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1 Introduction

In a recent Frontiers Article published in [1], we briefly described a fundamentally new
particle. For the properties it is endowed with, it is already considered a primary dark
matter candidate [2]. It has spin half. The associated quantum field describes particles
and antiparticles with eight, compared to four, degrees of the freedom for the Dirac field;
that is: it carries a two fold degeneracy once envisioned by Eugene Wigner [3]. Here, we
provide full details of the formalism.

The theory of spin half mass dimension one bosons and fermions presents a shift in
the established paradigm [1, 4–7]. This work originated from the attempts to understand
Majorana spinors [8] which led to the discovery of spin-half fermionic fields of mass dimension
one constructed from Elko [9, 10]. They satisfy the spinorial Klein-Gordon but not the
Dirac equation and are of mass dimension one. Therefore, they have renormalizable quartic
self-interactions. The spin-half bosonic construct seems to contradict the spin-statistics
theorem but this concern is unwarranted because, as we will show, due to the non-trivial
spinor dual, the mass dimension one bosons and fermions are non-Hermitian. In spite
of the non-Hermiticity, the free Hamiltonians have positive-definite real spectra and are
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bounded from below. Therefore, the spin-statistics theorem which only applies to Hermitian
Hamiltonians, is circumvented [11, 12].

These results challenge the long-standing belief that massive spin-half particles must
be described either by a Dirac or a Majorana fermionic field. Yet the ‘no-go theorem’ of
Weinberg unambiguously reiterates the prevalent consensus of the physics community, namely
the uniqueness of the Dirac and Majorana fermionic fields [13, 14]. Confronted with the
no-go theorem, there are two possible outcomes. Either the theory is flawed or there are
unexplored features that justify the construct. On the one hand, the theory of Elko and
mass dimension one fields have elucidated many different aspects of the Lounesto spinor
classification [15–29], found applications in cosmology [30–50], braneworld models [51–56]
and models of self-interacting dark matter [57–62]. But on the other hand, our knowledge
of the continuous and discrete symmetries of the mass dimension one physical states and
the associated quantum fields are incomplete.

Here, we establish the foundations of the theory. We prove that the spin-half mass
dimension one fields are irreducible representations of the Poincaré group with reflections
thus placing them on equal status with the Dirac and Majorana fields. Such representations
were first considered by Wigner [3] and later studied by Weinberg [14, Ch. 2, App. C]. The
associated physical states, are labelled by p, σ = ±1

2 and an additional Wigner degeneracy
index n = ± so that they are denoted by |p, σ, n⟩. With respect to the SM states, they
represent a new class of states whose quantum field theory, to the best of our knowledge,
have not been explored. To quote Weinberg [14, Ch. 2, App. C]:

No examples are known of particles that furnish unconventional representations
of inversions, so these possibilities will not be pursued further here.

While this statement is true for the SM, but with about 25% of the total energy-matter
content in the observable universe appearing in the form of dark matter, one should not
to be prejudiced against these representations for they may describe particles yet to be
discovered. That is, if dark matter are elementary particles beyond the SM, they ought to
furnish representations of the Poincaré group with or without discrete symmetries. We show
that the spin-half mass dimension one fields are not only realizations of Wigner degeneracy
but are also dark matter candidates.

The mass dimension one fields are local, Lorentz-covariant and have positive-definite
free Hamiltonians. Both the particle and anti-particles have four degrees of freedom. The
doubling of degrees of freedom from two to four is the fundamental point of departure from
the Dirac and Majorana constructs that allows us to evade the ‘no-go’ theorem of Weinberg.

The paper is composed as follows. In section 2, by identifying the correct degrees of
freedom, we construct the complete sets of Elko that are orthonormal, and have Lorentz-
invariant spin sums. We construct the quantum field λ and its adjoint ¬

λ using Elko as
expansion coefficients. The fields are local, Lorentz-covariant and have positive-definite
free Hamiltonian. By exploiting the freedom in choosing the phases for the dual spinors,
the λ- ¬

λ system can either be bosonic or fermionic. In section 3, we derive the discerete
symmetry transformations of the mass dimension one fields and states. In section 4, the
mass dimension one bosons and fermions are shown to be described by states with Wigner
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degeneracy. Their irreducibility is established from the discrete symmetries. In section 5 and
appendix B, we take the first step towards formulating a consistent S-matrix theory for mass
dimension one fields by showing that the term ¬

λλ and the free Lagrangian density to be
pseudo Hermitian [63, 64]. In appendix A, we present a formulation of the theory where the
fields constructed from Elko, has eight components and satisfies the Dirac equation. We show
that this formulation is reducible so the physics of Elko is described by the four component
mass dimension one fields that satisfy the Klein-Gordon equation which furnish the irreducible
representation of the Poincaré group with reflections with two-fold Wigner degeneracy.

2 Foundational background

For this work be widely accessible, we begin with the foundational background. The starting
point is Elko. It is an acronym for Eigenspinoren des Ladungskonjugationsoperators, first
introduced in references [9, 10]. The German to English translation is: Eigenspinors of
Charge Conjugation Operator.

Its existence comes about as follows.1 Taking note of the fact that Wigner time reversal
operator Θ is defined as

ΘJJJ R,LΘ−1 = −JJJ ∗
R,L, (2.1)

where JJJ R,L are the generators of rotation i the right- and left-handed representations.
Reference [8] proved that if ϕ(p) transforms as a left-handed (L) Weyl spinor then Θϕ∗(p)
transforms as a right-handed (R) Weyl spinor. Similarly, if ϕ(p) transforms as a right-handed
Weyl spinor then Θϕ∗(p) transforms as a left-handed Weyl spinor. Exploiting the freedom
of relative phases between the L-type and R-type Weyl spinors, the following 4-component
R ⊕ L spinors may be defined as

λ(p) =
[
ζλΘϕ∗(p)
ϕ(p)

]
, ρ(p) =

[
ϕ(p)

ζρΘϕ∗(p)

]
, (2.2)

where ζλ and ζρ are phases to be determined. These become Elko with eigenvalues ±1, under
the action of the charge conjugation operator

C =
(

O iΘ
−iΘ O

)
K, (2.3)

where K stands for the operation of complex conjugation to the right and we take Θ in
the representation

Θ =
(
0 −1
1 0

)
. (2.4)

To avoid any ambiguity and to define the notation, we explicitly note that

CλS(p) = +λS(p), CλA(p) = −λA(p), (2.5a)
CρS(p) = +ρS(p), CρA

α (p) = −ρA
α (p), (2.5b)

1For notational simplicity, we confine to spin half. However, the formalism applies to all (j, 0) ⊕ (0, j)
representations.
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where

λS(p) = λ(p)|ζλ=+i, λA(p) = λ(p)|ζλ=−i, (2.6a)
ρS(p) = ρ(p)|ζρ=+i, ρA(p) = ρ(p)|ζρ=−i. (2.6b)

Elkos λS and ρS are the self conjugate spinors while λA and ρA are the anti self conju-
gate spinors.

To develop the formalism further, we first collect together a few definitions and facts.
We take σ := (σx, σy, σz) to represent the Pauli matrices. The generators for the R and L
irreducible representations of the Lorentz algebra are thus

R : JJJ R = 1
2σ, KKKR = − i

2σ, (2.7a)

L : JJJ L = 1
2σ, KKKL = + i

2σ, (2.7b)

where J and KR,L are the rotation and boost generators respectively.
Around the unit vector n̂, the rotation transformation for the R as well as L representation

spaces are

exp (iJJJ R,L · θ) = cos
(
θ

2

)
I+ i(σ · n̂) sin

(
θ

2

)
, (2.8)

where θ = θ n̂ and I is the 2× 2 identity matrix. The R and L boosts are given by

R : exp (iKKKR · φ) =

√
E +m

2m

(
I+ σ · p

E +m

)
, (2.9a)

L : exp (iKKKL · φ) =

√
E +m

2m

(
I− σ · p

E +m

)
, (2.9b)

where φ := φ p̂, with the rapidity parameter φ defined as

coshφ = Ep

m
, sinhφ = |p|

m
. (2.10)

The rotation and boost given by (2.8) and (2.9a)–(2.9b) respectively, specify how the R-
and L- Weyl spinors transform. Thus for the R⊕L representation space the rotation and
boost transformations become

D(R(θ))= exp (iJJJ R · θ)⊕ exp (iJJJ L · θ) , (2.11a)
D(L(p))= exp (iKKKR · φ)⊕ exp (iKKKL · φ) . (2.11b)

The associated generators are

J =
(
JJJ R O
O JJJ L

)
= 1

2

(
σ O
O σ

)
, (2.12a)

K =
(
KKKR O
O KKKL

)
= 1

2

(
−iσ O
O iσ

)
, (2.12b)

where O is a 2 × 2 null matrix.
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To give a concrete form to Elko, we need ϕ(p). To obtain these, we take ϕ(0) to be the
spinors at rest p = 0. We take these to be eigenspinors of σz

σzϕα(0) = αϕα(0), α = ±, (2.13)

with a normalization so chosen that in the massless case the rest spinors identically vanish.
There are infinitely many choices for such normalisations. We make the choice (that we
shall later find to be dimensionally appropriate)

ϕ+(0) =
√
m

2

(
1
0

)
, ϕ−(0) =

√
m

2

(
0
1

)
. (2.14)

We do not have to specify whether these transform as R- or L-type Weyl spinors because at
rest, the right-handed and left-handed distinction is operationally undefined. At non-zero
p, the R-transforming Weyl spinors are

ϕ±(p) =

√
E +m

2m

(
I+ σ · p

E +m

)
ϕ±(0), (2.15)

while the L-transforming Weyl spinors are

ϕ±(p) =

√
E +m

2m

(
I− σ · p

E +m

)
ϕ±(0). (2.16)

With ζλ and ζρ taking the values given in (2.6a)–(2.6b), following (2.5a)–(2.5b), we
thus have λ-type Elko

λS
+(p) =

[
+iΘϕ∗+(p)
ϕ+(p)

]
, λS

−(p) =
[
+iΘϕ∗−(p)
ϕ−(p)

]
, (2.17a)

λA
+(p) =

[
−iΘϕ∗−(p)
ϕ−(p)

]
, λA

−(p) = −
[
−iΘϕ∗+(p)
ϕ+(p)

]
. (2.17b)

Similarly, the ρ-type Elko are

ρS
+(p) =

[
ϕ+(p)

−iΘϕ∗+(p)

]
, ρS

−(p) =
[

ϕ−(p)
−iΘϕ∗−(p)

]
, (2.18a)

ρA
+(p) =

[
ϕ−(p)

+iΘϕ∗−(p)

]
, ρA

−(p) = −
[

ϕ+(p)
+iΘϕ∗+(p)

]
. (2.18b)

The labels and phases for Elko are chosen to ensure rotational symmetry of the quantum
fields to be constructed in section 2.2. This ends the background needed for a crucial
observation that now follows.

