on the octant OT:

p1 = (0,3 X 108,0) ;
p2 = (5.07654 x 10%,1.98985 x 10%,0) ;
ps = (9.84923 x 10'!,3.01531 x 10,0) .

Analyzing the Jacobian matrix of the system (2.9) we can conclude that the equilibria p;
and ps are attractors for the trajectories of X while the equilibrium ps has one positive and two

negatives eigenvalues, that is, py is of the saddle type (see Figure 2.2).
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Figure 2.2: Behavior of the vector field given by (2.9) in a neighborhood of the attractor
equilibrium p; on the invariant plane NI for parameters values taken from Table 2.1.

Furthermore, let us analyze the system

( dN N N
= rN(1—k>—c1NI—“Q-

dt a+Q’

dl pNI1 6IQ

P —dI —coNJ — —=*_. 2.10
7 S0 +’Y+N C2 b—I—Q’ ( )
d@Q

5, OO_)‘ )

7t q Q

that is related to the vector field Y given by Equation (2.8) with s, = 0 and goo = 300. System
(2.10) has a unique equilibria py = (0, 2.0657 x 10, 72.1154) on the octant O, The analysis of
the Jacobian matrix of system (2.10) shows that p4 is an attractor (see Figure 2.3).

The case with non-zero constant immunotherapy s is similar, but with a shifted equilibrium.
2.1.1 A change in the control strategy according to the number of cancer cells

Firstly, let us analyze the following PSVF:

X(N,I,Q) if N < Ny;
Z(N,1,Q) = (2.11)
Y(N,I,Q) if N > Ny,
where Vg is a threshold value of cancer cells above which chemotherapy or immunotherapy is set

to start. In this case, we observe that the switching manifold is characterized by ¥ = f~1(0) =

{(N,I,Q) € R?: N = Ny} where f(N,I,Q) = N — Ny (see Figure 2.4).
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Figure 2.3: Behavior of the vector field given by (2.10) on the invariant plane Q without
immunotherapy and with chemotherapy, for parameters values taken from Table 2.1 and

doo = 300 mg/day.

Figure 2.4: The switching manifold restricted to the octant O%.

Now we address the contact between the vector fields X and Y with . Let us suppose that

Ny > 0 is less than the cancer cells carrying capacity k, which is biologically reasonable.

Proposition 3. System (2.11) has only crossing regions and tangential singularities.
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Proof. By a straightforward calculation,

dN

So, we assure that <Xf(N, I, Q)) (Yf(N, I, Q)) = (dN/alt)2 > 0 and the system (2.11) has only

crossing regions and tangential singularities. O
In addition, we get a curve of tangential singularities in X..

Proposition 4. The tangential singularities of X and Y with ¥ = {N = Ny} is given by the

curve
—aci kIl + akr — aNyr

YNot.
kI —Fr+ Nor 1k © 21O

Q) =

Proof. Indeed, X f(N,I,Q) restricted to N = Ny has the form

Xf(No.I,Q) = No (—clf pr- 20 aﬁ‘b) .

So, X f(No, I,Q) = 0 give us

—aci kIl + akr — aNgr
c1kI — kr + Nor + k'

Q@=0Q)=

Thus, we get a curve ¢ = {(N,I,Q) € R3: N = Np,Q = Q(I)} in X N OF that intersects the
plane N(@ at the point (NO,O, %) and the plane NI at the point (N(J, (’C—CliNko)’”ﬁ).

We note that Y f(N,I,Q) = X f(N,I,Q), which completes the proof. O

We observe that the points of the curve ¢ can be visible or invisible for X or Y depending
on the sign of X2f(No,I,Q) and Y2f(No, I,Q). See Figure 2.5.

It is crucial to understand the contact of the vector field Y with the plane Ny, = {(N,1,Q) €
R3 : N = k}, remembering that k is the cancer cells carrying capacity. The derivative dN/dt
restricted to N = k is equal to —c1kI — (kQu)/(a + Q). The vector field Y is then tangent to
the plane Ny when —c1kI — (kQu)/(a + Q) = 0, with the curve of tangential singularities of Y’
in Ny given by v(I) = —(ac1I)/(c1l 4+ p). The curve v passes through the point (0,0) and its

derivative is negative for I > 0. In fact,

dv(I) ac}l acy

dI (er] + p)? Calt+p

so that, for I > 0,
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Figure 2.5: The curve v in the octant O.

Since p > 0, we assure that all the trajectories of Y on the octant O are pointing to the same
direction in Nj. Since dN/dt is negative for values of the form (k,1,0), with I > 0, we can
conclude that the orbits of Y are entering Ny, following from N > Ni to N < Nj. Therefore,

the treatment may recede the cancer (see Figure 2.6).
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Figure 2.6: The curve v in the plane Ny.
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The analysis that follows is illustrated using the parameter values summarized in Table 2.1.
Some studies show that the number of cancer cells N = 10'° is detectable by standard medical
techniques (see [124]). Thus, let us consider the system Z given by (2.11) with Ny = 10'° which
defines the switching manifold ¥ = {N = 10'°} where the vector fields X and Y are given by
Equations (2.7) and (2.8) with sec = 0 and goc = 300. As we have seen, the vector field X has
three equilibria on the octant OF. We observe that only the attractor equilibrium p; and the
saddle point po occur in the region OF N {N < 10'%}, where X is defined while p3 is a virtual
equilibria for Z. Moreover, the attractor equilibrium p4 of the vector field Y is also a virtual

equilibria for the PSVF Z.
Lemma 1. The tangential singularities of X and Y with ¥ are given by the curve

B 2000(—198000000 + 1)

SNnoT.
159802000000 + I =

Qo(I) =

Proof. The proof follows from Proposition 4 using f(N,I,Q) = N — 100, O

We can observe that the curve @)y intersects the plane N@ at the point (1010, 0, 2.4780) and
the plane NI at the point (1010, 1.98 x 108,0).

Proposition 5. The tangential singularities of Lemma 1 are singular, that is, invisible fold

points for both X and Y .

Proof. In fact, we need to show that X2f(p) > 0 and Y?2f(p) < 0 for all tangential singularity
p=(10191,Q0(I)) € N O*. We have that

X2f(p) = (X(p),VX[(p))

= (Xulp) el Xo(p)) - (2, 502, 2540

6.57338x101°—3.30731x 101 1—6.1529172—1.3x 1011 13 —-7.10827x 1038 1442.58597x 10— 495
1.59866x10114+1.7 :

So, since the function above does not have roots between zero and 1.98 x 108 and it is positive

for I = 0 we can conclude that X2 f(p) is positive for I € [0, 1.98 x 108]. Moreover,

Y2f(p) = (Y(p), VY [f(p))

= (ML) Ya)) - (SR 25, 250)

—1.84791x1021 —3.66652x 1011 T—6.377661%—1.34687x 10~ 1113 —7.10827x 1038 1442.58597x 10~ 4915
1.59866x 1011 +1.7 :

Therefore, since Y2 f(p) does not have roots in the interval [—10, 1.98 x 108] and it is negative

for I = 0 we can conclude that Y2 f(p) is negative for I € [0, 1.98 x 108]. O
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Since the tangential singularities of X and Y are the same, we can compute the tangential
sliding vector field given by Definition 2. In order to study the contact between the vector
field X and Y with the curve Qg let us consider a normal vector to Qo at I given by vo(I) =
(0,—Qp(I),1). In this way, the first Lie derivative of the vector field X restricted to the curve

Qo is given by

XQo(I) = X (101°1,Q0(1)) - (0,—Q})(I),1)
= —Qu(I)X;3 (10", 1,Q0(I)) + X3 (10", 1,Qo(1)) .

Similarly,
YQO(I) = _Qé)(I)YvQ (10107 I7 QO(I)) + Yé (10103 Ia QO(I)) :

So, the tangential sliding vector field Z7 on the curve of tangential singularities is given by the

expression
(YQo(1)) X (10", 1,Q0(I)) — (XQo(I))Y (10", 1,Qo(1))
YQo(I) — XQo(I)
- (o, X5 (101, 1, Qo(I)) , Q4 (1) X (10", T, Qo(1)) ) (2.12)

ZT(I) =

Since @ does not vanish, the singular points of the sliding vector field ZT are the zeros of
X5 (1019, 1,Q0(I)). So, for I € (0,1.98 x 10%) the unique singularity of Z7 occurs for I* =
5.3396 x 107. The second coordinate of Z7 is positive for I € (0,1*) and negative for I €
(I *,1.98 x 1()8). Therefore, this singularity behaves like an attractor for the tangential sliding
vector field ZT (see Figure 2.7).

Remark 3. It is a significant achievement the comprehension of the trajectories of the vector
field (2.11) in the neighborhood of the singular point of the sliding vector field Z*. It is possible

the existence of limit cycles and even a chaotic behavior.

Another interesting behavior appears if one changes the switching manifold of the system
studied above. In the sequel, we show the existence of a cusp-fold singularity, that is, a
simultaneous occurrence of a cusp singularity for one vector field and a fold singularity for

the other one.

Remark 4. Since the tangential curves of X and Y coincide, this non-generic scenario was not
studied in the literature until now. In fact, in the papers [24, 26, 32]) the tangential curves of

X andY are transversal at the cusp-fold singularity (also, bifurcations are considered).

Let us consider the system Z given by (2.11) with g(N,I,Q) = N — 10°. Consequently, the
switching manifold is X1 = ¢71(0) = {(N,I,Q) € R? : N = 10°} and we have the following
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Figure 2.7: The sliding vector field Z7.

System:

X(N,I1,Q) if N <10
Z1(N,1,Q) = (2.13)
Y(N,I,Q) if N >10°

where X and Y are given by equations (2.7) and (2.8), respectively, with so, = 0 and g, = 300.
We observe that, in this case, the saddle point ps is also a virtual equilibria for Z;, affecting
the contact between the vector field X and i so that generate a cusp-fold singularity. Thus,

we have that p; is the only real equilibria for Z;.
Lemma 2. The tangential singularities of X and Y with 31 are given by the curve

~2000(—199800000 + 1)

YNnoT.
159800200000 + 1~

(1) =

Proof. The proof follows from Proposition 4 using g(N,I,Q) = N — 10°. O

We can notice that the curve ()1 intersects the plane N@Q at the point (1097 0, 2.5006) and
the plane NI at the point (109, 1.998 x 108,0).

Proposition 6. The tangential singularities of Lemma 2 are invisible fold points for the vector

field Y.

Proof. In fact, the contact between Y and ¥; at a tangential singularity p = (109, I,Q:(1 )) is
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given by

Y2g(p) (Y(p), VY g(p))

= (Y1 (p),Yz(p),Y:a(pD ' (a?]\([m’ ot mgcgp))

—1.84725x1029—3.66704x 10107 —0.6378047%—1.34688x 101273 —1.36479x 10— 4514 4+2.58597x 1050 "
1.59864x 1011 4+1.7 :

Therefore, since Y2g(p) does not have roots in the interval [0, 1.998 x 108] and it is negative for

I =0 we can conclude that Y?g(p) is negative for I € [0,1.998 x 10%]. O

The next Proposition guarantees the existence of a cusp point in the contact between the

vector field X and 7.

Proposition 7. There exists Iy € (0,1.998><108) such that XZ2g (lOg,Io,Ql(IO)) = 0.
Moreover, the tangential singularities of X with %1 are invisible for I € (0,Iy) and visible

Jor I € (Ip,1.998 x 10%).

Proof. Indeed, the contact between X and 31 at a tangential singularity p = (109, I,Q:(1 )) is

given by the expression

X?g(p) = (X(p),VXg(p)

= (X0 X0 X)) - (2502 252 252

6.63301x1018—3.30785x1097—0.61532972—1.3x 101273 -1.36479x 10— 451442.58597x 10505
1.59864x10114+1.T :

We observe that X2g(p) has a zero at the point Iy = 1.9978 x 10%, it is positive for I € [0, Iy)
and negative for I € (IO, 1.998 x 108]. In order to guarantee the cubic contact, we get that
X3g (10%, I, Q1(1o)) = —16685.8 < 0. O

Corollary 1. The piecewise smooth vector field Z1 has a cusp-fold singularity.
Proof. The proof follows from Propositions 6 and 7. O

Let us analyze the tangential sliding vector field. The first Lie derivative of the vector field

X restricted to the curve Q1 is given by

XQ1(I) = X(10°,1,Q:(D)) - (0,—@1(1), 1)
— —Q\(I)X2 (10°,1,Q1(I)) + X3 (10°, 1, Q1 (1)) .

Similarly,

YQi(I) = —Qi(I)Y2(10°,1,Q:1(1)) + Y3 (10°,1,Q:1(1)).
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So, the tangential sliding vector field Z{ on the curve of tangential singularities is given by the

expression
(YQu(I)) X (10°,1,Q:(1)) — (XQ:1(I)) Y (10°, 1, Q1 (1))
YQl(I) - XQl(I)
- ((),X2 (10°, 1, Q1 (1)) , @} (1) X5 (10°, I, Q1 (I)) ) (2.14)

Z{(I) =

Since @} is a non-zero function, the singular points of the sliding vector field Z{ are the zeros
of X, (109,I, Ql(I)) So, for I in the interval of definition of @)1, which is (0, 1.998 x 108), the
zeros are I = 6.8355 x 107 and I = 1.7538 x 108. The second coordinate of ZT is positive for
I e (0,1:), negative for I € (f, f) and positive again for I € (I:, 1.99 x 108>. Therefore, the
singularity for I behaves like an attractor for the tangential sliding vector field Z{ while the

singularity for I like a repulsor (see Figure 2.8).

2.5
1.6/ [Ea :
0.3 [ A , E
: ; 2
6.83x107 1.75x 108 1.99x108,

Figure 2.8: The cusp-fold singularity of Z; and the tangential sliding vector field Z7 .

We may observe that the tangential singularities that occur at the right side of the cusp-fold
singularity, that is, for I € (1.9978 x 108,1.998 x 108), are regular since they are invisible for
the vector field Y while they are visible for X. So the trajectories of the tangential sliding vector
field in a tangential singularity may escape for the trajectories of X. In this case, the trajectory

in a tangential singularity may converge to the attractor equilibrium p;.
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2.1.2 A change on the control strategy according to the number of immune cells

Another way to analyze the effects of the treatment is by the analysis of the evolution of immune
cells. In what follows we analyze the system

X(N,I1,Q) if I<107;

Y(N,I,Q) if I>107,
where X and Y are given by equations (2.7) and (2.8), respectively, for so = 0 and go, = 300.
We can observe that the switching manifold is given by 3o = h=1(0) = {(N,I,Q) € R?: I = 107}
where h(N,I,Q) =1 —10". We note that the only real equilibria for Z5 is the attractor p3. We

also have a cusp-fold singularity as we present in the sequel.

Proposition 8. The tangential singularities of X and Y with ¥y is given by the curve

5000000 (29000000000000 —+ 289999999910N — NQ)

C3NnOT. 2.16
9999971000000000000 -+ 99999710000000090N + N2 2 (2.16)

Q2(N) =

Proof. Indeed, Xh(N,I,Q) restricted to I = 107 has the expression

N (90 + N)
X107 1.0V = X __ 10000 ( 29 —
(10°,1,Q) 2l 1107 1000000 (100 + N) " <

10000000Q
5000000 +Q )

So, Xh(107,1,Q) = 0 give us Q = Q2(N) of Equation (2.16). Since we are studying the case
without immunotherapy, Xo = Y5 and therefore Xh(N,I,Q)=Yh(N,I,Q). O

Proposition 9. The tangential singularities of Proposition 8 are invisible fold points for the

vector field Y. Moreover, there exists a cusp point in the contact between X and Xo.

Proof. Given p = (N, 107,Q2(N)) by a straightforward calculation we get that Y?2h(p) is
negative for N € [0,2.9 X 1011]. Furthermore, X2h(p) has a zero for N* = 2.8 x 10!, it is
positive for N € [0, N*) and negative for N € (N*,2.9 X 1011]. O

Therefore, we get a curve Qs in YoNO™ that intersects the plane I(Q at the point (0, 107, 14.5)
and the plane NI at the point (2.9 x 10,107, 0) containing a cusp-fold singularity for Z5. We
can analyze the tangential sliding vector field associated with Zy. The first Lie derivative of the

vector field X restricted to the curve Qs is given by

XQo(I) = X (N,107,Q5(N)) - (~Q4(N),0,1)
= —Qy(N)Xz (N, 107, Q2(N)) + X5 (N, 107, Q2(N)) .



2.1 An application of piecewise smooth vector fields in a cancer model 51

Similarly,

YQ2N) = —Q4(N)Y2 (N,107,Q2(N)) + Y3 (N, 107, Q2(N)) .

So, the tangential sliding vector field ZI on the curve of tangential singularities is given by the

expression

(YQ2(N)) X (N,107,Q2(N)) — (XQ2(N)) Y (N, 107, Q2(N))
YQ2(N) — XQ2(N)

- (X1 (N, 107,Q5(N)) ,0, @b(N) X1 (N, 107, Q5(N)) ) (2.17)

Z3 (N) =

The equilibria of ZI in the interval [0, 2.9 x 1011] of definition of @y are given by N = 0 and
N = 2.552 x 10", The first coordinate of ZT is negative for N € (O,]\:f> and positive for
N e (ﬁ ,2.9 x 1011). Therefore, the singularity for N behaves like a repulsor for the tangential

sliding vector field ZZ (see Figure 2.9).

2.5%x10L

12.9x101)

—

91011 \oe
J
. \

N

Figure 2.9: Behavior of the PSVF Zj.

We can notice that the tangential singularities that occur for N € (2.8 x 1011,2.9 x 1011)
are regular since they are visible for X. In this way, the trajectories of the tangential sliding
vector field in a tangential singularity may departure for the trajectories of X. In this case, the
trajectory in a tangential singularity may converge to the attractor equilibrium ps.

In what follows, we analyze the model with immunotherapy s, = 4 x 10° where the switching
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manifold is given by s and ¢ = 300. Let us consider the system

X(N,I1,Q) if I<107;
Z3(N,1,Q) = (2.18)
Y(N,I,Q) if I>10,

where X and Y are given by equations (2.7) and (2.8), respectively, for s,, = 4 x 10° and
oo = 300. The equilibrium point of the vector field Y is given by ps; = (0,4.81 x 106, 72.11)
which is an attractor and a virtual equilibria for Z3.

Considering the PSVFE Z3, the sets of tangential singularities of X and Y are distinct and
therefore one does not have just crossing regions. Indeed, Z3 contains an escaping region. We
can notice that the tangential singularities of X with ¥y are given by the curve @2 in (2.16) and

they have the same behavior obtained in Proposition 8.

Proposition 10. The tangential singularities of Y with Yo is given by the curve

5000000 (69000000000000 + 689999999910N — NQ)

CSnOT. 2.19
9999931000000000000 -+ 99999310000000090N + N2 2 (2.19)

Q3(N) =

Moreover, they are invisible fold points.
Proof. Indeed, YRh(N,I,Q) restricted to I = 107 has the expression

N (90 + N)
VR0 1.O) = Y _ 10000 ( 69 —
(10°,1,Q) = Ya| ;_y(r 1000000 (100 + N) " <

10000000Q
5000000 +Q )

So, YR(107,1,Q) = 0 give Q = Q3(N), according to Equation (2.19). Furthermore, Y2h(p) is
negative for N € [0, 6.9 x 1011]. O

The curve Q)2 of tangential singularities of X and )3 of tangential singularities of Y do not
intercept each other on the octant O" and they define a region R C O between them. Given
p € R, it follows that Xh(p) < 0 and Yh(p) > 0. Therefore, we conclude that R is an escaping
region (see Figure 2.10).

Now we are able to calculate the sliding vector field given by Definition 1 which is defined

in the region R.

Proposition 11. The sliding vector field Z3 is given by Z5(N, Q) = (F1(N,Q), F2(N, Q)) where

N2 19 8Q
F(N,Q)=——7+N -
1(V, Q) 1014 - (2000 2000 + Q)
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34.5

14.5

Figure 2.10: Behavior of the PSVF Z3 in the escaping region R.

and F»(N, Q) is equal to

—1.0875%x 1011+ N2(0.00375+7.5x 10710Q) +5.41998x107Q—416.Q+ N (—1.0875x10°+5.41998 x 107 Q—4.16Q? )
(100.4+N)(5.x10%+Q) )

Proof. The proof is a computation of Equation (1.2). O

The sliding vector field Z§ has two equilibria in the region R given by (N, Q) = (0, 20.0647)
and (N, Q) = (2.65236 x 10'',1.71338). By means of the analysis of the Jacobian matrix of
the vector field Z5 we can conclude that the first equilibria is a saddle point attracting in the
variable NV and repelling in the variable @ while the second one is a repulsor equilibrium (see

Figure 2.11).

Figure 2.11: Behavior of the vector field Z3.
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2.1.3 A control strategy according to chemotherapeutic agent quantities

For sake of completeness we can consider the system

Zy(N,1,Q) = YINLQ) i @< Qi (2.20)

X(N,1,Q) if Q2 Qc,
where X and Y are given by equations (2.7) and (2.8), respectively, and j(NV,I,Q) = Q — Qo
where Y3 = j71(0) with Qs > ¢oo/A. In this case, we have that both Lie derivatives X j and Yj
are strictly negative on X3 and therefore we have no tangential singularities, that is, the third

coordinate of the vector fields X and Y are negative on X3 and we have just crossing regions on

it. Moreover, the vector field Y has

_ (0. (8sc+50)(doo + b)) 4
b " g + Goud + bdX A

as an equilibrium on the octant OF which is a real equilibrium for Z; and it has at least two
negatives eigenvalues for positive values of the parameters. In the case where soo = 4 x 10°,
(o = 300 and following the values of Table 2.1 we have that p = ps given above is the unique
equilibrium of Y on the octant OT, which is the unique real equilibria for Z; and therefore

globally asymptotically stable for Z4 (see Figure 2.12).

___________________________________

Figure 2.12: Behavior of the PSVF Z4.
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2.2 Analysis of the dynamics of a mathematical
model to intermittent HIV treatment using

sliding mode control

The aim of this section is to study the qualitative dynamics of a piecewise smooth system
modeling the intermittent treatment of the Human Immunodeficiency Virus (HIV). Typical
singularities and closed orbits are observable and we quantitatively explore the dynamic around
those singularities and closed orbits. Moreover, we conclude that this protocol always will be
successful since the trajectory passing through any initial condition converges to one of these
distinguished orbits. Our results corroborate the real world observation, where the virus is not
eliminated, but it is controlled around a specific value, namely critical value. The content of
this section can be found in [55, 59].

The Human Immunodeficiency Virus (HIV) affects people around all over the world.
According to World Health Organization (WHO), there are 37.9 million people in the world
living with HIV in 2018 (about 25.7 million in Africa) being 1.7 million people newly infected
with HIV in the last year (see [129)]).

The immune function is regularly measured by CD4 cell count. As the virus impairs immune
cells, infected individuals become immunodeficient which results in susceptibility to a wide range
of infections. The virus infects CD4" T helper cells which results in strong viral response and
virus replication, see [96] for more details. The advanced stage of HIV infection is Acquired
Immunodeficiency Syndrome (AIDS) which inhibit the immune system of the body and can
take many years to develop depending on the individual.

Several significant developments have occurred in the HIV field in the last years and
more efficacious antiretroviral drugs are becoming available. Strong evidence shows that
using antiretroviral treatment (ART) earlier increases the survival time for patients. In 2018,
approximately 62% of people living with HIV were receiving antiretroviral treatment, which
reduces the risk of transmitting the virus to their uninfected sexual partner until about 96%
(see [128, 129]).

In the literature, many mathematical models have been proposed to describe the dynamics
of HIV. The models can be deterministic or stochastic and usually describe the kinetics of the
HIV infection and its therapies. See [44, 46, 60, 73, 95, 96] and references therein.

In the last years, strategies of scheduled treatment interruptions of antiretroviral therapies

have been proposed for clinical management of HIV infected patients (see [3, 114, 115]). In this
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regimen, the patients continued their antiretroviral therapy until the studied cell counts went
over to a fixed number, and then stopped the treatment until they dropped back. In this way,
we get a piecewise smooth dynamic model of the HIV that allows us to investigate the scheduled
treatment interruptions strategies. A formal cost-effectiveness analysis is not available, but it is
explicit that a therapy based on intermittent treatment enables cost savings as well as reducing
patient side effects (see [68, 87]).

In this context, we explore qualitative features of a piecewise smooth system modeling the
dynamic of Human Immunodeficiency Virus. Of course, the purpose of any treatment is to
provide a cure for the disease. However, in some cases, the treatment also affects healthy cells
and as it kills diseased cells, it also kills healthy cells. In the end, the patient may become so
weakened that he/she will eventually die. In order to avoid this situation, the protocol that we
are investigating, predicts a drug-on stage suddenly interrupted by a drug-off stage, giving rise
to an intermittent (and not necessary periodic in time) treatment. Thus, during the drug-off
stage, the patient’s immune system recovers before a new dose of drugs is given. So, there exists
a mathematical model governed by ordinary differential equations for the drug-on stage and a
similar one for the drug-off stage.

Usually, effective antiretroviral therapy is based on two classes of antiretroviral drugs: reverse
transcriptase inhibitors (RTIs) and protease inhibitors (PIs). The protease inhibitors avoid
HIV protease from divide the HIV polyprotein into functional units, inducing infected cells to
produce immature virus particles that are non-infectious. At the same time, the RTIs block
RT’s enzymatic function and help to prevent the completion of the synthesis of the viral DNA
from HIV-1 RNA.

A model of viral dynamics generally consists of a system of differential equations describing
the interactions between infected cells, susceptible cells and the infective form of a virus. Let
us denote by T*(t) the infected CD4" T helper cell population size at the time ¢, T'(t) the
uninfected CD41 T cell population size at the time ¢, V;(t) concentration of infectious virus
particles, nrr and np; the effects of RTIs and PIs. In the scheduled treatment interruptions
in HIV treatment considered by [3], the patients continued their antiretroviral therapy until T
CDA4™ cell counts went over to 350 cells/ul, and then stopped the treatment until they dropped
back to 350 cells/ul. Assume that there is a threshold value Cp which antiretroviral therapy
will be triggered below this value and which the therapy will be stopped above this value. Based
on the works of [3, 96, 115] the HIV dynamics models for drug-off and drug-on states can be

written respectively as
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( dT

- = —dT —kV;T
dt ° !
dT™* .
= kViT—46T", it T+717*>Cr, (2.21)
dt
dVr
— = AT* -
g cVr
and
dT
% = S—dT—(l—nRT)kV[T
dr* . . "
T (1—nrr)kVIT -6T it T+T"<Cr. (2.22)
dV;
ditl = (1—17p]))\T*—CV}

The parameter d means the death rate of uninfected cells while s is the rate at which uninfected
cells are generated from a source. Moreover, the parameter § is the death rate of infected cells, A
is the rate of production of virus by infected cells, k is the infectivity rate and c is the clearance
rate of free virus. The numerical analyses in this work are performed using the parameter values

summarized in Table 2.2.

Table 2.2: Parameters for the HIV model (see [114]).

Parameter and description Values

s Generation rate for uninfected CD4™ T cell 15 pul~tday !

d Death rate of uninfected CD4™ T cells 0.01 day*1

k Infection rate for CD4" T cells by virus 2.4 x 1076,11171day_1
é Death rate of infected CD4" cells 0.35 dayf1

A Number of free virus produced by lysing a CD4" cell 3000 day_1

c Death or clearance rate of free virus 3 dayf1

nrr  RTI drug efficacy 05—-1

npy; Pl drug efficacy 05—-1

In our approach, we consider the reproductive ratios (also called basic numbers of reproduction)

B ks

Ry = 222
07 cdo

and

R. = Ro(1 —npr)(1 — nrr).

In order to define the piecewise smooth vector field associated to the systems (2.21) and
(2.22), following the theory of discontinuous vector fields and Filippov conventions, let us
consider the function f(p) = T + T* — Cr, where p = (T,7%,Vr) and Cr is the threshold

value of T CD4™ cells. Denoting the vector fields associated to the drug-off and drug-on state
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respectively by
X(T,T*, V) = (s — dT — kViT, kV;T — 6T* \T* — cVy), (2.23)
and
Y(T,7%, Vi) = (s —dT' — (1 = nrr)kVIT, (1 = nrr)kVIT — 617, (1 — np)\T™ — cVi), (2.24)
the piecewise smooth vector field Z associated to the systems (2.21) and (2.22) is given by

X(T, TV}, if T+T*>C
Z(T,T*,V;) = ( ") o (2.25)
Y(T,T*V;), if T+T*<Cyp
Observe that T = {p eER3: f(p) > O}, YT = {p eER3: f(p) < 0} and the switching manifold
is given by the angled plane > = {p € R‘i cf(p) = 0}.
A direct inspection shows that the vector field X given by (2.23) has two equilibria, namely

cd —cdd + ksh —cdd + k:s)\)

P = (f’o,o> and pl = (ﬁ’ koSN cké

d

and the vector field Y given by (2.24) also has two equilibria, namely

p° =pl and p =

i

( 1) —cdd + ksA — ks Anpr — ksdnpr + ksAnrrnpr
k(=1 4+ nrr)N—=1+npy)’ kE6(—=1 4 nrr)N—=1 4 npr)

cdd — ksA + ksdnrr + ksAnpr — k:s)\nRTnp1>
cko(—1+ nrr) '

The parameter ¢ is the rate at which uninfected cells are generated and d is the death rate of

uninfected cells, so by hypothesis (that is natural) we get:
d < 9. (2.26)

In order to determine the global dynamics of the piecewise smooth vector field Z = (X,Y) we
will explore the results of [81]. In fact, Theorem 2.1, item 1, of [81] ensures that, if Ry < 1 in
(2.23) (Drug-off), then p is not placed at the positive octant of R® and the disease-free state p9.
is globally attracting and the virus is cleared. Moreover, Lemma 3.1 of [81] establishes that the
positive octant is positively invariant and there exists M > 0 such that T'(t), T*(¢), Vi(t) < M

for some t large enough. For this reason, a treatment is not necessary and the protocol that we
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are planning to study is obsolete. So, it is natural to assume another important hypothesis:

ks

= —>1. 2.2
cdd - (2.27)

Ry
Remark 5. According to Theorem 2.1, item 2, of [81], we obtain that p}|r s globally
asymptotically stable and ;09r is unstable for (2.21). We also emphasize that Corollary 2.2 of
[81] states that p° is globally attracting when R. < 1 and it is unstable when R. > 1. Now,
Theorem 1.1 of [75] states that pL is globally attracting when R, > 1.

The position of the equilibria pg =Y, p}r and pl comparing to ¥ will be very important

for the dynamics of the PSVF Z given by (2.25). For this, consider the parameters

co = 2, (2.28)
6;:2[1—<1—§><1—%>}:§+W, (2.29)
R I R NP

that are the sum of the two first coordinates of the equilibria p(}r =Y, p}r and pl , respectively.
Since 0 < nrr,np;r < 1 we conclude that 677 > CAZ'; Moreover, éf < s/d if R, > 1,
6; > s/dif R, <1 and @; =s/d if R. = 1. It is also important to note that s/J < 6;; < s/d.

By hypothesis on the system parameters of (2.23)-(2.25), we then consider:
C < Cr < min [6;,(7%} . (2.31)
The first Lie derivatives of (2.23) and (2.24) coincide and are given by

XF(T,T*,V;) =Y f(T,T*,V;) = s — dT — T*3.

So, those first Lie derivatives of X and Y vanish just in the set

{(T,T*,V,)|T: 3_;T }

When restricted to ¥ we obtain that the tangency lines of (2.23) and (2.24) coincide and are

given by

s—0T* s—Crd —Crd+s
= (T, T* |T = =< (T, T" = .
s={aresim= =) =@ = (70 20 v
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The second Lie derivatives of (2.23) and (2.24), respectively, restricted to X are

SLx = 0(s —dCp) + k(s — 0Cp)Vy and SLy = 6(s — dCp) — k(s — 0Cp)Vi(nRT — 1).

