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Abstract. We review our construction of a bifundamental version of the fuzzy 2-sphere and
its relation to fuzzy Killing spinors, first obtained in the context of the ABJM membrane
model. This is shown to be completely equivalent to the usual (adjoint) fuzzy sphere. We
discuss the mathematical details of the bifundamental fuzzy sphere and its field theory
expansion in a model-independent way. We also examine how this new formulation affects
the twisting of the fields, when comparing the field theory on the fuzzy sphere background
with the compactification of the ‘deconstructed’ (higher dimensional) field theory.
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1 Introduction and Motivation

Noncommutative geometry is a tool that finds numerous applications in the description of
a wide range of physical systems. A celebrated example appearing in String Theory is in terms
of the polarisation phenomenon discovered by Myers, in which N Dp-branes in the presence of
transverse Ramond-Ramond flux distribute themselves onto the surface of a higher-dimensional
sphere [1]. The physics of the simplest case are captured by a U(N) theory, with the solution
involving fuzzy 2-spheres [2, 3, 4]. These are related to families of Hermitian matrices obeying
the SU(2) algebra

(X, X7 = 2iek XF, (1.1)

The X* enter the physics as ground state solutions to the equations of motion via (1.1). Then
their commutator action on the space of all N x N matrices organises the matrices into rep-
resentations of SU(2) ~ SO(3). An important aspect of the geometry of the fuzzy 2-sphere
involves the construction of fuzzy (matrix) spherical harmonics in SU(2) representations, which
approach the space of all classical S? spherical harmonics in the limit of large matrices [3]. This
construction of fuzzy spherical harmonics allows the analysis of fluctuations in a non-Abelian
theory of Dp-branes to be expressed at large IV in terms of an Abelian higher dimensional theory.
This describes a D(p + 2) brane wrapping the sphere, with N units of worldvolume magnetic
flux. At finite N the higher dimensional theory becomes a noncommutative U(1) with a UV
cutoff [5, 6, 7, §].

*This paper is a contribution to the Special Issue “Noncommutative Spaces and Fields”. The full collection is
available at http://www.emis.de/journals/SIGMA /noncommutative.html
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In this article we review a novel realisation of the fuzzy 2-sphere involving bifundamental
matrices. The objects that crucially enter the construction are discrete versions of Killing
spinors on the sphere [9, 10]'. The motivation is similar to the above and comes from the
study of the model recently discovered by Aharony, Bergman, Jafferis and Maldacena (ABJM)
describing the dynamics of multiple parallel M2-branes on a Zj M-theory orbifold [11], which
followed the initial investigations of Bagger—-Lambert and Gustavsson (BLG) [12, 13, 14, 15].

The ABJM theory is an A/ = 6 superconformal Chern-Simons-matter theory with SO(6)
R-symmetry and gauge group U(N) x U(N). The two Chern-Simons (CS) terms have equal
but opposite levels (k, —k) and the matter fields transform in the bifundamental representation.
One can use the inverse CS level 1/k as a coupling constant to perform perturbative calculations.
At k = 1 the theory is strongly coupled and describes membranes in flat space. For k = 1,2
the supersymmetry and R-symmetry are nonperturbatively enhanced to N/ = 8 and SO(8)
respectively [11, 16, 17]. It is then possible to use this action to investigate aspects of the
AdS,;/CF T3 duality, with the role of the 't Hooft coupling played by A = % The action of the
7, orbifold on the C* space transverse to the M2’s is such that taking k — oo corresponds to
shrinking the radius of the M-theory circle and entering a ITA string theory regime.

Of particular interest are the ground-state solutions of the maximally supersymmetric mas-
sive deformation of ABJM found by Gomis, Rodriguez-Gémez, Van Raamsdonk and Verlinde
(GRVV) [18]2. The theory still has a U(N) x U(N) gauge group and N = 6 supersymmetry
but conformal invariance is lost and the R-symmetry is broken down to SU(2) x SU(2) x U(1).
Its vacua are expected to describe a configuration of M2-branes blowing up into spherical M5-
branes in the presence of transverse flux through a generalisation of the Myers effect. At k=1
these solutions should have a dual description in terms of the %—BPS M-theory geometries with
flux found in [20, 21].

Interestingly, the matrix part of the above ground-state equation is given by the following
simple relation, which we will refer to as the GRVV algebra?:

G = GGLG" - GGl (1.2)

where G are N x N and GZ[ are N x N matrices respectively. Given that the Myers effect
for the M2-M5 system should employ a 3-dimensional surface, one might initially expect this to
represent the defining relation for a fuzzy 3-sphere. Moreover, the explicit irreducible solutions
of (1.2) satisfy GeGl = 1, which seems to suggest the desired fuzzy 3-sphere structure.
However, we will see that the requisite SO(4) R-symmetry, that would be needed for the
existing fuzzy S® construction of Guralnik and Ramgoolam (GR) [24, 25, 26], is absent in this
case. As was also shown in [9], the GR fuzzy S construction implies the following algebra

(7’+1)(r+3)+1>X+

eMMPIXEX X =2 <

r+2 m
1)(r+3) +1

M XX =2 <(r + )(7:; )+ > X, (1.3)
T

which must be supplemented with the sphere condition

(r+1)(r+3)

XX = XX, + X, X,F = 5

=N
and the constraints

XIXt=X_ X, =0.

'The work in [9] was carried out in collaboration with S. Ramgoolam.

2The mass-deformed theory was also presented in [19)].

3The same defining matrix equation appears while looking for BPS funnel solutions in the undeformed ABJM
theory and first appeared as such in [22]. Its relation to the M2-M5 system was also investigated in [23].
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Here 7 defines a representation of SO(4) ~ SU(2) x SU(2) by R} and R, with labels ("5, 751)
and (’;1, T‘ZH) respectively for the two groups, and the X;- are constructed from gamma mat-
rices. Even though the algebra (1.3) looks similar to the GRVV algebra (1.2), they coincide
only in the ‘fuzziest’ case with » = 1, i.e. the BLG A4-algebra, which in the Van Raamsdonk

SU(2) x SU(2) reformulation [27] is
RPX™ = —ike™PIX" X P X1,

This fact suggests that equation (1.2) does not describe a fuzzy S3. Furthermore, the perturba-
tive calculations that lead to the above equation are valid at large k, where the ABJM theory is
describing ITA String Theory instead of M-theory and as a result a D2-D4 bound state in some
nontrivial background.

In the following, we will review how solutions to equation (1.2) actually correspond to a fuzzy
2-sphere, albeit in a realisation involving bifundamental instead of the usual adjoint matrices, by
constructing the full spectrum of spherical harmonics. This is equivalent to the usual construc-
tion in terms of the SU(2) algebra (1.1). In fact there is a one-to-one correspondence between
the representations of the SU(2) algebra X; and the representations in terms of bifundamental
matrices. We will also show how the matrices G%, which are solutions of the GRVV algebra
up to gauge transformations, correspond to fuzzy Killing spinors on the sphere, recovering the
usual Killing spinors in the large N limit.