2.1 The crucial observation

Because C is anti-linear, we can construct two additional sets of self conjugate and anti
self conjugate Elko given by

C
[
ϵλA

α (p)
]
= +

[
ϵλA

α (p)
]
, (2.19a)

C
[
ϵλS

α(p)
]
= −

[
ϵλS

α(p)
]
, (2.19b)
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and

C
[
ϵρA

α (p)
]
= +

[
ϵρA

α (p)
]
, (2.20a)

C
[
ϵρS

α(p)
]
= −

[
ϵρS

α(p)
]
, (2.20b)

where ϵ is a purely imaginary phase. Setting ϵ = −i in (2.19a)–(2.19b), we obtain the
extended set of Elko2

ξ(p, 1) = λS
+(p), ξ(p, 2) = λS

−(p), (2.21a)
ξ(p, 3) = −iλA

+(p)︸ ︷︷ ︸
ρS

+(p)

, ξ(p, 4) = −iλA
−(p)︸ ︷︷ ︸

ρS
−(p)

, (2.21b)

and

ζ(p, 1) = λA
+(p), ζ(p, 2) = λA

−(p), (2.22a)
ζ(p, 3) = −iλS

+(p)︸ ︷︷ ︸
ρA

+(p)

, ζ(p, 4) = −iλS
−(p)︸ ︷︷ ︸

ρA
−(p)

. (2.22b)

In the next section, these will be used as expansion coefficients for a spin one half quantum
field. This field by virtue of a non-trivial doubling the degrees of freedom results in: (a)
evading the Weinberg’s no go theorem mentioned in the Abstract, and (b) solving a two
decade long problem of not only satisfying the boost, and translational symmetry, but also
the rotational symmetry. This constitutes a major breakthrough not only in the formal theory
of quantum fields but it also provides a natural dark matter candidate.

To establish rotational invariance, we shall need the Elko at rest. These are given by

ξ(0, 1) =
√
m

2


0
i

1
0

 , ξ(0, 2) =
√
m

2


−i
0
0
1

 , (2.23a)

ξ(0, 3) =
√
m

2


1
0
0
−i

 , ξ(0, 4) =
√
m

2


0
1
i

0

 , (2.23b)

and

ζ(0, 1) =
√
m

2


i

0
0
1

 , ζ(0, 2) =
√
m

2


0
i

−1
0

 , (2.24a)

ζ(0, 3) =
√
m

2


0
1
−i
0

 , ζ(0, 4) =
√
m

2


−1
0
0
−i

 . (2.24b)

2We can also obtain the extended set of Elko using (2.20a)–(2.20b). But as these spinors entail the same
physics as ξ and ζ, we do not need to consider them.
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The ξ and ζ are obtained from the Elko at rest (2.23a)–(2.24b) as follows

ξ(p, τ) = D(L(p))ξ(0, τ), ζ(p, τ) = D(L(p))ζ(0, τ), τ = 1, · · · , 4. (2.25)

On using (2.11b) in conjunction with (2.9a)–(2.9b) yields explicit form of D(L(p))

D(L(p)) =

√
E +m

2m

(
I+ σ·p

E+m O
O I− σ·p

E+m

)
. (2.26)

Under the Dirac dual, Elko norm identically vanishes [6]. Therefore, we define the Elko
dual to be

¬
ξ (p, τ) = [Dξ(p, τ)]† γ0, (2.27a)
¬
ζ (p, τ) = s [−Dζ(p, τ)]† γ0, (2.27b)

where D = m−1γµp
µ is the Dirac operator, and s is the statistics parameter: s = +1 gives

fermionic fields, and s = −1 yields bosonic fields [5, 7]. Introduction of the new dual is not
new in this context, but dramatic effect of the statistics parameter s is entirely unexpected. It
affects the orthonormality relations (in the process making the Hamiltonian positive definite)
and also the spin sums (affecting the statistics).

Under the Elko dual, the Lorentz invariant orthnormality relations are
¬
ξ (p, τ)ξ(p, τ ′) = mδττ ′ , (2.28a)
¬
ζ (p, τ)ζ(p, τ ′) = −smδττ ′ , (2.28b)

and the spin sums take the form∑
τ

ξ(p, τ) ¬
ξ (p, τ) = mI, (2.29a)∑

τ

ζ(p, τ) ¬
ζ (p, τ) = −smI, (2.29b)

where τ = 1, · · · , 4, and I is the 4× 4 identity matrix. The doubling of degrees of freedom
from two to four is a realization of Wigner degeneracy. Without this doubling of the degrees
of freedom the rotational constraints cannot be satisfied.

With the doubling in degrees of freedom, the spin sums computed using the Dirac dual
are Lorentz covariant. This raises the question as to which dual is the correct choice for
describing the kinematics of Elko. We address this issue in appendix A. There, we show that
the kinematics of the quantum fields constructed using the duals defined in (2.28a)–(2.28b)
are the correct choice as they furnish an irreducible representation. As for the quantum fields
constructed using the Dirac dual, they are reducible.

From the duals, the spinor degrees of freedom, and the spin-sums, it is evident that Elko
is fundamentally different from the Dirac spinors. This can be further verified by showing
that they do not satisfy the Dirac equation. In the chosen Weyl basis, the γµ matrices are

γ0 =
(
O I
I O

)
, γi =

(
O −σi

σi O

)
, γ5 =

(
I O
O −I

)
. (2.30)
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Direct evaluation yields3

γµpµ ξ(p, 1) = +imξ(p, 2), γµpµ ξ(p, 2) = −imξ(p, 1), (2.31a)
γµpµ ξ(p, 3) = −imξ(p, 4), γµpµ ξ(p, 4) = +imξ(p, 3), (2.31b)

and

γµpµ ζ(p, 1) = −imζ(p, 2), γµpµ ζ(p, 2) = +imζ(p, 1), (2.31c)
γµpµ ζ(p, 3) = +imζ(p, 4), γµpµ ζ(p, 4) = −imζ(p, 3). (2.31d)

Two successive actions of γµpµ on Elko yield the Klein-Gordon equation(
pµpµ −m2

)
ξ(p, τ) = 0,

(
pµpµ −m2

)
ζ(p, τ) = 0. (2.32)

Because (2.32) is the relativistic dispersion relation, it is not guaranteed to be the equation of
motion for Elko. To derive the equation of motion, we need to study the quantum field theory
constructed from Elko which is what we will accomplish in section 2.2. By computing the
propagator, the canonical commutation/anti-commutation relations, and the free Hamiltonian,
we obtain a physically well-defined quantum theory of the spin-half mass dimension one
fields. In doing so, we are able to conclude definitively that the Klein-Gordon equation is the
correct equation of motion for Elko and its quantum fields. Moreover, we find the physical
states to be realizations of the Wigner degeneracy. This inevitably raise the question — If
the Dirac field describes the SM leptons and quarks, what does the mass dimension one fields
describe? We will attempt to address this question in section 6.

2.2 Spin half fields of mass dimension one

The quantum field constructed from the extended set of Elko is given by

λ(x) =
∫

d3p

(2π)3
1√

2mEp

∑
τ

[
a(p, τ)ξ(p, τ)e−ip·x + b†(p, τ)ζ(p, τ)eip·x

]
. (2.33)

The e−ip·x and eip·x are required by the spacetime translation constraint, see (5.1.15-5.1.16)
in [14].

For the field λ to respect Poincaré space-time symmetries, Elko at rest must satisfy
the rotational constraints given in (5.1.25-5.1.26) of [14]. They indeed do, something which
is impossible without introducing a two-fold Wigner degeneracy. To show this we begin
with the rotational constraints∑

τ

ξℓ′(0, τ)Jττ ′ =
∑

ℓ

JJJ ℓ′ℓξℓ(0, τ ′), (2.34a)∑
τ

ζℓ′(0, τ)J∗
ττ ′ = −

∑
ℓ

JJJ ℓ′ℓζℓ(0, τ ′), (2.34b)

where J is the rotation generator for the states to be determined. From (2.12a), the J
are known

Jx = 1
2

(
σx O
O σx

)
, Jy = 1

2

(
σy O
O σy

)
, Jz = 1

2

(
σz O
O σz

)
, (2.35)

3We choose the Minkowski metric to be η00 = 1, ηij = −δij .
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and with the enumerated Elko at rest, the right hand side of (2.34a)–(2.34b) can be fully
evaluated by calculating the action of Ji, i = x, y, z, on the Elko at rest:

Jxξ(0, 1) = + i

2ξ(0, 3), Jxξ(0, 2) = − i

2ξ(0, 4), (2.36a)

Jxξ(0, 3) = − i

2ξ(0, 1), Jxξ(0, 4) = + i

2ξ(0, 2), (2.36b)

Jyξ(0, 1) = + i

2ξ(0, 2), Jyξ(0, 2) = − i

2ξ(0, 1), (2.37a)

Jyξ(0, 3) = + i

2ξ(0, 4), Jyξ(0, 4) = − i

2ξ(0, 3), (2.37b)

Jzξ(0, 1) = − i

2ξ(0, 4), Jzξ(0, 2) = − i

2ξ(0, 3), (2.38a)

Jzξ(0, 3) = + i

2ξ(0, 2), Jzξ(0, 4) = + i

2ξ(0, 1). (2.38b)

The actions of Ji, i = x, y, z, on anti self conjugate Elko at rest is obtained by replacing ξ
with ζ in the above expressions. With these results at hand, the right hand side of (2.34a)
for Jx equals


i
√

m
2 0 0

√
m
2

0 − i
√

m
2

√
m
2 0

0
√

m
2 − i

√
m

2 0√
m
2 0 0 i

√
m

2

 , (2.39)

while the left hand side can be written as
0 −i

√
m

√
m 0

i
√
m 0 0

√
m√

m 0 0 i
√
m

0
√
m −i

√
m 0

×
(

a 4× 4 matrix
representing Jx

)
. (2.40)

Equating the two, and solving for Jx yields

Jx =


0 −i

√
m

√
m 0

i
√
m 0 0

√
m√

m 0 0 i
√
m

0
√
m −i

√
m 0


−1

i
√

m
2 0 0

√
m
2

0 − i
√

m
2

√
m
2 0

0
√

m
2 − i

√
m

2 0√
m
2 0 0 i

√
m

2



=


0 0 − i

2 0
0 0 0 i

2
i
2 0 0 0
0 − i

2 0 0

 . (2.41)
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Repeating the same procedure for the right hand side of the constraint (2.34a) for Jy and
Jz as input, provides Jy and Jz

Jy =


0 − i

2 0 0
i
2 0 0 0
0 0 0 − i

2
0 0 i

2 0

 , Jz =


0 0 0 i

2
0 0 i

2 0
0 − i

2 0 0
− i

2 0 0 0

 . (2.42)

Or, in a compact form

Jx = i

2

(
O −σz

σz O

)
, Jy = 1

2

(
σy O
O σy

)
, Jz = i

2

(
O σx

−σx O

)
. (2.43)

The rotational constraint (2.34b) is solved by the same set of J . As required, these Ji,
i = x, y, z, satisfy the spin half su(2) algebra with doubly degenerate eigenvalues.

