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1 Introduction

The observation that the vacuum Maxwell equations are invariant under an exchange of
electric and magnetic fields is sufficiently innocuous that we often teach it to freshman
students. At the same time, it is deep enough that it is the direct ancestor of the web
of low-dimensional dualities shaping our contemporary understanding of quantum field
theory. Arguably, apart from this electric-magnetic case, the best known, and first formal
realization of a duality between two field theories, was Coleman’s proof of the (quantum)
equivalence of the massive Thirring and Sine-Gordon models in (141) dimensions [1]. Here,
in mapping between weak and strong coupling physics, the duality exchanges particles of
the one theory with topological solitons of the other. This precipitated an enormous
amount of work in the 80’s and 90’s that culminated in Seiberg and Witten’s landmark
analysis of N/ = 2 supersymmetric gauge theories in (3+1) dimensions. In this case, the
electric-magnetic duality that exchanges particles with monopoles was a crucial ingredient
in solving for the full low energy effective action [2, 3].

That said, the bulk of the literature on the subject remains devoted to 141 dimensions,
with application to integrability and spin chains, and 341 dimensions relevant to particle



physics. The intermediate case of two spatial dimensions has remained largely unexplored.
In this planar case, the duality acts between particles and the corresponding co-dimension
2 topological defects, vortices. As such, it finds application primarily in condensed matter
physics, particularly in anyonic superconductivity [4] and the quantum Hall effect [5].
However, this particle-vortex duality (or 3D mirror symmetry) is not without its subtleties.
In particular, while the electric-magnetic duality used to solve for the low energy action of
N = 2 supersymmetric gauge theories was perfectly well defined for nonabelian theories,
a corresponding non-abelian realisation of particle-vortex duality in (241) dimensions was
not. Indeed, even the abelian duality itself was not very well understood [6]. In [7] a
path integral definition was given and embedded into the N' = 6 supersymmetric ABJM
model [8], an SU(V) x SU(N) Chern-Simons matter gauge theory dual to the type ITA
superstring in AdS; x CP3. In this context, it was shown that abelian particle-vortex
duality is holographically dual to Maxwell duality in the AdS,; bulk.

In the prequel to this work [9], we defined a non-abelian version of particle-vortex
duality. Our construction was based on a generalization of nonabelian T-duality on the
(141)-dimensional worldsheet of a string, to (2+1) dimensions. This holds for theories
with a global nonabelian SU(2) invariance, as well as a local (gauge) symmetry. This was
possible since, from the path integral point of view, abelian T-duality is nothing but a
(141)-dimensional version of the (2+1)-dimensional particle-vortex duality. In this paper
we expand on this non-abelian particle-vortex duality. In particular, we generalize it to
a theory invariant under an arbitrary group G, as well as considering matter in a general
representation. We illustrate our construction with several concrete examples. In addition
to elaborating on the semilocal cosmic strings reported in [9], we also apply the duality to a
modification of the N' = 2 gauge theory of Seiberg and Witten, reduced to 241 dimensions.
Our final example is that of an SU(2) x U(1) gauge theory that exhibits non-abelian color-
flavor locked vortices [10].

The paper is organized as follows. We set out our notation and formalism in section
2 by reviewing Abelian and non-Abelian T-dualities. Section 3 contains the crux of our
argument. Here, after a review of the abelian version, we define the non-Abelian duality, as
well as several generalizations. Section 4 is devoted to several explicit examples that serve
to illustrate the workings of the duality, and we conclude with a discussion and some future
directions in section 5. We include also an appendix in which we make some comments on
a generalization to a general matter representation.

2 T-duality

2.1 Abelian T-duality

In this subsection we give a streamlined review Buscher’s path integral derivation of
(abelian) T-duality [11] in the context of the (1 + 1)-dimensional string worldsheet.! This
is, of course, the quintessential example of duality in the path integral, and the other cases

are simply generalizations thereof.

"We will, without loss of generality, restrict ourselves to the case of By, =0 and ¢ =constant. It won’t
hurt to set 2ra’ = 1 either.



One begins with a “master” first order action for the coordinates, X?, not modified by
T-duality; a first order set of variables V),; and the Lagrange multipliers X0 that enforce
flatness of the connection V,,,

Smaster = /dQU {ﬁ,yMV [QOOVMVV + 290iVHaVXi + gijaﬂXiallXj] + 26}“/)208#‘/1/} . (21)
Variation of this action with respect to the Lagrange multiplier X0 gives €0,V, = 0.

This equation, in turn, is solved by V, = 0,X 0. Replacing this V), in the master action
takes us back to the usual string action,

Sp = / o {7 (9000, X 0, X + 2900, X 0, X" + 9:;0,X"0, X1} . (2.2)
On the other hand, varying instead with respect to V), gives

V= ‘i]/O%e”p’ypuayXO — g0i0, X", (2.3)

where X = X ¢ oo = 1/goo. Replacing this V,, in the master action gives the string action
in the T-dual coordinates,

S = / d’c [ﬁfngabaﬂ)zaa,,)zb+eWBabauXaaVXb , (2.4)

where a = (07), and g4 and B are the T-dual metric and B-field,

. 9oigo; > i
Gij = Gij — U B = g0 (2.5)
goo goo
The relation between X9 and X© is found by equating the two formulas for V,,
9oo 50 5 oo 50 i
0, X0 = Z2e"Pry,,0, X0 — 00, X" = 26,00 X0 — goi X (2.6)
[ NG ph iOp NG pH i

This makes clear the point that, in the absence of ggy;, T-duality looks like Hodge duality
(*F = F) in 2 dimensions.

