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Resumo

Neste trabalho apresentamos um método para munir o conjunto intervalar genera-

lizado M = I(R)JI(R), sendo I(R) = {[a1,a2] : a1 < aseay,ap € R} e I(R) =
{[a1, as] : lag, a1] € I(R)}, com algumas diferentes estruturas, como algébrica, topologica
e métrica. Também equipamos M com relagoes de ordem. Na verdade, fizemos isso em
um contexto mais geral, pois trabalhamos em M™ = M x M x --- x M para n € N.
Nos formulamos problemas de otimizacao intervalar e relacionamos esses problemas com
classicos problemas de otimizacao multiobjetivo. Além disso, apresentamos uma versao
do Teorema minmax no contexto intervalar e também desenvolvemos conceitos do calculo
em espacos intervalar generalizado, os quais sao usados para encontrar o conjunto dos
estados atingiveis de um inclusao diferencial classica sob algumas condi¢oes dadas.

Palavras-chave: Espagos Topologicos e Vetoriais Intervalar Generalizado, Otimizacao
Intervalar, Conceitos de Calculo Intervalar Generalizado.



Abstract

This work presents a method to endow the generalized interval set M = I(R)[JI(R),
where I(R) = {[a1,as] : a1 < ay and ay,a9 € R} and I(R) = {[ay, as] : [az,a1] € I(R)},
with some different structures, such as algebraic, topological, and metric. We also equip
M with order relations. Actually, we did this in a more general context because we worked
in M* =M x M x---x M for n € N. We formulated interval optimization problems and
related them to classic multi-objective optimization problems. We presented a version of
the mini-max Theorem in the interval context, and also developed concepts of calculus on
the generalized interval space which are used to find the attainable state set of a classic

differential inclusion under some given conditions.

Keywords: Generalized Interval Topological and Vector Spaces, Interval Optimization,
Concepts of Interval Generalized Calculus.
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Chapter 1
Introduction

The interval analysis is an important area of study from both theoretical and practical
points of views. It was introduced with the goal to work with uncertainty in mathematical
and computational models that may arise, for example, from measurements or incomplete
information about the data that constitute theses models (see [7], [10], [11], [12], [17], [24],
[25], [26]), like the limited numerical representation capability that have the computers
for numbers of kind 7 and /2, that have infinite digits in its decimal places. In this
case the computers work with rounded floating point numbers. Moreover, most rationales
like % have rounded representations. Thus, the algebraic operations on floating points
numbers, in every step, create uncertainty about the result obtained and these operations
may have accumulative errors that may be significant. For example in the Gulf War,
after the launching of a missile against the U.S. military, a U.S. Patriot missile failed to
intercept a missile attack owing to errors generated by approximations in numbers that
were part of algorithm implemented in the Patriot. The result of this was that twenty
eight people died and ninety eight were injured (see http://www.diale.org/patriot.html
for more information).

Another natural application of interval analysis is classical optimization which was studied
from the beginning of interval analysis ( see 7], [11], [24], [25]) and continues to these days
(see |5] ). For numerical verification of bounds on global optimization, interval methods
are essential. A more recent application of interval analysis is in solving optimization
problems that have some inaccurate coefficients arising from rounded values and/or from
incomplete information. It is very natural to use interval analysis to work with this kind
of problem because we can transform it into an interval optimization problem.

To talk about interval analysis we, necessarily, must consider the arithmetic operations
as addition, subtraction, multiplication, and division, that are used in the interval set,
since that these arithmetic operations influence directly some concepts of interval calculus

as limit and differentiability. There are three people who, in the decade of the 50teesj
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independently developed interval arithmetic, Warmus 1956 [34], Sunaga 1958 [33], and
Moore 1959 [23]. R.E. Moore, however, is credited with being the father of interval
analysis whose book on interval analysis was published in 1966 [24]. His book was the first
mathematically well structured text about interval analysis. Summarizing, while Warmus
and Sunaga were the first to create interval arithmetic, the development of mathematical
analysis on intervals is a result of the work of Moore and subsequent researches.

It is known that the real interval set, denoted by
I(R) = {[al,ag] T aq S a9 and ai,as € R},

endowed with the arithmetic developed by R.E. Moore, is not a vector space because not
every element in this space has additive inverse (see [24] ). Thus, some concepts of interval
calculus are not natural extensions of classics concepts. Some authors like ([8], [16], [18],
[19], [20]) have introduced different types of arithmetic operations in /(R), however, there
are authors who work in a “bigger” set than I(R), in the sense of containment of I(RR), by
introducing other new arithmetic operations. This “bigger” set can be constructed in the

way it was done in [30], i.e.,
I(R)* = I(R) U {[~o0,r],r € R} U{[r, +o0],r € R} U[—00,+00],

where —o0, +00 are points of R.
Another way of constructing the “bigger” set, that was used in (][9], [13], [21],[22], [28],
[29]), is given by

M= I(R) | T,

where I(R) = {[a1, aq] : [a2,a1] € I(R)}. The set M is called generalized interval set.

All the approaches cited above have been used in order to avert the mishaps
generated by the fact that I(R) is not a vector space and enable the construction of

an interval analysis with another perspective.

For this exposition, the elements in I(R) are called proper intervals and the elements
in @ are called improper intervals. Also we will work in the more general context by
considering the set M" = M x M x --- x M with n—factors, for n € N. The set M"
endowed with an algebraic structure of vector space is called n-Dimensional Generalized

Interval Vector Space.

This work is structured in the following way:
In Chapter 2 we will present a method to obtain various distinct vector space structures

in M", a class of orders that can be set in M", and some examples of specific ordered
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vector spaces that have been cited in some published papers . Else, we will analyze
some properties in these ordered spaces. In the Chapter 3 we will present a class of
optimization problems that involves functions with generalized interval images. We will
show how to find solutions to these problems by means of multi-objective optimization
methods and present some examples of specific optimization problems. In Chapter 4 we
will present a class of topological structures for generalized interval spaces together with
some topological results. Yet in the Chapter 4 we present an important result involving the
Von Neumann’s Theorem in generalized interval spaces. In the Chapter 5 will be presented
concepts of limit, continuity, and Lipschitz for functions of type F': U C R — M™, which

notation is

F(z) = ([fi(2), f2(@)], [f(2), fa(@)], -+, [fon-1(@), fon(2)]),

where f; : U CR — R, with i € {1,2,--- ,2n}.

It will also be presented results linking these concepts about the function F' and the
respective classics concepts about functions fi, fo, -+, fo, : U C R — R that we call
extremes functions of F. One of the topics of interval calculus that have been studied
hardly is the differentiability of interval-valued functions ([3], [4], [5], [6], [19], [31],
[32]) and we, also in Chapter 5, will realize a study about this concept for functions
of type F' : U C R — M™", we will present results linking the derivative of the func-
tion F' and the derivatives of the extremes functions of F. Moreover, we will present a
concept of generalized interval matrix. In the Chapter 6 we will present the concepts
of interval differential equation in M™ and linear interval differential equation in M™.
Also, two definitions of solution for each of these concepts will be presented, one is called
proper solution and the other is just called solution. The proper solution is an element in
(I(R))" = I(R) x I(R)--- x I(R). Still in the Chapter 6, it will be present a method to
find a solution for this differential equations and finally, we will relate the set of attainable
states of a classical differential inclusion and the proper solution of a LIDE in M" like
Plotinikova did in [27].



Chapter 2

n—Dimensional Generalized Interval

Vector Spaces

In this chapter, we present a way to equip the set M"™ with a vector space structure
by considering the Euclidean vector space (R*", +, ), equipped with the usual operations,
and using a bijection between the sets M™ and R?". We also consider an order relation
on R?" and induce an order relation in M™ by making use of a bijection between these
sets. So we present a result that allows us to say when (] (R))n is a convex cone in M".
We also discuss some examples that have been used in other papers ([5], [12], [27], [32])
as special cases of our method to obtain the structure of vector space and order relation

in the generalized interval set.

2.1 Interval vector spaces and order relations.

Definition 2.1.1. Given the usual vector space (R*, +, ), a bijection p : M™ — R*" and
a € R, we denote by (M™,+,,-,) the space in which the operations +, : M" x M"™ — M"
and -, : R X M"™— M" are given by

(a1, az], las, ag], - -+ [aon—1, azn]) +¢ (b1, 2], [bs, ba, - -+, [ban—1, bon])

= 901(90<[a17a2]7 [ag, a4], - -- 7[a2n17a2n]) + 90([617192]7 [bs, ba], - - 7[52n1752n]))
and
Q- ([a1, ag], las, aa], - -+, [agn—1, a2q]) = %0_1 (Oé : @([%az], a3, a4), - - 7[a2n—17a2n]))u
respectively,

Theorem 2.1.1. The space (M™,+,,-,) is a vector space.
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Proof. The proof follows directly from the fact of that (R*",+,-) is a vector space and

from definition of operations “+4, ” and “ -, ” given by Definition 2.1.1. m
Corollary 2.1.1. The vector space (M",+,,-,) is isomorphic to (R*",+,-).
Proof. Trivial. O

Example 2.1.1. Consider n = 1 and let ¢y, ¢, 3 : M — R? be the specific bijections
defined by

o1 ([ar, az]) = (a1, 02—a1), P2 ([ar, a2]) = (a1, a2) and @3 ([as, az]) = (al TR al)

2 72

whose inverses are given by

1 (a1, a0) = |a1, a2 + aq, o (@1,a2) = |ai,as] and ¢5 (a1, a2) = (a1 — a9, a1 + as|,
o1 ( )= +a], d3'( ) = [a1,as] and ¢35 ( )= + as)]

respectively. Then, (M, +4,,¢,), (M, +¢,, ¢y), and (M, +4,, -¢,), are isomorphic vector
spaces to (R?, +, ).

Remark 2.1.1. The function ¢; restricted to the set I(R), which was used in [27],
analyzes the first points and the lengths of each intervals. The function ¢ restricted
to the set I(R), which was used in [12], works like the identity function, and the function
¢3 restricted to the set I(R), which was used in [32], analyzes the midpoints and the

radius of each intervals.

Example 2.1.2. Let ¢; : M — R? be a bijection for each i € {1,2,--- ,n}. We will
consider the function ¢ : M™ — R?" defined by ¢ = (¢; X ¥y x - -+ X 10,,). That is,

o([ar, as, [as, aq], -, [agn—1,a20]) = (1 X -+ x ) ([a1, az], [a3, aul, - -+, [a2n—1, a2x])

= (Yu([ar, az]), ¥a([as, ad]), - -+, ¥n(lazn-1, azn]))

for all ([al, ag], [Clg, CL4], ey [CLQn,l, agn]) e M™.

The function ¢ is well defined because, given X = ([z1, x2], [x3, a4, - -, [Ton_1, T2n])
and Y = ([y1, 42, [Y3, Yal, - -, [Y2n—1, Y2n]), if X =Y, it follows that [z;, xi11] = [yi, Yira]
for all ¢ € {1,---,2n — 1}. Since each v, is a bijection, in particular, each v; is well-

defined, so that v; ([z;, zi+1]) = ¥; ([yi, yi+1]) for each ¢ € {1,---,2n — 1} and for all
j € {1,---,n}. This means that ¢(X) = p(Y). Therefore, if p(X) # p(Y), then X #Y,
so that, ¢ is well-defined.
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We can use a similar argument to prove that the function ¢! : R — M™ given by
o= (U x Pyt x oo x 7t this s,
90_1((%,@2), SR (a2n—17a2n)) = (1/11_1 X %_1 X X 1/1;1) ((a17a2)7 B (a’2n—17a2n))
= (w;1<a17 a2)7 w51<a37 CZ4), T w;l(a’anla a2n))
for each ((a1,as), (as,as), -, (asn_1,a2,)) € R*", is well-defined. Moreover, it is easy to

see that p~! is the inverse of . Thus, (M™, +,,-,) and (R?",+,-) are isomorphic vector

spaces to each other.

Example 2.1.3. Consider the bijection ¢o : M — R? given by ¢s ([a,b]) = (a,b)
for all [a,b] € M and set ¢; = ¢o for all i € {1,--- ,n}. Thus the bijective function
@ M™ — R* defined by ¢ = (¢1 X 1y X -+ X 1),,) is such that

90([a1> aQ]? [ai’n CL4], T [aQn—b a2n]) = ((ab a2)7 (a?n a4)’ T (a2n—1? &271)) )

with inverse given by

9071 ((ala a2)7 (a37 a4>7 T (aanla a2n)) = ([ah aQ]v [a?n a4]> N [aanla a2n])'

From Theorem 2.1.1 and from Corollary 2.1.1, it follows that (M",+,,-,) is an iso-

2 7

morphic vector space to (R**,+,-), where the operations “+, 7 and “ -, ” are given,

respectively, by

(lar, az], [as, aa], - -+, [agn-1, azn]) +4 ([b1, bal, [b3, bal, -+, [b2n—1, b2n])

= ([@1 + b1, ag + ba), [as + b, aq + by, - - -, [a2n—1 + bon_1, G2n + bzn])
and

Q- ([abaﬂa [@3,614], T, [@2n—1,a2n]) = ([a cay, Q- CL2], [04 s as, a - @4], T, [Oé cQopn—1, 00" a2n])-

Theorem 2.1.2. Let ¢ : (M", +,,-,) — (R* +,-) be an isomorphism. Then (I(R))"

18 a convex cone in M™ if and only if @(([(R))n) is a convex cone in R*",

Proof. Suppose @((I(R))n) is a convex cone in R?". Given @ € R with a > 0 and
([al, as), -, lagn-1, azn]) € (I(R))n, it follows that

a-p(lar,az), -, [azn—1,a2.)) € ((Z(R))"™).

n

Then 90_1 (Oé ' @([ala a2]> T [a2n—1’ a2n])) = O ([ala a2]> T [a2n—1’ a2n]) S (I(R)) :
Thus, (I(R))" is cone in M™.
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Given ([al,ag], _ ,[a2n,1,a2n]), ([01,02], e ,[cgn,l,cgn]) = (I(R))”, it follows that

SO([alv a2]7 R [a2n—17 a2n])7 90([C17 02]7 Ty [CQn—la C2n]) € @((I(R))n) BUta by hyp()theSiSu
¢((I(R))") is a convex cone, so that,

go([al, as), -+, [agn_1, azn]) -+ go([cl, caly oy [ean—1, an]) c @(([(R))n)
Then,

901(90([@1aa2]a o agn—1, asn]) + o ([er, o], ,[02n1,02n])>

= <([CL1, a’2]7 T [a2n71; a2n]) +<p ([Cly C2]; T, [Canla CQn])) S ([(R))n

Therefore, (I(R))" is a convex cone in M™.