So, the vector field X given by (2.23) has a cusp point at

o _ (570Cr —s+dCr 6(=s +dCr)
X7 \d=6 " d=6 " k(s—oCp)

and the vector field Y given by (2.24) has a cusp point at

Cu — s —0Cr —s+dCr 6(—s +dCr)
Y=\ d=5 ' d—3 "k(s—0Cr)(1—nrr))

We can notice that the third coordinate Cy3 of C'y is bigger than that one Cx 3 for Cx. The

cusp point Cx divides S in two semi-straight lines. A semi-straight line

Ty( = {(Tv T*,V}) € SH/I < CX,3}

filled by visible fold points and a semi-straight line rf. = {(T,T*,V;) € S|V; > Cx 3} filled

by invisible fold points. On the other side, the cusp point Cy divides S in two semi-straight

lines. A semi-straight line vy, = {(T,T*,V;) € S|V; > Cy3} filled by visible fold points and a

semi-straight line ri, = {(T,T*, V) € S|V; < Cygs} filled by invisible fold points. See Figure

2.13.

T

Figure 2.13: The dynamic near the tangencial singularities
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Moreover, we can define the tangential sliding vector field Z7 on S (see Definition 2) given by

1
kngrVi(d — 6)(6Cr — s)

ZT(T, T+, V]) = (0, 0, (cknRTVIZ(d — 5)(—5CT + S)

(2.32)

—i—(dCT — S)A(—kVI(T]RT — np[)(s — (5CT) + (—dCT + S)(ST]p[))) .

A direct calculation show that Z7 has just one equilibrium at the first octant. In fact, the
denominator of the third coordinate of (2.32) is null only when V; = 0 and the numerator of

the third coordinate is null when

)\k(dCT - 3)<77RT — 77]3[)(8 — (5CT) + \/()\k<dCT - 3)(77RT — 77]3[)(8 - (5CT>)2 —4ac

Vi =
I 2a

(2.33)
where @ = cknpr(d — 6)(—0Ct + s) and ¢ = —Adnp;(dCr — s)2.

Therefore, we obtain that:

° pi_ is placed below ¥ and pl and p° = p(}r are placed above Y. That is, the equilibrium

point p(}r is the unique real equilibrium for the PSVF Z given by (2.25).

e In (2.33), a¢ < 0 and so, there is just one tangential equilibrium p, placed at the first

octant.
e Both cusp points C'x and Cy are placed at the first octant.

e There is an invisible fold-fold line segment T'F C S between the cusp points. Moreover,

pe € TF.

We have seen that the cusp point Cx divides S in the semi-straight lines 7 = {(T, T*,V;) €
S|Vr < Cxgs} filled by visible fold points and ri = {(T,T*,V;) € S|V; > Cxgs} filled by
invisible fold points. We would like to consider the saturation of the semi-straight lines of visible

fold points involving a cusp singularity. See illustrated in Figure 2.14.

Figure 2.14: The cusp singularity.
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Let ¢x (r) be the saturation of r¥ through the flow of the vector field X given by (2.21).
Since pfr is an equilibrium globally attractor placed below ¥, it is well defined the curve S (r}/() =
¢x (r¥)NE. Note that Closure (S (rk))NClosure (r%) = {Cx}. Call A C X the region bounded
by S(rk)U{Cx} Urk. Besides, the cusp point Cy divides S in the semi-straight lines ry, =
{(T,T*,Vi) € S| Vi > Cy3} filled by visible fold points and i, = {(T,T*,V;) € S|V; < Cy3}

filled by invisible fold points. Let ¢y (7"¥ ) be the saturation of r}‘f through the flow of the vector

field Y given by (2.22). Since p? is an equilibrium globally attractor placed above ¥, it is well
defined the curve S (r)‘f) = ¢y (r)‘f) N Y. Note that Closure (S (ry)) N Closure (r¥) = {Cy}.

Call B C % the region bounded by S (r}/) U{Cy} Ur{. See Figure 2.15.
T

Figure 2.15: The global dynamic of Z.

In the following, we present the first result of this section that treats the global dynamics of
the piecewise smooth dynamical system Z given by (2.25) which establishes a set, that contains

the tangential singularities of X and Y, that is a global attractor.

Theorem 6. If d < §, Ry > 1 and 6;5 < Cr < min [5;,6%} then AU B C X is a globally

asymptotically stable set for (2.25).
The proof of Theorem 6 follows from the next lemma.

Lemma 3. Let us consider an arbitrary initial condition xqg at the first octant. The trajectory

of Z passing through o hits ¥ in a sequence of points (s;);en such that s; € AUB if i > 2.

Proof. (Case 1) If xq is placed above X, the trajectory of X passing through z( tends to pfr

and then, it has to hit ¥ in a point s; (it is possible that s; € A or not). Now, the trajectory
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¢y (s1) of Y passing through s; tends to p® and then, it has to hit ¥ in a point sy. Moreover,
sg € B since, otherwise, ¢y (s1) N ¢y (ry) # () resulting in an absurd due to the uniqueness of
trajectories of Y passing through a point. After that, due to the uniqueness of trajectories of
X passing through a point, ¢x(s2) N Px (r}/() = () and the trajectory of X passing through s
returns to > at s3 € A. Repeating the argument, we conclude the proof for this case.

(Case 2) If x¢ is placed below X, the trajectory of Y passing through x¢ tends to p® and
then, it has to hit ¥ in a point s; (it is possible that s; € B or not). Now, the trajectory
¢x(s1) of X passing through s; tends to p! and then, it has to hit ¥ in a point s2. Moreover,
so € A since, otherwise, ¢px(s1) N ¢x (r}?) # () resulting in an absurd due to the uniqueness of
trajectories of X passing through a point. After that, due to the uniqueness of trajectories of
Y passing through a point, ¢y (s2) N ¢y (r)‘f) = () and the trajectory of Y passing through s,
returns to X at s3 € B. Repeating the argument we conclude the proof for this case.

If 9 € X, then 2 € 26T UXS~ U{Cx }U{Cy }UrkUry UTF. When z¢ € ¥~ U{Cy }UrY-
it is enough take zg = s1 in Case 1. When zp € X7 U {Cx} U r}/( it is enough take xy = s1
in Case 2. When zy € T'F, the trajectory passing through z( is given by the tangential sliding
vector field (2.32) and it is confined to the intersection of A and B. O]

Proof of the Theorem 6. The proof of the Theorem 6 when R. < 1 follows direct from Lemma
3. For the case R. > 1, it is enough to repeat the previous argumentation changing p° by pl

at the proof of Lemma 3 (remember Remark 5, that ensures that p! is globally asymptotically
stable for V). ]

In the sequel, we present a example that illustrates the global dynamics of the model where
we observe the existence of a limit cycle. Next, the local dynamics around the curve of two-folds

is studied and we prove the occurrence of a Hopf-Like bifurcation.

Example 1. We consider the parameter values from Table 2.2, taking npr = npr = 0.6 and
Cr = 400. In this case the phase portrait of system Z given by (2.25) presents a stable crossing

limit cycle, as shown in Figure 2.16.

Now we would like to analyze the local dynamics near the equilibrium of the tangential sliding
vector field. In the previous calculations, we identified the existence of a tangential equilibrium
point (equilibrium of the tangential sliding vector field ZT given explicitly in (2.32)) belonging
to the straight line of fold-fold singularities in 33, that is, a point of X where the vector fields X
and Y are tangent and become anti-collinear. This point is an admissible tangential equilibrium

of (2.25) if the quadratic tangencies are invisible to X and Y.
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400 380 360 340 320 300 0 Vi
T x 10

Figure 2.16: Simulations pf system Z given by (2.25) by taking the parameter values from Table 2.2 and
considering nrr = np;r = 0.6 and Cp = 400. We visualize a stable limit cycle (blue color). Moreover, the
line segment in green color represents the invisible fold-fold segment, the dots in red and purple colors
indicate the tangential equilibrium point and cusp points, respectively.

We will describe the dynamic behavior of the trajectories of system Z given by (2.25) in a
neighborhood of this tangential equilibrium point. In what follows, we will study the crossing
dynamics using the standard tools for analysis of Poincaré return maps (see [33, 79]), and we
will present the conditions on the system parameters that ensure local asymptotic stability at
the tangential equilibrium point. In addition, we will prove the occurrence of bifurcations at the
tangential equilibrium involving the change of its stability and the birth of a crossing limit cycle,
similar to the supercritical and subcritical Hopf bifurcations (we call Hopf-Like bifurcations).
These bifurcations are typical of non-smooth dynamical systems and have motivated several
works in recent years (see [105] and references therein).

In order to simplify the study, we apply to system (2.25) the coordinate change given by

T=ux,
T =z —u, (2.34)
Vi=y/k,

and we define a new state space domain M = {x = (z,y,2) € R3 : z > 2} such that M =
YTUXUXT with X7 = {xeM: hkx) <0}, 2" ={x e M: h(x) >0} and T =
{x € M : h(x) = z — Cr = 0} being the switching boundary in the new coordinates. So, we get

the system

) F_(x), ifxe X~
= (2.35)
F.(x), ifx €3,
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composed by the two vector fields

s—(d+y)w s — (d+ Nrry)z
F,(x)=| —cy+a(z—2) | and F_(x) = | —cy + Npra(z —z)| ; (2.36)
s+ (0 —d)x— oz s+ (0 —d)x — oz

where a = k?)\, Np[ =1- ner and NRT =1- NRT-
Figure 2.17 illustrates the configuration of the vector fields F at the switching boundary X

and shows some of the involved elements as:
(i) The two-fold tangency line L = {(x,y,Cr) € ¥ : © = Z;} with

- _COrd—s
t — 5_d7

which divides ¥ into two crossing regions, X" = {(z,y,2) € ¥:x > z;} (where the
trajectories pass from X~ to 1) and X~ = {(z,y,2) € ¥ : © < Z;} (where the trajectories

pass from X to ¥7);

(ii) The cusp points q* = (Zy, g;t, Cr) € L with

__ (3 - dCT)(5 4 L .
Ui = Gr —s)Npr 2 Vo = Ny <
(iii) The line segment
Ly ={(z,y,0r) € L:gf <y <y, }, (2.37)

bounded by the cusp points and formed by invisible two-fold points;

(iv) The admissible tangential equilibrium point p € ¥ namely

P = (i‘tagpch) (238)

with

(2.39)

7 = 5 aZy(nrr — np1) + \/aZi [aZ(nrr — np1)? + 4ednprigT]
b 2¢ongr

We can observe that the hypothesis given by (2.31) ensures that 7" < 7, < 7, .
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x=Fi(x)

»+

Figure 2.17: Configuration of F1 at the switching manifold X.

The second result analyses the local dynamics around the equilibrium of the tangential sliding
vector field. We characterize the local stability of the equilibrium according system parameters
and the birth of a crossing limit cycle, like a Hopf bifurcation. These results are dependent on

two critical parameters, namely

032 + (K222 — 57 ) 00p — [azeNpr Nar + 6(d + 6)] -

NRT Ngrr
= — +
(Jg — Up)?
(2.40)
+[a:it+6(d+5)]g; —(c+d+6—7)) 0y, — 012
(Gq — Tp)? ’
with Npr =1 —ngr, Npr =1 —npr, a = kA, gjqi and ¥, given above; and
1
V20 D21
=1 ——=||M-=—=N 2.41
e e ) o
V11
where po1 = py; — Py, V20 = U — Vgg, V11 = v} — vy, <0,
- + - + + -+ —
— — Vay — U Vo, — U
M — Py =Py P31 — P31 and N = |73 30 V21 21 ’ (2.42)

0 Pao — P22 0 U1 = Vg9

with p;';, UZT'; given in (2.55)-(2.57) and p;;, v;; given in (2.60)-(2.62). Both critical parameters
are written as functions of all system parameters, but x-parameter is considered constant and

calculated for p = 0.
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Theorem 7. Assume in the discontinuous system (2.35) the hypotheses (2.26) and (2.31).
Consider Ly, p, i and k defined in (2.37), (2.38), (2.40) and (2.41), respectively. The following

statements hold.

(a) If p < 0 then p € Ly is an admissible tangential equilibrium locally asymptotically stable.

If u > 0 it is unstable.

(b) Assume k # 0 and p € (—¢,¢) fore > 0 arbitrary and small. Then, for p =0, a bifurcation
occurs at p and a crossing limit cycle arises for ux < 0. In addition, if K < 0 (resp. Kk > 0)

this limit cycle is locally asymptotically stable (resp. unstable).

Proof. Assume the hypotheses (2.26) and (2.31). Then, the tangential equilibrium p is an
asymptotically stable equilibrium of the tangential sliding vector field defined in L. In fact, the
eigenvalue associated with the sliding vector field (one-dimensional), in original coordinates (see

equation (2.32)), is
(3 — dCT)2(5)\77P[

0
(6 - (607 — s)knmrVE

—C —

for any V7 > 0. Moreover, p is the only equilibrium in L; and therefore for any initial condition
in L the system (2.35) evolves to p.

Let us now determine the local dynamics at p from the analysis of the first return map defined
in X4TU{p}, in a neighborhood of p. For more details on the construction and properties of first
return maps in systems that exhibit fold-fold singularities such as (2.35), see references [33, 118].
We consider a linear version of system (2.35) at p and, in order to facilitate calculations, we take
p at the origin of a new state space with domain M = {(Z,7,%) € R3 : 22 + % + 32 < &2} for &2
arbitrarily small. From this change the Lj-set of invisible two-fold points is shifted to (0,7, 0)
and the crossing region 4T becomes definite for all (7,7, 0) € M with 7 > 0.

Suppose a system trajectory started at (Zo,o,0) € M with To > 0. First return point
(T2,92,0) € M of the trajectory to the plane Z = 0 in the part T > 0, is obtained by
the composition of half-return maps P, and P_ (calculated below), given by the expansions
(2.53)-(2.54) and (2.58)-(2.59), respectively. Then we define the first return map by (Z2,y2) =
P(Z9,90) = P- o Py (Zo, o), such that

~ ~ 2 5
To = Tp + 35—@363 +72-0(1), (2.43)
Y2 = Yo + virodo + vsTo + To - O(2), (2.44)

where

- 2@; aa‘ct —co co — afth]NRT 0 (2 45)
Vit = =725 (—+_—2+ (55 — Nrri,)? < b :
t Yq — Yp) Yq RTYp
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since (2.26), (2.31) ensures that %f <z < ﬁ, and v, are coefficients dependent on all
system parameters. Note that (2.45) is calculated by vy = v{; — vy; with v given in (2.55)
and (2.60). We do not explicit the coefficient v3, since it does not interfere in the conclusions.

In order to prove item (a) of Theorem 7, it is sufficient to consider the map (2.43)-(2.44)
truncated in quadratic terms. Note from equation (2.43) that = = 0 is attractor for u < 0
and repeller for p > 0, since sign [To — Zg] = sign [u]. Moreover, for a given initial condition
(Zo,¥0,0) € M with Zo > 0, from equation (2.44) we can ensure sign [y2 — yo] = sign [v1170]. In
this case, 52 > 7o if Yo < 0 and Yo < g if yo > 0. Therefore, y = 0 is attractor. With this
we conclude that the trivial fixed point (0,0) is locally asymptotically stable for p < 0, with
monotonic convergence, and unstable for p > 0. This stability result is directly extended to the
tangential equilibrium p.

In order to prove item (b) of Theorem 7 we consider the half-return maps P, and P_, given
respectively in (2.53)-(2.54) and (2.58)-(2.59). In looking for bifurcating crossing limit cycles
from (0,0), we must compose the two half-return maps P and P_ by forcing the equality
(P- o Py)(Zo,90) = (Zo,Y0), that is (Z2,72) = (Zo,y0). However, it is more direct to write the
condition

Py (Zo,50) = P~ (%0, %0) = P_(Z0, %),

where the second equality comes from the involution property of P_. Thus, suppressing the
subscript 0 for coordinates, rearranging terms and eliminating the trivial solutions, we obtain

the equations

2 " " x
0= 7@ + p3oTo + p21y + [f ﬂ] M +0(3), (2.46)
3(5.1‘15 27
_ _ x
0 = vy + v11Y + [g g} N | | +00), (2.47)
Yy

where v1; < 0 is given in (2.45), matrices M and N are defined in (2.42), and other coefficients
Pij, Vij are given in (2.55)-(2.57) and (2.60)-(2.62).

We start by considering (2.47). A standard application of the Implicit Function Theorem
allows to assure the existence of a smooth function p(z) such that y = z-p(z), with p(0) = —72.

In this case,
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After substituting this expression for y in (2.46) we get

2p ~ ~2
— 2.4
0 357, + 0z + kz° + O(3), (2.48)

p21v20

> 20 and k is given in (2.41). In equation (2.48) all coefficients can be dependent

where 6 = p3g—
on the p-parameter. In particular, we have 6 = 0(u) such that 6(0) = 0, and x = k() such that
x(0) # 0. Taking this into account, we can apply the Implicit Function Theorem at (z, 1) = (0,0)

to solve for u getting that for the emanating branch we have the expansion

= —@H(O)ﬁ +03).

In short, depending on the sign of kK we have a subcritical or supercritical bifurcation of non-trivial
fixed points. We are focussing our attention in the non-trivial fixed point with £ > 0, but clearly
there is another one with < 0. Figure 2.18 shows phase portraits of the first return maps P and
P~! associated with the crossing dynamics in ¥ of system (2.35). We observe the occurrence

of a supercritical (k < 0) bifurcation at p (equivalent to the trivial fixed point in Mv) for p = 0.

S={z=T+T =Cp}

S={z=T+T" =Cr}
g i
Py

y=HkV ‘{ y=kV 14

S={z=T+T"=Cr}

L
o

y=kVi D

r=T

(c) p>0

Figure 2.18: Crossing dynamics of system (2.35) in the neighborhood of the tangential equilibrium p,
supposing k < 0.

To characterize the topological type of the non-trivial fixed point and its stability, we must
compute the derivatives of the half-return maps, and evaluate them at the branch of non-trivial

fixed points. Computing DP(z) = D (P- o P.)(Z,y(7)), we get that the expansions for its
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determinant and trace share the coefficient of the terms of first, second and third degree, namely

det DP(Z) = 1 + v11Z + do? + d32° + daT* + O(5), (2.45)
2.49
trace DP(%) =24+ v1T + d252 + dg?lfs + t454 + 0(5)

Furthermore, it turns out that t4 — dy = —30Z;v115. Recall that given linear two dimensional
discrete system, if the spectral radius, that is, the largest absolute value of its eigenvalues, is less
than one then the fixed point is asymptotically stable (see [45, 126]). So, the standard stability

conditions for fixed points of maps in R? are

(i) |det DP| < 1, and

(ii) |trace DP| < det DP + 1
at the fixed point. Since vi; < 0 and z > 0, from (2.49) it is proved that (i) is satisfied. In order
to check item (ii), we get

14 (ty — d)Z* + O(5) = 1 — 363011671 + O(5) < 1,

which requires « < 0. Therefore, we conclude that the non-trivial fixed point is locally
asymptotically stable if x < 0, with monotonic convergence (since (trace DP)? — 4(det DP) =~
U%lffg > 0), and unstable if x > 0. This stability result is directly extended to the limit cycle

that crosses 3 at the non-trivial fixed points, as shown in Figure 2.19.

Figure 2.19: If k < 0 then a stable crossing limit cycle appears along with unstable tangential
equilibrium (p) for > 0. Points xg and x; represent the non-trivial fixed points of map P
defined in X4+ U {p} and P~! defined in ¥~ U {p}, respectively. The tangential equilibrium p
is a trivial fixed point of both maps P and P~!.

In order to compute the half-return maps used in the proof of Theorem 7, we consider a

trajectory of system (2.35) initiated at the point xg = (z0,%0,0) € LT such that for ¢t =
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t1 > 0 this trajectory transversally returns to 3 at the point x; = (z1,41,0) € X%~. And its
continuation from the point x; such that for ¢ = to > 0 this trajectory transversally returns
to ¥ at the point x2 = (22,y2,0) € X4T. See illustration in Figure 2.20. Then we define the

half-return maps (z1,y1) = Py (%0, y0) and (z2,y2) = P—(21,1).

Figure 2.20: First return application in X%,

In order to find the explicit expressions for the coefficients of each half-return map, we must
determine the solution of system (2.35) for 2 = 2 — C7 > 0 and for 2 = z — Cr < 0. Such

solution for zZ > 0 can be obtained from the variation of constants formula

t t

X(t) = e %o + / ATyt = A%, + < / eA+Sds> vT, (2.50)

0 0
where
—d—7, —& 0 o (U — Up)
AT = —a —c al, Xo= |7/ v afgg; —CYp | »
0—d 0 -0 0
and
z(t) x(t) — Ty
X)) = |gt)| = | y(t) =5 |

Tt

o+
being Tg > 0, AT = DF (%4, Yp, C1), vt = Fo(Z4, §p, Cr). For simplicity we take Cp = gq + Ty

and s = Ty (d + ?j; ) It will suffice to have the Taylor’s series approximation until the sixth order

terms for (2.50), namely

2 t3

- - L tt
X(t) = %o+ [t +5A" + ¢ =

24

t5
5!

t6

+\2
(A7)"+ 6l

(AT 4+ (ATt + (A+)5> M+0(t"), (2.51)

where M = ATXy + vT and I is the identity matrix of order 3.
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Remark 6. Note that solution (2.51) refers to system (2.35) linearized at the tangential
equilibrium point p (given in (2.38)) with p moved to the origin of a new state space M =
{(,7,2) € R : 22 + 9% + 22 < €2} for €2 arbitrarily small. With this change the set L; of
invisible two-folds is moved to (0,7,0) and the crossing regions X6 and X5~ are redefined for

all (Z,y,0) with T > 0 and T < 0, respectively.

From the third component of (2.51) we can determine an expression for the half-return
time t4 = t4(Zp,Yo), which depends on (Zo,yp) and such that zZ(t;) = 0. The polynomial

approximation for the time t is given by
t+(Zo,Yo) = Zo - ©(Zo, Yo), (2.52)

where ®(0,0) = % > 0. For our purpose, we must compute all the coefficients of the

Zt(Jp—¥q )
polynomial ®(Zg,yp) up to the fourth order terms. Some of these coefficients are very large

expressions and therefore we do not make them explicit.
Now, substituting (2.52) in the first and the second component of (2.51), the half-return
map (Z1,y1) = P+ (o, yo) satisfies
T1 = —To + pagTo + PaoTo + P31 g0 + PhoTo + P Todo + PRTais + T - O(3), (2.53)

§1 = ’Ui%%o + ﬂg + Ui’iffo@o + ’U;E)%(Z) + U;b.%% + 0;1558370 + ’UE%{)Z]% + Zp - 0(3), (2.54)

with coefficients of the quadratic terms given by

L O ep+ W — A+ 6+ §p)] — azeyf

P20 = 3/22:0(77 — p)? ’
— _+ —
= 20 =)
Zt0(Yp — Yq )
_ _ 2.55
ot 24, (¢ — ay) (2.55)
11

20 (Jp — g )

o 2(aTg — c0fp) (2aTy, + 0[e(Fp — 377 ) + (Tp — 7 )(d + 0 + Tp)])
“ 3226294 — 9p)° ’
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the coefficients of the cubic terms given by

5 [c(@p + 7)) + W — TD(A+ 6+ §p)] — 207y

+
pi = 7 :
2 3/2%:0(5q — 4p)?
2 o, _ _ _ _ _ _
Pio = gsamar 1 (40T (7)) — adzgy [e(37; +55p) + (B — Tp)(d+ 5+ p)] +
Ti(Yq — Up)

—0% [P (= p) By + Up) + A5 — 5p) (AT — 5p) (0 + Up) — clp) — clp(G7 — Tp) (6 + Up)+

24 (g — o) + 27 — ) (5 + 5)7])

U0 = 5533 G o (8a’Z} (51)? — a?0z7yF (3eyf (55, + 30p) + (U7 — Up) (505 (d + Gp)+
+6(245 +35p))) + ad’ T, (6¢*(5 ) (T3 + 39p) + ey (U3 — Tp) (2(d + 5,) (375 + 25,)+
(2.56)
+O(35 + Thp)) + (U — 9p)? (0(4dyy — 3dyp + T Tp) + 205 (d + 5p) + 26%5)) +
05y (¢ (=6(53)" = 354 Bp + 7p) — ¢ (6(5;)* = 75 Ty + 7) (d+ 6 + Fp)+
—(5 = 9p)? (20° + 8(d + p) + 2(d +5p)%))) +

2 o, _ _ _ _ _ _
Ul = e (6677 (5))? — 20674 [e(55; + 5p) + (g — p)(d + 6+ Fp)] +
30%Z(Uqg — Up)

+c6® [e (BN + 455 9o — 1) + (W2 = 7)) (d+ 6+ 5)])
297 (cd — azy)
0z4(5d — 9p)*’

+
U1

and the coeflicients of the fourth order terms of the first equation are given by
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2 9, _ _ _ _ _ _
P = gz s (160°%(57)? — adzegy (175 + 15Gp) +3(; — Gp)(d+ 5 +5p)] +
96227 (g — Up)

+6% [ (3(5)? + 115 g + 202) + e — Up) (W + 20p) (d + 6 + 5p)—
—4(5 — Gp)2(d+ 5+ 7)),

ot — 10+ 8) = (5] = 5)(d +6 4 5y)] — 3,5
. 3/2071(74 — p)* ’

= BERGT ) (1000’27 (57)° — 3a*627y) (20cy (257 + 39p) + (77 — 4p)- (2.57)
t \Jq V4

Pio
{2057 (d+ 5p) + 0(115} +95))) + 3ad°z (P (957 )? + 624, §p + 2992) +
ey — Tp) (255 (d+ 5p) (755 + 135p) + 6(8(57)* + 2991 §p + 305)) —
— (U — Up)*(6(2dy; + 9dGp + 85, Gp + 375) + T (d+ §p)° + (35 — 20,)))+
+0% (e (= 9p) (95 + Tp) (3T + TTp) + 3d(T; — Up)(—2%Gp (TG + 37p)+
+cgp (U — Up) (116 + 25p) + (7 — §p)* (196 + 22472 + 3867,))—
—6¢*Gp (U — Up) (T3 + 30p) (6 + p) + 3> (5 — Up)*(clp + (U5 — Up) (196 + 227))+
+3c, (U — 9p)7 (0% + 1y, + 1165,) + 22d° (51 — gp)°
(g — Up)(8 + §p)(226” + 2247, + 3557),))) -

The computations for the map P are totally similar. We use again the formula given in (2.50),

this time with

—d— Ngrryp —Nprrz: 0O 71 Zt(75 — NrrUp)
_ ~ _ = =t
A = —Npjra —cC Npral, X1 = ??1 , V.= % —ClYp | »
6—d 0 - 0 0

being 1 <0, A~ = DF_(Z, yp, Cr) and v~ = F_(Z, yp, Cr). We compute the approximation
up to fifth order of the half-return time ¢_ = ¢_(Z1,y1). This is done by solving the equation

Z(t—) = 0 so that, after the evaluation at such a time for the other two coordinates of the
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solution, we determine the image of the half-return map (Z3,y2) = P- (71, %1), namely

Ty = —F1 + oot + PaoTt + PnZi1 + PagTi + P11 + pTiit + T - O(3), (2.58)

Yo = VyZ1 + U1 + U T101 + vagTs + U@ 4 vgy Tag1 + v Ts + 31 - O(3), (2.59)

with coefficients of the quadratic terms given by

0 [ehp+ (Wp — U7 )(d + 0+ Nrrijp)] — aZsyiy NprNrr

= 3/20(5g — Up)? Ner ’
2 (N%Tﬂp - Gft?J;NPI)
T R
v = 2g€(c6: aEfNPINRT)’
T16(Yq — Z/p)QNRT
vs, = 2(aNprNpriy,; — cdyp)(2aNprNrrZiy, + 6[c(Yp — 3Y, ) + (Up — Uy )(d + 6 + NrrYp)])

3276%(Yg; — Up)3 Ny 260
2.60

and coeflicients of the cubic terms given by

o8 [e(@p + 55 ) + (p — 57 )(d + 6 + Nrryp)] — 2aZ:g, Npr
21 3/2%40(Yq — Up)3Nrr ’

2
30 = 4a* N} N2 (g, )? — aSNprNrrag, (¢(39, + 59p)+
P3o 952N}23Tf?(37§ _gp)4 ( PI{VRT t(?/q) PIINRT tyq( ( Yq yp)

+(?jq_ - gp)(d +0+ NRT?Jp)) — 6 (_ngp(?’gq_ + gp) + d(?jp - gq_)(0§p - 4@(1_ - gp)

(0 + Nrrip)) + cip(Up — U7 )6 + Nrrbp) + 2d° (5, — 9p)* + 2, — Up)*(6 + Nrrip)?)) .

_ -2
Vap = —
% 953N?2Tj?@q _yp)5

(8a’Np N (7 )° — a®SNp Ny (3cyy (555 + 35p)+
+(5; — Up)(5dy; + SNRryy Up + 267, + 306%p)) + ad>Npi Nrr@e (6¢° (5, )* (5, + 30p)+
+cty (U — 9p) (2037, + 29p)(d + Nrrgp) + (35, + 70p)) + (5, — 9p)” (6(4dy, —

—3dyp + Nrryy Up) + 20, (d + Nrrgp)? + 265, ) + c6°G, (¢ (—6(5,)° — 30, Up + ¥,) +
—c (6(57)* = Ty Up + 72) (d + 6 + Nrryp)—

(W, — Up)? (26° + 6(d + Ngrijp) + 2(d + Nrrip)?))) (2.61)
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2 2 n72 2 =2/-—\2 R —— _ __ _
Vg1 = (52N12%T_t2( _ gp)4 (6@ NPINRTxt (yq ) - 2a5NPINRTxtyq (C(5yq + yp) + (yq - yp)

(d+ 6+ Nrryp)) + 6* (¢ (37, ) + 49, Up — U2) + (g — Up) Wy + Up)(d+ 6 + Nrrijp)))
2yq (C(S — aNp[NRT.CEt)
ONRTZT:(Yq — Up)?

Vi =

Also, the coefficients of the fourth order terms of the first equation are given by

o= 16a’N2, N2.22(57)% — aNp; Nprz g, (c(175; + 155, )+
P3; 952N12~2T977%( _gp)g)( PI{VRT t(yq> PIINRT tyq( ( Yq yp)

+3(H; — Up)(d+ 6+ Nrrip)) + 6° (¢ (3(y, )* + 11, §p + 2075) +
ey — Up) Wy + 20p)(d+ 6 + Nrrijp) — 4(F; — Up)*(d+ 6 + Nrryp)?)) |

_ 020y +Yp) — Uy — Up)(d + 0 + Nrrigp)] — 3aNpr NrrEiy,
3/20 Nrr2t(Yg — Up)* ’

3
I\
Il

-2
13583 N 3123 (g — Yp)©

Pa = (100a* NP Nipr@i (7 ) — 3a* 0N N}y, (20cy; (295 + 35p)+

+(Uy — Up)(20y, (d + NrrYp) + 6(117, + 97p)))

—3a0*Npr Nrri: (=g, (9(7,)? + 627, Up + 297;) +

+e(—(T, — ) (20, (T8, + 135,)(d + Nrrgy) + 8 (8(5, )% + 299, Up + 352) ) +

+(5; — p)* (6(d(25; + 9p) + Nrrip(87, + 3Up)) + ¥, (d+ Nrryp)® + 6° (37, — 27, ))) +

+6° (2 (=5p) (95 + Up) (35 + T0p) + 3d(Gg — Up) (—2¢°5p(Thy + 35p)+

+clp(Ug — Up) (118 + 2NRrgp) + (5, — ¥p)* (1967 + 22Nfry, + 386 Nrryp)) +

~6¢"Gp(T5 — Up) (755 + 39p) (0 + Nrrgp) + 3d* (g — 9p)*(chp + (5 — p) (196 + 22NR75p))

+3cp (T — Up)” (6% + Nz + 116NRrip) +

+22d° (5, — 5p)° + (U — Up)* (6 + Nrrip) (226° + 22Nz, + 350 Nrrijp))) - (2.62)
Remark 7. Substituting (2.39) in vy, and v;[), we prove that vy, = vfo. Although in the
half-return maps P— and Py we have not given the coefficients of the fifth order terms of the

first equation and the fourth and fifth order terms of the second equation, such coefficients can

be calculated since it appear in terms of the third and fourth order of the determinant and trace
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given in (2.49). We prefer not to show such coefficients since they are not necessary for the

conclusion of this study.