2.2 Nonabelian T-duality

The nonabelian generalization of the above T-duality transformation was first defined
n [12], and only recently modified to include RR-fields in [13, 14]. It is a transforma-
tion on a compact space, invariant under the action of a general nonabelian group, GG. For
concreteness (and simplicity), we will choose G = SU(2), although our discussion below
extends, in principle, to other group manifolds. The metric and B-field on the space are
written in terms of the metric on the group manifold. Specifically, in terms of left-invariant
one-forms, L, on the group manifold that satisfy

1. )
dL' = o f' L7 A L* (2.7)



the metric and B-field, respectively, are expressed as

ds* = G datda” + 2Gda" L' + gi; L'L7
1 . .
B = Bw/dl‘“ A dx¥ + Bmdl‘” AL+ ibijLz A L. (2.8)

Together with the constant dilaton ¢ = ¢ they form an NS-NS string background. For
the specific case of G' = SU(2), the L! are the usual SU(2) left-invariant one-forms,

Ly = \;ﬁ(_ sin 1pdf + cos 1 sin 0d¢),
Ly = ﬁ(cos 1df + sinp sin 0de), (2.9)
L3y = i(dw + cosOdo) ,

S

written in terms of the Euler angles (6, ¢, ), which range over 0 < § < 7, 0 < ¢ < 2,
0 < ¢ < 4. Using the normalized Pauli matrices, * = 77/4/2, as generators, with
Tr(t't/) = §%, and the group element

i¢pT3  ifTg  iPT3y

g=ez2e2e 2, (2.10)

understood as a field on the string worldsheet, the one-forms can be rewritten in world-sheet
light-cone coordinates as
Ly = —iTe(t'g 'oLg). (2.11)

Of course, the above formula for the L? holds more generally for ¢ taken to be the normal-
ized generators of some other group G and g an element of the group. Note also that, in
this construction, g is complex while the L? are all real. Defining

Q,Lw = G,uu + B,ul/a Qui = G,uz' + B,wia
Qin = Giy + By, Ei; = gij + bij , (2.12)

the Polyakov string worldsheet action is written in a global SU(2)-invariant form as
S = / o [QW8+X“8_X” 4 Quds XML + Qi Lt 0_X" + By L' IV } L (213)

Generalizing (2.6), we want to perform a nonabelian T-duality transformation on the co-
ordinate one-forms L’ of the G-invariant manifold. Toward that end, we gauge the global
G-invariance (SU(2) in this particular case) as usual by introducing a gauge field A, and
making derivatives covariant so that,

8j:g — D:tg = 3:|:g — iAig . (2.14)
This leads to the replacement

Li = ~iTiftig~' Dug), (2.15)



in the string action. As in the abelian case, the gauge field A that we introduce, the analog
of V), above, must be auxiliary in order not to introduce any extra degrees of freedom. This
is accomplished by imposing its triviality, F,,, = 0, as a constraint, through a Lagrange
multiplier term,

TrvFy_] = " TrjvF,,], (2.16)

in the action. Here v is an adjoint vector of GG, and the nontrivial field strength components
are (note that [t;,t;] = fi;tx)

F, =0;A_—0_A; —i[A, A (2.17)
In this way, we obtain a master action for the nonabelian T-duality,

S = / d*o [QWmXHa,X” + Quids XPLY + Qi L 0_ X" + Ey L L + Tr[vFJr,]} :
(2.18)
Integrating out the Lagrange multiplier v leads to F;y_ = 0, which means that the gauge
field is trivial, modulo any topological issues, and substituting A = 0 we go back to the
original action (2.13).

Integrating out the gauge field A4 instead, obtains the string action in the nonabelian
T-dual background. There is however one important caveat; now we have too many degrees
of freedom. Essentially, this is because we have retained the original coordinates L; or,
more generally, the coordinates g on the group manifold. Before solving for A4 in terms
of the v’ that will play the role of the dual coordinates, we need to first gauge fix the local
G symmetry. One simple gauge fixing choice is to set g = 1, leading to the replacement

L Tt Ay) = AL (2.19)

Then, partially integrating the Lagrange multiplier term sets

/ o Tr[oFy ] = — / o {Tr{(0,0)A_ — (D_v)As] — Ay fA )} | (2.20)
where
A fA = AL fi; AV
fij = fig" vk (2.21)
Then, replacing the above and setting L’ = —A? in the master action, we obtain

S = / d%0 [Quu 01 XPO_ XY + Qi 03 X" (—AL) + Qi - X"(—AL)
+E(—AL)(—AT) — 0.0 AT + 0w AL + A fi AT | (2.22)

To arrive at the dual action, we need to eliminate the auxiliary gauge fields. To this end,
varying the above action with respect to AQ and, respectively, A7 gives

fii A = —0_vi — B A + Qui0-X"
AZ—f’LJ = +8+Uj — EZ]AZ_ + Qﬂj8+XM, (223)



which can be solved to give

AL = =M (0-v; — Qjud-X*)
Al =+ M (010 + Qui0 X1 (2:24)

where we have defined M;; = E;j + f;;. Finally, substituting A% back into the master
action gives the dual action

Stiual = / 0 [Qu0s XM O X + (040; + Qudy X*)M;; (9-vj — Qjud-X")].  (2.25)

At the quantum, one-loop determinant, level, it should be noted that the dilaton is modified
in the usual way, as ®(z,v) = ®(z) — 3 In(det M).

3 Particle-vortex duality in 3 dimensions

Having set up the nonabelian T-duality procedure, we are now in a position to lift it to
three dimensions where it will become particle-vortex duality. Before doing so, however, it
will be useful to remind the reader of the more familiar abelian particle-vortex duality? as
formulated in [7].

