
Available online at www.sciencedirect.com
ScienceDirect

Nuclear Physics B 930 (2018) 255–269

www.elsevier.com/locate/nuclphysb

A Maxwell-vector p-wave holographic superconductor 

in a particular background AdS black hole metric

Dan Wen a, Hongwei Yu a,∗, Qiyuan Pan a, Kai Lin b, Wei-Liang Qian c,d

a Key Laboratory of Low Dimensional Quantum Structures and Quantum Control of Ministry of Education, 
Synergetic Innovation Center for Quantum Effects and Applications, and Department of Physics, 

Hunan Normal University, Changsha, Hunan, China
b Universidade Federal de Itajubá, Instituto de Física e Química, Itajubá, MG, Brazil

c Escola de Engenharia de Lorena, Universidade de São Paulo, Lorena, SP, Brazil
d Faculdade de Engenharia de Guaratinguetá, Universidade Estadual Paulista, Guaratinguetá, SP, Brazil

Received 30 August 2017; received in revised form 15 January 2018; accepted 7 March 2018
Available online 15 March 2018

Editor: Stephan Stieberger

Abstract

We study the p-wave holographic superconductor for AdS black holes with planar event horizon topology 
for a particular Lovelock gravity, in which the action is characterized by a self-interacting scalar field non-
minimally coupled to the gravity theory which is labeled by an integer k. As the Lovelock theory of gravity 
is the most general metric theory of gravity based on the fundamental assumptions of general relativity, it 
is a desirable theory to describe the higher dimensional spacetime geometry. The present work is devoted 
to studying the properties of the p-wave holographic superconductor by including a Maxwell field which 
nonminimally couples to a complex vector field in a higher dimensional background metric. In the probe 
limit, we find that the critical temperature decreases with the increase of the index k of the background black 
hole metric, which shows that a larger k makes it harder for the condensation to form. We also observe that 
the index k affects the conductivity and the gap frequency of the holographic superconductors.
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1. Introduction

The mechanism behind high-temperature superconductor is one of the unsolved mysteries, 
which inspires long-standing interest in theoretical physics. As the AdS/CFT correspondence 
provides a viable approach for strong coupling systems, the holographic superconductivity [1–4]
has quickly become one of the most influential topics in particle physics. The conjectured 
gauge/gravity duality allows one to associate a (d + 1)-dimensional classical gravity system with 
a d-dimensional strongly coupled conformal field theory on its boundary [5,6]. The supercon-
ductor and its phase transition, therefore, can be analyzed through the “hair”/“no hair” transition 
of the corresponding AdS black hole.

In the past few years, different classes of holographic superconductor have been explored 
[1,7–40], and significant progress has been made. For example, the holographic s-wave [1,7–10], 
p-wave [11–19], as well as d-wave superconductors [20,21] have been investigated. As an s-wave 
superconductor is related to the instability and subsequent condensation of a charged scalar field, 
the p-wave and d-wave superconductors might be achieved by the condensations of a charged 
vector field and a spin-two field in bulk, respectively. The effect of the Weyl corrections on the 
Maxwell complex vector (MCV) superconductor in the AdS soliton and black hole [22], the 
holographic vector condensate and its related entanglement entropy [11,23–25] and the super-
fluid [26–31] have been addressed by various authors. In particular, the p-wave superconductor 
can be realized by introducing a charged vector field in bulk as a vector order parameter, among 
others [13–19].