Having provided the new quantum field, we now use the duals defined in (2.27a)–(2.27b)
to introduce the adjoint of λ

¬
λ(x) =

∫
d3p

(2π)3
1√

2mEp

∑
τ

[
a†(p, τ) ¬

ξ (p, τ)eip·x + b(p, τ) ¬
ζ (p, τ)e−ip·x

]
. (2.44)

The related rotational constraints are∑
τ ′

¬
ξ ℓ(0, τ ′)J∗

τ ′τ =
∑
ℓ′

J ℓ′ℓ
¬
ξ ℓ′(0, τ), (2.45)

∑
τ ′

¬
ζ ℓ(0, τ ′)Jτ ′τ = −

∑
ℓ′

J ℓ′ℓ
¬
ζ ℓ′(0, τ), (2.46)

and the same J satisfy these constraints. The a(p, τ) and b†(p, τ) are the annihilation
and creation operators for particles and anti-particles respectively satisfying the canonical
algebraic relations. The non-vanishing ones are[

a(p, τ), a†(p′, τ ′)
]
±
=
[
b(p, τ), b†(p′, τ ′)

]
±

= (2π)3δττ ′δ3(p − p′). (2.47)

The top and bottom signs denote anti-commutator and commutator respectively. Using
the spin-sums (2.29a)–(2.29b), we find

[
λ(t,x), ¬

λ(t,y)
]
±
=
∫

d3p

(2π)3
1

2Ep
eip·(x−y)(1∓ s)I. (2.48)

Therefore, locality demands that the statistics parameter s = ±1. When s = 1, the fields
are fermionic, and when s = −1, they are bosonic.

The kinematics is determined by computing the free two-point time-ordered product
for λ and ¬

λ

⟨ |T
[
λ(t,x) ¬

λ(t′,y)
]
| ⟩ = θ(t− t′)⟨ |λ(t,x) ¬

λ(t′,y)| ⟩ ∓ θ(t′ − t)⟨ | ¬λ(t′,y)λ(t,x)| ⟩, (2.49)
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where T is the time-ordering operator. The top and bottom signs in (2.49) are for the
fermionic and bosonic fields respectively, and θ is the step-function. A straightforward
evaluation using (2.29a) and (2.29b) yields

⟨ |Tλ(x) ¬
λ(y)| ⟩ = i

(2π)4

∫
d4q

[
e−iq·(x−y) I

q2 −m2 + iϵ

]
.

Therefore, the fields λ(x) and ¬
λ(x) are of mass dimension one. The propagator is a Green

function of the Klein-Gordon operator so the free Lagrangian density is of the form

L0 =
(
∂µ ¬
λ∂µλ−m2 ¬

λλ
)
. (2.50)

The canonical conjugate momentum for λ is π = ∂
¬
λ/∂t, so the canonical equal-time relations

[λ(t,x), λ(t,y)]± = [π(t,x), π(t,y)]± = O, (2.51)
[λ(t,x), π(t,y)]± = iδ3(x − y)I. (2.52)

To compute the free Hamiltonian, note that the conjugate momentum for ¬
λ is ¬

π = ∂tλ.
Therefore,

H0 =
∫
d3x

[
∂t

¬
λ∂tλ− ∂i ¬

λ∂iλ+m2 ¬
λλ
]

=
∫

d3p

(2π)3 Ep

∑
τ

[
a†(p, τ)a(p, τ)− sb(p, τ)b†(p, τ)

]
. (2.53)

The right hand side can be split into two terms. The kinetic part

H0
∣∣
kinetic =

∫
d3p

(2π)3 Ep

∑
τ

a†(p, τ)a(p, τ)− s×

− b†(p, τ)b(p, τ)
+ b†(p, τ)b(p, τ)

 (2.54)

where the upper entry is for fermions, and the bottom part stands for bosons. As s = +1 for
fermions, and s = −1 for bosons the kinetic term reduces to (for fermions as well as bosons)

H0
∣∣
kinetic =

∫
d3p

(2π)3 Ep

∑
τ

[
a†(p, τ)a(p, τ) + b†(p, τ)b(p, τ)

]
. (2.55)

It is positive definite. The other part of H0 is the zero-point energy, or the all pervading
vacuum energy

H0
∣∣
vacuum =

∫
d3pEp

∑
τ

δττδ
3(0), (2.56)

where the expression for δ3(0) is obtained by observing that

δ3(p) = 1
(2π)3

∫
d3x exp(ip · x), (2.57)

formally gives [9]

δ3(0) = 1
(2π)3

∫
d3x. (2.58)
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As such

H0
∣∣
vacuum = − s

(2π)3

∫
d3p

∫
d3x (4× 2)

(
Ep

2

)
. (2.59)

In natural units ℏ = 1 implies 2π = h, H0
∣∣
vacuum therefore represents an energy assignment

of − s
2Ep for each spinorial degree of freedom (hence the factor of 4) for the self conjugate

and anti self conjugate degrees of freedom (hence the factor of 2), to each unit-size phase cell
(1/h3)d3p d3x in the sense of statistical mechanics. Its sign is negative for mass dimension
one fermions and positive for mass dimension one bosons. The two infinities cancel!4

3 Discrete symmetries

To establish that the theory of mass dimension one fields is a realization of Wigner degeneracy,
discrete symmetry transformations for the particle states and fields must be studied.

Let |k, τ, a⟩ and |k, τ, b⟩ be the single particle and anti-particle states at rest with
momentum k0 = m, k = 0. In terms of the creation operators,

|k, τ, a⟩ :=
√
2Ep a

†(k, τ)| ⟩, (3.1)

|k, τ, b⟩ :=
√
2Ep b

†(k, τ)| ⟩. (3.2)

Next, let

Ĵ = (Ĵx, Ĵy, Ĵz), (3.3)

be the rotation generators in the Hilbert space. The action of Ĵz on the states at rest are

Ĵz|k, τ, a⟩ =
∑
τ ′

(Jz)τ ′τ |k, τ ′, a⟩, (3.4)

Ĵz|k, τ, b⟩ =
∑
τ ′

(Jz)τ ′τ |k, τ ′, b⟩. (3.5)

Since Jz is block off-diagonal, |k, τ, a⟩ and |k, τ, b⟩ are not eigenstates of Ĵz. To derive
the discrete symmetry transformations for |k, τ, a⟩ and |k, τ, b⟩, we need to construct the
eigenstates of Ĵz. Details of the derivations are given in the subsequent sections. The
eigenstates are obtained by taking linear combinations of |k, τ, a⟩ and |k, τ, b⟩ via

Ĵz

∑
τ ′

Sτ ′τ |k, τ ′, a⟩ =
∑

τ ′,τ ′′

(S−1JzS)τ ′τSτ ′′τ ′ |k, τ ′′, a⟩, (3.6)

Ĵz

∑
τ ′

Sτ ′τ |k, τ ′, b⟩ =
∑

τ ′,τ ′′

(S−1JzS)τ ′τSτ ′′τ ′ |k, τ ′′, b⟩, (3.7)

where
S−1JS = 1

2

(
σ O
O σ

)
, S = 1√

2

(
I σy

−σy I

)
. (3.8)

4Exactly similar cancellation occurs for the mass dimension three half fields [4, 5]. This makes us suspect if
there are spin zero fermions, and vector fermions (massive and massless). If yes, all the infinities associated
with quantum fields shall cancel. Then the observed cosmological constant perhaps arises from some quantum
corrections.
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The eigenvalues of S−1JS are thus ±1
2 with a multiplicity of two. These reflect the two-fold

degeneracy and shall be represented as τ = 1, · · · , 4 in what follows. Thus, the eigenstates
of Ĵz are

||k, τ, a⟩⟩ =
∑
τ ′

Sτ ′τ |k, τ ′, a⟩, (3.9)

||k, τ, b⟩⟩ =
∑
τ ′

Sτ ′τ |k, τ ′, b⟩, (3.10)

where

Ĵz||k, τ, a⟩⟩ = f(τ)||k, τ, a⟩⟩, (3.11)
Ĵz||k, τ, b⟩⟩ = f(τ)||k, τ, b⟩⟩, (3.12)

with f(1) = f(3) = 1
2 , f(2) = f(4) = −1

2 . We define the raising and lowering operators to be

Ĵ+ = Ĵx + iĴy, (3.13)

and
Ĵ− = Ĵx − iĴy, (3.14)

respectively. Acting Ĵ± on the eigenstates, we get

Ĵ−||k, 1, a⟩⟩ = ||k, 2, a⟩⟩, (3.15)
Ĵ−||k, 3, a⟩⟩ = ||k, 4, a⟩⟩, (3.16)

and

Ĵ+||k, 2, a⟩⟩ = ||k, 1, a⟩⟩, (3.17)
Ĵ+||k, 4, a⟩⟩ = ||k, 3, a⟩⟩. (3.18)

The same identities apply to the anti-particle states.