3.1 Abelian particle-vortex duality

The story here starts with a general action for a complex scalar coupled to an abelian
gauge field,

5= [d [—;|Dﬂq>|2 V(e - {F2| (3.1)
where, as usual, F),, = d,a, — d,a, and D, ® = 0,® +iea, . With an appropriate choice
of symmetry-breaking potential, the theory admits vortex solutions, (®,a,), i.e. isolated
zeros of ® with nontrivial monodromy. To rewrite the on-shell action in terms of the vortex
variables, we first express the scalar as ® = ®e’® where, in the presence of vortices the
argument splits into & = Qgmooth + Avortex With ayortex €ncoding the 27n phase change that
comes with a counter-clockwise circling of the vortex. Consequently

1
S = 3 /d3x [(8MCI>0)2 + (OpQsmooth + Opvortex + eau)2@%—|—]
1
/d3$ [V(‘I)o) + 4F3u} . (3.2)

It is not difficult to see that this can be obtained from the ‘master’ action

1 1
Smaster = /d3l‘ [—2(3M<I)0)2 - §(>‘M,Smooth + )‘,u,vortex + 6&#)2(1)3 + 6ul/pb,ual/)‘l)ysmooth
1 2
_V((I)O) - ZFMV ’ (33)

*For a more ‘textbook’ introduction, the reader is referred to [6].



by varying with respect to the Lagrange multiplier b, solving the resulting equation of
motion for A\, = d,a and subtituting into the master action. Varying instead with respect
to )‘,u,smooth> giVGS

(A + ea,) D3 = +€"P9,b,. (3.4)

Substituting this A, back into the master action, gives the dual action

S, —/d% ! w)’ —l(a dg)? — ee"Pb,0,a _2my e —V(® )—1F2
dual — 4@% 9 nwx0 nYvtlp e ,u]vortex 0 4 v

(3.5)
Two points worth noting, are that under the particle-vortex duality, the scalar current

G = —%(@8,@ ~ 39,0") = e®20,0 (3.6)
associated to the the complex field ® is exchanged with the vortex current

gk = ie’“’paya o= ﬂ@,, Jo — Le’“’payj (3.7)

vortex ot 14 ot (I)% 27_‘_(1)% p
where in the last expression we have assumed that ®( is constant, and secondly, the real
phase, «, associated to the vortex field is interchanged with the gauge field b,, while the
original gauge field a, remains unaffected.

3.2 Nonabelian particle-vortex duality

We now have all the ingredients to formulate our nonabelian particle-vortex duality by lift-
ing the non-abelian T-duality prescription to three dimensions, but writing it in the familiar
language of abelian particle-vortex duality. As this is really the crux of our argument, we
will make every effort to be pedagogical in our treatment.

To begin, we consider the real variables ®f and LZ that are the nonabelian general-
izations of ®g and ), respectively. At this point, the indices ¢ and k are not restricted in
how they transform. Taking the matrices #* in the Lie algebra of G, we construct the real
variables

LL = —iTr[t'g '0,9) , (3.8)

where, again, g € G is a group element and p = 1,2,3 are spacetime indices in 241
dimensions. Next, we want to define an action for LL and @’5. In close analogy with the
two-dimensional case, we need to introduce analogs of the ) and E matrices which, in
the present case, we will call Qy, Qr; and E;;. However, we find that the introduction of
general QQr; and Qp; comes at the cost of a loss of a simple interpretation, and consequently
we first restrict our attention to the case of Qi; = 0 and Qg = dg;- In this language then,

Soriginal = /dg'r |:_2(8M(I)’8)2 - 5(@6)29MVLLL{/EZJ : (39)

To write a master action for the duality, we gauge a subgroup G, by introducing gauge fields
AZ and replacija'g normal dgrivatives with covariant derivatives 0,9 — D,g = 0,9 — iA,g
and Lj with L) = —i Tr[tlgleug}. The ungauged theory is recovered by imposing a



vanishing of the field strength, F,, = 0,4, — 0, A, — i[A,, A)] (here as before [t;,t;] =
1 fijktk), with Lagrange multipliers v’. Note that, since we gauge only a subgroup of G,
some of the A’, with their associated v, are taken to be zero. Putting this all together
gives the master action

1 1 . o
Smaster = /dgaj |:_2(8M(I>’8)2 - i(q)lg)QgﬂyLLL{/EZ] + G#VPUILF;P ’ (310)

for the duality. Indeed, varying with respect to v’ leads to F ;,, = 0, and the gauge field
can be taken to be trivial. I~/L is then replaced with LL leading to the original action (3.9).
If, instead, we gauge fix ¢ = 1 and eliminate the corresponding gauge-fixed AL from its
equation of motion

L, — —Tr[t' Ay = — A, . (3.11)

After a partial integration of the Lagrange multiplier term
/ @ i B = / @ P [(B,00) A — (B,08) AD — AL, f5 A7) |

where f,i; = fijk v¥. This leads to a purely algebraic action for AL, which can be explicitly
eliminated through its equation of motion,

[(DF)2g" Eij + 26" f,i5] AD = P (0,00 — Dpvus). (3.12)
This is solved by
A, = M"Y, Vjp , (3.13)

with M3, = (M ~1)ii and V' defined through
M = [(@g)zgupEz‘j + 26" f45]
VI = P (0,05 — Opvui). (3.14)

Substituting the Az back into (3.10) yields the dual

1 1 . . )
Sdual = /dBCU [_2((‘)“@’5)2 + §ALMZPA% - ALVz‘M}
1

= 5 [ % (VPO + @b (3.15)

Notice that the duality amounts to the exchange of LZ with v;,, related by
Li & Ll = =M "7 (9,055 — Ogvy;). (3.16)

To interpret this as the action of the particle-vortex dual of the original theory, we still
need to couple the theory to a nontrivial external gauge field, find a system that admits
vortices, and couple the action to the vortex current. The external gauge field must reside
in the complement of the symmetry group GG with respect to the directions on which the
T-duality was carried out, since we cannot gauge those directions twice.