Conversely, suppose (I (R))n a convex cone in M"™. Let a € R with a > 0 and let

((b1,b2), -+, (ban—1,b2,)) € ©((I(R))"). There is ([a1,as], " ,[a2n—1,a2:])) € (I(R))"
such that ((b17b2), cee 7(b2n—17b2n)) = go([al,ag . [agn 176L2nD Then

= -y a1, as), -+, [agn— 1,@2n]) ]

90_1(&((51752),"'7(52n—1,b2n))) = ¢ (0490 a1,@2 : a'2n 17a2n )

Consequently, a((b1, ), , (ban—1,b20)) € @((I(R))"). Furthermore, given

((bh b2>7 T (b2n*17 b2n))7 ((dh d2)> B (d2n*17 d2n)) € w(([(R))n)v

there are
([al, as], -, lagn-1, agn]), ([01, cal, ey [con—1, an]) € (I(R))",
such that
p(lar, s, [azn-1,a2n]) = ((b1,02), -+, (b2n-1, ban))
and

90([01, 02], Ty [CQn—l, CQn]) = ((dl, d2), Tty (d2n—1, d2n))-

By hypothesis we have that

([ahaﬂ,“' a[a2n—1aa2n]) to ([01702]7"‘ 7[C2n71702n}) € (I(R))n-

Since ¢ is an isomorphism, it follows that

((bh ba), -+, (bon—1, b2n>) + ((dh da), -, (dap—1, d2n))
= ¢(lar, as), -, [azn—1, a2n]) + @ ([c1, ca], -+, [Can1, C2n])

= <p<([a1,a2], <o agno1, agn]) 4 ([er, o, - 7[Czn1702n])) € o((1(R))").

Therefore, ¢((I(R))") is a convex cone in R*". O
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Remark 2.1.2. Consider functions ¢ : M — (R? +,-) and ¢ : (R? +, ) — M defined
by
©o(lar,az]) = (a1 + 2,a2) and ¥ (u,v) = [u — 2,v],

respectively. We have

(¥ 0 @)([ar, az]) = U(p([ar, a2])) = ¥(a1 +2,a2) = [(a1 + 2) — 2, a2] = [a1, 2]

and

(o) (u,v) = p((u,v)) = p(lu—2,v]) = ((u—2) +2,v) = (u,v).

Thus, ¢ = o' : (R?, +,:) — M. Then, ¢ : (M, +,,,) — (R?,+, ) is an isomorphism,

where “4-,” and “-,” are defined, respectively, by

lar, as] +o [b1,b2] = (gp([al, as]) + ¢([b1, 52]))

((a1 + 2, CLQ) + QO(bl + 2, bg)) = gp_l(al + b1 + 24 2, as + bg)

Sp_l
90—1
= [(a1+b1+2+2)—2,a2+bg] = [a1+b1+2,a2+bg]

and

1(04 ~¢([as, az])) = 9071(04 (a1 + 2, az))

-y la,a] = @
e o (a1 +2),a-a2) = [(a- (a1 +2)) — 2,a - as].

In this case, I(R) is not a convex cone in (M, +,,-,), because, given [1,1],[4,5] € I(R)

and o = 2 > 0, we have

and
2., [4,5] = [(2(4 +2)) — 2,5] = [16 — 2,5] = [14,5] € I(R).

Therefore, there exists isomorphism ¢ : (M, +,,-,) — (R% +,-), so that, I(R) is not a

convex cone in (M, 4+, ).

Consider the bijections ¢1, ¢s, ¢3 : M — R? given in Example 2.1.1. We have that
I(R) is a convex cone in the spaces (M, +4,, ), (M, +4,, ¢,), and (M, +4,, -4,). Indeed,
given [ay, as], [b1,b2] € M and a € R, we have

lar, as] +¢; b1, bo] = [a1 + b1, a2 + by] and « "¢ [a1, as] = [aay, aas)

for all i = 1,2,3. Thus, given [aq, as], [b1,bs] € I(R) and o € R with o > 0, it follows that
a1 + by < as + by and aa; < aas. Then,

[a1, as] +¢,; [b1,b] € I(R) and « -4, [a1,as] € I(R) for all i = 1,2, 3.
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Corollary 2.1.2. Consider the bijections ¢1, ¢o, ¢35 : M — R? given in Example 2.1.1.
We have that ¢;(I(R)) is a convezx cone in (R? +,-) for alli =1,2,3.

Proof. From Remark 2.1.2, we have that /(R) is a convex cone in the spaces (M, +4,,¢,),
(M, ~44,,6;), and (M, +4,,4,). Then, from Theorem 2.1.2, we have that ¢;(I(R)) is a

convex cone in (R% +,-) for all i = 1,2, 3. O

Figure 2.1: I(R) c M

Figure 2.2: Convex Cone in R? by ¢;.

Figure 2.3: Convex Cone in R? by ¢,.

Figure 2.4: Convex Cone in R? by ¢s.
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Remark 2.1.3. A binary relation defined in R?" is called non-strict partial order relation

in R?" if it satisfies the follows properties:

e reflexivity, antisymmetry, and transitivity. Moreover, if this binary relation also

satisfies the property of dichotomy, then is a non-strict total order relation in R?".

A binary relation defined in R?" is called strict partial order relation in R?", if it

satisfies the follows properties:

e Anti Reflectivity, asymmetry, and transitivity. Moreover, if this binary relation also

satisfies the property of trichotomy, then is a strict total order relation in R?".

We will consider a (total) partial order relation <ge» in R?".

We will denote by <gen, the binary relation in R?", such that, given u = (uy, -+ , u,)

and v = (vy, -+ ,vy,) in R?", we have
u <R2n v

if and only if u <gen v and u # v.

We will denote by <g2n, the binary relation in R?", such that, given u = (uy, - - , Us,)
and v = (vy, -+ ,vy,) in R?*", we have
u <R2n v
if and only if w <gen v and w; < v; for all i € {1,--- ,2n}.

Proposition 2.1.1. Let <g2n be a (total) partial order relation in R*", then
(a) <gen is also a strict (total) partial order relation in R?™.
(b) <gen is also a strict partial order relation in R*".

Proof. (a): Suppose that <gs. is a non-strict total order relation in R**. Given the ar-
bitrary elements (a1, az, - -+, dan—1,a24), (01,02, ,bon—1,b2,), and (c1, ¢, -, Con—1, Con)

in R?", we have:

1. Since (a1, ag,- -+, Gon—1,02,) = (@1, 02, - , Agn_1, G2y), it follows that

(al, A2, ,aA2n—1, azn) 74R2n (ah A2, ,QA2n—1, a/2n)-
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2. If (ay,ag, -+ ,agn_1,G2,) <g2n (b1,b2, -+, bop_1,bay,) it follows that
(bb ba, -+, bap 1, b2n) AR2n (Cll, A2, ,A2n—1, azn)-
Indeed, <2~ is a non-strict order relation and
(b1, b, o1, bon) <men (ar,ag,- -+, azn_1, G2n),
it follows that (by,bg, -+ ,bon_1,bon) <gen (a1,as,- -, a2n_1,a2,) With
(51, by, -+, bap1, an) # (Clh ag, -+ ,An-1, a2n)-

But, by hypothesis we have (al, as, -+ ,a9n—-1, agn) SRQ" (bl, bQ, s ,bgn_l, bgn) with
(al, ag, -+ ,A2pn—-1, agn) 7é (bl, bg, s 7b2n—1; bgn). It fOHOWS that

(a1,a27 T 7a2n—17a2n) = (51, by, - - ab2n—17b2n) and

(abaz,"' 7a2n—1aa2n) 7é (51752, T >b2n—17b2n)

which is a contradiction.

3. Let
(a1,a9, - ,a2n—1, Q2y) <g2n (b1, b2, bay_1,ba,) and
(bl, by, -+, b1, b2n) —<R2n (01, Coy s Cop—1, Czn)-
Thus, we have
(a1,ag,- -+, Gon—1,Q2n) <gzn (b1,bo, -+ bap_1,boy) With

(a1,a2, T 7a2n—17a2n) 7’é (51,527 te ab2n—1ab2n)> and

(by,bo, -+ bop_1,ba,) <gen (c1,C2, -+, Con_1, Con) With
(517527 T 7b2n717b2n) 7é (01702: T 762n71702n)-

From item 2., it follows that (ai,as, - ,asn_1,a92,) # (¢1,¢2,*+ ,Can_1, C2n) and,

since <ga2n is a order relation in R?”, we have that
(ar,ag, -+, Qon—1,G20) <p2n (C1,C," "+, Con_1,Con)-

Then, (a1, a2, -, Gan—1, G2,) <g2n (C1,C2,-+ , Con—1, Can).
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4. Let (ay,azg, - ,an—1,02,) # (b1,ba, -+, bap_1, bay). Since <gen is a total order rela-

tion in R?", we have that

either (a1, aq,- -+, aon—1,a2,) <gzn (b1,b2,- -+, bon_1, bay)
or (bh ba, -+, bap—1, b2n) <g2n (Gh a2, ,A2n—1, a2n)-
Then, we have either (ai,as, - ,a9,_1,0a2,) =<g2n (b1,bo, -+  boy_1,b2,) or
<b17 b27 ) b2n—17 b2n) <]R2n (a17 A2, ,A2n—1, a2n)'

Therefore, <p2n is a strict total order relation in R?".
We can use the similar argument to prove that, if <g2» is a non-strict partial order relation

in R?" then <pen is a strict partial order relation in R,

(b): Suppose that <gen is a total order relation in R**. Given arbitrary elements

(a1, as, -+, G2p—1,a2,), (b1, b2, -+ bon—1,b2y), and (c1, o, -+, Can1, C2n) in R*", we have:
1. Since (ay,as, -+ ,a2,-1,09,) = (a1, a9, - ,a2,_1, a2y,), it follows that
(al, a2, ,A2n—1, GQn) %R?n (ah ag, -+ ,dop—1, a2n>-
2. If (al, ag, -+ ,Aop_1, agn) <R2n (bl, bg, et b2n—1; bgn) it follows that
(bh by, -+, bop_1, b2n) %R?n (ah ag, -+ ,A2p—1, a2n)7

Indeed, if <ge. is a strict order relation, the the assertion is valid by means of the

definition of <g2n . If <o is a non-strict order relation and
(bh 627 e 7621171) b2n) <g2n (ab Az, -, A2p—1, a2n)7

it follows that (bl, bz, SR ,bgnfl, an) <g2n (al, Ao, ,Aop—1, Clgn) with b; < a; for all
i € {1,---,2n}. On the other hand, by hypothesis we have that

(Gh A2, ,A2n—1, G2n) <gezn (bl, by, -+, ban_1, bzn) with a; < b; for all
ie{l,---,2n}. It follows that
(ahaz, T 7a2n—17a2n) = (bh by, - - 7b2n—17b2n) and

(ah a2, ,A2n—1, a2n) 7é (bla ba, -+ bop_1, b2n)-

which is a contradiction.
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3. Let
(a1, a9, ,ag,_1,a2,) <gzn (by,bo, -+ bop_1,ba,) and
(bl, by, -+ ban—1, an) <g2n (01, €y, Con—1, C2n)-
Thus, we have (ay, as, -+, as,_1,02,) <gzn (b1,bo, -+, bay_1,ba,) With a; < b; for all
i€ {l,---,2n} and (by,bg, -+ ,bopn_1,bo) <gzn (c1,¢2,- "+ ,Con_1,Con) With b; < ¢
for all i € {1,---,2n}. On other hand, <gs. is a order relation in R?", thus
(a1, a9, a9, _1,a2,) <gzn (€1,¢2,++ ,Can_1,Con) and, since a; < b; and b; < ¢

for all i € {1,---,2n}, it follows that a; < ¢; for all i € {1,--- ,2n}. Then,
(a1, a9, agn—1,a2,) <m2n (C1,Ca,+** , Con_1,Can).

Therefore, <p2n is a strict partial order relation in R?".
We can use the similar argument to prove that, if <g2. is a partial order relation in R?",
then <pgen is a strict partial order relation in R?".

O

Remark 2.1.4. The strict partial order relation <g2- given in the Proposition 2.1.1 is not
a strict total order relation in R? because, it does not satisfy the property of trichotomy.

For example, given n=1 and let <g2 be the specific total order relation in R? given by

a; < by or

ai,as) <gz (b1,by) <
(1 2) R(l 2) {alzblanda2<b2

Given (a1, as), (b, by) € R?, respectively, by (0,4), (1,2), we have that (0,4) # (1,2) but,
(0,4) #£ge (1,2) because (0,4) <gz (1,2) and ay > by. Moreover, (1,2) £g2 (0,4) because
(1,2) fRQ (0,4) and a; > by.

Definition 2.1.2. Given a (total) partial order relation <gen in R* and a bijection

¢+ M™ — R*, we denote by <,, <,, and <, the binary relations in M"™ defined,

@
respectively, by

A<, B <= ¢p(A) <pen ¢(B);
A <y, B <= ¢(A) <pzn 0(B);
A <, B = p(A) <gzn @(B);
for all A,B € M".

Theorem 2.1.3. Let p : M™ — R?" be a bijection. Given a (total) partial order relation
<gzn in R*™, the binary relations <, and <,, given in the Definition 2.1.2, are (total)

partial order relations in M", and <, s a partial order relation in M".
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Proof. This proof follows directly from the fact that <z« is a partial (total) order in R*",
from Remark 2.1.3, and from Definition 2.1.2. n

Example 2.1.4. Let <ge2» be the specific partial order relation in R?" given by

u<pm V<= u; <v; Vie{l, .. 2n}

for all u = (uy, -+ ,uU2,), v = (v1, -+ ,v9,) € R*". Consider the function ¢ : M™ —s R?"
denoted by
¥ ([0/1, (12], Ty [a’2n717 a2n])
= (@1 (lar, asl, -+ [agn-1,a20]) -+ s p2n ([a1, a2], -+ [a2n-1, azn)) )

It follows that, <, is an partial order in the set A", which is given by

(lar, az], - -+, lagn-1, azn]) <y ([b1,bal, -+, [b2n—1, b2n])

if and only if

@i (lar,az), -+, [azn—1, a2n]) < @i ([b1, 2], - [Dan—1, b2n))

for all i € {1,--- ,2n} and for all

([ar, asl, - -+ [agn-_1,a2.]), ([b1,ba], -, [ban—1, b2s]) € M™.

In particular, for n = 1, if we consider the bijection ¢; : M — R? given in the
Example 2.1.1, it follows that the partial order relations <g: in R? and <4, in M are

given, respectively, by
(al,ag) <g2 (bl, bg) < a < b1 and as < bg, (21)

and
[a1, as] <y, [b1,b2] <= a1 < by and ay —a; < by — by. (2.2)

If we consider ¢ restricted to the set I(R), the partial order (2.2) induces in I(R) the
partial order relation that was used in [5]. This order compares both the right extreme

points of each par of intervals and the lengths of each par of intervals.
If we consider the bijection ¢9 : M — R? defined in the Example 2.1.1, we have the
following partial order relation in M
[al,ag] §¢2 {bl,bg] <~ a1 < b1 and as < bQ. (23)

If we consider ¢, restrict to the set I(R), the partial order (2.3), induces in I(R) the

partial order relation that was used in [35|. This order compares the right extreme points



2.1. INTERVAL VECTOR SPACES AND ORDER RELATIONS. 27

of each par of intervals as well as the left extreme points of each par of intervals.

