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In this work we study existence, bifurcation, and symmetries of small solutions
of the nonlinear equation Lx = N(x, p, &) + uf, which is supposed to be equivariant
under the action of a group OH,,. and where f is supposed to be OH,,-invariant.
We assume that L is a linear operator and N(-, p, £) is a nonlinear operator, both
defined in a Banach space X, with values in a Banach space Z, and p, u, and ¢ are
small real parameters. Under certain conditions we show the existence of symmetric
solutions and under additional conditions we prove that these are the only feasible
solutions. Some examples of nonlinear ordinary and partial differential equations
are analyzed. © 1995 Academic Press, Inc.

1. INTRODUCTION

We are concerned with equations of the form
Lx = N(x, p, &) + uf, (1.1)
where X and Z are Banach spaces with X C Z; L is a linear operator and
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N(-, p, £) is a nonlinear operator, both defined in X with values in Z; f is
fixed element in Z; and p, u, and ¢ are small real parameters.

We assume that the group O(2) X Z, acts on Z and that the operators
L and N commute with the actions of the subgroup G = D,, X Z,
and that f is invariant under the induced actions of the subgroup OH,, =
[(Rum, — 1), (7, I} of G on the space Z. Here m = 2 is a fixed integer,
O(2) is the group generated by the planar rotations R, = (53¢ 39,
V6 € R and by the reflexion 7 = (} 2;). For k = 2 integer, Z, is the cyclic
subgroup of order k, of the group O(2), generated by R, and D, is the
dihedral subgroup of O(2), of order 2k, generated by R, and 7. The
brackets indicate generated subgroup.

Under certain conditions, we show that, corresponding to each maximal
isotropy subgroup 3 of OH,,, there exists a unique subharmonic branch
solution of Eq. (1.1), such that the isotropy subgroup of each solution is
3. Also, under certain additional conditions, these solutions are the only
feasible ones.

Similar results for Eq. (1.1), with L and N D,-equivariant and f D,,-
invariant, were considered by Galante [3] and Galante and Rodrigues
[4]- Many authors have considered specific cases of Egs. (1.1). Hale and
Rodrigues [6] studied Duffing’s Equations,

¥+ x=px+ 3+ uf(@) (1.2)

with f even, 27-periodic such that [ (2)" f(s) cos sds # 0. They proved that
the only 27-periodic solutions of (1.2) are even functions of ¢. Using these
results they studied in [7] the damped Duffing’s Equation:

¥+x=pr+x+8t+ pcost

Rodrigues and Vanderbauwhede [8] generalized these results for abstract
nonlinear equations in Banach spaces and more applications were provided.

Firkotter and Rodrigues [1, 2] considered the case where fis n/m-odd-
harmonic. Under a generic condition, they proved that the small 27-periodic
solutions of (1.2) maintain some symmetry properties of the forcing term
f, when p # 0.

In Section 2 we present the hypotheses and the issues related to the
action of the group O(2) X Z, and its subgroups G and OH,,,, on the spaces
Z, X and Ker L. We also determine the maximal isotropy subgroups of
OH,, with respect to its actions on Ker L and the corresponding fixed spaces.

In Section 3, using the equivariant Liapunov—-Schmidt method and im-
plicit function theorem, we obtain the reduced complex equation and its
normal form.

In Section 4 we analyze the reduced bifurcation equation. We determine
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the bifurcation points and show the existence of a unique branch solutions
corresponding to each maximal isotropy subgroup of OH,,,.

In Section 5 we show that, under certain conditions, the only nontrivial
solutions of Eq. (1.1) are those whose isotropy subgroups are maximal
isotropy subgroups of OH,,, relative to its actions on Ker L. We also
determine a criterion for the genericity of this result.

In Section 6 we show how to apply the foregoing theory to equations of
the form (1.1) with a reversal symmetry. In Section 7 we present some
applications of our results to nonlinear ordinary and partial differential
equations.

To our knowledge the main abstract results of this paper we new. They are
stated in Theorem 4.6, Theorem 4.7, and Theorem 5.8. The interpretation of
these results on the examples of Section 7 are also new.

The results of this paper indicate that when one truncates the Taylor
series of the non-linearity, it is important to consider terms up to a sufficient
large order. Otherwise the information in our theorems may be lost. For
example, if one intends to apply our results to the pendulum equation
o +(g/L) sin v = u cos(mwt), for w close to w, = Vg/L, one should use
all the terms of the Taylor expansion of sin v, around v = 0, up to the
order v™ if m is odd, and up to the order v*"*! if m is even.

2. HYPOTHESES AND GROUP ACTIONS

Throughout this paper we suppose that m = 2 is a fixed integer. We will
be concerned with the equation

Lx = N(x, p, &) + uf, 2.1)

where A = (p, u, €) € R? varies in an open neighborhood A of the origin
in R?, X and Z are real Banach spaces, f € Z, L € $(X, Z), and N €
BC*3(B, X Q, Z), where k = m if m is odd and k = 2m if m is even. Here
we indicate by B, the open ball centered in the origin in X, € is an open
neighborhood of the origin in R?, and BC**3(B, X Q, Z) is the space of
all functions defined in B, X {} with values in Z, which have bounded and
continuous derivatives up to the order X + 3 in B, X .

As a basic reference for notations and for some general results that will
be mentioned in this section, we indicate Golubitsky [S} and Vander-
bauwhede [9].

Consider the following hypotheses:

(H)) L :Xw— Zis a Fredholm operator with zero index and ker L =
spanfu;, uz).
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(Hy) N(x,p, &) = (pA + eB)x + Qs(x*) + R(x, p, &), where A, B €
L(X, Z), Aker 1 = Ixert, @3 € (X3, Z), R(x, p, €) = o(|px| + |ex| + |x]*)
as (x, p, €) = (0,0,0), and N is odd in x.

(Hs) There exists a representation T of the group O2) on Z : (g, x) €
O0(2) X Zvw> g+ x:= I'(g)x, such that.

(i) I'(gX C X, Vg e 0Q),
(ll) r(d))\KerL = F(Rtb)lKerL = Rdt and I-‘(‘r)ll(crL =T where

cos ¢ —sin¢ 1 0
Ry,=1 . ),Vd:EIR, and T= )
sing cos¢ 0 -1

In order to describe the symmetries of (2.1), we will consider the group
O(2) X Z, and their subgroups G = D,, X Z, and OH,, = [(¢ D),
(7,1)] C G, where £ = R, and Z, = {I, — I} and D,,, = [£, 7] are respectively
the cyclic group of order two and the dihedral group of order 4m. The
brackets indicate the generated subgroup. Let the action of O(2) X Z, on
Z and X be defined by

(Ry, 1y -w = 2T(¢) - w, (2.2a)
(.- w==xI'(1)'w, VweZ, (2.2b)

and the corresponding induced actions of the subgroups G and OH,, on Z
and X.

(Hs) The operators L and N(x, p, 0) are (O(2) X Z,)-equivariant,
N(x, p, £) is G-equivariant if ¢ # 0, and f is OH ,-invariant.