3.1 Charge-conjugation

Let C be the charge-conjugation operator. By definition, its action is to map the particle
states to the anti-particle states and vice versa. Since charge-conjugation is an internal
symmetry, its action on the states ||k, τ, a⟩⟩ and ||k, τ, b⟩⟩ cannot alter their eigenvalues τ with
respect to Ĵz. But due to the two-fold degeneracy as elucidated in (3.11)–(3.12), it may act
non-trivially by taking a state, say ||k, 1, a⟩⟩ to a linear combination of ||k, 1, b⟩⟩ and ||k, 3, b⟩⟩.
Therefore, the most general charge-conjugation transformation for the states at rest are

C||k, τ, a⟩⟩ =
∑
τ ′

Dτ ′τ (C)||k, τ ′, b⟩⟩, (3.19)

C||k, τ, b⟩⟩ =
∑
τ ′

Dτ ′τ (C)||k, τ ′, a⟩⟩. (3.20)

Boosting to arbitrary momentum, we obtain

C||p, τ, a⟩⟩ =
∑
τ ′

Dτ ′τ (C)||p, τ ′, b⟩⟩, (3.21)

C||p, τ, b⟩⟩ =
∑
τ ′

Dτ ′τ (C)||p, τ ′, a⟩⟩. (3.22)
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As charge-conjugation is an internal symmetry, the matrices D(C) and D(C) must commute
with the block-diagonal rotation generator (3.8). Solving the commutators, we obtain

D(C) =
(
c1I c2I
c3I c4I

)
, D(C) =

(
c̄1I c̄2I
c̄3I c̄4I

)
. (3.23)

Transform back to the original states,

C|p, τ, a⟩ =
∑
τ ′

Dτ ′τ (C)|p, τ ′, b⟩, (3.24)

C|p, τ, b⟩ =
∑
τ ′

Dτ ′τ (C)|p, τ ′, a⟩, (3.25)

where

D(C) = SD(C)S−1

= 1
2


(c1 + c4) −i(c2 + c3) (c2 − c3) i(c1 − c4)
i(c2 + c3) (c1 + c4) −i(c1 − c4) (c2 − c3)
−(c2 − c3) i(c1 − c4) (c1 + c4) i(c2 + c3)
−i(c1 − c4) −(c2 − c3) −i(c2 + c3) (c1 + c4)

 , (3.26)

D(C) = D(C)|ci→c̄i . (3.27)

We may now derive the charge-conjugation transformation for the mass dimension one
field. Using (3.24)–(3.25), we obtain

Ca(p, τ)C−1 =
∑
τ ′

D∗
τ ′τ (C)b(p, τ ′), (3.28)

Cb†(p, τ)C−1 =
∑
τ ′

Dτ ′τ (C)a†(p, τ ′), (3.29)

and

Cλℓ(t,x)C−1 =
∫

d3p

(2π)3
1√

2mEp

∑
τ,τ ′

[
D∗

τ ′τ (C)b(p, τ ′)ξℓ(p, τ)e−ip·x

+Dτ ′τ (C)a†(p, τ ′)ζℓ(p, τ)eip·x]. (3.30)

Charge-conjugation is a symmetry because Cλ(x)C−1 can be shown to be equal to ¬
λ(x) up

to a constant matrix. To prove this, we define C = γ0γ2 and use the following identities∑
ℓ′

Cℓℓ′
¬
ξ ℓ′(p, 1) = +ζℓ(p, 4), (3.31)

∑
ℓ′

Cℓℓ′
¬
ξ ℓ′(p, 2) = −ζℓ(p, 3), (3.32)

∑
ℓ′

Cℓℓ′
¬
ξ ℓ′(p, 3) = +ζℓ(p, 2), (3.33)

∑
ℓ′

Cℓℓ′
¬
ξ ℓ′(p, 4) = −ζℓ(p, 1), (3.34)
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and ∑
ℓ′

Cℓℓ′
¬
ζ ℓ′(p, 1) = −sξℓ(p, 4), (3.35)

∑
ℓ′

Cℓℓ′
¬
ζ ℓ′(p, 2) = +sξℓ(p, 3), (3.36)

∑
ℓ′

Cℓℓ′
¬
ζ ℓ′(p, 3) = −sξℓ(p, 2), (3.37)

∑
ℓ′

Cℓℓ′
¬
ζ ℓ′(p, 4) = +sξℓ(p, 1). (3.38)

Rewrite them in compact forms∑
ℓ′

Cℓℓ′
¬
ξ ℓ′(p, τ) = fc(τ)ζℓ(p, νc(τ)), (3.39)

∑
ℓ′

Cℓℓ′
¬
ζ ℓ′(p, τ) = f c(τ)ξℓ(p, νc(τ)), (3.40)

we obtain∑
ℓ′

Cℓℓ′
¬
λℓ′(x) = ΩC

∫
d3p

(2π)3
1√

2mEp

∑
τ

[
a†(p, τ)fc(τ)ζℓ(p, νc(τ))eip·x

+ b(p, τ)f c(τ)ξℓ(p, νc(τ))e−ip·x]. (3.41)

Multiply (3.41) by an intrinsic charge-conjugation phase ΩC and equate it to Cλ(x)C−1,
we obtain

c1 = −c4 = isΩ∗
C , c2,3 = 0, (3.42)

c̄1 = −c̄4 = −iΩC , c̄2,3 = 0, (3.43)

and hence

D(C) = −isΩ∗
C

(
O σy

σy O

)
, D(C) = iΩC

(
O σy

σy O

)
. (3.44)

Therefore, the charge-conjugation transformation of the field reads

Cλℓ(x)C−1 = ΩC

∑
ℓ′

Cℓℓ′
¬
λℓ′(x). (3.45)

For fermions (s = 1), the intrinsic charge-conjugation is odd D∗(C) = −D(C). For bosons
(s = −1), it is even D∗(C) = D(C).

3.2 Parity

Let P be the parity operator. Because PĴzP−1 = Ĵz, both ||k, τ, a⟩⟩ and P||k, τ, a⟩⟩ are
eigenstates of Ĵz with the same eigenvalue. Therefore, using (3.11)–(3.12), the most generic
parity transformations for the states at rest are given by

P||k, τ, a⟩⟩ =
∑
τ ′

Dτ ′τ (P)||k, τ ′, a⟩⟩, (3.46)

P||k, τ, b⟩⟩ =
∑
τ ′

Dτ ′τ (P)||k, τ ′, b⟩⟩, (3.47)
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where

D(P) =


p1 0 q1 0
0 p2 0 q2
p3 0 q3 0
0 p4 0 q4

 , D(P) =


p̄1 0 q̄1 0
0 p̄2 0 q̄2
p̄3 0 q̄3 0
0 p̄4 0 q̄4

 , (3.48)

with pi, qi, p̄i, q̄i being the intrinsic parity phases. At arbitrary momentum, we find

P||p, τ, a⟩⟩ =
∑
τ ′

Dτ ′τ (P)||Pp, τ ′, a⟩⟩, (3.49)

P||p, τ, b⟩⟩ =
∑
τ ′

Dτ ′τ (P)||Pp, τ ′, b⟩⟩, (3.50)

where Pp = (Ep,−p). Not all intrinsic phases are independent of each other. To determine
their relations, let us explicitly write down the parity transformation for each of the particle
states. At rest, we have

P||k, 1, a⟩⟩ = p1||k, 1, a⟩⟩+ p3||k, 3, a⟩⟩, (3.51)
P||k, 2, a⟩⟩ = p2||k, 2, a⟩⟩+ p4||k, 4, a⟩⟩, (3.52)
P||k, 3, a⟩⟩ = q3||k, 3, a⟩⟩+ q1||k, 1, a⟩⟩, (3.53)
P||k, 4, a⟩⟩ = q4||k, 4, a⟩⟩+ q2||k, 2, a⟩⟩. (3.54)

Applying the lowering operator to (3.51) and using (3.15), we obtain

Ĵ−P||k, 1, a⟩⟩ = Ĵ− [ p1||k, 1, a⟩⟩+ p3||k, 3, a⟩⟩]
= p1||k, 2, a⟩⟩+ p3||k, 4, a⟩⟩. (3.55)

Since [Ĵ−,P] = O, equation (3.55) is equivalent to

Ĵ−P||k, 1, a⟩⟩ = PĴ−||k, 1, a⟩⟩
= P||k, 2, a⟩⟩
= p2||k, 2, a⟩⟩+ p4||k, 4, a⟩⟩. (3.56)

Therefore,
p1 = p2, p3 = p4. (3.57)

Similarly, applying the lowering operator to P||k, 3, b⟩⟩, we obtain

q1 = q2, q3 = q4. (3.58)

Repeat the same calculations for the anti-particle states yield

p̄1 = p̄2, p̄3 = p̄4, q̄1 = q̄2, q̄3 = q̄4. (3.59)

Transform back to the original states, we obtain

P|p, τ, a⟩ =
∑
τ ′

Dτ ′τ |Pp, τ ′, a⟩, (3.60)

P|p, τ, b⟩ =
∑
τ ′

Dτ ′τ |Pp, τ ′, b⟩, (3.61)
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where

D(P) = SD(P)S−1

= 1
2


(p1 + q3) −i(p3 + q1) −(p3 − q1) i(p1 − q3)
i(p3 + q1) (p1 + q3) −i(p1 − q3) −(p3 − q1)
p3 − q1 i(p1 − q3) (p1 + q3) i(p3 + q1)

−i(p1 − q3) (p3 − q1) −i(p3 + q1) (p1 + q3)

 , (3.62)

and

D(P) = SD(P)S−1

=
[
SD(P)S−1

]
pi→p̄i,qi→q̄i

. (3.63)

We now derive the parity transformation for the field. Using (3.60)–(3.61), we obtain

Pa(p, τ)P−1 =
∑
τ ′

D∗
τ ′τa(−p, τ ′), (3.64)

Pb†(p, τ)P−1 =
∑
τ ′

Dτ ′τ b
†(−p, τ ′), (3.65)

and

Pλℓ(x)P−1 =
∫

d3p

(2π)3
1√

2mEp

∑
τ,τ ′

[
D∗

τ ′τ (P)a(−p, τ ′)ξℓ(p, τ)e−ip·x

+Dτ ′τ (P)b†(−p, τ ′)ζℓ(p, τ)eip·x]
=
∫

d3p

(2π)3
1√

2mEp

∑
τ,τ ′

[
D∗

τ ′τ (P)a(p, τ ′)ξℓ(−p, τ)e−ip·(P x)

+Dτ ′τ (P)b†(p, τ ′)ζℓ(−p, τ)eip·(P x)]. (3.66)

The parity transformed field Pλ(x)P−1 is equal to λ(Px) where Px = (t,−x) up to a constant
matrix, making parity a symmetry. To show this, let P = γ0. The relevant identities are∑