The purpose of this article is to present the mathematical aspects of the above construc-
tion in a completely model-independent way and highlight some of its features simply starting
from (1.2). The reader who is interested in the full background and calculations in the con-
text of the ABJM model is referred to [9, 10], where an analysis of small fluctuations around
the ground-states at large N, k showed that they can be organised in terms of a U(1) theory
on R*! x §2? consistent with an interpretation as a D4-brane in Type IIA. The full 3-sphere
expected from M-theory then appeared as the large N, k = 1 limit of a fuzzy Hopf fibration,
SY)Zy, — S3.)Zy = S2, in which the M-theory circle S'/Zy is fibred over the noncommutative
sphere base, 5’12;.

We also discuss how this bifundamental formulation affects the twisting of the fields when
‘deconstructing’ a higher dimensional field theory. This is achieved by studying the field theory
around a fuzzy sphere background, where the twisting is necessary in order to preserve supersym-
metry. Even though the twisting is usually described in the context of compactifying the higher
dimensional ‘deconstructed’ theory, we show how this naturally arises from the bifundamental
fuzzy sphere field theory point of view.

The rest of this paper is organised as follows. In Section 2 we give the harmonic decomposition
of the GRVV matrices and relate them to the fuzzy supersphere. In Section 3 we present a one-
to-one map between the adjoint and bifundamental fuzzy sphere constructions, while in Section 4
we establish that connection in terms of the fuzzy Hopf fibration and define the fuzzy version
of Killing spinors on S2. We then discuss the resulting ‘deconstruction’ of higher dimensional
field theories on the 2-sphere, specifically the issue of twisting of the fields in order to preserve
supersymmetry. In Section 5 we review the process and discuss the differences between the
adjoint and bifundamental cases, while in Section 6 we briefly discuss a particular application
by summarising the results of [9, 10]. We conclude with some closing remarks in Section 7.

2 Constructing the fluctuation expansion

Notation. In this section, we will denote by k, [, m, n the matrix indices/indices of states in
a vector space, while keeping i, j = 1,...,3 as vector indices on the fuzzy S?. We will also use j
for the SU(2) spin and Y}, for S? spherical harmonics, following the standard notation. The
distinction should be clear by the context.
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2.1 Ground-state matrices and symmetries

We begin by writing the ground-state solutions to (1.2), found in [18] and given by

( l)mm vVim — 15m,n7

(Gz)mm V(N = m)dmi1n,

(GJ{)mm vim — 15m,n7

(G1) e = V(N = 0)dp 11, (2.1)

Using the decomposition of the above complex into real coordinates
G'=X'+iXx?, G? = X3 +iXx*, (2.2)

one easily sees that these satisfy

4

> X, XP=GGl, =N -1,

p=1
which at first glance would seem to indicate a fuzzy S® structure. However, note that in the
above G! = Gi for the ground-state solution. With the help of (2.2) this results in X = 0,
which is instead indicative of a fuzzy S2.

As usual in the case of fuzzy sphere constructions, the matrices G* will be used to construct

both the symmetry operators (as bilinears in G, GT, also acting on G themselves) as well as
fuzzy coordinates, used to expand in terms of spherical harmonics on the fuzzy sphere.

2.1.1 GG relations

As a first step towards uncovering the S? structure we calculate the GG' bilinears

(GlGT) man (m — 1)5mn7

(G*GY) = (N - m)émn,

(G GT)mn—\/ YN = m+ 1)bmni1,
(G*GY), \/ﬁamﬂn,

(G*GL) = (N = 1)dun

Defining Jg = GQGE we get the following commutation relation
[J5, L] = (5ng - 5§‘Jg.
These are commutation relations of the generators of U(2). Then the J; = (50%&]5 are the
generators of SU(2) that result in the usual formulation of the fuzzy* S2, in terms of the algebra
[Ji, Jj] = 2iejp . (2.3)

The trace J = J§ = N —1is a trivial U(1) ~ U(2)/SU(2) generator, commuting with everything
else.

“Note that more correctly, we should have written J%5 = GO‘GL and
Ji= (60" 3% = (01)5" ",

but in the following we will stick to the notation Jg. The kind of matrix multiplication that one has will be made
clear from the context.
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2.1.2 GTG relations

Next, we calculate the G'G combinations

(G1G") 0 = (1= 1)oun,

(G3G?), = (N —m+1)6mn — Nop16n1,
(G16%) 0 = V= DN = 1) 1.0,
(G3GY), =/ (m—2)(N —m+ 1)8mmn1,
(GLG™), = = Népmn — Ném1dn1

and define J_g = GLGﬂ. The commutation relations for the above then form another copy
of U(2)

g, i) = dTe — 62
and similarly, J; = (&i)gjg once again satisfy the usual SU(2) algebra®, for another fuzzy S>
[Ji, J;] = 2iein .
The trace
(Nmn = (J&)mn = Nmn — Nom1dn1, (2.4)

which is a U(1) ~ U(2)/SU(2) generator, commutes with the SU(2) generators J;, though as
a matrix does not commute with the generators J3 and J? of the first set of SU(2) generators.

At this point, it seems that we have two SU(2)’s, i.e. SO(4) ~ SU(2) x SU(2) as expected
for a 3-sphere, even though we have not yet shown that these are proper space symmetries: We
have only found that the J, J satisfy a certain symmetry algebra. In fact, we will next see that
these are not independent but rather combine into a single SU(2).

2.1.3 Symmetry acting on bifundamental (IN, N) matrices

All the (N, N) bifundamental scalar matrices are of the type G, GG'G, GGIGGTG, ... The
simplest such terms are the G matrices themselves, the action of the symmetry generators on
which we will next investigate.

It is easy to check that the matrices G satisfy

GGlc? - GPGict =@, GRGlct - GlGia? = G2
Using the definitions of J; and J;, we find
JiG* = GYJ; = (5:)5G”. (2.5)

The G', G? transform like the (1,0) and (0,1) column vectors of the spin—% representation with
the J’s and J’s matrices in the u(/N) x u(N) Lie algebra.