It follows from (H,) that Eq. (2.1) is OH -equivariant. In particular, it
is G-equivariant if u = 0 and O(2) X Z,-equivariant if £ = u = 0.

Let Q: Ker L X R* ~— Ker L be a C¥*3, OH,,-equivariant function. In
the next section, Q(u, A) = 0 will play the role of the bifurcation equation
obtained via the Liapunov-Schmidt method.

Consider the action of D,,, on C, defined by

Rn/m = —ei”/'"z, (233)
T Z=12. (2.3b)
The linear isomorphism Z: Ker L — C, defined by X (au, + bu,) = a +

bi, commutes with the induced actions (2.2a), (2.2b) of OH,,, on Ker L and
of D»,, on C; that is, the following hold:
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TABLE I
Isotropy Subgroups of D,,, Acting on C by (2.3a), (2.3b)

Orbit type Isotropy subgroup Fixed-space
{0} Dy {0}
A=A 0ECmE) =0 {[zr'(I:;]i;fr;ni;SeS:i 5
Z,(R.)if m s odd C

B={z#0€eC - A/lm(z*) = 0} Zy{ R s 1yeim ° T),

if mis even Rfe™*m}
C = {z € C/z # 0 and Im(z>") # 0} Zy(R,)if mis odd C
{I}if mis even C

—e™ - X(u) = X((Rym, —1u) (2.4a)

X (u) = (u). (2.4b)

Let M(z, A) := £Q(x 'z, A):C X R* — C. The following lemma holds:

LEMMA2.1.  Under the above assumptions, M(+, A) is a C**3, D,,.-equivar-
iant function, relative to action of D,,,, on C defined by (2.3a), (2.3b).

We remark that the order of element (¢ —1) = (Ryn, —{) € OH,, is
2m. Moreover, (7, I)> = (I, I) and then OH,, is isomorphic to D,,,. The

group isomorphism F: OH,, — D,,, is defined by
F(& —1) = Rup, (2.5a)
F(r,I)=r (2.5b)
In Table I we give the isotropy subgroups of D,,,, acting on C by (2.3a),

(2.3b). They are determined following the ideas of Golubitsky [5].
The maximal isotropy subgroups of D, are the ones that belong to the

conjugacy class:

[7 R = {2 = [Riawmem, R],j=0---m — 1}

J
when m is odd,

ZZ(T)‘ = {E[ = ZZ(RjZﬂ/m ° T)’j =0-m - l},
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and
e e
ZZ(Ran/m ° T) = {Dj = ZZ(RH*‘(Zl*l)ﬂ/m ° T),j = 0 ceem — 1}

when m is even.

Using the isomorphism (2.5a), (2.5b) we determine the conjugacy class
of the corresponding maximal isotropy subgroups of OH,,, acting on
Ker L by the induced action (2.2a), (2.2b). They are given by

]

A ~
[(T» I)v (Rna —1)] = {2 = [(Ri2"/m °T, I)v (R,,, —1)]’1 =0,..,m-— 1}
when m is odd;
N ~ .
ZZ(T’ I) = {E] = ZZ(RjZII/m °T, 1)9] = 0, ey M — 1},

and

N

ZZ(Rn+n/m °T, _1) = {D] = ZZ(R:T+(2j+1)1r/m °T, —1)’] = 0, ey M~ 1}

when m is even.

The corresponding fixed-spaces on Ker L are

FIX(S]) = Span{(Rjﬂlmv I)ll]},
Fix(E;) = span{(R;y/m, Nui},

and
FIX(D}) = Span{(Rjn/m+n/2ma I)ul},

j=0,..m—1

In Section 6 we will consider Eq. (2.1) having symmetries which are
described by the subgroup OH,, = [(§ —1), (1, —I)] of O(2) X Z,. This
subgroup is isomorphic to D,,, and will be considered to be acting on Z
by the induced action (2.2a), (2.2b) and OH,, will be acting on X.

We suppose that Eq. (2.1) is (OH,,,, OH,,)-equivarient. Under the above
conditions, the reduced Liapunov—Schmidt function O(u, A): Ker L X
R? —> Ker L will be (OH,,,, OH,,)-equivariant.

The linear isomorphism q: Ker L — Ker L, defined by g(au, + bu,) =
—au, + bu,, commutes with the actions of OH,, on X and with those of
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07’1,,. on ~Z ; that is, ¢ is an (OH,,, ﬁlm)-isomorphism of Ker L. It follows
that g - Q : Ker L X R? — Ker L is OH,-equivariant.
From Lemma 1.2 we have

Lemma 2.2, If Q(u,A) : Ker L X R*—> Ker L is (OH,,, OH,,)-equivari-
ant, then the function M(z, A) := (g - O) (¥ 'z, A): C X R = C is D,,,-
equivariant, relative to action (2.3a)(2.3b) of D,,, on C.

3. LiaApUNOV-ScHMIDT REDUCTION AND NORMAL FORM

Under Hypotheses (H,)-(H,), there exists a continuous projection P €
$(Z), such that

X=KerL® (- P)X,
Z=Ker LOR(L).

Without loss of generality, we can assume that P commutes with the
action of O(2) on Z.

The operator L restricted to (I — P).X space has continuous inverse K:
R(L) — (I — P)X, satisfying K(Lx) = (I — P)xVx € X and LK(I — P)w =
(I - PwVwe Z

By the equivariant Liapunov-Schmidt method, Vanderbauwhede [9],
the equation (2.1) is reduced to the system:

v=K({~— P)[N(u +uv,p,e) + uf], (3.1a)
0=PN@u +uv,p,e), (3.1b)

where x =u+v EKer LD (I - P)X.

From the implicit function theorem, Eq. (3.1a) defines a smooth function

= p*(u, A) defined in a small neighborhood U X A; C Ker L X Q) valued
in a neighborhood V C (I — P)X, such that v*(0, 0) = 0. The neighborhoods
U and V can be chosen in such away thatg- U= U,g-V =V, Vge& OH,,,
and the function v*(u, A) is OH,-equivariant.

If we substitute v = v*(u, A) in (3.1b) we obtain the bifurcation equation

O(u, A):= PN(u + v*(u,A),p,e) =0, (3.2)

where Q: U X A; C Ker L X )+ Ker L is OH,-equivariant.
It follows from Lemma 2.1 and formuia (3.2) that

M(z,A):=ZPN& 'z + v¥(X '2,A),p, &) =¥Q(X 'z,A): CXR}*—C
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is a C*¥*3- and D,,,-equivariant function, relative to the action of D,,, on
C defined by (2.3a), (2.3b).

In the next lemmas we determine the general form of a C* func-
tion M(z), defined in a neighborhood of origin in C and valued in C,
which is D,,.-equivariant relative to the above-mentioned action of D,,,
on C.

In the following we will denote by B the open ball of radius r, centered
in the origin, in R*.