ℓ′

Pℓℓ′ξℓ′(p, 1) = +iξℓ(−p, 2), (3.67)∑
ℓ′

Pℓℓ′ξℓ′(p, 2) = −iξℓ(−p, 1), (3.68)∑
ℓ′

Pℓℓ′ξℓ′(p, 3) = −iξℓ(−p, 4), (3.69)∑
ℓ′

Pℓℓ′ξℓ′(p, 4) = +iξℓ(−p, 3), (3.70)

and ∑
ℓ′

Pℓℓ′ζℓ′(p, 1) = −iζℓ(−p, 2), (3.71)∑
ℓ′

Pℓℓ′ζℓ′(p, 2) = +iζℓ(−p, 1), (3.72)∑
ℓ′

Pℓℓ′ζℓ′(p, 3) = +iζℓ(−p, 4), (3.73)∑
ℓ′

Pℓℓ′ζℓ′(p, 4) = −iζℓ(−p, 3). (3.74)
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Rewrite (3.67)–(3.74) using the compact notation∑
ℓ′

Pℓℓ′ξℓ′(p, τ) = fp(τ)ξℓ(−p, νp(τ)), (3.75)∑
ℓ′

Pℓℓ′ζℓ′(p, τ) = fp(τ)ζℓ(−p, νp(τ)), (3.76)

we get∑
ℓ′

Pℓℓ′λℓ′(Px) =
∫

d3p

(2π)3
1√

2mEp

∑
τ

[
a(p, τ)τp(τ)ξℓ(−p, νp(τ))e−ip·(P x)

+ b†(p, τ)τp(τ)ζℓ(−p, νp(τ))eip·(P x)]. (3.77)

Multiply (3.77) by an intrinsic parity phase ΩP and equate it with (3.66), we obtain

p1 = q3 = 0, p∗3 = q∗1 = +ΩP , (3.78)
p1 = q3 = 0, p3 = q1 = +ΩP , (3.79)

so that

D(P) = Ω∗
P

(
σy O
O −σy

)
, D(P) = ΩP

(
σy O
O −σy

)
. (3.80)

Therefore, the parity transformation of the field is given by

Pλℓ(x)P−1 = ΩP

∑
ℓ′

Pℓℓ′λℓ′(Px). (3.81)

Direct evaluations show that D(P) and D(P) commute with J so the extended Poincaré
algebra is satisfied. Since D∗(P) = −D(P), the intrinsic parity is odd.

3.3 Time-reversal

Let T be the time-reversal operator. Because TĴzT−1 = −Ĵz, the states ||k, τ, a⟩⟩ and
T||k, τ, a⟩ have opposite eigenvalue with respect to Ĵz. Therefore, using (3.11)–(3.12), the
most generic time-reversal transformations for the states at rest are

T||k, τ, a⟩⟩ =
∑
τ ′

Dτ ′τ (T)||k, τ ′, a⟩⟩, (3.82)

T||k, τ, b⟩⟩ =
∑
τ ′

Dτ ′τ (T)||k, τ ′, b⟩⟩, (3.83)

where

D(T) =


0 t1 0 s1
t2 0 s2 0
0 t3 0 s3
t4 0 s4 0

 , D(T) =


0 t̄1 0 s̄1
t̄2 0 s̄2 0
0 t̄3 0 s̄3
t̄4 0 s̄4 0

 , (3.84)

with si, ti, s̄i, t̄i being the intrinsic time-reversal phases. At arbitrary momentum, we find

T||p, τ, a⟩⟩ =
∑
τ ′

Dτ ′τ (T)||Pp, τ ′, a⟩⟩, (3.85)

T||p, τ, b⟩⟩ =
∑
τ ′

Dτ ′τ (T)||Pp, τ ′, b⟩⟩. (3.86)
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To determine the relations between the phases, we write down the time-reversal transfor-
mations for the particle states in the rest frame

T||k, 1, a⟩⟩ = t2||k, 2⟩⟩+ t4||k, 4, a⟩⟩, (3.87)
T||k, 2, a⟩⟩ = t1||k, 1⟩⟩+ t3||k, 3, a⟩⟩, (3.88)
T||k, 3, a⟩⟩ = s2||k, 2⟩⟩+ s4||k, 4, a⟩⟩, (3.89)
T||k, 4, a⟩⟩ = s1||k, 1⟩⟩+ s3||k, 3, a⟩⟩. (3.90)

Since T is anti-linear, we have Ĵ+T = −TĴ−. Acting Ĵ+ on (3.87) and using (3.15), we obtain

Ĵ+T||k, 1, a⟩⟩ = −TĴ−||k, 1, a⟩⟩
= −T||k, 2, a⟩⟩
= −t1||k, 1, a⟩⟩ − t3||k, 3, a⟩⟩. (3.91)

The left-hand side of (3.91) can also be written as

Ĵ+T||k, 1, a⟩⟩ = Ĵ+ [t2||k, 2, a⟩⟩+ t4||k, 4, a⟩⟩]
= t2||k, 1, a⟩⟩+ t4||k, 3, a⟩⟩. (3.92)

Equating (3.91) with (3.92) yields

t1 = −t2, t3 = −t4. (3.93)

Applying J+ to T||k, 3, a⟩⟩, we obtain

s1 = −s2, s3 = −s4. (3.94)

For the anti-particle states,

t̄1 = −t̄2, t̄3 = −t̄4, s̄1 = −s̄2, s̄3 = −s̄4. (3.95)

Transform back to the original states yield

T|p, τ, a⟩ =
∑
τ ′

Dτ ′τ (T)|Pp, τ, a⟩, (3.96)

T|p, τ, b⟩ =
∑
τ ′

Dτ ′τ (T)|Pp, τ ′, b⟩, (3.97)

where

D(T) = SD(T)(S∗)−1

= 1
2


−i(s1 − t3) −(s3 − t1) i(s3 + t1) (s1 + t3)
(s3 − t1) −i(s1 − t3) −(s1 + t3) i(s3 + t1)

−i(s3 + t1) (s1 + t3) −i(s1 − t3) (s3 − t1)
−(s1 + t3) −i(s3 + t1) −(s3 − t1) −i(s1 − t3)

 (3.98)

and

D(T) = D(T)si→si,ti→t̄i
. (3.99)
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The time-reversal symmetry for the mass dimension one field is verified by relating
Tλ(x)T−1 with λ(Tx) where Tx = (−t,x). Firstly, we use (3.96)–(3.97) to obtain

Ta(p, τ)T−1 =
∑
τ ′

D∗
τ ′τ (T)a(−p, τ ′), (3.100)

Tb†(p, τ)T−1 =
∑
τ ′

Dτ ′τ (T)b†(−p, τ ′), (3.101)

so that

Tλℓ(x)T−1 =
∫

d3p

(2π)3
1√

2mEp

∑
τ,τ ′

[
D∗

τ ′τ (T)ξ∗ℓ (p, τ)a(−p, τ ′)eip·x

+Dτ ′τ (T)ζ∗ℓ (p, τ)b†(−p, τ ′)e−ip·x]
=
∫

d3p

(2π)3
1√

2mEp

∑
τ,τ ′

[
D∗

τ ′τ (T)ξ∗ℓ (−p, τ)a(p, τ ′)e−ip·(T x)

+Dτ ′τ (T)ζ∗ℓ (−p, τ)b†(p, τ ′)eip·(T x)]. (3.102)

Next, we take T = γ0γ2γ5. The relevant identities are∑
ℓ′

Tℓℓ′ξℓ′(p, 1) = +ξ∗ℓ (−p, 3), (3.103)∑
ℓ′

Tℓℓ′ξℓ′(p, 2) = +ξ∗ℓ (−p, 4), (3.104)∑
ℓ′

Tℓℓ′ξℓ′(p, 3) = −ξ∗ℓ (−p, 1), (3.105)∑
ℓ′

Tℓℓ′ξℓ′(p, 4) = −ξ∗ℓ (−p, 2), (3.106)

and ∑
ℓ′

Tℓℓ′ζℓ′(p, 1) = −ζ∗ℓ (−p, 3), (3.107)∑
ℓ′

Tℓℓ′ζℓ′(p, 2) = −ζ∗ℓ (−p, 4), (3.108)∑
ℓ′

Tℓℓ′ζℓ′(p, 3) = +ζ∗ℓ (−p, 1), (3.109)∑
ℓ′

Tℓℓ′ζℓ′(p, 4) = +ζ∗ℓ (−p, 2). (3.110)

Rewrite (3.103)–(3.110) compactly as∑
ℓ′

Tℓℓ′ξℓ′(p, τ) = ft(τ)ξ∗ℓ (−p, νt(τ)), (3.111)∑
ℓ′

Tℓℓ′ζℓ′(p, τ) = f t(τ)ζ∗ℓ (−p, νt(τ)), (3.112)

we get∑
ℓ′

Tℓℓ′λℓ′(Tx) =
∫

d3p

(2π)3
1√

2mEp

∑
τ

[
a(p, τ)τt(τ)ξ∗ℓ (−p, νt(τ))e−ip·(T x)

+ b†(p, τ)τ t(τ)ζ∗ℓ (−p, νt(τ))eip·(T x)]. (3.113)
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Multiply (3.113) by an intrinsic time-reversal phase ΩT and equate it with (3.102), we obtain

s1 = 0, s∗3 = iΩT , (3.114)
s1 = 0, s3 = iΩT . (3.115)

Therefore,

D(T) = Ω∗
T

(
O I
−I O

)
, D(T) =

(
O −I
I O

)
ΩT , (3.116)

and
Tλℓ(x)T−1 = ΩT

∑
ℓ′

Tℓℓ′λℓ′(Tx). (3.117)

Here, D∗(T) = −D(T) so the intrinsic time-reversal is odd.

