PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: May 5, 2016
ACCEPTED: June 14, 2016
PUBLISHED: June 21, 2016

Untwisting the pure spinor formalism to the RNS and
twistor string in a flat and AdS; x S® background

Nathan Berkovits

ICTP South American Institute for Fundamental Research,
Instituto de Fisica Teorica, UNESP — Universidade Estadual Paulista,
Rua Dr. Bento T. Ferraz 271, 01140-070, Sao Paulo, SP, Brasil

E-mail: nberkovi@ift.unesp.br

ABSTRACT: The pure spinor formalism for the superstring can be formulated as a twisted
N=2 worldsheet theory with fermionic generators jgrsT and composite b ghost. After
untwisting the formalism to an N=1 worldsheet theory with fermionic stress tensor jgrsT +
b, the worldsheet variables combine into N=1 worldsheet superfields X™ and ©“ together
with a superfield constraint relating DX™ and DO®. The constraint implies that the
worldsheet superpartner of 6% is a bosonic twistor variable, and different solutions of the
constraint give rise to the pure spinor or extended RNS formalisms, as well as a new
twistor-string formalism with manifest N=1 worldsheet supersymmetry.

These N=1 worldsheet methods generalize in curved Ramond-Ramond backgrounds,
and a manifestly N=1 worldsheet supersymmetric action is proposed for the superstring in
an AdSs x S° background in terms of the twistor superfields. This AdS5 x S worldsheet
action is a remarkably simple fermionic coset model with manifest PSU(2,2[4) symmetry
and might be useful for computing AdS5 x S° superstring scattering amplitudes.
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1 Introduction

The pure spinor formalism for the superstring [1] has the advantage over the Ramond-
Neveu-Schwarz (RNS) formalism in that is manifestly spacetime supersymmetric. This
simplifies the computation of multiloop superstring amplitudes [2] since there is no sum over
spin structures, and allows the description of Ramond-Ramond superstring backgrounds
such as AdS5 x S° [3]. However, the pure spinor formalism has the disadvantage that it is
not manifestly worldsheet supersymmetric. This complicates the construction of the b ghost
and integrated vertex operators, and introduces subtleties associated with regulators [4]
and contact terms [5] needed to preserve BRST invariance.

Although the pure spinor formalism is not manifestly worldsheet supersymmetric, it
has a twisted N=2 worldsheet supersymmetry in which the two fermionic N=2 generators
are the BRST current and the b ghost [6]. In this paper, the N=2 worldsheet supersym-
metry will be untwisted and the pure spinor formalism will be described in a manifestly
N=1 worldsheet supersymmetric and d=10 spacetime supersymmetric manner in terms of
the N=1 worldsheet superfields

X" =2+ kY™, 0% =0%+kAY, P,=Q4+ khq, (1.1)

where £ is the anticommuting coordinate, (2™, %) are the usual d=10 superspace variables,
(™, A%) are their worldsheet superpartners, and (Q4,h,) are the conjugate momenta
to (A%, 0%).



The N=1 worldsheet superfields of (1.1) are constrained to satisfy

M =0, (M"™)a (DXm — ;De»yma) =0, (1.2)
where )\, is a fixed d=10 pure spinor satisfying Ay X = 0. Although the constraints of (1.2)
break manifest Lorentz covariance, one can solve these constraints using three different
methods to produce three different Lorentz-covariant descriptions of the superstring.

The first method is to solve for )™ and A® in terms of (2™, 8%, A*) where \* is a d=10
pure spinor satisfying Ay"*A = 0. This method produces the pure spinor formalism which is
manifestly spacetime supersymmetric but not manifestly worldsheet supersymmetric, and
where the N=1 fermionic generator is the sum of the pure spinor BRST current and b ghost.

The second method is to solve for % and A® in terms of (2", ™, 8’*, \*) where §'“ is
constrained to satisfy 8/y™\ = 0 and \® is constrained to satisfy Ay™\ = 0. This method
is manifestly worldsheet supersymmetric where A% is the worldsheet superpartner of ¢,
but is not manifestly spacetime supersymmetric. One can argue that (6%, \*) decouples
from physical vertex operators and scattering amplitudes, so this method produces an
“extended” version of the RNS formalism where X™ = 2™ + k™ plays the role of the
usual RNS matter superfield.

Finally, the third method is to solve for ™ and ™ in terms of (A%, #%) and its conju-
gate momenta (€, ho). This method preserves both manifest worldsheet supersymmetry
and spacetime supersymmetry, and produces a twistor description of the superstring in
which (A%, Q,) are d=10 twistor variables which replace the =™ spacetime variable.

There are several similarities of this worldsheet supersymmetric twistor description
with earlier twistor descriptions of the superstring in [7—14], however, these earlier twistor
descriptions were mostly for the heterotic superstring whereas this twistor description is
only for the Type II superstring. It would be very interesting to study the relation of these
twistor descriptions to each other, as well as to the more recent twistor superstrings which
describe either N=4 d=4 super-Yang-Mills [15, 16] or d=10 supergravity [17, 18].

In a flat background, the N=(1,1) worldsheet supersymmetric action for the Type II
twistor superstring is

S = / 2zd%k [—%D@a + 34D — %(@ymD@)(é%E@) + é((:)'ymD(:))(@va@)]
(1.3)
where D = %—i—m@z and D = %—l—ﬁgg, (0% P, @é‘, (f)a) are N=(1,1) worldsheet superfields
and o,& = 1 to 16 are d=10 spinor indices of the same/opposite chirality for the Type
IIB/ITA superstring. This action is manifestly invariant under both N=(1,1) worldsheet
supersymmetry and d=10 N=2 spacetime supersymmetry which transforms the worldsheet
superfields as
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Surprisingly, when expressed in terms of these twistor superfields, the Type IIB super-
string action in an AdSs x S° background takes the extremely simple form

S =12 / =’ [DO DO} + DOLOT DO 6] (1.5)

where r is the AdS radius, R = 1 to 4 are SO(4,2) spinor indices for AdSs, J = 1 to 4
are SO(6) spinor indices for S°, the 16 components of the superfield @}J% are obtained by
decomposing ©®+i©% under SO(4, 2) x SO(6), and the 16 components of the superfield or
are obtained by decomposing ©¢ — i©%. This AdSs x S5 twistor-string action is manifestly
invariant under both N=(1,1) worldsheet supersymmetry and under PSU(2, 2|4) where the
32 spacetime supersymmetries transform the worldsheet superfields as

06} = ef, + 040k, 00F =&t - ellokof - ollele. (1.6)

Hopefully, the simple form of (1.5) will be useful for constructing vertex operators and
computing superstring scattering amplitudes in an AdSs x S® background. But before con-
structing vertex operators and computing scattering amplitudes using this twistor-string
action in an AdS x S° background, it will be necessary to better understand the vertex oper-
ators and scattering amplitudes using the twistor-string action in a flat background of (1.3).

In section 2.1, the N=2 worldsheet supersymmetry of the pure spinor formalism is un-
twisted to an N=1 worldsheet supersymmetry with the fermionic generator G = jgrsT + b,
and the constrained N=1 worldsheet superfields [X™, ©%, ®,] satisfying (1.2) are defined.
In section 2.2, the N=1 worldsheet supersymmetric action with manifest d=10 supersym-
metry is constructed for the superstring in a flat background in terms of these constrained
superfields. In section 2.3, the U(1) generator J = —A%w,, is used to define physical states
whose integrated vertex operator is required to be N=1 superconformally invariant and have
zero or negative U(1) charge. In section 2.4, physical vertex operators are constructed for
massless states and the Siegel gauge-fixing condition by = 0 is clarified. In section 2.5, a
new tree amplitude prescription is given for the pure spinor formalism based on the un-
twisted approach which matches the RNS tree amplitude prescription in the Fj picture.
In section 2.6, an alternative solution to the superfield constraints of (1.2) is shown to pro-
duce an extended version of the RNS formalism where the [©% ®,] superfields decouple
from the X™ superfield. And in section 2.7, the N=1 worldsheet supersymmetric approach
to the pure spinor formalism is generalized to curved heterotic and Type II supergravity
backgrounds.