3.2.1 Standard kinetic terms

In order to develop some intuition for how the nonabelian duality works, we would like to
mirror as closely as possible its abelian precursor. There, we traded in ®p and \, = J,«
for the single field ® = ®pe’® and we would like to be able to do the same with <I>'5 and LL.
One simple case is to take CIDIS in the adjoint representation, but not necessarily of the same
group. In the case of LL € G = SU(2), for example, ®& could be a (real) adjoint triplet,
though not necessarily of the same SU(2) group. We can then define the complex field

® = BT, @ exp <z / dxﬂLLFfil) : (3.17)

where T, and T 4, with A = 1,..., N, are adjoint matrices transforming under a priori
different groups. Though not necessary, the indices A and i can both be in the same group
G. The FZ-A are fixed coefficients from which we construct Fj;.

If we normalize the generators as Tr[T,Tp] = dup; Tr[fATB] = dap then Tr[(T, ®
TA)(Tb ® TB)] = 04804, and the canonical kinetic term for the field ® can be written as

Te |0, @17 = Tr [|T, © Ta(9, 04 14 + i0GLLF)?| = NI(0,08)2+(®4)2LiL] By) . (3.18)

where we have defined N F;; = FiAFJA. Apart from the overall factor of NV then, this is
precisely the kinetic term considered in (3.9). At this point, there are several ways we can
implement this construction:

e Arguably, the simplest is to take fA to be trivial, i.e. a singlet. Then, the ansatz for
P is
d = dT,; P* = dlexp <z / da:“L;Fi> , (3.19)

with a corresponding scalar kinetic term

S 10,8% = (9,98) + (®9)°LLLig" FiF; . (3.20)

This is clearly the same as in (3.9), except with E;; = F;F; now separable. Note that,
in this case, according to our ansatz, there is only one phase multiplying all the .
This phase is written in terms of several LZ, labelled by the index 7 that ranges over
the whole global symmetry group G. Since the phase encodes just one real degree
of freedom, we could well have written LLFi = I_JM. However, for our purposes of
dualizing a subgroup of G, it will be more useful to leave the dependence on the full
global symmetry manifest.

e Another possibility is to take a to be an index in another (non-adjoint) representation,
while T4 is again trivial. We can still write the ansatz as (3.19), only without ® =
®°T,. Here again, the kinetic term is of the form (3.9).



e Yet another choice is to have T, trivial and the TVA matrices diagonal. In this case
the ansatz takes the form

Boeit
o — Boc'™? (3.21)
Oeiln
It is a particular case of the diagonal ansatz
et
o e’ , (3.22)
-

often considered in the nonabelian vortex literature. The case of a general represen-
tation will be studied in a later section.

3.2.2 Coupling to an external gauge field and vortices

We are now free to add a potential depending only on ®§ to this action without affecting
the duality. We are also free to couple the scalar field to an external gauge field, a,, with
kinetic term, —i—% Tr| 3,,] As discussed earlier, such an external gauge field, a, = ay T,
must live in an interal direction not gauged during the duality procedure, a statement
that amounts to Tr[A,T},] = 0. The minimal coupling to the gauge field, in terms of the
variables ®f and LL, would simply be to make the derivative in f/L covariant also with
respect to a,. This would necessitate replacing Lj, by

Li, = —iTx[t'g~ (8, — i(ALT; + aTin))g] (3.23)

and, consequently, making all the directions in the symmetry group manifold gauge co-
variant. However, since we are looking for vortex solutions, whose topology is usually
determined from the boundary condition that D, ® — 0 at infinity, it is more useful to
define a covariant derivative involving a,, that acts on the whole field ® instead.

In the case of ® obtained from the tensor product of adjoint representations (3.17),
the action of the partial derivative on @ is given by

8,® = (T,0,98 + T, ® T4 idFLL ) 1 ' [ 4 1L Ta (3.24)
Consequently, the covariant derivative with respect to a, acts as

Dy = (Tu0u®G + To © Tai®§Li B + T8 @ [ T, o] 42 HF T

Xe—z’fdx“LﬁF}ffA) 1® o [ Azt L F{A T (3.25)
Comparing the two expressions reveals that, in effect, the LL field is replaced by

LLFY — LLFA +ial) /dm” LLEB fp ™ + O(17)?) (3.26)

,10,



to first order. The fg,,C are nothing but the structure constants in the commutator
[Ts,Tn] = fmETc. The case when T, is a singlet, i.e. when we gauge a U(1) subgroup of
G, must be treated separately since there meC = 0. In that case, however, the covariant
derivative is the usual U(1) covariant one, D, ® = (9, —ia,)®. It is easily verified that, if
the identity 1 corresponding to the U(1) direction is among the t*, say tY = 1, and Fy = 1,
the two definitions coincide, since

Tr |DM(I>|2 = (8uq)a)2 + INJZ;‘LE{LEU‘(@S)2 ) (3.27)

with E;; = F;F; and [2;‘1 = Tr[t'g ' D,g]. If Fy # 1, the two definitions have gauge fields,
ay, that differ by a factor of Fp.