2.3 Shilnikov orbit and chaos in prey switching

model

Recently, a piecewise smooth system was derived as a model of a 1 predator-2 prey interaction
where the predator feeds adaptively on its preferred prey and an alternative prey. In such a
model, strong evidence of chaotic behavior was numerically found. Here, we revisit this model
and prove the existence of a Shilnikov sliding connection when the parameters are taken in a
codimension one submanifold of the parameter space. As a consequence of this connection, we
conclude that the model behaves chaotically for an open region of the parameter space. The

content of this chapter can be found in [56].
2.3.1 The prey switching model

In ecology, prey switching refers to a predator’s adaptive change of habitat or diet in response
to prey abundance and has been observed in many predator species [2, 49, 61, 123]. Roughly
speaking, a predator is said to be switching between prey species if the number of attacks upon
a species is disproportionately large when the species is abundant relative to other prey, and
disproportionately small when the species is relatively rare [91, 123]. Switching in predators
is often related to stabilizing mechanisms of prey populations and is a possible explanation for
coexistence [1, 78]. Intuitively, predators tend to feed most heavily upon the most abundant
prey species. As this prey species declines the predator “switches” the major fraction of its
attacks to another prey, which has become the most abundant. In this way, no prey population
is drastically reduced nor becomes very abundant [91].

Using the principle of optimal foraging [111], Piltz et al. in the work [99] have modeled
a 1 predator-2 prey interaction as a piecewise dynamical system. It is assumed that the
predator instantaneously switches its food preference according to the availability of preys in the
environment. This sudden change in the food preference of the predator induces discontinuities
in the mathematical model used to describe such behavior.

Piltz et al. [99] found evidence that for a given choice of parameters their model exhibits
chaotic behavior. Roughly speaking, chaotic behavior can be understood as the existence of an
invariant set for which the dynamics is topologically transitive, sensitive to initial conditions,
and have dense periodic points (see Definition 12). For the biological model in question, chaotic

behavior means that for a given initial condition of population density of the species involved
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one cannot estimate even vaguely its long-term evolution. Hence, knowledge of chaotic behavior
in a specific ecological model is of major importance, particularly, for experimentalists who need
to be aware of potential implications of chaos for long-term predictions.

For smooth dynamical systems, chaotic behavior may be tracked by studying the existence
of objects previously known as being chaotic. This is the case of a Shilnikov homoclinic orbit,
which is a trajectory connecting a hyperbolic saddle-focus equilibrium to itself, bi-asymptotically
(see, for instance, [103, 104, 122]).

In the Filippov context, pseudo-equilibria are special points on the discontinuous manifold
that must be distinguished and treated as typical singularities (see [47, 62]). These singularities
give rise to the definition of the sliding Shilnikov orbit (see Definition 15), which is a trajectory
in the Filippov sense connecting a hyperbolic pseudo saddle-focus to itself in an infinity time
at least by one side, forward or backward. This object has been first considered in [94], where
some of their properties were studied. In particular, it was proved the existence of infinitely
many sliding periodic solutions near a sliding Shilnikov orbit.

If x* € X% (resp. x* € X¢) is an unstable (resp. stable) hyperbolic focus of the sliding
vector field then we call x* a hyperbolic saddle-focus pseudo-equilibrium or just hyperbolic pseudo

saddle-focus.

Definition 15. Let Z = (X,Y) be a piecewise smooth vector field having a hyperbolic pseudo
saddle-focus p € X% (resp. p € X°), and let ¢ € 9¥° (resp. q € 0X°) be a visible fold point of the
vector field X such that

(j) the orbit passing through q following the sliding vector field Z° converges to p backward in

time (resp. forward in time);

(j4) the orbit starting at q and following the vector field X spends a time tg > 0 (resp. to < 0)

to reach p.

So, through p and q o sliding loop T is easily characterized. We call T' a sliding Shilnikov
orbit (see Figure 2.21).

In [93], using the well known theory of Bernoulli shifts, it was provided a full topological
and ergodic description of the dynamics of Filippov systems near a sliding Shilnikov orbit T'.
In particular, it was established the existence of a set A C dM?® such that the restriction to A
of the first return map m, defined near I, is topologically conjugate to a Bernoulli shift with
infinite topological entropy. This ensures 7, consequently the flow, to be chaotic. In particular,
given any natural number m > 1 one can find infinitely many periodic points of the first return

map with period m and, consequently, infinitely many closed orbits near I'. The next theorem
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Figure 2.21: The point py € ¥* is a hyperbolic pseudo saddle-focus. The trajectory I, called
Shilnikov sliding orbit, connects pg to itself passing through the point gg € 9X°. Notice that the
flow leaving ¢¢ reaches the point pg in a finite positive time, and approaches backward to py,
asymptotically.

ensures that a PSVF presenting a sliding Shilnikov connection is chaotic. The proof of Theorem

8 is performed in [93].

Theorem 8. Let Z = (X,Y) be given by (1.1). Assume that Z admits a sliding Shilnikov
orbit. Then, there exists a neighborhood U C x" of Z such that each Z € U admits an invariant

compact set Az on which 7 is chaotic.

Ciliates are eukaryotic single cells that belong to the protist kingdom and dislocate themselves
using an undulation movement generated by small hair-like protuberances (called cilia) that cover
the cell body. They occur in aquatic environment and feed on small phytoplankton, constituting
a relevant link between levels of marine and freshwater food webs (see [120]). Coexistence of
species in a shared environment, as exhibited in Lake Constance data, may arise from ecological
trade-offs (see [74]), which appear in many situations in ecology, for example, due to limited
resources, an organism that invest energy in feeding strategies of one preferred prey cannot
spend as much energy in specialize feeding another kind of prey. Lake Constance is a freshwater
lake situated on the German-Swiss-Austrian border that has been under scientific investigation
for decades and a substantial amount of data on the biomass of several phytoplankton and
zooplankton species is available (see [8, 120, 121]). Based on the available data, Piltz et al.

[99] derive the following piecewise smooth model for a 1 predator-2 prey interaction where the
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predator feeds adaptively on its preferred prey and an alternative prey:

(

(11— B1P)p1
T2p2 if H(p1,p2,P) >0,
. (eqifip1 —m)P
(P1, P2, P)T = (2.63)
r1p1
(ro — B2P)po if H(p1,p2,P) <0,

{ (e qafap2 — m)P

where (p1,p2, P) € R%o and H(p1,p2, P) = Bip1 — agB2p2. The plane S = H1(0) is the
discontinuous manifold for system (2.63). The variables of the model (2.63), P,p;, and
po, represent the density of the predator population, preferred prey, and alternative prey,
respectively. Regarding the parameters, g1 > 0 represents the desire to consume the preferred
prey, a, > 0 is the slope of the preference trade-off, and go > 0 is the desire to consume the
alternative prey. It is assumed that the intercept of the preference trade-off b, = ¢ — ayq1
satisfies by > 0. In addition, e > 0 is the proportion of predation that goes into predator growth,
B1 > 0 and B2 > 0 are, respectively, the death rates of the preferred and alternative prey due to
predation. Finally, m > 0 is the predator per capita death rate per day and r; > ro > 0 are the
per capita growth rates of the preferred and alternative prey, respectively.

The above constraints imply that the parameters of the differential system (2.63) lie in a
subset of the Euclidean space R?, namely n = (r1,72, aq, 1, g2, 1, B2, m,€) € M = RXQXR‘;O C
R, where R = {(r1,73) € R : r1 > ra} and Q = {(aq, q1,2) € Roo X R : ¢2 > agq1}. The
set M is called space of parameters which is a 9-dimensional submanifold of R? with boundary
and corner.

In what follows, we state the main result of this chapter.

Theorem 9. There ewists a codimension one submanifold N of M such that the differential
system (2.63) possesses a sliding Shilnikov orbit whenever n € N. Moreover, there erists a
neighborhood U C M of N such that the differential system (2.63) behaves chaotically whenever
neu.

2.3.2 Qualitative dynamic of the model

Consider the differential system (2.63). In order to eliminate the dependence of the switching
manifold on the parameters, let us consider the change of variables x = p1/B1, y = pa/(aqf2)

and z = P/f3;. In these new variables, system (2.63) reads
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(r1 —2)x
X(z,y,2) = roy if h(z,y,z) >0;
(eqiz —m)z
(9,2)" = . (2.64)
B2
Y(z,y,2) = (TQ - 51'2) Yy it h(z,y,2) <0,

(SEv=n)
—y—m|z
Qq

where (z,y,2) € R;O and h(x,y,z) = x —y. In these variables the switching manifold is given
by £ = h710) = {(x,2,2) : © >0, 2 > 0}. Notice that the plane I, = {y = 0} is invariant
through the flow of X. The restriction of X onto the plane II, reads

_ (r1 —2)x

X(z,2) = : (2.65)

(eqix —m)z

Moreover, the projection of each orbit of X into the plane II, coincides with an orbit of X.
Indeed, the subsystems (&, 2) and y are uncoupled.

The equilibria of X are E; = (0,0) and Ey = (m/(eq1),r1). The equilibrium E; is a saddle
with eigenvectors (1,0) and (0, 1) associated with the eigenvalues 1 and —m, respectively. The
equilibrium K> has pure imaginary eigenvalues, namely =£i,/mri. Furthermore, X is a Lotka-

Volterra system which has the following first integral:

F(z,z) = —m —r1 +eqx + 2z —mlog (M) — 11 log (Z) . (2.66)
m 1

It implies that the equilibrium Fj is a center (see Figure 2.22). Furthermore, since
z

Figure 2.22: Projection of X into the plane II,,.
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y(t) = yo exp(rat), (2.67)

the dynamics on the y-direction is unbounded increasing and the X-trajectories spiral from II,,
toward X, crossing . The trajectories of X, on the domain R3>0, lie on cylinders around the

straight line £ = {(m/(eq1),y,7r1) |y > 0}. See Figure 2.23.

Figure 2.23: Invariant cylinder of X.

The next step is to study the contacts of the vectors fields X and Y with the switching
manifold ¥. Let p = (z,x, 2) € X, computing the Lie derivatives Xh(p) and Y h(p) we get:

Xh(p)=(r1 —re—2)x and Yh(p) = <r1 — 719+ 6522> x.
1

Solving the equation Xh(p) = 0 we conclude that the contacts between the vector field X
and the switching manifold ¥ occur at Sy = Sk U S%, where S% = {(0,0,2) : z > 0} and
S% = {(x,x,71—72) : * > 0}. Analogously, solving the equation Y h(p) = 0, we conclude that the
contacts between Y and ¥ occurs at Sy = S3-USZ where Sy = Sk and S = {(z, 2, —r1 +72)}.
The switching manifold ¥ is then partitioned in two open regions, namely sliding region ¥° =
{(z,z,2) € X |2z >r; —ro} and crossing region 3¢ = {(z,x,2) € 2|0 < z <r; —ra}.

Notice that the tangency line S% is the boundary of the sliding region ¥*. From Definition
(15), 5’%( will play an important role in finding a sliding Shilnikov orbit. In order to determine
the kind of contact between X and ¥ occurring on 5’%(, we compute the second Lie derivative

X2h. Accordingly, let p = (z,z,71 — 12) € 5%, s0

X2h(ﬁ) = (ry —r9)(m — eqrx)x.
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Solving the equation, X2h(p) = 0, we obtain two solutions, namely

_ _ _ m m
p=p=(0,0,r1 —7r2) and p=c= <,,7“1—r2>-
€q1 eqi

Moreover, we have that X2h(x,z,r1 —r9) > 0 for 0 < x < m/(eq1). So, the set
SY% = {(z,z,71 — 1) €5% : 0 <z <m/(eqr)}

is a segment of wvisible fold points of X and, therefore, the local trajectories of X remain at the
region where X is defined (i.e. h(z,y,z) > 0), before and after the tangential contact with S%.
It is worthwhile to mention that c € R%O is a contact of cusp type.

In order to state the main result of this subsection (Lemma 4), we introduce the following
new parameters

¢p=r1—ry and 7= %. (2.68)

Solving the above relations for 71 and m we get S% = {(z,z,¢) € S% |z > 0} and ¢ = (7,7, 9) .

Lemma 4. For each xo € (0,7), the forward trajectory of X passing through (zo,xo,m1 — 72)
intersects transversally the switching manifold ¥ at a point called p(xg) = (u(xg), u(xo), v(xo)).
In other words, the saturation of S% through the forward flow of X intersects ¥ transversally in

the curve {u(zo) : 0 < xg < 7}. Moreover, the following statements hold:

i) for xo < 7 sufficiently close to T we have

u(zg) =7 — 2(z0 — 7) + Ox0 — 7)2,

(2.69)
v(z0) =11 — 12 + O(20 — 7)%
ii) and given xo € (0,7), for ro > 0 sufficiently small we have
u(zg) = xo + O(ra),
(@0) 0 (r2) (2.70)

v(zg) =11 + \/2r1T(:L‘0)(m —eqix0)\/T2 + (’)(7“3/2),
where T'(x) is the period of the solution (m(t,xg;rg), z(t, zo; rg)) forre = 0.

Proof. Take (z9,x0,¢) € SY, such that 0 < xg < 7. The parameter ro will play an important
role in this proof, so we shall make it explicit in what follows. Let us consider o (t, zg;72) =

(x(t,xo;72), y(t, 05 72), 2(t, 0; r2)) the solution of X such that (0, zo;r2) = (x0, x0, ). Notice
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that 5 o2
z z
E(O’ x;T2) = T2%0, @(0, T0;T2) = r3T0 + eq1zo(T — 20) @,
0 0?
%(0,1’0;7“2) = roxg, and at‘g(o,xo;m) = rix.
Since
x oy
z(0, 205 12) = y(0, w03 72) = w0, E(O,xo;rﬂ = 5(07330;7“2)7 and
0%z 0%y
@(07 Zo; TQ) > w((h Zo; T2)7

we conclude that y(t,zo;72) < x(t,x0;7r2) for ¢ > 0 sufficiently small. However, x(t,xo;72)
is bounded and y(t, zo;r2) is unbounded increasing, therefore there exists a first positive time

t1(xo;7r2) > 0 such that

x(t1(xo;7r2), ®o;12) = Yy(t1(x0572), TO; T2) = T €xp(raty(zo;72))- (2.71)

It means that the trajectory of X passing tangentially by each (zo,xo,¢) € S2, for 0 < zg < T,
reaches transversally the switching manifold ¥ at 1(t1 (zo; 72), Zo; r2). Accordingly, for 0 < z¢ <

7, we define p(xo) = Y (t1(zo;r2), 0;72),

x(t1(xo;72), o3 72) = T exp(rati(zo;r2)), and

A
8
(=)
~—
I

(2.72)
z(t1(wo;7m2), w05 72)-

<
—

8
=
~

I

This concludes the proof of the first part of the lemma. Now, let us prove that the Taylor series

of u(zg) around xy = 7 reads
u(zo) = 7 — 2(x0 — 7) + O(wo — 7)*. (2.73)

Notice that the difference x(t,zg;r2) — x¢ exp(rat) around ¢ = 0 reads

_eq1(;§x0(x0 —T) 9 B eqropxo(ra(dzy — 37) + eqr (o — 7)2)

x(t, xo; re) — xo exp(rat) = 5 t : 34+ 0(th.
Therefore, the function
(t, wo; r2) — wo exp(rat)
Alt, zg) = 2
is well defined and, around ¢ = 0, reads
A(t, z0) = _eqltbxo(mo —7) 3 eq1dxzo(ra(dzo — 37) + eqr(xo — T)Q)t n (’)(tz).

2 6
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In order to apply the Implicit Function Theorem, we compute

OA eqiraT?o 0A eqTd
A - e = - _— = — .
(0,7) =0, S2(0,7) SC A0 amd JR(0.7) = -
Therefore, we find a unique function ¢2(xo) such that
OA
, 87,130 (O, 7') 3
tao(1) =0, th(r)= —7%(0 | == (2.74)
ot 7

From the uniqueness of t2 we conclude that, for z( sufficiently close to 7, t1(xo;72) = t2(x0). So,
using (2.74), u(xg) = xgexp(rati(xp)) can be expanded around zp = 7 in order to get (2.73).
Finally, we shall prove that given zj € (0,7) there exists a neighborhood U of zf; and r5 > 0

such that u(zo) < 7 and v(xg) > 71 for every (zg,r2) € U x (0, r3]. Indeed, consider the function

§(t,ro) = a(t, xo;m2) — y(t, xo;10) = (t, T0; 19) — T0E"?".
We know that (:E(t,xo;m),z(t,a:o;rg)) is periodic in the variable t (see Figure 2.22). In fact,
this is the solution of the Lotka-Volterra system (2.65) with initial condition (xg, 1 — r2) and,
therefore, satisfies

F(z(t,z0;72), 2(t, x0572)) = F(x0,71 — 72), (2.75)

for every r1 > 19 > 0, 0 < x9 < 7, and t on its interval of definition. For the value
ry = 0, denote by T(zg) > 0 the period of the solution (z(t,zo;0),z(t,0;0)), that is,
(z(T(z0), 20;0), (T (20), 20;0)) = (wo,71). Consequently, 6(T'(z(),0) = 0. We shall see that
there is a saddle-node bifurcation occurring at ¢ = T'(x) for the critical value of the parameter

ro = 0. Computing the derivative in the variable o of (2.75) at ¢t = T'(xg) and r2 = 0 we get

ox
%(T(.’,UO), Zo, 0) = O
So, we get
00 026
E(T(ZE()),O) =0, @(t(:no),O) =r1(m — eqixo)zo > 0,
and
06
- o), = —X0 X0 . .
Bre (T'(x0),0) T(zp) <0 (2.76)

This implies the existence of a saddle-node bifurcation. In order to conclude this proof, we

shall explicitly compute the solutions bifurcating from ¢ = T'(xg). From (2.76), applying the
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Implicit Function Theorem, we get the existence of neighborhoods I; and V; of T'(z¢) and 0,
respectively, and a unique differentiable function p: Iy — V; such that 6(¢, p(t)) = 0 for every

t € I;. Moreover,

Tl(m - 66]1560)

p(T(x0)) = p'(T(wo)) = 0 and p"(T(xo)) = 2T (o)

Notice that we are taking

r1(m — eqixo)

gy~ L(@0)* + Ot~ T(a0))” (2.77)

ro = p(t) =

Proceeding with the change s = (t — T'())?, equation (2.77) is equivalent to

r1(m — eqizo)

S S 3/2 .

To =
The above equation can be inverted using the Inverse Function Theorem, so that, we get the
existence of neighborhoods Uy and I of 0, and a unique differentiable function o: Uy — I such

that
2T (zp)

— > 0.
r1(m — eqizo)

s=o0(ry), o(0)=0, o(0)=
Going back through the change s = (t — T'(x¢))? we get two distinct positive times ¢ = T'(xg) +
/o (re) bifurcating from ¢t = T'(x¢). Since t1(zo;r2) is the first return time we conclude that

1 (20:72) = T(w0) — v/a(ra) = T(ao) + 1 | ——2LZ0) Vi 0).

ri(m — eqizo

Finally, from (2.72) we compute

u(:l:o) =X + O(TQ),

(2.78)
v(zg) =11+ /21T (20) (M — eq1x0) (/T2 + (’)(7“3/2).

This concludes the proof. See Figure 2.24. O
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z

Figure 2.24: Saturation of the curve pu.

Lemma 5. There exist a,b,c, and d, with0 < a <b < 7 and 0 < ¢ < d, such that 0 < u(xg) < T
and v(xg) > 1 for every (xg,r2) € [a,b] X [c,d]. Moreover, for re € [c,d], u(xo) is differentiable
on [a,b] and u'(x9)% + v'(x0)% # 0 for every (wo,72) € [a,b] X [c,d].

Proof. From (2.73) we have that u(xzg) > 7 for zo sufficiently close to 7, and from (2.78) we
have that for a fixed zp € (0,7) there exists r5 > 0 such that u(zg) < 7 for every ro € (0, r3].
Therefore, for ro = 19, < r3 there exists x € (0,7) such that u(z}) = 7 and u(zg) < 7 for
zo < 7 sufficiently close to xj. Moreover, v(x}) > 1 and, consequently, v(zg) > r; for zo < 27
sufficiently close to x} because (,71) is a critical point for the first integral (2.66). Hence, take
z1, < xf such that v(z1,) > m and u(xi,) < 7. So, from the continuous dependence of the
solutions on the initial conditions and parameters, we first get the existence of a,b, ¢, and d,
with 0 < a < 1, <b < 7and 0 < ¢ < rg, <d such that 0 < u(zg) < 7 and v(xg) > 7 for every

(xzo,72) € [a,b] X [¢,d]. Now, in order to get the differentiability of y, define

[(t,xo,1m2) = x(t, x0;72) — X0 €Xp(Tal).
From the proof of Lemma 4, for each (Zg,732) € [a, b] X [¢, d] we got the existence of ¢1(Zg;72) > 0
such that T'(¢1(%g;72), Tg, 72) = 0. Since

g(n(oco; 72),%0,T2) = (r1 — r2 — v(To))u(To) # 0,
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we obtain, from the Implicit Function Theorem, the existence of a unique differentiable
function t9(xg,70), defined in a neighborhood of (Zg,72), such that to(Zg,72) = t1(To;72) and
[(ta(xo,72), x0,m2) = 0 for every (zg,r2) in this neighborhood. From the uniqueness property
it follows that ¢; = t2, which implies the differentiability of ¢; at (Zp;72) and, consequently, the
differentiability of p at g = Zg for ro = 75. Since (Tg,72) was taken arbitrary in the compact
set [a,b] X [¢,d], we conclude the differentiability of u for every (zo,72) € [a,b] X [c,d]. Finally,
notice that F'(u(zo),v(zo)) = F(zo,r1 — r2) since they are at the same level set. Assuming that
u'(xg) = v'(x9) = 0 and computing the derivative of the last identity in the variable z¢ we get

that o = 7. Hence, we conclude that u/(z¢)? + v'(x9)? # 0 for every (zo,r2) € [a,b] x [¢,d]. O

Now we are going to look more closely at the sliding vector field. Firstly, consider system
(2.64) in the variables (v,w,z2) = (z,7 — y,2), (z,w,2) € Rsg x R x Rxq. So, (&,1,2)] =

Z(z,w, z), where

(r1 —2)x
row +z(r1 — 12 — 2) if w>0,

(eqix —m)z
Z(x,w,z) = (2.79)

™

Do
ne—te—w) (n=2:) | i weo
(ea(f(:r—w) —m> z

The switching manifold is now given by {(z,0,2z) : = > 0, z > 0} and the associated sliding

vector field reads:

pira + Bary v B2 -
s _ B1+ B2 B1 + B2
Zlez) = clagn — @) —r2)pr - e(Bide + aghrar) ' (2.80)
aq(B1 + B2) aq(B1 + B2)

The vector field (2.80) admits two equilibria, namely (0,0) and

~( agm(Bira + Bar1) B
(wc’ Zc) B (6(5(116127“2 + aqﬁﬂhﬁ) A 52r2) (2.81)

Notice that, from the original condition n € M, 0 < z. < 7 and z. > r;1 = ¢ — ro.

The next lemma is very important in the sequel.
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Lemma 6. Let n € M and assume that

4(B1 + B2)(r2f1 + 11 82) (q2ref1 + an1T162)2'

m <
(q2 — agq1)?(r1 — 12)2B3 33

(2.82)

Then, the following statements hold:
(i) the equilibrium (x., z.) is a repulsive focus;

(ii) there exists x* € [0,7) such that the backward orbit of Z° of any point of the straight
segment L = {(x,¢) : o* <x <7} C S% is contained in X° and converges asymptotically

to the equilibrium (x., z¢).

Proof. Denote by « +ib the eigenvalues of the jacobian matrix of the vector field Z* at (z., 2¢).

It is straightforward to see that (2.82) implies that b # 0. In this case

a= m(q2 — aqq1)(r1 — 72) 8152

—2(B1 + B2)(agqir1 82 + garafr) >0

Hence, (z., z.) is a repulsive focus. This concludes the proof of statement (7). In order to prove
statement (i7), we first claim that the sliding vector field Z°(x, z) = (Z](z, 2), Z5(x, z)) given by
equation (2.80) does not admit limit cycles contained in the region {(x,z) € R? : 2 > 0,z > 0}.
Indeed,

0 (Zi(z,=) +9 Z3(@,2)\ _ ela2 — aqq1)(r1 —r2)B1 _
Oz Tz 0z Tz aq(B1 + B2)z? ’
1
for x, z > 0. Since the function (z, z) — — is C* in the region {(z,2) € R? : 2 > 0,2 > 0}, the
xz
claim follows by the Bendixson-Dulac criterion (see [43]).

We may observe that the sliding vector field writes

Z%(x,2) = Zrv(x,2) + <O, e(agqr — a2)(r1 —12)B1 x> ’

aq(B1 + B2)

where Z1y is a Lotka-Volterra vector field. We know that Zr- admits the following first integral

~rabitriBe | elagqiBe+ %51)3: B2 ;
B+ B2 aq(B1 + B2) B1 + B2

—mlog <€(an152 + Q251)> 2B+ riBe o < B2 z>
agm(fB1 + fB2) B+ B2 rofi+ 1P )’

H(z,z)= —m

that is, (VH (z, 2), Zrv(x, z)) = 0. Now, let

_ (B1 + B2)(qar2B1 + agqim1 52)
(251 + aqq1B2)(r2f1 + 11 52)
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Since
(q2 — aqq1)(r1 — r2) B1(raB + (r1 — 2)Ba)?
rof1 + 1132

(VH(az,z), Z°(z,y)) = >0,

for every x,z > 0 and z # z., we get that the level curves of H(az, z) are negatively invariant.
Since Z* has no limit cycles, the focus (z., z.) must attract, backward in time, the orbits of every
point in the positive quadrant. Finally, consider 1)°(t) the trajectory of Z* passing through (¢, 7).
If there exists 5 > 0 such that ¥°(ts) € S%, then take z* = 1¥°(t;). Otherwise take z* = 0. It
is easy to see that, in this case, ™ < 7. Indeed, x* # 7, otherwise there would exist a periodic
solution passing through (7,71 — r2), and maZ%(x,r1 — r2) = (r1 — r2)(equz — m) > 0 for every

x > 7. Hence, the proof of statement (i7) follows. O

Remark 8. If we consider the following change on the parameters

rof1

Zc_rl’

agmze
e = and By =
(aqqir1 + q2(2c — r1)) e

then the inequality (2.82) becomes

Arozc(ze — @) (aqqrri + q2(2zc — r1))?
®?(q2 — aq‘ll)Q(zc —71)? '

2.3.3 'The Shilnikov sliding connection

Let us guarantee the existence of a Sliding Shilnikov Connection according to Definition 15.
Lemma 4 ensures that the saturation of S% through the forward flow of X intersects transversally
the switching manifold ¥ in a curve p(zg) = (u(xo), u(xo),v(x0)), 0 < xy < 7. Moreover, from
Lemma 5 there exist a,b,c, and d, with 0 < a < b < 7 and 0 < ¢ < d, such that the curve
0 < u(zp) < 7 and v(zg) > r1 for every (zo,72) € [a,b] X [¢,d]. Accordingly, for some z¢ € [a, b],

take (z¢, zc) = (u(zp),v(zp)) and assume

drau(xo)(v(zo) — @) (agqir1 + q2(v(zo) — 7“1))2_

c<rg<d and m<
? 62(q2 — agq1)?(v(wo) — 11)?

From Lemma 6 and Remark 8 we have that (z.,2.) € ¥° C ¥ is a repulsive focus of Z° and
there exists z* € [0,7) such that the backward orbit of any point in the straight segment
L={(z,¢): 2" <x <7} CSY is contained in ¥* and converges asymptotically to p.

If 2* = 0, then from Lemma 6 we have characterized a sliding Shilnikov connection through
the fold-regular point (x¢, zo, ¢) and the pseudo-equilibrium (u(zo), u(zg), v(zp)). Now, assume
that z* # 0. It remains to prove (x., z.) = (u(x¢),v(xo)) implies that * < x(. Notice that, in

this case, the points (x., z.) and (xo, ¢) lie in the same level set of F. Recall that F' is the first
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integral (2.66) of the Lotka-Volterra system (2.65). Denote C = F~'(F(x,, z.)). Firstly, we shall

study the behavior of Z% on C|, which is equivalent to analyze the sign of the product

(r1 —re — 2)(eqax(r1 — 2) + ag(—eqrriz + mz)f1

(VF(x,z2),Z%(x,2)) = aqz(ﬁ1 + [2)

for (z,z) € C. Since agz(f1 + f2) > 0 and 1 — 12 — 2 < 0 for z > r; — ro, it is sufficient to

analyze the sign of egaz(r1 — z) + aq(—eqim1z + mz) on C. Notice that the equation
eqx(r — z) + ag(—eqirz +mz) =0 (2.83)

describes a hyperbole containing the points (0,0) and (z,z.). Indeed, (2.83) is a quadratic
equation of the form Az?+ Brz +Cz? + Dz + 2+ F = 0, where B = —eqa, D = r1e(q2 — aqq1),
E=am, A=C=F =0, and so B2 — 4AC = B? > 0. From convexity, each connected
component of the hyperbola (2.83) intersects C' at most in two points. Solving (2.83), we get

5=z (fL‘) — €(q2 - anl)"”lx
h eqr — agm

Define
F.(x) = F(x,zp(x)) — F(xc, 2¢).

Notice that F.(z) > 0, F.(z) = 0, and F.(z) < 0 imply (z, z5(z)) € ext(C), (z,z,(z)) € C, and

(x, zn(x)) € int(C), respectively. Clearly, F.(z.) = 0. Moreover,

F/(ZL‘C) _ _QQITI(T - xc)2 + T(rl - $C)2
r1(T — xe)z,e

[

< 0.

This implies that Fi.(x) > 0 for every x € (0, z.). Consequently, eqax (11 —2)+aq(—eqimz+mz) <
0 and (VF(z,z2),Z%(x,z)) > 0 for every (z, z) € C such that x € (0, z.). It means that the vector
field Z*® points outwards C provided that (z,z) € C and x € (0, z.).

Finally, consider ¢*®(t) the trajectory of Z° passing through (7,¢). Since z* = m¥*(ts)
for some ts > 0 and ¢*(ts) € S%, there exists ¢, € (0,t,) such that m¢*(t,) = x.. Moreover,
Po(tl) € ext(C) because (z, z.) is a repulsive focus lying on C. From the previous comments, the
trajectory 1°(t) remains in the exterior of C' for every ¢ € [t., t5]. Hence, ¥*(ts) € ext(C) implying
that =* < xp. Then, applying Lemma 6 we have characterized a sliding Shilnikov connection
through the fold-regular point (zg, zg, ») and the pseudo-equilibrium (u(zg), u(zg), v(x0)).

Now, define N as the set of parameter vectors n = (ri,r2,aq,q1,92, P1,02, e,m) € M
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satisfying the inequalities

a<zog<b c<ry<d, and
_ drpu(o) (v(x0) — @) (agqrrs + g2(v(zo) 1)) (2.84)
m < Mz, ) = (a2 — aga)*(0(w0) — 11)? ’
and the identities
e = E(xy) := agm (o) and [ = B(xzg) := _rh (2.85)
(agqir1 + g2(v(zo) — r1))u(wo) v(zo) — 11’

The identities (2.85) come from assuming (z¢,z.) = (u(zo),v(zo)) (see Remark 8). From the
construction above, the differential system (2.63) possesses a sliding Shilnikov orbit whenever
nenN.

In what follows, we shall identify a codimension one submanifold A/ C N of M. Firstly,
notice that M is a positive continuous function and, therefore, assumes a minimum My > 0 on
the compact set [a,b] x [c,d]. Moreover, E'(xq)? 4+ B'(x9)? # 0 for every 7 € (0, 7). Indeed, it
is easy to see that E'(z0)? + B'(z9)? = 0 if, and only if, v/(29)? + v/(20)? = 0, which would
contradict Lemma 5. Without loss of generality, assume that for some g € (a,b), B'(zo) # 0.
From the Inverse Function Theorem, the function B can be locally inverted, that is, there exists
a neighborhood B of B(xg) and a unique function B~! : B — (a,b) such that Bo B~(32) = 3

whenever o € B. Hence, taking
c<ry<d, m<My, BB and e=EoB f),

the inequalities (2.84) and the identities (2.85) are fulfilled. So, for n = (r1,72,a4,q1,
q2, B1, B2,e,m) € M, define

N:{UEM:c<r2<d,m<M0,ﬁgEBande:EoB’l(ﬁz)}C/\N/’.