In section 3.1, a third solution to the superfield constraints of (1.2) for the Type II su-
perstring is described which replaces the usual spacetime variable 2™ with twistor variables
and solves for X" in terms of [©%, ®,]. In section 3.2, N=1 worldsheet superconformal
generators are constructed for this Type II twistor-string formalism and a U(1) generator
corresponding to the projective weight of d=10 twistors is used to define physical states.
In section 3.3, the N=(1,1) worldsheet supersymmetric twistor-string action in a flat back-
ground of (1.3) is constructed and shown to be equivalent to the usual pure spinor Type
IT superstring action up to a BRST-trivial term. In section 3.4, this twistor-string action
is generalized in an AdS5 x S® background to the remarkably simple action of (1.5) which



has manifest PSU(2,2|4) symmetry and reduces in the large radius limit to the action in
a flat background of (1.3). Finally, in section 3.5, the AdS5 x S° twisor-string action is
written in SO(10,2) notation and a U(1) generator involving d=12 pure spinors is used to
define physical states.

2 Untwisting the pure spinor formalism

2.1 N=1 generators and superfields

In a flat background, the left-moving variables of the pure spinor formalism for the super-
string are described in conformal gauge by the free worldsheet action

S = /dQZ <;8mm&nm + pa 00 + waﬁ)\a> , (2.1)

where (z™,60%) are the usual N=1 d=10 superspace variables for m = 0 to 9 and o = 1
to 16, po is the conjugate momenta to 6%, A\* is a d=10 pure spinor variable satisfying
AN = 0, and w, is the conjugate momentum to A* which is defined up to the gauge
transformation dws = f™(YmA)a-

As discussed in [6], this pure spinor formalism can be interpreted as a topologically
twisted N=2 worldsheet superconformal field theory with fermionic left-moving generators

Gt = jBrRsT = A%, (2.2)

1 - _
G~ =b=—w,00% + —— |7 (AMymd) + (WymA) (Ay" 00
2()\)\)[ (Mimd) + (wymA) (A" 80)]
where § G* is the BRST charge used to define physical states, G~ is the composite b
ghost used for computing loop amplitudes, A, is a fixed pure spinor on a patch defined by

(A*Aq) # 0, and 7 and d,, are the spacetime supersymmetric operators

1 1 1
7" = 0x™ — 5897’”0, do = P — §8xm('ym0)a — §(97m89)(’ym9)a. (2.3)

Using the OPE’s from the free worldsheet action of (2.1), one can verify that GT and G~
are nilpotent operators satisfying the relation

1
{ }’{ G+, G‘} = Touisted = — 5020 — Padl® — wadX® (2.4)

for any choice of \,. Although G~ can be Lorentz-covariantized by treating A, as a non-
minimal worldsheet variable [6], this non-minimal version of the pure spinor formalism will
not be discussed here and )\, will be assumed to be fixed on each patch. Furthermore, we
will be ignoring all normal-ordering terms and central charges thoughout this paper such
as the term proportional to A,0%0® in G~. Hopefully, the non-minimal formalism and
normal-ordering contributions will be treated in a later paper.

To untwist the N=2 generators of (2.2), define the N=1 generator

G=G"+G =\, — w,00“ + 2(;) (7" (Aymd) + (WymA) (A" 08)] (2.5)



which satisfies the OPE of an N=1 superconformal stress tensor

G(y)G(2) = 2y — 2) ' T(2) (2.6)
where
T= _%a.fmaxm - paaea o %(waa)‘a - Aaawa) (27)

is the untwisted stress tensor with (A%, w,,) of —I—% conformal weight, and the central charge
contribution in (2.6) is being ignored.

Under the N=1 worldsheet supersymmetry generated by G of (2.5), the bosonic world-
sheet superpartner GO“ of 6 is

a __ Y« 1 m BN Y
AY =\ +2(AX)7F (YmA) (2.8)

and the fermionic worldsheet superpartner Gz™ of =™ is

1 1 -
m=_—Ay"0 — ———(\y"d). 2.9
Y= SAy N M)( y"d) (2.9)
So one can define N=1 worldsheet superfields
X" =2+ kY™, 0% =04 kA® (2.10)

where k is an anticommuting parameter, which transform covariantly under N=1 world-
sheet supersymmetry transformations and transform under the d=10 spacetime supersym-
metry transformations as 00 = ¥, § X™ = —%e’ym(a.

Furthermore, the conjugate momenta variables p, and w, can be combined into the
worldsheet superfield

1 _ 1 - 1
Dy = W — —— (WA (Y"A) + £ | do — —— (A A) (Y N)o — ——
w (wymA)(Y"A) + & (dymA) (Y™ A) 2007

2(\N) 2(\N) Aa(Aymd)™”

(2.11)
where 7 and d,, are defined in (2.3). Note that ®, has conformal weight +1 and trans-

forms covariantly under N=1 worldsheet supersymmetry, and is spacetime supersymmet-
ric. The N=1 superfields (X™, ©%, &) are not independent and satisfy the worldsheet and

spacetime supersymmetric constraints

(7" N)« (DXm - ;D@'ym@) =0, (AM™)*®,=0 (2.12)

where D = % + H%.

As will be shown later, different solutions of the constraints of (2.12) will describe
either the pure spinor formalism, an extended version of the RNS formalism, or a new
twistor formalism of the superstring.



2.2 Worldsheet supersymmetric action

To construct the N=(1,0) worldsheet supersymmetric action for the heterotic superstring,
generalize the superfields of (2.10) and (2.11) to the off-shell N=(1,0) superfields

XM= g™ g™, 0% = 0% £ kA, By = Qo + Kha, (2.13)

where (2™, 9™, 0% A% Qq, hy) are treated as independent components. For the heterotic
superstring in a flat background, the N=(1,0) worldsheet action in terms of these super-
fields is

_ 1 _ _ _
S = / d*zdk [@aa@a + STz + B 4 (O™ L) + M™ (A ®) (2.14)
where
m m 1 m m m 1 m T ayvm 15 m
II;) = DX —§D@7 0, II'=0X —5867 0, I =0X —5897 o, (2.15)

BL = 1[(D67,0)0X ™~ DX (307,0)], Bl = 1[(007,0)IX" X" (367,0)],
(2.16)

B¢t is the usual heterotic Green-Schwarz two-form, BIE is obtained from B2 by replac-
ing 0, with D, L, and M"™ are Lagrange multiplier superfields enforcing the constraints
of (2.12), and the right-moving fermions of the heterotic superstring [19] which generate
the SO(32) or Eg x E® gauge groups will be ignored throughout this paper.