3.4 Algebraic structures

We can now determine the algebraic structures of C, P, and T. While we cannot fix the
intrinsic phases ΩC,P,T , it is possible to obtain useful information on the phases from the
products of discrete symmetry operators.5 For charge-conjugation, we find

C2|p, τ, a⟩ = s|p, τ, a⟩, (3.118)
C2|p, τ, b⟩ = s|p, τ, b⟩, (3.119)

with |ΩC |2 = 1. For parity, we have

P2|p, a⟩ = (Ω∗
P )2|p, τ, a⟩, (3.120)

P2|p, b⟩ = Ω2
P |p, τ, b⟩. (3.121)

Since P is unitary, one may be inclined to choose an appropriate normalization so that P2 is
equal to the identity I. However, this seems to be an over simplification and in general, cannot
be true for both the particle and anti-particle states. If we take P′ = (Ω∗

p)−1P, then we
would have P′2|p, τ, a⟩ = |p, τ, a⟩ but if the phase is complex, the action on the anti-particle
state becomes P′2|p, τ, b⟩ = (ΩP /Ω∗

p)2|p, τ, b⟩ which is not equal to unity. For time-reversal,

T2|p, τ, a⟩ = −|p, τ, a⟩, (3.122)
T2|p, τ, b⟩ = −|p, τ, b⟩, (3.123)

with |ΩT |2 = 1 so T2 = −1.
Additional information on the intrinsic parity phase can be obtained by considering the

product of charge-conjugation and parity. Since CP is unitary, it is related to PC by

CP = ϵPC, (3.124)

where ϵ is a phase to be determined. Multiply (3.124) from the right by P, we obtain

CP2 = ϵPCP
= ϵ2P2C. (3.125)

5DVA would like to extend his gratitude to an anonymous referee for the insightful report elucidating the
structures of discrete symmetries and Wigner classes.
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Since P2 is proportional to the identity, it commutes with C thus giving us CP2 = ϵ2CP2.
Therefore, we must have ϵ = ±1 so C and P must either commute or anti-commute. Explicit
computations of CP and PC for mass dimension one bosons and fermions reveals that
the intrinsic parity ΩP must be either real or imaginary so P2 = ±I. We find, for both
bosons and fermions

{C,P} = O, ΩP = +Ω∗
P , (3.126)

[C,P] = O, ΩP = −Ω∗
P . (3.127)

Acting (CPT)2 on the states, we find

(CPT)2|p, τ, a⟩ = s(ΩCΩPΩT )2|p, τ, a⟩, (3.128)
(CPT)2|p, τ, b⟩ = s(Ω∗

CΩ∗
PΩ∗

P )2|p, τ, b⟩. (3.129)

4 Irreducibility and Wigner degeneracy

The continuous and discrete symmetry transformations for the particle states are

U(R)|p, τ, a⟩ =
∑
τ ′

Dτ ′τ (R)|Rp, τ ′, a⟩, (4.1)

where D(R) = exp(iJ · θ) and

C|p, τ, a⟩ =
∑
τ ′

Dτ ′τ (C)|p, τ ′, b⟩, (4.2)

P|p, τ, a⟩ =
∑
τ ′

Dτ ′τ (P)|Pp, τ ′, a⟩, (4.3)

T|p, τ, a⟩ =
∑
τ ′

Dτ ′τ (T)|Pp, τ ′, a⟩, (4.4)

where D are 4× 4 matrices. The question arises as to whether these matrices are irreducible.
That is, does there exists a unitary basis transformation which renders all the D matrices
simultaneously block-diagonal? If such a transformation exist, it would mean that our
construct is reducible and the states do not describe elementary particles. We now show
explicitly that such a transformation does not exist.

4.1 Irreducibility

Let us take transformation on the state |p, τ, a⟩ to be

|p, τ, a⟩ →
∑
τ ′

Qτ ′τ |p, τ ′, a⟩, (4.5)

where Q is a unitary matrix. Because C, P are linear and T is anti-linear, their basis
transformations associated with (4.5) are

J → Q−1JQ, (4.6)

– 22 –



J
H
E
P
0
4
(
2
0
2
4
)
0
7
5

and

D(C) → Q−1D(C)Q, (4.7)
D(P) → Q−1D(P)Q, (4.8)
D(T) → Q−1D(T)Q∗. (4.9)

To this end, we are able to make J , D(P) and D(T) block-diagonal by choosing

Q−1 = 1
2

(
I+ σy I− σy

I− σy −I− σy

)
. (4.10)

The results are

Q−1JQ = 1
2

(
σ O
O σ

)
, (4.11)

and

D′(C) = Q−1D(C)Q = isΩ∗
C

(
O I
I O

)
, (4.12)

D′(P) = Q−1D(P)Q = Ω∗
P

(
I O
O −I

)
, (4.13)

D′(T) = Q−1D(T)Q∗ = Ω∗
T

(
σy O
O σy

)
, (4.14)

so D′(C) is still block off-diagonal. For the representations to be irreducible, it suffices
for us to show that D′(C) and D′(P) cannot be simultaneously made block-diagonal by
a unitary transformation. Let

R−1 =
(
W X

Y Z

)
, (4.15)

where W,X, Y, Z are 2 × 2 matrices. Unitarity RR† = I demands

WW † +XX† = Y Y † + ZZ† = I, (4.16)
WY † +XZ† = O. (4.17)

From

R−1D′(C)R =
[
(XW † +WX†) (XY † +WZ†)
(ZW † + Y X†) (ZY † + Y Z†)

]
, (4.18)

R−1D′(P)R =
[
(WW † −XX†) (WY † −XZ†)
(YW † − ZX†) (Y Y † − ZZ†)

]
, (4.19)

and requiring them to be block-diagonal yields

XY † +WZ† = O, (4.20)
WY † −XZ† = O. (4.21)
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Comparing (4.17) with (4.21), it follows that

WY † = XZ† = O. (4.22)

In order for Q to be invertible, we require

W ̸= O, Z ̸= O, X = Y = O, (4.23)

or
X ̸= O, Y ̸= O, W = Z = O. (4.24)

Imposing either constraints on R−1D′(C)R, we find that in both cases it cannot be made
block diagonal. Therefore, the particle states furnish an irreducible representation of the
extended Poincaré group.

4.2 Wigner degeneracy

Thus far, we have represented the two-fold degeneracy by τ = 1, · · · 4. From the group
representation perspective, the labelling of states with Wigner degeneracy, which may be
more familiar to the readers are {σ, n} with σ = ±1

2 and n = ± following Weinberg [14,
Sec. 2, App. C]. Nevertheless, in most situations, it is more convenient to perform calculations
in the basis where τ = 1, · · · , 4. Once the calculations are done, one can always rewrite the
results in terms of {σ, n} using the following identifications

τ = 1 ≡
{
+1
2 ,+

}
, τ = 3 ≡

{
+1
2 ,−

}
,

τ = 2 ≡
{
−1
2 ,+

}
, τ = 4 ≡

{
−1
2 ,−

}
, (4.25)

such that Jττ ′ = J(σ,n)(σ′,n′). Similarly, the eigenstates of Ĵz are denoted as

||p, τ, a⟩⟩ = ||p, σ, n, a⟩⟩, ||p, τ, b⟩⟩ = ||p, σ, n, b⟩⟩. (4.26)

Therefore, summation over τ is equivalent to summation over the pairs {σ, n} following (4.25).
Using (3.9)–(3.10) and (4.25), we obtain

|p, σ, n, a⟩ =
∑

{τ ′,ñ′}

S−1
(σ′,n′)(σ,n)||p, σ

′, n′, a⟩⟩, (4.27)

|p, σ, n, b⟩ =
∑

{τ ′,ñ′}

S−1
(σ′,n′)(σ,n)||p, σ

′, n′, b⟩⟩. (4.28)

The states |p, σ, n, a⟩ and |p, σ, n, b⟩ are associated with the creation operators a†(p, σ, n) and
b†(p, σ, n) respectively. They satisfy the canonical anti-commutation/commutation relations[

a(p, σ, n), a†(p′, σ′, n′)
]
±
=
[
b(p, σ, n), b†(p′, σ′, n′)

]
±

= (2π)3δσσ′δnn′δ3(p − p′). (4.29)
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Making similar identifications with the spinors, the field and its adjoint can then be expanded
in the {σ, n} basis. The spin-sums, locality analysis and the propagator can be readily derived.
The discrete symmetries transformations for the states are

C|p, σ, n, a⟩ =
∑
m

(−1)1/2−σEmn(C)|p,−σ,m, b⟩, (4.30)

C|p, σ, n, b⟩ =
∑
m

(−1)1/2−σEmn(C)|p,−σ,m, a⟩, (4.31)

P|p, σ, n, a⟩ =
∑
m

(−1)1/2−σiEmn(P)|Pp,−σ,m, a⟩, (4.32)

P|p, σ, n, b⟩ =
∑
m

(−1)1/2−σiEmn(P)|Pp,−σ,m, b⟩, (4.33)

T|p, σ, n, a⟩ =
∑
m

Emn(T)|Pp, σ,m, a⟩, (4.34)

T|p, σ, n, b⟩ =
∑
m

Emn(T)|Pp, σ,m, b⟩, (4.35)

where E and E are 2 × 2 matrices given by

E(C) = sΩ∗
Cσx, E(C) = −ΩCσx, (4.36)

E(P) = Ω∗
Pσz, E(P) = ΩPσz, (4.37)

E(T) = iΩ∗
Tσy, E(T) = −iΩTσy. (4.38)

It should be noted that we are working in a particular basis where the states at rest |k, σ, n, a⟩
and |k, σ, n, b⟩ are not eigenstates of Ĵz. As a result, the σ-dependent phases and the
mapping from σ to −σ which are usually associated with time-reversal instead appears in
the charge-conjugation and parity transformations.

5 Pseudo Hermitian quantum field theory

We have thus far established that the mass dimension one fields respect Lorentz symmetry,
are local and irreducible with two-fold Wigner degeneracy. With all these desirable features,
there remains one important issue that we have to address. Because ¬

λ is not equal to λ†γ0,
the product ¬

λλ while being a Lorentz scalar, is non-Hermitian. This is not an issue for the
free field theory as the free Hamiltonian is Hermitian and positive-definite.6 However, the
interacting densities constructed from the free fields ¬

λλ in the interacting picture would be
non-Hermitian. Therefore, the interacting theory may not be unitary.

To solve this problem, we now take, what is in our opinion, the first step towards
developing a consistent S-matrix theory for mass dimension one fields.7 Here and in ap-
pendix B, we will prove that the mass dimension one field is a pseudo Hermitian quantum
field theory [63, 64]. As for the tasks of defining appropriate inner-product, unitary S-matrix,

6Similarly, the three-momentum operators are also Hermitian and positive-definite. Since the free Lagrangian
density is a Lorentz scalar, we expect the free Lorentz generators to also be Hermitian.