Having coupled the scalar to an external gauge field, we can now specify a vortex
ansatz that generalizes the usual abelian-Higgs one. We will restrict our attention to axially
symmetric solutions and set the field modulus ®f = ®§(r), with r the radial direction on
the 2-plane. For a vortex phase that winds N4 times around the polar angle 0, we write

ot [dat L FA _ (iNAO (3.28)
In the U(1) case, it will suffice to erase the index A in the vortex phase above. The
condition D, ® — 0 as 7 — oo implies, as usual, both a finite total kinetic energy, as well
as a nontrivial topological charge for the field configuration, i.e. a quantized § agdf. With
this ansatz, in specific cases and with specific choice of the potential V' (®), we can check for
the existence of actual vortices. In the next section, we will do just that and consider three
specific cases where the known topological solutions can be put in the form implied by our
vortex ansatz. For the rest of this section though, we will assume such a solution exists.
The final step in defining the duality is to introduce a vortex current into the action,
and to check that it is, in fact, dual to the particle current. We will take as a guide the
abelian case, where the phase variable « is split into agmeoth + Qvortex, and with ayortex
encoding the topological charge through ayortex = INO for N coincident vortices. The

i

analogous statement in the nonabelian case would be the splitting of LL into LL + L, vortex

i

lvortex- However, it will prove more convenient
b

or, in the gauge g = 1, using LL = —Aiﬂ—L
to instead consider AL — ALSInooth + AvaorteX in the gauge fixed action as the analog
of splitting Ay — Ay smooth + Apvortex i the abelian case. Then, substituting into the
L,smooth’

= M;"VE (3.29)

gauge-fixed form of (3.10), and varying with respect to A we obtain

A

i %
f,smooth + A,u,vortex

which is the analog of (3.4). Substituting back into the gauge-fixed form of the master
action (3.10), gives again the dual action (3.15), except with an extra vortex current term
coming from the part of the Lagrange multiplier term, e**v? F linear in AL,

ntvp
6lep'v;(811“41p,vortex - 8PA§/,vortex) = 'UL jgolrtex . (330)
Our ansatz, (3.28), implies that A;Vmex x 0,0, so that this vortex current vanishes ev-

erywhere except at the location of the vortex. This is consistent with the corresponding
abelian current. More precisely,

%
Au,vortex

F;A:Li

w,vortex

FA = N29,0 = 9,0, (3.31)
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where o is a phase for the field with index A. We can then define,

Ji = —i(®1,0,8" — 249,01,) = 2(®0)*9u0?;, (3-32)

]” FAE which, in turn, implies that

with no sum over A. Consequently, A# vortex = (1)2

1 1
LT A ‘A A
Jvortex = 56’“"”8 ((I)QF E; ) 2@3 "0, (3, F; E; b, (3.33)
where as in the abelian case, in the last equality we have considered constant field VEV
®, in order to emphasize the presence of a simple relation between currents. This defines
the duality relation between the nonabelian vortex and particle currents, in an analogous
way to the abelian case.

3.3 Adding Q’s

Up until now, in the interests of building on the intuition afforded us by the abelian
particle-vortex duality, we have set Q. = 0 = Q4;, essentially so that we could implement
the duality on a theory with a standard kinetic term. Abandoning this constraint, allows
us to generalize the two-dimensional nonabelian T-duality in a minimal but interesting
way. To this end, consider the action

A / i [a W40, 94Qu — © (©)" ELILE, gﬂy(msﬁi@m] . (3.34)

where, as before, we define E;; = FAFA Now, however, we want also to write Qu =
Qabl-tI)O. Then, the master action for the 3 dimensional nonabelian duality is

Smaster = /dsx |: *(6 (I)(Z)a (I) gW Qab — 7(@@)2 'LWLl LJ EU

ptvp

—g" (0, @) Ll, ®f Qabi + € v}, F, ] (3.35)

As before, solving for the Lagrange multipliers v , allows us to set AZ = 0, reducing Ll to
L’7 and taking us back to the original action. If, instead, we gauge ﬁx g =1, effectlvely
replacing INLL by —AL, the variation with respect to AL gives

[(‘1’8)29”[)&]' + 26'uypfuij] A% = 5'uyp(al/vpi - 8/)”1/2') + gup(ap(pg)q)gQabi
=Vi+ Wli , (3.36)
where V" is the same as in the previous subsection and W[L comes from the last term. This

equation is solved by AL =-M —1%0 (Vjp — z'ij ). Finally, substituting back into the master
action, gives the dual action,

1 1 a v 1 1 j i
Sdual = —5 /dgl’ [—2(3u‘1’o)(3u‘1’8)9“ Qab — iAuMil;pAi’ + AM(VZ.“ + qu)]
1 i
= / d*z [(3@3)(8,,@3)9“”@@ (VAWM (V4 W } (3.37)
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We can couple to an external gauge field in the same way as before, by replacing derivatives
with covariant derivatives either in LL, or in the 9, ® itself. We can also add a vortex current

to the action by replacing AZ by A}, smooth T ALVOmeX, with a corresponding equation of

motion

Ai,smooth + ALvortex - M—lZP(V']p + ij) : (338)

The new vortex current term in the action remains

Pyl (9, Al — D Al ) = vl ke (3.39)

p,vortex v,vortex ,u,j vortex*

4 Some examples

Having established, in some detail, the formal aspects of the construction, in this section we
will illustrate explicitly how the nonabelian particle-vortex duality works in some important
explicit cases.

4.1 Semilocal (cosmic) strings

The first case that we turn our attention to is that of the semilocal cosmic strings of [15-17].
Cosmic strings are, of course, (3+1)-dimensional extensions of the usual (2+1)-dimensional
abelian-Higgs vortices and have, over the years, played a not insignificant part in cosmolog-
ical models of the early Universe and, in particular, the theory of structure formation [18].
Semilocal cosmic strings extend the usual U(1) strings to solutions that exhibit an admix-
ture of local and global symmetries that make them really the first examples of vortices
with nonabelian structure. It also makes them a prime candidate to test our formulation
of the duality.