LemMma 3.1, Let 0 < e <r, HE BCYB™" R), and f € C'(B?, R™)
with f(0) = 0 and such that

Gr(f) ={(x. f(x))/x € BT} C H'({0}).
Then there exists H: B — £(R™, R) of class C', such that
H(x,y) = Ax.y)(y - f(x)),  V(x.y)€ BT

Proof. The stated results follow essentially from the equalities:

HGxy) = [2 e, f0) + oy = f0) do
= 35 @S + 6y ~ fEN) do- [y = f()

CoroLLARY 3.2. If H € BC*(B?, R) and ¢ € L(R?, R) is nontrivial
and satisfies ker ¢ N B? C H'({0}), then there exist 0 < £ < r and H €
BC'(B2, R) such that

H(x,y)= H(x,y) ¢(x.y), V¥(xy) € B
LemMA 3.3, If M(z): B2 C C > C is a D,,-equivariant function of class
C**3, relative to action (2.3a), (2.3b), then there exist real functions f and g
of class C* and D,-invariant, defined in B2 with 0 < g < r, such that
M(z) = f(z)z + g()(D*', Vz€EB, (33)

where k = m if m is odd and k = 2m if m is even.

Proof. Let H(z) B Im(M(z)Z). From the D,,,-equivariance of M(z), the
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function H(z) satisfies

H(—e™™) = H(z) (3.4a)
H(Z) = —H(z). (3.4b)

From relations (3.4a), (3.4b), H(z) vanishes on the spaces span{e’V"'™},
j=0,.,m — 1,if mis odd and on the spaces span{e/*"}, j = 0, ...,
2m — 1, if m is even.

It follows that H(z) vanish on the set {z € C/Im(z)* = 0}, where k = m
if mis odd and k = 2m if m is even. Then H(z) vanish on the lines
Ker ¢; where ¢;: R* — R is the linear functional:

sin{ jm/m)x — cos(jm/m)y,j=0,..,m—1 if m is odd,

di(x,y) = {

sin{ jw/2m)x — cos(jn/2m)y,j=0,...2m — 1 if m is even.

From Corollary 3.2 it follows that, if ¢ R? — R is a nontrivial linear
functional and A: BZ — R is a smooth function vanishing on Ker L, then
there exists a ball B2 with 0 < < r and a smooth function &: BZ — R
such that h(x, y) = ¢(x, y) h(x, y).

Applying these results k-times on the function H(z) = H(x, y), we find
a function H defined in a ball B, with 0 < &, < r, such that

k-1
H(x,y) =[] ¢;(x.y)H(x. y).

j=0

The functions p(z) = IT%) #,(z) and w(z) « Im(z)* are homogeneous
of degree k. By the foregoing procedure there exists w: R? — R such that
w(z) = p(z)W(z). Then w(z) is constant and

H(x,y) = g(x, y) Im(2)* (3.5)
where g(x, y) = cH(x, y). From (3.4a), (3.4b) the function g(z) is Dam-

invariant.
Now let

F(z):= M(2) ~ g(2)(2)""" = Wi(2) + W(2)i. (3.6)
From (3.6) we have:

Im(F(z)-7) = (Wi(z) + iW5(2))(x — iy) = Wa(z)x — Wi(z)y = 0. (3.7)
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This implies that W,(z) vanishes on Ker ¢ where ¢ is the linear functional
&(x, y) = x. Then there exists a ball BEZ, with 0 < &, < r, and a function
f: B;, — R smooth, such that W,(z) = xf(z).

By (3.7) we have W,(z) = yf(z) and then F(z) = f(z)z. If we let & =
min{e,, &}, it follows from (3.6) that

M(2) = f(z)z + g(z2)(@)*', VzEBL

Since F(z) is Di-invariant it follows from (3.6) that f(z) is Dy-invariant.

4. ANALYSIS OF THE BIFURCATION EQUATION - MAIN RESULTS

In the following we determine subharmonic branches of solutions of Eq.
(2.1), whose symmetries are given by maximal isotropy subgroups of OH,,,.
We summarize our main results in Theorems 4.6 and 4.7.

The branch solutions of Eq. (2.1) and maximal isotropy subgroups of
OH,, are related to the branch solutions of reduced equation M(z, A) =0
and maximal isotropy subgroups of D»,,,, by the Liapunov-Schmidt method
and by the isomorphism ¥: Ker L > C defined in Section 2.

Therefore, we will analyze the restriction of the equation M(z, A) = 0
to the fixed spaces Fix(2), where 3 is a maximal isotropy subgroup of D,,,.

In Lemma 4.1 we determine the Taylor expansion of the restriction of
M(z, A) to Fix(Z) X R? near (z, A) = (0, 0). In Lemma 4.2 we prove the
existence of a set of singular points to M(z, A)jpix)xe*; in Lemma 4.4 we
prove the existence of a bifurcation surface and determine branches of
solutions of M(z, A) pixs)xe® Whose isotropy subgroups are maximal isotropy
subgroups of OH,,, relative to its actions on Ker L.

Let £ be a maximal isotropy subgroup of D,,,, acting on C by (2.3a),
(2.3b). From Table I we have dim Fix(%) = 1.

Let Fix(2) = span{z,} and suppose |z, = 1.

LeEmMma 4.1, Under hypotheses (H,)—-(H,), the reduced equation M(z, A)
restricted to the space Fix(%) X R has the representation

M(rzg,A) = [r(p + as + bu?> + cr* + drp + -+ )]z,
where a = ¥PBu,, b = 3%PQx(u,, Kf*), c = PQ.(u3), and

0 ifm # 3,
d = { 3XPQ:(ui, Kf) ifm=3and z, € {1, e},
—3%PQs(ui, Kf) ifm=3and z, = ">



536 GALANTE AND RODRIGUES

Proof. The stated results follow from the invariance property
M(Fix(2) X R3) C Fix(X) using Taylor’s expansion.

From Lemma 4.1 we have
M(rzq, A) = [rI(rzo, A)] 20, 4.1)
where
J(rzo,)=p+as+cr +bu*+dru+---. 4.2)

Consider the system of equations J(rzq, A) = 0, J,(rzo, A) = 0. Since
J(rzy, A) and J,(rzo, A) vanish and det (3(J, J,)/a(r, p)) = 2c # 0, for r =
0, A = 0, we obtain via implicit function theorem that r = r(e, u) and p =
p(e, u), in a neighborhood B of origin.

Some calculations show that p = —ae + (d*/4c — b)p*> + ---and r =
(d/2c)u + ---. We have proved the following:

LeEmMA 4.2.  Suppose hypotheses (H,)—(Hy) and ¢ # 0 are satisfied. Then
the real functions p = p(e, u) = —ae + (d*/4c — P)u> + -~ and r =
r(e, u) = (d2c)p + -+, defined in a small neighborhood B of origin
in R?, are such that the points {(r(e, n)zo, A(e, p)): (g, ) € B}, where
Ale, u) = (p(e, p), &, u), are singular points of the restriction M(rzy, A) of
M(z, A) to Fix(3) X R3.

Remark 4.3. From Lemma 3.3 we have

f(rzo, A) + g(rzo, A)r™ * Re(Z4) ifmisodd,
J(TZ(), A) = (43)

f(rzo, A) + g(rzg, A)r¥" 2 Re(Zg™ if mis even.