Notice that N is a graph defined in an open domain. Therefore, NV is a codimension one
submanifold of M. Finally, the existence of the neighborhood U C M of N, satisfying that the

differential system (2.63) behaves chaotically whenever n € U, follows directly form Theorem 8.
2.3.4 Numerical Simulations

In order to illustrate our results, we perform a numerical simulation that puts in evidence the
existence of the Shilnikov sliding connection obtained in Subsection 2.3.3. We were able to find

parameter values for which the repulsive focus (., z.) of the sliding vector field Z4 changes its
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position crossing the curve p. Recall that the curve pu, given by Lemma 4, is the saturation of
% through the flow of X intersected with Y. The simulation rely on computer algebra and
numerical evaluations carried out with the software MATHEMATICA (see [127]).
Notice that the vector field X given by (2.64) does not depend on the parameter /3. So, the
repulsive focus (z., z.) can be moved by varying the parameter ; keeping the trajectories of X

unchanged. Accordingly, we shall fix all the parameter values but 8; (see Table 2.3).

Parameter Value

m 0,790
1 0,836
e 0,948
¢ 0,772
aq 0,660
q2 1,084
B2 0,896
) 0,126

Table 2.3: Parameters for the numerical simulation of the Shilnikov sliding connection.

Taking either 51 = 6 or f; = 10 and considering the parameter values given by Table 2.3
we see that the conditions of Lemma 6 are satisfied, that is, (z¢,2.) is a repulsive focus. For
B1 = 6, the numerical simulation indicates that (x, z.) is below the curve u (see Figure 2.25(a)).
For 1 = 10, the numerical simulation indicates that (z., z.) is above the curve p (see Figure
2.25(c)).

Finally, from the continuous dependence on the parameter /31, there exists 7, with 6 < ] <
10, such that for 51 = (] the repulsive focus (z., z.) belongs to the curve u. This gives rise to a
Shilnikov sliding connection (see Figure 2.25(b)). We mention that the return x* of the sliding
vector field through the point (7, ¢) on S% satisfies * < a where 0 < a < 7 is the z-coordinate
of the fold point which is connected to the repulsive focus through an orbit of X. In other words,

a belongs to the segment L given by Lemma 6.
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(@) (b) ()

Figure 2.25: Relative position between the curve p and the repulsive pseudo-focus (z¢, z.). In
(a) and (c) we are taking 51 = 6 and ; = 10, respectively. In (b) there exists 7 such that

(Ze, 2c) € p



CHAPTER

3

Combing the ball

This chapter is devoted to exhibiting two 3D vector fields tangent to the sphere S2. In the
first one, we present a piecewise smooth vector field tangent to S? without equilibrium points.
Moreover, we show that this vector field contains a chaotic non-trivial minimal set. In the second
one, we present a piecewise smooth vector field tangent to the unit sphere S? such that S? itself
is a minimal set. The content of this chapter can be found in [52, 54].

Questions concerning the structure and characterization of minimal sets are of great relevance
in the theory of dynamical systems. Let M C R™ be a manifold and consider the flow ¢: RxM —
M. Associated with ¢ there exists a vector field X given by X = %qﬁ which carries a point p € M
to a vector in T, M the tangent space to M at p. When M is a two dimensional manifold, a
trivial minimal set A of ¢ (or X) is either an equilibrium point or a closed trajectory or else
the whole manifold M, provide that A = M is the torus and ¢ is (topologically equivalent to) an
irrational flow. The following result characterizes minimal sets, according to the differentiability
of the two-dimensional flow.

Smoothing Theorem:(see [63]) Let ¢: Rx M — M be a continuous flow on a compact C*° two
dimensional manifold M. Then there exists a C' flow v on M which is topologically equivalent

to ¢. Furthermore, the following conditions are equivalent:
(a) any minimal set of ¢ is trivial;
(b) ¢ is topologically equivalent to a C? flow;
(c) ¢ is topologically equivalent to a C* flow.

The assertion that (b) implies (a) is the celebrated Denjoy-Schwartz Theorem (see [36, 101]),

that generalizes to closed two-dimensional manifolds the planar, and even more celebrated,

95
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Poincaré-Bendizson Theorem (see [97]). We stress that the existence of C'! flows which are not
topologically equivalent to C? flows is given in [36] (see also [102]).
This subject is also related to the so called Hairy Ball Theorem. Worth speaking, this

theorem says that:
A continuous vector field on a spherical surface has at least one equilibrium point.

The theorem was proved by several (great) authors independently. Since it can be seen as a
corollary of the Poincaré-Hopf Index Theorem, Poincaré is quoted as the first to prove it in 1885.
However, the version of the theorem presented above was first proved in [17], in 1908. In his
proof, Brouwer uses concepts of algebraic topology, like homotopy. Another author that proves
this theorem was Milnor. In 1978 (see [90]) he uses concepts of differentiability and gave an
analytic proof of it. A good survey about this subject is found in [42].

The Hairy Ball Theorem has intriguing consequences. For example, we are able to conclude
that in some place of the earth the vector field modeling the wind has “horizontal” component
null. Of course, the theorem is valid in any surface homotopic to S?. In order to obtain a vector
field that comb the sphere, it must not be continuous.

Despite of being theoretical in some sense, the example that we show here, is more related
to the kind of discontinuous vector fields that can be found in real world applications since a
Filippov’s vector field provide an average between the smooth vector fields at the discontinuity
set. Moreover, we not know any other work combing the hairy ball where the discontinuity set
is not composed by isolated points. In fact, few paper can be found in the literature concerning

Filippov’s vector fields tangent to S2. See, for instance, [98].

3.1 Stereographic and central projections

In order to establish a correspondence between a trajectory associated with a vector field
in R? and a trajectory in the sphere S? = {(x,y,z) cx? oyt 422 = 1} we are going to use
stereographic and central projections. Given a point p = (x,y,0) in the plane z = 0 we can
consider the straight line between p and the north pole N = (0,0, 1), whose expression is given
by A(t) =tp+ (1 —t)N (see Figure 3.1).

This line will intercept S? if, and only if, ¢t = 2/(z? + y? + 1). Therefore, we can define the

function 7y : R? — S?\ {N} whose expression is given by

2r 2y w2 +y? -1
7T]V(a;ay) = .

3.1
p?4+y? + 12y 41U 22 +y? + 1 (31)

By a straightforward calculation, we can notice that the inverse function of 7y is given by
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Figure 3.1: Projection my.

1. 2 2
TN - S — R

1—2"1—2

r oy ) ' (3.2)

(z,y,2) +— w]‘vl(x,y,z):<

In a similar way, it is possible to find the stereographic projection related to the south pole

S = (0,0,—1) considering the straight line r(¢) = tp + (1 — t)S (see Figure 3.2). This line will

Figure 3.2: Projection 7g.

intercept S? if, and only if, t = 2/(22 4 y? +1) and, consequently, we can determine the function

mg: R? — §2\ {S} whose expression is given by

2 2 1—a? —y?
i i i y) (3.3)

ms(2,y) = (m2+y2+1’x2+y2+1’x2+y2+1

and whose inverse is the function

71'51: 52 — RZ?

142 142

(3.4)
@) — w5 = (1)
Another kind of projection that will be very helpful in this work is the central projection. Let
us consider the plane P = {(x,y,2) : y = 1} and the straight line a between the origin O and
q € 2N Hy, where Hy = {(z,y,2) € S? : y > 0}. See Figure 3.3. So the line a(t) = (tz,ty, tz)

belongs to P if t = 1/y. Therefore, the central projection 7.: S? N H; — R? is given by

re(,y, 2) = (f,f) . (3.5)

vy
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Figure 3.3: Central projection.
It is easy to see that the inverse function of the central projection is given by

1. R? — S2nH

(u,v) — Fc_l(u,v):(

(9}

u 1 v ) (3.6)
VuZ+02+1 Vi + 02+ 1 Va2 +02+1)

An analogous of the central projection can be defined in the rear hemisphere Hy = {(z,y,2) €

S?% .y < 0} of S2. We will call it rear projection and it is given by

—r —Z

mema) = (2 22). (3.7)

y oy

We may observe that the inverse of the function 7, is described by

ol R? — S?2nNnH,

(u,v) — w;l(u,v):(

<

u -1 v ) (3.8)
VuZ+02+1 Vi + 02+ 1 Vul +02+1)

Those projections will be handy in the changeover between the systems in the plane and in the

sphere.

3.2 Obtainment of a PSVF in S? without equilibria

and containing a chaotic minimal set

Firstly, we describe some important features of the vector fields that we are considering.
Particularly, we analyze the behavior of their trajectories and their projections on the unit

sphere in order to create a flow in S? without equilibria and with a non-trivial minimal set. In



3.2 A PSVF in S? without equilibria and containing a chaotic minimal set 99

this way, let us consider the planar vector field given by

T = 2
(3.9)
g o= y(a®—32),
where the overhead dot means the derivative with respect to time t. The phase portrait of the

vector field X (z,y) = (2,y(z* — 3z)) is given in Figure 3.4.

Figure 3.4: Vector field X.

The vector field X is tangent to S = {(:E,y) eR?: 22 4+9% = 1} if, and only if, the scalar
product between X (x,y) and (z,y) € S! is zero, that is, 2z + (1 —x2) (ac3 — 395) = 0. So,
for positive values of y, the vector field X is tangent to S' at the points pg = (0,1), p1 =
(V2= v3,vV=-1+3) and po = (=2 — V/3,V/—1 + V/3). Since & = dz/dt = 2 we have that
dy/dx = y(x3 — 3x)/2. Therefore

z4 312

y1(x) = yoe s~ 4

and every integral curve of (3.9) can be described by yi(x). We may also observe that y;(z) =
y1(—x) which means the function y; is symmetric with respect to axis y.

In what follows, we project the trajectories of (3.9) in the south hemisphere V =
{(z,y,2) € S : 2 <0} of S%. Let us consider the set W = {(z,y) € R* : 22 + y*> < 1}. Given a

point (z,y1(z)) € W we have that

2% 2y1(2) 2?4 yie) — 1) (3.10)

T x7 €T = ) ’
~(z,y1(2)) <x2+y%($)+1 2+ y3(x)+ 1 22 +yi(z) + 1

is a point of V. Then, we have projected the trajectories of X in the south hemisphere of S? as
we can see illustrated in Figure 3.5. We can notice that, as the projection 7y is the identity in
S1, we have the points pg, p1 and ps are still the tangency points between 7y and S' C §2.

In a similar way, we can project another vector field in the north hemisphere U =
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Figure 3.5: Projection of the trajectories of X on S? by my.

{(:r,y, 2)€S?: 2> 0} of S? using the south stereographic projection mg. Indeed, consider

the following vector field
r = -1
(3.11)
y = 0.

The phase portrait of the vector field Y (z,y) = (—1,0) is given in Figure 3.6.

Figure 3.6: Vector field Y.

The vector field Y is tangent to S' if, and only if, z = 0. So, Y is tangent to S! at the points
p3 = (0,1) and ps = (0,—1). Since dz = —dt we have dy/dz = 0 and therefore ya(z) = ¢, where
¢ € R, describe the trajectories of (3.11). We observe that this function is also symmetric with

respect to axis y. Considering the projection mg we have that

2 2 1—a?—c?
x ¢ x c) (3.12)

Ts(z,y2(x)) = ($2+02+1’x2+c2+1’x2+02+1

where (z,y2(z)) € W and, consequently, mg(z,y2(x)) € U. See Figure 3.7.

Attaching those two distinct flows given by Equations (3.10) and (3.12) we have accomplished
piecewise smooth trajectories in S? whose switching manifold is S!. See Figure 3.8.

In order to exhibit some properties of the vector field Z associated with the trajectories in

5?2, we move towards the projection of those orbits in a plane using the central projection. Since
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Figure 3.7: Projection of the trajectories of Y in S? by 7g.

Figure 3.8: Trajectories in S2.

we have a bijection between a hemisphere of the sphere and W C R?, the properties of these
two systems will be related. In this way, let us consider the central projection given by Equation
(3.5). Applying the central projection in the hemisphere Hy = {(z,y, z) € §% : y > 0} of S? we

get the trajectories in R? are modelled by 7. (7x(z, y1())) and 7. (75(x, y2(x))) where

T 33'2 2 xXr) —
me (TN (2, y1(2))) = <y1(33)’ 231&; 1) (3.13)
e r 1—2%—c?
e rs(oan(o) = (557575, (3.14)

We must notice that 7. o mn and 7w, o mg provide us a change of variables in R2. In fact,

doing 7! (o' (u,v)) = (z,y1(x)) we obtain the change of variables

u

Viz+ 2 +1-—v
1

x) = )

v(®) Vuz+v2+1-—w

(3.15)
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Similarly, doing 7r§1 (72 (u,v)) = (z,y2(x)) we have the change of variables

u
T = ;
W24+ 140
(3.16)
(@) = 1
" VuZ + 02 +1+v

By (3.15), we have

du du

dat ~  dr
_d x
R <y1(x)>
o 2- x4 322
a y1 (@)

ut 3u?
S i e (2_ ; )
( ) (Vu+v2+1—v)t  (VuZ+02+1—0)2

= Gi(u,v)
and

b

dt dx

o d (P i) -1

 dx ( 2y1(x) )

x4+ 423 — 2° + y? (x) (23 — 32)
2y1(1‘)

u(71+2u4 +ov2 4ot oVl o2 +1—4v3 V2 o2+ 14+u? (2+81}2 —6vvu? +v2+1))
(v—VuZ+v2+1)%

= Ga(u,v)

Then, the system in the plane wv, for v < 0, associated with the trajectories of the vector field

X is given by

uw = Gi(u,v);
1(u-0) (3.17)
v = Ga(u,v)
In the same way, by (3.16), we have
d _
dt dx
£ ()
dzx \ y2(x)
_ 1
N c
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and
o dv
a Ty
__d(1-2"— (@)
o dx 2y2(z)

T

U
c(v+vVu?+v2+1)
= Iy ('LL, U)
Thus, the system in the plane uv, for v > 0, associated with the trajectories of the vector field
Y is given by
U = Fl (U, U);

(3.18)
U= Fg(u, U).

Therefore, we obtain the piecewise smooth vector field

21 (u.v) = F(u,v) = (F1(u,v), Fs(u,v)) ifv>0; (3.19)
7 G(u,v) = (G1(u,v),Go(u,v)) ifv <0, .

where the switching manifold is given by ¥ = f~1(0) with f(u,v) = v. See Figure 3.9.

N Y

Figure 3.9: Trajectories of the vector field Z;.

The next result will bring some properties of the vector field Z;.

Proposition 12. Let Z; be given by (3.19). Then, the fold points of the vector field G are
q = (0,0), ¢1 = <21_+‘</§§,0> and qo = (21:{/35,0) Moreover, qy is a visible fold point
while q1 and qo are invisible fold points.

Proof. In fact, by a straightforward calculation we get

Gflu,v) = (G(u,v),Vf(u,v))
= G(u,v)-(0,1)
= Ga(u,v).



3.2 A PSVF in S? without equilibria and containing a chaotic minimal set 104

Then G f(u,0) = 0 if, and only if,

u(—1+ 2u? + 2ut)

Ga(u,0) = 1+ u2)? =0
which nulls at zero, —Y 2V3 o V2oV Also, we have
V=143 V-1+v3
G2 f(u,0) = (Glu,0), VG (1, 0)) = (Ga(u,0), G, v)) - (25022, 2zl
Since
2 (—1 + 10u? + 6u*
G2 F(u.0) (—1+ 10u :— ut)
(1+u?)2
we obtain G2f(go) = —2 < 0 and G2f(q1) = G2f(gz) = —28 > 0. O
(1+v3)*

Remark 9. We can observe that the fold points of the vector field G are images of the points

Po, p1 and p2 by the function composition .o wy.

Proposition 13. Let Z; be given by (3.19). Then, the unique fold point of the vector field F is

go = (0,0) which is an invisible fold point.
Proof. Indeed, we have F' f(u,v) = (F(u,v),V f(u,v)) = F>(u,v). Since

u

Fy(u,0) = T2

then the equation F'f(u,0) = F»(u,0) = 0 has u = 0 as unique real root. Furthermore,

—1
F2f(u7 U) = .
A+ V1+u?+0?)
Therefore, F2£(0,0) = —1/c? < 0 and we conclude that g is an invisible fold point. O

We may observe that the vector field Z; given by (3.19) has a sliding region ¥° given

by the interval <— 21\/55,0> C ¥ and it has an escaping region 3¢ given by the interval
—1+

<0, %) C X where we can define the sliding vector field associated with the vector field
Z1 given by Definition 1.

Proposition 14. The sliding vector field associated to the vector field Zy does not have equilibria.

Proof. Let Z7 be the sliding vector field associated with Z;. By Equation (1.2) we have that

Zi(u,v) =
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Then, by a straightforward calculation we get

1+ 9u® + 6u?
(1+u2)? + (1 — 2(u2 + ud))

Z3(u,0) = (3.20)
So, it is easy to see that Z7 does not have equilibria in its domain ¥* U 2°. Moreover, since the
sliding vector field can be extend to its closure we need to verify that lim,_,, Z7(u,0) is non-zero

for all @ € ¥¢ U Xs. Since lim, 0 Z§(u,0) > 0 and

lim Z8(u,0) = lim Z3(u,0) = Y20 +3V3)

u—q1 uU—q2 (_1 + \/g)% 9
we can conclude that Z7 does not have equilibria. O

An analogous of the central projection can be applied in the hemisphere Hy = {(x,y, 2) €
S? .y < 0} of S? and we can obtain a planar piecewise smooth vector field Zs with similar
properties of system Z; given by (3.19).

In order to exhibit a chaotic non-trivial minimal set associated with the trajectories in S? we
are going to use the planar piecewise smooth vector field Z; and then relate this new piecewise
system to the one found by the authors in [19] and [18], where it was proved containing a chaotic
non-trivial minimal set.

Consider Z3 = (X3,Y3) € Q", where X3(z,y) = (1, —2z), Y3(,y) = (—2,423 —22) and X3 =
{(x,y) € R? : y = 0} is the switching manifold. The parametric equation for the integral curves
of X and Y with initial conditions (x(0),y(0)) = (0, k+) and (x(0),y(0)) = (0, k_), respectively,
are known and its algebraic expressions are given by y = —22 + ky and y = 2*/2 — 22/2 + k_,
respectively. It is easy to see that (0,0) is an invisible tangency point of X and a visible one of Y.
Moreover the points (++/2/2,0) are both invisible tangency points of Y. Note that there exists
an escaping and sliding regions between those points. Consider now the particular trajectories
of X and Y for the cases when ky = 1 and k_ = 0, respectively. These particular curves delimit
a bounded region of plane that we call A3. See Figure 3.10.

The next result is very important in the sequel and the proof can be found in [19] and [18].

Proposition 15. Consider Z3 = (X3,Y3) € Q7, where X3(z,y) = (1,—2z), Y3(z,y) =
(—2,42% — 2x) and B3 = {(z,y) € R : y = 0} is the switching manifold. The set A3 is a
minimal set for Zs. Moreover, the planar piecewise smooth vector field Zs is chaotic on the

compact invariant set As.

By Proposition 15, we will conclude that the piecewise smooth vector field Z; given by (3.19)

has the same properties of the vector field Z3 in a related set. Let us consider the particular
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Figure 3.10: Piecewise smooth vector field Z3 and region As.

trajectory ¢a(qo) of the vector field G passing through gg. Let a be the point of intersection
between ¢ (qo) and XN {u > 0} and consider ¢r(a). Let us call A the bounded region delimited

by these trajectories. See Figure 3.11.

Figure 3.11: Piecewise smooth vector field Z; and region A.

Definition 16. Two piecewise smooth vector fields Z and Z defined in open sets U, U and
with switching manifolds ¥ C U and ¥ C U, respectively, are L-equivalent if there exists an
orientation preserving homeomorphism h: U — U which sends ¥ to ¥ and sends orbits of Z

to orbits of Z.

Proposition 16. Consider the piecewise smooth vector field Zy given by (3.19). Then A is a

minimal set for Zy. Moreover, Zy is chaotic on A.

Proof. 1t it enough to see that Zs is Y-equivalent to —Z;. Therefore, the piecewise smooth

vector field Z; has the same properties of Z3. O

We observe that the trajectories given by Equations (3.10) and (3.12) defined in the sphere
S? generate a PSVF Z tangent to S2. Since we have a bijection between the trajectories of the
planar piecewise smooth vector fields Z; and the trajectories defined in the hemisphere H; of S?
we have a respective behavior in the trajectories of Z. Therefore, 7,1 (A) is a minimal chaotic

set for the vector field Z defined in S?. Similarly, there is a bijection between the trajectories
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of the planar piecewise smooth vector field Zs and the trajectories defined in the hemisphere
Hy of S2. These trajectories will generate a minimal chaotic set similar to A. Therefore we can

conclude the following result:

Theorem 10. There exists a piecewise smooth vector field Z tangent to the sphere S? such
that Z does not have equilibria. Moreover, the piecewise smooth vector field Z contain a chaotic

non-trivial minimal set.

3.3 Obtainment of a PSVF in S? where S? itself is a

minimal set

Let us consider the projection of the trajectories of X given by (3.9) on S? by 7y studied in
the above section. In a similar way, we can project another vector field in the north hemisphere
U= {(x,y,2) € S%: 2 >0} of S? using the south stereographic projection mg. In fact, consider

a new vector field given by

(3.21)

The phase portrait of the vector field Y (x,y) = (=1, z(x/2 — y)) is given in Figure 3.12.

f g AA A A A ]
b A A fAAAA A
RN

i
f

']

'

Il

i

4
PE 4 Ed kA

:
}
b 4ot
[
t
4
P I I B O S A

A A A e

XA N Ny JpAAA AT

AR REE
A A A A A
AAAAS A

LS
Y
b
Y
k
'l
f
Il

=1

Figure 3.12: Vector field Y.

The vector field Y is tangent to S! if, and only if, z = 0. So, Y is tangent to S' at the points
ps = (0,1) and ps = (0,—1). Since dx = —dt we have

dy z2 .
b A S
dx 2 4

and therefore

e

ya(z) =

z2 z2 A
2x +4e2 ¢y — e 2 V2m Exf <>) ,
( ’ NG
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with y2(0) = ¢, describe the trajectories of (3.21). Here, Erf (-) is the Gauss error function (see
[125]). Considering expression (3.3) we get

T T — 22— iz
—— :< 2 2yp(x) 1 ya( ))

:L’Q—}—y%(x)+1’x2—i—y%(:n)—|—1’x2—l—y§(x)—|—l

where (z,y2(x)) € W and, consequently, ws(x,y2(x)) € U. See Figure 3.13.
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Figure 3.13: Projection of the trajectories of Y in S? by .

Considering the two distinct flows given by Equations (3.10) and (3.22) we have piecewise
smooth trajectories in S? as we see illustrated in Figure 3.14. Associated with this trajectories

there exists a three dimensional piecewise smooth vector field Z whose switching manifold is S?.

Figure 3.14: Trajectories in S2.
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We can notice that these trajectories will not configure periodic orbits since Y is asymmetric.
In fact, let us consider the system Y given by (3.21). Considering an initial condition

(xo, VAt x%) € S, where g € (0,1), and solving the initial value problem given by

T = —1;
=X z _ N
i==(5-v) (3.23)
z(0) = zo;
\ y(O): \/17&7%7
we can find an explicit solution y(t) = y(—x + xo) whose expression will be omitted. Let
us consider the displacement function P(zo) = y(zo) — y(—z0). We can observe that the

displacement function P allow us to analyze the y-coordinate of the trajectory passing through

xo at the transversal section {x = —xg}. See Figure 3.15. By a straightforward calculation we

Figure 3.15: Displacement function.

have that P(xg) is given by

22
Plao) = a0 —e 24/~ Erf( 22 ).
(xg) =20 — €2 5 r(ﬂ

Since P(0) = 0 and the derivative of P is strictly negative for zp € (0,1) we can conclude
that P does not have real roots for xg € (0,1). Therefore, we have that y(z9) < y(—z¢) for
all zg € (0,1). Since the stereographic projection 7g is the identity in S', we will not have
symmetry in the projected trajectories of Y in S2.

Let us consider the central projection given by Equation (3.5). Applying the central

projection in the hemisphere H; = {(z,y,2) € S? : y > 0} of S? we get the trajectories in
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R? are modeled by 7. (7x(x,y1(x))) and 7. (75(x, y2(x))) where

x x2+y%<x)—1) (3.24)

e (T (2, y1(2))) = <y1(x)’ 2y1(x)

and

x — 22— 2z
e (ms (@ 10(2))) = (W), Ll )) . (3.25)

We must notice that 7. o my and 7. o mg provide us a change of variables in R2. In fact,

doing 75" (7o (u,v)) = (z,y1(x)) we obtain the change of variables

u .
V40241 —v
1

r) = :
w(e) Vu+v2+1—vw

xr =

given by Equation (3.15). Similarly, doing 7r§1 (7rc_1(u, U)) = (z,y2(z)) we have the change of

variables
U

W+ 140
1

) = .

ve(2) Vui+v2+1+wv

Due to these changes of variables, we can find the piecewise smooth vector field associated

(3.26)

with these trajectories. Indeed, by (3.15) we have

u = Gi(u,v);
v = Ga(u,v).

already given by (3.17). In the same way, by (3.26) we have

du __du
dt dx

- i (5im)

2 4+ u + 4v% + 4vv1 + u2 + 02
2(v 4+ V14 u? +v?)
= Wi(u,v)
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and
v _ v

dt dx

o d (1-2?— i)
- da 2y2(z)
u(4 + 2u? + 6v? + 60vV1 + u2 + v2 — u(l + 02 + V1 +u? + v2))
2(v + V1 +u?+0v2)?

= Wa(u,v)

Thus the system in the plane uw, for v > 0, associated with the trajectories of the vector field

Y is given by
uw = Wi (U, U);
v o= Wa(u,v).

(3.27)
Therefore, we obtain the piecewise smooth vector field

Za(u, ) = W(u,v) = (Wi(u,v), Wa(u,v)) if v > 0; (3.28)
’ G(u,v) = (G1(u,v), Ga(u,v))  if v <0, '

where the switching manifold is given by ¥ = f~1(0) with f(u,v) = v. See Figure 3.16.

N\
A

Figure 3.16: Trajectories of the vector field Z;.

By Proposition 12 we have seen that the fold points of the vector field G are given by

q0 = (0,0), g1 = (%,0) and g9 = (_\/—21_7\/5370) Also, qq is a visible fold point while

q1 and ¢o are invisible fold points.

S

Proposition 17. Let Z3 be given by (3.28). Then, the unique fold point of the vector field W

is go = (0,0) which is an invisible fold point.
Proof. Indeed, we have W f(u,v) = (W(u,v), Vf(u,v)) = Wa(u,v). Since

u(4 — u + 2u?)

Wa(u,0) = 21 +u2)
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then the equation W f(u,0) = Wa(u,0) = 0 has u = 0 as unique real root. Furthermore,

W2 f s v) = —8 + 4u — 4u? — 2ud + 5ut — 4ud
) 3 .
4(1+u?)2

Therefore, W2 £(0,0) = —2 < 0 and we conclude that qq is an invisible fold point. O

We note that the vector field Z3 given by (3.28) has the sliding region ¥° = <—21\</§§, 0)
-1+

2—V3
V-1+V3

Proposition 18. The sliding vector field associated with the vector field Z3 does not have

and the escaping region ¢ = (0, ) where we can define the sliding vector field.

equilibria.

Proof. Let Z§ be the sliding vector field associated with Z3. By Equation (1.2), we have that

Then, by a straightforward calculation we get

2(3 —u + 18u? — 4ud + 17ut — v’ + 4ub + u7)
V14 u?(—6 +u — 2u? + ud + 2u?) .

Zg(u,O) _ (3.29)

So, we have that Z3 does not have equilibria in its domain ¥* U ¥¢. Moreover, since the sliding
vector field can be extended to its closure we need to verify that lim,_,q Z5(u,0) is non-zero for

all a € ¥¢ U Y5, Since lim, 0 Z5(u,0) = 1 and

2
lim Z5(u,0) = lim Z5(u,0) = ——,
u—q1 u—>q2 (—1+ \/5)5
we can conclude that Z3 does not have equilibria. O

We can apply the central projection to the hemisphere Ho = {(z,y,2) € S? : y < 0}
of S? in order to obtain a planar piecewise smooth vector field Z; with similar properties of
system Zs3 given by (3.28). Indeed, let us consider the projection 7, given by equation (3.7).
Applying the function 7, in the hemisphere Hy of S? we get the trajectories in R? are modeled

by m (7n(z,y1(z))) and 7, (ms(x, y2(x))) where

—r 1-22—yi(z
e aGoan(o)) = (5, F g ) (3.30)
and
— <x>>>=( “”” “””2”3(9"“)‘1) (3.31)
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Proceeding in the same way used to find the vector field Z3, applying the changes of variables

provided by mg! (7 (u,v)) = (z,y2(z)) and 7y (77 (u,v)) = (2,y1(x)) we can obtain the

piecewise smooth vector field

Q(uv U) = (Ql(ua U)aQQ(ua U)) if v >0
G(u,v) = (G1(u,v),Ga(u,v)) if v <0,

where the switching manifold is given by ¥ = f~1(0) with f(u,v) = v,

—2 4+ u? — 40?2 — 4ov1 + u? + 02
Ql(uav) =
2<v+\/1+u2+v2>

and

Q2(U7U): 2
2 (v+\/1+u2+v2>

AR\
A,

See Figure 3.17.

Figure 3.17: Trajectories of the vector field Z4.

u(4+2u2+6U2+6v\/1+u2+v2+u<1+02+v\/1+u2+v2))

(3.32)

Proposition 19. Let Z4 be given by (3.32). Then, the unique fold point of the vector field Q is

go = (0,0) which is an invisible fold point.
Proof. Indeed, we have Q f(u,v) = (Q(u,v), V f(u,v)) = Q2(u,v). Since

4 2u®
Qufu,0) = )

then the equation @ f(u,0) = Q2(u,0) = 0 has v = 0 as unique real root. Furthermore,

—8 — du — 4u? + 2u3 + 5ut + 4ud
QQf(u,v): U u+u3—i—u+u'
4(1 +u?)2

Therefore, Q?f(0,0) = —2 < 0 and we derive that go is an invisible fold point.
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We may notice that the vector field Z4 given by (3.32) also has the sliding region ¥* and the
escaping one %¢. In this way, we can define the sliding vector field associated with the vector

field Zy.

Proposition 20. The sliding vector field associated with the vector field Z, does not have

equilibria.
Proof. Let Z§ be the sliding vector field associated with Z;. By Equation (1.2) we have that

Gf(U, U)Q(uv ’U) — Qf(ua U)G(U, ’U) )

Zi(u,v) = Gfu,v) — Qf(u,v)

Then, by a straightforward calculation we get

2v1 4+ u2(3 4+ u + 18u? + 4ud + 17u* + u® + 4u’ — ")
6 + u + 8u? + 2u3 + u® — 2ub

Z35(u,0) = . (3.33)

So, it is easy to see that Zj does not have equilibria in its domain. Moreover, since the sliding
vector field can be extended to its closure we need to verify that lim,_,, Z3(u,0) is non-zero for

all a € X¢ U X5, Since lim, 0 Z;(u,0) = 1 and

2
: s o s _
uhngl Zj(u,0) = uhngQ Zi(u,0) = —(_1 NG
we can conclude that Z§ does not have equilibria.

O]

In order to exhibit non-trivial minimal sets associated with the trajectories in S?, we are
going to use the planar piecewise smooth vector fields studied above. Since the orbit passing
through a sliding or escaping region on the switching manifold can depart from it when the
time goes to future or past, we can introduce some definitions concerning positive and negative

invariance for global trajectories.

Definition 17. A set M C R™ is positively invariant (respectively, negatively invariant) for
Z € Q" if for each p € M and all positive global trajectory F}'(t,p) (respectively, negative global
trajectory I',(t,p)) passing through p it holds FJZF(t,p) C M (respectively, I',(t,p) C M ).

Remark 10. We may notice that a set is invariant if, and only if, it is positively invariant and

negatively invariant.