The model, as it was first formulated, has an abelian U(1) gauge symmetry and a
global SU(2) symmetry. For ease of comparison with the general case, we will formulate
it as a global U(2) symmetry, a diagonal U(1) subgroup of which is gauged. Besides the
U(1) gauge field a,, the model contains a scalar ® = (®%) = (<I>1,<I>2)T, a = 1,2, that
transforms in the fundamental representation of the global flavor SU(2). With a quartic
Higgs-type potential for ®, the action takes the form

S = /d3x [—;D,@\Q - % (qﬂ@ - v2)2 - ifw,f“"} . (4.1)

Here the covariant derivative of @ is the usual abelian one, D,® = (0, — iea, )P with
a standard field strength f,, = Jua, — d,a,. For comparison with our more general
formulation above, note that this is nothing but the abelian case described in section 3.2
with the index A being in a singlet, while the index a, is in the fundamental. In other
words, ®“ is coupled to an abelian external gauge field a,. The ansatz in terms of the real
field ®f and LZ is therefore

P" = P2 exp <z’/dx“LLFi> . a=1,2; i=1,23 4. (4.2)

The index i is in the adjoint of the global U(2), with i = 4 corresponding to the identity,
i.e. to the U(1) that couples to the external gauge field, while i = 1,2, 3 correspond to the
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SU(2) to be gauged for the duality procedure. As explained in our general discussion, in
order to have the minimal coupling of the gauge field a,, to ® expressed by the replacement
of LZ with LL = LZ +ay 8%, we require Fy = 1.

The semi-local string solution of the theory is obtained from the axially symmetric

n-vortex ansatz
vn

Var

where (r,0) are polar coordinates on the plane. The ansatz implies the condition that on

ag = a(r); ar=0; ®=uve(r)en (4.3)

the circle at infinity, as = 1 +¢, with ¢ a constant. We can, without loss of generality, take
¢ = 0, in which case the phases of ®!, ®? coincide and the decomposition (4.2) required for
the duality is satisfied on the n-vortex ansatz.

The Hamiltonian of this system obeys a Bogomolnyi bound that saturates at the critical

coupling 5 = Q = 1, and where the second order equations of motion reduce to the first
order BPS equatlons,
de n da r 9
— =—(1- —=—(1- 4.4
dT‘ r ( a)gp, d?“ n( QO ) Y ( )

with ¢(r) = /(p*(r))2 + (¢%(r))2. These are the same as the BPS equations of the
Nielsen-Olesen vortex, a fact that can be exploited to allow us to construct the semi-local
vortex from the numerical solution for the former. On the decomposition ansatz (4.2), the
action (4.1) becomes

4
1 y o 1 A )
Songm = [ ' | =5 0,98)° = (0879 30 LLELE, - 113, — 7 (@9~
i,j=1

(4.5)
where F;; = F;F; and ®f = vp®. To dualize, we first gauge the model by replacing IN/L
with

I~/L =—iTr |T'g' |0, —i Z ALT; + aiT4 g , (4.6)
=1,2,3

then add a Lagrange multiplier term for Ai, obtaining the master action

4
1 Z. oz 1
Smaster - /dgx —5(8“@8) CI)a IW Z L LI]/ 3’/
,j=1
A
-5 (@) —o?) e ST WiE | (4.7)
i=1,2,3

Eliminating the Lagrange multipliers vz, we can put AL = 0 and return to the original
action (4.5), which is equivalent to (4.1) on the decomposition ansatz. Gauge fixing g = 1
for the SU(2) part and eliminating the resulting AL instead, obtains the dual action
1 1 A 2
Sawt = [ @ |-5 @892 - 112 - ] (@92~ +?)

~. | L i n
+AL VI + Mifay) + 509" (®F)%a, + SAME AL (4.8)
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where AEL = _Mzglup(v;ﬁ + M¥ag), and M and V' were defined in (3.14). Finally then,

1 1 A
Sdual = —/dg.%' [2(8M(I)8)2 + Zfil’ + Z ((@8)2 B 1)2)2

1 -1 o 1 2
+§(V;ﬂ + Mﬁpap)ME W(ij + M51.’4 as) + 5&,4]“’”(@8) ap,| . (4.9)
Since the duality exchanges particles with vortices, the basic excitations of the dual field
are the semilocal vortices. In this sense, the dual action encodes the full (perturbative)
dynamics of semilocal strings. In principle then, phenomena like string condensation (as a
seed for structure formation, for example) can be understood from this action.
4.2 Theory with adjoint matter: modification of ' =2 SU(2) SYM

We now move on to a case with adjoint matter. We will start with a (2+1)-dimensional re-
duction of the familiar N' = 2 SU(2) supersymmetric Yang-Mills theory studied by Seiberg
and Witten [2, 3] in (3 + 1)-dimensions. The model has SU(2) gauge fields A, = A§Ty,
and adjoint scalars ® = ®%T},, together with their fermionic superpartners. Ignoring the
fermions for this dicussion, the bosonic action in (2 4+ 1) dimensions takes the form

1 - g2
S = —/d% Tr [4F§V +|D,®* + 5[@*, 2|, (4.10)

where D# is an adjoint covariant derivative. The model also has a global U(1) symmetry
® — ¢'*®. Dualizing along this direction, however, means that the generator left ungauged
is abelian. Consequently, the resulting particle-vortex duality would be abelian too, with
not much further to discuss. If, however, we turn off the adjoint gauge field, and instead
gauge the U(1) gauge field, the following action is obtained

1
S =— / Bz [4FWF“” + D@2 + 2¢% [eap D' DT)?| (4.11)
where D,®% = (0, —igA,)®*. Then, with the decomposition ansatz
P — (I)Seifdwu i LfLFiAfA , (4.12)

where ®§ is a real field in the adjoint of SU(2), ¢ = 1,...,4 with i = 4 corresponding to
the identity, and T4 is another adjoint representation of SU(2), the action becomes

1 ) . . .
Soriginal = - /dS]J |:4F#VFMV + 3((8,uq)8>2 + (@S)QQNV(LL + Aﬂéi)(L]V + AV(SAJL)EZJ)
20052, (4.13)

The master action for the duality with respect to the global SU(2) is then

1 .y o .
Smaster - - / dgx [4F“VFIW + 3((({9#(1)8)2 + (@8>29MV(L,Z + A#(SZI)(LIJJ + Au(si)Ez])

3
+20% (€abe®GP)* + €7 Y v,y

Wy (4.14)
i=1
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The dual action is found to be

1 1, = 2 “p s
Sdual = —/dgx |:4FNVFMV + 5(3/#1’8)2 + %(eabc¢)8®8)2

1 —lpv v vo 1 Fa
+§(Vgu + MﬁpAp) i o (Vj + Mj4 Ag) + iAugup(‘I)O)QAp , (4.15)

where &2 = ®2/+/6 and the matrices M and V have the same definitions as before.