Differentiating (4.3) and using the D,,-invariance of f and g we obtain
£(0, A) = 0 and g,(0, A) = 0. Therefore r = 0 solves J,(rzy, A) = 0 when
m # 3 and so r(e, u) = 0 when m # 3.

LemMA 4.4. Suppose Hypotheses (H,)-(H,) and ¢ # 0 are satisfied and
(€0, o) € B. For each maximal isotropy subgroup 3. of D,,, there exists a
unique branch solution of M(z, p, &y, po) = 0, such that the isotropy sub-
group of each nontrivial solution is Z. The solutions of the branch bifurcate
from the solution (ryzo, M), where ry = r(eg, po), Ao = A(eo, o), and
Fix{2} = span{z,}.

Proof. Corresponding to (&g, ug) We have the singular point (7o, Ag) of
M(rzy, A), where ro = r(go, po) and Ag = (p(&0, o), &0, Mo)- In particular,



SYMMETRIC NONLINEAR EQUATIONS 537

we have J(ryzg, Ao) = J. (7020, A¢) = 0. The Taylor expansion of M(rz,, p,
€0, Mo) in a small neighborhood of (ry, po) is given by

M(rzo, p, €0, po) =

{r[J,,(O, Ao)(p = Po) + 51,0, A)r? + -+ -]z ifm 3,
rolJp(roz0, Ao)(p ~ po) + ¥, (ro, Ao)(r — ro)* + - - *]z0, ifm=3,
(4.4)

where - - - are higher order terms.

Since J,(rzp, A) = 1 when r = 0, A = 0, it follows that J,(rzp, Ag) # 0
when rq and Ag are small. In particular, J,(0, Ag) # 0 when A, is small.

It follows from the implicit function theorem that the equation M(rz,,
P, €y, o) = 0 defines a unique function p = p*(r), in a small neighborhood
of (ry, py) such that M(rz,, p(r), €0, o) = 0. From (4.4) we have:

.],,(0, A0) 2 i
A h I + LY
Po 27,00.20) " e
p= p*(r) =
Jorl(ro, A i
(ro, Ao) (r—r)+--- ifm=23.

+ SO
Po 2J,(ro, Ag)

The branch (rzo, A(r)), where A(r) := (p*(7), &y, po), lies in Fix(Z) X R?
and so %,, = % when r # 0.

From (4.4) it follows that (rpzq, Ap) is a bifurcation point of M(rz,, p,
€9, o). If ¢ < 0, the number of nontrivial solutions of M(z, p, &g, po) in
Fix(Z), when m # 3, is zero for p < p, and two for p > py. If m = 3 and
d # 0 we have ry # 0 and so there are no nontrivial solutions in Fix(2)
for p < pg, one for p = py, and two for p > p,.

A similar result holds if ¢ > 0.

Remark 4.5. From formula (4.1) we see that (0, A) is a solution of M(rz,,
A) = O for every A. This solution will be called rthe trivial solution. Note
that, if m # 3, the branch contains the trivial solution (0, A(0)), but if
m = 3 and d # 0 then ry # 0, and therefore the branch (rzy, A(r)), for r
in a small neighborhood of r,, does not contain trivial solutions.

The Liapunov-Schmidt method establishes a one-to-one (local) corre-
spondence between solutions of Eq. (2.1) and solutions of the reduced
equation M(z, A) = 0.

The linear isomorphism ¥(au; + bu,) = a + bi: Ker L ~> C and the
isomorphism group F: OH,, — D,,, defined in (2.5a), (2.5b) preserves the
symmetric properties of the solutions.
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If we let z = re”, where r € R and ¢ € [0, 7], we have
u=%"z7=rcos ¢u + rsin du, = rC(p)u; = (R4, Nru;.

Suppose that (z, A} € Fix(2) X R* is solution of M(z, A) = 0. In this case,
the corresponding solution of (2.1) is given by

x(re', X)) = X (re'?) + v*(X 're’, A)
= (R, Druy + v*((Ry, Iruy, A)

and its isotropy subgroup is £ = F(3) = X, C OH,,, where v =
(Ry4, Duy € Ker L.

Fixing (ey, ;o) € B, the branch solutions of M(z, p, &, we) = 0, corre-
sponding to the isotropy subgroups

D {[RZjﬂ/m o7, R,] if mis odd,
gimim B Zr(Rajaim e 7) if mis even

and

Y =Zy(RejiiymmeT)  ifmiseven,

el(r/va Hrim))

are respectively (re”™ A(r)) and (re/™2m*/7m A(r)),j = 0,...,m — 1, where

A(r) = (p*(r), €0, o).
It follows that

x(re™ A(r)) = (Rjym, Druy + 0*((Rigim, Druy, A(r)),
and
x(rei(ﬂlzm ! j”/m)v A(r)) = (Rrr/2m+jn/m ’ 1)”4] + U*((Rﬂ/2m+jn/m » I)rul 3 A(r))

are the branches solutions of Eq. (2.1), corresponding respectively to the
maximal isotropy subgroups of OH,,:

= {[(szn/m"T, D), (R,, —1)] if m is odd,

(R~ Ity Zr((Rajsyme 7, 1)) if mis even,

aim,
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and
2 = Zr((Ro-2jrvyeim e 7 — 1)) if mis even,
(Ru/zmqwm,”)“l
Jj=0,..,m~—1

Therefore, if we consider Eq. (2.1) with m even, € = gy, u = o, Where
(&0, mo) € B, there exist 2m branches solutions, namely, m whose isotropy
subgroup of each nontrivial solution is in the conjugacy class Z,((v, I))
and m whose isotropy subgroup of each nontrivial solution is in the conju-
gacy class Z>((Rgns1yume 7, —1)).

If m is odd, there exist only m branches of solutions of Eq. (2.1), whose
isotropy subgroup of each nontrivial solution is in the conjugacy class
1, D, (R, -D)].

Suppose ¢ < 0 and § > 0. Let A = (P, €,, pa), Where p € (py — &,
po + 6), (g0, o) € B, and py = p*(&o, po)-

Let m be even and p > p,. Since we have 2m maximal isotropy sub-
groups, it follows from Lemma 4.4 that Eq. (2.1) with A = (P, &g, uo) has
4m + 1 solutions, namely, 2m whose isotropy subgroup is in the conjugacy
class ZZ((I’ 1)), 2m whose isotropy subgroup is in the conjugacy class
Z2((Rm-1ywm ° T, —1)), and one OH,, -invariant. If p < p, the equation (2.1)
has only the trivial solution x(0, p, &, uo), which is OH,-invariant.

If m = 3 and p < p, we have only the trivial solution x(0, §, &y, o). If
P = po we have four solutions, one trivial and one nontrivial in each
branch. If p > p, we have seven solutions, one trivial and two nontrivial
in each branch.

In a similar way if m # 3 is odd and p > p, we have 2m subharmonic
solutions whose isotropy subgroup of each nontrivial solution is in the class
[(7, I), (R,, —I)] and one trivial solution OH,-invariant. If 5 < p, we have
only the trivial solution.