5 Again, note that we should have written J, ” = G1G? which emphasises that for .J, the lower index is the
first matrix index, and

Ji= (65 0a” = (0)5°Ta”,

which emphasises that as matrices, the J; are defined with the Pauli matrices, whereas J; was defined with their
transpose. However, we will again keep the notation JZ.
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By taking Hermitian conjugates in (2.5), we find that the antibifundamental fields, GL,
transform as

GiJ; — TGl = Gly(5)5. (2.6)

Therefore the G¢, GL form a representation when acted by both J; and .J;, but neither
symmetry by itself gives a representation for G, GY,. This means that the geometry we will be
constructing from bifundamental fluctuation modes has a single SU(2) symmetry, as opposed to
two. Equations (2.5) and (2.6) imply relations giving transformations between .J; and .J;, thus
showing they represent the same symmetry

GIL,G' = (N+1)J;, GLGl=(N-2)J.
Writing the action of the full SU(2) x U(1) on the G%, including the U(1) trace J, we obtain
J§GT -GV Jg = 5yG* — 05G7, (2.7)
while taking Hermitian conjugates of (2.7) we obtain the U(2) transformation of Gl

et ot e — _ T t
JgGlL —GLJg = 5?/‘Gﬂ + 3Gl
The consequence of the above equations is that G has charge 1 under the U(1) generator .J.
Thus a global U(1) symmetry action on G does not leave the solution invariant, and we need
to combine with the action of J from the gauge group to obtain an invariance.
We next turn to the construction of fuzzy spherical harmonics out of G¢.

2.2 Fuzzy S? harmonics from U(IV) x U(IV) with bifundamentals

All bifundamental matrices of U(N) x U(N), are maps between two different vector spaces. On
the other hand, products of the bilinears GG' and GTG are adjoint matrices mapping back to
the same vector space. Thus, the basis of ‘fuzzy spherical harmonics’ on our fuzzy sphere will
be constructed out of all possible combinations: U(N) adjoints like GGT, GGIGGT, ..., U(N)
adjoints like GTG, GTGGTG, ..., and bifundamentals like G, GG'G, ... and GT, GIGGT, .. ..

2.2.1 The adjoint of U(N)

Matrices like GG act on an N dimensional vector space that we call V™. Thus the space
of linear maps from V7 back to itself, End(V,), is the adjoint of the U(N) factor in the
U(N) x U(N) gauge group and GGT are examples of matrices belonging to it. The space VF
forms an irreducible representation of SU(2) of spin j = %, denoted by Vi

VT =Ty.

The set of all operators of the form GG, GGTGGH, ... belong in End(V ) and can be expanded
in a basis of ‘fuzzy spherical harmonics’ defined using the SU(2) structure. Through the SU(2)
generators J; we can form the fuzzy spherical harmonics as

0 1 2 !
Yi=1  Yi=Jdi Y =J@dn)y Y = D@ T

)

In the above, the brackets ((i1---4;)) denote traceless symmetrisation. The complete space of
N x N matrices can be expanded in the fuzzy spherical harmonics with 0 <1 <25 = N — 1.
One indeed checks that
2j
N? =) "(20+1).

=0
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Then, a general matrix in the adjoint of U(N) can be expanded as

l

N-1
A= a"Y ()

=0 m=-1

where

i1-+47))
}/lm 1 Zf[ Z1 Jil'

The Y}, (J;) become the usual spherical harmonics in the ‘classical’ limit, when N — oo and the
cut-off in the angular momentum is removed.

In conclusion, all the matrices of U(NN) can be organised into irreps of SU(2) constructed out
of J;, which form the fuzzy spherical harmonics Yy, (J;).

2.2.2 The adjoint of U(IV)

In a fashion similar to the U(V) case, the matrices G'G, GTGGG, .. ., are linear endomorphisms
of V™. These matrices are in the adjoint of the U(N) factor of the U(N) x U(N) gauge group,
and will be organised into irreps of the SU(2) constructed out of J;.

However, we now have a new operator: We have already noticed in (2.4) that the U(1)
generator J is nontrivial. We can express it as

J=GlG*=N— NEy.

This means that End(V_) contains in addition to the identity matrix, the matrix E;; which
is invariant under SU(2). If we label the basis states in V™ as |e,) with & = 1,..., N, then
FE11 = le; )(ey |- This in turn means that V~ is a reducible representation

Vo=Vy eV .

The first direct summand is the irrep of SU(2) with dimension N — 1 while the second is a one-
dimensional irrep. Indeed, one checks that the J;’s annihilate the state |e] ), which is necessary
for the identification with the one-dimensional irrep to make sense.

As a result, the space End(V ™) decomposes as follows

End(V™) = End(Vy_,) ® End(V;") ® Hom(Vy_,,V;") @ Hom(V, ", Vy_,),

that is, the matrices split as M, = (MZJ, M1, My;, M;1). The first summand has a decomposi-
tion in terms of another set of fuzzy spherical harmonics

Yim jz Zf[ i) ’L1"’jilv

for [ going from 0 to N — 2, since

(N-1)2=>"(21+1).

This gives only matrices in the (N — 1) block, i.e. the End(Vy_;). The second summand is just
one matrix transforming in the trivial irrep, £1;. The remaining two N — 1 dimensional spaces
of matrices cannot be expressed as products of J;. They are spanned by

Eu=ler) e =g, Ew=leg)er| =g
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which are like spherical harmonics for Hom(Vy _,,V;")®Hom(V;", Vy_,). They transform in the
N —1 dimensional irrep of SU(2) under the adjoint action of J; and are zero mode eigenfunctions
of the U(1) symmetry operator J.

Therefore, one can expand a general matrix in the adjoint of U(N) as

N-2 1 N N
A =agEn + Z Z Qi Yim (Ji) + Z brgy, + ZBka_f (2.8)
k=2 P

=0 m=-I

and note that we could have replaced E1; with the U(1) generator J by redefining ag and agp.

In the large N limit the Y},,(J;) become the ordinary spherical harmonics of S?, just
like Yi,,(J;). There are order N? of these modes, which is appropriate as the fuzzy S? can
roughly be thought of as a 2-dimensional space with each dimension discretised in N units. The
mode @g, by and by, can be neglected at large N, as they have much less than N? degrees of
freedom.

2.2.3 SU(2) harmonic decomposition of bifundamental matrices

As in the case of the U(N) matrices, the bifundamental matrices of the form G, GGG,
giving physical fluctuating fields, are not enough to completely fill Hom(V~,V™'). Given the
decomposition V™ =V | @ V", we decompose Hom(V~, V™) as

Hom(V~, V') =Hom(Vy_,,Vy) & Hom(V; ", Vy),

i.e. the matrices M, as (M;,, My,). The first summand has dimension N (N — 1), while the
second has dimension N and forms an irreducible representation of SU(2). B
Since the Vy_; and VJ are irreps of SU(2) we can label the states with the eigenvalue of J3, J3

Jmax

respectively. Given our normalisation of the SU(2) generators in (2.3), the usual spin is I3

The matrices in Hom(Vy,_,, V¥) are of the form |e}) (e, |, where m = =2 =NE3 NQ L
n==L +2, _J\QH, LN 7 2 denote the eigenvalues of % These are spanned by matrices of the
form G(J )(Jiy) - -+ (Ji,), i.e. the matrix G times matrices in End(Vy_,).

The operators in Hom(Vy_, V) transform in representations of spin l+% forl =0,...,N=-2.

The dimensions of these representations correctly add up to

N-2

D (2+2)=N(N-1).