Performing the Grassmann integral over x and imposing the constraints of (2.12), the
action of (2.14) is equal to

S = / d*z [chaa@%r@aap@%; (H?—;D@rymD@> ﬁgm—%nm(EHQ”JrD@rymé@)
+ Bhet 4 %(D@’ymg@)ﬂﬁ - i(D@fymD@)Hz] (2.17)

— / d*z {D@aa@a + ®,0DO* + %H;ﬂﬁgm — 1™ DO~,,00 + ngt]
= / d*z {haaea + Q,0A — (w — ;A7m6’> (Aym)a00* + %wmfm + Bﬁgt] (2.18)

where Q, and h, are constrained to satisfy Ay™Q = Ay"™h = 0. Finally, one can define

1 1
Qo = wg — ——= (WY A)(Y™A),  da = ha — (Aym)a | Y™ — A0 |, 2.19
= G W) (mda (97~ 30970) . 219)
to obtain the heterotic pure spinor action of (2.1)
2 apo aya 1 m— het
5= /d : [daé)@ WX+ ST + BZZ} (2.20)
2 1 ma apo gy«

where the relation of p, and d, is defined in (2.3).



For the Type II superstring, one generalizes the N=(1,0) superfields of (2.13) to
N=(1,1) off-shell superfields
X™ = 2™ 4 g™ + B + KR, (2.21)
O = 0% + kA® + Fp® + KkEs®,  O% = 0% + BA® + kp® + KRS,
Dy = Qo + Kho + Fro + KRCa,  ®g = Q4 + Rha + KPs + KREa,
where (z,7Z, k, k) are the parameters of N=(1,1) worldsheet superspace and « and & denote
spinors of the same/opposite chirality for the Type IIB/IIA superstring. In terms of these

N=(1,1) worldsheet superfields, the Type II worldsheet supersymmetric action in a flat
background is

_ ~ o~ 1
S = / d2zdmdm[ = 2, DO% + &5 DO + STy, + BIL (2.22)
+ (DI + My (™ ®) + Oy )Ty + Mo (3™ 8) |,

where [Lqo, M™] and [Lg, M ™] are Lagrange multipliers for the left and right-moving con-
straints

("N =0, Mm@ =0, IIp("\)*=0, M"®=0, (2.23)

Ao and Mg are two fixed pure spinors satisfying Ao A® # 0 and X&Xd #0,D = % + n%
and D = a* —i—naz,

" =DX™ — %D@fyme - %Déym@, " =ox™ — %a@yme - %a@ymé, (2.24)

I =DX" — %E@w@ - 1E@)w@), I =ax™ — %é@ym@ - %B@fym(?), (2.25)

BIL — i [(D@’ym@ DO4,0)DX™ — DX™(DO~,©® — D6~,,0) (2.26)
- 5(D61,0)(D8178) + 5 (D81")(D1,0)].

B — i [(8@'7m® 007m©)0X™ — OX™ (07,0 — 904, 0) (2.27)
- 5(007,0)(867"8) + 5(06:"8)307,,0)].

and BIL is the usual Type II Green-Schwarz two-form B, field with % and % replaced
by D and D.

After shifting &, and 5&, integrating over k and %, and solving for auxiliary fields,
the action of (2.22) reduces to

S = / a2z [haaea + Qa0A* +hg00% + Q50N — (W— ;Ayme) (AYm)a00®  (2.28)

_ @m _ ;xym(;) (Rypn) o0 + gwmﬁm 4 ng}



where [Qa,ﬁd, hoé,ﬁd] are constrained to satisfy Ay = i’ymﬁ = M"h = i’ymﬁ = 0.
Defining

1 m _
Qa = Wq — m(w'}’m)\)('y A)7 do = ho — (A’)’m)a <

~
~ ~

PO 1 s -
Qg = Wa — = (w'Ym)\) ('7 )\), do = ha — (A’Ym)d
2(00)

one obtains the Type II pure spinor action
1 _ _ ~ s
S = /dzz {277""777” + B 4+ d,00% + w00 + dy00% + @df))\a] (2.30)
1 _ _ _ . ~
= /d2z [2837’”896”1 + Pa00% + W, 0N + pa00% + @dﬁ)\a} )

Although the manifestly worldsheet supersymmetric actions of (2.14) and (2.22) are
not manifestly Lorentz-covariant because of the presence of A, in the constraints of (2.12),
one can solve these constraints to obtain the manifestly Lorentz-covariant action of the
pure spinor formalism which is, however, not manifestly worldsheet supersymmetric. As
will be shown later, there are alternative ways to solve the constraints of (2.12) which
either lead to the extended RNS formalism or to the twistor string formalism. However,
before discussing the relation of (2.14) and (2.22) to the extended RNS and twistor-string
formalisms, it will be shown how to construct vertex operators and compute tree-level
scattering amplitudes using this N=1 worldsheet supersymmetric description of the pure
spinor formalism.

2.3 U(1) generator

As expected for an N=1 superconformal field theory, physical vertex operators V should
be N=1 superconformal primary fields of conformal weight +% so that the integrated
vertex operator [ GV = [dzdkV is N=1 superconformally invariant. But after imposing
the constraints of (2.12) and fixing the N=1 superconformal invariance, the superfields
[X™, 0% ®&,] contain 30 + 30 worldsheet variables. So one needs to impose additional
requirements if one wants to reproduce the usual superstring spectrum depending in light-
cone gauge on only 8 4+ 8 worldsheet variables.
To obtain the additional requirements, consider the U(1) generator

J = —Xwq (2.31)

which has the OPE’s
JW)G(z) = (y—2)"(GT = G") (2.32)

where G = Gt + G~ and G are defined in (2.2) and carry +1 U(1) charge with respect
to ¢ J. Since the integrated vertex operator [ GV is N=1 superconformally invariant, it
would be N=2 superconformally invariant if it had no poles with J since this would imply
that [ GV has no poles with either Gt or G~. Although this condition on the vertex
operator would be too restrictive, an appropriate condition is that [ GV must have only



terms of zero or negative U(1) charge with respect to § J. Defining [(GV),, to be the term
in [ GV with U(1) charge n, this condition combined with N=1 superconformal invariance
implies that [§ G, [(GV)o] = 0.

It will later be shown that charge conservation implies that the terms with negative
U(1) charge in [ GV do not contribute to tree amplitudes. So at least for tree amplitudes,
the integrated vertex operator can be identified with [(GV')o which is annihilated by § G*.
Furthermore, it will be required that the integrated vertex operator of zero U(1) charge,
[(GV)o, is independent of the fixed pure spinor A, and is therefore globally defined on the
pure spinor space. So in addition to requring that [ GV is N=1 superconformally invariant,
it will also be required that [(GV), = 0 for n positive and that [(GV) is globally defined
on the pure spinor space, i.e. [(GV)o is independent of Ao and is invariant under the gauge
transformation dwq = f"(VmA)a. By fixing the way that the vertex operator depends on
11 components of A* and 8¢ and their conjugate momenta, these additional requirements
will reduce the degrees of freedom in physical vertex operators from 30 4 30 worldsheet
variables to 8 + 8 worldsheet variables.

2.4 Massless vertex operators

N=1 superconformal invariance implies that the open superstring unintegrated massless
vertex operator of conformal weight —i—% has the form

V = DO%A4(X,0) + I Ap (X, 0) + &, W (X, 0) (2.33)

where (Aq, Am, W) are spacetime superfields with momentum k™ satisfying k"k,, = 0.
By acting on V' with the worldsheet superspace derivative D, the integrated vertex operator
is easily computed to be

GV = 00%A, + 1T Ay + DOW 4+ 8, DOV ;W + 8,170, W (2.34)

1
+ DO*DO” <2Amryg}3 + vﬁAa> + DOII™ (D A — VaAp) 4+ IO, A,

The constraints of (2.12) imply that the x = 0 component of the superfields ®, and II}”
carry —1 U(1) charge, and the condition that (GV)2 = 0 implies the d=10 super-Yang-Mills
equation of motion ’ynaﬁ__.mf)VaAﬂ =10. So
(GV)g = 00% A + T Ay + ha W + N Q, VW (2.35)
(v"N)?
A\
Using the definitions of (2.19), one can verify that (GV)g is independent of \, if

+ X%, (=AmYap + VaiAa + VaAg) + AL (OnAa — Vadm).