We summarize some of our main results in the next two theorems:

THEOREM 4.6. If Eq. (2.1) verifies hypotheses (H,)-(H,) with ¢ # 0,
then there exists a small neighborhood B of origin in R? such that:

(a) The points {(r(e, n)z0, A(e, w))/ (e, w) € B}, where r(e, u) and
A(e, p) are defined in Lemma 4.2, are bifurcations points of Eq. (2.1);

(b) Let (g0, po) be fixed in B and S a maximal isotropy subgroup
of OH,, relative to its actions on Ker L. Corresponding to %, there exists
a unique branch of subharmonic solutions of Eq. (2.1), such that the isotropy
subgroup of each nontrivial solution is 3.. The solutions of the branch bifur-
cate from the solution x(ryzq, Ao), where Ay = (po, €0, Ho)s
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ro=r(eo, o)y Po=pleo, o),  and  Fix{3} = span{¥ 'zo}.

THEOREM 4.7. Let 6§ > 0, A = (P, &, o) € (po — 6, po + 8) X B,

ro = (&0, po), Po = P(&o, po), and A(r) = (p*(r), o, po), where p = p*(r)
is the function defined in Lemma 4.4. Under hypotheses (Hy)-(H,) and
¢ # 0, we have:

(@) If m is odd the maximal isotropy subgroups of OH,, relative to
its action on Ker L are [(r, I), (R, —I)] = {2, = [(Rajurme 7, 1), (Ry,
=1)],j =0, ..., m — 1}. The branch corresponding to i,— indicated in Theorem
4.6 is x(re™™™ A(r)) = (Rayim, —D)ruy + v¥*((Ragpm, —Druy, A(r)), j = 0,
wym — 1,

rr——t——
(b) Ifmis even the maximal isotropy subgroups of OH,, are Z,(1,I) =
&= . 75 R
{EJ = ((Rijr/m o T, I)), ] = O, ey m - 1} and ZZ((R’,+”/m ° T, ’_I)) =
{D,-~= Zz(Rl,ﬂz,-ﬂ),,,,,, o1, —1I),j =0, ..,m — 1}. The branches corresponding
to L and D; are respectively

x(re'mm M)y = (Rijpim, Druy + v*5((Rjgim, Druy, A(r))
and
x(rei(n/2m+jﬂ/m)’ A(r)) = (Rrr/2m+)'nlma [)ru‘ + p* ((Rﬂ/2m+jﬂ/m31)ru1 , A(r))’

j=0,..,.m—1,

(¢) Let ¢ <0 and n(A, 2) be the number of solutions of Eq. (2.1)
with A = (P, &g, Mo), whose isotropy subgroup is 2 or OH,,, where 2 is a
maximal isotropy subgroup of OH,,. We have

m- & 1s lfﬁ = Po,
37 n(a, ) = " form# 3odd,
2m + 1, ifp > po
- - m- - 1, if p = po,
Ej=0‘ n(A E) + Ej=()‘ n(A, D)) = { ’ form even,
am+ 1, ifp>po

and
L ifp<p,,
Son(A2) =144,  ifF=po, whenm=3.
7, fP>po
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ﬁg’
7&/&—;

Fic1. m > 3 odd.

;
/

4 7 v

Fic2. m = 3.

Fic3. m =2 even.

The total number of solutions of Eq. (2.1) with A = (P, &y, ma), whose
isotropy subgroup is OH,, or which is a maximal isotropy subgroup of
OH,,, are shown in Fig. 1-3, with a < 0 and (d*/4c — b)) > 0.

5. GENERICITY FOR “AUTONOMOUS’’ NONLINEARITIES
In the following, we consider Eq. (2.1) with hypotheses (H;)-(H,) and

g€ = 0. We see that in this case the operators N(x, p) := N(x, p, 0) and L
are (O(2) X Z,)-equivariant.
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From our previous results, for each fixed u, sufficiently small and for
each maximal isotropy subgroup 2 of OH,, there exists a unique branch
solutions of Eq. (2.1), such that the isotropy subgroup of each nontrivial
solution is 2.

Our main purpose in this chapter is to determine a generic condition
under which Eq. (2.1) does not have other solutions. Theorem 5.8 is the
main result of this chapter.

Consider the reduced function

M(z, A):= f(z, M)z + g(z, D)(@)*", (5.1)

where kK = m if m is odd and k = 2m if m is even, associated to Eq. (2.1).

LemMa 5.1. The function g(z, A) vanishes when u = 0, where A =
(p, p, 0). Moreover, if m is even then g(z, A) satisfies

gz, p, —1) = glz, p, ).

Proof. From (5.1) we have Im(M(z, A)-7) = g(z, A)-Im(z)*. Since
g, = 0, the function M(z, A) is (O(2) X Z,)-equivariant when g = 0.
Then M(z, A)z = M(r, A)r, where z = re. Since R = Fix(Z,(7)) it follows
that M(r, A)r € R and this implies that g(z, p, 0, 0) = 0.

Now, since N(x, p, 0) is an odd function of x, we have

—v*(—u,p, ~p,0) = ~K(I = P)[IN(—u + v*(~u,p, —p1,0), p, 0) — uf]
=K ~ P)[N(u~v*(~u,p, =, 0), p, 0) + uf].
It follows that —v*(—u, p, —p, 0) = v*(u, p, u, 0). If we let u = ¥7'(z)
we have
M(—z,p, —u,0) = ZPN(—u + v¥*(~u,p, —u,0),p,0)
=ZPN(—u — v*(u,p, 1, 0),p,0)
—XQ(X 'z, A)
—M(Z’p’ l‘l‘aO)'

Il

i

This implies that
Im[M(~z, p, =, 0)(=2)] = Im[M(z. p, p, 0)Z]

and then, if m is even, we have
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g(=z.p, —1,0) = g(z,p, u, 0). (5.2)

Now, we have from the D,,-invariance of g(z, A)
g(=z, A) = g((—€""™)"z, A) = g(Rpuim* 2, A) = g(z, A),

and from (5.2) we have g(z, p, —u, 0) = g(z, p, u, 0).

Taking the Taylor expansion of g(z, A), with respect to u, from Lemma
5.1 we obtain the following result:

CoroLLARY 5.2. With the above hypotheses we have:

P+ e ifmisodd,
8(z. A) = 2 e
P+ if mis even,
were
g . .
™ 0,0) ifmisodd,
I
p=p(N.f)= 1 o (5.3)

55? (0,0) if m is even.

We claim that if p = p(N, f) # 0 and u # 0, then there are no solutions
(z, A) of the reduced equation with Im(z*) # 0.

Indeed, if we let z = re', from (5.1) and Corollary 5.3 the condition
M(z, A) = 0 implies

wr™Vsin(mo)(p + ) if m is odd,

54
w2t lsin(2me)(p + ---) if mis even. G4

0 = Im[M(z, \)e ] = {

Since w # 0, z # 0, and sin(k¢) # 0, it follows that (p + ---) = 0, which
is impossible because p # 0. We have proved the following:

LeMma 53, If p(N, ) # 0, every nontrivial small solution of (2.1) with
e = 0 and pn # O has isotropy subgroup maximal in OH,,.