=0
This then gives the SU(2) decomposition of Hom(Vy_,, V) as

N-2

Hom(Vy_4,V, Viti2-
1=0

On the other hand, matrices |e} ) (e} | = Ey € Hom(V,, V) cannot be written in terms of
the G’s and G!’s alone, because G* acting on le;) gives zero. The index k runs over the N
states in V*. Here L}, are eigenfunctions of the operator Ey; with unit charge,

BB = Ep.
Combining all of the above, the bifundamental fluctuations 7 can be expanded as follows

r *rﬂGﬁ+ZtkEk1,
k=1
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with

We further decompose r%‘ into a trace and a traceless part and define

1 .
sg =15 — 55%7':}, r=rl, T = t3 Ey.

Thus the complete expansion of 7% is given simply in terms of
r® =rG* + s§G° + T (2.9)
We could equivalently have written
N-2 | N
P =3 ("MECY i (J) + Yt E
1=0 m=—I k=1

using the spherical harmonics in .J in (2.8). In the following, we will choose, without loss of
generality, to work with (2.9).

Until now we have focused on matrices in Hom(V~, V1) but the case of Hom(V™, V™) is
similar. The matrices Gt, GITGGT, ... will also form a representation of SU(2) given by J ~ GG,
times a G matrix. Once again one needs to add an extra T, = (tg)*Flk fluctuation in order
to express the matrices Fyj, = le7)(ef| € Hom(Vy,V;7). In fact, the result for the complete
fluctuating field can be obtained by taking a Hermitian conjugate of (2.9), yielding

ri[ = Gl;r+ G/Tgsg +T(;[.

2.3 Fuzzy superalgebra

The matrices G and J; can be neatly packaged into supermatrices which form a representation of
the orthosymplectic Lie superalgebra OSp(1]|2). The supermatrix is nothing but the embedding
of the N x N matrices into U(2N). The adjoint fields live in the ‘even subspace’, while the
bifundamentals in the ‘odd subspace’. For a generic supermatrix

A B
v=(e )
the superadjoint operation is
At ¢t
I
rEEAA
For Hermitian supermatrices this is
A B
(b b)

with A = AT and D = DT [28]. This gives the definition of the supermatrices

Ji:< > and Ja:< 0 mGO‘),

—V/NG}, 0

o &
~io
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where we raise and lower indices as G, = eagGﬂ, with € = igy = —iog. Then the SU(2)
algebra together with the relation (2.5) and the definition of J;, J; result in the following
(anti)commutation relations

(Ji, Jj] = 2iei,d i, Ji,Ja] = (51‘)%-]6,
{Jm‘]ﬁ} = _(5i)aﬁ‘]i = _(ia'Qa'i)aﬁJi,

which is the defining superalgebra OSp(1|2) for the fuzzy supersphere of [29].

It is known that the only irreducible representations of OSp(1]2) split into the spin-j plus the
spin-(j— %) representations of SU(2), which correspond precisely to the irreducible representation
for the J; (spin j) and J; (spin j — 1/2) that we are considering here®.

As a result, the most general representations of the fuzzy superalgebra, including G% be-
sides J;, J;, coincide with the most general representations of the two copies of SU(2). This
points to the fact that perhaps the representations in terms of G% are equivalent to the repre-
sentations of SU(2). Next we will see that this is indeed the case.

3 Equivalence of fuzzy sphere constructions

We now prove that our new definition of the fuzzy 2-sphere in terms of bifundamentals is
equivalent to the usual definition in terms of adjoint representations of the SU(2) algebra.

The ABJM bifundamental scalars are interpreted as Matrix Theory (N x N) versions of
Euclidean coordinates. Accordingly, for our fuzzy space solution in the large N-limit one writes
G* — /Ng®, with ¢® some commuting classical objects, to be identified and better under-
stood in due course. In that limit, and similarly writing J; — Nz;, J; — NZ;, one has from
Sections 2.1.1 and 2.1.2 that the coordinates

(5 B 5 — (GY g% B
z; = (6i)"39"9a»  Ti = (0i)" 5909 (3.1)
are two versions of the same Euclidean coordinate on the 2-sphere, x; ~ Z;.

In the above construction the 2-sphere coordinates x;, Z; are invariant under multiplication
of the classical objects g* by a U(1) phase, thus we can define objects §¢ modulo such a phase,
ie. g = @5 The GRVV matrices (2.1), that from now on we will denote by G* instead

of G, are fuzzy versions of representatives of §®, chosen such that ' = g{ (one could of course

have chosen a different representative for g such that §2 = g}g instead).

In terms of the g%, equation (3.1) is the usual Hopf map from the 3-sphere gagL = 1 onto
the 2-sphere x;x; = 1, as we will further discuss in the next section. In this picture, the phase
is simply the coordinate on the U(1) fibre of the Hopf fibration, while the g*’s are coordinates
on the S? base. While g® are complex coordinates acted upon by SU(2), the §* are real objects
acted upon by the spinor representation of SO(2), so they can be thought of as Lorentz spinors
in two dimensions, i.e. spinors on the 2-sphere.

The fuzzy version of the full Hopf map, J; = (6;)® ﬂGﬁGL, can be given either using G =

UG or G* = G*U. The U and U are unitary matrices that can themselves be expanded in
terms of fuzzy spherical harmonics

U= UnmYim(J),

Ilm

with UUt = UU' = 1, implying that in the large-N limit (U, U) — e*(@),

5See for instance Appendix C of [28]. The general spin-j is the .J; representation constructed from the GRVV

1

matrices, while the general spin j — 5 is the J; representation constructed from the GRVV matrices.
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That means that by extracting a unitary matrix from the left or the right of G%, i.e. modulo
a unitary matrix, the resulting algebra for G*

—Ge = GPGHGe - GGl eGP (3.2)

should then be exactly equivalent to the usual SU(2) algebra that appears in the adjoint con-
struction: Both should give the same description of the fuzzy 2-sphere. We would next like to
prove this equivalence for all possible representations.

3.1 Representations

We first note that the irreducible representations of the algebra (3.2), given by the matrices (2.1),
indeed give the most general irreducible representations of SU(2). Defining Jy = Ji £ iJo,
Jy = Ji £ iJ, we obtain from (2.1) that

(J)mm—1 =2/ (m =1)(N —m +1) = 2an_1
2
(J It =2V/(n = (N —n+1) =20x_1 ,_ v,

_N+1,
2

and

(J)mm-1 =2/ (m=2)(N —m+1) =20x_2 ,,_nis,
(j—)n—l,n = 2\/(72 —2)(N—-n+1)=2an—-2 noN+2,
2 2

_ N +2
(JB)mn =2 <m - ;) 5mn + N5m15n17

whereas the general spin-j representation of SU(2) is

(J-l—)m,m—l = 0§ m, (J—)n—l,n = Qjn, (JS)mn = mémn

(and the rest zero), where

ajm =/ (j+m)(j—m+1)

and m € —j,...,+j takes 2j + 1 values. Thus the representation for J; is indeed the most
general N = 2j + 1 dimensional representation, and since (Jy)11 = (J_)11 = (J3)11 = 0, the
representation for .J; is also the most general (N —1) = 2(j — 1) + 1 dimensional representation.