Vads+VsAa =V0bAn, VadAm — 0nAa = YmasW’, (2.36)

which are the usual onshell superfield constraints for d=10 super-Yang-Mills. And after
imposing these super-Yang-Mills constraints, (GV')g reproduces the pure spinor integrated
vertex operator

1
U=(GV)y=00"Ay + 71" Ay, + da W + Z(uw"m)\)an (2.37)



where V, W8 = i('ym”)ﬁ oFmn and dy = ho — (Aym)oII7 differs from the definition of d,
in (2.19) by a term with —2 U(1) charge which does not contribute to (2.37). Note that
(GV')_2 is nonzero and satisfies G~ [(GV)g = =G [(GV)_s. This explains why the usual
pure spinor integrated vertex operator U of (2.37) is not annihilated by the b ghost [20]
but satisfies b_1 [U = Q [ A where A = —(GV)_5.!

2.5 Tree-level scattering amplitudes

In the pure spinor formalism, the usual tree-level N-point open string scattering amplitude
prescription is to take 3 vertex operators V,. of ghost-number one and conformal weight
zero, and N — 3 integrated vertex operator U, of ghost-number zero and conformal weight
one. One then defines the tree amplitude A to be the correlation function

A= (Vi(21)Va(20) Vi (25) / daaly ... / dznUn) (2.38)

where the (21, 29, 2z3) are arbitrary points and the zero mode normalization is defined by
(M) (AY"0) (AYP0) (0vymnpf)) = 1. Although this prescription only requires 5 of the 16
0 zero modes to be present in the integrand, it is spacetime supersymmetric since one can
show that any term in the integrand with more than 5 8 zero modes and +3 ghost-number
is not in the cohomology of @ = [ A*d, [1].

But before twisting, the vertex operators V,. of +1 ghost-number have conformal weight
—i—%. So this prescription is only conformally invariant after twisting the pure spinor for-
malism and is inconsistent in the untwisted pure spinor formalism. Fortunately, there is
an alternative prescription one can define for tree-level amplitudes in the pure spinor for-
malism which only involves ghost-number zero vertex operators U and can be defined both
before and after twisting.

In this alternative prescription, one takes N integrated vertex operators U, of ghost-
number zero and conformal weight one and defines the tree amplitude as

A = <(21 — 2’2)(22 - 23)(23 - Zl)Ul(Zl)UQ(ZQ)Ug(Zg) /dZ4U4 .. ./dZNUN> (239)

where (z1, 29, 23) are arbitrary points and the zero mode normalization is defined by (1) = 1.
In this prescription, none of the 16 6 zero modes need to be present in the integrand. But it
is again spacetime supersymmetric since one can show that the only term in the cohomology
of @ = [ A\*d, with zero ghost-number is the identity operator. So any term with 6 zero
modes and zero ghost number will decouple since it is not in the cohomology of Q = [ A*d,.

For example, consider the N-point Yang-Mills tree amplitude where U is defined
in (2.37). For N external gluons, requiring an equal number of #%* and p, zero modes
implies that the only term in (2.37) which contributes is

U = 0™ A, (z) + %Mm”an(x) (2.40)

! An interesting question is which vertex operators satisfy (GV)_2 = 0 and therefore are annihilated by
the b ghost and preserve N=2 worldsheet supersymmetry. By analyzing (2.34), one finds that (GV)_2 =0
if and only if Ay W* = 0. Since VsW* = i(’ym")o‘gme AW = 0 implies that Fy,, (’ym"X)a =0, 50 \q is
a killing spinor in these backgrounds. I would like to thank Andrei Mikhailov for discussions on this point.
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where M™" = 1(py™"6) + 3(wy™")). Using the fact that M™" is a Lorentz current of
level 1 with the same OPE’s as the RNS Lorentz current "™, one can easily verify that
the prescription of (2.39) reproduces the correct tree amplitudes.

A similar zero mode prescription was used by Lee and Siegel in [21], and is closely
related to the Fi picture for scattering Neveu-Schwarz states in the RNS formalism. To
compute N-point open string RNS tree amplitudes in this JF; picture, one chooses all N
Neveu-Schwarz vertex operators in the zero picture and uses the same zero mode regular-
ization (c(z1)c(z2)c(z3)) = (21 — 22)(22 — 23)(23 — 21) as in the bosonic string. Although it
is unclear how to generalize this prescription to loop amplitudes in the RNS formalism, it
is easy to show that computations in the JF; picture reproduce the same tree-level ampli-
tude prescription as in the conventional Fy picture [22] where two Neveu-Schwarz vertex
operators are chosen in the —1 picture and one uses the zero mode regularization

(c(z21)e PV e(29)e 32 e(23)) = (21 — 23) (22 — 23). (2.41)

To prove the equivalence of RNS computations in the F; and Fo pictures, multiply the
BRST-invariant state (cOcd?ce™2?) appearing in (2.41) with two picture raising operators
to obtain a BRST-invariant state of ghost-number three and zero picture which includes
the term cOcd?c.

So for computing tree-level scattering amplitudes in the untwisted pure spinor for-
malism, the prescription of (2.39) can be used. Because of U(1) charge conservation with
respect to J = —A\“w, and the absence of terms with positive U(1) charge in the worldsheet
action and vertex operators, terms with negative U(1) charge cannot contribute to tree am-
plitudes using this precription. Furthermore, it will be verified in the next section that the
tree amplitude prescription of (2.39) for Neveu-Schwarz states in the extended RNS for-
malism gives the same tree amplitudes as in the usual RNS formalism. Although it will
not be verified here, it is natural to conjecture that the prescription of (2.39) with the zero
mode normalization (1) = 1 can also be used to compute twistor-string tree amplitudes.

2.6 Extended RNS formalism

The N=1 worldsheet superfields in the pure spinor formalism are [X"", ©%, ®,] satisfying
the constraints of (2.12) that (y"A\)*(DX,, — 1 DOv,,0) = 0 and (\y™®) = 0. If one shifts
©% by defining

~ 1 1 2o DX™
0% =0+ K,,(v"\)* wh K™= DX™ 4 — D(
(™A where Do

—— — ) (2.42)
ADO 2 DO

(v N)*(DXm— 12 DO7,,0) = 0 implies that (Ay,,,)*(60/7™DO’) = 0. So the N=1 superfields
[©, ®,] satisfy the constraints

(Mm)*(©'9™mDO') =0, X"® =0, (2.43)

and leave unconstrained the N=1 superfield X™. Interpreting X™ as the usual N=1 world-
sheet superfield of the RNS formalism, the formalism including both X™ and (0'*, ®,,) will
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be called the “extended RNS formalism”. In components, it is convenient to expand the

new superfield O’ as
O = 0" + KAY + (V" N *(fm + Kgm) (2.44)

where 6% and A\ are constrained to satisfy
04" =0, M"A=0, (2.45)

and (Ay,)%(©'4y™DO’) = 0 implies that f,, and g,, are quadratic and higher-order in 6%