4.3 Color-flavor locking and nonabelian vortices

Finally, we consider the theory in which the original nonabelian vortex was constructed [10].
The model is one with matter in the fundamental of the gauge group with N; flavors,
and whose vortices are nonabelian in the sense that they are not dynamically reducible
to abelian solitons. The model considered in [10] is the low energy limit of an N =
2 supersymmetric SU(3) gauge theory with Ny flavors and equal quark masses. It has
an SU(2) x U(1) gauge group, with field content consisting of the gauge fields Ay, a =
1,2,3 and A,; adjoint complex scalar superpartners, a® and a, of the gluons and their the
corresponding fermions; bi-fundamental quark fields ¢*4 and gy 4, in SU(2) doublets (so that
k =1,2) and in the fundamental of the SU(/Ny) flavor symmetry (so that A =1,..., N¢), as
well as their corresponding fermions. The bosonic part of the low-energy action, considered
in 241 dimensions, reads

1 1
S=— | x| (F )24
/ x[49§( 2 +49f

1 = -
+?|aua‘2 + |D,U«qA|2 + |D,U«qA|2 + V (aa’ a, qA’qA) . (416)
1

1
(F;W)Q + —2|Vuaa\2
92

The potential V' is, in general, some complicated admixture of F- and D-terms, but whose
exact form is not relevant to our discussion. The covariant derivative V is in the adjoint
of SU(2), while

,7_(1

1
R S i
n2 B

The most relevant case for our discussion is Ny = 2, so we will focus exclusively on this

D, =8, —iA (4.17)

from now on. For this number of flavors, this model exhibits nonabelian vortex solutions,
with an ansatz which manifests “color-flavor locking”. In other words, with the quarks
¢", G4 as matrices in the 2 x 2 dimensional (Ne, N¢) space, simple solutions are diagonal,
and more general solution can be obtained by color-flavor locked rotations. We will also

take the adjoint scalars a® and a to be trivial i.e., taking their constant VEVs. As such,

pa _ [€™o(r) 0
q - 0 eik9¢2(r) )

2J
A = —nﬁijﬁ(n —k— f3(r)); Ail = A? =0,

the vortex ansatz is

As = Ve g+ k— () (4.18)
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where 7 = + is a sign and ¢1(r), ¢2(r), f3(r) and f(r) are real functions that satisfy some
BPS equations whose solutions will define the vortex profile.

The full symmetry group of the theory is SU(2) x SU(2) x U(1), out of which an
SU(2) x U(1) is coupled to external gauge fields. In other words, we could well perform
the duality on the global (flavor) SU(2). In this case, we would need 7 L/, for the 7
generators of the full symmetry group. However, if we were to gauge the whole SU(2) using
the prescription for a general representation (A.5), we would obtain a different covariant
derivative than the one in used in the above model. The only possibility that allows us to
have the nonabelian duality described in this article then, is to restrict to abelian covariant
derivatives with respect to the overall U(1) and the U(1) defined by the 73 € SU(2).3 This
means that, together with the SU(2) to be gauged, we need 5 LZ’S in the decomposition
ansatz. Since the ansatz for the vortex takes

inf
A e . A 0
ql - ( 0 ) 5 q2 - ((Zike) ) (4‘19)

we may as well write the quark fields as

g = Bf et DI LLE A @R ot D L (4.20)

with covariant derivatives

Dug** = (9, —iafD)q*; Dug®* = (9, — ia{P)g** (4.21)
and where
al) = A, + A3 oY) = A, — AD. (4.22)

This is therefore consistent with both the vortex ansatz, and the general duality prescription
described in this paper. The original action for the duality is then

1 1
Sori inal — _/dgx |: Fay 2+7
+5(@h)? (L}, — o)

1 . . .
(@32 (1], — 5ta?) Lf,—ééa@)gWE@-jw} ()

and corresponds to the master action

1 1 1
3 a \2 2 12 2\2
Sumier == [ 0| T2 FLV+ 13 (Bl + 50,057 + 5(0,09) (4.2)

%(@5)2 (Ejt - 5f;a§}>) (E;’ - 53@9) 9" Ey;

1 =~ ~ ; ~ =
+§(¢(2))2 <LL - 5?(19) (L,]j — 5gal(,2)) g" Eij +V 4 €' Z v, F
=1,2,3

3This restriction means that the it is not obvious whether we can explore and interpret the whole moduli
space of the vortices of the theory using the duality defined here. Such an issue is left for further work.
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The dual action is found to be

1
Sdualz_/dgx[ Fau2+7
4g§<“)

= 1 = ~
P M 4 M) + 3 Safg (@0l + S ALME A

1 1 1 1
_ 3 a \2 2 1\2 2\2
_ / B [495 (F2,)? + i (Fuv)” + 5(0u®)” + 5(9.%p)

1
w pp 1 o A(2 —1lpv o (1 o (2
+5 (V' + M ap) + MEPAZ )M (V2 4 MY ad) + MY oY)

1
+5 > aPghe(@g)%af) | (4.25)
k=1,2

with the same definition for M and V', but in the definition of the matrix M we now replace
(®2)? with (@))% + (93)2.