7A formalism for computing scattering amplitudes and physical observables utilizing the Elko dual along
with the generalized unitarity relation was proposed in [7]. However, the proposed formalism is incomplete as
it has not taken the Wigner degeneracy and pseudo Hermiticity into account.
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and computing physical observables, they have yet to be studied. Nevertheless, we believe
that the pseudo Hermitian framework is the correct approach towards accomplishing these
tasks. The theory is pseduo Hermitian because there exists a Hermitian η operator such that

η
[ ¬
λ(x)λ(x)

]
η−1 =

[ ¬
λ(x)λ(x)

]†
. (5.1)

We work in the interacting picture so the fields are free. Equation (5.1) ensures all interactions
constructed in terms of ¬

λλ are pseudo Hermitian. Since the free fields evolve under the free
Hamiltonian H0, for (5.1) to hold at all time, the operator η must commute with H0. To
find η, we expand the left- and right-hand side of (5.1) as

η
[ ¬
λ(x)λ(x)

]
η−1 =

∫
d3p1

(2π)3(2E1)

∫
d3p2

(2π)3(2E2)

×
∑
ττ ′

{
ei(p−p′)·x ¬

ξ (p, τ)ξ(p′, τ ′)η
[
a†(p, τ)a(p′, τ ′)

]
η−1

+ e−i(p−p′)·x ¬
ζ (p, τ)ζ(p′, τ ′)η

[
b(p, τ)b†(p′, τ ′)

]
η−1

+ e−i(p+p′)·x ¬
ζ (p, τ)ξ(p′, τ ′)η

[
b(p, τ)a(p′, τ ′)

]
η−1

+ ei(p+p′)·x ¬
ξ (p, τ)ζ(p′, τ ′)η

[
a†(p, τ)b†(p′, τ ′)

]
η−1

}
, (5.2)

and [ ¬
λ(x)λ(x)

]†
=
∫

d3p1
(2π)3(2E1)

∫
d3p2

(2π)3(2E2)

×
∑
ττ ′

{
e−i(p−p′)·x

[ ¬
ξ (p, τ)ξ(p′, τ ′)

]†
a†(p′, τ ′)a(p, τ)

+ ei(p−p′)·x
[ ¬
ζ (p, τ)ζ(p′, τ ′)

]†
b(p′, τ ′)b†(p, τ)

+ ei(p+p′)·x
[ ¬
ζ (p, τ)ξ(p′, τ ′)

]†
a†(p′, τ ′)b†(p, τ)

+ e−i(p+p′)·x
[ ¬
ξ (p, τ)ζ(p′, τ ′)

]†
b(p′, τ ′)a(p, τ)

}
. (5.3)

Equating them yields

η

[∑
ττ ′

¬
ξ (p, τ)ξ(p′, τ ′)a†(p, τ)a(p′, τ ′)

]
η−1 =

∑
ττ ′

[ ¬
ξ (p, τ)ξ(p′, τ ′)

]†
a†(p′, τ ′)a(p, τ), (5.4)

η

[∑
ττ ′

¬
ζ (p, τ)ξ(p′, τ ′)b(p, τ)b†(p′, τ ′)

]
η−1 =

∑
ττ ′

[ ¬
ζ (p, τ)ζ(p′, τ ′)

]†
b(p′, τ ′)b†(p, τ), (5.5)

η

[∑
ττ ′

¬
ζ (p, τ)ξ(p′, τ ′)b(p, τ)a(p′, τ ′)

]
η−1 =

∑
ττ ′

[ ¬
ξ (p, τ)ζ(p′, τ ′)

]†
b(p′, τ ′)a(p, τ), (5.6)

η

[∑
ττ ′

¬
ξ (p, τ)ζ(p′, τ ′)a†(p, τ)b†(p′, τ ′)

]
η−1 =

∑
ττ ′

[ ¬
ζ (p, τ)ξ(p′, τ ′)

]†
a†(p′, τ ′)b†(p, τ). (5.7)

Next, we rewrite the Elko dual as
¬
ξ (p, τ) = ϑ(τ)ξ†(p, ρ(τ))γ0, (5.8)
¬
ζ (p, τ) = sϑ(τ)ζ†(p, ρ(τ))γ0, (5.9)
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where

ϑ(1) = −i, ϑ(2) = +i, (5.10)
ϑ(3) = +i, ϑ(4) = −i, (5.11)

and

ρ(1) = 2, ρ(2) = 1, (5.12)
ρ(3) = 4, ρ(4) = 3. (5.13)

Substituting (5.9) into (5.4)–(5.7), we obtain

η
[
a†(p, τ)a(p′, τ ′)

]
η−1 = ϑ(τ)ϑ(ρ(τ ′))a†(p, ρ(τ))a(p′, ρ(τ ′)), (5.14)

η
[
b(p, τ)b†(p′, τ ′)

]
η−1 = ϑ(τ)ϑ(ρ(τ ′))b(p, ρ(τ))b†(p′, ρ(τ ′)), (5.15)

η
[
b(p, τ)a(p′, τ ′)

]
η−1 = ϑ(τ)ϑ(ρ(τ ′))b(p, ρ(τ))a(p′, ρ(τ ′)), (5.16)

η
[
a†(p, τ)b†(p′, τ ′)

]
η−1 = ϑ(τ)ϑ(ρ(τ ′))a†(p, ρ(τ))b†(p′, ρ(τ ′)). (5.17)

To keep the notations simple, using the identities (5.10)–(5.13), we write ϑ(ρ(τ)) = ϑ∗(τ).
From (5.14)–(5.17), the actions of η on the annihilation and creation operators are given by

ηa†(p, τ)η−1 = eiα(τ)ϑ(τ)a†(p, ρ(τ)), (5.18)

ηa(p, τ)η−1 = e−iα(τ)ϑ∗(τ)a(p, ρ(τ)), (5.19)

and

ηb†(p, τ)η−1 = e−iα(τ)ϑ∗(τ)b†(p, ρ(τ)), (5.20)

ηb(p, τ)η−1 = eiα(τ)ϑ(τ)b(p, ρ(τ)), (5.21)

where α is a phase to be determined. By demanding the vacuum to be invariant under η,
its actions on the single particle states are given by

η|p, τ, a⟩ = eiα(τ)ϑ(τ)|p, ρ(τ), a⟩, (5.22)

η|p, τ, b⟩ = e−iα(τ)ϑ∗(τ)|p, ρ(τ), b⟩, (5.23)

and

⟨p, τ, a|η = ⟨p, ρ(τ), a|eiα(ρ(τ))ϑ∗(τ), (5.24)

⟨p, τ, b|η = ⟨p, ρ(τ), b|e−iα(ρ(τ))ϑ(τ). (5.25)

Without knowing eiα, we cannot determine η. To show that η exists, we take α to be
τ -independent and eiα = −1. The solution for η is then given in appendix B. The actions
of η on the particle and anti-particle states are then given by

η|p, τ, a⟩ = −ϑ(τ)|p, ρ(τ), a⟩, (5.26)
η|p, τ, b⟩ = +ϑ(τ)|p, ρ(τ), b⟩, (5.27)
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and

⟨p, τ, a|η = +⟨p, ρ(τ), a|ϑ(τ), (5.28)
⟨p, τ, b|η = −⟨p, ρ(τ), b|ϑ(τ). (5.29)

Using (5.26)–(5.29), a straightforward calculation shows that η commutes with H0. Its
actions on ¬

λ and λ are given by

η
¬
λ(x)η−1 = λ†(x)γ0, (5.30)

ηλ(x)η−1 = ¬
λ
†
(x). (5.31)

From (5.26)–(5.25) and (B.26), we find η2 = η†η = I, so η is Hermitian.

6 Conclusions

After more than almost three decades studying Majorana spinors followed by Elko and
mass dimension one fields, we have now established their foundations. The mass dimension
one fields and their particle states furnish the unitary irreducible representations of the
extended Poincaré group.

Comparing to the earlier formulations of the theory, there are important similarities
as well as differences. The orthonormal norms and spin-sums of Elko are identical to the
ones given under τ -deformation [7]. The difference, which is one of the main results of this
paper, is the doubling of degrees of freedom from two to four for the particles as well as
the anti-particles. From the discrete symmetry analysis, this is precisely the degeneracy
induced by the inclusion of non-trivial discrete symmetries studied by Wigner [3] and later
expanded by Weinberg [14, Sec. 2 C]. Upon identifying the correct degrees of freedom, it is a
straightforward to verify Lorentz covariance for the mass dimension one fields.

There remains much to be done. In the spin-half R ⊕ L representation, the mass
dimension one fields constructed from Elko may only be one of the many non-trivial solutions.
If more solutions exists, we believe that they can be systematically classified by their discrete
symmetries. More generally, one should study quantum field theory with Wigner degeneracy
for higher-spin representations of the extended Poincaré group. In the case of Elko and the
associated mass dimension one fields, the extension to higher-spin should be straightforward
following [65].

Phenomenologically, we believe that the mass dimension one bosons and fermions are
natural dark matter candidates. Due to the mismatch in mass dimensions with the SM
fermions (for mass dimension one bosons, there is also a mismatch in statistics), they cannot
form doublets or multiplets with the SM fermions. As singlets, mass dimension one particles
can only interact with the SM fermions via gravity, Higgs or dark gauge fields thus making
them natural candidates as self-interacting dark matter. On the other hand, if there are
doublets or multiplets comprised of mass dimension one fields, they may interact with the
SM sector through the SM gauge fields. We leave these important phenomenological studies
for future investigations.

There are two interactions that distinguish the spin-half mass dimension one fields from
their Dirac counterparts. Due to their mass dimensions, the mass dimension one fields
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are naturally endowed with a renormalizable quartic self-interaction g( ¬
λλ)2. There is also

quadratic couplings to neutral and charged scalar fields of the form g′( ¬
λλ)ϕ2 and g′′( ¬

λλ)Φ†Φ.
Interactions with the scalar fields provide a natural portal for mass dimension one particles
to interact with the SM sector through the Higgs boson. We note, as the Dirac field ψ

has mass dimension three-half, its quartic self-interaction would be of dimension six and is
thus non-renormalizable in four space-time dimensions. The natural interaction between the
Dirac and a neutral scalar field is the Yukawa interaction of the form yψψϕ. Interactions of
the form y′ψψϕ2 and y′′ψψΦ†Φ are of mass dimension five so they are non-renormalizable
perturbatively.

The interactions that we have written down in the preceding paragraph involving the
mass dimension one fields all share a common feature - They are all pseudo Hermitian. As a
result, the Hermitian inner-product would not be invariant under time translation generated
by these pseudo Hermitian Hamiltonians. This problem is not new and has been studied
by Bender, Mostafazadeh, and collaborators [63, 64, 66–69]. There, the resolution is to
introduce new inner-product that is invariant under time translation. For mass dimension
one fields, defining the appropriate inner-product that preserves unitarity (in a generalized
sense) is essential towards establishing the formalism to compute the S-matrix and physical
observables. For now, this task remains incomplete and requires further investigations.

To the best of our knowledge, what we have presented here, for the first time, is a physical
quantum field theory which realizes Wigner degeneracy with possibly important ramifications
for physics beyond the SM. While we have only studied the kinematics of the mass dimension
one fields, resolving the problem of rotational covariance is an important milestone towards
the ultimate goals of establishing consistent interacting theories and phenomenological models.
It is our hope that one day, in the foreseeable future, we can make the definitive statement -
Dark matter are described by the unitary irreducible representations of the extended Poincaré
group with Wigner degeneracy. This we believe, would be the best tributes we can give to
Professor Eugene Wigner and Professor Steven Weinberg, who have contributed so much
to our understanding of nature.