If we consider the bijection ¢35 : M — R? defined in the Example 2.1.1, we obtain

the following partial order relation in M

a1+a2<b1+b2 ag—a1<b2—bl

<4 |b1,b d 2.4

a1, az] <g, [b1, 2] 5 S an 5 S5 (2.4)
This order compares both midpoints and the radius of each par of intervals.
Example 2.1.5. Let ¢ : M" — R2" be the bijection denoted by

w([al, CLQ], Ty [a2n—17 azn])
= (@1([611, G2], T, [a2n717 a2n])7 o, Poan ([@1, @2], T, [a2n71> a2n]) >
Consider the total order in R?" given by
uyp < vy or
U <pen U =
{ Je{l, - ,2n — 1} such that uy = vy, ..., u; = v; and w4 < Vi

for all u = (uy, ug, -+ ,Usp),v = (V1, V2, + ,Va,) € R¥. From Definition 2.1.2, it follows

that <., is a totally ordered relation in the set M", given by
(a1, azl. -+, lazn—1, azn]) <o ([br:b2), -, (201, 020))

if and only if

p1([ar, azl, -+ [azn-1, a2n]) < @1 ([b1, b2, -+, [ban—1, ban])
or thereis i € {1,---,2n — 1} such that,

(a1, azl, -+ [azn—1, aza]) = @5 ([b1,ba], - -+, [ban—1, b2n])
for all j € {1,--- ,i} and

i1 ([a1; az], - -+ [a2n—1, a2n]) < @iva ([br, b2, -+, [ban—1, ban])

for all ([al, GQ], ey [a2n717 a2n])7 ([bla b2}7 IR} [b2n*17 an]) e M.

In particular, if we consider n = 1 and the bijection ¢; : M — R? given in the
Example 2.1.1, we have that the order relation <4, in M is given by
a; < b1 or

ai, as] <4, (b1, b2 == #0
[a1, az] <o, (b1, bo] {a1:b1, and a; —ay < by — by. 2
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If we consider n = 1 and the bijection ¢, : M — R? given in the Example 2.1.1, we have

that the order relation <4, in M is given by

a; < by or
a1, az] <4, [b1,bo] <= { e (2.6)

ap = bl, and Ay < bQ.

If we consider n = 1 and the bijection ¢35 : M — R? given in the Example 2.1.1, we
have that the order relation <, in M is given by

ai+as b1+bo
[al,ag] -<¢ [bl,bz} <~ 2 < 2 O
3 ai1+tas — b1+b2 and az2—al < ba—by
2 2 2 2

(2.7)

Given a set of intervals, it can express either quantitative or qualitative information.
Then it is important to consider different kinds of order relations in this set to allows us to
compare the information in either case. For example, suppose [ai, as] and [by, bs] express
information about the income of people that live in two different cities, called A and B,
respectively. If we wish compare the quality of life in these cities, suppose that the first
criterion of evaluation is the middle income of people that live in the same city and the
second criterion of evaluation is the income inequality of the people that live in the same
city, it follows that the order in (2.7), allow us to say if to live in [ay, as] is better than
to live in [by, bs] or to live in [by, bs] is better than to live in [ay, as]. In this case, we have
qualitative analysis.

On the other hand, if [ay, as] and [by, bo] express information about the ages of people
that live in two different cities, called A and B, respectively. Suppose a; and a, are the
smallest and the biggest age, respectively, in A and, suppose b; and by are the smallest
and the biggest age, respectively, in B. If we wish to know in what city live the person
with the smallest age, then the order in (2.6) allows us obtain the answer. In this case,

we have quantitative analysis.

Final remarks

Since we do not know an algebraic structure that makes I(R) a vector space, it follows
that we can not use the well known tools of linear algebra and functional analysis. Then
the construction of a vector structure in the set M by means of the bijection between
M and the usual vector space (R?, +,-), allows us to obtain concepts in I(R) via the
isomorphism between the vector spaces M and (R? +,-), like the concepts of cone and
convexity. Moreover, by means of the concepts of order in R?, we equipped M with the
same concepts and, consequently, these same concepts can be defined in I(R) and they

provide tools to work with optimization problems in /(R). Actually, our analysis is more
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general because the set that we have dealt with is M"™, thus M is a particular case and

our arguments holds for (I(R))" for all n € N.



Chapter 3

Optimization in n-Dimensional

(Generalized Interval Vector Spaces

In this chapter we present the structure of an interval optimization problem and a
multi-objective optimization problem. We show that these two problems are closely re-
lated, the solution of one problem is also a solution of the other and vice versa. Actually,
we show that solving the interval optimization problem proposed is equivalent to solving

a multi-objective optimization problem. In addition, some examples are provided.

3.1 Optimization in interval spaces

Let ¢ : M™ — R?" be a bijection and let <g2n be an order in R?". Given a non-empty
subspace X in (R™, | - |lgm), where | - ||gm is a norm in R™, and F : X — (I(R))" a

well-defined function, we consider the following optimization problem:

min F'(z). (3.1)

zeX
Definition 3.1.1. z € X is a Pareto solution of (3.1) if and only if there does not
exist any x € X\{z} such that
F(x) <, F().

Definition 3.1.2. € X is a locally Pareto solution of (5.1) if and only if there is
0 > 0 such that, there does not exist any x € X N N(z,0), where
N(z,0) =4y € X : ||y — x||gm < 0}, that satisfies

F(z) <, F(z).

Definition 3.1.3. 7 € X is a weak Pareto solution of (3.1) if and only if there does
not exist any x € X\{z} such that

F(z) <, F(%).
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Definition 3.1.4. = € X is called weak locally Pareto solution of (3.1) if and
only if there is § > 0 such that, there does not exist any x € X N N(Z,0), where
N(z,0) =4y € X : ||y — x||gm < 0}, that satisfies

F(z) <, F(2).

Since ¢ : (M",+,,+») —> (R*,+,-) is an isomorphism, (I(R))* C M", and
F: X CR— (I(R))", then we can consider the following optimization problem

min ¢ (F(z)) . (3.2)

zeX

However, since poF : X — R?" there exists (poF); : X — R, withi € {1,--- ,2n},
such that, p(F(x)) = ((po F)i(x),(po F)a(x), -+ ,(po F)a,(x)) for all z € X. Thus,

(3.2) can be written as the following multi-objective optimization problem

min ((¢ o F)y(2), (p o Fa(x), -+, (¢ 0 F)an(2)) . (3:3)

zeX

Definition 3.1.5. z € X is a Pareto solution of (3.3) if and only if there does not
exist any x € X\{z} such that

@ (F(x)) <gen @ (F(T)).

Definition 3.1.6. = € X is a locally Pareto solution of (3.3) if and only if there is
d > 0 such that, there does not exist any x € X N N(Z,0), where
N(z,0) =4y € X : ||y — x||gm < 0}, that satisfies

¢ (F(2)) <pen @ (F(T)).

Definition 3.1.7. = € X is a weak Pareto solution of (3.3) if and only if there does
not ezist any x € X\{Z} such that

@ (F(x)) <gen @ (F(Z)).

Definition 3.1.8. € X is a weak locally Pareto solution of (3.3) if and only if there
is 0 > 0 such that, there does not exist any = € X N N(Z,d), where
N(z,0) =4y € X : ||y — x||gm < 0}, that satisfies

¢ (F(z)) <gzn ¢ (F(2)).

Theorem 3.1.1. 7 € X is a (locally) Pareto solution of (3.1) if and only if T € X is a
(locally) Pareto solution of (3.3). Moreover, T € X is a weak (locally) Pareto solution of
(3.1) if and only if T € X is a weak (locally) Pareto solution of (3.3).
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Proof. From Definition 2.1.2 we have

F(x) <, F(z) if and only if ¢ (F(x)) <gn ¢ (F(Z)).
Thus, there does not exist any z € X\{z} such that, F(z) <, F(z) if and only if, there
does not exist any x € X\{z} such that, ¢(F(x)) <, ¢(F(z)). Therefore, z € X is a
Pareto solution of (3.1) if and only if Z € X is a Pareto solution of (3.3).
Moreover, there does not exist any z € X N N(z,0) that satisfies F(z) <, F(z) for
some § > 0, if and only if, there does not exist any x € X N N(z,0) that satisfies
¢ (F(x)) <gen ¢ (F(z)) for the same 6 > 0. Therefore, z € X is a locally Pareto solution
of (3.1) if and only if # € X is a locally Pareto solution of (3.3).

We can use a similar arguments to prove that £ € X is a weak (locally) Pareto solution
of (3.1) if and only if # € X is a weak (locally) Pareto solution of (3.3). O

Corollary 3.1.1. If z € X is a (locally) Pareto solution of (3.1), then € X is a weak
(locally) Pareto solution of (3.1),

Proof. If € X is a Pareto solution of (3.1), from Theorem 3.1.1 we have that
T € X is a Pareto solution of (3.3). Thus, there does not exist any = € X\{z},
such that, ¢ (F(z)) <gzn ¢ (F(Z)), that is, there does not exist any x € X\{Z} such
that ¢ (F(z)) <gzn @ (F(Z)) and ¢ (F(z)) # ¢ (F(Z)). Then, there does not exist any
r € X\{Z} such that ¢ (F(z)) <z ¢ (F(Z)) and (¢ o F);(z) <gz (p o F);(z) for
all i € {1,---,2n} because, otherwise, there would be z € X\{Z} such that, either
o (F(x)) <gzn @ (F(Z)) or (po F)i(x) <gzn (po F);(z) for all : € {1,---,2n}. But, by
hypothesis, there does not exist any x € X\{z} such that ¢ (F(z)) <gzn ¢ (F(z)). Thus,
there would be z € X\{z} such that (po F);(z) <gen (poF);(z) foralli € {1,---,2n}, it
follows that there would be z € X\{z} such that ¢ (F(z)) # ¢ (F(Z)), which contradicts
the hypothesis.

Therefore, z € X is a weak Pareto solution of (3.3). But, by Theorem 3.1.1 we have
that £ € X is a Pareto solution of (3.1).

We can use a similar argument to prove that, if z € X is a locally Pareto solution of
(3.1), then € X is a weak locally Pareto solution of (3.1). O

Remark 3.1.1. The next example will show that the reciprocal of Corollary 3.1.1 is not

true.

Example 3.1.1. Given m = n = 1, X = R, the specific bijection ¢y : M — R? given
in the Example 2.1.1, and the order in R? defined by

(a1,a9) <gz (by,by) if and only if a1 <g b; and ay <g bs.



3.1. OPTIMIZATION IN INTERVAL SPACES 33

Consider the function F' defined by

m;):{ 0.2] fz20
[z,0] ifz<0.

Then, x = 0 is a weak Pareto solution of problem

min F'(z).

zeR

Indeed, suppose that there is an = € R with « # 0, such that F(x) <4, F(0), that is,
G2(F(2)) <rz d2(F(0)).

1. If 0 < x, so ¢o(F(x)) = (0,2) <gz ¢2(F(0)) = (0,0) implies (0,z) <gz (0,0) with
0 < 0 and x < 0. But, it is a contradiction.

2. If x <0, s0 ¢po(F(x)) = (x,0) <gz ¢2(F(0)) = (0,0) implies (x,0) <g= (0,0) with
0 < 0 and x < 0. But, it is a contradiction.

Thus, there does not exist any x # 0 such that ¢o(F(z)) <g2 ¢2(F(0)). Therefore, by

Theorem 3.1.1, z = 0 is a weak Pareto solution of problem.

On other hand, given x < 0 we have that ¢o(F(x)) =gz ¢2(F(0)), that is,
O2(F (7)) <g2 ¢2(F(0)) and ¢o(F(x)) # ¢2(F(0)). Indeed, (z,0) <gz (0,0) because x < 0
and 0 < 0, moreover ¢o(F'(x)) # ¢2(F(0)) because, z < 0, it follows that (x,0) # (0,0).

Therefore, £ = 0 is not a Pareto solution of problem.

Final remarks

In this Chapter we presented optimization problems over the space of proper interval-
valued functions. These problems can be found, for example, in mathematical models in
which the coefficients were obtained through numerical approximation. In order to have
a control on the error generated through these numerical approximations, this model
can be converted into an interval mathematics model. Since interval analysis has its
limitation, then this chapter is important because, the construction of M™ allowed us to
identify optimization problems of proper interval-valued functions with multi-objective
optimization problems, which have a well established theory. Thus, solve an optimization
problem with proper interval-valued functions is equivalent to solve a multi-objective

optimization problem



Chapter 4

The Von Neumann’s Theorem in
Complete Linearly Ordered Generalized

Interval Spaces

4.1 Complete Linearly Ordered Spaces

Here, we equip the set M"™ with topological structures and then discuss some concepts
and results on these topological spaces. We are particularly interested in spaces equipped
with the order topology because in these spaces we can define the concept of linear order,
which makes it possible to work with optimization problems of Von Neumann type, for
example. Optimization problems of Von Neumann type will be dealt with in the next
section.

Let (R*", 7) be a topological space and let ¢ : M™ — R?*" be a bijection. We define
the subset & of M™ by

Si={p (A :AcT}

Theorem 4.1.1. The set  is a topology in M™.

Proof. First we show that (), M™ € 3. Indeed, () and R*" are in the domain of ¢! because
7 is a topology. Since ¢ is a bijection o~ }()) = @ and ¢~ 1(R?") = M™. Thus, ), M" € 3.

We now show that o1 (A) N }(B) € S for all o' (A),p ' (B) € S.
Given o 1(A), 0o 1(B) € S, it follows that A, B € 7. Since 7 is a topology in R?*", then
AN B e 7 and, consequently , o1 (AN B) € 3.
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On the other hand, ¢~ (AN B) = ¢ ' (A) Ny ' (B). Therefore, o~ (A) Ny *(B) € 3.

It remains to be shown that < is closed for arbitrary union of elements. Given a

collection ((pl(Ai)) € G, where [ is an arbitrary non-empty indexing set, it follows
iel

that (A;),.; € 7. Since 7 is a topology in R*", then <U Ai> € 7. Thus, p~! (U Ai) eg.

iel icl
But,
o ( U Ai) = U P (A,
il il
from which follows that U ¢ ' (A;) € Y. Therefore, 3 is a topology in M™. O

el

Theorem 4.1.2. Let ¢ : M™ — R*™ be a bijection.

(a) If (R*, 1) is a Hausdorff space, then (M™, ) is a Hausdorff space.

(b) If (R** 1) is a locally compact Hausdorff topological space, then (M™, ) is a locally

compact Hausdorff topological space.

Proof. We start by proving (a). Given x,y € M™ with x # y, since ¢ is a bijection, it
follows that, ¢(z) # ¢(y). (R*",7) is a Hausdorff space, thus there exist A, B € 7 with
AN B =), such that p(z) € A and ¢(y) € B. Since ANB =0, then ) = p~'(ANB) =
¢ (A) N ¢ !(B). Furthermore, z € ¢ *(A) and y € p !(B). Therefore, there exist
0 (A),¢o " (B) € S, with o' (A) N~ (B) = 0 such that z € ¢~ '(A) and y € = (B).
Therefore, (M", <) is a Hausdorff space.

We now prove (b). Given x € (M™, ) arbitrarily, it follows that ¢(z) € (R**, 7). By
hypothesis, (R?",7) is a locally compact Hausdorff topological space, thus there exists
A C R?" compact which is a neighborhood of ¢(z). This means that ¢=1(A) C M™ is
a compact neighborhood of x in M", because given a collection of arbitrary open sets
(Ci);er in M™, such that

p~H(A) C U Ci,
iel

it follows that, for each i € I, C; = p~(B;) with B; € 7. Thus,

el (A) c e (B
iel
Since ¢ is a bijection,

A=p (e '(A) ce e '(B)) =B

il i€l
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k
Since A is compact in (R*", 7), there exists By, Bs, - - - , By, € (B;),.; such that A C U B;.

i=1
But,
k k

v (B) = JC

=1

ol (4) @(UB) -

=1 =

Thus, ¢ '(A) is compact in (M", 3

?