5 Conclusions

This article is an elaboration on a previous paper in which we first defined a new nonabelian
particle-vortex duality [9]. The low- dimensional duality that we describe in detail here not
only extends the, by now, well-known U(1) particle-vortex duality to larger gauge groups,
but it also generalizes to 2+1 dimensions, nonabelian T-duality on the string worldsheet.
It acts on a theory with nonabelian global symmetry, GG, as well as an extra local symmetry,
and with matter in an arbitrary representation of the gauge group. As concrete illustrations
of how the duality works in practice, we have studied three different theories that all exhibit
nonabelian vortices of some form: semilocal cosmic strings, a modification of A = 2 SYM
gauge theory (Seiberg-Witten model) reduced to 241 dimensions, and the original color-
flavor locked nonabelian vortices. In each of these cases, we showed how our vortex ansatz
could be used to be used to implement the duality Soriginal —+ Smaster —+ Sdual at the level
of the on-shell action. While in the examples we have analyzed, we were forced to consider
abelian gauge fields, with the duality acting on a nonabelian global symmetry, we have
shown how the duality could act on theories with fully nonabelian gauge fields. We leave
the construction of such models for further work.

There remain a number of important points that we have not addressed yet. Foremost
among these is the issue of topology. It is well known that topological issues make imple-
menting nonabelian T-duality at the level of the full path integral notoriously difficult [19].
Given that our construction hinges on a lifting of nonabelian T-duality from 2 to 3 di-
mensions, and that 3-dimensional spacetime is replete with topological nuances (winding
numbers, Chern-Simons theory, etc.), we expect that such issues, while beyond the scope
of this paper, will no doubt play a role in a full understanding of the duality. Another,
perhaps related, point that deserves further clarification is that, unlike full nonabelian T-
duality which acts on the full theory, particle-vortex duality acts only on-shell and maps
only a small sector of the one theory into the other. We anticipate that, clarifying the
domain and range of the duality map will also shed some much needed light on the moduli
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space of vortex zero-modes. Finally, nonabelian vortices of the kind studied in this paper
are closely related to the nonabelian monopoles (of the higher dimensional Seiberg-Witten
like theory) on which they end. In this sense, the particle-vortex duality we study here
should be intimately related to electric-magnetic duality in the high dimensional theory.
How exactly, remains to be understood.

That particle-vortex duality is an extremely powerful tool with many potential appli-
cations is undisputed. In fact, the abelian version of the duality has already proven very
useful in the analysis of the quantum Hall effect [5]. Much of this utility comes from the
structure of the modular group associated to the duality transformation, itself inherited
from the symmetry group of the worldsheet T-duality group. Worldsheet nonabelian T-
duality transformations no longer form a group, so certainly, we anticipate that at least
some of this utility is lost. Nevertheless, it would be very interesting to see how much of
this structure is still preserved.

To close, one further interesting, and quite topical, direction for development is the
following. Theories with Chern-Simons gauge fields, including so-called Chern-Simons-
matter theories, like the ABJM model, are known to support anyons, quasiparticles that
obey neither bosonic nor fermionic statistics [20]. In fact, a nonrelativistic limit of an
abelian reduction of the ABJM model [21] leads to a theory that can be used to describe
anyons in a harmonic trap [22]. It is intriguing to speculate that the non-Abelian particle-
vortex duality studied here, embedded into a non-Abelian Chern-Simons gauge theory like
the ABJM model [7], might be relevant for a holographic description of the nonabelions
of [23]. These are quasiparticle excitations of fractional quantum Hall systems that obey
nonabelian braiding statistics and play a central role in the study of topological quantum
matter. But this is another story for another year.
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A General representation

In this appendix we present some comments on the most general case, with the scalar ®
in an arbitrary representation. As before, the representation must split into a product of
representations labelled by a and A. Now however, to preserve generality, we cannot use
generators (denoted earlier by T, and TA), which have indices in the adjoint representation.
Instead, we will make an analogous ansatz, without these matrices,

q)a,A _ (I)geifda:“LLFiA’ (Al)

and note that there should be no sum over A when expanding the exponential into products.
At first sight, this might seem strange, since one would think that a product of fields in

,19,



some representation, should be a matrix product with a corresponding sum over indices.
Formally, though, one can simply say that an object 4 defined, such that ®*4 = of A,
is written (and treated) as an exponential, say (eifdx”LLFi)A.
To write an appropriate kinetic term for ®, we compute,

0,25 = [(0u95) + i®f L, '] e/ "1l (A.2)
leading to the kinetic term for the ungauged case
S 10,842 = N(@,8)? + (86)°LiLig™ FAF = N{(@,5)° + (90)°LiLig" By
a,A

(A.3)
i.e., the same form in terms of components as in the case of the adjoint representation. In
order to gauge the theory, we need a covariant derivative for the gauge field. We can make
i

1> and for

the derivative in LZ covariant, in the same way for the duality gauging with A

the gauging with the external field a,, thus replacing LL with I:L
Or, since we would like to have a covariant derivative on the whole ®*4 field in order
to define finite energy vortices, we could define

(D)™ = (8,8408 + BFLLFC64 + DgiAM (Thy) A )el /W T (A.4)

This assumes that the index A on FZA is gauged, so a certain identification of ¢ and A
indices, at least for the part that is gauged. Otherwise, the same replacement of LZ with

I:L = LL + az can be done in the exponent,
(Du®)™ = (9,864 + dRiL FC s8¢l det Lirail by, (A.5)

Note that ®f is real, so the gauging doesn’t affect its index, a. Besides the above possibil-
ities, we have the cases of the adjoint and the U(1) gaugings, already discussed. Which of
the gaugings is chosen depends on the model.
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