A Reducible Hermitian formulation

With the introduction of Wigner degeneracy, the Elko spin sums, as computed with the Elko
duals (2.27a)–(2.27b), are Lorentz-invariant. Here, we explore what happens to Elko and
the quantum fields, when we instead formulate the theory using the Dirac dual. As we will
show, while the resulting quantum field theory is local and respects Lorentz symmetry, it
furnishes a reducible representation of the inhomogeneous Lorentz group. Specifically, it is
a direct sum of two irreducible representations, where each irreducible sector is described
by the mass dimension one fields with Klein-Gordon kinematics.

Under the Dirac dual, we have

ξ(p, τ) = ξ†(p, τ)γ0, ζ(p, τ) = sζ†(p, τ)γ0. (A.1)
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The spin sums are given by ∑
τ

ξ(p, τ)ξ(p, τ) = γµpµ, (A.2)∑
τ

ζ(p, τ)ζ(p, τ) = sγµpµ. (A.3)

For now, we shall ignore the fact that the norms vanish with respect to the Dirac dual and
proceed to construct a quantum field theory with λ and λ = λ†γ0. From (2.31a)–(2.31d), we
know that Elko do not satisfy the Dirac equation. We rewrite these identities as

γµpµξ(p, τ) = mξ′(p, τ), γµpµζ(p, τ) = −mζ ′(p, τ). (A.4)

where

ξ′(p, 1) = +iξ(p, 2), ζ ′(p, 1) = +iζ(p, 2), (A.5)
ξ′(p, 2) = −iξ(p, 1), ζ ′(p, 2) = −iζ(p, 1), (A.6)
ξ′(p, 3) = −iξ(p, 4), ζ ′(p, 3) = −iζ(p, 4), (A.7)
ξ′(p, 4) = +iξ(p, 3), ζ ′(p, 4) = +iζ(p, 3). (A.8)

Next, we define a new quantum field

λ′(x) = (2π)−3/2
∫

d3p√
2E

∑
τ

[
e−ip·xξ′(p, τ)a(p, τ) + eip·xζ ′(p, τ)b†(p, τ)

]
, (A.9)

so that the action of the Dirac operator on λ yields

iγµ∂µλ(x) = mλ′(x). (A.10)

Repeat the above calculations with ξ′ and ζ ′, we find∑
τ

ξ′(p, τ)ξ′(p, τ) = γµpµ, (A.11)∑
τ

ζ ′(p, τ)ζ ′(p, τ) = sγµpµ, (A.12)

and
iγµ∂µλ

′(x) = mλ(x). (A.13)

The fields λ and λ′ do not satisfy the Dirac equation. But by combining them, we can
introduce a set of eight-component fields, namely

Λ(x) =
[
λ(x)
λ′(x)

]
, Λ(x) =

[
λ
′(x) λ(x)

]
, (A.14)

such that Λ satisfies the Dirac equation

(iΓµ∂µ −M) Λ(x) = O, (A.15)

where
Γµ =

(
O γµ

γµ O

)
, M =

(
mI O
O mI

)
. (A.16)
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Therefore, we obtain the following Lagrangian density

LΛ = Λ(iΓµ∂µ −M) Λ. (A.17)

Using (A.17), we can readily show that the fields and their conjugate momenta satisfy
the canonical commutation/anti-commutation relations and that the free Hamiltonian is
positive-definite.

Decomposing the Lagrangian density. The fields Λ and Λ seem to present a new
quantum field theory that are physically distinct to λ and ¬

λ owing to the difference in
kinematics and mass dimensions. However, these differences turn out to be superficial. Here,
we show that the Lagrangian density Λ and Λ decomposes into a sum of two physically
equivalent Lagrangian densities of mass dimension one fields. Therefore, the field theory
as described by LΛ is reducible.

To prove our statement, let us write the free Lagrangian density of ¬
λ and λ as

L ( ¬
λ, λ) =

(
∂µ ¬
λ∂µλ−m2 ¬

λλ
)
. (A.18)

Because of the ¬
λλ product, the Lagrangian density is pseudo Hermitian. Despite the pseudo-

Hermiticity, as we have shown in 2.2, the theory is local, respects Lorentz symmetry, and the
free Hamiltonian is Hermitian and positive-definite. These features, along with the results
given in section 3 tell us that A.18 is the correct irreducible Lagrangian density for mass
dimension one fields. By irreducible, we mean that L ( ¬

λ, λ) cannot be decomposed into a
sum of Lagrangian densities consisting of other independent fields.

We will now demonstrate that LΛ is reducible. For this purpose, we first use the identity
¬
λ = λ

′ to rewrite L ( ¬
λ, λ) as

L ( ¬
λ, λ) = L (λ′, λ) = ∂µλ

′
∂µλ−m2λ

′
λ (A.19)

Next, we add a Hermitian conjugate to L (λ′, λ) to obtain a Hermitian Lagrangian density

Lh = L (λ′, λ) + L †(λ′, λ)

=
(
∂µλ

′
∂µλ−m2λ

′
λ
)
+
(
∂µλ∂µλ

′ −m2λλ′
)
. (A.20)

As the first and second term in (A.20) are physically equivalent, Lh is reducible. That is,
for the purpose of studying mass dimension one fields, L (λ′, λ) suffices. The reason for
constructing a reducible Lh is to show that it is equal to mLΛ up to total derivative terms.
Integrating Lh by parts and ignore the total derivative terms, we obtain

Lh = −λ′(∂µ∂µ +m2)λ− λ(∂µ∂µ +m2)λ′. (A.21)

Using the identity

(∂µ∂µ +m2)I = (iγµ∂µ +mI)(−iγν∂ν +mI), (A.22)
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the first term in (A.21) can be written as

−λ′(∂µ∂µ +m2)λ = −λ′(iγµ∂µ +m)(−iγν∂ν +m)λ

= −λ′(iγµ∂µ +m)(−mλ′ +mλ)

= mλ
′(iγµ∂µ +m)λ′ −mλ

′(iγµ∂µ +m)λ

= mλ
′(iγµ∂µ +m)λ′ −m2(λ′λ′ + λ

′
λ)

= m
(
λ
′
iγµ∂µλ

′ −mλ
′
λ
)
. (A.23)

Repeating the same calculations for the second term of Lh, we find

Lh = m
[(
λ
′
iγµ∂µλ

′ −mλ
′
λ
)
+
(
λiγµ∂µλ−mλλ′

)]
= mLΛ. (A.24)

Since Lh is reducible, it follows that LΛ is also reducible.

B The solution for ηηη

To solve η, let us start with

ηa = eiθ12N12eiθ34N34 , (B.1)

where

N12 =
∫
d3p

[
a†(p, 2)a(p, 1)− a†(p, 1)a(p, 2)

]
, (B.2)

N34 =
∫
d3p

[
a†(p, 4)a(p, 3)− a†(p, 3)a(p, 4)

]
. (B.3)

Acting ηa on the state |p, τ, a⟩, we get

ηa|p, 1, a⟩ = cos θ12|p, 1, a⟩+ i sin θ12|p, 2, a⟩, (B.4)
ηa|p, 2, a⟩ = cos θ12|p, 2, a⟩ − i sin θ12|p, 1, a⟩, (B.5)
ηa|p, 3, a⟩ = cos θ34|p, 3, a⟩+ i sin θ12|p, 4, a⟩, (B.6)
ηa|p, 4, a⟩ = cos θ34|p, 4, a⟩ − i sin θ12|p, 3, a⟩. (B.7)

Similarly, we take

ηb = eiϕ12M12eiϕ34M34 , (B.8)

where

M12 =
∫
d3p

[
b†(p, 2)b(p, 1)− b†(p, 1)b(p, 2)

]
, (B.9)

M34 =
∫
d3p

[
b†(p, 4)b(p, 3)− b†(p, 3)b(p, 4)

]
, (B.10)

– 32 –



J
H
E
P
0
4
(
2
0
2
4
)
0
7
5

to obtain

ηb|p, 1, b⟩ = cosϕ12|p, 1, b⟩+ i sinϕ12|p, 2, b⟩, (B.11)
ηb|p, 2, b⟩ = cosϕ12|p, 2, b⟩ − i sinϕ12|p, 1, b⟩, (B.12)
ηb|p, 3, b⟩ = cosϕ34|p, 3, b⟩+ i sinϕ34|p, 4, b⟩, (B.13)
ηb|p, 4, b⟩ = cosϕ34|p, 4, b⟩ − i sinϕ34|p, 3, b⟩. (B.14)

Define
ηab = ηaηb. (B.15)

Because ηa|0⟩ = |0⟩, ηb|0⟩ = |0⟩ and [ηa, ηb] = 0, the actions of ηab on the states are identical
to (B.4)–(B.7) and (B.11)–(B.14). Next, we note(

ηab − η−1
ab

)
|p, 1, a⟩ = +2i sin θ12|p, 2, a⟩, (B.16)(

ηab − η−1
ab

)
|p, 2, a⟩ = −2i sin θ12|p, 1, a⟩, (B.17)(

ηab − η−1
ab

)
|p, 3, a⟩ = +2i sin θ34|p, 4, a⟩, (B.18)(

ηab − η−1
ab

)
|p, 4, a⟩ = −2i sin θ34|p, 3, a⟩, (B.19)

and (
ηab − η−1

ab

)
|p, 1, b⟩ = −2i sinϕ12|p, 2, b⟩, (B.20)(

ηab − η−1
ab

)
|p, 2, b⟩ = +2i sinϕ12|p, 1, b⟩, (B.21)(

ηab − η−1
ab

)
|p, 3, b⟩ = −2i sinϕ34|p, 4, b⟩, (B.22)(

ηab − η−1
ab

)
|p, 4, b⟩ = +2i sinϕ34|p, 3, b⟩. (B.23)

Therefore, the solution for η is given by

η = 1
2
(
ηab − η−1

ab

)
(B.24)

with
θ12 = −θ34 = π

2 , ϕ12 = −ϕ34 = π

2 , (B.25)

where

ηab = exp
{
iπ

2

∫
d3p

∑
τ

ϵ(τ)
[
a†(p, ρ(τ))a(p, τ) + b†(p, ρ(τ))b(p, τ)

]}
, (B.26)

and
ϵ(1) = −ϵ(2) = ϵ(3) = −ϵ(4) = 1. (B.27)
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