The background geometry also plays a vital role in the study of the holographic supercon-
ductor. In addition to the Schwarzschild AdS black hole geometry [14], the five-dimensional 
Gauss–Bonnet gravity with high curvature corrections has aroused much attention recently 
[41–57]. The problem in lower dimensions is constrained by the Coleman–Mermin–Wagner 
theorem which forbids spontaneous breaking of the continuous symmetry in the two- and three-
dimensional space–times at finite temperature. Since holographic superconductors do exist in 
(2 + 1)-dimensions at finite temperature, such apparent contradiction is explained as the fluc-
tuations in holographic superconductors are suppressed owing to the large N limit intrinsically
associated with the AdS/CFT correspondence. However, it is also known that higher curvature 
corrections suppress the condensation, it is therefore interesting to investigate the properties of 
condensation in higher curvature gravity. In higher curvature case, for the theory to be ghost free 
one has to consider the appropriate combination of quadratic corrections, which naturally leads to 
the Gauss–Bonnet expression. The insulator/superconductor phase transition also has been inves-
tigated in the AdS soliton background [58], in the four-dimensional Einstein–Born–Infeld AdS 
theory by the MCV model beyond the probe limit [59], and the p-wave superfluid was studied in 
the MCV model for the AdS and the Lifshitz black hole metrics [26,27]. In a recent paper [12], 
the p-wave holographic superconductor was studied in the Gauss–Bonnet gravity. The authors 
examined the influences of Gauss–Bonnet parameter on the MCV model and found out that a 
large Gauss–Bonnet curvature correction hinders the phase transition, as the critical temperature 
decreases with increasing Gauss–Bonnet parameter.

The Lovelock theory of gravity [60,61] is the most general metric theory of gravity built out 
of the fundamental assumptions of general relativity, which naturally restores to the Einstein’s 
theory in three and four dimensions. By construction, the Gauss–Bonnet gravity can be viewed 
as a particular case of the Lovelock theory which remains invariant under the local Lorentz trans-
formation. Therefore, it is a desirable gravity theory to describe the spacetime geometry in high 
dimensions. Recently, a particular Lovelock Lagrangian was proposed by Gaete and Hassaïne 
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where they consider a self-interacting scalar field nonminimally coupled to the gravity theory 
[62]. As the coefficients of the Lovelock expansion in the model are determined by the require-
ment of a unique AdS vacuum with a fixed value of the cosmological constant, inequivalent 
gravity theories, indexed by an integer k, are obtained. For k = 1, the theory restores to that of 
the standard Einstein–Hilbert. For dimension d ≥ 5 and k ≥ 2, two classes of planar AdS black 
hole solutions were obtained for the particular choices of the nonminimal coupling parameter ξ . 
The authors show that the second class of solutions in d dimension can be converted to the first 
class of solutions in (d + 1) dimension through a Kaluza–Klein oxidation. These solutions are 
attributed to the existence of the higher order curvature terms of the underlying theory. The ther-
modynamics of the Lovelock black holes is also carried out in a later study for a generalized 
version of the model [63], where the authors found that an integration constant appearing in the 
black hole solution can be interpreted as a sort of hair since there is not any conserved charge 
associated with it.

From the field theory point of view, higher curvature terms correspond to 1/N corrections 
in an effective field theory. Roughly speaking, these terms can be ignored only when the length 
scale of the curvature is much larger than the string length. This is usually satisfied for a strongly 
coupled system where ’t Hooft coupling is large. On the other hand, however, the inclusion of the 
higher curvature contributions allows one to access the corrections on the field theory side when 
the coupling is not too strong. In this context, as Lovelock gravity is a more general theory with 
higher curvature, its dual counterpart in field theory may reflect a more realistic strongly coupled 
system with condensation. In literature, one encounters essentially two different approaches for 
holographic superconductors. The first approach, by and large, aims at phenomenologically re-
producing relevant features of the high-temperature superconductor in terms of field operators by 
writing down a bulk action with a minimum amount of degree of freedom. While the second one 
is to construct the model from a general theory on the gravity side while consistently including 
all possible terms truncated at a given order. In the latter case, one usually has a more complete 
and therefore better control over the dual field theory. In this regard, by varying the parameter k, 
one might be able to access a larger parameter space in the dual field theory, and hopefully, some 
specific configuration might be more realistic.