Let us consider the vector field Z3 given by (3.28) and the particular trajectory ¢a(qo) of the

vector field G passing through gg. Let a be the intersection point between ¢c(qp) and XN{u > 0}
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and consider ¢p(a). Furthermore, let us consider ¢ = ¢p(a) N (X N{u < 0}). These particular
curves and the segment I; = (—a, c¢) contained in 3, delimit a bounded region of the plane that

we call Kj. See Figure 3.18.

Figure 3.18: Piecewise smooth vector field Z3 and region K;.

Lemma 7. For allp € K1, qo belongs to an orbit passing through p, where gy = (0,0) is a visible
fold point for G and an invisible fold point for F'.

Proof. In fact, the positive global trajectory of p € K reaches the sliding region between ¢ and

qo and slides to go after some time t,. O

Proposition 21. Consider the PSVF Zs given by (3.28). The set K is positively invariant for
Z3.

Proof. Indeed, by Lemma 7 a positive global trajectory of any point p in K meets gg for some
time ¢,. Since qq is a visible tangency point for G and go € 03°N9%° according to the fourth item
of Definition 3 any trajectory passing through gg remains in Kj. Therefore, K3 is Zi-positively

invariant. 0
Remark 11. We may observe that Ky is not Zs-negatively invariant.

Let us consider the vector field Z4 given by (3.32) and the particular trajectory ¢g(qo) of
the vector field G passing through qo. Let —a be the intersection point between ¢ (qo) and
Y N{u < 0} and consider ¢p(—a). Furthermore, let us consider b = ¢p(—a) N (XN {u > 0}).
These particular curves and the segment Iy = (b, a) contained in ¥, delimit a bounded region of

plane that we call K5. See Figure 3.19.

Lemma 8. For all p € Ks, qo belongs to an orbit passing through p, where gy = (0,0) is a visible
fold point for G and an invisible fold point for Q.

Proof. In fact, the negative global trajectory of p € K reaches the escaping region between ¢g

and ¢; and slides to go after some time . ]



3.3 Obtainment of a PSVF in S2? where S? itself is a minimal set 116

q0
¢c(qo)

Figure 3.19: Piecewise smooth vector field Z4 and region Ko.

The next result follows in a similar way from Proposition 21.

Proposition 22. Consider the vector field Z given by (3.32). The set Ky is negatively invariant

for Zy. Moreover, Ko is not positively invariant for Zy.

Since we have a bijection between the trajectories of the planar piecewise smooth vector field
Zs in W and the trajectories defined in the hemisphere H; of S?, we have a respective behavior
in the trajectories given by Equations (3.10) and (3.22) defined in the sphere S2. Similarly,
there is a bijection between the trajectories of the planar piecewise smooth vector field Z4 and
the trajectories defined in the hemisphere Hy of S2. We can notice that the trajectories defined
in the sphere S? by Equations (3.10) and (3.22) generate a piecewise smooth vector field Z*

tangent to S2.
Proposition 23. The w-limit of every point of S* is contained in 7, * (K1).

Proof. In fact, since m_ ! (K) is Z*-positively invariant, given p € . ! (K;) we have w(p) €
71 (K1). Now, let us suppose p = (—1,0,0). Since the vector field X is symmetric we have
that the orbit passing through p goes to the point ¢ = (1,0,0). Solving the initial value problem
given by (3.23) with g = 1 we can conclude that the orbit passing through the point (1,0)
in the xy-plane intersects S! in a point (z,y) with y > 0. So, the trajectory in S? passing
through p will reach 7! (X) and goes to 7, ! (K1) by Proposition 21. See Figure 3.20. For
p € Hy = {(z,y,2) € S :y > 0} we have that 7, ! (K1) is an attractor of the trajectory through
p. Since 7, ! (K3) is a repeller, the orbit passing through p € Hy will reach H; and therefore

goes to m. ! (K1).

The next result follows in a similar way from Proposition 23.
Proposition 24. The a-limit of every point of S? is contained in m ' (K3).

In this context, we can prove the following result.
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Figure 3.20: Trajectory in S? passing through p = (—1,0,0).

Proposition 25. S? is minimal for the vector field Z* generated by the trajectories described

by Equations (3.10) and (3.22).

Proof. Indeed, it is easy to see that S? is a non-empty compact set. Moreover, S? is Z*-invariant.
Now, let M be a Z*-invariant proper subset of S2. We have that the w-limit of every point of S2
is contained in 7, ! (K1) and the a-limit is contained in 7, ! (K2). So, by Lemma 7, given p € M
we have that gy belongs to a positive trajectory of p. Since M is Z*-invariant we conclude that
go € M. Let us consider ¢ ¢ M. In a similar way, we can conclude that gy belongs to a positive

trajectory of gq. Therefore, since qg € M we have that ¢ € M. This is a contradiction. O

As the main result, we state that there exists a Filippov’s vector field tangent to S? (a

compact two dimensional C* manifold) such that the minimal set is S? itself.

Theorem 11. There exists a piecewise smooth vector field Z* tangent to the unit sphere S*

such that S? itself is a non-trivial minimal set.
Proof. 1t follows from Proposition 25. O

In order to use the well established theory of smooth vector fields to provide properties of
discontinuous vector fields, some papers (see [13, 107, 109]) take a discontinuous vector field and
regularize it (see Definition 20), giving rise to a smooth vector field. However, this approach can
fail in some cases. In fact, combining Theorem 11 and the Smoothing Theorem, we are able to

conclude that:

Corollary 2. None reqularization process can establish a topological equivalence between the

piecewise smooth vector field of Theorem 11 and a smooth vector field (both tangent to S?).
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Proof. In fact, if the vector field of Theorem 11 could be regularized giving rise to a smooth
vector field X topologically equivalent to it, then S? is a non-trivial minimal set of X. This

produces a contradiction, according to the Smoothing Theorem. ]

At this point, we are able to introduce a discussion about the density of orbits in minimal

sets for PSVFs and about (non)wandering points for PSVFs. As defined in [23],

a point p is a nonwandering point for a PSVFE Z if each one of its neighborhoods meets

arbitrarily large iterations of itself, for some global trajectory.

When a point is not nonwandering then it is called wandering. Once a time, this definition
coincides with the classical one when the PSVF is a smooth vector field (taking X =Y).

Consider the sets 7, 1(K7) and 7, !(K3) described above. Given a point ¢ € S? such that
q¢ {ﬂ'c_l(Kl) U 7TC_1(K2)}, every global trajectory passing through g converges to 7. ' (K1) (see
Proposition 23). Moreover, given a small neighborhood V; C S? of ¢, none global trajectory
passing through a point g € V;, returns to V; since it enters the positively invariant set 7. LK)
(see Proposition 21). As consequence, ¢ is a wandering point for Z and there is neither a dense
nor periodic orbit passing through gq.

However, it is easy to see that given a point ¢ € {m (K1) Un, (K2)} C S?, then ¢ is a
nonwandering point for Z and there is not a dense orbit passing through ¢. According to the

choice on ¢, it is possible the occurrence of a periodic orbit passing through g.



CHAPTER

4

Creation of periodic orbits in piecewise

smooth vector fields tangent to nested tori

The main point of this chapter is to present the interesting behavior generated by piecewise
smooth vector fields tangent to foliations. In fact, we consider two smooth foliations F; and Fa
that are coupled in order to produce a foliation composed by nested topological tori. Moreover, a
piecewise smooth vector field composed by periodic orbits and tangent to these tori is considered.
After, we perturb the vector field (and, consequently, the foliations) and we observe the birth
of (either finite or infinite many) limit cycles for the 3D piecewise smooth vector field. As
consequence, a single trajectory of the piecewise smooth vector field visits infinitely many leaves
of the foliations obtained as perturbations of F; and F3 in the process of turning around the
limit cycle. The results of this chapter can be found in [53].

A foliation is a decomposition of a smooth manifold M of class C" (the coordinate charts h
should be C"-diffeomorphisms) into a disjoint union of immersed connected submanifolds, that
are called leaves. So, such charts induce on each leaf a unique C"-smooth structure, so that must
be a C"-immersion. See [21] for details. Just like it happens in the smooth case, some PSVF's
are tangent to foliations. Actually, PSVFs are tangent to piecewise foliations obtained by the
concatenation of smooth foliations. In this work, we consider two smooth foliations (formed
as the revolution of parabolas around the z-axis) that are coupled in order to produce a new

(piecewise) foliation composed by nested topological tori. Figure 4.1 illustrates this situation.
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For (x,y,z) € R3\{z-axis}, the smooth vector field

44 (22 +92) (17 — 12 (22 + 42
4\/2? + y?
is tangent to the foliation F; formed as the revolution of parabolas with concavity down, around

the z-axis and

Y(I‘,y, Z) — (_% —y, 4 + (xQ + y2) (17 _192 (xQ + yg))>

4/ 2% + 32
is tangent to the foliation JF» formed as the revolution of parabolas with concavity up, around
the z-axis.

In this way, we are able to couple F; and F giving rise to a piecewise smooth foliation F
formed by topological tori in such a way that the infinite codimension PSVF (see Corollary 4),
defined in R3\{z-axis}, given by

4+ (22 +y?) (17— 12 (2* + ¢?
X(z,y,2) = (5137% +(:C +y4)\/(JTZTy2 (:C Y ))) 220,

4 2 2 17 — 12 2 2
Y(m,y,z):(—l"a—% HEry) (17 & +y))> 2 <0,

N

Zo(z,y,2) = (4.1)

is tangent to F. Through all this chapter we assume that ¥ = f~1(0), where f(z,y,2) = 2.

As we prove in the sequel, each trajectory of Zy describes a topological circumference
(periodic orbit) on the phase portrait and these circumferences take place along a central
circumference C, = {(z,y,0) € % |2? + y* = da?}, with a = %\/1”6@. Next, we perturb
System (4.1) (consequently, the foliations) and the consequences are stated in our main results

which concern about the birth of periodic orbits.

Remark 12. We stress that the results in this chapter have a theoretical purpose and are a
continuation/progress of those ones obtained in [25] in the sense that here, there are perturbations
of Zy where none topological tori persists. In fact, in an opposite situation of that one observed
in [25], limit cycles for the 3D PSVF are obtained and it is easy to see that a single trajectory
of the PSVF Z. can visits infinitely many leaves of the perturbed smooth foliations Fi and F5
(obtained from Fi and Fa, respectively) in the process of turning around the limit cycle. This

fact is not observed for smooth vector fields, where each trajectory is confined to a single leaf.

4.1 Properties of the vector field 7,

This section has the purpose to describe some important features of the vector field Zy given

by (4.1). In particular, we analyze the first return map associated with it and the behavior of
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invariant sets. In order to exhibit the first return map associated with Zy = (X,Y’) given by (4.1)
we need the expressions of the half return maps associated with X and Y. A straightforward

calculation shows that the trajectories ¢x and ¢y are parameterized, respectively, by

—4+ e (k2 + k3) (17 — 42 (k? + k2))

ayfe (k2 + K3)

4 —2t 12 l2 -1 4 —2t l2 l2
oy (t) = | hhe™ lae™, Fet e h) (A7 + A H (i 4 1)) +1i3 |, (4.3)
44/e 2 (13 4 13)

¢x(t) = [ ki€, kae', + k3 (4.2)

and

with k1, ko, k3, 11,102,153 € R.
Although Equations (4.2) and (4.3) give explicit expressions of the flows of X and Y it will
be useful the cylindrical coordinates x(t) = r(t) cos(6(t)), y(t) = r(t)sin(6(¢)) and z(t) = z(t).

In this way, we may write Equations (4.1), (4.2) and (4.3), respectively, as follows:

44172 — 1204
X(r,@,z):(r,o, + 72 r> if z>0,
T
ZO(TaG’Z) = (4.4)
44172 — 1204
Y@ﬁw):<—na + TL r) if 2 <0,
r
‘ et 17rpet 3 3¢
¢x(t) = | roe’, bo, o + 1 roe’ + mg (4.5)
and
o~ e 1Trge t . _ _

¢Y(t) = (TOC tv 905 % - Z + Tge 3t + m0)7 (46)

with 7“0,770 >0, 6, 50 € [0, 271‘) and mg,ﬁm € R.
In the next auxiliary results, let us consider a = %\/ 17% V481

C, = {(z,9,0) € R®|z = rcos(f),y = rsin(h) with 27 > 6 > 0}
and establish the half-planes
My, = {(x,y,2) € R® |z = rcos(fy),y = rsin(fy) with r > 0}.

Proposition 26. Given an arbitrary point (rg,6p,0) € X with ro < a we have that

dx(ro,00,0) = (roe'2,0p,0). Similarly, if (rg,00,0) € X with ro > a then ¢y(rg,00,0) =
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(roe™'2,00,0), where the X -flight time (respectively, Y -flight time) to > 0 is given by

_ 1 4r3(51 —8r3) 4
t2—10g<24<—8+M+réM) , (4.7)

where

1/3
M = <rg(108 — 15372 4 2873) +3V3 $/r56(432 — 613772 + 340373 — 68075 + 487~g)> .

Proof. Consider the polar expressions (4.5) and (4.6) with

4172 + 4
m0:m0:4—m>

since the third coordinates of both are equal to zero for ¢ = 0. By a straightforward calculation
we have that the third coordinates of (4.5) and (4.6) have a strictly positive root for ¢t = ta,
given by (4.7). O

Proposition 27. Let Zy be given by (4.1) and 6y € [0,27) be fized. Then each half-plane Iy,
1s fulfilled with periodic orbits.

Proof. The proof is based on expressions (4.5) and (4.6). Consider 0 < ryp < a and py =
(20, Y0,0) = (rgcos(fy), rosin(y),0) € ¥ N1Ily,. In polar coordinates, pg = (r9,60,0). Using
Proposition 26 and (4.5) we derive that the X-trajectory through py returns to X N 1ly, at
p1 = (rpe2,6p,0), where to > 0 is given by (4.7). Using Proposition 26 and (4.6) we deduce that
the Y-trajectory through p; returns to X N1y, at p2 = ((roe'2)e™*2,6p,0) = pg. Therefore, each
half-plane Ilp, is fulfilled with periodic orbits. O

By Proposition 27 we assure that through each cycle C;,, where 79 € (0,+00) \ {a}, passes
an invariant topological torus T},. In fact, given py = (20, Yo, z0) = (rocos(fp), o sin(6p),0) €
Cy, N1lg,, by Proposition 27 we deduce that there is a periodic orbit passing through pg. When
6o varies on [0, 27| we get a branch of periodic orbits, that is, a topological torus, passing through

C,- See illustration in Figure 4.1.
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Figure 4.1: The half-planes are invariant and behave like a center for Zj.

Proposition 28. The central azis of each torus T, is given by the circle C, = {(z,y,0) €
Y| 2% + y? = a®} which also corresponds to the tangential singularities of X and Y. Moreover,

C, s fulfilled with equilibria.
Proof. Let p = (z,y,0) € 3. The first Lie derivative of X and Y with ¥ is given by

44 (22 +y>) (A7 = 12(2% + 9?))

N |

So, Xf(p) =Y f(p) =0 for p € C,, and C, correspond to the tangential singularities of X and

Xfp)=Yf(p)=

Y. Note that p € ¢t for 22 4 y? < a2, p € £~ for 22 +9? > a? and X\ C, is a crossing region
where passes the invariant tori so that each half-plane Ily, is fulfilled with periodic orbits, by
Proposition 27. In addition, since the tangential singularities of X and Y coincide we can define
the tangential sliding vector field given by Definition 1.4. Indeed, let us consider the vector
N = (z,y,0) which is normal to C, and is contained in tangent space of 3. So, the tangential

sliding vector field Z7 associated to Zg at p = (x,y,0) € C, is given by

7, . Y(p) N)X(p) —( : _
20 =0 N - -

('1"’ y70) + (_'Tv -Y, 0) 9

=
=
S~—
=
S~—
N |

that is, the tangential sliding vector field is null at every point of C,. Therefore, each py € C,
is a stationary point of Zj.

O
By the previous calculations we get the following result.

Proposition 29. Let Zy be given by (4.4). The half-planes 11y, are Zy-invariant, for all 6y €
[0, 27r).

Proof. By either (4.4) or (4.5) and (4.6), we observe that there is no variation of the angle 6.

Moreover, by Proposition 28 the tangential sliding vector field is null at every point of C,. [
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4.2 Properties of a rotational perturbation of %,

In this section, we exhibit some properties of a suitable perturbation of Zy given by

44172 —127%
X(r,0,2) = <r,o, + 772” ! ) if 2> 0,
ZMr,0,z) = ) A (4.8)
441712 12
Yr6.2) = (—roto), TS0 <o,

where
2n—1

9(0) =< [ Gn—0) (4.9)
=0

and p = 7/n with n a natural number.

In what follows, we will prove that this perturbation of the vector field Zy keeps exactly
27 invariant half-planes. It is worth to mention that the main property of (4.8) is that its
trajectories turn around the circle C, in such a way that its a-limit and w-limit are centers in

the invariant half-planes. This case is illustrated in Figure 4.2.

Figure 4.2: The perturbed system Z" and the invariant nested tori.

By a straightforward calculation ¢y« (t) has the expression

t

- e 17roe™t 5 _ ~
pyn(t) = (roe tﬂ/’go (1), = - Z +ree 3t 4 mo> , (4.10)
0

with 7o > 0, 6y € [0,2m), o € R and the expression of the solution g, (t) comes from the

integral of the function g.

Remark 13. Observe that the flight times of both, Y and Y, coincide since the last coordinate

of both is the same.

Proposition 30. Let Z" be given by (4.8) and pg = (r9,60,0) € X. Then the first return map
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associated with Z" is given by

pzn(po) = (10,1, (t2),0) (4.11)

where to is given by (4.7).

Proof. From (4.5) we get p1 = ¢x(t2) = (roe'?, 0o, 0). Using Remark 13 and (4.10) we conclude
that

@zn(po) = dyn(ta, p1) = (roe2e™", g, (t2),0) = (ro, v, (t2),0).

As an immediate consequence of Proposition 30 we obtain the next result.
Corollary 3. The topological tori that pass through each cycle Cy, are Z"-invariant.
The next result will be very useful in the sequel.

Proposition 31. The half-planes 1I; = {(r,0,2)|0 = iu} with i € {0,...,2n — 1} are Z"-

invariant.

Proof. Let i be fixed. If § = i, then it follows that the second coordinate of the vector field Y7 is
zero. It follows that the half-plane I1; is Y"-invariant. Besides, we can notice that all half-planes,
with a fixed angle, are X-invariant. In addition, the tangential singularities of Y and Y coincide.
So, C, is still the set of tangential singularities of Z” and we can define the tangential sliding
vector field given by Definition 1.4 associated to the PSVF Z". Let us consider again the vector
N = (acos(f), asin(f),0) which is normal to C, and is contained in tangent space of X. So, the

tangential sliding vector field ZnT associated to Z" at p = (acos(f), asin(f),0) € C, is given by

(Y"(p) - N) X(p) = (X(p) - N) Y"(p)
(Y(p) - N) = (X(p) - N)
<_ ag() sin(6) ag(0) cos(6) 0)
2a cos(6) — g(0) sin(0)’ 2a cos(f) — g(0) sin(6)” ")

Zy(p) =

Since the sine and cosine functions are not null simultaneously the equilibrium points of Z,%F are
the zeroes of the function g, that is, § = iu for i € {0,1,...,2n — 1}. Therefore, each half-plane

II; is Z"-invariant. ]

Observe that the Jacobian of the vector field Zg at (r,0) = (a,jp), for j € {0,1,...,2n—1}

has the expression

DZ; (a,jp) =

So, the eigenvalues associated to the equilibrium points of the tangential sliding vector field are
0 and ¢'(ju)/2. Therefore, each half-plane II;, for i € {0,...,2n — 1} behaves like a stable or

unstable center manifold depending on the sign of the derivative of the function g.
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Proposition 32. Let Z" given by (4.8) and i fixed, withi € {0,...,n—1}. Then each invariant
half-plane 11, is fulfilled with periodic orbits.

Proof. Tt is an immediate consequence of Corollary 3 and Propositions 27 and 31 since Z" and

Zq coincide at the invariant half-planes II;. ]

Lemma 9. Consider the function g given by (4.9). For e > 0 the function g has 2n roots in
[0, 27], these roots are @ = ip, with i € {0,...,2n— 1} and

. dg . . _ . . .
g (jp) = a*Z(JM) = ep® (=120 — (G + 1) for j € {0,1,...,2n — 1}.

It means that such derivative at ju is positive for j odd and negative for j even and j = 0.

Proof. By a straightforward calculation we get g(6) = 0 if, and only if, § = iu, with ¢ €
{0,...,2n — 1}. Moreover,

% 0)= 2 (n-0)10)).

where H(0) = g(0)/(jpu — ). So, we obtain

%(]ﬂ) = —H(jp)

= —e(=jw)(p—jp) (G = Dp—ip)((G+Dp—jp) .. (20— Dy — ju)
= P (G- G- G- D) (G =) (2n—=1) =)
= e N (=12 - (G +1))!
O
Proposition 33. The invariant half-planes 11; given in Proposition 32 behave like an unstable

(resp. stable) center manifold when i is odd (resp. even or zero), with i € {0,...,2n — 1}.

Proof. From Proposition 30 we can notice that the behavior of the return map associated with
Z" is determined by the function g, that is related to the function g whose derivative is given
by Lemma 9. Therefore, since the derivative of g is positive for i odd (respectively, negative for
i even or zero) each invariant half-plane II; behaves like an unstable (respectively, stable) center

manifold. O

4.3 Properties of a radial perturbation of %,

Let us consider the function h: (0,00) — R given by

h(r) = (4.12)



4.3 Properties of a radial perturbation of Z, 127
and define the functions F¥: (0,00) — R, with either p = f, p =i or p = m where
ElX(r) =ceh(r)((a+¢e) —r)((a+2¢) —7)...((a+ ke) —7), (4.13)
Fi(r) = e3h(r)sin(re?/(—a + 1)), (4.14)
and
F'(r)=ceh(r)(r—(a+e¢))™ (4.15)
with k,m € N.
Lemma 10. Consider the function Fgf(r) given by (4.13).
(i) If e <0 then F! does not have roots forr>a;
(i) If e > 0 then F! has ezactly k roots for v > a. These roots are {a+¢e,a+2¢,...,a+ke};

f

F. .
(iii) 8675 (a + je) = e¥h(a+ je)(=1)7 (k — )G — 1)\, for j € {1,2,...,k}. It means that such

partial derivative at a + je is positive for j even and negative for j odd.

Proof. By a straightforward calculation, if » > a we get 2l (r) = 0 if, and only if,

((a+e)—r)((a+2e)—7r)...((a+ ke) —r) =0.

Since (4.13) depends only on the variable r, the roots of it for r > a and € > 0 are given by

r=a+¢e,a+2¢,...,a+ ke. Moreover,

/
) = 2 (a2~ H())

where H(r) = Fgf(r)/(a + je —r). So, we obtain

(a+je) = —H (a+ je)

= —*h(a+je)(1—5) .. (G- =G +1)—4)...(k—j)

= —cFh(atje) (G- D G- G- ) (G D -d).

= " (a+je) (1) (k= j)I(j — 1)!

This proves items (ii) and (iii). Item (i) is immediate.

..(k—j))

O]

Lemma 11. Consider the function F! given by (4.14). For e > 0 and r > a the function F!

has infinitely many roots in (a, a+ 62] , these roots are given by {a +e2,a+¢€%/2,a+€2/3,... }
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and

aaFTg (a+52/9)_€77j h(a+€2/j)( 1+ forje{1,2,3,...}.

It means that such derivative at a + €2 /5 is positive for j odd and negative for j even.

Proof. If ¥ > a, by a straightforward calculation we get that Fi(r) = 0 if, and only if,
sin(me?/(—a + 1)) = 0. So, the roots of F! in (a,a+ €] are {a+¢e%,a+¢%/2,a+€%/3,... }.

Moreover,
OF! 38h ) ne? me® h(r) ne?
or (r) = 6r()sm(r—a>_(r—a)2 cos (r—a))’
Therefore,
%F: (a+e?/j) =enj*(=1)" h(a+e%/j) -

O

Lemma 12. Consider the function FI" given by (4.15). For e # 0 and r > a the unique zero

of the function FI" is r = a + €. Moreover, this zero has multiplicity m.

Proof. Suppose € # 0 and r > a. It is immediate that F"(r) = 0 if, and only if, r = a +¢. By

a straightforward calculation, we get that

J pm J j—k
Fre 2527’— a—l—&?mk(k)a h()m(m—l)...(m—(k—l)).

orJ Ori—k
=0
Therefore,
OF™ om— 1Fm m pm
F'(a+e) = aﬁ (at+e)=...= W(OH_E) 0 and 67""? (a4+¢) =ch(a+e)m! #0.
O
In this way, we can investigate some properties of a perturbation of Zj of the form
44172 - 120t OFf
X2(r,0,z2) = <r,0, + Clr ! +r 8: (r)) if 2>0,
ZP(r,0,z) = ) . (4.16)
44 17r —12
Y(r,0,z) = <—r,o, + L > it 2 <0,
r

or equivalently, in xyz-coordinates,
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(1% ) 4+ (22 +9°) (17T =12 (22 + y?))

N

+ G(z,y)) if >0,

Z£(1‘7y, Z) = (417)
4+ (22 +y?) (17— 12 (2* 4+ ¢?)) .
—x, —, if z <0,
4%+ y?
where G(z,y) comes from the expression of r dFY /Or.
Remark 14. [t is easy to see that ZE — Zy when & — 0, with p =i, f,m.
The trajectory ¢xr of X7 given in (4.16) is parameterized by
‘ et 17rget 3 3t
bxe(t) = { roe ,90,—T+T—T e+ F(t)+mo |, (4.18)
0

where F'(t) is obtained from the expression of F£(r) replacing r by rget.

Remark 15. By Equations (4.6) and (4.18) we obtain that there is no variation in the angle 6.
Therefore the half-planes 11, are Zf-invariant. Note that, in this case, the first Lie derivative
XPf of XF is the third component of X£. Since Xf is a small perturbation of X, and the
derivative of FY involves terms of the function h and its derivative, which are null at r = a, we
get that C, still corresponds to the tangential singularities of X£. So, the tangential singularities
of Xf and Y coincide, and proceeding in the same way as in Proposition 31 we obtain that the

tangential sliding vector field is null at every point of Cl,.

Proposition 34. Given an arbitrary point (ro,00,0) € X, with o < a, we have that

éxe(r0,00,0) = (roe’, 6o, 0)

where the XE-flight time t > 0 is given implicitly by

et 1Trget 4

—KJr 1 fT063t+F(f)* <+4T0) = 0. (4.19)

Proof. Observe that F(0) = 0 since h(r) = 0 for r < a. Let t > 0 be the first time such that

et 17rget 3 3t 1 17rg
- — Fit)—(——+———r3 ) =0.
o + 4 o€ + () < o + A 7"0)

Therefore, by Equation (4.18) we obtain ¢ x»(ro, 0,0) = (roet, 0y, 0). O

We are now able to ensure the existence of periodic orbits in the invariant half-planes IIy, of Z£.
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Proposition 35. Let 0y € [0,27) be fized, € > 0 and consider the PSVF Z£ given by (4.16).
Then

(i) In each invariant half-plane 11y, the PSVF ng has exactly k nested periodic orbits;
(i) In each invariant half-plane Wy, the PSVF Z has infinitely many nested periodic orbits;

(iii) In each invariant half-plane g, the PSVE Z* has a unique periodic orbit of multiplicity
m. Moreover, for all mg < m there exists PSVF exhibiting a periodic orbit of multiplicity

mg n a neighborhood of ZI".

Proof. Let py = (ro,6p,0) € X. In order to get a periodic orbit, it must happen
(bZé) <T07 007 0) = ¢Y o ¢Xf(7a07 907 0) = (Tf)ezeitza 607 0) = (T()a 007 0)7

and therefore it must satisfies roe? "> = ro where £, is given in (4.7). This means that periodic
orbits appear just when ¢ = t9. Substituting ¢ = t5 in (4.19) we conclude that the periodic
orbits appear just when F'(t2) = 0. By Lemmas 10 and 11 we have periodic orbits for r =
a+tea+2e,...,a+keif p=forforr=a+ec?a+¢e%/2,a+¢e%/3,... if p=i. This proves
items (i) and (ii). In the same way, if p = m, then a periodic orbit appears only for r = a + ¢
which is, by Lemma 12, a root of multiplicity m of the function F!" and, therefore, the periodic

orbit has multiplicity m. Moreover, consider the function

From(r) = eh(r) (r — (a+ )™ (r— (a+ %)) .. <r . (a+ m_;m» .

Repeating the same argument above we obtain a PSVF with one periodic orbit of multiplicity

mo and m — myg simple periodic orbits. This concludes the proof. O

Now, just varying the variable € in the interval [0, 27) the following result is immediate.

Proposition 36. Consider Zf given by (4.16), where p = f,i or m. Then Z™ has a unique
topological tori, ng has ezactly k nested topological tori and Z: has infinitely many topological

tort.

Remark 16. Since the tori of Proposition 36 are nested and isolated, We call the j*"-torus that
one containing (j — 1) tori in the interior of the region bounded by it. If we consider € > 0 and
the expressions for the derivative of the functions st and F! given by Lemmas 10 and 11 we
obtain that the j™-torus of Proposition 36 is an attractor for Zg if j is odd and it is a repeller
for z! if j is even. Similarly, the j"-torus of Proposition 36 is a repeller for Z! if j is odd and

it is an attractor for Z! if j is even.
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4.4 The main results

In this section, a new family of PSVF's is produced combining the two previous perturbations
given in the Sections 4.2 and 4.3 in order to destroy all tori described in Section 4.3, but at the
same time preserving some of the invariant half-planes. For this purpose, let us consider the
following PSVF

44 17r2 — 1274 OF? .
XP(r,0,z) = (T, 0, i +r (‘9: (T)) if 2 >0,

210 (1,0, 2) = (4.20)

€
44+ 17r2 — 1274
S O R L
T

where p =i or f and the function g is given by (4.9).
Remark 17. We can notice that Z2*, with p = i, f, converges to Zy when € tends to zero.

The flows of XZ(r,0,z) and Y"(r,0,z) are respectively given by (4.18) and (4.10).
Accordingly, the X£-flight time  is given implicitly by (4.19) and the Y"-flight time t5 is given
by (4.7). Therefore, the first return map associated with Z* in a point pg = (79, 0p,0) is given
by

@ zme (10,00,0) = @yno@xe (ro,00,0)
— oy (roef, 00,0) (4.21)

= (0", 0 (12),0))

We observe that the first coordinate of Equation (4.21) controls the occurrence of the limit
cycles (including its stability) and his second coordinate controls the way that a given trajectory
twist until converging to a limit cycle. Now, we use the previous results in order to prove the

main result of this work.

Theorem 12. Consider the piecewise smooth vector field Zy given by (4.1) and the half-planes
I0; = {(r,0,2)|0 = iu}. For each pair k,n there exists a one-parameter family of PSVFs ZE" =
Z. satisfying:

(a) Z: — Zy when € — 0;
(b) Z. can be chosen to have exactly 2n invariant half-planes 11;;

(¢) Z. can be chosen to have exactly k hyperbolic nested limit cycles in each invariant half-plane

II;. The same holds for k = oco. Moreover, the stability of these limit cycles are determined;

(d) Z. can be chosen to have exactly 2kn hyperbolic limit cycles.
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Proof. Firstly, we notice that the perturbations considered are uncoupled. Item (a) follows from
Remark 17. Item (b) follows from Proposition 31. Since the perturbations are uncoupled, by
Propositions 31 and 35 we can generate k limit cycles in each invariant half-plane II;, where
i =0,...,2n — 1. The same argument is valid for £ = oo and the stability is given by the
expressions for the derivative of the functions Faf and F! given by Lemmas 10 and 11 as in

Remark 16 and Lemma 9. Item (d) is immediate from (b) and (c). O

The purpose now is to create a PSVF with invariant half-planes containing a multiple limit

cycle. In this way, we consider

A+ 1702 — 120 OF™ ,
X(r,0,z) = <r, 0, e +r ai (r)) if z >0,

ZP™(r, 0, z) = (4.22)

441702 —127%
Y6.5) = (=r. o), ST ) ir= <o,
T

where F" is given by (4.15) and the function g given by (4.9).
Remark 18. We can notice that ZI™ converges to Zy when € tends to zero.