We still have the U(1) generators completing the U(2) symmetry, which in the case of the
ifl}e(}ucible GRVV matrices G* are diagonal and give the fuzzy sphere constraint GG, x 1,
GLG* x 1,

J=J4+J%=(N=Dbmn, J=J"+Jo>=Nbmn— Nomidni,

where again (j )11 = 0, since J; is in the N —1 x N — 1 dimensional representation: The element
FE11 = 0m10n1 is a special operator, so the first element of the vector space on which it acts is
also special, i.e. VT =V, , ® V.

Moving to reducible representations of SU(2), the Casimir operator J? = J;J; giving the
fuzzy sphere constraint is diagonal, with blocks proportional to the identity. The analogous
object that gives the fuzzy sphere constraint in our construction is the operator J = GQGJ&.
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Indeed, in the case of reducible matrices modulo unitary transformations, G®, we find (in the
same way as for J2 = J;.J; for the SU(2) algebra)

J:diag((Nl—l) ]1N1><N1,(N2_1) ]lNngga---) (33)
and similarly for J = GLGe
J = diag (N1 (1 — EXY) Ty sny, No(1 = EX) Ty, ). (3.4)

3.2 GRVYV algebra — SU(2) algebra

For this direction of the implementation one does not need to consider the particular represen-
tations of the algebra; the matrices G* will be kept as arbitrary solutions. We define as before,
but now for an arbitrary solution G¢,
Ji(6:)* 5 + Jo§
o _ Ji\Gi) g 3
Using the GRVV algebra it is straightforward to verify that GoGl, = J commutes with Jk.
Multiplying (3.2) from the right by (5k)7aGTy, one obtains

—Ji = GPGLI =TT (61) .

Using the definition for the J%3 factors in (3.5) and the relation [J, Ji] = 0, one arrives at
i
—Jk = €k Jij,

which is just the usual SU(2) algebra.
It is also possible to define

GiGP = 7,7 = Do) ot Tha
o (07 2
and similarly obtain [J,J;] = 0. By multiplying (3.2) from the left by (5k)7aGL, we get in
a similar way
I R
—Jk = QeiijiJj.
Thus the general SU(2) algebras for .J; and .J; indeed follow immediately from (3.2) without

restricting to the irreducible GRVV matrices.

3.3 SU(2) algebra — GRVYV algebra

This direction of the implementation is a priori more problematic since, as we have already seen,
the representations of J; and J; are not independent. For the irreducible case in particular, VJ
is replaced by the representation Vy_, @ V|, so we need to generalise this identification to
reducible representations in order to prove our result. As we will obtain this relation at the end
of this section and it should have been the starting point of the proof, we will close with some
comments summarising the complete logic.

We will first try to understand the classical limit. The Hopf fibration (3.1) can be rewritten,
together with the normalisation condition, as

(0%

* 1 ~ \a a
9793 = 5[%‘(%) g‘i‘%]-
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By extracting a phase out of g%, we should obtain the variables §* on S? instead of S3.
Indeed, the above equations can be solved for g% by

1 2 .
ga _ < 92 > _ € ( 1 +11.73 ) _ ez¢ga7 (3.6)
g 21 4+ z3) \ 71 — 122

where €' is an arbitrary phase.
In the fuzzy case G* and GE do not commute, and there are two different kinds of equations
corresponding to J; and J;,

\ —

1
GGl = S[Ji(6:1)° 5 +03J), GhG=

: [T:(&)% 5+ 65.7]. (3.7)

2

We also impose that [J, Jz] = 0, [J, Ji] = 0, so that J and J are diagonal and proportional to
the identity in the irreducible components of J;.

We solve the first set of equations in (3.7) by writing GlGI = 1(J + J3), for which the most
general solution is G; = TU, with T a Hermitian and U a unitary matrix. Since J + J3 is real
and diagonal, by defining

1
T=—=(J+ J3)'/?
N

we obtain

G! J+J3 \T7!
GO‘:(G2>:<J1_Z,32> 5 UNXN—G UN><N (38)

Thus G is also completely determined by J;, J.
Similarly, the second set of equations in (3. 7) can be solved by considering GTG 1 %(J +J3),
for which the most general solution is G = UT, where as before

. 1/2
T = \/§<J+ J3) ;
to obtain
G! A T J+ Js ~ X
o _ — = @
oo (G ) =t} h )=t "

Thus G is completely determined by J;, J.
Comparing the two formulae for G* we see that they are compatible if and only if

U=TUT™' and Jy—iJo=TU T (J, —iJo)T7'0, (3.10)

where U is an arbitrary unitary matrix. These equations define an identification between the
two representations of SU(2), in terms of .J; and .J;, needed in order to establish the equivalence
with the GRVV matrices.

We now analyse the equivalence for specific representations. For the irreducible represen-
tations of SU(2), we define J; from J; as before (V¥ — Vy ;@ V; ) and J = (N — 1) Iyxn,
J = N(1 — Eq1) Iyxn. For reducible representations of SU(2), J; can be split such that .J3 is
block-diagonal, with various irreps added on the diagonal. One must then take J and J of the
form in (3.3) and (3.4). The condition (3.10) is solved by U = 1 and J;, J2 block diagonal,
with the blocks being the irreps of dimensions Ny, No, N3, ..., and the J;, Jo being also block
diagonal, but where each N x Ny irrep block is replaced with the (N — 1) x (N — 1) irrep

block, plus an E{l), just as for the GRVV matrices.
We can hence summarise the proof a posteriori in the following steps:
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1. Start with J; (¢ = 1,2,3) in the reducible representation of SU(2), i.e. block diagonal with
the blocks being irreps of dimensions Ny, No, N3, . ...

2. Take J = G°G), and J = GLG® as in (3.3) and (3.4) since these are necessary conditions
for the G to satisfy the GRVV algebra. The condition [J, Ji| = 0 is used here.

3. The J; are completely determined (up to conventions) from J;, J and J by (3.10) and the
condition [J, Ji] = 0.

4. The G* are then uniquely determined by (3.8), while the G by (3.9).

5. The G* and éa defined as above indeed satisfy the GRVV algebra.

4 Fuzzy Hopf fibration and fuzzy Killing spinors

Having established the equivalence between the adjoint (usual) and the bifundamental (in terms
of G%) formulations of the fuzzy S? we turn towards ascribing an interpretation to the matri-
ces G themselves.