Because most known high-temperature superconductors are very sophisticated compounds, 
it seems unlikely that a given holographic setups will precisely capture the microscopic details 
of the condensed matter system. Therefore, the philosophy is that the holographic supercon-
ductor may uncover some universal aspects, such as critical exponents and universality, of the 
strongly coupled system, such as a high-temperature superconductor. As superconductor transi-
tion is a second order phase transition, critical exponents are interesting especially because they 
are observables closely connected with measurements, while for the most part, independent of 
specific details of the physical system. In turn, such approach might improve our understanding 
of the underlying physics, in particular, provide explicit examples of theories without the picture 
of Fermi liquid. It was shown that critical exponents could be extracted from the holographic 
superconductor [64]. The results agree with the Ginzburg–Landau theory. This is understood 
since the Ginzburg–Landau theory is a mean-field theory, and the holographic superconductor 
agrees with the results of the mean-field theory because the former considers the large N limit. 
In this limit, quantum fluctuations are suppressed, so that mean-field results are exact. According 
to the results of the renormalization group, the critical exponents of a realistic physical sys-
tem are usually beyond those of the mean-field theory and belong to one of the universality 
classes. In this context, since the inclusion of the higher curvature contributions corresponds to 
high order corrections on the field theory, it might provide more meaningful physical content in 
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terms of critical components. For the above reasons, it is interesting to further investigate the 
p-wave holographic superconductor in a black hole geometry of the Lovelock gravity studied in 
[62].

In this paper, we employ the Maxwell-vector model to construct a p-wave holographic super-
conductor in the background of the Lovelock gravity. In bulk, the model introduces a complex 
vector field nonminimally coupled to a local U(1) gauge field, the Maxwell field, which is dual 
to a strongly coupled system concerning a charged vector operator with a global U(1) symmetry 
on the boundary [11]. In the probe limit, we study numerically how the superconductor phase 
transition is affected by the coupling parameter, as well as the index k of the particular Lovelock 
theory. We show that the integer k, which is closely related to the particular form of the nonmin-
imal coupling parameter, indeed plays a significant role in the superconductor phase transition. 
Also, the dependence on the mass of the vector field and dimensionality is investigated. The real, 
as well as the imaginary parts of the conductivity of the holographic superconductor, is analyzed 
and presented in function of ω/Tc.

The rest of this paper is organized as follows. In Section 2, we construct the p-wave holo-
graphic superconductor model in the planar AdS black hole geometry. The equations of motion 
and the asymptotic solution at the boundary are derived. In Section 3, we present the numerical 
results by showing the condensate as a function of temperature. The dependence of the results 
on k, the mass of the vector field, and space–time dimension d are also analyzed. In Section 4, we 
investigate the conductivity as a function of the ratio of the frequency to the critical temperature. 
Section 5 is devoted to the discussions and conclusions.

2. The p-wave holographic model

For a particular Lovelock gravity which involves a self-interacting scalar field nonminimally 
coupled to the curved spacetimes, Gaete and Hassaïne derived two classes of AdS black hole 
solutions. These solutions are characterized by a planar event horizon topology and are obtained 
for the specific choices of the nonminimal coupling parameter ξ . Here we study the vector con-
densation in the first family of planar AdS black hole metrics. The black hole metric in d ≥ 5
dimension reads [62]

ds2 = −r2f dt2 + dr2

r2f
+ r2dx2

d−2 , (1)

f = 1 − M

r
d−2

k

, (2)

where the integer k is to guarantee the theory to have a unique AdS vacuum with a fixed value 
of the cosmological constant. This family of solutions is valid only for k ≥ 2. It can be shown 
that the solution reduces to that in the Einstein–Gauss–Bonnet case for k = 2 [65]. The Hawking 
temperature of the black hole is

T = (d − 2)rh

4kπ
, (3)

where rh = M
k

d−2 is the radius of the black hole horizon.
To study the p-wave holographic superconductor, we consider the matter action by including 

a Maxwell field and a complex vector field [11]
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IMCV = 1

16πG

∫
ddx

{√−g
[
− 1

4
FμνF

μν − 1

2
(Dμρν − Dνρμ)†(Dμρν − Dνρμ)

−m2ρ†
μρμ + iqγρμρ†

νFμν
]}

, (4)

where the Maxwell field strength tensor Fμν = ∇μAν −∇νAμ and the covariant derivative Dμ =
∇μ − iqAμ. The constants q and m correspond respectively to the charge and the mass of the 
vector field ρμ. The last term represents the nonminimal coupling between the vector field ρμ

and the gauge field Aμ, where γ measures the magnetic moment of the vector field ρμ. In our 
study, we will neglect the magnetic field effects on the superconductor transition.