Suppose m even. Consider the following Banach spaces, with the in-
duced norms:
N ={N € BC**3(B, x Z)/N satisfies H, and H,},
F ={f€& Z/fis OH,,-invariant}.
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Consider the trilinear continuous function G := £(X¥"*!, Z) X %2 —
R defined by

4m2 +2m [ (2m — 1 , .
Glh.f.8) = { > ( ) ) (CDEPRGA™ 5 ud, KF, Kg)

zz ( 2+ 1 )( 1Y ZPh(uim >3, u¥*!, Kf, Kg)}

We will show that the coefficient p = p(N, f) defined in (5.3) has the
representation p = G(Qzps1, fo f) + 8N, f), where &(N, f) = &Qs, ...,
Q2m-1) is a real continuous function defined in N X %, which does not
depend on the derivatives Q; = (aN*/9x*)(0, 0) for k > 2m — 1.

Our objective is to show that, if there exist (hy, fo) € L(X>™, Z) X F
such that G(ho, fo, fo) # 0, then the condition p(N, f) # 0 is generic on the
space N X F; that is, the set {(N, f) € N X F/p(N, f) # 0} is open and dense.

LEMMA 5.4. Suppose m is even and hypotheses (H,)—(H,) are satisfied.
The solution of auxiliary equation v* = v*(u, A}, whenp = ¢ = 0and u =
rI'(p)u,, has the representation

vk = uKf + W, + W, + O(Jr] + |u])?™*3,
where

Wl = WI(Q.% rey QZm—I’ﬁ r, ¢’ /"') = O(lr‘ + |#‘|)3’
WZ = W2(Q2m+1’fs r, d)ﬂ ﬂ) = O(!r‘ + }’J’DZ”HI'

Proof. 'The result can be proved just by using induction on m.

LEMMA 5.5. Under hypotheses of Lemma 54, the coefficient p =
p(N, f) is continuous and has the representation

p(N,f) = G(Qam+1. £, f) + 8N, f), (5.5)

where

2 62m+1
SN = [T ¥

{Im[e"“ S EP O (T(S)its + K+ W) sin(2mo) d¢»}.

j=0
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Proof. Let W(r, ¢, p) := Im[M(z, A)e™'?], where u = X'z = rT(d)u,
and A = (0, u, 0). By (5.4) we have

r gWam+l

o(N, f) = % | 53 0. ,0) sin(mo) des (5.6)

4]
From Lemma 5.4 we can write

W(r, ¢, ) = Im[e”“®PN(rT(d)uy + v*(r, b, 1), 0)]
= Im[e “XPN (T (d)u, + uKf + W, + W, + W, 0)]
o (5.7
=Im[e™%XP 3, @, (rT(d)us + uKf + W))7*]

+ Im[e *EP Qs ((rT(Juy + wKf)™ D] + O] + [r{)*"*2,

where W = O(|r] + |u|)?>"+.
The coefficient of the term of order r*”'u? in the Taylor expansion of
Im{e X PQy, 1 (T (P)uy + nKf)* 1], with respect to 7, y, is given by

G(Qame1, f. ) [sin(Zde) + (=1)722mt bf a; sin kqs]. (5.8)
k=1

Therefore, the identity (5.5) follows from (5.6), (5.7), and (5.8). The
continuity of p(N, f) follows from (5.5).

LemMA 5.6. Suppose Glho, fo, fo) # 0 for some (hy, fo) €
L(X**Y, Z) X F and that the homogeneous polynomial x € X" s
ho(x?™Y) € Z is O(2) X Zj,-equivariant. Fixing (N, f) in N X F we have:

(a) there exists an integer ko such that for k > kg we have G(hg, f +
(/K fo, f + (LK) fy) # 0.

(b) The condition p(N, f + (1/k)fo) = O implies p(N + (1/k)hy, f +
(1K) fy) # 0 for k > k.

Proof. (a) G(ho, f+ (1/K)fo, f + (LK) fo) = G(ho, f. f) + (2/k)G (ho,
f. fo) + (Vk)*G(hq, fo, fo). Since G(ho, fo, fo) # O the trinommy in (1/k)
does not vanish identically on the set § = (—¢, £) — {0} C R where ¢ > 0
is small. It follows that there exist kg, such that k > k, implies 1/k € S and
that G(ho, f + (L/K) fo, f + (LK) fy) # O for k > k.

(b) The condition p(N, f + (1/k)fy) = 0 implies

p<N+ %ho,f+%f0> = p(N,f'*‘%fo) +%G<ho,f+',1;f0sf+%f0> #0.
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CoRroLLARY 5.7.  Under hypotheses of Lemma 5.7, with fixed (N, f) in
N X F, the sequence (N, fi,) C N X %, defined by

(N,f+ %f(,) ifp (N,f+ %f(,) %0,
A (N+}1(~h0,f+%fo) ifp(N,f+%fU)=0,

satisfies p(Ny, fi) # 0 and converges to (N, f) as k — .

THEOREM 5.8.  If G(hy, fo, fo) # O for some (hy, fo) € L( X 20> F
then the set {(N, f) € N X F: p(N, ) # O} is open and dense in N X %.

Proof. 1t follows from Lemma 5.6 and Corollary 5.7.

Remark 5.9. Suppose m is odd and consider the trilinear function
H:$£(X", Z) X F — R defined by

m-12 /'m— 1 ) ) i

H(h.f.8) = ~ 5'-2";{ > ( . >(’1)’%Ph(ui"‘2’,u§’, Kf, Kg)
=

.(m~l)/2 (m -1

+i 2+ 1) (—1Y%Ph(uy %, u¥"" K, Kg)}-

=0

Following the above ideas we can prove that the coefficient p(N, f) =

H(Q,.. f. /) + 8N, f), where 8(N, f) = (05, ..., Om-2, f) is a continuous
function which is independent of Q, := (d*N/ax*)(0, 0) for k > m —
2. The following corresponding result holds and the proof follows the
above ideas.

THeOREM 5.10.  If H(hy, fo, fo) # O for some (hy, fo, fo) € L(X™, Z) X
F?2, then the set {(N, f) € N X F/p(N, f) # 0} is open and dense in N X F.

6. EQUATIONS WITH A REVERSAL SYMMETRY

In this section we consider the equation (2.1) with hypotheses (H;), (H,),
with Aer, = (F o) instead of Akerr = Ikerr, (Hs), and the following:

(Hs) (i) The operator L and N are (s/O(2) X Z,)-equivariant if ¢ =
0 and are (Z,, X Zy)-equivariant if € # 0.