In terms of the N=(1,0) superfields [X™, ©'* ®,], the heterotic worldsheet action in
the extended RNS formalism will be defined to be the sum of the usual RNS action with
an action for the [©'*, ®,] superfields as

S = / d?zdk [;Dxmaxm + ®,00" + (A L)(©'y™DO') + Mm(mm@)] . (2.46)

And in terms of the N=(1,1) superfields [X™, ©'%, Q4 @, E)@], the Type II worldsheet
action will be defined as

1 _ _ ~ o~
S = / dQZdndm[ZDXmDXm - ®,DO'* + &5 DO (2.47)
+ (M L)(6'y™DO") + My (3™ ®) + (A3 L) ('™ DE') + Mmmmcﬁ)} :

To relate the pure spinor heterotic action of (2.14) to the extended RNS heterotic
action of (2.46), substitute into (2.18) the component form of (2.42) which is

a _ pla i mo_ (XG/) ™ — m(Xagl) m BN
6o =0 [M’ e <a s )+f ]wmA), (2.48)

where f,, is quadratic and higher-order in 6'“. In terms of §’“, the action of (2.18) is

_ _ /1 (\) > R ]

S = [ d®2 | ho00“ + Q00N — 1D ANy N)O | —p" — ~=—-92™ | + =02z, + O(6'
/ z[ + Y, (MY )<)\)\¢ 20\)\)21‘ +2x Tm + O(8)

= [ | R0, )0 (2201 R0 )ON B4 50" DO

(2.49)

where O(6’) denotes terms linear or higher-order in 6’* (counting its conjugate momentum

he as an inverse power of §’*) and

X”ym’y")\
™ — iy ————. 2.50
= (2.50)

Defining ®, = Q4 + khq in the extended RNS action of (2.46) where

Qo = Qo = 20mr™ N, ha = ha — 7™ 0Zm A (2.51)

one can easily verify that (2.46) reproduces (2.49) if one ignores terms proportional to O(¢’).
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To understand why these O(#’) terms can be ignored, note that physical vertex opera-
tors will be required to carry zero U(1) charge with respect to J = —\2Q), and be globally
defined on the pure spinor space, i.e. physical vertex operators must be independent of A\,
and be invariant under the gauge transformations

5Qa = €m(7m>\)a + pm(’)/mel)aa (ﬁla = (’Ym)\)apwm (2'52)

generated by the constraints of (2.45) where &, and p,, are arbitrary parameters. It can
be verified that all quantities with zero U(1) charge which are gauge-invariant under (2.52)
must contain non-negative powers of #’* (where he counts as an inverse power of 0'*), e.g.
the Lorentz current M™" = %(Q’ym")\—i-iwm”@’). And since the tree amplitude prescription
vanishes unless there are an equal number of #’*’s and he’s in the correlation function, one
can ignore any O(#’) terms in the worldsheet action which are linear or higher-order in '*.

Finally, it will be argued that the computation of tree-level scattering amplitudes of
physical states using the prescription of (2.39) in the extended RNS formalism is equivalent
to the computation of Neveu-Schwarz states using the usual RNS prescription in the Fj
picture. To prove this equivalence, one needs to show that the extra fields (A%, §'¢, Qo ﬁa)
in the extended RNS formalism do not contribute to tree-level scattering amplitudes using
the zero mode normalization where (1) = 1.

Any physical vertex operator in the extended RNS formalism must be gauge-invariant
under (2.52) and be a worldsheet primary field with zero U(1) charge. Examples of such
gauge-invariant operators with zero U(1) charge which involve he and Q4 are M™ =
%(Q'ym"A+iL’ym”«9’ ) and its derivatives. But since M™" has level zero, i.e. the OPE of M"™"
with MP? has no double pole proportional to the identity operator, it is not possible for a
correlation function involving M™" and its derivatives to be proportional to the identity
operator. It seems reasonable to conjecture that all gauge-invariant opeartors depending
on hy or Q, are of this type and cannot produce the identity operator in their OPE’s.
Therefore, any terms in the vertex operator which depend on he or Qg will decouple from
the tree amplitudes. Furthermore, since the tree amplitude vanishes unless there are an
equal number of h,’s and 6/®’s in the correlation function, any terms in the vertex operator
which depend on #'“ will also decouple. So the only terms in the vertex operator which
can contribute to tree amplitudes are terms that only depend on the superfield X™. But
worldsheet N=1 superconformal primary fields which only depend on X™ are the usual
Neveu-Schwarz states in the RNS formalism. So tree amplitudes of physical states in the
extended RNS formalism are equivalent to the tree amplitudes of Neveu-Schwarz states in
the usual RNS formalism.

2.7 Worldsheet supersymmetric action in curved background

By adding integrated vertex operators to the worldsheet action in a flat target-space
background, one can generalize the N=1 worldsheet supersymmetric actions to a curved
background. For the heterotic superstring in the pure spinor description, the N=(1,0)
worldsheet supersymmetric action of (2.14) generalizes in an N=1 d=10 supergravity
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background to
1 — 1 _ _
S = / d?zdk [2nabEﬁ4DZM EXozZN + 5B}{;}\,DZM 2ZN + o, EY,072M (2.53)
+ (MaL)EYGDZM + M, (02 ®)

where M = (m, p1) are curved-space indices for m = 0 to 9 and p =1 to 16, A = (a, @)
are tangent-space indices for a = 0 to 9 and a = 1 to 16, ZM = (X™ 1), Ejé[ is the
super-vierbein, and B}\lﬁv is the graded antisymmetric tensor superfield.

And for the Type II superstring in the pure spinor description, the N=(1,1) worldsheet

supersymmetric action of (2.22) generalizes in an N=2 d=10 supergravity background to
S = / d2zdmdm[;nabEﬁ/1DZM EXDZN + %BMNDZMEZN (2.54)
— B EYDIM + 4B DZM — F4%, D,
+ (Mal)E4DZM 4 My(3°®) + (uL) B4 DZM + M, () |,

where M = (m,p, 1) are curved-space indices, A = (a,«, &) are tangent-space indices,
M — (XM, OF, (:)ﬂ), Eﬁ is the super-vierbein, Bﬁ n is the graded antisymmetric tensor
superfield, and F*¢ is the superfield whose lowest components are the Type II Ramond-
Ramond bispinor field strengths.

After imposing the constraints from varying the Lagrange multipliers, one can expand
the actions of (2.53) and (2.54) in components in terms of the pure spinor worldsheet vari-
ables (ZM  d,, A, wa, Ao). Although it will not be verified here, it is expected that when
the supergravity fields are onshell, all terms in the action will have either zero or negative
U(1) charge with respect to (2.31), and the terms with zero U(1) charge will be independent
of A, and reproduce the pure spinor worldsheet action in a curved background of [23].