By variational principle, one obtains the following equations of the motion for the matter 
fields from the action Eq. (4)

Dν(Dνρμ − Dμρν) − m2ρμ = 0 , (5)

∇νFνμ − iq[ρν(Dνρμ − Dμρν)
† − ρν†(Dνρμ − Dμρν)] = 0 . (6)

We adopt the following ansatz for the vector field ρμ

ρμdxμ = ρx(r)dx (7)

and

A = (φ(r), 0, 0, 0, · · · ) (8)

for the gauge field Aν , where the dots indicate that the other components of the gauge field are 
null. The above equations of motion can be expressed as

ρ′′
x +

[
f ′

f
+ (d − 2)

r

]
ρ′

x +
[
q2φ2

r4f 2 − m2

r2f

]
ρx = 0 , (9)

φ′′ + (d − 2)

r
φ′ − 2q2ρ2

x

r4f
φ = 0 . (10)

The boundary conditions at the horizon r = rh of the AdSd bulk are imposed by requiring 
that the vector field ρμ be regular, and the gauge field Aμ satisfy φ(rh) = 0. At the conformal 
boundary r → ∞, the asymptotic forms of the matter field and the gauge field are given by

ρx(r) = ρx−
r	− + ρx+

r	+ + · · · , (11)

φ(r) = μ − ρ

r(d−3)
+ · · · , (12)

where 	± = 1
2 [(d − 3) ± √

(d − 3)2 + 4m2], with the Breitenlohner–Freedman (BF) bound 

m2 ≥ − (d−3)2

4 . This implies that when m2 = − (d−3)2

4 = m2
BF , 	+ = 	− = 	BF = d−3

2 . The 
coefficients μ, ρ and ρx−, ρx+ represent the chemical potential, charge density, the source and 
the x component of the vacuum expectation value of the dual vector operator <O > respectively. 
In addition, we will impose the condition ρx− = 0 to guarantee that the vector condensation will 
arise spontaneously in the boundary theory.

It is straightforward to verify that the equations of motion Eqs. (9) and (10) satisfy the follow-
ing scaling law:
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Table 1
The calculated critical temperatures for different values of vector field mass m and index k.

d = 5, m2 = −3/4 d = 5, m2 = 0 d = 5, m2 = 5/4 d = 6, m2 = 0

k = 2 0.09646 0.08497 0.07733 0.11847
k = 3 0.07280 0.06185 0.05557 0.08426
k = 4 0.06230 0.04987 0.04419 0.06668
k = 5 0.05902 0.04238 0.03706 0.05580

r → λr, (t.x, y, z) → 1

λ
(t, x, y, z) , (13)

ρ → λd−2ρ, (T ,μ) → λ(T ,μ), ρx+ → λ1+	+ρx+ , (14)

with a positive constant λ. In what follows, we solve numerically the above nonlinear differential 
equations Eqs. (9) and (10) by using the shooting method [7,8]. We use the scaling symmetries to 
set rh = 1 and q = 1, so that the solution of the above equations can be expressed in terms of two 
independent parameters defined at the horizon, namely, φ′(rh) and ρx(rh). We use one of them 
to ensure the source free condition, ρx− = 0. The rest physical quantities, such as μ, ρ, ρx+, 
can be obtained by reading off the corresponding coefficients in the asymptotic forms as given 
in Eqs. (11) and (12). To study the temperature dependence of the condensate, we make use of 
the scaling symmetry mentioned above and always express our result regarding scale invariant 

quantities, such as Tc/ρ
1

d−2 and < O >
1

1+	+ /Tc. By doing this, the results obtained by varying 
the charge density ρ for a given rh can be interpreted equivalently as those obtained for given 
ρ = 1 and variant temperature.

3. Condensation of the vector field

Now we present the numerical results on the condensate of the massive vector field for differ-
ent values of m2 = −3/4, 0, 5/4 (	+ = 	 = 3/2, 2, 5/2), in the d = 5 dimensional black hole 
background, and those for m2 = 0 (	+ = 	 = 3) in the d = 6 dimensional case. The dependence 
on the index k of the Lovelock theory is also studied.