(ii) T(7) € L(Z) is a reversal symmetry for operators L and N, that
is —=I'(n)L(x) = L(I'(7)x) and =T (1)N(x, p, €) = N(['(7)x, p, &),
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(iil) fis (371,,. = [(Rajm, —1I), (v, —D}-invariant.
Under the above assumptions, the operator M(x, A) = Lx -

N(x,p, &) — uf: X X R* — Z is (OH,,, OH,,)-equivariant.
Using the Liapunov-Schmidt method, we obtain the reduced function

O(u, A) = PN(u + v¥(u, A, p, £):Ker L X R*— Ker L

which is (OH,,,, 0’7-1,,,)-equivariam.

The linear isomorphism q:Ker L — Ker L, defined by g(au; + bu,) =
—aw, + bu, is (OH,,, OH,,)-equivariant. Therefore the function g - 0:
Ker L. X R® — Ker L is OH,-equivariant,

In the foregoing sections we found that the bifurcation problem (q -
O)(u, A) = 0 is equivalent to M(z, A) = 0, where

M(Z, D) =%e(q- Q)% '2,A):C X R —C

is D,,-equivariant, relative to its action on C defined by (2.4a), (2.4b).
Since O(u, A) = 0if and only if (g - Q)(u, A) = 0 and v* is OH,,-equivariant,
it follows that all the results of Section 5 can be established for Eq. (2.1)
with the hypotheses stated in this section.

7. EXAMPLES

ExampLE 7.1. Consider the nonlinear scalar equation
i+x=[p+eH®x + glx) + h(x,t,p, ) + uf(1), 7.1

where m = 2 is an even fixed integer and

(a) p, u, and £ are small parameters;

(b) f, H:R +— R are continuous and even functions, f is #/m-odd-
harmonic (that is, f(t + w/m) = —f(t)) and H is a/m-periodic;

(c) g:R+~ Risan odd C>**3 function with g'(0) = 0 and g**(0) # 0;

(d) h:R*— Ris a C**3 function which is odd in x, a/m-periodic,
and even in ¢ and it is of order o(|px| + |ex| + |x}?) as (x, p, £) — (0, 0, 0).

Equation (7.1) can put into the abstract form (2.1} by taking X =
C4(R,R), Z = Cx(R, R) with the C? and C° topologies, respectively,
and (Lx)(:) := ¥(-) + x(*), L: X — Z, N(x, p, €)(*) := [pA + eB]x(") +
asx*(:) + R(x, p, )(:) where R(x, p, €)(*) 1= g(x(*)) — asx*(-) + h(x("),
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(‘). t, p, &), A and B belong to £(X, Z) and are given by Ax(-) = x(*),
Bx() = H(*)x(*), and a; = (1/31)g®(0).

Consider the representation of O(2) on Z, defined by I'(¢)w(t) = w(r —
¢) and I'(mw(t) = w(—r). The hypotheses (H,)-(Hs) are satisfied with
u(t) = cos t and u,(¢) = sin ¢.

If we consider the group O(2) X Z, and its subgroups G = D,,, X Z,
and OH,, = [(Ry., —I), (7, I)] acting on Z and X by

(Rg, £Dw(t) = £T(d)w(t) = xw(t — ¢),
(1, £Dw(t) = *T(Dw(t) = +w(t — ¢),

V w(-) € Z and ¢ € R; it follows that Hypothesis (H,) is satisfied. The
projection P € £(X) is defined by

POy = 3 [7 1 0) ds ),

In the special case where f(¢) = cos mt, H(f) = 1 + cos 2m t, we have
¢ = fo; # 0 and the bifurcations points are given by r(e, u) = 0 and
ple, u) = —e + Baa/2(1 — m®)Hu? + -+ .

Given (&g, po) small, the 2m-branches of solutions indicated in Theorems
4.6 and 4.7 are

x(re'U"™ A(r)) = r cos(t — jm/m) + v¥(r cos(t — jm/m), A(r))
and

x(re@02m A(r)) = rcos(t — (2j + 1)m/2m)
+ v*(reos(t — (2f + Vyun/2m)), A(r))

j=1..,m-1

Forr# 0 and 0 = j = m — 1 fixed, the isotropy subgroup of the solution
x(t) = x(reé™™ M) is E; = Zy((Rojum ° 7, T)) and this is equivalent
to saying that x(¢r + jm/m) is an even function of . Also, for r # 0
the isotropy subgroup of the solution x(f) = x(re/@*D72m \(r))(¥) is
D; = Zy((Ryns1+2jjm ° 7, —I)), and this is equivalent to saying that
x(t + (2j + 1)a/2m — 7/2) is an odd function of ¢.

Concerning the genericity described in Theorem 5.8 fore = 0 and h =
0, if we take (ho, f;) where fy(f) = cos mt and hy: X?™*! > Z defined by
Bo(X1(+)s woor Xams1(+)) = T x,(-) we have G(ho, fo, o) = (m(2m + 1))/
(2¥"(1 — m%?) # 0. Then, generically, the only nontrivial small solutions
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of Eq. (7.1) with e = 0 and u # 0 are those whose isotropy subgroups are
E, orD;,j=0,..,m—- 1

EampLE 7.2. Consider the nonlinear system
W =AW+ [p + eH(t)]JAW + g(W) + (W, t,p, &) + uF (1), (7.2)

where m = 2 is a even fixed integer and

(a) W € R, p, u, and ¢ are small real parameters,

(b) A, = diag(AY}, ..., A9), A? = (_01 (‘)), AY) = (_"w ‘0”) where w is a
postive real number which is not an integer, & = 2, ..., 1;

(c¢) F, H:R+~ R?" are continuous, F is #/m-odd-harmonic, H is even
and n/m-periodic; and A = diag(A,, ..., A,) where A; = (‘1’ ‘0‘), i=1..,n.

(d) g:R*—R>isa C?**3o0dd function with g’(0) = 0 and g®(0) = 0;

(e) h:R*—R>* (W, 1, p,e)—> (W, 1, p, &)is a C¥? function which
is odd in W, n/m-periodic and even in ¢, and is of order o(|pW| + |eW|)
as (W, p, ) — (0, 0, 0);

(f) for S = diag(A,, ..., S,) where S, = (}, _“1), k =1, ..., n, one has:

—SF(~1) = F(t), —=Sh(W, —t, p, &) = h(SW, 1, p, &) and —Sg(W)) = g(SW).

Equation (7.2) can be put into the abstract form (2.1) by taking X :=

CL(R, R™), Z := C,,(R, R*), with C' and C° topologies respectively, and
(LW)() = W() — AW(): X Z,

N(W, p, €) := [pA + eB]W + O3(W(-)*) + R(W, p, €)(*), where R(W, p,
e)(-) 1= g(W(:)) = Qs(W()’) + W(W(:), (), p, €), B € £(X, Z) is given
by BW(:) = H(-)W(:), and Q; = (1/3!)g°)(0).

Consider the representation I' of O(2) on Z defined by

[(@W(E)=W( =), T(p(W())=SW(-),

vV W()E Z
Hypotheses (H,), (H,), and (H;) are satisfied for system (7.2) with

u (t) = (cost, —sint, 0, ...,0) u(t) = (sint, cos t, 0, ..., 0),

and AiKerL = A,



550 GALANTE AND RODRIGUES

The projection P € £(Z) can be defined by
PIO) =S [ (1(6) - (o) ds ()
. 27)’[:‘ 0 /] J »

where (-, -) is the usual inner product in R?".