Using the extended RNS description, the heterotic superstring action of (2.46) can be
generalized in a Neveu-Schwarz background and the resulting action is

S — / 2 zdr B(gm(}() + b (X)) DX ™D X,, + B0 (V20" (2.55)
+ (MaL)(©'7*V . 0') + My (A ®)

where (Vz0')® = 90" + 9X™w,,5%(X)0'%, (V,0')* = DO + DX™w,,5%(X)0", and
wp® is the spin connection. Similarly, the Type II worldsheet action of (2.47) generalizes
in a Neveu-Schwarz/Neveu-Schwarz background to

S = / d2zdndn[;(gmn(X) b (X)) DXTDX™ — By (Vr©)* + Ba (Vo) (2.56)

—

+ (ML) (©V0') + My (MY ®) + (X'Yai)(@/'wﬁﬁél) + Ma(X'Ymi\)) )

where (Vz0')® = DO + DX "w,ns*(X)0", (V48')% = DO + DX™G, ;%(X)&'%, and

wrg® and &, B& are the left and right-moving spin connections.
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3 Twistor string formalism

3.1 Twistor superfields

By choosing different solutions of the superfield constraints of (2.12),
_ 1 _
("N (DXm - 2D@7m®> =0, (M™)*®, =0, (3.1)

one obtains different worldsheet supersymmetric descriptions of the superstring. Expanding
the superfields in component fields as

X" ="+ kY™, O%=0%+ kA%, &, =Q4+ Kkha, (3.2)

the pure spinor description solves for ¢)™ and h,, in terms of d, through the equations (2.9)
and (2.19). And in the extended RNS description, one solves for 6 in terms of )™ and
a constrained 6'* satisfying (Ay™6’) = 0 by shifting ©% to ©'* as in (2.42). In both of
these descriptions, the bosonic component fields A% and €, are solved in terms of ™ and
(A%, wy) where A% is a pure spinor and
A =\*+ ; <8xm—1897m0) (1A, Qo = wa — ;(Xfymw)(’ym)\)a. (3.3)
2(AN) 2 2(AN)

In this section, a new twistor-like solution for the constraints of (3.1) will be presented
in which the superfield X™ = 2™ + k™ is solved in terms of the other superfields. In this
description, the superfield ®,, is shifted to &, = &, — %X " (Y, DO), whose components
o/ = QL + khl, no longer satisfy Ay = \y"™h’ = 0. It will be convenient to expand the
bosonic component fields A* and €/, which appear in ©¢ and ¥/, as

1 — 1 —

A% ="+ mwmwmmu), Qo = pa + wa — m(va)a(w’VmA), (3-4)

where A% and pu, are constrained to satisfy
M™M=y = Ay"A = 0. (3.5)

The variables w, and v® in (3.4) are the conjugate momenta to \* and p, and are
defined up to the gauge transformations

dwe = fm('Ym)\)cw o = Cmn(')/mn)\)a + hm(')’mﬂ)ay (3'6)

for arbitrary parameters ¢, hy and f,,. Note that (A%, u,) satisfying (3.5) contain 16
independent components and can be interpreted as d=10 twistor variables. As discussed
in [24, 25], twistors in d spacetime dimensions are pure spinors in d + 2 dimensions which
transform covariantly under SO(d, 2) conformal transformations. The spinors (A%, po) sat-
isfying (3.5) can therefore be interpreted as the 16 independent components of a d=12 pure
spinor U4 satisfying the pure spinor condition UAV%BN UB =0 where A=1t032, M =0
to 11, and ¥ are the d = 12 gamma-matrices. So (3.4) decomposes the 32 components of
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A® and Q/, into the 16 independent components of (A%, i,) describing a d=12 pure spinor,
and the 16 gauge-invariant components of its conjugate momenta (wq, v%).

For the heterotic superstring, ®/, does not have enough degrees of freedom to solve for
X™. but for the Type II superstring, one also has the right-moving superfields

0% = 0% + RAY, @, = + R, (3.7)

with component expansions

o~ ~
~ ~ =

AY =X ——— ("N D), Q= fla + Ba — —= (" Na(@mA).  (3.8)
2(AN) 2(0N)
The shifted superfields ®/, and </I\’; are defined by
1 ~ ~ 1 -~
@’a =&, — 5Xm(fymD@)a, @ﬁi = o4 — §Xm(7mD@)d, (3.9)

and no longer satisfy the constraints A\y® = 0 and My™®' = 0. Since the P!, and <T>’a
superfields are related to the X™ superfield by

_ 1 — =~ ~ 1 = _~
A" = —5()\7m'y”D@)Xn, A" = —§(A7mqf”D®)Xﬂ, (3.10)
the bosonic spinor variables (pq,A%) and (Tia, A9) in (3.4) and (3.8) are related to the

spacetime vector variable ™ by the usual twistor relation

1 1 ~

fo = =52 (MmN )ar fla = =52 (ymA)a- (3.11)

For the Type ITA superstring, the twistor relation of (3.11) can be inverted to solve

for ™ in terms of p, and pg® as

1 ~
S VP V) 3.12
(M)( Y+ A" ) (3.12)

where it is assumed that )\O‘Xa # 0. Similarly, the Type ITA superfield X™ can be expressed

" =

in terms of ®/, and ®'“ as

1 —~ ~
(DODO)
Although there is no analogous solution for the uncompactified Type IIB superstring, one
can use the standard T-duality relation of Type IIB with Type IIA to solve for ™ if at
least one direction of the Type IIB superstring is compactified on a circle. For example, if

9

x” is compactified on a circle, define

1. ~ 1_ -~
po = =58 (MmN s fla = =57 (1 Ym0, (3.14)

where ™ is the T-dual to ™ defined by

-~m

T =a2T + a2 for m=0 to 8, =z —x%, (3.15)
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and z7" and z; are the left and right-moving parts of 2™ defined by 2 (z) = [ dydz™(y)
and z7(z) = [ dydx™(y). Using (3.14), one can invert to solve for Z™ in terms of 4

and [i, as
1 ~
"= ———— (M + M 3.16
(MQA)(WVM 7Y ) (3.16)

where it is assumed that ()\WQX) # 0.

3.2 N=1 superconformal and U(1) generator

The left-moving N=1 superconformal stress tensor for the twistor-string is 7 = %D@’QDGC“—
$®/,00%, which in components is

G=hA"—Q.00°, T— —%Q’aaAa + %69;1&0‘ ~ hL06°. (3.17)

As in the other worldsheet supersymmetric descriptions of the superstring, physical states
will be required to be N=1 superconformal primary fields whose integrated vertex operators
have zero or negative charge with respect to a U(1) generator J. In the twistor-string
description, the U(1) generator will be defined as

J = =A%y + pa® (3.18)
which splits G into
1 — 1 _
Gt =h X% — 1,00%, G~ = —— (W A\)(AMY"™V) — wa00% + —— (wym ) (AY" 00
oA — 2<M)( YmA)(A"™) —w Q(A)\)(wv )(A"00)
(3.19)

where (A%, o, wq, v*) are defined in (3.4). Note that the U(1) generator J of (3.18) counts
the projective weight of the d=10 twistor variables where (A“, i) carry projective weight
+1 and (wg, ™) carry projective weight —1. So the integrated vertex operator GV will be
required to carry zero or negative projective weight, and the term (GV')g of zero projective
weight will be required to be globally defined on pure spinor space, i.e. independent of A\,
and invariant under the gauge transformations of (3.6).