Table 1 shows the calculated critical temperature for different parameters. The critical tem-
perature Tc is inverse proportional to ρ1/3 in d = 5 and ρ1/4 in d = 6. For a fixed value of k, the 
ratio Tc/ρ

1/3 decreases as 	 or m2 increases. Hence it becomes more difficult for the vector field 
to condense as its mass increases. Moreover, the critical temperature decreases with increasing k, 
which implies that increasing the value of integer k hinders the conductor/superconductor phase 
transition. It is also observed that the magnitude of the critical temperature decreases for nearly 
100% as k increases from 2 to 5. Furthermore, for given a vector mass (m2 = 0) and an index k, 
the critical temperatures in the six-dimensional case are higher than those in the five-dimensional 
case.

In Fig. 1, we show the calculated condensate as a function of the temperature for different 
index k with the fixed vector field mass m and dimension d . Firstly, to observe the effects of the 
index k, the calculations are carried out with k = 2, 3, 4 and 5. It is found that the vector conden-
sation gap becomes larger as k increases. In other words, a bigger index k makes it harder for the 
vector field to condense, and therefore more difficult for the system to transition to the supercon-
ductor phase. So the index k labeling the particular Lovelock action is not only crucial for the 
theory to have a unique AdS vacuum, but also has a sizable impact on the vector condensation. 
Secondly, we investigate the effect of the vector field mass m by repeating the calculations for 
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Fig. 1. (Color online.) The calculated vector condensate as a function of temperature for different index k with the fixed 
vector field mass m and dimension d .

different masses of the vector field m2 = −3/4, 0, 5/4 (with 	+ = 	 = 3/2, 2, 5/2 respectively) 
in the five-dimensional case. One observes that as m2 increases (and therefore 	 increases), the 
vector condensation gap becomes larger for a given k. Meanwhile, in all these cases, the conden-
sate with k = 2 is the least sensitive to the temperature before the critical temperature is reached. 
In fact, the condensate in question is almost a constant, and its magnitude is more than twice of 
that obtained in the weak coupling BCS theory, which is 3.5 [66] (what is the value of condensate 
in BCS theory). This confirms that the present p-wave model is of strongly coupled field theory. 
However, the condensation curve for 	 = 5/2 and k = 5 appears to diverge at low temperature 
since we neglect the backreaction of the spacetime. Lastly, we also do computations for a mass-
less vector field in the six-dimensional spacetime and find that the vector condensation gaps in 
the six-dimensional case are smaller than those in the five-dimensional case for a given k. This 
implies that it is easier for vector condensation to take place in the higher dimensional spacetime.

In order to further study the validity of the probe approximation that has been used in our 
calculation, in Fig. 2 we show the condensation curves for different m2 with the fixed index k = 5
and dimensions d = 5 and 6 respectively. It is found that the diverging behavior discussed above 
is related both to the value of k and m2. For a given k and d , as m2 increases, the condensate 
becomes divergent at small temperature T/Tc as the probe limit breaks down. For the case of 
d = 5 and k = 5, the obvious divergence takes place at m2 ∼ − 1

4 , and for the case of d = 6 and 
k = 5, it takes place at m2 ∼ − 3

4 . There exists a translating value of m2 beyond which a diverging 
behavior appears, i.e., m2 ∼ −0.72 for the case of d = 5 and k = 5 and m2 ∼ −1.50 for the case 
of d = 6 and k = 5. Considering the findings of Fig. 1, we observe that as the background 
changes, in terms of the index k, the range of valid value of m2 also modifies. However, it should 
be noted that how the parameters k and m2 work is still an open question.
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Fig. 2. (Color online.) The calculated vector condensate as a function of temperature for different vector field mass m
with the fixed index k and dimension d .

4. Conductivity

In this Section, we study the conductivity [1,6,7,11,13,14,59] by considering the perturbed 
Maxwell field δAy = Ay(r)e

−iωt dy in the case of the five-dimensional AdS black hole back-
ground. The Maxwell equation reads

A′′
y +

(
f ′

f
+ 3

r

)
A′

y +
(

ω2

r4f 2 − 2ρ2
x

r4f

)
Ay = 0 , (15)

with the ingoing wave boundary conditions at the horizon (r = rh = 1)

Ay(r) ∼ (r − 1)
−iωk

3 , (16)

and the asymptotic behavior at infinity r → ∞

Ay(r) = A(0) + A(2)

r2 + A(0)ω2

2

log�r

r2 + · · · . (17)

It can be shown that the conductivity is given by

σ(ω) = GR

iω
= −2iA(2)

ωA(0)
+ iω

2
(18)

where the Green function satisfies

GR = − lim
r→∞ r3f

A′
y(r)

Ay(r)
.