). By hypothesis (R*", 1) is a Hausdorff space, thus
it follows from part (a) that (M", <) is also a Hausdorff space and for all x € M™ there
exists a compact neighborhood ¢~1(A). Therefore (M™, ) is a locally compact Hausdorff
topological space. O

Remark 4.1.1. Given a bijection ¢ : M™ — R?" and a locally compact Hausdorff
topological space (R*", 7), it follows from Theorem 4.1.2 that (M™, ) is a locally compact
Hausdorff topological space. Thus, if we consider the set M™ = M™ U {p}, where p is an
abstract point that does not belong to M", it follows from Alexandroff’s Compactification
Theorem (sce e.g. [15]) that the subset & C M7" defined by

3= %U{(M”\C’) U{p}: C is compact in M"}
satisfies the following:
1. Sisa topology in M™
2. (W, @) is a compact Hausdorff topological space.
3. If M™ itself is not compact, then M" is dense in (W, @) :
We will denote the point p by {—oc}.

Definition 4.1.1. Let (X, <) be an ordered set. An element b € X is an upper (lower)
limit of a subset A C X with respect to the order < if and only if a < b (b = a) for all
a€ A

Definition 4.1.2. Let (X, <) be a linearly (or totally) ordered set. We will consider the
total order relation < in X defined by

a<b<=a=xbanda#b witha,be X.
Given the following subsets of X
Jz,y[={z€ X2 <z <y, withz,y € X},

L,={z€eX:z<z} and
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Ry={zeX:y=<z}

we know that B = {L,, R,,|z,y[: u,v,z,y € X} is a base for the order topology
Si={AC X :Vae€ A ,3IB € B such thata € B C A}.

The space (X, =,3%) is called a linearly ordered space.

We say that |z, y| is an open interval in X and the set [z,y], given by
[Tyl ={z€X v <2<y, withx,ye€ X},
15 a closed interval in X.

Example 4.1.1. Let (M", <,) be the pair where <, is the order induced in M"™ by
the bijection ¢ : M™ — R?" and by the lexicographic order in R?". This means that
(Mm™,<,) is a totaly ordered set. Then, given the order topology 3., it follows that

(M", <,,S<,) is a linearly ordered space.

Definition 4.1.3. Let (X, X,32) be a linearly ordered space. This space is called com-

plete space if and only if all non-empty subsets of X have at least one lower limit.

Example 4.1.2. Consider M™ = M™U{—oco}, where —oo is an abstract point that does
not belong to M", and let <g2» be a total order relation in R?". Then, it follows from
Proposition 2.1.1 that <g2. is a total order relation in in R** and from Theorem 2.1.3
that <, is a total order relation in M™.

If we consider in M™ the following binary relation

a=1bor
a<b<=q a<,bifa,be M" or
be M™ and a = —o0,

then it follows that (M™, <,3.) is a complete linearly ordered space.

4.2 The Von Neumann’s Theorem

This section is devoted to presenting a new version of the Von Neumann’s Theorem
for functions taking values in complete linearly ordered generalized interval spaces. Our
version of the Von Neumann’s Theorem can be seen as Corollary of the Von Neumann’s
Theorem in complete linearly ordered spaces given in [14]. In order to present our version

of the Von Neumann’s Theorem we first recall some concepts and results.
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To simplify the notation, we will denote a topological space (X, () only by X and we
will consider the topological space X which are endowed with a function
G : X x X — {connected subsets of X} such that z,y € G(z,y) = G(y,x) for all
z,y € X.

Definition 4.2.1. (/14]) A subset K C X is convex if and only if for all z,y € K we
have G(z,y) C K.

Let Z be a complete linearly ordered space and F' : X — Z be a well-defined function.

Recall that a function F': X — Z is quasiconvex (quasiconcave) (see[14|) if and

only if the sets
{reX:F(x) Xz} (resp. {reX:2=F(x)})
are convex for all z € Z. Furthermore, F' is called upper semicontinuous if the sets
{reX:z2=<XF(z)}, forall z € Z,

are closed in X.

Proposition 4.2.1. (a) If X is compact and F : X — Z is upper semicontinuous,
then there is & € X such that, F(x) < F(Z) for all x € X. That is,
F(z) = I&E}?(F(ZL‘)
(b) Let (F;)ier be a family of wupper semicontinuous functions such that
F, : X — Z. Then, the function © — 1n§FZ(a:), which we denoted by F', is up-
1€

per semicontinuous.

Proof. (a): Let F(X) = A. Thus, given a € A, there is z, € X, such that, F(z,) = a.
Then, the set F, = {r € X : a < F(z)} is non-empty for all a € A. We also have that F,
is compact for all a € A, because Fy, is closed in X and X is compact. Moreover, given

A, Gny1 € A with a, < an41, it follows that F, . C F,,.

Given a family (F,)a.ca, we take an arbitrary sequence (Fy,);en such that a; < a;41
(it is possible because Z is a linearly ordered space). Since each F,, is non-empty, there
is x; € F,, for all i € N. But, as (x;);en is a sequence in Fy,, it follows that there is a

subsequence (4, )jen of (2;)ien such that x;, — = € I, when j — oo. However, (z;;);>k
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is a sequence in F,, for all & € N. Moreover, each F, is closed, thus ¥ € F,,_for all k € N.
Therefore, there is T € ﬂ F,, . In particular, the family (F})q.ca, has the finite intersec-

n=1
tion propriety. But X is a compact, then by classic theorem of topology that says “S is
compact if only if every family of closed sets in S with the finite intersection propriety

has non-empty intersection” we have that ﬂ F,# 0. Let & € m F,, then a < F(z) for

acA acA
all a € A, but it is equivalent to F'(z) <X F(z) for all x € X. Since z € X, it follow that

F(z) = I&&%F(x)
(b) Given z € Z arbitrary, we have that {z € X : 2z < F;(2)} is closed in X for all

t € I. Moreover, we have

{reX:z=2F)}=|reX: z=F)}
i€l
Thus, the set {x € X : 2 < F(x)} is closed in X for all z € Z, which implies that F' is an

upper semicontinuous function. O
We now state and prove the main result of this section.

Theorem 4.2.1 (The Von Neumann’s Theorem). Given (R™,7,,) and (R, 7,) both Eu-
clidean topological spaces, let X C R™ be a convexr compact topological subspace, ¥ C RP
a convex topological subspace, and (M™, <,3.) the complete linearly ordered space that
was given in the Example 4.1.2. Finally, let F : X x Y — M" be a function having the

following properties:

(a) The functions F(-,y) are quasiconcave on X and upper semicontinuous on X for all
yeY fized.

(b) The functions F(z,-) are quasiconver on'Y and upper semicontinuous on'Y for all

x € X fized.

Then,

inf F’ = inf F :
Dey e Fley) = e Pl y)

Proof. In order to prove this theorem, the expressions max inf F'(z,y) and inf max F'(z, y)
zeX yeY yeY zeX

must exist.

The expression max ;gf/ F(z,y) exist, because for each y € Y fixed, we have that the
function F, : X — Z defined by F,(z) = F(z,y) is an upper semicontinuous function.
Then, from item (b) of Proposition 4.2.1, it follows that the function x — ;g}ff F,(z) is
an upper semicontinuous function. But, by hypothesis, X is compact and, from item

(a) of Proposition 4.2.1, we obtain that, there exists max inf F(z) = max inf F'(z,y).
zeX yeY zeX yeY
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Therefore, there exists the expression max inf F(z,y).
zeX yeY
Now, we analyze the existence of the expression in£ max F(z,y). For each y € Y
yeyY xe

fixed, we have that the function F, : X — Z defined by F,(x) = F(x,y) is upper
semicontinuous. By hypothesis, X is compact and, from item (a) of Proposition 4.2.1
the maximum max F,,(z) is achieved. On other hand, M™ is complete linearly ordered

zeX

space, thus there is z* € M" such that z* = in}f/ max F(z,y). Therefore, the expression
yey ze

inf max F'(x,y) exists too.
yeY xzeX

We will prove that the topological spaces X and Y are endowed with the functions
Gx : X x X — {connected subsets of X}

and

Gy : Y x Y — {connected subsets of Y},

respectively, such that x1, 29 € Gx(x1,29) for all x1, 25 € X and y1,y2 € Gy (y1,y2) for
all y1,y2 € Y. To this end we will show that all convex topological subspaces U of an

Euclidean topological space (R¥,7;,), with k € N, are spaces endowed with a function
Gy : U x U — {connected subsets of U},

such that ui,us € Gy (uy,ug) for all uy,uy € U.

We consider the function Gy : U x U — {convex subsets of U} defined by
Gu(uy,ug) = {(1 —t)uy +tug : t €0, 1]} for all uy,ug € U.

Then, for all uy,uy € U, it follows that uy, us € Gy (ug, uz). Furthermore, since Gy (uq, us)
is a convex subset in the induced topological space (U, 1), for all uy,us € U and, (U, 7¢)
is a topological subspace induced by the Euclidean topological space (R¥, ), it follows
that Gy (uy, us) is a connected subset of U.

We will prove that

inf I < inf F :
Dey e Fe ) < i nep Pl y)

Given z € X and y € Y arbitrary. Then,

F(z,y) < max F(z,y)

zeX
for all y € Y. Consequently,
inf F'(Z,y) < inf F T € X. 4.1
inf F(Z,y) < inf max F(z,y) vz € (4.1)

Since the function z — in}f/ F(z,y) is upper semincontinuos and X is compact, it follows
ye
that there is g € X such that

1 Fooy) = pax L Floy)
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On other hand, (4.1) is valid for all € X, in particular we have that

inf I < inf F
ney e Few) < uge ey

In order to prove the other inequality, we will show that ﬂ K(y) # 0, where

yey
K@ ={zeX: 12£r§16%z<F(xy)<F( 9)}-
Thus there would be = € ﬂ K (y) which implies that ;g}f; max F(z,y) < F(z,y) YyeY.
In particular, e
;Iele/ max F(z,y) < 1nf F(z,y). (4.2)

Since x +> inlf/ F(z,y) is an upper semicontinuous function and X is compact, it follows
ye
that there is xy € X such that

[ F <inf F fF
inf F(2,y) < Inf F(zo,y) = max inf F(z,y).

Thus, from (4.2) we have

inf F < inf F’
S R e y) = gl F ),

In order to show that ﬂ K(y) # 0 we will prove the following affirmations:
yey

Affirmation: K(y) is a non-empty convex set for all y € Y. (4.3)

Indeed, given § € Y, consider K(j). Since M" is a complete linearly ordered space, it

follows that there is z* € M" such that z* = inf { max F(z,y) < max F(z,y). On other
yeyY ze

hand, x — F(z,y) is an upper semicontinuous function and X is compact, it follows that
there is 7 € X such that max F(z,y) = F(z,y). Thus,
Tre

< T,Y).
2" s max F(z,9) = F(z,9)

T : < T, = y).
It follows that z € {z € X ;g}ffr;gch(x y) < F(z,9)} K(y). Therefore

K(y) # 0 for all § € Y. Moreover, by definition of quasiconcave function and by the

fact that inf { max F(z,y) € M™ we have that K (7) is convex.
yey

Affirmation: K (y) is compact for all y € Y. (4.4)

Indeed, given y € Y, since x — F(x,¥) is an upper semicontinuous, it follows that K (7) is

closed and, by the fact that K(y) C X with X compact, it follows that K (g) is compact.

Affirmation: K(y) C K(y;) U K(y2) whenever y;,y2 € Y and y € Gy (y1, y2). (4.5)
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Indeed, suppose there is y € Gy (y1, y2) such that K(y) ¢ K(y1) U K(y2). It follows that
there is © € K(y), so that, = & K(y;) and ¢ K(y2). That is,

inf max F < F(z,7

infmax F(z,y) < F(z.9)
F(z inf max FF 4.
(#,31) < infmaxF(z,y) (4.6)
F(z,y2) < InfmaxF(z,y) (4.7)

Since M" is a linearly ordered space and F(z,y,), F(Z,y2) € M™, it follows that either
F(z,y1) < F(Z,y2) or F(Z,y2) < F(Z,y1).

If F(z,y1) < F(z,y2), set B={y €Y : F(z,y) < F(Z,y2)}. We have that B # ()
because y1,y, € B. Moreover, by hypothesis the function y — F(Z,y) is quasiconvex,
consequently, B is convex and, it implies that Gy (y1,y2) C B. By our supposition,
U € Gy (y1,y2), then, F(z,y) < F(Z,y,). However Z € K(y), it follows that

inf max F < F(z,7) < F(z
inf max F(z,y) < F(2,9) < F(Z,42),

which contradicts (4.7).

If F(Z,y2) < F(Z,11), set C = {y € Y : F(z,y) < F(Z,y1)}. We have that C' # 0
because y1,y, € C. Moreover, by hypothesis the function y — F(Z,y) is quasiconvex,
consequently, C' is convex and, it implies that Gy (yi,y2) C C. By our supposition,
v € Gy (y1,y2), then, F(z,y) < F(Z,y,). However Z € K(y) which implies that

i < T.7) < T
ylgégle%ch(x,y) < F(z,y) < F(z,1),

which contradicts (4.6).
Therefore, there does not exist any y € Gy (y1,y2) such that K(y) ¢ K(y1) U K(y2).
That is, K(y) C K(y1) U K(y2) whenever y1,y2 € Y and y € Gy (y1, y2).

Affirmation: If liIIIl vi =7, liIIII x; ==, and z; € K(y;), then 7 € K(3). (4.8)
1S 1€

Indeed, since x + F(x,y) is an upper semicontinuous for each y € Y and
y — F(z,y) is an upper semicontinuous for each x € X, then (z,y) — F(x,y) is an

upper semicontinuous, that is,
{(z,y) e X xY : 2 < F(z,y)}

is closed for all z € M™.

We have that that limsup F(x;,y;) < F(Z,y), otherwise, since (M" < /J.)
i€l
is complete linearly ordered, it follows that there is z € M™ such that

F(z,9) < z < limsup F(z;,v;).
iel
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On other hand, z < limsup F (z3,9:) it implies that there is a subsequence (z;;, s, )jer of
(@i, yi)jer such that ;€I< F(xi;,y:,).  Thus, (24,v:;)jer is a sequence in the set
{(z.y) € X : =z < F(z,y)} such that ljiérll(x,-j,yij) = (z,y) and
(z,y) ¢ {(z,y) € X : z < F(z,y)}, which contradicts the fact that
{(z,y) € X xY : 2 < F(x,y)} is closed.