4.1 Hopf fibration interpretation

One such interpretation was alluded to already in (2.2), where the fuzzy (matrix) coordinates
G“ were treated as complex spacetime coordinates. The irreducible GRVV matrices satisfy
C;’lé]; + C;’Q@; = N-1and G' = C;q The first relation suggests a fuzzy 3-sphere, but the
second is an extra constraint which reduces the geometry to a 2d one. This is in agreement with
the fuzzy S? equivalence that we already established in the previous section. The matrices G
are viewed as representatives when modding out the U(N) symmetry, and the condition G! = GJr
amounts to a choice of representative of the equivalence class.
The construction of the fuzzy S? in usual (Euclidean) coordinates was obtained by

Ji = (6:)3G" G},

= = G'Gl + G*G]
n= e = N 1)
Ji J2 i 1 T 2 ~T
TN 1 2= T T Unr=Tl 1)
J3 1 1 T 2 ~t
BEUNTT N 1( 2)

and we already stated that the relation between ¢® and x; is the classical Hopf map S® =
S% (3.1).

Indeed, the description of the Hopf map in classical geometry is given as follows: One starts
with Cartesian coordinates X1, X», X3, X4 on the unit S® with

X2+ X3+ X34+X:=1

and then goes to complex variables Z! = X1 + i Xy, Z? = X3 + i X4, satisfying Z°7Z% = 1. The
Hopf map defines Cartesian coordinates on the unit S? base of the fibration by

;= (6,)32°Z;, (4.1)
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which is invariant under an S' fibre defined by multiplication of Z% by a phase. The z; are
Euclidean coordinates on an S? since

wiwy = (6:)3(6:)42° 2,27 75 = 1

and this identifies Z¢ = ¢“ from above.

Let us now work in the opposite direction, starting from the classical limit and discretising the
geometry by demoting the Hopf map (4.1) from classical coordinates to finite matrices. We need
matrices for Z¢ which we call G¢. The coordinates z; transform in the spin-1 representation of
SU(2). If we want to build them from bilinears of the form GTG we need G, GT to transform in
the spin—% representation. We also want a gauge symmetry to extend the U(1) invariance of Z¢
(the S! fiber of the Hopf map), and for N-dimensional matrices U(N) is the desired complex
gauge invariance that plays that role.

In the usual fuzzy 2-sphere, the x; are operators mapping an irreducible N-dimensional SU(2)
representation Vy to itself. It is possible to do this in an SU(2)-covariant fashion because the
tensor product of spin-1 with Vi contains V. Since G% are spin—%, and % QVN =VNi1®VN_1
does not contain Vj, we need to work with reducible representations in order to have G map the
representation back to itself. The simplest thing to do would be to consider the representation
VN @ Vn_1. The next simplest thing is to work with Vy @ (Vy_1 @ V1) and this possibility
is chosen by the GRVV matrices [18] and allows a gauge group U(N) x U(N) which has a Z
symmetry of exchange needed to preserve parity.

So the unusual property of the GRVV matrices G, the difference between V* = Vi and
V- = Vy_1 @ V; follows from requiring a matrix realisation of the fuzzy S? base of the
Hopf fibration. These in turn lead to the SU(2) decompositions of End(V*), End(V™),
Hom(V*, V™), Hom(V~, V™), for the fluctuation matrices that we saw in Section 2.2.”

The z;, G, G! are operators in V1 &V~ which is isomorphic, as a vector space, to Vy @ Va.
The endomorphisms of V  correspond to the fuzzy sphere. The N states of Vy generalise the
notion of points on S? to noncommutative geometry. The 2-dimensional space V5 is invariant
under the SU(2). It is acted on by G, G' which have charge +1, —1 under the U(1) (corre-
sponding to (J,.J)) acting on the fibre of the Hopf fibration, so we also have two points on top
of our fuzzy S2.

Since in this subsection we looked at a fibration of S3, we need to emphasise that the
fluctuation analysis does not have enough modes to describe the full space of functions on S3,
even if we drop the requirement of SO(4) covariance and allow for the possibility of an SU(2) x
U(1) description. As we explained above, the only remnant of the circle in the matrix con-
struction is the multiplicity associated with having states |+), |[-) in V™ and V~. A classical
description of the S metric as a Hopf fibration contains a coordinate y transverse to the S2.
Instead, the matrix fluctuations of our solution are mapped to functions on S? and hence lead
to a field theory on S2.

4.2 Killing spinor interpretation

We will close this circle of arguments by interpreting the classical objects g, obtained in the
large-N limit of G, as Killing spinors and fuzzy Killing spinors on the 2-sphere respectively.
We have seen that in the classical limit the relation between J; and G becomes the first Hopf
map (3.1), and hence can be thought of as its fuzzy version. However, the above Hopf relation
is invariant under multiplication by an arbitrary phase corresponding to shifts on the S* fibre,

"The usual fuzzy S has also been discussed in terms of the Hopf fibration, where the realisation of the SU(2)
generators in terms of bilinears in Heisenberg algebra oscillators yields an infinite dimensional space which admits
various projections to finite N constructions [30]. In that case the x; are not bilinears in finite matrices.
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so the objects g* obtained by extracting that phase in (3.6), i.e.

1
ga:< L+ ) (4.2)
2(1 4+ x3) \ T1 — 122

are instead defined on the classical S?. In the Hopf fibration, the index of ¢g¢ is a spinor index of
the global SO(3) symmetry for the 2-sphere. By extracting the S phase one obtains a real (or
rather, subject to a reality condition) g and the « can be thought of as describing a (Majorana)
spinor of the SO(2) local Lorentz invariance on the 2-sphere. We will argue that the latter is
related to a Killing spinor. Note that this type of index identification easily extends to all even
spheres.

In the fuzzy version of (4.2), the G“ obtained from G by extracting a unitary matrix, are
real objects defined on the fuzzy S?. They equal the GRVV matrices in the case of irreducible
representations, or

~ -1
G = J+f73 L
J1—1Jy 2

in general.

The standard interpretation, inherited from the examples of the SU(2) fuzzy 2-sphere and
other spaces, is that the matrix indices give rise to the dependence on the sphere coordinates and
the index « is a global symmetry index. However, we have just seen that already in the classical
picture one can identify the global symmetry spinor index with the local Lorentz spinor index.
Therefore we argue that the correct interpretation of the classical limit for G“ is as a spinor
with both global and local Lorentz indices, i.e. the Killing spinors on the sphere /. In the
following we will use the index « interchangeably for the two.