By solving Eq. (15) numerically, one obtains the conductivity as a function of the ratio be-
tween the frequency to the temperature for the various cases which are presented in Figs. 3–7. 
In Figs. 3–5, the real part of the conductivity is compared to the imaginary part. In the plots, 
the solid blue curves represent the real part, and the dashed red curves represent the imaginary 
part of the conductivity respectively. To analyze its dependence on k with given 	 and T/Tc, we 
reorganize the results and show in Figs. 6 and 7 the real and imaginary parts of the frequency 
respectively.

Following [9,12], we define ωg as the frequency that minimizes the imaginary part of the con-
ductivity when 	 > 	BF and m2 > m2

BF , and evaluate the ratio of ωg to the critical temperature 
ωg/Tc. From these figures, we find that ωg/Tc does not remain the same for different parameters, 
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Fig. 3. (Color online.) The calculated conductivity of the holographic superconductor. The real and the imaginary parts of 
the conductivity are shown in solid blue and dashed red curves. The calculations are carried out for 	 = 3/2, m2 = −3/4.

but rather changes with the variation of 	 and k in this model. Nevertheless, it turns out to be 
much larger than the BCS value 3.5.

As we can see from Fig. 3, for 	 = 3/2, m2 = −3/4 and T/Tc ≈ 0.3, the conductivity rises 
sharply at ωg/Tc, the peak of the real part increases with the increasing k, and the pole at ωg/Tc

gets closer to the real axis. Especially for k = 5 near T/Tc ≈ 0.3, we also observe some inter-
esting phenomena near the Breitenlohner–Freedman bound at 	 = 	BF , m2 = m2

BF and T → 0
[9]. In this case, not only a second pole exists, but also it tends to move towards the real axis, 
which indicates that the interactions between the quasi-particles become stronger, leading to the 
formation of a bound state. Furthermore, the conductivity also rises quickly near T/Tc ≈ 0.4 and 
T/Tc ≈ 0.5, whereas the phenomenon of pole hitting the real axis disappears for higher values 
of T/Tc. On account of the above, perhaps there are more special features for a larger value of 
k or low temperature with fixed 	 = 3/2, m2 = −3/4, but our numerical code can only explore 
down to T/Tc ≈ 0.2 at most.
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Fig. 4. (Color online.) The calculated conductivity of the holographic superconductor. The real and the imaginary parts 
of the conductivity are shown in solid blue and dashed red curves. The calculations are carried out for 	 = 2, m2 = 0.

In Figs. 4 and 5, we analyze the conductivity with different masses of the vector field, for 
which 	 is taken to be 2 and 5/2. We find that irrespective of the various values of 	, the shapes 
of the curves look similar for given values of k and T/Tc. It seems that when the value of the 
vector mass m is significantly different from mBF , it doesn’t have too much impact on the shape 
of conductivity curves. However, the values of k and T/Tc affect the conductivity as in the 
previous cases.

From Figs. 6 and 7, one finds that the gap ωg/Tc no longer keeps unchanged as observed 
in Ref. [9]. In fact, the gap ωg/Tc increases distinctly with increasing k for given values of 	
and T/Tc, which implies that a smaller value of k is favorable to the superconductor phase. 
Moreover, the temperature also has an impact on the gap, the value of ωg/Tc becomes larger 
with increasing T/Tc for given values of 	 and k. In contrast, the gap ωg/Tc is not sensitive 
to the value of 	, which indicates that the effect of mass m is comparatively smaller than those 
of k and T/Tc when m is much larger than mBF . We also find that the peaks of the real part of 
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Fig. 5. (Color online.) The calculated conductivity of the holographic superconductor. The real and the imaginary parts of 
the conductivity are shown in solid blue and dashed red curves. The calculations are carried out for 	 = 5/2, m2 = 5/4.

conductivity increase when k increases for 	 = 3/2, T/Tc ≈ 0.3, there are poles at ω = 0, and 
both the real and imaginal parts of the conductivity diverge when the frequency ω → ∞. Last but 
not least, for all these cases we study, the second pole emerges only when 	 = 3/2, T/Tc = 0.3, 
k = 4, 5.