If we consider the group O(2) X Z, and their subgroups Z,, X Z,, OH,, =
[(Rum, — ). (1, I)] and OH,, = [(Rym, — I), (v, — 1)] acting on Z (and X)
by the action

(Ry, 1) - w(t) = Z[(H)w(t) = Zw(t — $),
(7, £I) - w(t) = xT(Dw(t) = £Sw(-1)

Vw € Z; it follmg's that Hypothesis (Hs) of Section 6 is satisfied.
Ifc=@12n)f 0" QO:(ui(s))ua(s) ds # 0 then, given (&, o) small, the 2m-
branches solutions pointed in Theorems 4.6 and 4.7 are

x(re "™ A(r)) = ruy(t — juim) + v*(ruy(t — jnim), A(r))
and

x(re@mm )y = ruy(t — 2j + V)a/2m)
+ v*(ru (t — (25 + 1)ya/2m), A(r)),

j=0,..,m—1

For r # 0 the isotropy subgroup of x(re/U"™, A(r)) and x(re%/*1r/2m
A(r)) are respectively E; = Z,((Ryjuim © 7, 1)) and D; = Zy,((Rims1+27ymim ©
1, —=1)),j = 0,...,m — 1. This is equivalent to saying that x(re‘’™™, A(r))(t +
jm/m) and x(re @t O2m A(r))(t + (2j + 1)m/2m — m/2) are invariants respec-
tively by the operators I'(7) and —I'(7).

Concerning generality described in Theorem 5.8 for ¢ = 0 and h = 0, if
we take (ho, Fy) with Fy(t) = F(¢) = col((1 — m) sin mt, (1 — m) cos mt)
and hy: X¥! > Z defined by ho(W,(0), ..., Wamar(+)) = (=117 y,(),
Iz x,() where W,() = col(x,(). y()), we have Gho, Fo. Fy) =
(—mQ2m + 1)/2271) # 0.

If follows that in the two-dimensional case, generically, the nontrivial
small solutions of Eq. (7.1) with € = 0 and u # 0 are those whose isotropy
subgroups are E, or D,.

ExampLE 7.3. Let m = 2 be a fixed integer. We analyze the existence
and bifurcation of classical solutions of the boundary value problem on the
disc B = {w € R*/|w| < 1}, defined by
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{(A + Mu = pu+ g(u,p) + h(u, p) + uf(w), wEB (7.3)

u(w) =0, wE dB;

where

(a) p and u are small parameters;

(b) f:B-> Risa-Holderian with index a € (0, 1), f(Ruy/,w) = —f(W),
and f(Sw) = f(w) where § = diag(l, —1) € M,(R);

(¢) g:R- Risa C**?odd function with g'(0) = 0 and g(0) # 0;

(d) h:R*— R, (4, p) = h(u, p) is a C***? function which is odd in
« and of order o(|px|) as (u, p) — (0, 0);

(e) A= £, where is the first positive zero of the Bessel function J;(x).
Let C**%(B) be the space of the functions u: B — R having partial deriva-
tives up to order k, which can be continuously extended up to B, and the

kth derivatives are uniformly Holder continuous in B.
Consider on C***(B) the norm:

- = i + sup [ D7l

where
k
ledle = > sup sup | DPu(w)]
j=0 |8l=j weB
and
_ lu(w) — u(v)|
[4] = v w—vle -

w,uEE

The boundary value problem (7.3) can be put into the abstract form (2.1)
by taking X := C}*(B) = {u € C**(B)lu(w) = 0 if w € 4B} and
Z = C«B), with norms | |., and |||l respectively, and (Lu)(:) :=
(A + Nu(*): X~ Z, N(u, p) := pu(-) + as®(*) + R(u, p)(-) where
R(u, p)(-) 1= g(u(-)) — ast’() + h(u), p) and a3 = (1/31)g(0).

Let I' be the representation of O(2) over Z defined by ['(¢)u(w) :=
u(Ryw), Tu(w) := u(Sw). The hypotheses (H;), (H,), and (H;) are satisfied.
In polar coordinates u; and u; are defined by u(s, 6) = J,(\/Xs) cos # and
us(s, 6) = J,(V2As) sin 6.
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The projections P € £(Z) are defined by
1 2
PFCY =7 [ fau(w) du u(-)
€38
where
] —
£:= njo rF3(V As) ds.

If we consider the group O(2) X Z, and their subgroups OH,, =
[(Rym, —1I), (7, I)] acting on Z by the action:

(Ry, £1)-u(w) = I (Pu(w) = *u(R,- w),
(r, £I)-u(w) = =I'(Du(w) = Zu(Sw),

Yu € Z, we have that Hypothesis (H,) is satisfied.

For the special case f(w) = f(s, 8) = J,,(Vus) cos m&(v — A), where
Vv is the first positive zero of the Bessel function J,,(x), the bifurcation
occurs in the points (r, p, p) where = r(0, w) = 0and p = p(0, w) =
—bp? + o(p?) with b = (3asm/2€) [, J2(Vvs) JI(VAs) ds.

Since ¢ = (3mas/4¢) |, sJ4(VAs) ds # 0, for o small and m = 2 even,
Eq. (7.3) has the following 2m-branches of solutions:

x(re!U™m A\()(s, 8) = rui(s, 8 — ju/m) + v*(ru\(s, 8 — jm/m), A(r))
and

x(re @ 0e2m X(r))(s, 6) = ru,(s, 6 — (2j + V)a/2m)
+ v*(rui(s, 0 — (2f + Dn/m), A(r)),

J=0,..,m—1, where A(r) = (po + (J,(0, 1))/ (27,0, A))r* + ..., po)
and po = p(0, wo).

For r # 0 sufficiently small the isotropy subgroups of these solutions are,
respectively, E; = Zy((Rajuim © 7, 1)) and D; = Z,((Rems1+2jyaim ° 7 —1)), j =
0, ..., m — 1. This is equivalent to saying that x(re‘U"™, A(r))(s, 8 + jn/m)
is an even and x(re’@* V"2 A(r))(s, 8 + (2j + D)a/2m — =/2) is an odd
function of 6.

Concerning the generality, if we take fo(s, ) = f(s, 6) = Jm(\/; 5) cos
m6(v — A) and ho: X"+ > Z, defined by ho(x;(*), -y Xomei(+)) = 112141
x;(*), we have
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G(ho, for fo) = ﬂ%’—ﬁ—%l—) [L i (Vys) Ta(Vvs) ds 0.

Therefore, generically, the~only nontrivial small solutions of Eq. (7.3) have
isotropy subgroups E;or D;, j =0, ...m — 1.

Remark 7.4. With the same adaptations we can establish similar results

for the case m odd. An interesting case to be consider in our future work

is

when the kernel of L has dimension 4. In that case we need more

parameters and it appears that new technical difficulties will arise in ob-

ta

10.

ining corresponding results.
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