In order to facilitate the comparison with the Killing spinors, we express the classical limit
of the J,—G® relation as

zi =~ 3 = (07)a 5. (4.3)

Killing spinors on S™

We now review some of the key facts about Killing spinors that we will need for our discussion.
For more details, we refer the interested reader to e.g. [31, 32, 33, 34, 35].
On a general sphere S™, one has Killing spinors satisfying

7
D,n(z) = jzim*y,m(x).

There are two kinds of Killing spinors, n* and n~, which in even dimensions are related by the
chirality matrix, i.e. 4,41, through 7 = 7,197, as can be easily checked. The Killing spinors
on S satisfy orthogonality, completeness and a reality condition. The latter depends on the
application, sometimes taken to be the modified Majorana condition, which mixes (or identifies)
the local Lorentz spinor index with the global symmetry spinor index of S™. For instance, on S*
the orthogonality and completeness are respectively®,

'’ =0 and iy = —0f,

8The charge conjugation matrix in n dimensions satisfies in general
CT = KC, ’y;f = )\C’}/H0717
where kK = +, A = 4 and it is used to raise/lower indices. The Majorana condition is then given by

n= nTC.
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where the index [ is an index in a spinorial representation of the SO(n+ 1) invariance group of
the sphere and the index « is an index in a spinorial representation of the SO(n)y, local Lorentz
group on the sphere. The indices are then identified by the modified Majorana spinor condition
as follows”

= (") e = —(n7) a0,

where Q7 = joy ® In  n is the invariant tensor of Sp(%), satisfying IO = (5%(.

The Euclidean coordinates of S™ are bilinear in the Killing spinors

zi = (03) 17" yns1n? (4.4)

where 7 are of a single kind (4 or —), or equivalently 7% 7. In the above the I are in SO(n+1)g,
while the 7 in SO(n)y.

Starting from Killing spinors on S™, one can construct all the higher spherical harmonics.
As seen in equation (4.4), Euclidean coordinates on the sphere are spinor bilinears. In turn,
symmetric traceless products of the z;’s construct the scalar spherical harmonics Y*(x;).1% One
can also construct the set of spinorial spherical harmonics by acting with an appropriate operator
on Ykn!

B = [(k+n—1+iD)Y"ny,
R = (k+n—14+iD)Y¥n =[(k+1+iDY*n,.

Note that in the above the derivatives act only on the scalar harmonics Y*.

Any spinor on the sphere can be expanded in terms of spinorial spherical harmonics, ¥ =
Yk YpZF*E. Consistency imposes that the Z¥* can only be commuting spinors. The Killing
spinors are then themselves commuting spinors, as they are used to construct the spinorial
spherical harmonics.

For higher harmonics the construction extends in a similar way but the formulae are more
complicated and, as we will not need them for our discussion, we will not present them here.
The interested reader can consult e.g. [37].

Killing spinors on S? and relation between spinors

For the particular case of the S%, v; = I'; = o; for both the SO(2)., and the SO(3)g Clifford
algebras. Then the two C-matrices can be chosen to be: Cy = —oq, giving Kk = A = +, and
C_ =109 = ¢, giving Kk = A\ = —. Note that with these conventions one has C_~3 = ige0o3 =
—o1 = C4. In the following we will choose the Majorana condition to be defined with respect
to C_.

Equation (4.4) then gives for n = 2

7 =0")0- = @i = (o)) (") Coyan’. (4.5)

The orthonormality and completeness conditions for the Killing spinors on S? are

7'n’ =€’ and g7 = —0f,

while the modified Majorana condition is

() = e’ = ers(h)C.

9For more details on Majorana spinors and charge conjugation matrices see [31, 36] and the Appendix of [35].

%These are the higher dimensional extensions of the usual spherical harmonics Y™ (z;) for S2.
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Since C'_ = ¢, by making both indices explicit and by renaming the index I as & for later use,
one also has

(ﬁad)T = Naa = 60&560'4[3775@ (46>

Finally, the spinorial spherical harmonics on S? are

S = [+ 14iD)Yinne

and thus the spherical harmonic expansion of an S2-fermion is (writing explicitly the sphere
fermionic index «)

V=Y Yim et =D [ (L + 1+ iD) Vi) gl
Im,+ Im, =+

To construct explicitly the Killing spinor, we must first define a matrix .S, that can be used
to relate between the two different kinds of spinors on S?, spherical and Euclidean.

On the 2-sphere, one defines the Killing vectors K{* such that the adjoint action of the SU(2)
generators on the fuzzy sphere fields becomes a derivation in the large-N limit!!

[Jz ] — 22’K§‘8a = Qieijkxjak.

One can then explicitly check that K;* produces a Lorentz transformation on the gamma matri-
12
ces

~ . 1\ o __ _1\ «
K(3.)° 5 = —e(So™s7) " = —($7°571) ,°,
where e is the vielbein on the sphere and S is a unitary matrix defining the transformation

(la] = 1)

—sin g e/2  _jcos = /2
S=a 0 92
cos — e /2 _jsin — ¢10/2

Imposing the (symplectic) reality condition on S

as(57)7 7 = (57)," = 5%, (47)
we fix a = \ﬁ* and obtain the relations

1\ B _I\B _ B
(SaiS 1)a = (SU,-S 1) o (5735 1)aﬁ = —LL'Z'(O'Z')QB,
(S’yaS_l)aﬁ = —habe)(5i)aﬁ. (4.8)
If one has real spinors obeying

ad = Eaﬂﬁdﬂ

(Xaa)! = x X4

which was identified in (4.6) as the modified Majorana spinor condition, it follows from (4.7)
that rotation by the matrix S preserves this relation, i.e.

(xaS)a)t = (57X = e (571 55 = e (3 49)5. (4.9)

"Precise expressions for the Killing vectors as well as a set of useful identities can be found in Appendix A
of [10].
12 A Lorentz transformation on the spinors acts as A*,v” = Sy*S~!, with S unitary.
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We can now define the explicit form of the Killing spinor
1
I I p— s P
VSR

where in the last equality we used the (symplectic) reality condition (4.7) on S. From (4.9) it
is clear that the 7 obey the modified Majorana condition. It is then possible to use (4.8) to
prove that

' = (57 )agnoﬁ =

zi = (03) 10" v3n’,
hence verifying that the n’® are indeed Killing spinors. One can also explicitly check that
i

Da((571)" 1) = +2

a —-1\8
2(’7(1) ﬁ(S 1) 76717

which in turn means that

(S e = s,

Identification with Killing spinor
Using (4.6), we rewrite (4.5) as

zi = (o), () \yan” = ()7, (V2Pe") (V2P (4.10)

where Py = 3(1 £ 73). Now comparing (4.10) with (4.3) one is led to the following natural
large-N relation, G* — 2N P.n!, provided the spinor indices o and I get identified, i.e.