Thus, we have that  limsup F(z;,y;) < F(Z,y). Moreover,
i€l

lim F(z;,,y;.) < limsup F(x;,y;)
jerI 7o icl

for all convergente subsequence (F (45, yij))je ; of the sequence (F (x;, yl))ze ;- Since x;; €

), i F < F(zi,uy) for all j I
K(yi;), it follows that yneléglggc (x,y) < (zi;,95;) for all j €

Consequently,

1 <1 o) < i ) < T,Y).
inf max F(z,y) < lim F(zi,, ;) < lim sup £ (@i y3) < F(2,7)

Then 7 € K(y).
To prove that ﬂ K(y) # 0, it is enough to prove that the family (K @))yey has the
yey
finite intersection property and to this end we will use (4.3)-(4.8).
n+1

Suppose that ﬂK(yZ) # () for every choice of y;,--- ,y, € Y, but ﬂ K(y?) # 0 for

7 =1

n+1
some yi, -+ ,yhy €Y. Set  K*(y) =) K(y)NK(y) forally€eY, then
i=3
K" (y7) N K (ys) = 0. (4.9)
The set K™(y) is convex and compact for all y € Y. (4.10)

Indeed, forally € Y and alli € {3,4,--- ,n+1} we have, by (4.3) and by (4.4), that K (y)
and K (y}) are convex and compact sets. It implies that K*(y) is convex and compact for

ally e Y.
We have that K*(y) C K*(y7) U K*(y5) whenever yj,y5 € Y and y € Gy (y;,v5). (4.11)

Indeed, from (4.5) we have that K(y) C K(yj) U K(y;) whenever yf,y5 € Y and
y € Gy (y7,v3). Thus, given y € Gy (y},v3) and = € K*(y) arbitrary, it follows that

T € ﬂK(yf)ﬂK(y)
C (K@) N Kyng)) N (K@) UK(y3) = K*(y5) U K*(y3)-

Since was chosen x € K*(y) arbitrary, then K*(y) C K*(y;) U K*(y3). Actually, either

K*(y) € K*(y7) or K*(y) C K*(y;) whenever y7,y5; € Y and y € Gy (v}, ). (4.12)
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Indeed, from (4.9) it follows that K*(y) ¢ K*(yi) N K*(y;). Suppose there is
r1,x9 € K*(y) such that, x; € K*(yj) and zo € K*(y3). Since K*(y) is convex, it
implies that Gx(z1,22) C K*(y), thus the convex set Gx(x1,22) can be written the

following way:

Gx(IhJZQ) == (Gx(flfl,l'Q) N K*(yr)) U (GX<(L'1,ZL'2) N K*(’y;))

On other hand, G x(x1,x2) is closed for all 21,25 € X because, given a sequence (u;);cs
convergent to & € X we have that for each i € I, there is \; € [0,1] , such that
w; = (1 — N\;)x1 + Ao, Since the (A;);er is a sequence in [0, 1], it implies that there is a
subsequence (A;;)jer such that ljlérll Ai; = A €[0,1], thus @ = (1= A)zy + Azy € Gx (a1, 22).
Furthermore, from (4.9) (Gx(z1,22) N K*(y})) and (Gx (1, 22) N K*(y3)) are disjoint. In
this way, G x (1, x2) is an union of tow non-empty, closed and disjoint sets. But, it contra-
dicts the connectedness of G x(x1,x2). Thus, either K*(y) C K*(y}) or K*(y) C K*(y3).
We set

V={yeGyy,y): K'(y) CK*(y})} and W = {y € Gy (4}, 5) : K*(y) C K*(y5) }-

We have that Gy (yf,y3) = V U W with V and W convex disjoint. Indeed, given
y € Gy(yi,ys), from (4.11) it follows that K*(y) C K*(y;) U K*(y3) consequently,
y € VUW. Thus, Gy(yf,y3) € VUW. On other hand, given y € VU W, by defi-
nition of V' and W, it follows that y € Gy (y},v3). Thus V.U W C Gy (yf,vs). Then,
Gy (yi,y3) = VUW. Moreover, from (4.9) we have that VNW = () and, given v;,v5 € V
arbitrary, by the definition of V| it follows that K*(v;) C K*(yj) and K*(ve) C K*(y7).
Given v € Gy (v1,vg), it follows from (4.11) that K*(v) C K*(vy) U K*(vy) C K*(y7), and
consequently, v € V. Thus, Gy (v,ve) C V for all vy, vy € V| that is, V' is a convex set.

We can use a similar argument to prove that W is a convex set.

Since Gy (y7,y5) is an union of V' with W, disjoints convex sets, there is yo € Gy (y5, y5)
such that

K*(y) € K*(y7) for all y € Gy (y7,%0)\{%o} (4.13)
and
K*(y) C K*(y;) for all y € Gy (yo,y5)\{%0}- (4.14)

Since yo € Gy(yj,vys), from (4.12) we have that either K*(yo) < K*(y;) or
K*(yo) C K*(y3)-

We have that, if K*(yo) C K*(y]) it follows that ﬂ K*(y) # 0. (4.15)

y€Gy (yo.y5)\{yo}

Indeed, since K*(y) is compact for all y € Y it follows that (K *(y))ye Gy (w0 w0} is a
Y2

(K" (9)) yey (o o) 125

family of compact set, then to prove (4.15) we can show that
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finite intersection property, for this propose, it is enough to prove that

K*(y) Cc K*(y) whenever y € Gy(yo,9)\{wo} and 7€ Gy(vo,vy5)\{vo}-

Given ¥ € Gy, 9)\{w} and ¥ € Gy(yo,y5)\{vo} arbitrary. Thus,
v € Gy (yo, 9)\{vo} C Gy (yo,y) and from (4.11), it follows that

K*(y) € K*(yo) U K7(p)-

Moreover, ¥ € Gy(yo,y)\{vo} C Gy (vo,v3)\{vo} and from (4.14) we have that
K*(y) € K*(y3). Thus,

K*(m) < (K*(y) UK (7)) NEK(y5)
C (K*(y) UK*(y)) N K*(y5)
= (K*(y)) N K*(y3)) U (K*() N K*(y3))
= 0U(K*(5)NK"(y5))
= (K"(9)NEK*(y3)) = K*(9),
consequently, N K*(y) # 0.

yEGy (yo,y3)\{»o}

Given g € ﬂ K*(y) |, from definition of K*(y), it follows that
yEGy (yo.y3)\{vo}

12)@ max F(z,y) < F(zo,y) forall geGy(yo,y5)\{vo} (4.16)
Y T

Thus, we make § — o, since y — F(z0,y) is an upper semicontinuous function, we have
that
limsup F'(zo,9) < F(2o,Yo)- (4.17)

J—=Yo
Then, given a sequence (y;)ier in Gy (vo, y5)\{yo} with henll Yi = Yo, it follows from
(4.16) and (4.17) that

inf max F'(z,y) < limsup F(zo,y;) < limsup F(zo,y) < F(xo, o). (4.18)
yey z€X Yi—Yo Y—yo

On other hand, y5 € Gy(yo,v5)\{vo}, it follows that xy € K*(y5). But, by our
supposition K*(yg) C K*(y7), then by (4.9) we have that zo € K*(yo) and by definition
of K*(y), it follows that z¢ & K (yo), which contradicts (4.18).

Supposing K*(yo) C K*(y;) we can use a similar arguments to prove that is supposi-
tion is an absurd. Thus, there is not any yo € Gy (y},ys) such that K*(yo) C K*(yj) or
K*(yo) C K*(y3).
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Then it is absurd the supposition that ﬂ K(y;) # 0 for all choice of y1, - ,y, € Y
i=1

n+1
and m K(y;) = 0 for some yi,--- ,y;,, € Y. Thus, ﬂ K(y) # 0.
i=1 gey
Therefore,

inf F’ = inf F .
Dey e Fley) = e Pl y)

Final remarks

In this chapter we provided a topological structure for the set M™, which was con-
structed through a bijection between M™ and R?*". The topological space M™ with this
construction inherited the topological properties of R?" and allowed us to approach a
very important topic of game theory and economics, which is known as Von Neumann’s
Theorem, on the interval space.

In the proof of our version of Von Neumann’s Theorem, we used the ideas in the proof

of version of Von Neumann’s Theorem given in [14].



Chapter 5

Some Concepts of Calculus of

(Generalized Interval-valued Functions

Here we present a way to equip the set M"™ with a normed space structure by consid-
ering the set R?" equipped with some norm. Also, we present some concepts of calculus
of generalized interval-valued functions of real variables. The concepts are limit, continu-
ity, Lipschitz condition, and differentiability, which together with the results we develop
here, allows us to analyze interval differential equations and relate them to the classical

differential equations in the next chapter.

5.1 Calculus on generalized interval space

Definition 5.1.1. Given an isomorphism ¢ : (M™, +,,-,) — (R**,+,"), consider the
metric space (R®,|| - ||gen), where || - ||g2n is an arbitrary norm. Define the following

function || - ||, : M™ — R by

H([al,ag], az, aq], - - a[azn—haQn])H = |lp(lar, a2, [as, aal, -+ [azn-1, azn]) || gen -

©

Theorem 5.1.1. The space (M"™,+,-,, || - ||,) is a normed space.
Proof. This proof follows directly from Definition 5.1.1. O

Given the functions F,G : U C R — (M",+,,-,) and A € R, we will use the

following notation:

(F +G)(t) == F(t) +, G(t),
(F = G)(t) == F(t) = G(t) = F(t) +¢ (=1) -, G(¢),
(N F)(t) = X, F(t).
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Definition 5.1.2. Given a function ' : U C R — (M", 4, -, | - |l,) and to € U, we
say that Ly € M™ (L_ € M"™) is right hand limit (left hand limit) of F' ast — to if
and only if for each € > 0, there exist 6 > 0 such that for allt € U with 0 <t —ty < §
(0 <ty—t<9), it follows that |[F(t) —, L||, < e. We denote the right hand limit L, by
lim F(t) and the left hand limit L_ by lim F(t). If L. = Ly = L € M™ we say that L

t—tg t—ty

is the limit of of F' as t — to and we denote L by lim F(t).

t—to

Theorem 5.1.2. Let F: U CR — (M",+,, 0, || - llo), to € U, and L € M™ be given.
Then L is the limit of F' ast — to if and only if L = ¢~ * (thr? gp(F(t)))
—to

Proof. Let L = thg% F(t) and let || - ||gen be a norm in R*" associated with the norm || - ||,
in M". From the definition of limit we have for each € > 0 given, that there exists § > 0
such that for all ¢ € U with 0 < |t — ty| < ¢ it follows that ||F(¢) —, L|, < e. But
this is equivalent to: for all € > 0 given, there exists 6 > 0 such that for all £ € U with
0 < [t —to| < 0 it follows that ||p(F(t)) —@(L)||rze < €. That means thg% ©(F(t)) = p(L).

But this is equivalent to ¢~? (hm o(F(t ))) =L. O

t—to

Remark 5.1.1. Given an isomorphism ¢ : (M™, +,,-,) — (R*",+,-) and a function
F:UCR— (M" 44,4 | l,), we obtain a function H : U C R — R*" given by the

composition H = p o F, illustrated in the following diagram:

UC R-LE . pyn.
s
)
RZn
Corollary 5.1.1. Let F : U C R — (M",+,,0, || - llo), to € U, and L € M™. So,
L= tlir? F(t) if and only if the function H : U C R — R*" given by H = p o F is such
—to
that tlgg H(t) = o(L).

Proof. From Remark 5.1.1 follows the existence of the function H : U C R — R?" given
by H =@ o F. Thus

lim H(t) = lim (p o F) (t) = lim o(F(t)). (5.1)

By the proof of Theorem 5.1.2 we have L = l1m F(t) if and only if l1m ©(F(t) = o(L).

Then, from (5.1) we have L = lim F(t) if and only if hm H(t) = gp(L). O
t—to

Corollary 5.1.2. Let v; : (M, +y,,y,) — (R%,+,-) be an isomorphism for all i €
{1,---,n}. Given the specific isomorphism, ¢ : (M", +,,-,) — (R*,+,-) defined by

90([&1’00]7' o 7[a2n—1>a2n]) = (¢1 X X wn) ([alaCL?]a T >[a2n—1va2n])

= (Yu(lar, a2]), -+ Yn(lagn—1, azn]))
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for all ([a1,as],- -, [azn-1,a2,]) € M™. Let F : U C R — (M", 44,4, || - |l,) be a
function denoted by F(t) = (Fy(t), -+, Fu(t)), where F; : U CR — (M, +y,, w0 || |le)
with Fi(t) = [fai-1(t), foi(t)] for alli € {1,--- ,n}. Then, L = (L1, Lo, -+ ,L,) € M" is
the limit of F' ast — tq if and only if L; is the limit of F; ast — to for alli € {1,--- ,n}.

Proof. Tt follows from Corollary 5.1.1 that L € M™ is the limit of F' as t — t; if and only
if the function H = ¢ o F: U C R — (R*", +, ) satisfies

lim H(t) = o(L). (5.2)

t—to

However, by the definitions of ¢ and H we have that there is
Hi=v;0F,:UCR-—R*foralli€{l,---,n}, such that H(t) = (H.(t), -, Ha(t)).
Moreover, (L) = (L1, ,L,) = (wl(Ll), e ,wn(Ln)). Thus (5.2) is
equivalent to tlg% Hi(t) = ¥i(L;) with Hi, = ;0 F, : U C R — R? for all
i € {1,--- ,n} and by Corollary 5.1.1, this is equivalent to L; be the limit of F; as
t—toforallie{l,--- ,n}.

Therefore, L = (Lq,- -+, L,) € M" is the limit of F' as t — ¢, if and only if L; is the
limit of F; ast — to for all i € {1,--- ,n}. O

Theorem 5.1.3. Given F,G : U C R — (M™, 44, | - llp);, to € U, X € R, and
Ly, Ly € M™ such that

lim F(t) =Ly and lim G(t) = Lo,

t—to t—to

the following properties are valid:

1. lim(F + G)(t) = Ly 4+, Lo.

t—to

t—to
3. tlgg)()\ -F)(t) =X, L.
Proof. We just prove item 1. The proofs of the other two items are similar.
Since tlir? F(t) = L, and thr? G(t) = Lo, by Corollary 5.1.1 there are the functions
—to —1o

H,Hy, : U C R — R? given by HL = po F and Hy, = ¢ o G, such that
tll)r% Hi(t) = ¢(L,) and tli_gt Hs(t) = ¢(La). On the other hand, ¢ is a isomorphism,
thus given H = H, + Hy : U C R — R?" we have that tllgt H(t) = ¢(Ly 4+, Lo), where
H = ¢ o (F + G). Then, by Corollary 5.1.1 we have }L%(F + G)(t) = L1 +, Lo. O

Definition 5.1.3. Given a function F': U CR — (M",+,, -, || |l,) and ty € U, we say
that F' is a continuous function at to if and only if tlir? F(t) = F(ty). If F is continuous
—to

at all points t € U, then we say that F' is continuous.
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Theorem 5.1.4. Consider F': U CR — (M", 44,4, | - ||p). Then, F is continuous if
and only if H = po F : U C R — R?" is continuous.