Theorem 13. Consider the piecewise smooth vector field Zy given by (4.1). For each n there

exists a one-parameter family of PSVFs ZI™ satisfying:
(a) ZI™ — Zy when e — 0;
(b) ZI™ can be chosen to have exactly 2n invariant half-planes I1;;
(c) ZI™ has one multiple limit cycle of multiplicity m in each invariant half-plane 11;;
(d) ZP™ can be chosen to have exactly 2n multiple limit cycles.

Proof. Indeed, consider the PSVF Z2"™ given by (4.22). Item (a) follows from Remark 18. Item
(b) follows from Proposition 31. Since the perturbations are uncoupled, by Proposition 35 we
can generate one multiple limit cycle of multiplicity m in each invariant half-plane II;, where II;

are given by item (b). Item (d) follows from (b) and (c). O

Instead of consider the function g given by (4.9) we can consider a function where it is possible
to create a infinite number of invariant half-planes whose respective angles form a convergent

sequence. For this purpose, we consider the continuously differentiable function

1
£16) = 6 cos <9> ’ (4.23)
f(0)=o0.
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Lemma 13. Consider the function f given by (4.23). The function f has infinitely many roots
in [0,27), these roots are @ =0 or = 2/7(2n + 1), where n =0,1,2,... and

af 2 (=1
90 <7T(2’I’L—|— 1)> m(2n+1)

It means that such derivative at 2/m(2n + 1) is positive for n even and it is negative for n odd.

Proof. By definition we have that f(0) = 0. For 6 # 0, f(0) = 0 if, and only if, cos(1/0) = 0
and, therefore, 8 = 2/mw(2n + 1), where n =0, 1,2,.... Moreover,

% <7r(2n2—|— 1)) - 7T(2n2+ S (Qn; DW) - w?;; 1+)n1)

O
In this way, we can consider the PSVF Zf given by
441702 — 1274
X(r,e,z)_<r,o, + 72 T) if 2 >0,
r
Z1(r,0,2) = ot 17— 12pd (4.24)
YH(r,0,2) = <—r, o), 2* 2 e ) if 2 < 0.
T

Proposition 37. Let Z/ given by (4.24). The half-planes Ty, with § = 0 or § = 2/7(2n + 1),

where n =0,1,2, ..., are Zf -invariant.
Proof. 1t is analogous to Proposition 31. 0

Proposition 38. Let Z! given by (4.24) and 0 fized, with § = 0 or = 2/7(2n + 1), where
n=0,1,2,.... Then each half-plane Iy is fulfilled with periodic orbits. Moreover, the half-planes

Iy with 0 = 2/7(2n + 1) behaves like a center manifold whose stability is determined.

Proof. The first statement is an immediate consequence of Proposition 37. Furthermore, the
behavior of the first return map associated with Z/ is determined by the second coordinate of
Y7 in a way that the stability of these invariant half-planes are determined by the sign of the

derivative of the function f given by Lemma 13. O

Remark 19. We can notice that the root 8 = 0 of the function f is not isolated. Therefore, it

18 not possible to determine the stability of the center manifold generated by it. See figure 4.3.

Joining the perturbation described above with the perturbation described in Section 4.3 we
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Figure 4.3: Behavior of the vector field Z7.

have the following PSVF

44 17r2 — 1274 F?
Xéj(r,e,z) = (r, 0, + 77217’ " + ’r‘aa: (r)) if >0,
ZIP(r,0,2) = (4.25)

€
44172 —12r4
Yf(r,G,z):(—r, cf(6), 7’; ’”) if 2 <0,
T

where p = f or ¢ and the function f given by (4.23).
Remark 20. We can notice that ZJ”’ converges to Zy when ¢ tends to zero.

Theorem 14. Let Zy be given by (4.1). For each positive integer k there exists a one-parameter

family of PSVFs Zg’p = 72 satisfying:
(a) Z? — Zy when & — 0;
(b) Z2 has infinitely many invariant half-planes Tly;

(c) Z2 can be chosen to have exactly k nested limit cycles in each invariant half-plane Tlp
of item (b). The same holds for k = co. Moreover, the stability of the limit cycles are
determined for those contained in an invariant half-plane whose respective angle is an

isolated root of f.

Proof. In fact, consider the PSVF z{r given by (4.25). Item (a) follows from Remark 20. Item
(b) is proved by Proposition 37. Since the perturbations are uncoupled, by Proposition 35 we
can generate k limit cycles in each invariant half-plane ITy, where Il are given by item (b). The
same argument is valid for £ = co. The last statement of the Theorem follows from Lemma 13
and Remark 19 since the behavior of the first return map associated with Zsf *is determined by

the sign of the derivative of the function f. O

A consequence of Theorem 12 is the following result.
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Corollary 4. The piecewise smooth vector field Zy given by Equation (4.1) has infinite

codimension in the set Q" of all PSVFs with two zones in R3.
In order to prove Corollary 4, let us define the classical notion of codimension of vector fields.

Definition 18. Consider ©(W) the set of all small unfoldings of a vector field W. We say that
W has codimension k if it appears exactly k distinct topological types of vector fields in @(W).

Proof of Corollary 4: Suppose that the codimension of the PSVF given by (4.1) is m < oo.
Therefore, in its neighborhood there exist PSVFs of, at most, m distinct topological types. This

is a contradiction due to the Theorem 12. O



CHAPTER

Limit cycles and Lyapunov coefficients in
planar piecewise Hamiltonian vector fields

with an invisible fold-fold singularity

In this chapter, we study Lyapunov coefficients and limit cycles for planar piecewise
Hamiltonian vector fields presenting an invisible fold-fold singularity. In the first part of this
work, we obtain the general expressions for the first five Lyapunov coefficients to general
piecewise Hamiltonian vector fields presenting a crossing invisible fold-fold singularity. As
a consequence, the bifurcation diagrams, illustrating the number, types and positions of the
bifurcating small amplitude crossing limit cycles for these vector fields, are determined. Next,
we study the existence of limit cycles in an unfolding of a family of piecewise smooth vector
fields with an invisible fold—fold. More precisely, given a positive integer k, we prove that
this family has exactly k& hyperbolic crossing limit cycles in a suitable neighborhood of this
singularity. Moreover, we provide a complete study relating the existence and stability of these
crossing limit cycles with the limit cycles of the family of smooth vector fields obtained by the
regularization method. This relationship is obtained by studying the equivalence between the
signs of the Lyapunov coefficients of the family of piecewise smooth vector fields and the ones

of its regularization. The content of this chapter can be found in [50, 51].
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5.1 Lyapunov coeflicients for piecewise Hamiltonian
systems presenting a crossing invisible fold-fold

singularity
The appearance of limit cycles in a family of smooth vector fields containing a focus type
equilibrium can be associated with a Hopf bifurcation. A Hopf bifurcation occurs where a
periodic orbit is created as the stability of the equilibrium point changes. So, in the smooth case,
the stability of an equilibrium point with complex eigenvalues is reduced to the computation of
the so-called Lyapunov coefficients. Remark that the Lyapunov coefficients for smooth systems
are given by the coefficients of the series expansion of the displacement function (Theorem 5).

In the same way, we can obtain some kind of Lyapunov coefficients for piecewise smooth
vector fields by the analysis of the displacement function associated with the first return map,
when it is well defined, in the neighborhood of points that play the role of monodromic singular
points for smooth systems, that is, points where there exists a neighborhood such that the
solutions of the associated vector field turn around it either in forward or in backward time. In
[29] the authors study the stability of some special points of planar discontinuous differential
equations with a line of discontinuities by computing the first three Lyapunov coefficients.
Inspired by the results of [29], we provide expressions for the first five Lyapunov coefficients
as well as a complete study of the birth of crossing periodic orbits generated by the unfolding
of the crossing invisible fold-fold singularity in a planar piecewise Hamiltonian vector field.

In this section all the functions and maps are assumed to be analytic. Consider the
displacement function A(a) = IIz(a) — a associated with the first return map IIz of a PSVF
Z in a neighborhood of a crossing invisible fold-fold singularity. In this way, it turns out that
either A(a) = 0 or there exists k € N such that A(a) = Lja® + O (a**1). In the first case,
the invisible fold-singularity behaves like a center and, in the second one, the invisible fold-fold
singularity behaves like a focus. In this case, we say that Lj is the k-th Lyapunov coefficient.
An expression for L} only makes sense when L} = L = --- = L;_, = 0. By convention, nonzero
multiplicative factors can be omitted from the expressions given for the Lyapunov coefficients.

Consider a family of Hamiltonian PSVF's

X(x,y, p,v) = (—H (z,y, p,v), Hf (x,y,1,v)) . y >0,
Z(z,y,p,v) = (5.1)
V(@,y,pv) = (—Hy (z,y,p,v), Hy (z,y,p,v)), y <0,

where HF and H;E denote partial derivatives of H*: R? — R with respect to the state variables
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x and y, respectively, (u,v) € I, x I,, are real parameters, being both I, and I,, open intervals
containing zero. The switching manifold is given by ¥ = f~1(0) where f(x,y) = v.
Suppose that there exists an invisible fold singularity (z{ (1),0) € £ of X, for all v € I,,. By

a translation we can suppose that this invisible fold singularity is at origin for p = ug = 0, that

is, g (0) = 0. In a similar way, let us suppose that there exists an invisible fold-fold singularity

(aja (u),O) C ¥ of Y such that z;(0) = 0. Accordingly, we need study the quadratic contact
between X', ) and the switching manifold X. The derivative of f in the direction of the vector

field X is given by
X o nv) = (= B Gogn ) o) )+ (0.1) = 2 o o).
Therefore, for the purpose of obtaining a tangential singularity of X we must assume that
H (af (1), 0,1,) = 0. (5.2)
Similarly, the tangential singularities of the vector field ) are given by
Vi, y,pv) = < —H, (2,9, 1, v), Hy (z,y, 1, V)) (0,1) = H, (2, y, p, v)

and we assume that

Hy (g (1), 0, p,v) = 0. (5.3)

Moreover,

X2f(x,y,,u,1/) = X(fE,y7M,V)'VXf(JT,y,M,V)

= —H) (z,y,p,v)H (x,y, 1, v) + H (2,y, p, v) Hfy (2,9, p, v).
Therefore, an invisible fold point of X must satisfies
X2f (ad (1), 0, v) = —H (g (1), 0, v) HY, (g (1), 0, pu,v) < 0.
Analogously,
V2 (g (1), 0, p,v) = —H, (5 (1), 0, p,v) Hyy (5 (1), 0, 1, v) > 0.

In addition, with the purpose of getting a crossing region in a neighborhood of the invisible

fold-fold point at the origin we assume —H;(0,0,0,V) > 0 and —H, (0,0,0,r) < 0. The
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previous calculations prove the next result.

Proposition 39. Consider the family of PSVFs Z given in (5.1). If the following assumptions

are satisfied
Hmi(0,0,0, v)=0, H;(0,0,0,y) <0, H,(0,0,0,v) >0, HZ(0,0,0,v) < 0, (5.4)

then Z possesses a crossing invisible fold-fold singularity at the origin.

Consider the switching manifold ¥ with the order inherited from the abscissa axis. In order
to have a kind of “transversality”, we will consider that the collision between the fold points
occurs as follows: the abscissa 2§ (1) of the fold point of X is smaller (greater) than the abscissa
z, (1) of the fold point of Y for negative values of . For p = 0 the tangential singularities
coincide and for > 0 the abscissa xd (1) of the fold point of X is greater (smaller) than the

abscissa x (1) of the fold point of }. In this way, we can define the function

Y(p) = x5 (1) = x5 (1), p € L. (5.5)

Note that v(0) = 0. To satisfy the above description we consider +'(0) # 0, that is, the graph of
v cross transversally the p-axis and changes its sign in a neighborhood of the origin. Observe

that

Y (1) = () (1) = (z5)" (W)

From the derivative of Equations (5.2) and (5.3) with respect to u we get

Therefore, to get v/(0) # 0 we need to assume

H, 0707071/ H+ 0,0,0,I/
T = T( )#0. (5.6)
Hﬂm (0,0,0,I/) Hzx (0,0,0, l/)

For positive values of 7/(0) = T we have that the function ~ is increasing. So, we obtain the
sliding set {(x,y) € R? : 2 (1) < < 25 (u), y = 0} C X, for p < 0, while we get the escaping
set {(z,y) € R? : 25 (p) < = < 2§ (n), y = 0} C %, for u > 0. The reverse order holds for
negative values of 4/(0). In these sets, the sliding vector field Z¢ given by equation (1.2) has

pseudo equilibria. In fact, the sliding vector field Z® has the expression

Hf (x,y, p,v)Hy (2,y, p,v) — Hy (2,y, o, v) H (2,9, 1, v)

z® ,Y, V)=
( hH ) H;(x,y,u,u)—H;r(x,y,u,u)



5.1 Lyapunov coefficients for Hamiltonian PSVFs with a crossing invisible fold-fold 140

Note that the zeros of Z° correspond to points where X and Y are linearly dependent, that is,
when it holds

E(x,y, pyv) = H (x,y, p,v)Hy (x,y, p,v) — Hy (x,y, p,v)Hyf (2, y, p,v) = 0.

By the hypothesis of Proposition 39 we have that £(p,) = 0 and &,(p,) = H;@C(py)Hy_ (py) —
H,.(p,)H, (p,) < 0. By the Implicit Function Theorem there exist an open interval I containing
zero and a function z: I — R such that z(0) = 0 and &(z(u),0,u,v) = 0 for all p € I.
Therefore, for each p # 0 sufficiently small there exists x(u) such that the point (xz(u),0) € X is
a equilibrium of Z* which behaves like an attractor on ¥ since the derivative of £ with respect
to z at (z(p),0, p, v) is negative for p sufficiently small.

In order to analyze if two points (a,0) and (b, 0) of the switching manifold ¥ are on the same
level sets of the Hamiltonian functions H* associated with the vector fields X and )) we may
define

FE(a,b,p,v) = HE(b,0, u,v) — H(a,0, 1, v) (5.7)

Since F*(a,a, u,v) = 0 we can write
F*(a,b, p,v) = (b— a)G*(a, b, p, v). (5.8)

In fact, it is enough to consider b = ag 4+ a and take the Taylor series of F* next to ag = 0.

Observe that

OF*
Fbi(aabnu’ay) = W(aubnu?V)
= G*(a,b,pu,v) + (b—a)Gi(a,b, p,v)

= HX(b,0,p,v).
Thus, F;5(0,0,0,v) = HF(0,0,0,v) = G*(0,0,0,v) = 0. Additionally,

Fi(abur) = 26Gf(ab,uv)+(b—a)Gilab,u.v)

= Hl:!;(b, 0, u, V)'

Therefore, we have that Fbib(0,0,0,V) = HZL(0,0,0,v) = 2G§E(O,O,O,V) # 0. Since
G*(0,0,0,v) = 0 and G?f(0,0,0, v) # 0, by Implicit Function Theorem there exist open sets
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A* C R3, B* C R and ¢*: A* — R such that ¢*(0,0,v) = 0 and
G*(a, ¢ (a, p,v), p,v) =0 (5.9)

for all (a, u,v) € AT,

In short, given (a,0) € X we can define the half return map associated with the vector
field X by ¢t (a,u,v) = ¢x(t+(a,0,u,v),a,0,u,v), where ¢*(0,0,) = 0, and the half return
map associated with the vector field Y by ¢~ (a,u,v) = ¢y(t—(a,0,u,v),a,0,u,v), where
¢ (0,0,v) = 0. Thus, the first return map associated with the vector field Z is given by

(see Figure 5.1)

o~ (a, p,v), 1y v). (5.10)

ot (¢ (a,pv),mv)

Figure 5.1: First return map associated with Z.

Lemma 14. Consider the functions G* given in (5.8). It holds that
G£(0,0,0,v) = GF(0,0,0,v).
Proof. Indeed, let us define
I(a,b, p,v) = HE(b,0, u,v) — H (a,0, p,v) — (b — a)GF(a, b, p, v).

Taking the Taylor series of ¥ about (a,b,u) = (0,0,0) we get that the coefficient of the term
a'blpt is GF(0,0,0,v) — GF(0,0,0,v). Since 9(0,0,0,v) = 0 it follows that G£(0,0,0,v) =
G£(0,0,0,v). O

Consider the first return map II given by (5.10). The Taylor series of IT in a neighborhood
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of (a,p) = (0,0) can be write as
(a, i, v) = cor (V) + cro(v)a + cao(v)a® + c11(v)ap + coa(V)p® + -+ . (5.11)

Proposition 40. Consider the first return map II given by (5.11). Then c1o(v) = 1.

Proof. Firstly, observe that cio(v) = ¢, (0,0,v)p(0,0,v). Considering the Taylor series of
G*(a, T (a,p,v), u,v) in a neighborhood of (a, ) = (0,0) we have that the coefficient of the
term a'p0 is given by

¢£(0,0,v)G5(0,0,0,v) + GZ(0,0,0,v).
Therefore, by (5.9) and Lemma 14 we obtain that

a Y Y Y
("2 O, O, =————>-"=-1
(l( V) ij:(O’O’O’V)

and consequently ¢19(v) = 1. O

By Proposition 40 and Equation (5.11) we have that the displacement function A associated

with Z has the expression
Ala, p,v) = (a, p, v) — a = cor (V) + cao(v)a® + c11(v)ap + cop(V)p® + - - (5.12)

Proposition 41. Consider the displacement function A given by (5.12). There exist open sets
UCR?, VCR and a function a: U — V such that a(0,v) = 0 and A(a,a(a,v),v)) =0 for
all (a,v) € U.

Proof. Observe that A(0,0,v) = 0. Moreover, the derivative of A with respect to p is given by

A,(0,0,v) = co1(v) = ¢ (0,0,v) + ¢, (0,0,v)¢7 (0,0,v).

Considering the Taylor series of G*(a, ™ (a, u,v), u,v) given by (5.9) in a neighborhood of

(a, ) = (0,0) and equaling their coefficients to zero we can obtain expressions for the derivatives

of T in terms of G* and consequently in terms of H*. In this way, we obtain

AL(0.0.0) 2H,,(0,0,0,v) 2H,} (0,0,0,v)
V)= — .
A H;»(0,0,0,v)  H;(0,0,0,v)

By the transversality hypothesis given in (5.6), it follows that A,(0,0,v) # 0. Since A(0,0,v) =
0 and A,(0,0,v) # 0 by Implicit Function Theorem there exists open sets U C R?, V C R and
a function a: U — V such that «(0,v) = 0 and A(a, a(a,v),v) =0, for all (a,v) € U. O
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By Proposition 41, we obtain the function yu = a(a, ) giving the zeroes of the displacement
function A, that is, by the fixed points of the Poincaré map II. Expanding A(a, a(a,v),v) in

Taylor series around a = 0 and equaling their coefficients to zero we can conclude that

ala,v) = _szgg a’® + 011(V)C20(21ZV§21(V)030(7/) a® + Ry(v)a* + O (a5) , (5.13)
where
Ra(v) = eao(v)eo1(v)? = ean(v)ear () cor (v) — 11 (v)eso(¥)cor (v) + coz(v)eao(v)® + cll(y)zczo(y).

(301(V)3

It follows that the derivative of the Poincaré map II with respect to the variable a and evaluated

on i = «(a,v) has the expression

I, (a,a(a,v),v) =14 2co0(v)a + (3030(V) — CH(WW) a?® + C3(v)a® + Cy(v)a* + O(a®),

o) (5.14)
where
. Cll(V)QCQO(V) B 2620(V)021(I/) + Cll(V)Cgo(l/) cx(y
Cg(l/) = 601(V)2 Cgl(u) + 4 40( ) (5.15)
and
O (l/) _Cgo(ll)cll(v)g Cgo(l/)Cll(V>2 _ COQ(V)CQO(Z/)2611(V) 3020(V)621(1/)611(1/)
4 001(11)3 Co1 (V)2 001(1/)3 601(1/)2
_eo@en®) | ce@exn®)? _ 2Zenenlv) _Senen) oo
co1(v) co1(v)?2 co1(v) co1 () O

(5.16)
Equivalently, we have

Ag(a,ala,v),v) = 2¢co(v)a+ (3030(V) — W) a? +C3(v)ad +Cy(v)a* + O(a®). (5.17)

In this way, we can identify the kth Lyapunov coefficient for the PSVF Z as the kth
obstruction on the fixed point of the first return map to have derivative distinct to one, that is,
the kth obstruction on the zero of the displacement function to be simple.

In agreement with these definition we have the following result.

Theorem 15. Consider the family of PSVFs Z given in (5.1) satisfying the assumptions (5.4),
that is, there exists an invisible fold-fold singularity at the origin with a crossing region on its

neighborhood. Suppose also that it satisfies the transversality hypothesis T # 0 given in (5.6).
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Then, the first Lyapunov coefficients of Z at p, = (0,0,0,v), v € I, are given by

Li=0 L;:1<Hm(p”) By (s >> L =0. (5.18)
’ 3\ Hox(py)  Hia(py) )

Proof. By equation (5.17), we obtain that the displacement function A does not have the linear
term and consequently L] = 0. The next obstruction to the function A be zero is the coefficient
ca0(v). Considering the Taylor series of G*(a, o™ (a,u,v), u,v) given by (5.9) around (a, ) =
(0,0) and equaling their coefficients to zero we can obtain expressions for the derivatives of o*

in terms of G* and consequently in terms of H*. So, we get

Lz =cnl) =3 < Hzz(py) Hg?}(py) ) '

Similarly, we get that the coefficient cso(v) is given by

cso(v) = “L<fﬂfm(pu)2 2H— (p)Hi (p))  Hr.(p, )2)

9\ Hiz(p,)? Hyo(py) Hit (Do) Hi(py)?

- [ - )]

(5.19)
= (c20(v))”.

So, if c99(r) = 0 then c3p(r) = 0 and the coefficient of the quadratic term of II, vanishes.

Therefore, L3 = 0 and the proof of Theorem 15 is complete.

Remark 21. Equivalently, the second Lyapunov coefficient can be written as

L; — 1 (H;?r(pV)Hx_xz(pV) — Hx_m(pl/)H;:vm( > )
3 Hx_x(pl/)Ha—;ﬁ(pu)
By hypotheses (5.4) the above denominator is positive and therefore the sign of L3 is given by

its numerator.

The following two theorems summarize the local bifurcations that occur in a neighborhood of

an invisible fold-fold singularity when the second Lyapunov coefficient is nonzero.

Theorem 16. Consider the family of PSVFEFs Z given in (5.1) satisfying the assumptions (5.4)
and T > 0. The following statements hold:

1. Type I: if L5 > 0 then there exists a repelling hyperbolic crossing limit cycle for 1 < 0 and
none for u > 0. Moreover, the invisible fold-fold singularity is a repellor when p = 0. See
Figure 5.2.
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2. Type I1: if L5 < O then there exists an attracting hyperbolic crossing limit cycle for pn > 0
and none for p < 0. Moreover, the invisible fold-fold singularity is an attractor when
uw=0.

Proof. Note that, for u = 0, the displacement function is given by A(a,0,v) = cao(v)a®+O (a3).
Therefore, the invisible fold-fold singularity is a repellor if L3 = co0(r) > 0 and it is an attractor
if Li = coo(v) < 0. If Ly = coo(v) > 0 and T = +/(0) = co1(v)/2 > 0, then, by equation
(5.13), it follows that u = «a(a,v) < 0, for small a. Also, from equation (5.14), we obtain
II,(a,a(a,v),v) > 1 and therefore the crossing limit cycle is a repellor. This proves item 1 of
Theorem 16. On the other hand, if L3 = cp0(v) < 0, then p = a(a,v) > 0, for small a, and
II,(a,a(a,v),v) < 1. Therefore, there exists an attracting crossing limit cycle for x4 > 0 and

none for p < 0 proving item 2 of Theorem 16.

n<0 pn=0 n>0
T

I
2N

+

To

<
P
:

Figure 5.2: Bifurcation diagrams of an invisible fold-fold singularity for L3 # 0 and 7 > 0.

An analogous of Theorem 16 can be obtained when 7 = +/(0) < 0.

Theorem 17. Consider the family of PSVEs Z given in (5.1) satisfying the assumptions (5.4)
and T < 0. The following statements hold:

1. Type I11: if L5 > 0 then there exists a repelling hyperbolic crossing limit cycle for > 0
and none for u < 0. Moreover, the invisible fold-fold singularity is a repellor when p = 0.

See Figure 5.3.

2. Type IV : if L5 < 0 then there exists an attracting hyperbolic crossing limit cycle for p < 0
and none for > 0. Moreover, the invisible fold-fold singularity is an attractor when

w=0. See Figure 5.3.
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Proof. If ;1 = 0, then the displacement function is given by A(a,0,v) = co(v)a? + O (ag).
Therefore, the invisible fold-fold singularity is a repellor if L3 = ca0(r) > 0 and it is an attractor
if L5 = coo(v) < 0. If L = cop(v) > 0 and T = +/(0) = ¢p1(v)/2 < 0, then, by equation (5.13),
it follows that u = a(a,v) > 0, for small a. From equation (5.14) we obtain I, (a, a(a,v),v) > 1
and therefore the crossing limit cycle is a repellor. So, item 1 of Theorem 17 is proved. On the
other hand, if L} = cgo(v) < 0, then p = a(a,v) < 0, for small a, and II,(a, a(a,v),v) < 1.
Therefore, there exists an attracting crossing limit cycle for p < 0 and none for g > 0 which

proves item 2 of Theorem 17.

N
\\4/

II1 e /N

&

Figure 5.3: Bifurcation diagram of an invisible fold-fold singularity for L3 # 0 and 7 < 0.

(

Next result gives a formula for the fourth Lyapunov coefficient associated with the vector

field Z.

Theorem 18. Consider the family of PSVFEs Z given in (5.1) satisfying the assumptions (5.4)
and (5.6). Then, the fourth and fifth Lyapunov coefficients of Z at p, = (0,0,0,v) are given by

L4 — 7H;_$J?(pV)HZ_xCC$(pV) H;J:J:(pl/)Ha—ctcmx(pV) Hm_az:cxx(pl’) H:x:carar(plf)

18H;x(pl,)H£(p,,) 18H;rx(pu)2 60H:;w(pu) GOH;};(p,,) 7

(5.20)
Ly = 0.

Proof. Recall that L} must be computed just when L] = L3 = 0, since this implies that L3 = 0.
By equation (5.19), if L5 = c20(v) = 0 then the coefficient of the quadratic term of equation

(5.14) also vanishes and thus we have

L, (a, ofa,v),v) = desg(v)a® + O(at).
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Therefore, L} = c40(v). Similarly to the approach used in the proof of Theorem 15, we obtain

* QH;mx(pV)?) _ H;xw(pV) H;?rw( ) H:r_:m:(pl/)H;;:x(pl/)2 QH;ZBx( )3
2THew(py)?  9Haa(py)*Hoz(py) QHII(pV)H;}c(pV)Q 27H;1‘( v)?

18 Hyz (py)? 18H:mc(pu) GOH:m:(pu) GOHQ( )

Adding the hypothesis Lj = 0, we obtain that L} can be written as in (5.20). When L5 = L} = 0,
the coefficient Cy given by equation (5.16), that will determine the fifth Lyapunov coefficient,
can be written as Cy = 5¢50(v). By definition we get that the fifth Lyapunov coefficient is given
by
Ly = cx0(v)

AH e (pr)'  2Ho0w(Py)* Hifvo(Dv) | 2Hgae(P0)* Hiya(pv)?
81Hz(p)*  2THaw(py) Hilz(py) — 27Hiw(py)*Hifz(py)?

C8H (P Hiyw(p0)? | AHL () Hiro(00)* Hynew (00)

rxrxr Txrxr TxrxT TXTT

81Hm(p,,)H;}3(pl,) 81H;m(py) 18H9:r(pu)
27H 3 (py)? Hg}Z(pu) 27Hm(py)H;§(py)
18Hx+x(pu) 60H 2 (py)? 90Ha:m(pu)H:;rw(pu)
_H;xx(pV>H;rxxzx(pV> H;‘ECCE( )H;rm:t:rx(pV)
45H 7 (py ) Hiz (po) 60Hi (py)?
By a straightforward calculation we conclude that L7 vanishes when L; = L} = 0. O

Based on Theorems 15 and 18 and taking into account the smooth case (see [4, 27]) we state

the following conjecture.

Conjecture 1. Consider the family of PSVFs Z given in (5.1) satisfying the assumptions (5.4)
and (5.6). Let

o0
= Z L’,;ak
k=1

be the displacement function associated with Z in a neighborhood of the crossing invisible fold-fold
singularity. If there exists k € N such that LT = ... = L;_; = 0 and L} # 0 then k is an even

number.

By Proposition 41, we get the function a(a, v) such that A(a, a(a,v),v) =0 for all (a,v) € U

where

c20(V) 2 cu@env) = cor(V)eso(v) s

=— a at) .
ala,v) = o) o) + O (a*)
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By equation (5.14), we write

Ayla,ala,v),v) = 2ec90(v)a+ (3030(1/) — W) a’+ (5.21)
cu(v)?en(v)  2eW)env) +en@eso®) |, 1\ 3L ol
+ ( ()2 — + 4eao( )) + O(a")
= ay(a,v)

where ¢(a,v) = fi(v) + fa(v)a+ f3(v)a? + O(a®) with fi(v) = 2cg0,

Fav) = 3ezo(w) — L0
co1(v)
ci11(v)?cao(v)  2c20(v)ca1(v) + c11(v)ezo(v)
cor(v)? co1(v)

f3(v) =

+ 4dcqo(v)

and so forth.

As already mentioned before, the periodic orbits of Z are given by the fixed points of the
first return map II that correspond to the zeros of the displacement function A. Thus, the
bifurcation that leads to the disappearance of these periodic orbits corresponds to the existence
of a double zero of A.

Let us suppose that f1(0) = 0 and f{(0) # 0, that is, the second Lyapunov coefficient L} is
null and L3 is regular for v = 0. The last assumption, when written in terms of the Hamiltonian

functions, has the expression

L;/(O) _ CIQ()(O) _ _H;xu(pO)H:;xx(pO) + H:jacu(pO)H:jxx(pO) + H:(jxxl/(po) H;Et:cl/(po)’
3Ha(po)? 3H.2(po)” 3Hzz(po)  3Hiz(po)

where pg = (0,0,0,0), and can be seen as a second transversality condition. Therefore, since
1(0,0) = 0 and 9,(0,0) = f{(0) # 0, by Implicit Function Theorem there exists a function
v = n(a) such that n(0) = 0 and ¢ (a,n(a)) = 0 in a neighborhood of a = 0. So, by Equation
(5.21), we obtain

Aa(a7a(a>n(a))an(a)) =0. (522)
Moreover, by equation 5.19 we have seen that if f1(0) = 0 then f2(0) = 0. So, from the
derivatives of ¥ (a,n(a)) = 0 with respect to the variable a, we can obtain

f300) 5 f4(0)f1(0) — f3(0)f5(0) 5

_ B0 5 a
@) = = p) £1(0)? *

2£1(0) () £50) = 2f5(0)14(0)° + 25O F{OF40) = F5OPHO) 4 L o5,
THOE |

_l’_
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In other words,

o — [ c20(0) (e11(0)* = 201(0)e21(0) — con (0)ens (0)ez0(0)  4ean(0) 5\ 3
o= ( 2e01(0)7ho 0) o)) o) 623

When ¢90(0) = ¢30(0) = 0, equation (5.23) can be written as

_ 2c40(0)
a) = ch(0)

a® + O(a®). (5.24)

Furthermore, the Taylor series of a (see (5.13)) about (a,v) = (0,0), and considering equation

(5.23), has the expression

c20(0) » n c11(0)c20(0) — c01(0)es0(0)

3 4 5
2or(0) cor(0)2 a® 4+ Bya™ 4+ O(a’).

where

——020(0)011(0)2(020(0)661(0)4—001(0)050(0))—F001(0)030(0)011(0)(620(0)061(0)4—001(O)CQO(O))
2001(0)4650(0)

By =

n 2¢01(0)(ca0(0)co1(0)2chy(0)—2c20(0)ea0(0)co1 (0)chy (0)+c20(0) (c21(0)ch; (0)—co2(0)chy(0)))
2001(0)4Cé0(0) '

Taking into account that ca0(0) = c30(0) = 0, the above expression can be written as

640(0)

4 5
001(0)a + O(a”). (5.25)

a(a,n(a)) =

The earlier calculations will be useful in the following result.