3.3 Worldsheet action in a flat background
Under spacetime supersymmetry, (3.10) and 6X™ = —3(ey™O + ©y™0O) implies that the

P/, and @fl superfields transform as

SO = €2, 50% =&, (3.20)

R ~ 1 . ~

(ey"O +&Y"0)(vmDO), 60, =

™

53!, —

| =

And under spacetime translations, 6X™ = ¢™ implies that the ®/ and @; superfields
transform as

§0% = 0% =0, 9, = —%cm(’ymD@), 59, = —%cm('ymﬁé). (3.21)
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The N=(1,1) worldsheet supersymmetric action for the Type II twistor-string in a flat
background should be invariant under these super-Poincaré transformations and will be
defined in terms of the (0%, 0%, &/, ®.) superfields as

_ -~ 1 PO . _
S = / d?zd*k {—@&D@ + ®L.DO — g(@ymD@)(@%D@) + 8(@7’”1)@)(@%13@)} .
(3.22)
After integrating out auxiliary variables and shifting w, and wg, (3.22) reduces to

S = / a2z [h’aaea + RL00 + waOA + WadAY + 1a0V® + JigdD™ (3.23)

1/ 1 SRS PO
—2<ny )\—597 80) (V’ym)\ 2977”(90)],

with the spacetime supersymmetry generators
1 ~
Go = /dzdfiq); + 4/ckdn(’ym@)a(@’ymD@) (3.24)
/ 1 = [ Y m 1~ may
= [ dzh], — 5 dz ([ \Y™v — 597 30 ) (Ym0)a,
1 ~ ~
Ja = 4/dzd/<(7m9)&(@7mD@) —|—/dzdm1>'d
1 m 1, ~ -,
1 1 ~ =~
P, = B /dzd/f@’ymD@ + 3 /d?d/f@’ymDG)
1 S~ 1~ A
= /dz <)\*ymu — 29*ym89> + /dz ()qmu — 207m80> .

Using that q)’a—i—%X " (v, DO), and @g{—I—%X m(ymﬁé)d are spacetime supersymmetric,
the action of (3.22) can be written in manifestly spacetime supersymmetric notation as

S = / d?2d’x [— (qJ; + ;X""L(%De)a) DO + <cf>’d + ;Xm(ymD@)d) DO + Béé}
(3.25)
where BIL is defined in (2.26). Note that this action is related to the Type II worldsheet
action of (2.22) by dropping the term

1 _
3 / d? zdrdr T gy, (3.26)

Since IT™1lx,, has left and right-moving U(1) charge (—1, —1), the term of zero U(1) charge
in (3.26) can be expressed as the BRST-trivial term

_ % / i ?é ot ]{ G (0T, (3.27)

So if all vertex operators are annihilated by ¢ G* and ¢ G*, it seems reasonable to assume
that dropping the term of (3.27) will not affect the scattering amplitudes since one can pull
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the countour integrals of G and G+ off of the surface. However, since vertex operators
have not yet been constructed in the twistor-string formalism, this assumption has not yet
been verified by explicit computations.

To relate (3.22) with the usual component form of the Type IIA pure spinor worldsheet

action, substitute po = —32™(YmA)q and i = —%xm('me)o‘ into (3.23) and vary v* and
U, to obtain the equations of motion
(A"V)(rmA)a =T (mA)as - (AY"V)(1mA)* = 7" (YmA)?, (3.28)
which implies
S mey _ ™M) (M™"A)
D) = 2L L N (A MY A 3.29
(M) = o (M) = o (3.29)

where the equations of motion ON* = 8/):a = 0 have been used. Plugging the auxiliary
equations of (3.29) back into the action of (3.23) and ignoring terms which vanish when
ONY = OXg =0 (and can therefore be cancelled by an appropriate shift of w, and w®), one
finds that

S = / d?z [h’aaea + RL00% + wa N + WadN (3.30)
1 ™™ 1 ~ A}
+ =7 — ————Tm T — = (07 00) (000
5 o 5 (01m00)(67™96)
_ ~ _ - 1 _
= /dzz [paaea + Da00% + wa,OX* + WaOX™ + 28xm8xm] (3.31)
_ /dQZMWmWn,
22\
where
;o1 1 1 1~ N\, .
Pa = hi, + ixm('y 00)q + 3 0Ty, + 107m89 + g@’ymaﬁ (7"0)q, (3.32)

P =1+ %xm(y”@@)a + % (axm + i§7m5§+ ;97m69> ("),
and the first line of (3;551) is the Type ITA worldsheet action of (2.30). Furthermore, (3.32)
implies that Gt and G of (3.19) are mapped into the pure spinor BRST currents
Gt = AR, — 1,00% — Gt = \?d,,, (3.33)
Gt = Nl — 19000 — G+ = Nod®,
where

1 1 - | AR DU\ S
do, = Pa=3 <8xm+497m89) (Ymb)a, d¥= ]’50‘—5 <8$m+49’ym80> (vm0)*  (3.34)

are defined as in (2.3) and the equations of motion 9% = 98, = 0 have been used.
Finally, note that

- /d2 (M;’:;"A)Wm T = /d2 f(#}z{(ﬁ <d d“) (3.35)

in the second line of (3.31) is BRST-trivial. So up to this BRST-trivial term related
o (3.27), the Type II twistor-string action of (3.22) is equal to the pure spinor action
of (2.30).
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3.4 Twistor string in AdSs x S° background

In principle, one can obtain the worldsheet action for the twistor string in an AdSs X
S5 background by deforming the Type IIB action in a flat background with the vertex
operator for the Ramond-Ramond five-form field strength and computing the back-reaction.
However, a simpler method is to find a PSU(2, 2|4)-invariant action which reduces in the
large radius limit to the Type IIB twistor string action in a flat background of (3.22).

To describe the AdSs x S° background, it is convenient to start with the standard
PSU(2,2[4) q

representation of AdSs x S where g(Z) takes values in the supercoset SO %S0()

define the supervierbein Eﬁ by

g tog = E,07M (3.36)
where A = (a,«,&) denote the 10 bosonic and 32 fermionic generators of %
and ZM = [xm,9“,§ﬂ]. Using the notation 7,5 = (701234)aé and 170‘3 = (%1234)0‘/3, the
Ramond-Ramond field strength is given by F af — 170‘3 and one can choose the gauge

where
BunDZMDZN = s (E;}E;% + ESES)\DZMDZY (3.37)
=1aa((97 ' Dg)* (9~ Dg)* + (g‘ng)d(g‘lﬁg)a)-
Just as the term 3 [ d?z [ dxdRIIT Iz, of (3.26) was dropped from the twistor-string

action in a flat background, the twistor-string action in an AdSs x S® background will be
defined by dropping the analog of this term in the curved background action of (2.54)

1 — 1 _
/ d*z / dndﬁinabEﬁ/[E?VDZMDZN = / d*z / dnd@nab(g*lpg)a(g*lpg)b. (3.38)
So the twistor-string action is
2 2 — 1 -1 a/r —17y,\& —1 ar —17y,,\«@
S=r" | dzdrdr | 51n0a((9™ Dg)* (97 Dg)* + (97 Dg)* (g~ Dg)?) (3.39)

~ @ (g7 Dg)* + B, (g ' Dg)* — nad¢>;§>é]

where 7 is the AdS; radius and X" is determined in terms of [0, ©%, &/, ®.] through the
AdS; x S? generalization of (3.13).