Proof. Since ¢ is a isomorphism and (M",+,,-,) has finite dimension, then ¢ and ¢
are continuous. On other hand, H = ¢ o F, consequently, F' = ¢~! o H. Therefore, F is

continuous if and only if H is continuous. m

Remark 5.1.2. It is known that each space ¢ : (M", +,,,) — (R*",+,) is constructed
through of the bijection ¢ between M™ and R?", Thus, given a specific bijection between
M™ and R?", we can provide, through of Theorem 5.1.4, a condition that allow us to
say when a function F' : U C R :— (M™, +,, -, || - ||) is continuous. For example, let

o : (M", +,,-,) — (R*™ +,) be the specific isomorphism defined by

p(lar, asl, -+ [agn-1,a2:]) = (¥([ar, a2)), -+ ¥ ([agn-1, azn))

= ((a1,a2 —ay), -, (a2n-1, a2, — a2n_1)),

where ¢ : (M, +y, ) — (R? +, ) is the specific isomorphism 9 ([u,v]) = (u,v — u).
Let F: U CR:— (M", 4+, || - ||,) be a function such that

F(t) = ([f1(t), fo(D)], [fs(t), fa@)], - -+, [fon-1(2), fan(t)]),

where f; : U — R, i € {1,---,2n}. F is continuous if and only if for each

i€ {l,---,2n}, f; is also continuous.
Indeed, let H = po F : U C R :— (R*",+, ), from Theorem 5.1.4 we have that,

F' is continuous if and only if H is continuous. But,

H(t) = ((f1 (1), f2(t) = 1)), (f3(8), fa() = f3(8) -+, (fon1(2), fon(t) — fznl(t))),

thus, H is continuous if and only if for each ¢ € {1,---,2n — 1} f; and f;,1 — f; are
continuous. On the other hand, for eachi € {1,--- ,2n—1}, f; and f; 1 — f; are continuous
if and only if for each ¢ € {1,---,2n}, f; is also continuous.

Therefore, F' is continuous if and only if for each ¢ € {1,--- ,2n}, f; is also continuous.

Theorem 5.1.5. Given the functions F,G : U CR — (M", 44,0, || - l|o); to € U, and
A e R, if F and G are continuous at ty, then the functions

F+G, F-=G AN F:UCR— (M", 44, | )
are also continuous at tg.

Proof. The proof of this theorem is a direct consequence of Theorem 5.1.3. m
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Definition 5.1.4. Given a function F : U CR — (M", 4+, .| - ||,), we say that F is
Lipschitz if and only if there is k > 0 such that

1F(to) —p F(t)|ls < Elto — ta]  Vto,t1 € U.

Remark 5.1.3. Consider a specific isomorphism ¢ : (M", +,,-,) — (R*",+,-) and
let F:UCR:— (M", 44,5, - llp). By making use of a similar argument to that
used in the Remark 5.1.2 and Theorem 5.1.4, we can provide conditions under which F'is
Lipschitz when its extreme functions are. For example, consider the specific isomorphism
o (M",+,,-,) — (R*™ +,-) defined by

p([ar, as, -+ lagn-1,000])) = (¥(la1, a2]), -, ¥ ([azn-1, azn])
= ((ah Ay — a1)7 T, <a2n71; Q2n — a2n—1)),

where ¢ : (M, +y,-) — (R? +, ) is the specific isomorphism ¢ ([u, v]) = (u,v — u).
Let F: U CR:— (M",+,, 4 - |lp) be a function such that

F(t) = ([fi(t), f2(D)], -+ 5 [fan1(2), fan(B)]),

where f; : U C R :— R, ¢ € {1,---,2n}. F is Lipschitz if and only if, for each
ie{l,---,2n}, f; is also Lipschitz.

Indeed, if F' is Lipschitz, it follows that, there is k > 0 such that for all ¢y,¢; € U we have
[F(t0) —p F(t1)ll, < klto—t1]. That is, [lo(F(to)) — @(F(t1))|lren < klto—t1] Vi, t1 € U.
Thus,

H <f1(t0) — filt), -+, fan—1(to) = fon-1(t1), fon(to) — fan(tr) — (fon—1(to) — f2n—1(t1>)>
< k‘|to — tl‘ fOT‘ all to,t1 € U.

R2n

Since that in R?" all norms are equivalent, we can consider the max norm. Then, for all
i€ {l,---,2n—1}, it follows that |f;(to) — fi(t1)| < k|to — t1| for all ¢y, t; € U. Moreover,
for all to,t1 € U, |fan(to) — fon(t1) — (fon—1(to) — fon—1(t1)) | < Elto — t1]. Thus,

| fan(to) — fon(t1)| — | (fon—1(to) — fan—1(t1)) | < klto — ta.

By setting C' = 2k, we obtain

| fon(to) = fon(tr)] < Klto — o] + | (fon-1(to) — fon-1(t1)) |
< 2]{Z|t0 — tl‘ for all to,tl S U,

which implies that | f;(to)— fi(t1)| < Clto—t1]| for all to,t; € U and for all i € {1,--- ,2n}.
Therefore, if F' is Lipschitz, it follows that for each ¢ € {1,---,2n}, f; is also Lipschitz.
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Reciprocally, let f; be Lipschitz for each i € {1,---,2n}. Thus, there are
Cl,CQ, cee ,Czn > ( such that ’fl(to) — fl(t1)| S Cz‘to — t1| for all to,tl c U.
Let C =C1 4+ Cy+ -+ 4 Cyy,. Then, for alli € {1,---,2n} we have

|fi(to) — fi(t1)] < Clto — t4] for all tg,t, € U
and for all i € {1,---,2n — 1} we have
| fir1(to) = firr(tr) — (filto) — fi(t1)) | < Clto — ta] for all to, 11 € U.
Since we consider the max norm in R?", we may conclude that

(fl(to) — fi(t1), -, fan1(to) — fon—1(t1), fon(to) — fon(t1) — (f2n71(t0) — f2n1(t1))>
< Olto—t1|, for all to, b1 € U,

R2n

that is, [[F(to) —p F(t1)]l, < Clto — t1| for all ty,t; € U. Therefore, if for each
i€ {l,---,2n}, f; is Lipschitz, then F is Lipschitz.

Definition 5.1.5. Given an open set U C R and a function F' : U — (M™, 44,4, ||-1l,),
we say that F is right differentiable (left differentiable) at t € U if and only if
there exists the right hand limit (the left hand limit)

lim (F(t+h) —, F(t)) - % ( lim (F(t+h)—, F(h)) - %)

h—07+ h—0~
. 1 , 1
We denote lim (F(t + h) =, F(h)) -, 3 and  lim (F(t + h) = F(h)) - 7

by F'.(t) and F'(t), respectively. F' (t) and F'(t) are called right derivative and left
derivative, respectively, of F' att. If ' (t) = F' (t) we say that F' is differentiable at
t and we denote by F'(t) the derivative of F at t.

Theorem 5.1.6. Given an open set U C R and F : U — (M", 44,5, - llp), F
differentiable at t € U if and only if H = oo F : U — R® is differentiable at t.
Moreover, if F is differentiable at t € U, then F'(t) = ¢~ (H'(t)).

Proof. F is differentiable at ¢ if and only if, there is F'(t) € M™ such that
F'(t) = hm (F(t + h) —, F(h)) -,

lent to ex1stence of

. However, by the isomorphism ¢, this is equiva-

S

o(F'(t) = (hm (F(t+h)—, F(h)) - %)

h—0

On other hand,

S(F(1) = < lim (F(t -+ h) —, F(h)) w%)
= ( F(t+h)) (F(t))) %
= }ILILI(I)( (t+h)—H()) - %
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Thus ¢ (F'(t)) exists if and only if H is differentiable at ¢. Therefore, F' is differentiable
at t € U if and only if H is differentiable at t. Moreover, if F' is differentiable at ¢ € U,
it follows from above equality that F'(t) = ¢~ (H'(t)). O

Corollary 5.1.3. Let ¢; : (M, +y,,-) — (R%,+,:) be an isomorphism for each
i€ {l,---,n}. Gwen the specific isomorphism, ¢ : (M™ +,,-,) — (R**,+,) defined
by

o(lar, az], -+, lagn-1,a2,]) = (1 x - xy) (lar, a2, -+, [a2n—1, Q20])

= (Yu(lar, a2]), -+ Yn(lazn—1, azn]))

for all (Jay,as), - ,[agn-1,a2,])) € M"™ and an open set and U C R.  Let
F:UCR — (M", 44,0 - |l,) be a function denoted by

F(t) = (Fa(t), -, Fu(t)),

where E - U Q R — (M, +1/Jz‘7'7/%‘7 | . ||¢Z) with E(t) = [fgi_l(t),fgi(t)] fO?“ all
i€{l,---,n}. Then F is differentiable at t € U if and only if F; is differentiable at t for
alli € {1,--- ,n}. Moreover, if F' is differentiable at t, then F'(t) = (F{(t), -, F/(t))

Proof. From Theorem 5.1.6 F' is differentiable at ¢ € U if and only if the
function H = poF': U C R — (R?", +, ) is differentiable at ¢ € U. However, by the defi-
nition of ¢ and by the definition of H we have that there is
Hi=v¢;0F,:UCR — R?*foralli e {l1,---,n}, such that H(t) = (Hl(t),--- ,Hn(t)).
Thus, H is differentiable at ¢ € U if and only if H; is differentiable at ¢ € U for all
i€ {l,---,n} and by Theorem 5.1.6, this is equivalent to F; is differentiable at t € U for
all i € {1,--- ,n}. Thus, F is differentiable at t € U if and only if F; is differentiable at
teU forallie{l,--- ,n}. Moreover, if F' is differentiable at ¢t € U from Theorem 5.1.6
and by definition of the ¢ we have that

F'(t) = ¢ '(H'(t) = ¢ (H{(t), - HL(1))
= (U0 (H(1), -, (H (1) = (F{(®), -+ FL (1)),

that is, F'(t) = (FU(t), -, F!(t)). O

Theorem 5.1.7. Given an open set U C R, let F,G : U — (M", 44,4, | - |l,) be
differentiable functions att € U. Then

1 (F+G)(t) = F'(t) +, G'(t);
2 (F=G)(t) = F'(t) = G'();

3. (A FY(t) = A F'(1).
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Proof. 1t is enough to prove item 1., because the proofs of the other items are similar.
Since F and G are differentiable at ¢, there are functions Hy, H, : U — R?*" given by
Hy = poF and H, = poG, such that F'(t) = ¢~ (H{(t)) and G'(t) = o' (Hj(t)). Given
H=H,+ Hy: U — R*", we have H'(t) = H,(t) + Hj(t) and H = ¢ o (F + G). Thus,

(F+G)(1t) = ¢ '(H'1)
= ¢ '(H{(1)

) =@ H(Hi(t) + Hy(t))
)) Fo e (H(t) = F'(t) +, G'(8).
Therefore, (F' 4+ G)'(t) = F'(t) +, G'(1). O

Theorem 5.1.8. Given an open set U C R, let function F': U — (M™, 44, o, || - ||,) be

differentiable at to € U. Then function F is continuous at tg.

Proof. Since F is differentiable at tg, it follows that H = @oF' : U — R?" is differentiable

at to. In particular, H is continuous at ty. On the other hand,

lim F(t) = ¢ (hmgo(F(t)))zgol <llm<p((<p H)@)))

t—to t—to t—t
= o (Jm ) ) = 7 ) = (7o 1) ) = Flt)
Therefore, F' is continuous at tg. O

Remark 5.1.4. If we consider a specific isomorphism ¢ : (M", +,,-,) — (R*",+,),
let F':U :— (M™, +4,4 | - |lp), with U C R open, through of Theorem 5.1.6 we can
characterize the derivative of F. For example if we consider the specific isomorphism
o (M, +,,-,) — (R*™, +,-) defined by

(,0([&1, ag], T [a2n—1’ a2n]) = (¢([a17 a’2])? e 7¢([a2n—17 a2n])
= ((al, ag — G1)7 ) (a2n—17 Q2n — G2n—1)),

given U C R open, let F: U — (M™, +,,,, || - ||,) be such that

F(t) = ([fl(t)va(t)]>"' a[f2n—1<t)7f2n(t)])'

Then, F is differentiable at ¢ty € U if and only if for each i € {1,--- ,2n}, f; is differentiable
at ty. Moreover, if F' is differentiable at ¢y then,

F'(to) = ([fi(to), f5(to)], -+, [fon_1(t0), fon(to)])-

For all t € U we have

H(t) = (poF)(t) =¢(F(1))
= <(f1(t)>f2(t) — fi®), s (fan-1(t), fan(t) — fznl(t))>. (%)
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From Definition 5.1.5 we have that F' is differentiable at ¢, if and only if H is differentiable
at to. However, H is differentiable at ¢y if and only if f; and f;,1 — f; are differentiable
at to for all i« € {1,---,2n — 1}. But, f; and f;;1 — f; are differentiable at ¢, for all
i €{l,...,.2n — 1} if and only if f; is differentiable at ¢, for all ¢ € {1,--- ,2n}. Therefore,
F is differentiable at ¢ if and only if for each i € {1,--- ,2n}, f; is differentiable at ¢,. From

(%) we see that H'(tg) = ((f{(to), f5(to) = fi(to)), -+ s (fon_1(to), fo,(to) — fén—l(to)))'
Then,

F'(t)) = ¢ '(H'(to))
= 90_1 <(f{(t0)7 fé(tO) - f{(tO))7 ) (fén—1<t0)7 fén(tﬂ) - fén—l(to)))

- ([f{ (to), 3(to) — F1(t) + FLCt) .-~ + [ (b)s Fin(to) — o (t0) + f;n_luoﬂ)
= <[f{(t)7 fé(tO)} ) [fi‘i(tO)v féi(tO)} T [fénfl(t())? fén(tO)}> :

Therefore, F'(ty) = <{f{(t), fé(tO)},"' ) [fén—1<t0)a fén(t())]>

Example 5.1.1. Given an open set U C R, let ¢ : (M",+,,-,) — (R®*",+,-) be the
specific isomorphism defined by
50([@1, a2], B [a2n—1; a2n]) = (@/}([al, @2])7 T 71/1([@271—1, a2n])
= ((al, Qg — a1)7 AR (a2n—17 Qop — a2n—1))'

We consider the function F': U — (M",+,, -, || - ||») given by F(t) = g(t) -, C, where
C = |([er, e, [con—1,¢2n] | € M™ and g : U — R is a real function. Then, F is

differentiable at ¢ty € U if and only if g is differentiable at ¢5. Moreover, If g is differentiable
at ¢y, then

F'(to) = ([01 g (to),c2- g'(to)], -+, [can—1 - §'(to), Con - gl(to)]> =g'(to) -, C.

Indeed, we have that

F(t) = g(t)-
_ Qg SRS RN PO RSP RS )
= (Lot es-o0] - emr- o0 0000

= <[f1(t),f2(t)], 5 [f2n—1(t)7f2n(t)])’

where f; = ¢;g,1 € {1,---,2n}. From Remark 5.1.4, F is differentiable at ¢, if and only
if for each i € {1,---,2n}, f; is differentiable at ¢y. But, for each i € {1,--- 2n}, f; is
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differentiable at t; if and only if ¢ is differentiable at t,. Thus, F' is differentiable at t, if
and only if g is differentiable at t,. Moreover, if g is differentiable at ¢y, from Theorem
5.1.4 we have

F'(ty) = ([01 -g'(to),c2- g (to)], -+, [can1 - §'(to), Con - gl(to)}) =g'(to) - C.

5.2 Generalized Interval Matrix

In the next chapter we will present the concept and some results about differential
equation. To this end, we will present in this section a concept of generalized interval ma-
trix and the relation between the set of all generalized interval matrix with the generalized

interval set.