5. Discussions and conclusions

In this paper, the properties of the p-wave superconductor in the background of higher di-
mensional planar AdS black holes are investigated. What merits our primary concern is that 
the black hole metric is derived from a self-interacting scalar field nonminimally coupled to a 
particular Lovelock gravity [62]. This kind of black hole solutions with planar event horizon 
topology is characterized by an integer index number k. The physical significance of the non-
minimal coupling is that it might cause the black hole to form hair in addition to the mass, 
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Fig. 6. (Color online.) The calculated real part of the conductivity of the holographic superconductor. The calculations 
are carried out for different 	, k and T .

charge and angular momentum. As a matter of fact, studies on the thermodynamics of a black 
hole solution with an arbitrary nonminimal coupling show that an integration constant appear-
ing in the black hole solution can be interpreted as a hair since it is not associated with any 
conserved charge. This work involves an attempt to investigate the effect of the higher dimen-
sional black hole metric on the holographic superconductor. Therefore, the focus is given to the 
impact of the integer index k on the conductor/superconductor phase transition. In addition, we 
also discussed the influences of the mass of the vector field, the spacetime dimension, and the 
temperature.

For the p-wave conductor/superconductor phase transition in the five-dimensional and six-
dimensional cases, it is observed that the different black hole solutions, labeled by k, indeed 
have a non-negligible difference. As k increases, we found that the critical temperature decreases, 
the condensation gap becomes larger. This implies that a larger parameter k hinders the phase 
transition. Moreover, when 	 (related to the mass of the vector field) increases, the critical tem-
perature decreases, meanwhile the condensation gap increases. This means that the larger the 
mass, the more difficult it is for the transition to take place. Additionally, for 	 = 3/2 in the 
five-dimensional spacetime, the vector condensate tends to be insensitive to the temperature, and 
therefore the condensate is close to a constant below the critical temperature. This constant value 
increases with the integer index k. On the contrary, as 	 increases to 5/2, the condensation curve 
for a larger integer k = 5 is found to tend to diverge as temperature approaches zero. Moreover, 
in the six-dimensional case, for given vector field mass and k, the critical temperature is higher 
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Fig. 7. (Color online.) The calculated imaginary part of the conductivity of the holographic superconductor. The calcula-
tions are carried out for different 	, k and T .

while the condensation gap is smaller than that in the five-dimensional one, and therefore the 
transition is easier for the former case.

The calculations of the conductivity were also carried out. It is found that the value of ωg/Tc

varies as a function of k, T/Tc and 	, which is different from previous findings in Ref. [12]. 
Nonetheless, the obtained value is still much larger than that achieved by the BCS theory, which 
suggests that the dual holographic superconductor involves strong interactions. Another inter-
esting feature is that a second pole in the vicinity of the real axis of ω/Tc is observed near 
the Breitenlohner–Freedman bound. Numerically, a second pole appears for 	 = 3/2 > 	BF

and k = 2, T/Tc ≈ 0.3, it moves towards the real axis as k increases, and gets very close for 
k = 5, which indicates that another stable quasiparticle state might be formed. This is con-
sistent with Kramers–Kronig relations, as numerical calculations also found that the peak of 
the real part of conductivity sharply increases with increasing k, as a δ function is starting 
to form at the same location of the pole. The peak decreases with increasing temperature. 
These properties were observed before in an Abelian Higgs model in the AdS Schwarzschild 
black hole [9]. On the other hand, the difference between 	 = 2 and 	 = 5/2 is very small 
for given values of k and T/Tc. To sum up, we found that the integer k, which labels dif-
ferent gravity solutions, is closely related to the conductor/superconductor phase transition. It 
is worthwhile to carry out the calculation by using a relatively large k or at low temperature 
with a small 	 to further explore the properties of the system near the Breitenlohner–Freedman 
bound.
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