Proposition 42. If co0(0) = 0, cb(0) # 0 and c40(0) # 0 the curve of non-hyperbolic periodic

orbits associated with the PSVF Z has the following representation

ca0(0) 4 5 _2040(0)02 o3
’—><001(0)a O, Ch(0) Ol )>

as a curve parameterized by a or locally as a graphic of a function

= w0, +0 (V%) (5.26)
4001(0)040(0) ' '

Moreover, saddle-node bifurcations of periodic orbits take place on this curve.

Proof. Suppose ¢20(0) = 0, chy(0) # 0 and c49(0) # 0. We are seeking for a double zero of the
displacement function A. By Proposition 41, there exists a(a,v) such that A(a, a(a,v),v) =0,

for all (a,v) € U. By Implicit Function Theorem there exists a function v = n(a) such that
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n(0) = 0 and ¢ (a,n(a)) = 0, where v is given by Equation (5.21). So, by Equation (5.21) we
get Ay(a,a(a,n(a)),n(a)) = 0. Therefore, a — (a(a,n(a)),n(a)) corresponds to the curve of
non-hyperbolic periodic orbits of Z. If

(A1) A(a, a(a,n(a)),n(a)) = 0;

(A2) Aq(a, a(a,n(a)),n(a)) = 0;
(43) Aaala, a(a,n(a)),n(a)) # 0;
(A4) Au(a, a(a,n(a)),n(a)) # 0.

then a saddle-node bifurcation of periodic orbits occurs. It remains to show items (A3) and (A4).
The Taylor series of the second derivative of the displacement function A given by Equation
(5.12) with respect to the variable a evaluated on (a,a(a,n(a),n(a)) and taking into account

that c20(0) = ¢30(0) = 0 is given by
Aca(a,a(a,7(a)),1(a)) = Seao(0)a’ + O () .

So, Agq(a,a(a,n(a)),n(a)) # 0 for a sufficiently small. Item (A3) is proved. Analogously, the
Taylor series of the derivative of the displacement function A with respect to the variable p is
given by

Ay(a, afa,n(a)),n(a)) = co1(0) + c11(0)a + O (a?),

which is nonzero, for a sufficiently small, by the transversality condition 7/(0) = ¢¢1(0)/2 # 0
given in (5.6). This proves item (A4) and guarantee the existence of a saddle-node bifurcation

in the curve of non-hyperbolic periodic orbits. By Equation (5.24)
~ 2¢40(0)

VvV = a) = (12 CL3 .
la) =~ + 0la)

So, by the Implicit Function Theorem we obtain

2 _ cho(0) ” 2
a® = 210(0) + Ow?).

Therefore, we can write
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Remark 22. The curve of non-hyperbolic periodic orbits has the following expression when

written in terms of the Hamiltonian functions associated with the PSVF Z

_ chp(0)? 2 3 — %ﬂ 3
" 401 (0)eao (0) o) = My ACRE (5.27)

where

My = 15H,,(po)* H,p (P0)* Hyy(0)” + 15 H , (po) H o (p0)* Hofy . (p0)?
—30H . (po)* H, (P0)* H oy (P0) Hifr, (P0) H e (P0) Hof i (p0)
—30H . (po) H 5, (p0)* H 7, (P0) H (P0) H .0, (P0)
+30H,, (po)* Hyf, (p0)* H o (P0) Hof (P0) H g (P0)

+15Ha:7$ (p0)2HaJcrcc (p0)4H;xxu (p0)2

+30H5x(p0>2H9;tt (po)gH;xu(p())H;mc(pO)HJTJJxV(pO)
_SOH‘r_x(po)lea—cEﬁ (pO)H:;EV(pO)H;?E:U(pO)H;;ﬁxV(po)

730Hm_z(p0)3Ha—7’;: (po)gHaz_mxy(pU)Ha—:’—xmy(pU) + 15Ha7_:c (p0)4Ha—7tc(p0)2H;_zmu(p0)27

My = _SOH;u(pO)HQU_x(p())Ha—cZ:(pO)ng_:caz(pO)g + 8OHac_u(p0)H;:’c<p0)4Hx_xac(p0)3
+120H;y(p0)Hm_z(po)zHaj;e(pO)QHx_xx(p0)2H;;:x(p0)
—120H,,(p0) H o (P0) Hyfo (P0)° Hop (P0)* H o (P0)
2 \P0) 41 35:\P0 ) H 1,2\ PO zaz\PO zax \PO
_120H;r,u(pO)Hajm(pO)3Haérac(p0)Hajxx(pO)HaJcr:ca:(pO)Q
+120H9;y(pO)H;x(pO)ZH;rx(p0)2H:;xx(p0)H;x:p(p0)2

+80H;_,u(p0)Hx_x(p0)4H:1—3tm:(p0)3 - SOHx_;L(pO)Hx_:B(po)?’H;_x(pD)H;—xx (p0)3

+60H.,(po) H o (p0)* H b (90)* H o (P0) o (0)

—60H_,,(p0) H oy (P0) Hfy (90)* H g (00) Hppa (P0)

—60H,}, (po) Hy (po) Hl (po) Hifyr (P0) Hofoe (P0)

+60H,,,,(po) Hyo (p0)* Ht (p0) Hif o (00) Hify e (0)

—18H,(po) H . (p0)* Hyf, (90) oy (P0) + 18H (o) Hoy (P0) 2 H o (p0) Hopp (P0)

HI8HY, (90) o (90)  Hi (00)2H s (P0) = i (0) Hiz (0)* Hf (P0)* i (P
and pp = (0,0,0,0).

In the following theorem we obtain the bifurcation diagram of Z for one case when the fourth
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Lyapunov coefficient is nonzero. The other cases can be studied similarly.

Theorem 19. Consider the family of PWSVFs Z given in (5.1) satisfying the assumptions
(5.4), T <0 and L’Q‘/ (0) > 0. Moreover, suppose that the fourth Lyapunov coefficient L} > 0.
For (u,v) sufficiently close to the origin the vector field Z undergoes the following bifurcations
(see Figure 5.4):

1. There exist bifurcations of Type II1 (see Figure 5.3) for u =0 and v > 0.
2. There exist bifurcations of Type IV (see Figure 5.3) for u =0 and v < 0.

3. There exist saddle-node bifurcations of periodic orbits for parameters on the curve

{(V 1) :M:ﬂuz—i—(’)(u?’) foru<0}.
’ 4601 (0)640(0)

Proof. If T =+'(0) < 0, then xg (1) > z§ (), for u < 0 and z§ (u) < x5 (1), for 4 > 0. On the

other hand, since ¢20(0) = 0 and c4,(0) > 0 we get that the function cgo(v) is positive for v > 0

and negative for v < 0 small enough. The displacement function has the form
Aa, p,v) = cot(W)p + a0 (v)a® + en(Vap + cor (V) + -+ - .

So, for p = 0, we get A(a,0,v) = coo(v)a® + c30(v)a® + ---. For v > 0, we conclude that
A(a,0,v) > 0, that is, the invisible fold-fold is repelling. The invisible fold-fold is attracting for
v < 0 since A(a,0,v) < 0. For v = 0, we obtain A(a,0,0) = cs0(0)a* + O (a®). Since c49(0) > 0
we conclude that the origin is a repellor invisible fold-fold for v = p = 0. By Proposition 41 we

get
_ea) o en@en) —anWeso®) 5
co1(v) cor(v)?

u=ala,v)=

(see (5.13)) giving the zeroes of the displacement function A. Since 7 < 0 it follows that
co1(v) <0, for all v € I,,. If v > 0, then co9 > 0, which implies that p > 0, for small a. On the
other hand, if v < 0, then p < 0, for small a. So, for u # 0 the periodic orbits are defined either

forv>0and g >0 or v <0 and p < 0. The stability of those periodic orbits are given by

IIy(a,aa,v),v) =14 2cy(v)a + <3630(V) — CH(V)CQO(V)) a4+ ...,

Co1 (I/)

Therefore, for v > 0, we get II,(a, a(a,v),v) > 1 and the crossing limit cycle is repelling. For

v < 0, we have I, (a, a(a,v),r) < 1 and the crossing limit cycle is attracting. The Taylor series
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of p = a(a,v) around (a,v) = (0,0) when ¢20(0) = ¢30(0) = 0 is given by

_ (0 o ew(0) 4 o he(0) ew(©) o e
o 001(0) 001(0) * < 601(0) 601(0) + ) g( ’ ) (5'28)

Observe that, for v = 0, u has the form

c40(0)

4
a +
COl(O

pw=ala,0) =—

~—

We conclude that, for v = 0, there exists a periodic orbit for g > 0 which is a repellor since
[y (a,a(a,0),0) = 1+ 4cy0(0)a + - - - is greater than one. Since g(0,0) = 0 and dg/dv(0,0) # 0
by Implicit Function Theorem there exists v = v(a) such that v(0) = 0 and p = «a(a,v(a)) = 0.
Furthermore,

~ca0(0)

v(a) = a? a®) .
(@) cho(0) +O( )

So, for u = 0, there exists a periodic orbit defined for v < 0. The Taylor series of II, given by
Equation (5.14) around (a,v) = (0,0) evaluated on v = v(a) when c20(0) = ¢30(0) = 0 has the
expression

I, (a, a(a, v(a)),v(a)) = 1 + 2c40(0)a® + O (a?)

which is greater than one since c40(0) > 0. So, for u = 0, there exists a repelling crossing limit
cycle defined for v < 0 which persists for p # 0 since it is hyperbolic.

For parameters in the set {(v, ) : 4 < 0, > 0} there exists an escaping set X¢ = {(2,0) € ¥ :
Ty <r< mar} that behaves like a repellor and there are no periodic orbits. For parameters in
the set {(v,p) : p = 0,v > 0} we get a repelling invisible fold-fold while for parameters in the
set {(v,p) : p > 0,v > 0} there is a sliding set ¥ = {(2,0) € £ : 2§ < z < x5}, contained in
the region bounded by a repelling crossing limit cycle, that behaves like an attractor. See Figure
5.4. So, there exists a bifurcation of type I1I (see Figure 5.3) when the parameters cross the
set {(v,p) : p=0,v>0}.

By the previous calculations, the above repelling crossing limit cycle persists for p > 0 and
v = 0. Due to its hyperbolicity it persists for v < 0 and g > 0. In this way, in the set
{(v,p) : p = 0,v < 0} we have an attracting invisible fold-fold at the origin contained in the
region bounded by this repelling crossing limit cycle. So, a bifurcation of type IV (see Figure
5.3) occurs when the parameters cross the set {(v, 1) : p = 0,v < 0}. Therefore, close to this set
there exists one repelling crossing limit cycle for 4 > 0 and v < 0 and there are two crossing limit
cycles of opposite stabilities for 4 < 0 and v < 0. See Figure 5.4. It is clear that a bifurcation

leading to the disappearance of the above periodic orbits (that corresponds to a double zero of
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the displacement function A) takes place in the set {(v, ) : p < 0,v < 0}. By Equation (5.24),

there exists
2c40(0) 3
v=mn(a) =— a4+ O(a
(a) Cho(0) (@)

such that A,(a,a(a,n(a)),n(a)) = 0. Therefore, by Proposition 42, the curve on which

saddle-node bifurcations of periodic orbits takes place is given by

_ %0 3
o= 4601 (0)040(0) + © ( )

which is well defined for u < 0 and v < 0. The bifurcation diagram is depicted in Figure 5.4. [
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Figure 5.4: Bifurcation diagram of the PSVF Z under the hypotheses of Theorem 19.

The cases for different signs of the hypothesis considered in Theorem 19 can be treated
similarly. An example of the bifurcation studied is shown in the sequel where we apply the
formulas obtained in this work to a family of two parameters presenting an unfolding of an

invisible fold-fold singularity. Consider the following family of PSVF's

Xy(z,y) = (1,—z+va®+at), y>0,
Yi(,y) = (-l —z+n), y <0,

Z(x,y, p,v) = (5.29)

where (z,y) € R? are the state variables and (u,v) € R? are real parameters. Again the

separation line is ¥ = h~!(0) where h(z,y) = y. Such a family is relevant in the literature and
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has been already studied in [62] where the bifurcation diagram were exhibited.

Proposition 43. Consider the PSVF Z given by (5.29). The point (0,0) is an invisible fold
point of X, with X.

Proof. Indeed, the derivative of h in the direction of the vector field X, is given by
Xof(z,y) = Xp(x,y) - Vf(z,y) = -z +va® + 2

which vanishes for = 0. Furthermore, X2f(z,y) = X, (z,y) - VX, f(z,y) = —1 4 2vx + 423,
So, X2£(0,0) = —1 < 0 and therefore (0,0) is an invisible fold point of X,,. O

Proposition 44. Consider the PSVFE Z given by (5.29). The point (u,0) is an invisible fold
point of Y, with 3.

Proof. The first Lie derivative is given by Y, f(z,y) = Y, (z,y)-V f(x,y) = —x+p which vanishes
for x = p. Furthermore, Yuzf(:n,y) =Y, (z,y) - VY, f(z,y) = 1. So, Y/ff(0,0) > 0 and thus

(i, 0) is an invisible fold point of Y),. O

We observe that % = {(z,0) € ¥:0 <z < pu} for p > 0 and 3¢ = {(z,0) € ¥: p <z <0}
for 4 < 0. For p = 0 the invisible fold points of X, and Y}, coincide. In this case, it is easy to
see that (0,0) € ¥ is a crossing invisible fold-fold singularity. Moreover, X, and Y, are both

Hamiltonian vector fields whose Hamiltonian functions are, respectively, given by

5 3 2

X 1240 X
H+ s Iy My = - = o o
(w,y, 1, v) yt+ e+ 5
and
1.2
Ho (@, y, pv) = =5 +pz +y.

In this case, the function « given by (5.5) has the expression v(u) = —p. So, we have that the
transversality condition (5.6) is given by T = 4/(0) = —1. Therefore, the hypotheses of Theorem
15 are satisfied. Calculating the second Lyapunov coefficient of Z at (0,0,0,v) given by (5.18)

we obtain

=3

I — 1 <me(0,0,0, V) B H;Z,;I(O,O,O,l/)> 2w
? 3 Hfﬂ_ﬂ?(oao)07 1/) H;;U(O,O,O,V)

Since 7 < 0, if L5 # 0, then the bifurcation associated with the PSVF Z of type I1] given
by Theorem 17 for L5 > 0. For L3 < 0 it occurs a bifurcation of type IV, also described in

Theorem 17. Furthermore, when the second Lyapunov coefficient vanishes, that is, when v = 0,
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we obtain, from (5.20), the fourth Lyapunov coefficient

Note that L} > 0 and L} (0) = 2/3 > 0. Then, near the crossing invisible fold-fold at the origin
the family of PSVFs Z undergoes the bifurcations described in Theorem 19 and depicted in
Figure 5.4.

Our results are in accordance with those found in [62] where the first return map Iz

associated with Z was explicitly computed. When 1 = 0 the map IIz is given by

Iz: ¥ — X

rg +H— Hz(.%'(]):HXUOHYH(xo)

where Iy, (z0) = —xo is the half return map associated with the vector field Y, and
2v 412 2 16
My, (1) = —wo + Ewg — ng + <5 + 271/3> xg + O(xf)

the half return map associated with the vector field X,,. Thus,

2v 42 2 16
Mz (zg) = xo + Esc% + ?:cg + <5 + 271/3> xg + O(xf).
Also, the curve of non-hyperbolic periodic orbits associated with the vector field Z given by

Proposition 42, whose expression is given by Remark 22, has the form

)
n = 7%V2 + O(Vg)’

which is in conformity with the calculations performed in [62].

We will make a detour by relating our study to those found in the literature. A pioneering
work on degenerate Hopf bifurcations in discontinuous planar systems were the paper [29], where
the authors obtained a general expression for the first three Lyapunov coefficients at points of
parabolic-parabolic type, that is, the solution of both systems have a second order contact point
with the switching manifold, what we call a fold point. In consonance with the computations
performed in Theorem 15, their first and third Lyapunov coefficients vanish. In order to present

the formula obtained in [29] for the second Lyapunov coefficient let us consider the PSVF @
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given by
(X (z,9), Y (2,9), ¥ =0,
Qz,y) =
(X7 (z,y),Y " (z,9)), y<O.

Consider the Taylor series of X* and Y+ at the origin

X*(z,y) = a* + btx + cty + dra? +etay + fFy2 +gTad 4+,

YE(2,y) = Fo 4+ mEy + nFa? + ofay + proy? + ¢Fad + rEaly + -

(5.30)

We notice that the vector field @ has an invisible fold-fold at the origin when a™ < 0, a= > 0,

[T >0and [~ > 0. The second Lyapunov coefficient obtained in [29] is given by

_ 2 atnt — (b +m*) It
Vo=pt —pu~, where uizg C(L:tl:t )

In order to corroborate our results let us analyze if the formulas of V5 and L3 coincide when

(Xt (x,y), YT (x,y)) and (X~ (z,9),Y  (z,y)) are Hamiltonian vector fields. In this case we

have that the divergence of both vector fields are zero, that is,

0 = div(X¥(z,9), Y (z,y))
= (bi+2dix+eiy+3gix2+---)+(mi+0ix+2piy+rix2+---)

= (b5 +mF) + (2dF +0F) x + (eF +2pF) y+ (3T +rF) 2® + -+

This implies that b* + m* = 0, 2d* + o = 0, e* + 2p* = 0, 3¢F + 7+ = 0 and so on.

b* + m* = 0 we obtain
+ 2n*
3t

2 (nt n”
V2_3<z+_z>‘

1

and therefore

Since

The Hamiltonian functions H™ and H™ associated with the vector fields (X (x,y),Y ™ (x,y))

and (X~ (z,y),Y (z,y)), respectively, have the forms

+ oy ni3 + 2 ﬁ:2fi3 + 3
—-b Y — 5y +?x —d z"y+p Ty =Yg oy +

li
H¥(z,y) = —a*y + 5952

The second Lyapunov coefficient L% obtained in (5.18) has the form

2 (n~ nt
Li=2(—-=—).
2 3(1— z+>
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Therefore, Vo = —Lo. The opposite sign is due to the orientations taken in the vector fields.

5.2 Limit cycles bifurcating from an invisible fold-
fold singularity in a family of planar piecewise

Hamiltonian systems

Adopting the ideas used in the previous section, in which we took advantage of the Hamiltonian
functions associated with the components of the discontinuous vector fields to construct a first
return map, and consequently, to define the Lyapunov constants, we apply this process in a
family of planar piecewise Hamiltonian vector fields presenting an invisible fold-fold singularity
and we explore the existence of limit cycles as well as the analysis of its bifurcation diagram.
The first goal of this section is to investigate the existence and positions of limit cycles of an

unfolding of the following family of PSVF

Xor(z,y) = (L—z+b2*), y>0

Jvra(@,y) = ( ) (5.31)
Y)\(:n,y) - (—1,—IE+)\>, y <0,

where A is a small parameter, b a nonzero real number and k£ = 1,2,3,.... We notice that, in

this case, the switching manifold is ¥ = f~1(0) where f(z,y) = y. As we will show in the sequel,
for A = 0 the piecewise smooth vector field 3 » has an invisible fold-fold at the origin that
behaves like a repellor or an attractor depending on the sign of the coefficient b. Indeed, if we
consider the first return map associated with 35 » in a neighborhood of the invisible fold-fold
at the origin we conclude that it behaves like a repellor if b > 0 or an attractor if b < 0.

The unfolding considered is of the form

Xa,k‘(xa y) = (17 —T+ (12.’E2 + -+ a2k—2$2k_2 + a2kx2k) , Y > 0,
Y)\(-%',y) = (—1,—.%'+)\), ySO

Zapa(z,y) = (5.32)

Such a family is relevant in the literature and has been already studied in [80] and [62] for
low codimension, where the bifurcation diagram were exhibited containing one and two limit
cycles. In fact, in the last one the authors studied the bifurcation diagram of the piecewise
smooth vector fields Z, 2 x and proved that one or two crossing limit cycles can appear in this
family. The study of the existence of one crossing limit cycle, as well as the pertinent bifurcation
diagram, for a family close related to Z, ; x can be found in [80]. We intend to generalize these
results which can be summarized in the following question: For a fixed k = 1,2, ... there exists

A € R sufficiently small and a = (a2, a4, ..., asx—2, ag) such that Z, ; \ has exactly k crossing
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limit cycles near the origin?

In what follows we bring some properties of the vector field 3p 1\ given by (5.31).

Proposition 45. Consider the PSVF 3y given by (5.31). The origin (0,0) is an invisible
fold point of Xy .

Proof. Indeed, Xpxf(z,y) = Xpi(z,y) - VF(2,y) = —z + br?* which is clearly zero for z = 0.
Moreover, %g’kf(x,y) = Xpp - VXpf(2,y) = —1 + 2kba* 1. So, %akf(0,0) = —1 < 0 and
therefore (0,0) is an invisible fold point of X . O

Proposition 46. Consider the PSVFE 3 1.\ given by (5.31). The point (X, 0) is an invisible fold

point of Yy.

Proof. In fact, YAf(z,y) = Yx(z,y) - Vf(z,y) = —x + X which is clearly null for x = A.
Furthermore, Y f(z,y) = Ya(x,y) - VYaf(z,y) = 1. So, Y2f(0,0) =1 > 0 and so (),0) is

an invisible fold point of Yj. O

The points of the set {(z,y) € R2: 0 <z < A\, y = 0} C ¥ (for A > 0) are sliding points
while the points of the set {(z,y) € R? : A < x < 0,y = 0} C X (for A < 0) are escaping
points. See Figure 5.5. In these sets, we have that the sliding vector field Z* given by (1) has
a pseudo-equilibria. In fact, by (1.2) we have that the zeroes of Z* correspond to points where
Xy and Y) are linearly dependent, that is, when it holds {(\,z) = A — 2z + bz?k = 0. By
Implicit Function Theorem there exists a neighborhood A containing zero and x: A — R such
that £(0) = 0 and (A, z(\)) = 0 for all A € A. Therefore, for all A\ # 0 sufficiently small there
exists () such that the point (z()\),0) € ¥ is a pseudo equilibria of Z* which behaves like an
attractor on X since the derivative of £ with respect to x is negative. Then, the pseudo-equilibria
is a pseudo-saddle for A < 0 and a pseudo-node for A > 0. In this way, we need to comprehend

the behavior of the invisible fold-fold when A = 0.

A<0 A=0 A>0

Figure 5.5: Behavior of the vector field 3 x» near the origin.

Lemma 15. The vector field Yy = (—1, —x) when restricted to ¥ is symmetric with respect to

y-azis, that is, given (z9,0) € 3, the orbit of Yy through (¢, 0) returns to ¥ at (x1,0) = (—x0,0).
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Proof. Notice that Y is a Hamiltonian vector field with Hamiltonian function

$2

HM%wzy—§<

Two points (x¢,0), (x1,0) € ¥ belong to the same level curve of Hy if, and only if, it holds
Hy(x0,0) = Ho(x1,0). In other words, we have (z1 — z¢)(x1 + 29) = 0. Since we are looking for
points such that xg # x1 we get that x1 = —x is the z-coordinate of the return to X of an orbit

of Yy passing through (zo,0). O

Lemma 16. Consider

2k—1$

_ 2k+1
9(zo, 1) = 23* + 23 ol 4 gk —

o+t mag xg 5% (x1 + x0).

Then there exists I C R containing zero and a function x1: I — R such that £1(0) = 0 and

g (zo,z1(x0)) =0, for all xg € I. Moreover, z(0) = —1,
20)=0, 1<i<2k

and

Proof. Since

J0.0)—0, 2900 _ 2k+1

8%1 2b 7& 07

by Implicit Function Theorem there exists an interval I C R containing zero and a function

x1: I — R such that z1(0) = 0 and g(zo, z1(xg)) = 0, for all ¢y € I. Furthermore,

dg(0,0)
Oxg
dg(0,0)

ox1

77 (0) = — = —1.

Notice that g is the sum of a homogeneous polynomial of degree 2k with a linear term. So, the
linear term will disappear in the derivatives of order greater than or equal 2 of g. However, the
derivatives of g of order i, for 1 < i < 2k, will have terms of xy or z;1 that will vanish at (0,0).
Then, the derivative of order 4, for 1 < i < 2k, of g(xo,z1(z0)) = 0 at (0,0) with respect to the

variable xq is of the form

8.%1 1

Therefore x&i)(O) =0, for 1 < i < 2k. Moreover, the derivative of order 2k of g(zo,z1(zo)) =0
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at (0,0) with respect to xg is given by

99(0,0) (an) 2K\, on2k02Fg(0,0) (2K, o 9%%g(0,0)
0+ (7 ) w ol (7 ehont

T <2k> (2, (0))2F 9%%4(0,0) —0

2k Ox3F
Since #(0) = —1 and, for u + v = 2k, we have
2k 2k
() 2200 _ g,
u ) Oxyoxy

it follows that the mixed derivatives of order 2k will cancel in pairs in a way that we get

99(0,0) (2r) 2K\, 0k 0%Fg(0,0)
20+ () oy e —o

and therefore

In the next result, the vector field 31 0 denotes the PSVF 3 5 for A = 0.

Proposition 47. Consider the PSVF 3y 1. given by (5.31). 3p k0 has an invisible fold-fold at

the origin which is a repellor for b > 0 or an attractor for b < 0.

Proof. The vector field Xi(z,y) = (1,—x+bx2k) is a Hamiltonian vector field with

Hamiltonian function given by

1,2 bx2k+1

Hx(ﬂf,y)z—y—ng 1

Two points (xg,0) and (x1,0) of X are on the same level curve of Hy if, and only if, Hx(x0,0) =

Hx(z1,0). This implies that g(xo,x1) = 0, where g is given by Lemma 16. By Lemma 16 we get

2 2k 2k+1
2k+1$0 +O(.’L‘0+>

So, we can define the first return map associated with 3 1 o

3ot 2 —> X

rg > w3(x0) = Ty, © Tx, (T0)
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where 7y, (x9) = —xo is the half return map associated with the vector field Yy and 7y, (z) =

x1(zo) the half return map associated with the vector field X 5. So,

7T3k,0(l‘0) =z x%k + O (x?]kﬂ) .

2%k +1

Therefore, if b > 0, then 73, , < xo which implies that the origin is a repelling fold-fold. If b < 0,

then 73, (z0) > o which implies that the origin is an attracting fold-fold. See Figure 5.6. [

73, o (%0) 73, o (%0)

xo 0 x0 0

Figure 5.6: repelling or attracting fold-fold that behaves like a focus.
In the following proposition we consider as > 0. An analogous result can be obtained for as < 0.
Proposition 48. Consider ag > 0 fired and the PSVF

Xl(x7y) = (L —x + a2x2) ; ) Z 07

Zl,)\(may) =
YA(SE’y) = (—1,—1‘+)\), y§0,

There exists A € R sufficiently small such that Z; 5 has one hyperbolic crossing limit cycle near

the origin.

Proof. By Proposition 47, for A = 0, the first return map associated with Z; ¢ is given by

2a
7216 (%0) = T — 7%3 +O(z}).

Then the origin is a repellor invisible fold-fold. Observe that for A < 0 we have an escaping
region that behaves like a repulsor and for A > 0 we have a sliding region that behaves like an

attractor. Notice that X; is Hamiltonian with Hamiltonian function

2 agx?
H -y
Wz y)=—y—- 5 +-3
So, from Hj(x0,0) = Hi(z1,0) we obtain
— §(x1 + z120 + ) + 5(:1:1 +x9) = 0. (5.33)
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Similarly, Y, is Hamiltonian with Hamiltonian function

2

i
Hy(z,y) =y — 3+M‘~

Then, from Hy (x¢,0) = Hy(x1,0) we have

T1 = —x0 + 2\ (5.34)
Substituting (5.34) in (5.33) we get
2 4as\?
- %2:63 n %on 2B =0 (5.35)

whose zeros are given by
+ G E V3 as\ — az\?

The discriminant

A =

_4(1:%)\2 n 4a32)\

is a parabola concave downward with zeroes A = 0 and A = 1/ag. In this way, for A € (0, é)
the equation (5.35) has two distinct real roots that correspond to a limit cycle. Observe that
xar belongs to the crossing set if xar < 1/ag, that is, 0 < A < 1/(4az). Therefore, for A > 0

sufficiently small, there exist a repelling crossing limit cycle of Z; y through xar . See Figure

2.7. O

TN

A<0 A=0 A>0
Figure 5.7: Bifurcation diagram of the PSVF Z; ) for as > 0.

Figure 5.8 illustrates the bifurcation diagram for the analogous case of Proposition 48 for

negative values of as.

Remark 23. In what follows we will consider ag, > 0. More precisely, we take the normalization
by considering asr = 1 in order to fix the stability of the fold-fold at the origin. Analogous and

dual case can be achieved for agp < 0.
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)
P
P

A<0 A=0 A>0
Figure 5.8: Bifurcation diagram of the PSVF Z; ) for as < 0.

Proposition 49. Consider the PSVF

Xo(z,y) = (L,—z+an®+at), y=>0;
Y)\(l’,y) (—1,—$+A), y§07

Za,2,)\ (.T, y) =

There exist A € R sufficiently small and a = (ag,1) such that Z, 2 x has two hyperbolic crossing

limit cycles near the origin.

Proof. X5 is a Hamiltonian vector field with Hamiltonian function

2 3 5
x a2 T

So, from Hs(xp,0) = Ha(x1,0) we obtain

1 a 1
g(xo, 1) = 5(3:1 + zg) — %(x% + 2120 + 23) — g(xil + 2320 + 2328 + 22d +25) = 0. (5.36)

Since ¢(0,0) = 0 and 9g(0,0)/0x1 = 1/2 # 0, by Implicit Function Theorem there exists an
interval I containing zero and x;: I — R such that x;(0) = 0 and g(zo, z1(z0)) = 0, for all

xg € I. Moreover, we get

2a 4a?
x1(z0) = —x0 + ?21‘(2) — ?2563 + O(:Eé).

In this way, the first return map associated with Z, o ) is given by

TZy " Y — X

To = TZy, (z0) = Tyy O X, (20)
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2
where 7y, (z9) = —x9 + 2X and 7x, (z9) = —xo + ”%x% - %x% + O(x8). Thus, we have

2a 4a2
T 755 (T0) = 2X + 20 — %x% + ?ng + O(wé).

For A = 0 we get

2a9 4a2
7'('22,0 (x()) =To — ?JI% + ?21'3 + (’)(xé)

Therefore, the origin is a repelling fold-fold for as > 0 and an attracting fold-fold for ay < 0.
Solving the equation 7z, (o) = o we can assure the existence of a repelling crossing limit
cycle for as < 0 passing through

—5&2

+
Ty == 3

+ O(ag).

Then, for ao < 0 and A = 0 there exist a repelling limit cycle that intercepts X at the points
(x(jf,O) and which persists for A # 0 when as < 0 since it is hyperbolic. Next to the curve
{(ag,A) : A =0,a2 > 0} there exists a crossing limit cycle for A > 0 and none for A < 0 due to
the fold-fold bifurcation of Proposition 48. For a2 < 0 and A = 0 we have an attracting fold-fold
contained in the region bounded by a repelling limit cycle. So, for A < 0, we get the appearance
of a second limit cycle due to the fold-fold bifurcation of Proposition 48. Let us analyze the
region {(ag,A) : A < 0,a2 < 0} and the bifurcation leading to the disappearance of the limit

cycles. Consider the displacement function

2a 4a2
P(x()) = 7TZQ7/\ (l"o) — Xy = 2\ — ?zxg + ?21'8 + (’)(acg)

We point out that the periodic orbits are given by the fixed points of the return map 7wz,
that correspond to the zeroes of the displacement function P. So, the bifurcation that leads to
the disappearance of the above limit cycles corresponds to the existence of a double zero of P.