Set
[ala aQ]
M = : :agi—1,a9) € M for alli=1,2,--+ ,n. p,
[a2n—17 a2n]
[ah a?]
The set M is called generalized interval matriz set. Given : and
[G/anla a’2n]
[51, 52] [@1, CLQ] [bl, bz]
: in 91, we say that : = : € M if and only
[b2n—17 an] [a2n—17 a2n] [b2n—17 b2n]
if [G/Qifl; CLQZ‘] = [bgifl, b21] fOI' all ¢ € {1, e ,n}.
Let £ : M — (M™, +,,-,) be the function defined by
[ah aQ]
§ : = ([a17a2]7 AR [a2n—1>a2n])‘
[a2n717 a/2n]
We have that £ is well-defined, because given
[ab CL2] [bh bz] [ah Cl2] [bh bz]
: ; : eM, it ¢ : # £ : :
[a2n717 a2n] [b2n717 b2n] [a2n717 a2n] [b2n717 b2n]

it implies that ([al,ag],--- ,[aQn,l,agn]) -+ ([bl,bg], . ,[bgn,l,bgn]). Thus, there is
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i€ {l,---,n} such that [ag;_1, as]| # [bei_1, ba;], consequently,
[ala GQ] [bh bz]
. # .
[a2n717 a2n] [b2n717 b2n]

It is easy to see that £ is a bijection. Thus, we can equip 91 with a vector structure,

defining the algebraic operation “+,” and “-¢” by

[ay, as)] [b1, bo] [ay, as)] [b1, Do
: +e : =& ¢ : +o & :
[Gon—1, Ay [ban—1, b2y [An—1, azy] [bon—1, b2y
and
[ala Gz] a1, as)]
Qg : =& g
[a2n—17 a2n] [a2n—17 a2n]
[ay, as] [b1, o]
for all : , : € M and for all o € R.
[CLQn—h a2n] [an—l, an]

Thus, we have that ¢ : (M, +¢,-¢) — (M",+,,-,) is an isomorphism and in
the algebraic point of view the elements in (M",+,,-,) are the same as the

elements in (M, +¢, ).

[ah a2]
We denote by (a1, as] - - [agn_1, a2,)) the transposed matriz of : which
[a2n—1a a2n]
T
[ah GQ] [ala Clz]
is denoted by : . Thus, : = ([a1, as] - - - [agn_1, as,])*.
[a2n—17 a2n] [a2n—17 a2n]

Final remarks

In this section we presented a new approach to deal with interval calculus. Since

the classic calculus is well known and the vector space (M™, +,, 4, | - |l,) is isomor-
phic to (R*",+,-,|| - ||[g2n), we obtain all algebraic and metric properties existing in
(R?™ +, -, || - [|[r2n). With these concepts we will provide in the next chapter a way of

obtaining proper derivative of a generalized interval-valued function and present a new
version of a generalized interval problem with initial conditions, which is related to a

classic differential inclusion.



Chapter 6
Interval Differential Equation in M"

In this chapter we present the concept of generalized interval differential equation, in
another words, interval differential equation in M"™ endowed with a particular structure
of vector space. We present a particular case of generalized interval differential Equation
which we call linear generalized interval differential equation. That allows us to formulate
an appropriate interval problem with initial value in which its proper solution is related
to the attainable set of a classic differential inclusion under some conditions. Also, some
results connecting a proper solution of a generalized interval differential equation to classic

solution of systems of differential equations are provided.

6.1 Generalized Interval Differential Equation in M"

Definition 6.1.1. Given an open set U C R and the functions X : U — (M", 4+, -, || -
o) and F': U X (M", 44,4, || - [lo) — (M", +¢, 4, [ - [|4)- The equation

X'(t) = F(t, X (t)) (6.1)
is called interval differential equation in M", where
X(t) = ([z2 (), 22(0)], [z3(t), 2a(B)], ... [B2n—1(2), T2n(£)])
and
F(t, X(t) = ([fl(t,X(t)),fz(t,X(t))},~- 7 [fzn1(t,X(t)),f2n(t7X(t)>])-

Definition 6.1.2. A function ¥ : I — (M",+,, .| - ||,) is called a solution of (6.1)
iof and only if it satisfies:

1. I CU is a (open or closed) interval in R;

2. U'(t) = F(t,¥(t)) for allt € 1. If t is a extreme point in I then V'(t) is a lateral

derivative.
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Theorem 6.1.1. Let ¢ : (M",+,,-,) — (R*",+,-) be an isomorphism. The function
Ul — (M" 44,0, - |ly) is a solution of the generalized differential equation (6.1) if
only if the function { = oW : [ — (R**,+,.) is a solution of the classic systems of

differential equations

H'(t) = F'(t, H(t)), (6.2)
where function F - U x R2 is given by F(t,y) = ¢ (F(t,e ' (y)))

Proof. W : 1 — (M"™, +4,, 4| - |l,) is a solution of (6.1) if and only if W'(¢) = F(¢, ¥(t)).
However, from Theorem 5.1.6, it is equivalent to existence of the function
(=@oW:1— (R™ +,-) such that o' (¢'(t)) = F (t,¢*(¢(t))), that is

() =@ (Pt (1)) = F(t,(1).

Therefore, ¥ : I — (M", 44,5, - |l,) is a solution of (6.1) if and only if
¢: 1 — (R*™, +,") is a solution of (6.2). O

Remark 6.1.1. When resolving (6.1), the solution may not be a proper interval along

the time evolution. In order to obtain a proper solution we need the following definition.

Definition 6.1.3. Let ql(t) = ([\Ill(t), \Ifg(t)], [@3(t), \114(t)]7 e, [\Pgn_l(t), \Pgn(t)]) be a

solution of (6.1). Then, the function U(t) = (Tl(t),’/f;(t), <o, Tp(t)) such that for all
ie{l,2,--- n},

ﬁ<t>={ (210, Wor(O)], - if (Wi (6), V()
[(Woi (1), Woi 1 ()], if [Woi_1(t), Uoy(t)]

is called a proper solution of (6.1).

Remark 6.1.2. The definition of proper solution was inspired by the paper [27]. This
definition allows us to link the next section to a particular classic linear differential inclu-

sion.

6.2 Linear Interval differential Equation (LIDE) in M"

Let ¢; : (M, 4y,, ;) — (R% +,+) be an isomorphism for all ¢ € {1,--- ,n}. In this
section we will consider the specific isomorphism, ¢ : (M", +,,-,) — (R*",+, ) defined
by

o(lar, ag), - -+ lagn—1,a2,]) = (1 X -+ xahy) ([ar, a0), - - -, [a20—1, G20))

= (Yu(lar, a2]), -+ Yn(lagn—1, azn]))

for all ([ay,as], [as,aq] -, [a2n_1,a2,]) € M™.
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Definition 6.2.1. We call

X'(t) = A(t) Oy X(t) +, F(t), (6.3)

a LIDE in M", where A: 1 CR — My, X, F: T CR — (M"™, 44,0, || - [l), I is a
(open or closed) interval in R,and the operation ©, : Myxny X M™ — M™ is defined by

aix G2 - Qip
Qg1 G2 -+ A2
®<P . . . ,n ;([m17m2]7[m3am4]7”' 7{m2n—17m2n])
Qp1 Ap2 - Anp
ay; Q2 - Aip
21 G2 ~-- Qg
= . . . .n ®<P ([mlamQ]a[m37m4]a"' 7[m2n—17m2n])
ap1 Ap2 - Qpp
n n
- <Z ayj KUF m2] 1, Ma2j 72 a2; KUF m2] 1, mQJ] 7Zan] " m23 17m2]]> .
Jj=1 j=1 j=1

Let T'> 0, A:[0,T] — Mnxn), and X, F': [0,T] — (M", 4+, ¢, @y, || - ||p), where

A and F' are continuous functions. Given the interval problem with initial value

X8) = A) 0, X() 10 F(O), (6.9
X(0) = Xo, |

we denote

= ([21(t), 22 ()], [22(2), 25 (D)), - - [2n—1 (), 220 (D)]) 5

= ([i®), O], [f3(2), fa@®)], -+ [fon—1(D), fan(B)])

CLH(t) a12 (t) R aln(t)
A(t) _ agl.(t> agg(t) R agn(t) ’
an1(t)  apa(t) -+ apn(t)

where a;; : [0,7] — R for each 7,5 € {1,--- ,n}.
From Corollary 5.1.3 we have that X'(t) = A(t) ®, X (t) +, F(t) can be written as
X'(t) = (Xi(t),---, X,(1)) (6.5)
= At) Op (Xi(t), -+, Xn(t)) 4 (F1(t), -+, Fu(t)) (6.6)
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On the other hand, if we apply ¢ and the definition of the algebraic operation ©, we can

rewrite (6.5) as
p(X'(t) = (V1 (X7(D)), -+, Pn( X, (1))
= (Z ai(H)Yi(Xi(t)), - >Zam(t)¢i(Xi(t))> +o (U1(FL(1)), -+ on(Fu(t))) -

But this is equivalent to classic systems of differential equations:

Z a1i()Yi(Xi(t)) + 1 (Fi(t))
P (X1(1)) o
W (X5(1)) _ Z agi(t)i(Xi(t)) + 2 (Fa(t)) (6.7)
¥ (X,(1)) n

Z i (1) i (Xi(£)) + n(Fu(t))

Let V;,W; : [0,T] — R? be the functions given by V;(t) = (¢; o X;)(t) and
Wi(t) = (¢ o F;)(t), respectively, for all i« € {1,---,n}. Then V/(t) = ¢;(X[(t)) for

all i € {1,--- ,n}. Thus the System (6.7) can be written as following classic system of

differential equations

> au(OVi(t) + Wi()
Vi(t) !
w@ B Z;m®V®+W%ﬂ | 63
Vé.<t> n :
E;M@w@+wuw
which is equivalent to: )
Vi(t) an(t) an(t) - an(t) Vi(t) Wi(t)
ww _ @¢>a4w-j %ﬁ) _qu N I@@ (6.9
VA.(t> an1.<t> ané(t) am;(t> Vn.(t> W;<t>

Setting the functions VW : [0,7] — R* by V(t) = (Vi(t),---,Va(t)) and
W(t) = (Wi(t),--- ,W,(t)) we can rewrite (6.9) as

V(1) = A(t) - V() + W (). (6.10)

Thus we have proved the following theorem:
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Theorem 6.2.1. Let T > 0, A : [0,7] — Mxn) be a matriz function and
X, F 0, 7] — (M™, 4+, 0, O, || - |5), where A and F' are continuous functions. Then
VT Cl0,1] — (M™ 44,0, O || - o) given by U(t) = (¥y(t),--- , U, (¢)) is a solution
of the interval problem with initial value

XI(t) = A(t) ©p X(t) +, F(1),
X(0) = Xo,

)=
if and only if (¥1(V1(t)), -+, (P,(t))) is a solution of classic problem with initial value

{ VI(t) = A(t) - V(t) + W(t),

Example 6.2.1. Consider the specific isomorphism, ¢ : (M", +,,-,) — (R*,+,")
defined by

o(lar, ag), -+ lagn—1,a2,]) = (1 X -+ xahy) ([ar, a0), - - -, [a2n—1, G20))

- <¢1([a17 a2])7 t 7wn([a2n—17 a2n])) )

where ¢; = ¢ : (M, +y,-) — (R% +,-) is given by ¢(a1,a2) = (a1, as — ap) for all
ie{l,---,n}.

Let¢ T > 0, A : [0,7] — Mpux, be a matrix function and
X, F :[0,T] — (M", 44,4, Oy, | - |l»), where A and F are continuous functions. We

will consider the interval problem with initial value
X'(t) = A(t) ©, X(t) + F(t),
From Theorem 6.2.1 we have that to solve this problem is equivalent to solve
VI(t) = A(t) - V(1) + W (1),
V(0) = V4.

However, by definitions of V' and W and by definition of ¢, this problem is equivalent

to:

Z ari(t) (w2i-1(t), 02i-1(t))
(z1(¢),01(t)) it (f1(t),72(1))
(z5(t),05(t)) _ Z i (t) (22i-1(t), 02i-1(t)) N (f3(t),74())
(Th—1(t), 05,1 (1)) n | (fan—1 (tﬁ, Yon(t))
Z ni(t) (T2i-1(t), 02i-1(t))
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where 521‘,1(75) = $21<t) — $2i,1<t) and 72i,1(t) = le(t) — fgl',l(t) for all ¢ € {1, 2, s ,TL}.

Thus, this system can be written as:

' (1) ann(t) ap(t) - aw(t) r1(t) fi(t)
5(t) | an®) an(t) - azn(?) 3(t) f3(t)
. = . . . . + :
L1 ( ani(t) ana(t) -+ apa(t) Ton-1(t) Jon—1(1)

Therefore (6.4) is equivalent to following system

t CLH(t) a12 (t) s aln(t) 51 (t)
t a921 (t) 99 (t) cee agn(t) . 53(t>
(Sén 1 ( ani(t) ana(t) -+ ann(l) O2—1(t)

T 1 ( an1(t) an2(t) -+ ann(t)

1(t)

t 21 (t) 929 (t) R (Ign(t)

t all(t) a12(t) tee aln(t)
t 921 (t) 929 (t) LN 07,79 (t)

(%n 1 ( an1(t)  ana(t) -+ ann(t)

an(t) an() - aln(t)J 51(t)

with initial condition x(0)

and 6(0) = (61(0) d3(0) -+ &9,-1(0))T, whose solution is

x(t) = @(t,O)@nL/O O(t,s)f(s)ds (6.11)

d(t) = ®(¢,0)0(0) + /Ot O(t, s)v(s)ds, (6.12)

where @ = (.Tl(t) .Z‘g(t) cee xgn_l(t))T, 5(t) = ((51(1&2 (53(t) st 52n_1<t>)T,
ft) = (f@) f5t) --- fon1 ()" and ®(t,s) = exp/ A(7)dr. Thus, we have

([ (
= ([21(), 22(8) + (2a(t) =21 (1))], -+ - s [2n1 (8), Ton1 (8) + (220 (t) = 2201 (1))])
([( [
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—~

is a solution of (6.4), and X (t) = (Z(t),)z(t), oy Xp(t)) is given by
Xit) = { [Tai-1(t), 22i(t)], if [T2i-1 (1), T2i(t)]
[22i(t), w21 (8)],  if [w2i-1(1), 22:(?)]

( )
{ [T2i-1(t), T2i—1(t) + d2i—1(t)], if do_1(t) >0
[Toi—1(t) 4 02i—1(t), 221 (1)] 0

with i € {1,--- ,n}, is the proper solution of (6.4).

6.3 Relations Between LDI and LIDE in M" with co-

efficient matrix

This section we will state and prove a theorem provideing a relation between a
linear differential inclusion (LDI) and a LIDE in M™. It is known that, if we con-
sider the set of all convex subsets in R” and the set of all compacts subsets in R"™ de-
noted, respectively, by conv(R") and by comp(R"), given T > 0, t € [0,T], y € R",
A [0, T] — Muxn), and F : [0,7] — comp(R"), with A and F' continuous, then the

linear differential inclusion

g€ Aty + F(t), y(0) € X, (6.13)

with initial condition R(0) = X, has the set of attainable states R(t) given by

R(t) = ®(t,0) X, + / t(I)(t, s)F(s)ds, (6.14)

where .

B(t, 5) = exp / A7),

s

and the integral of multifunction is the Aumann integral [2].