Since the AdS5 x S° superstring is a Type IIB superstring, defining X™ in terms of
[@0‘,(:)6‘,@’06,215&] will require T-dualizing one of the AdSs x S° directions as explained
in (3.14). A convenient choice which will hopefully be explored in a future paper is
to T-dualize one of the S° directions, which breaks the manifest SU(4) R-symmetry to
SO(4) x U(1). This is the same manifest symmetry as the spin-chain, and T-dualizing in
this direction means that the spin-chain ground state Tr(Z™) where Z is the scalar with
+1 U(1) charge is described by a string with winding number n.
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Integrating out the auxiliary superfields ®/, and @a in (3.39), the AdSs x S° twistor-
string action simplifies to

1 — a/,—17 \& — ar,—17, o
5 =1* [ @sddine |47 Do) (a7 D)* - (57 Do)’ (5™ D) (3.40)

Surprisingly, this action is not only invariant under the local transformation dg = g2 when
Q2 € SO(4,1) x SO(5), it is also invariant under dg = ¢g€2 when Q € SO(4,2) x SO(6).
So the bosonic elements of the coset can be gauged away and the action of (3.40) can be
expressed as
1 . . _

S =72 / dzzdmdﬁ§nad [(G—IDG)Q(G—lDG)a —(G™'DG*(GTTDG)~ (3.41)

where G is a fermionic coset taking values in %.2
Using SU(2,2) x SU(4) notation, this action can be expressed as

S =r? / d?2drdrR(G'DGYL(GIDG) (3.42)

where J = 1 to 4 is a spinor representation of SO(4,2) = SU(2,2) and R = 1 to 4 is a spinor
representation of SO(6) = SU(4). Note that the Maurer-Cartan equations imply that

/ 2 =dkd7(G-DG)L(G- DG = — / P2drdi (G- DG RGDGY,  (3.43)

up to a surface term. Defining the coset representative of G as
G = eOrTS 87T (3.44)

where Té and T ﬁ are the generators of the 32 fermionic isometries, the left-invariant
forms are
(G7roG), = 00%, (G71oG)} = 00% + 6ftoekef, (3.45)

and under the 32 global fermionic isometries generated by 6G = (G}IzTﬁ + €§”Té)G, the
superfields of (3.44) transform as

50% = eh + O%eR 0%, 0% =& - efofo) - ofesd. (3.46)

Plugging in the left-invariant forms of (3.45) into the action of (3.42), one obtains the
remarkably simple action

S =r? / d*2drdr(DO$%DOY + DOLOREDOEO). (3.47)

To show that the action of (3.47) reduces in the large radius limit to the flat space
action of (3.22), rescale

1 - 1
0% —» —=0%, of - —
T

vr vr

2This action has vanishing beta function since the coset is a symmetric space with PSU(2,2]4) in the

ofr, (3.48)

numerator and there is no WZW term [26].
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and write (3.47) as
_ o 1~ U -
S = / d?zdrdR [—<1>;D9a + @, DO% — ;nw@;@’& + De%LeRDekes|, (3.49)

where in terms of the ©% and ©% superfields of (3.39) written in d=10 spinor notation with
a,& =1 to 16, @{% only involves the linear combination ©% + i©% and (:)g2 only involves
the linear combination ©® — i©%. After expressing the quartic term in (3.49) in terms of
©° and ©9,
1~
S = /dQZdﬁ;dE[ — ®/ DO + &, DO — ;na%;@g (3.50)

+ e(DOY*O + DOY*O)(DO7,0 + DO~,0)

+ fabede(DOY*O + DOY"0)(DOY'/© + DOY*/©)
where e and fupcdes are constants which are invariant under SO(4,1) x SO(5) transforma-
tions and come from expressing D@ééﬁﬁ@g C:)§ in d=10 notation. When r — oo, the

no“i@;&)’d term drops out of (3.50)AaAnd, after appropriately shifting ®/ and E)’a to cancel
terms proportional to DO% and DO?, the quartic terms in (3.50) can be reduced to

e [(D@fya@)@é%é) - (Dé»yaé)(be»ya@)] . (3.51)

Finally, the coefficient e can be scaled to —% by scaling [®,, 0%, @w (:)0‘] appropriately so
that the AdSs x S® action reduces to the flat space action of (3.22).

3.5 U(1) generator and d=12 pure spinors

Expanding in components, the action of (3.47) is
S =2 / sz{(G’lﬁG)ﬁ(G*@G)ff (3.52)
+ AL(VRYE + RA(VA)E + AFARREAS — ARALASAL],
where the bosonic components are defined by

A% = (GT'DG)flr—r=0, A} = (G'DG)F|=r=0, (3.53)
R = (@D lumrmo, AT = (G D)o,

(VAT = 0AF + (GT1aG)EAT — AR(G7'aG) Y,

(VAR = 0A% + (G'0G) EAS — ARG o).

In order to construct the U(1) generator needed to define physical states, it is useful to
combine the SO(4,2) x SO(6) spinors (G~19G)# and (G~1OG)% into an SO(10,2) spinor
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(G71OG)A for A =1 to 32 and write (3.52) in SO(10,2) notation as
S =2 / P2d%k eap(G DG (G DG)B (3.54)
_ 2 / P2 [ean(@OGHEIO) + eaph (TN +eaph (VR)?  (359)
+ RMNPQ(A’YMNA)(/AWPQ/A\) ,

where A = 1 to 32 are d=12 spinor indices and M = 0 to 11 are d=12 vector indices, €4p
is the Lorentz-covariant antisymmetric tensor used to raise and lower d=12 spinor indices,

M are the d=12 gamma matrices, Y} = v¥V are products of gamma matrices, and

RMNPQ:—UMPUNQ+UNP77MQ when OSMaN)PaQSE)) (356)

Rynpg = nuping —nnpimg  When 6 < M, N, P,Q < 11.
As in a flat background, a U(1) generator J can be defined which splits G = Gt + G~
where G* carries £1 U(1) charge. This U(1) generator is constructed by first splitting

the bosonic components A4 and AB of (3.55) into left and right-moving d = (10,2) pure
spinors U4 and U# satisfying the constraints

UAAMNY 4 5UB =0, UAAMN) 4507 =0, (3.57)

together with their conjugate momenta V4 and XA/A. One then defines the left and right-
moving U(1) generators as

J=-Uy, J=-U"Vy, (3.58)

so that U4 and U4 carry +1 charge and V4 and Va carry —1 charge.
SO(10)
U(5)

components, a d = (10, 2) pure spinor parameterizes

x C' and has 11 independent complex
SO(10,2)
U(,1)
complex components. So J splits the 32 components of A? into the 16 components of U4
and 16 components of V4. To relate A4 with U4 and Vy, introduce a fixed d = (10, 2)

pure spinor U4 on the patch of pure spinor space where UAU 4 # 0, and define

1 1 — —
A =U* + APy + G E(VMNU)A(UVMNV) +204TV) |, (3.59)
where the coefficients in (3.59) have been chosen such that UyMNA = UyMNU. Note
that (3.59) is invariant under the gauge transformation

Just as a d = 10 pure spinor parameterizes

x C' and has 16 independent

5Va = Q"N (v nU) a (3.60)

for any QMY which allows 16 components of V4 to be gauged to zero.
When written in terms of (U4, Vy) and (U4, V), the worldsheet action of (3.55) has
no terms with positive U(1) charge and the term with zero U(1) charge is

S =1 [ @2 [ean(G10GYN(G1TC) +VAFU 4 Ta(VDY 36

+ Runpo(VAMNU)(VAPRTD)

~ 93 -



where Ry npq is defined in (3.56). As expected, the term of zero U(1) charge in (3.55) is

independent of the fixed pure spinors U and U and gauge-invariant under (3.60).
Under the SO(4,2) x SO(6) subgroup of SO(10,2), U4 decomposes into (Uf, U3) and
the d = (10, 2) pure spinor constraint of (3.57) decomposes as

- 1 o~ ~ 1 ~
UjUs = 105U5 Uy, UpUx = 0k URUL, (3.62)
KIMGR{TS — RSTUGLUM ¢ v UBUE = epsruUTTY,.

Note that the second line of (3.62) is not invariant under the U(1) ‘bonus’ symmetry which
rotates

Ul — e?Ud, U5 — e 03 (3.63)
and enlarges the R-symmetry group from SU(4) to U(4). So although the action of (3.52)

is invariant under this U(1) bonus symmetry, J of (3.58) is not invariant which implies that
the action of (3.61) with zero U(1) charge is also not invariant under this bonus symmetry.
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