Therefore, we want to find the points such that P(xo) = 0 and P’(z¢) = 0. From P(zp) = 0 we

get
a 2a3
A= —21’(2) — 223 1+ O(x).
3 9
Also,
p 4as 4a3 , 3 4ay  4a3 9
P (.T()) = —T‘TO + ?xo + O(l‘o) = X0 —? + ?I’O + O(xo)

r(z0,a2)
So, P'(xg) = 0 implies r(xg, az) = 0. Since r(0,0) = 0 and 9r(0,0)/day = —4/3 # 0, by Implicit

Function Theorem there exist an interval J containing zero and ay: J — R such that a3(0) =0
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and 7(xg, az(zg)) = 0, for all g € J. Furthermore,
_ 6, 3
as(xg) = =20 + O(xp).

By Implicit Function Theorem we get

)
x5 =~ + O(ar)
Thus,
5a2
A= —1—82 + O(a3)

Therefore, in {(az, A) : A < 0,a2 < 0} there exists a curve

5a2

on which the saddle-node bifurcation of periodic orbits takes place corresponding to a non-

hyperbolic limit cycle and leading to the disappearance of the periodic orbits. See Figure 5.9.

A

NS
/

)i/

AN\

VA

Figure 5.9: Bifurcation diagram of the PSVF Z, 5 ).

370

a2

O]

We point out the similarities between the bifurcation diagrams described in Propositions

48 and 49 with the bifurcation diagrams of Hopf bifurcations of codimension one and two for
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smooth vector fields, respectively. See [79] and [97] for details.
In this way, let us consider the PSVF

X(z,y) = (L,—2+aa?®+azt+2%, y>0;
Y/\(:I;ay) = (—1,—$+)\), ySO,

Zasi(x,y) = (5.37)
where a = (ag, a4,1). Proceeding in an analogous approach like Proposition 49 we can find the
bifurcation set B € R3 associated with Za,3.2, that is, the set of the points ( = (A, az,a4) € R3
such that the number of the solutions of P((, xzg) = 0, where P is the corresponding displacement

function, is not locally constant. Figure 5.10 presents the bifurcation set associated with Z, 3 x.

Figure 5.10: Bifurcation set associated with Z, 3 x.

We emphasize that the bifurcation set of (5.37) described in Figure 5.10 is also very similar to
the bifurcation set found by Takens (see [113]) for smooth codimension three Hopf bifurcations.
This bifurcation diagram is also illustrated in [108].

Once the simplest cases have been studied, we will now turn our attention to the general

study of the vector field
Xop(z,y) = (1, —2 4 asx? + agzt 4+ - + agp_ox? T2 + x%) ,
where a = (ag, aq,...,as;_2,1) and system (5.32) which is given by

Xak(z,9), y > 0;

Za,k,A(x7y) =
Y)\(xay) :(_17_'T+)‘)7 JJSO
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The vector field X, ; is Hamiltonian whose Hamiltonian function is given by

2 3 5 2k+1
X asx aqsx a9k —9 k— X
Hy(w,y) = —y— 5+ 5+ — +~~%%_12 ! TR

So, Hy(zo,0) = Hg(z1,0) is equivalent to

%(1‘1—1—1‘0) — (%2($%+131$0+l‘(2)) — =

a2k—2 . 2k—2 2%—2 1 2% 2%

Let us call g(x, z1) the function described above. Since ¢(0,0) = 0 and 9¢(0,0)/0z; = 1/2 # 0,
by Implicit Function Theorem there exist an interval I containing zero and z1: I — R such

that x1(0) = 0 e g(xo, z1(z0)) = 0, for all zy € I. Moreover,

1643 2ay

2(12 2 4a% 3

.Tl(.’l?()) = —x9+ ?.’ITO — T.’L’O + <

Let Zq 1,0 be the PSVF given by system (5.32) when A = 0, that is,

Xop(zy) = (L—z+a2®+ - +ag_or®®2+2%%), y>0;
Zogo(z,y) =4 ° ( ) (5.38)
Y()(I',y) = (—1,—1'), yS 0.
The first return map associated with Z, o (A = 0) is given by
Mot X o — X
Trog +—— TZ 0 (xo) = Ty, O X, ($0)
where 7y, (z9) = —x¢ is the half return map associated with the vector field Y (Lemma 15) and
7x, (x0) = x1(xo) is the half return map associated with the vector field X, ;. Thus,
200 5 4a3 5 (1643  2a4\ 4 5
7TZk70 (:E()) =9 — ?ZCO + ?.%'0 — o7 + ? X + O(l‘o)
and the corresponding displacement function can be written as
2a9 5 4a3 16a3  2a4\ 4 5
Po(xo) = ﬂ—Zk,o (x()) — T = —?xo + ?370 — o7 + ? ) + (’)(azo) (539)

We notice that if as is zero then the coefficients of the terms of order two and three of the
displacement function vanish and the coefficient of the term of order 4 is a negative multiple of

a4. This process is evidenced in the following lemma.
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Lemma 17. Consider Zq 1o given by (5.38) and let Py be the displacement function associated

with Z, 0. Suppose that Py(zo) = Vo + Vizo + Vgx% 4+ 4+ Vizz:f) +---. Then Vj = V3 = 0.
Moreover, forn >3 if Vo=Vy=---=Vo,_4 =0 then Vo,_3 =0 and Va,_s is given by
2
Von—2 = — 5, 1 %n—2

Proof. From (5.39) it is straightforward that Vj = V4 = 0. The rest of the proof is given by
induction on n. Consider n = 3. From (5.39) we get that if Vo = 0 then V3 =0 and

2
Vi=—Zas.
4 5(14

Suppose that it holds for n = j — 1, that is, V5;_5 = 0 and

V2j—4 = —2].7_3@23'—4
when V5 = --- = V5;_g = 0. We need to show that it holds for n = j, that is, if V5 = .- =
Vaj—6 = Vaj—4 = 0 then V5;_3 = 0 and
2
sz,Q = —ﬁagjfg.
If ‘/2 == ‘/2]'76 = V2j74 =0 we have that ag = - = a2j76 = a2j74 =0 and

Xap(z,y) = (1, —x 4 agj 222 4 ag_x® T 4 xzk) )

Thus, Hy(zo,0) = Hi(z1,0) is equivalent to

1 azj—2 , 2j-2 2j-2

§(x1+xo)—ﬁ(xlj oty ) =
A2k—2  2k—2 2k—2 1 2k 2k
2k—1($1 +-F g )_Qk 1(331 +---+2z5°) =0.

Let us call g(xo, z1) the function described above. Since ¢(0,0) = 0 and 9¢(0,0)/0z; = 1/2 # 0,
by Implicit Function Theorem there exist an interval I containing zero and x1: I — R such
that 21(0) = 0 e g(zo,z1(x0)) = 0, for all xy € I. Furthermore, 2} (0) = —1 and the derivatives
24(0) =0 for 1 < i < 2j — 2 since g is the sum of linear terms with homogeneous polynomials of

even degree between 2j — 2 and 2k. Moreover, the derivative of order 2j — 2 of g(zo, z1(zp)) =0



5.2 Limit cycles bifurcating from an invisible fold-fold in a family of PSVFs 170
with respect to the variable zy evaluated on the origin is of the form
9%724(0,0 9y, 0g(0,0
29(_27 ) +x§2g 2)(0) 9(0,0) -0
oxy’ 0z,
and we get
(2j-2) 2(2j —2)!
0 = ) —2.
g (0) 2j — 1 a2j—2
Hence,
2 2j-2 2j-1
P[)(ﬂfo) = *ﬁazjfgxoj + 0 <§CO] ) .
Therefore, if V2 === ‘/2]'76 = V2j74 = 0 then ngfg =0 and
ng_Q = —ﬁagj_}
O

The next result will be very useful in the sequel.

Lemma 18. Consider the real polynomial p(r) = asr? + agr* + - - 4 a0, ™, where agy, > 0. If

agjazjra <0, for j=1,...,n—1 and |as| << |as| << -+ << |agy| then p has exactly 2n — 2

nonzero real roots being n — 1 positive and n — 1 negative.

Proof. We remark that » = 0 is a double zero of p. Also, p(r) = p(—r) and consequently if r is

a zero of p then —r is also a zero of p. Initially, suppose that as = a4 = -+ = ag,—2 = 0. Then
the graph of po(r) = ag,r?" is a parabola concave upward in which the origin r = 0 is a multiple
zero of pg. Consider now ay = ag = -+ = agp—4 = 0 and ag,—2 < 0 so that |ag,—2| << |azn|.
Thus, we get

2n

p1(r) = agn_or® 2 + agyr®" = 1?72 (agn—2 + agnrz) =r

Observe that the graph of ¢; is a parabola concave upward, symmetric to the vertical axis,

passing through it in a negative point, and presenting two nonzero real roots. So, p;i(r) is the

product of a non-negative function and ¢; so that p; has the same sign of ¢ except at the origin.

Now take ag = a4 = -+ = agp—¢ = 0 and agy,—4 > 0 so that |ag,—4| << |az,—2|. Then we get

pa(r) = p2n—4 (a2n_4 + 7“2(a2n_2 + a2n7«2)) _ p2n—d

qa2(r)

The graph of ¢ is similar to the graph of p; translated in the positive way of the vertical axis,

that is, it is a small perturbation of p; in a way that it preserves the earlier zeroes and generate



5.2 Limit cycles bifurcating from an invisible fold-fold in a family of PSVFs 171

a new pair of ones. Thus, py is the product of go by a non-negative function and consequently
it preserves the sign of go except at the origin. Proceeding in this way it is possible to choose

a9,04, . ..,02,_2 S0 that p has 2n — 2 nonzero roots. ]

In the result below we show that the PSVF Z, j o given by (5.38) has at most k — 1 crossing

limit cycles. Also, there exists choices of the parameters for which the limit cycles exist.

Theorem 20. Consider the PSVF Z, 1, o given by (5.38). Then there are at most k—1 hyperbolic
crossing limit cycles in a suitable neighborhood of the origin. Moreover, if as,ay, ..., ao,_o are

chosen such that

(1) asg—2 < 0,as,—4 > 0,...,ag is negative or positive if k is even or odd, respectively;

(2) |az| << |ag| << -+ << |agk—2|;
then Zg o has evactly k — 1 hyperbolic crossing limit cycles in a suitable neighborhood of the
origin.
Proof. By the previous analysis, the vector field X,  is Hamiltonian whose Hamiltonian function
is given by

2 3 5 2k+1
x asx aqx a9k —9 ko— T
Hk(w,y)z—y—3+ 3 + 5 +“.+2k—1 2k—1 STk

So, Hy(zo,0) = Hg(z1,0) is equivalent to

1 a a2k—2 ( 9k—2 2%—2 k k
5@t ao) = (e +awotag) = - g (@ by ) g (a1 ) = 0.
(5.40)
By Lemma 15 the return to ¥ of an orbit of Y; through x¢ is 1 = —zg. Substituting 1 = —xg
in Equation (5.40) we get
a2 o Q4 4 A2k—2  2k—2 1 2k
l(xo):—?xo—gxo—-"—zk_lxo —2k+1x0 =0

a polynomial of degree 2k with only even exponents of degree less than or equal to 2k. Therefore
[ has at most 2k — 2 nonzero roots that corresponds to at most k — 1 limit cycles. Proceeding in
the same way of Lemma 18 it is possible to choose a9, a4, . .., asr_o so that [ has exactly 2k — 2

nonzero roots that corresponds to & — 1 limit cycles. O

In the next result we give a positive answer to the question that guided this work.
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Theorem 21. Consider k € N fized. Then, there exist A € R sufficiently small and a =
(a2, a4, ...,a25—2,1) such that Z, i x given by (5.32) has exactly k hyperbolic crossing limit cycles

near the origin.

Proof. In fact, the vector field X, is Hamiltonian and a Hamiltonian function is given by

2 3 5 2k+1
Xz asx a4 agk_—9 _ X
Hila,y) = =y = 5 4 =g o b g et g

So, Hy(xo,0) = Hy(z1,0) is equivalent to

a2k—2 ($2k72 2k72) _

BT U (@ + -+ agt) = 0.

(5.41)

1 a9
§($1+$0)—§($%+$1$0+$3)—'" %+ 1

Similarly, Y, is Hamiltonian whose Hamiltonian function is

2

x
Hy(z,y) =y — 5 + A\z.

Then, Hy (z9,0) = Hy(x1,0) is equivalent to 1 = —xg + 2\. Substituting 1 = —z¢ + 2\ into

Equation (5.41) we get

as a4 A2k—2 of_
a(wo) =~ — e~ Gy

22k + R\ x0) =0 (5.42)

where R (0,z9) = 0, for all zp € I. By Theorem 20, for A = 0, it is possible to choose
ag, a4, ...,025_9 50 that ¢ has exactly 2k — 2 nonzero roots that corresponds to &k — 1 crossing
limit cycles. Fix ao,aq,...,asp_s according Theorem 20. On the other hand, we observe that

the limit cycles of Z, j,  correspond to a pair of intersections between the curves
h)\(xo,l‘l) =x1+x90—22=0

and

1 a9
g(zo, 1) = 5(1‘1 +z0) — - (2] + w1wo + 77) — - (ﬁk +"‘+5U%k) =0

3 2%k +1

in the zgx1-plane. We claim that g(xg, 1) = 0 has a fold point with v~1(0) at (2o, 1) = (0,0),
where

Y(zo, 1) = 21 + 2o = ho(x0, T1).

In fact, we want to find a vector field F' so that an orbit of F' is contained in the zero level of
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g(z0,21) in order to investigate the quadratic contact with 4~1(0). Naturally, just consider

dg(zo, 1) 9g(zo,
F(xo,71) = <— g(;;lm)’ g(§;0w1)> .

So, the first and second derivatives of y in the direction of F at (o, x1) = (0,0) are, respectively,

given by
ag 0,0 ag OaO
F~(0,0) = F(zo, 1) - (1,1)]0,0) = — 8(x1 )+ (9(960 =0
and
ag

F2’y(0,0) = F(xo,xl) . VFV('CUO7$1)’(0,O) = E

Consequently, (0,0) € v~1(0) is a fold point of F' that is visible or invisible depending on the
sign of ay. See illustrated at Figure 5.11.

o

Figure 5.11: Quadratic contact between the vector field F and v~1(0) at (0,0).

Therefore, for a small perturbation of -, that is, for A # 0 sufficiently small having the same sign
of ag and such that |A\| << |az|, we can perturb this fold point in order to generate two more
transversal intersections between g and h) which correspond to another crossing limit cycle. See
Figure 5.12. Thus, there exist A € R sufficiently small and a = (ag,a4,...,a2,—2) such that

Za k. given by (5.32) has exactly k hyperbolic crossing limit cycles. O

Example 2. In order to corroborate our results, we perform a numerical example showing the

existence of three hyperbolic crossing limit cycles. Let us consider the piecewise smooth vector
field

17 5 29 4 6
1, — —r — — >0
(, x+40x 20:6 +2x° ), y >0,

7
-1, — — <
< " 1000 x) y=0,

that is, we take as = 17/40, ay = —29/20 and A = 7/1000. In this case, the respective function

W(J"’y) =
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Figure 5.12: Small perturbation of y~!(0) in a way that maintains transversal the earlier
intersections.

q obtained in the proof of Theorem 21 is given by

_ + 325 + 72437zg  1014363x3  265198813192F | 371427457030 4 326823959667079 _ __ (y
7 T 500 T 250000 _ 125000000 187500000000 ' 18750000000000 ' 46875000000000000
whose negative zeros are given by xp, = —1.129139, z. = —0.819270 and x4 = —0.228449 with
siz decimals. The three positives zeros are given by —x; + 2X, for i = b,c,d. Since A is positive
there is a sliding set between x = 0 and x = X. If we take the trajectories of W passing through
the zeros we can motice the existence of three hyperbolic crossing limit cycles whose stability
characters alternate between an attractor and a repellor in a way that the smallest limit cycle is

repellor due to the attracting sliding set near the origin. See Figure 5.18 for an illustration.

06

04
02 /

-02
-04

-06

Figure 5.13: Crossing limit cycles (in red) of the vector field .
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By Lemma 17 the coefficients of the displacement function
Po(x0) = Vo + Vimo + Vaxg + -+ + Vizh + - -

associated with the family of piecewise smooth vector fields Z, ;o given by (5.38) are given by

Vo=Vi=0andforn>3if Vo=V, =---=Vy,_4 =0 then V5,,_3 =0 and

2
2n —1

Voo = — a2p—2.

Therefore, we can redefine the Lyapunov coefficients associated with Z, ;.o by
L;k = azj, j: 1,2,3... (543)

that can be seen as the obstruction for the invisible fold-fold point at the origin to be a center.
As in the smooth case, it makes sense to define L7 just when L7 = 0 for all ¢ < j. Therefore,
if L7 > 0, for some j € N, then Py(xg) = ¢(xg) — 9 < 0, which implies that the origin is a
repelling fold-fold. On the other hand, if L} < 0, for some j € N, then Py(zo) = ¢(z0) — 20 > 0,
which implies that the origin is an attracting fold-fold.

We pointed out some similarities between the bifurcation diagrams described in Propositions
48 and 49 with the bifurcation diagrams of Hopf bifurcations of codimension one and two,
respectively, for smooth vector fields. So, a natural question can be formulated about the
relationship between the PSVF Z, ;. o and its regularization. If there exists a Hopf point in the
regularized system where we can compute the Lyapunov coefficients there will be a correlation
between them? We exhibit a relation between the Lyapunov coefficients of the nonsmooth family
and their regularization.

The idea behind the Regularization method established by Sotomayor and Teixeira in [109]
consists to approximate a piecewise smooth vector field Z = (X,Y") given by Equation (1.1) by
a one-parameter family of smooth vector fields which agrees with the original PSVF outside a
strip around the switching manifold. The expectation is that by applying classical tools in the
regularized system we could obtain some information about the behavior of the discontinuous

vector field Z when the regularization parameter goes to zero. See [107] for more details.
Definition 19. A C*° function ¢: R — R is called a transition function if
0, t < —1;

et) =19 ') >0, —1<t<]l; (5.44)
1, t>1.



5.2 Limit cycles bifurcating from an invisible fold-fold in a family of PSVFs 176

Figure 5.14 shows the behavior of a transition function.

-
/

Figure 5.14: Transition function.

Definition 20. A ¢.-reqularization of Z = (X,Y) is the one parameter family of vector fields
Z. given by
20) = (1= 9.0 ) V(@) + ()X @ (5.45)

where ¢ is a transition function and p:(t) = ¢ (é)

We can notice that inside the strip ¥ x (—e&,¢), a transition function is used to average the
vector fields X and Y. If we apply the above construction to the family of discontinuous vector

fields Z, 1,0 given by (5.38) we get

Ze(z,y) = <1 - %(M) Yo(z,y) + @< (y) Xak(x,y)
= < — 14 20:(y), —x + p:(y) (a2x2 4o 4 agp_oz? T 4 x%) ) (5.46)

_ (Z;(x,y),Zf(x,y))

The equilibrium points of Z. must satisfies Z1(z,y) = —1 + 2p:(y) = 0. So, we have that
the y-coordinate of the equilibrium must satisfies p-(y) = 1/2. Notice that by the continuity of
the transition function there exists yo such that ¢-(yo) = 1/2. In what follows we will consider
yo = 0. In this way, since Z2(0,0) = 0 we have that (x,y) = (0,0) is an equilibrium point of the
regularized vector field Z..

The Jacobian matrix of the regularized vector field Z. evaluated at (0,0) is given by

As a result we have that Tr (DZ.(0,0)) = 0 and Det (DZ.(0,0)) = 2¢'(0)/e > 0. Therefore

the linearization of the vector field Z. at the equilibrium point (0,0) is of center type whose
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eigenvalues are given by
2¢'(0)
P

Pt = £

Thus (0,0) is a Hopf point of the regularized system. We study its stability by computing the
Lyapunov coefficients. As follows, we will utilize the approach already described in this work

and also available in [27] and [69]. An eigenvector associated with the eigenvalue py of DZ. at

v=1(0,1)+ (— 2‘p;(0),0> ;.

Thus, the matrix of transformation to the Jordan canonical form has the expression

the origin is given by

9= = 350~ 7@ ()
and . _
Ga(z,y) = + V2 (g) Z 2j*1a2jx2j <¢/£O)> i
j=1

We remark that agp, = 1. The series expansion of Gy has the expression

Gi(z,y) = —y — — <y2¢”(0> ygcp”’(O)_i_“.).

©'(0) 22 T 63

Thus we can rewrite the vector field Z. as Z.(z,y) = <G1(m, y), Ga(x, y)) where
1
Gi(z,y) = —y — bl<bzy2+b3y3+“'>,

Go(z,y) =z + (a2:c2 +-~-—|—a2kx2k) (bo +b1y+62y2 —|—b3y3 _|_...>’

b; are the coefficients of order i of the series expansion of the transition function ¢ and, for

i=1,....k

2j—1

aj=2VE () T o,

g
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Consider a function V represented formally as the series

(@ + %) + > Vilz,y)
j=3

V(x,y) =

N |

where each V; is a homogeneous polynomial of degree j. We denote by V), ,, the coefficient of
z"y™ in Vj, for j = n +m. We say that V,, ,, is even or odd according to n is even or odd.

Computing the derivative of V' in the direction of Z. we get the expression
V:vvzaz (x"i_‘/&r"’_‘/élx"i_ 7y+vv3y+‘/4y+"'> -Z€($,y)-
Performing the calculations we have

. b
V = [ —zy + :Ey] + [—bQ:EyQ + aoboz?y + xV3y — stx] + -
1

b
= Voiz® + < — 3Va,0 + asgby + 2V172>af2y + (—bj — 2V + 3%73) zyt —  (5.47)

~Vioy® + Va2t + <2V2,2 — 4V4,0> 3y + <3V1,3 —3V31 + a2bl>$2y2

b3

+(b 2V2,2>903/3V1,3y4+"' :
1

By Theorem 2 the linear transformation

T, H" — H"

Op p

p(z,y) — Tn(p(azy))=—y%(x,y)+wafy(x,y)-

is an isomorphism for n odd. Thus T3 is an isomorphism and we can choose the coefficients
V3.0,..., V0,3 so that V determined in (5.47) contains no cubic terms. To do so they must satisfy

the following set of equations

Vo1 =0,
—3V30+2Vi2 = —aaby,
—2Vo +3Vos = 2,

—Vip =0

Consequently, we get Vo1 = V12 =0, Vo3 = b2/(3b1) and V39 = anby/3. Therefore, there exists

aob b
Va(x,y) = %m?’ + %yg e H?

such that V has order greater than or equal four. Now have to proceed to the quartic terms.
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By Theorem 2 the linear transformation T} is not an isomorphism. However, since it’s kernel is
generated by (:U2 + y2)2, we have that V; — na(xz? + 3?)? belongs to the image of T, where Vi

represents the quartic terms of V. So, we can seek for Va,0,..., Vo4 such that
. 2
Vo= @@+ +-.

To achieved this the terms of V; must satisfy the following set of equations

V31 —mn4 =0,
—4Vyo0+2V5 = 0,
—3V31 +3Vi3 — 204 = —agby,

_% - 2‘/2,2 = 07
—V1,3 — N4 = 0.
Thus, we may choose
b3 bs by aby
Voa=0, Vogo=——- Vig=—— = —— d =V31 = —.
0,4 ) 2,2 2%, 4,0 by 1,3 3 an N4 3,1 3

In other words, the first obstruction to the origin be a center is given by

N4 = gOle =g

on- G20

By the previous calculations the following Lemma is proved.

Lemma 19. Consider the differential system associated with the reqularized vector field Z.
(5.48)

The following statements hold:
(1) The first Lyapunov coefficient at (0,0) is given by L1 = cw;
(2) If ag =0 then V39 =Vio=Vi3=V3; =0.

Theorem 22. Consider system (5.48). Forn = 1,...,k, the Lyapunov coefficient Ly, is given
by Ln = Q9n.

Proof. The proof is given by induction on the following statement Py: L; = agj for j = 1,... k.

If ag; =0 for j =1,...,k the odd coefficients of Vj, for j < 2k 4 2 are zero.
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By Lemma 19, P; is true. Now suppose that Py is true. Let us show that P41 is true, that is,

Lii1 = aggqo and if ag = ... = agrio = 0 then the odd coefficients of Vo3 and Vg4 are zero.
When as = ... = a9, = 0 the odd coefficients of Vo1 3 are determined by the following set of
equations

Viokye = 0,

—3V30k + (2k +2)Vi 9542 = 0,
—5Vs 0k—2 + (2k) V321, = 0,

—(2k +1)Vopq12 +4Vap_14 = 0,
—(2k + 3)Vag43,0 + 2Vopi1,2 = —boaoia.

If g = ... = a9 = agrro = 0 then the right-hand sides of these equations are zero and,
consequently, the odd coefficients of Vo135 are zero. On the other hand, the odd coefficients of

Vak+4 are determined by the following set of equations

—N2k+4 — Vi2k+3 = 0,
— (7 ) m2ka — 3Va241 + (2k + 3)Vigpi3 = 0,
— (") 2kra — 5Vs 261 + (2k + 1)Va 9411 = O,

— (") npsa — (2K + 3)Vak a1 + BVakp13 = —akyabi,

—Nok+a + 2Vopi31 = 0.

\

Working backwards through the equations, we see that 79114 is a positive multiple of a0,
and each odd coefficient is a negative multiple of agr12. We deduce that, if Py is true, then
L1 = aopyo and if g = ... = aigpyo = 0 then the odd coefficients of Vopis and Vopiy are

ZEeTo. O

In this way, we have achieved the next result that establishes the equality between the signs of
the Lyapunov coefficients of the family of discontinuous vector fields Z, ;. o and its regularization

Zk.

Theorem 23. For ¢ > 0 sufficiently small, the Lyapunov coefficients of the family of PSVFs

Za k0 and the Lyapunov coefficients of its reqularization Z. have the same sign.
Proof. 1t follows from Equation (5.43) and Theorem 22. O
Combining Theorem 23 with Proposition 13 of [107] we obtain the following Theorem which

states the existence of a hyperbolic limit cycle of the regularized systems in a suitable small

neighborhood of each hyperbolic crossing limit cycle of the discontinuous ones.
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Theorem 24. Given k € N, consider the family of piecewise smooth vector fields Z,y » and
its regularization Z.. Then there exist a = (ag,aq,...,a95_2,09;) € RE, X € R and g9 > 0
sufficiently small such that, for every transition function, Z. has k hyperbolic limit cycles in a

suitable neighborhood of the origin, for each 0 < & < &g.

Example 3. We perform a numerical example showing the existence of three hyperbolic limit
cycles for the family of regularized systems W€ in a neighborhood of the hyperbolic crossing limit
cycles of the piecewise smooth vector field W given in Example 2. In this simulation we consider

a transition function ¢ of class C? given by

0, y<-1,
e(y) =9 ply), —-1<y<l,
L y=>1,
where , . ;

In this way, the reqularization of the PSVE W in Example 2 produces the family of smooth vector
fields

Y 7 6 2924 1722 7 Y
o= (1020 (V)T (a0 . (4)).
Wz, y) ( 22 2) 1000 x+<x 20 " a0 1000) ¥ \<

The vector field W€ has an equilibrium point near the origin that is an attracting focus for each
small value of €. In particular, we consider €1 = 0.1 and €2 = 0.3. In the first case, we notice
the existence of hyperbolic limit cycles of W& near the points (0.273220,0), (0.846184,0) and
(1.153989,0) with siz decimals. In the last one, we observe the existence of hyperbolic limit
cycles of W*2 close to the initial conditions (0.279302,0), (0.869197,0) and (1.170542,0) with
siz decimals. The smooth limit cycles are getting close to the crossing ones as € decreases. See

Figure 5.15.



5.2 Limit cycles bifurcating from an invisible fold-fold in a family of PSVFs 182

051

\V/

=

-0.51

Figure 5.15: The three hyperbolic crossing limit cycles of the PSVF W given in Example 2 are depicted
in red solid lines. Smooth hyperbolic limit cycles of the regularized system W€ are depicted in black
(blue, respectively) solid lines for ¢ = 0.1 (¢ = 0.3, respectively).

We can ask if the relation between the signs of the Lyapunov coeflicients of the nonsmooth
vector field and its regularization holds in general. We will see in the next example that
the stability of the invisible fold-fold associated with a piecewise Hamiltonian vector field can
be distinct from the stability of the equilibrium point of the regularized one. This example
contradicts our intuition that the regularization process just “smooth” a small neighborhood of
the switching manifold and that this process could not affect the equilibrium stability.

Let us consider a discontinuous vector field F given by

fl(xvy)a Yy 2 Oa
Folz,y) = (=1, -z +A), y<0,

Flx,y) = (5.49)

where F(z,y) is given by
Fi = (14 ana + anx? + 2a02y + 2a122y + 3aosy?, —2x — 3azoz? — any — 2a212y — ar2y?) .

By a straightforward calculation we get that both vector fields /7 and F5 have an invisible
fold-fold singularity at the origin when A = 0. Moreover, F; and F» are Hamiltonian vector
fields and the discontinuous vector field F is in the hypotheses of Theorem 15. So, applying

the formula given by (5.18), the second Lyapunov coefficient (using the nomenclature of Section
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5.1) is L3 = —asp. Indeed, the first return map associated with F has the expression
T7(20) = 0 — agorg + a3rs + O (77) -

Therefore the invisible fold-fold at the origin is repelling for agg < 0 and attracting for agg > 0.

The regularized vector field associated with the PSVF F is given by

F(ey) = (1—%(y))au,y)+gog<y>f1<x,y>

— (fg(x, y),fg(x,y)>. (5.50)

where

Fl@,y) = =14 ¢-(y) (24 a1z + a212® + 2a02y + 2a122y + 3agzy”)

and

Fi(z,y) = =2 + @:(y) (—2 — 3azoz® — any — 2aa12y — a12y°) .

Let us consider ¢(0) = 1/2. In this way we get that the origin (0,0) is an equilibrium point of

F-. The Jacobian matrix of the regularized vector field F;, evaluated on (0, 0) is given by

a

1
DF.(0,0)= | ?

=

20/ (0
age + we()

_an
2

[\][9%)

As a result we have that T'r (DF.(0,0)) = 0 and

3a a?,  3¢(0
02 _ Oy ¢'(0)

Det (DF.(0,0)) =

2 4 e

which is positive, for € > 0 sufficiently small. Therefore, the linearization of F. at the equilibrium

point (0,0) is of center type. Given a smooth vector field Z.(z,y) = (Z2(,y), Z2(x,y)) where
ZH(x,y) = Aoz + Any + Agoa® + Ay + Aggy® + -+

and

Zsz(xa y) = Bioxr + Bo1y + Bzox2 + Brizy + 302y2 4+

with k=44 j for¢,7 =0,1,2,...,

1 (k\ OF 1 (k\ OoF
Ajj = — /- Bij = — 72
g k!(i)@:ﬂ@yﬂ c@y) Bij =g (i)@x@yi (@)
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the first Lyapunov coefficient of smooth systems, following the work of Andronov (see [4] or

[97, 79]), has the expression

s
b=~ A3,(—(2A420By + B11 B
1 4A01(A10B01 — AOlBlo)3/2 { 01( ( 20020 + D11 20))

+ (Ap1Big — 24%)) (BoaB11 — A1142) — (Api Bio + Adp) -

(3(BozB1o — Ao1A430) — Ao1 Ba1 + 2A19(A21 + Bi2)
+  A12Big) + Ag1A1g (A11Bao + Ao Bui + BYy) — 2401 Ajo -
(A3) — Bo2Bxo) + A10B1o (Ao2Bi1 + ATy + A11Boa) —

—  2A19B1o (Bgy — Ao2Aso) + Big(Ao2 A1 + 2402Bo2) } -

Applying this formula to vector field F; it is straightforward that the denominator of L is
positive for ¢ > 0 sufficiently small. Therefore, the sign of L is given by its numerator. Notice
that the formula for L; involves terms of up to third order. So, for € > 0 sufficiently small, the
sign of L is given by the coefficient of 1/£3, that is, the sign of L; is given by

3
2 (a1 — 6aso) ng’(O)3 — §a117rc,0'(0)<p"(0).

Therefore, it is possible to choose values such that the stability of the equilibrium point at the
origin of the regularized vector field F; is distinct from the stability of the invisible fold-fold
at the origin associated with the discontinuous vector field F. Another example can be found
in [11] where the authors construct a family of piecewise smooth vector fields so that, for some
parameter values, the family of PSVFs has an invisible fold-fold at the origin that behaves like

an attractor but the Hopf point of the respective regularized system is repelling.
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