Our next result is the theorem which justifies the name of this section.Hewever, to
present this result and its prove we recall the definition of support function: let E be
a non-empty subset in R”. The support function of F is the function C'(E,-) with value
in RU {400} given by

C(E,«a) =sup{(z,a) : z € E},

where (-, -) is usual inner product in R".

Theorem 6.3.1. Given the linear differential inclusion

y € Alt)y+ F(t), with y(0) € Xo, (6.15)
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where T > 0, y € R", A : [0,7] — Muxn) is continuous, F : [0,T] — (I(R))" is

continuous in the norm || - ||, and denoted by

F@t) = ([fi(t), 2] 5 [fan-1(2), fan(D)]),
= (F(t) -, Fa))),

where f; = [0,T] — R is a continuous function for all i € {1,---,2n} and
X 0,T) — (M, 44,4, Op || - |lp) with Xo € (I(R))". Then, to find the set of at-
tainable states R(t) of this problem is equivalent to find the proper solution, )?(t), of
(6.16)
{ X'(t) = A(t) Oy X (1) +4 F (1), (6.16)
X(0) =X,

whenever C(R(t)a) = C(X (1), ).

Proof. First of all, the problem (6.15) has set of attainable states. Indeed, since
fi,- , fan : [0,T] — R are continuous functions, it follows that for all t, € [0,T]
we have that tlLI% fi(t) = fi(to) for all s € {1,--- ,2n}. Then, by Aubin and Cellina in [1]
we have that for all i € {1,--- ,n} is valid

lim Fi(t) = tli_{%[f%—l(t)? fai(t)] = th_g}) f2i—1<t)7th_gt fai()| = [fai1(to), fai(to)] = Filto),

t—to
where the limits of the sets F; are given in the Pompeu-Hausdorff metric in R
p: R xR — R such that p([c1, ], [d1, da]) = max{|c; — dy|, |ca — dal}.
Given D : R™ x R" — R the Pompeu-Hausdorff metric in R™ we have that
lim D(F(t), F(ty)) = lim max {p(Fi(t), Fi(to)) ie{l,--- ,n}}

t—to t—=to

= maX{th_}I%p(E(t%E(tO)) IS {17' o 7n}} =0

Thus, F' viewed as a multifunction, is continuous in the Pompeu-Hausdorff metric.

Also, we have that the Problem (6.16) has a solution, because by hypothesis F' is
continuous in the norm || - ||,.

Since R(t) and the proper solution X (¢) of (6.4) are both convex and closed subsets
of R, we have that R(t) = X (t) whenever C(R(t)a) = C(X(t),a) for alla e R*. [

Example 6.3.1. Consider the specific isomorphism, ¢ : (M", +,,-,) — (R*,+,")
defined by

W([alaaﬂv' o 7[a2n—17a2n]) = (¢1 X X ¢n) ([alaaQ]v T >[a2n—17a2n])

- <¢1([a17 a2])7 to 777Z)n([a2n—17 aQn])) )

where ¢; = ¢ : (M, +y,) — (R% +,-) is given by ¢(a1,a2) = (a1, as — ap) for all
ie{l,--,n}
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Consider the inclusion (6.15), where T"> 0, y € R", A : [0,T] — M(,xn) is continu-
ous, F : [0,7] — (I(R))" is continuous in the norm || - ||, denoted by
F(t) = ([f1(t), @] -+, [fan-1(t), fou(B)]) and X = [0,T] — (M", 4,4, Ops || - )
with Xy € (I(R))" denoted by X (t) = ([z1(t), z2(t)], - - -, [x2n—1(t), T2 (t)])-

Since F' is continuous in the norm || - [|,, from (5.1.2) we have that f; : [0,7] — R is
a continuous function for all ¢ € {1,--- ,2n} and by prove of Theorem 6.3.1 follows that
I is continuous in the Pompeu-Hausdorff metric.

Then, to find the set of attainable states with condition initial X, this is equivalent

to find the proper solution, X (t), of (6.16) whenever

> {|Oéz'| : 0) = 22;-1(0)) +/O (Z Aij(t,5)(f25(s) — f2j—1(8))> ds

i=1
t
+ / (f25(s) = faj—1(
0
where \;;(, s) are the entries of matrix ®(¢,s) = exp/ A(7)dr. In order to find this con-

¢
dition, we set doi—1(t) = ’ xoi(t)  —  xei_1(t) and
Yoi—1(t) = fai(t) — faima(t) for all t € [0,7] and for all ¢ € {1,2,--- ,n}.

i (

n

Z >\ji (t, O)aj

Jj=1

j’L

= Z { 2§(0) = £2;-1(0)) -

Given a = (aq,an, -+ ,ay) € R™ arbitrarily, the support function of X (t) is given by
C ()?(t), a) -Y ¢ (Z(t),ag =3 sup {(x,o@ Lz € Z(t)} .
i=1 i=1
Since

sup {(x,o@ ST € Z(t)}
sup § (2, ) 1 & € 291 (), w1 () + 001 (t)] ¢ 4f doia(t) >0
sup § (x, ;) 1 & € a1 (t) + 0ai—1 (), m2i—1(t)] if 09;_1(t) <0,
it follows that:
1. If 99;1(t) > 0 e a; > 0, then

sup {(:c,o@ tx € E(t)} = sup{ (x, ) :

€ [o
= ({L‘QZ‘ 1( )+52z 1( ))
521 (t)

= (in_l(t)+ 5 )Oz,-+

), T2i-1(t) + 5%1(’5)}}

d2i—1(t)
2

\-|ai|.
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2. If §3;_1(t) < 0 and «; > 0, thus

sup {(a:, ;)T € Z(t)} = Sup{ (z,0u) : w € [woi_a(t) + 522-_1(15),@1-_1(15)}}
= T91(l) o

5211(75)) - —02i-1(1) .

= (xgil(t)+T 5 Q;
= <:c2i1(t) + 521‘71@) oy

3. If §9;_1(t) < 0 and a; < 0, thus

d9i—1(t)

_‘.‘ il

sup {(x, ;)T € Z(t)} = sup{ (z,0u)  w € [wai_a(t) + 522'—1(75)@21'—1(15)}}

—02i-1(1)

= (a:%_l(t)—l—d%_Tl(t))-ai—l— 5 (=)
~ (rasr+ E20) 1 [l

4. If §3;_1(t) > 0 and «; < 0, thus

sup {(x, ;) x € Z(t)} = sup{ (2, i) @ € [moy_1 (), mai_1(t) + 5211(?5)}}

(020 o Bl
= (a0 + 20 o [220) oy

Thus, from 1 — 4 we have

zp {a)izeT®} =3 (x%l@) .\ 6T<t>> o

=1

0] )

However, denoting the entries in ®(¢, s) as \;;(t,s) withi € {1,--- ;n}and 0 <s <t <T,
we can write zo;_1(t) and dy;_1(t) in terms of xg;_1(0) and d9;_1(0), respectively, because
from (6.11) and from (6.12) we have

xl(t) )\11(25, 0) )\12@, Aln(t, O) T (0)
Ig(t) B )\21 (t, O) )\22 (t, 0) )\2n(t, O) 1'3(0) n
l’gn_l(t) )\nl (t, 0) )\ng(t, 0) )\nn(ta O) I’Qn_l(O)
)\11<t, 8) /\12(75, S Aln(t, S) f1 (S)
) /t Aot (:t, s) /\22(:75, s) )\Qn('t, s) fgz(s) s
)\nl (t, 8) )\n2<t, S) )\nn(ty S) f2n71(8>
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and

01(t) A11(t,0)  Aa(t,0)
Sa(t) || Aa(t,0) Aeo(t,0)
5%_‘1 (1) Ani (‘t, 0) A2 (‘t, 0)
)\11@,8) )\12@, S)

)\21 (t, 3) /\22 (t, S)

\/“

Thus, for each i € {1,2,---

Ant (ta 8) )‘nZ(t, S)

,n}, we have

n

Toi—1(t) = Z)‘ij(t 0) - 2251 (

Jj=1

and
n

52i—1(t) - Z )\ij(t 0 52] 1

j=1
This means that

isup{@,ai) r € X,

Xi(t)}
—Z(.ﬁﬁgl 5212()>-ai+

d2i—1(%)
2

Ain(t, 0) d1(0)

Aan(t, 0) d3(0) N
Ann ('t, 0) 52n—‘1 (0)
Aln(t, 8) 71(5)

)\Qn(t, S) VS(S) dS.
Ann (£, ) Yon—1(5)

/ Z Aij(t, 8) faj—1(s)ds

/ Z Aij(t, 8)v2j-1(8)ds.

\~|ai|

N Z (Z Aij(£,0) - 22j-1(0) +/o Z)‘ij(tas)ﬁjl(s)ds) o
+Z (Z )\” t O 52] 1 / Z)\ZJ rh] ! )d8> (7]

|ovi|
+ Z IR Z Aij(t,0) - 02;-1(0) +
=1 _]:1
— - - 52] 1
=D ) Ni(5,0) [ a25-1(0) +
i—1 Uj=1
(S
2 \= “

Z]

/O Z)‘ij(ta $)V2j-1(s)ds
) ”L/Z)‘”ts(f?a 1(s) + =5

/(ZA”tsygj . )d

25-1\8) 1(s)

) |

#3%)



6.3. RELATIONS BETWEEN LDI AND LIDE IN M™ WITH COEFFICIENT MATRIX 69

— ;l {j:1 Aij(t,0) (mj—l(O) + 52]—1) o +/ Z)\U (s (f2] (s) + V2; 21(8)) Ozids}

/(Z)\wts%] ; ))d )

Z]

On the other hand, consider
¢
R(t) = ®(¢,0) X, +/ O(t,s)F(s)ds,
0
with Xy = (XY, X9, -+, X?), where for each 7 € {1,2,--- ,n} we have
XZQ = [3521'71(0), 17321'71(0) + 521‘71(0)], with 52%1(0) = 9521'(0) - 1‘21‘71(0) >0
and F(s) = (Fi(s), Fa(s), -+, Fy(s)), where for each i € {1,2,--- ,n}
Fi(s) = [fai=1(5), faiz1(8) + 72i—1(s)], with y9,_1(s) = fai(s) — faiz1(s) >0

for all s € 0,77

The support function of R(t) is given by
C(R(t),a) = C ((I)(t,O)Xo + /Ot @(t,s)F(s)ds,a)
— (Bt 0)Xg,a) + C ( /0 " B(t,5)F(s)ds. a)
= C(9(t,0)Xo, @) +/OtC(<I>(t,S)F(S),oz) ds

= C (X, ®(,0)7a) + /Ot C(F(s),®(t, s) a) ds.

However, we have

Z)\jl(t,O)Oéj
A1(t,0) Agi(t,0) Ani(t, 0) o o

Aa(£,0) Aao(£,0) -+ Apa(£,0 o Aja(t, 0)ax

B0)ar | G0 a0 < Aa0) | fan | D Aut 0oy
Aln(t,O) )\Qn(t,()) >\nn<t70) (7% n

> Ajn(t,0)a;
j=1

and
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Z )\jl(t S)
)\11 (t, 8) )\gl(t, S) s >\n1(t S) aq jil
Aa(t,s) Aaa(t,s) -+ Apal(t,s « Aja(t, s)
CI)(t, S)Ta = 12(. ) 22(. ) . 2(. ) ’ .2 = Jj=1 !
Mn(t,8) Aop(t,s) -+ Apn(t, s) a, n .
Z )\]n(t S
j=1

Using the same arguments that we used to find C' ()? (), @), we have

C (X0, ®(t,0) )

n

5 (o) ()5 o)
and

). 2(t,5)" )

{(fm 721 ) (JZ: Aji(t, S)aj> + 72i21(5> ' ;Aﬁ(t, s)a; }

Since dg;_1(0) > 0 and ~y9;_1(s) > 0, it follows that
t
C(R(t),a) = C (Xo, ®(t,0) ) +/ C (F(s),®(t,s)" )
6 i 02i-1(0) |
{ Toi— 2 ) )‘]Z t O ) 2Tl ’ ‘ZAJZ@:O)

>
/0 il{(f” sz ) (i% ) Y2i-1(5) Z)\ﬂ t,s) }
5522 (). —\}
+g/t{<ﬁl L e )(i%z ) P2i1(5) }
- é{; \ji(t, 0) (inl(O) | O > a; +/ ZAﬂ (t,s <f22 s) + 721_2< )) %'ds}

Jj=1

)

_|_

]l

[e=]

]’L
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= 2": {zn:)‘ﬁ(t 0) (x%—l(o) + O ! > j +/ Z%i(t, s) (fm—l(s) + 72i21<8)) ajds}

Joir [Eraonfe

{ZZ:Aij(t,O) (azzj_l 52] 1 ) Hr/ Z)‘” (t.s (f2J (s) + 22 21( ))aids}
= 'n {n Aji(t, 0) (xgl 1(0)+52’ ~ > ﬁ/ ZAM s (hz (s) + 72121( ))ajds}’

ﬂtOoz‘7 ]Ztsoz]

:i{ixﬁ(t,m (x2j1(0)+52f ! )al /ZM (t.s <f2] (o)t m;(s))(%ds}

+/7211 dS}

Therefore, C(R(t), a) = C(X(t), @) if and only if

(Z’al, Z)\l](t 0)d2;-1( / (Z Aij(t, 8)v25-1 )) ds

i=1 >
= Z {(521 1 Z )\ﬂ t 0 Oé] / Y2i—1 ) . Z )\ji(t, S)Oéj dS} .
i=1 7=1

Thus, we obtained conditions to find the set of attainable states of differential inclusion

il

by solution of generalized interval problem with conditions initial.

Final remarks

In this chapter we used the differentiability concept developed in Chapter 5 to present
a concept of generalized interval differential equations and two concepts of solutions of a
generalized interval differential equation, where one is called proper solution. We stud-
ied the solution of a particular case of generalized interval differential equation, which
we called linear generalized interval differential equation, and with this particular case
we presented a generalized interval problem with conditions initial, which under some

conditions, helped us to find the set of attainable states of a classic differential inclusion.
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Chapter 7
Conclusion

In this work we have presented new approaches to work with generalized interval
under the algebraic, metric, and topology views. In each approach we have done we used
a bijection between the set of generalized intervals and the set R?" equipped with one of
these structure. We have also provided a new approach to work with order relations in
the set of generalized intervals.

By working with metric and order properties we have been able to introduce an op-
timization problem with proper-interval-valued cost function, which is related with a
multi-objective optimization problem through their solutions. These properties, together
with the topology ones, allowed us to state and prove a new version of Von Neumann’s
Theorem in interval context.

Via metric and algebraic properties we have introduced the concepts of limit, continu-
ity, Lipschitz, and differentiability of generalized-interval-valued functions, which allowed
us to elaborate the concepts of generalized interval differential equation, solution of a
generalized interval differential equation, and proper solution of a generalized interval
differential equation. We have also produced conditions that enabled us to find the set of
attainable states of classic differential inclusion through a proper solution of a generalized
interval differential equation.

Therefore, with the new tools that have been provided in this work, we generated a
new point of view about interval analysis and, as a by product, we showed how to find
the set of attainable states of a classic differential inclusion.

With these new concepts, we opened the way to study interval optimization and the

behavior of dynamic systems with uncertainty.
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