Ge o o o
ﬁ = <—>gI = \@P+77[ = (P)) B(S 1)ﬁ76“/1 (P+) S el = SIJ(P_)JK6 K

Thus, the Weyl projection can be thought of as ‘removing’ either « or I, since only one of the
two spinor components is non-zero.
In order to further check this proposed identification at large-N we now calculate

aa(\/ip—i-nl) (5711 ) (\[P_;,_n ) + Ta(ﬂp+n1)7 (4'11>

where Ty = 0 and T¢ = %cos& and
(0.9)S~! = —%S%S” + ST,S

by explicitly evaluation, with Ty = 0 and Ty = —; cos 0s.
This needs to be compared with the analogous result given in equation (4.48) of [9] from the
classical limit of the adjoint action of J; on G®, i.e. from [Ji, GO‘],

O U B
6ag = ihang(O—l) ﬁgﬁ = —5(5’}/(15 ) Bgﬁ (412)

In [9] it was also verified that the above could reproduce the correct answer for d,z;, which can
be rewritten as

Dais = _%gg [(6:)%5(5%5 ™) = (S7a57Y)* 4(61)°, )5
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Note that even though there is a difference between (4.11) and (4.12), given by the purely
imaginary term T, that is proportional to the identity, the two answers for d,z; exactly agree,
since in that case the extra contribution cancels. This extra term is a reflection of a double
ambiguity: First, the extra index & on n! can be acted upon by matrices, even though it is Weyl-
projected, in effect multiplying the Weyl-projected n! by a complex number; if the complex
number is a phase, it will not change any expressions where the extra index is contracted, thus
we have an ambiguity against multiplication by a phase. Second, g¢ is just a representative of
the reduction of g“ by an arbitrary phase, so it is itself only defined up to a phase. The net
effect is that the identification of the objects in (4.11) and (4.12) is only up to a phase. Indeed,
locally, near ¢ ~ 0, one could write

gaeézf)cos@ JEN \/§P+771

but it is not possible to get an explicit expression for the phase over the whole sphere.

4.3 Generalisations

On a general S?" some elements of the above analysis of fuzzy Killing spinors carry through.
That is because even though it is possible to write for every S

za =7 (Ta)rsv2ne1n”,

where n! are the Killing spinors, one only has possible fuzzy versions of the quaternionic and
octonionic Hopf maps to match it against, i.e. for 2n = 4,8. We will next find and interpret the
latter in terms of Killing spinors on the corresponding spheres.

S4
The second Hopf map, S7 5 S*, is related to the quaternionic algebra. Expressing the S7 in
terms of complex coordinates g%, now with o = 1, ..., 4, the sphere constraint becomes g“g& =

(9%gh =1= 2424 =1; A=1,...,5). The map in this case is (see for instance [38])
— P a of
TA=4g (FA) ﬁgaa

with (I'4)%4 the 4 x 4 SO(5) gamma matrices'®. Here we have identified the spinor index I of
SO(5) with the Lorentz spinor index « of SO(4).

Initially, the g®’s are complex coordinates acted upon by SU(4), but projecting down to the
base of the Hopf fibration we replace ¢ in the above formula with real g’s, instead acted
upon by the spinorial representation of SO(4), i.e. by spinors on the 4-sphere. This process is
analogous to what we saw for the case of the 2-sphere. Once again, it is possible to identify g¢
with the Killing spinors, this time on S*.

This suggest that one should also be able to write a spinorial version of the fuzzy 4-sphere
for some bifundamental matrices G¢, satisfying

Ja=Go(Ta)*5GL,  Ja=GLTa)"5G7,
where J4, J4 generate an SO(5) spinor rotation on G* by
JAéa — éajA = (FA)aﬂéﬁ.

This in turn implies that the fuzzy sphere should be described by the same GRVV algebra as
for the S? case

G = GGLGP - GPGhGe

B These are constructed as: o1 and o3 where 1 is replaced by l2x2 and o2 where ¢ is replaced by i01,i02,i03.
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but now with G being 4 complex matrices that describe a fuzzy 4-sphere, which poses an
interesting possibility that we will however not further investigate here.

SS

The third Hopf map, S 5 S8, is related to the octonionic algebra. The S'° is expressed now
by the real objects gZg® = 1, o = 1,...,16 that can be split into two groups (1,...,8 and
9,...,16). The Hopf map is expressed by [39] (91 ga =1 = 2424 = 1)

x4 =gL(Ta)gs,

where (I'4)®? are the SO(9) gamma-matrices'?. Similarly for the case of the S* above, even

though ¢g®’s are initially 16-dimensional variables acted by the spinor representation of SO(9), one
can project down to the base of the Hopf fibration and replace the ¢g®’s with real 8-dimensional
objects on the 8-sphere §*. Then the §*’s are identified with the Killing spinors of S%.

This once again suggests that one should be able to write a spinorial version of the fuzzy
8-sphere for some bifundamental matrices G satisfying

Ja = éa(FA)aﬁéT, Jq = ég(FA)aﬁé/g,
where J, J4 generate an SO(9) spinor rotation on G* by
JAéa — éajA = (FA)Q’GGB

and implies the same GRVV algebra, but with the G*’s now being 16 dimensional real matrices
that describe the fuzzy 8-sphere.

5 Deconstruction vs. twisted compactification

We now describe certain changes which occur when ‘deconstructing’ a supersymmetric field
theory on the bifundamental fuzzy S?, in contrast to the usual S?, and comparing with the
compactified higher-dimensional theory.

The term ‘deconstruction” was first coined in [40] for a specific four-dimensional model but
more generally extends to creating higher dimensional theories through field theories with matrix
degrees of freedom of high rank. In our particular case, the fuzzy S? background arises as
a solution in a d-dimensional field theory and fluctuations around this background ‘deconstruct’
a d + 2-dimensional field theory. We will focus on the case where the d + 2-dimensional field
theory compactified on S? is supersymmetric.

5.1 Adjoint fuzzy S?

This construction is familiar in the context of D-branes, though any field theory with a fuzzy S?
background will also do. For instance, the example we will follow is [41], where an N' = 1
supersymmetric massive SU(NNV) gauge theory around a fuzzy S? background solution, coming

MThe gamma-matrices are constructed similarly to the 54 case as follows: I; = <_(;\ /BZ), I's =

( 0 ]lgxs), Ty = (]lsxg 0 ), i.e. from o2 with \; replacing i, and from o; and o3 with 1 replaced
]lgxs 0 0 - ]]8><8

by lLsxs. The A; satisfy {Ai,\i} = —26;; (similarly to the io; in the case of 5'4) and are constructed from
the structure constants of the algebra of the octonions [39]. An explicit inversion of the Hopf map is given by
go = [(1 +29) /2] *uq for a =1,...,8 and go = [2(1 + 9)] "/?(25 — TiXi)ua—s for « = 9,...,16, with u, a real
8-component SO(8) spinor satisfying u®u, = 1 thus parametrising the S” fibre.
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from the low energy theory on a stack of D3-branes in some nontrivial background, was identified
with the Maldacena-Niifiez theory of IIB 5-branes with twisted compactification on S? [42].
This construction was known to give an N' = 1 massive theory after dimensional reduction that
can be identified with the starting point, thus the D3-brane theory around the fuzzy sphere
deconstructs the 5-brane theory.

The twisting of the 5-brane fields can be understood both in the compactification as well as
the deconstruction pictures. In compactification, and for the [41] model, it is known from [43]
that in order to preserve supersymmetry on D-branes with curved worldvolumes one needs to
twist the various D-brane fields. Specifically, that means embedding the S? spin connection,
taking values in SO(2) ~ U(1), into the R-symmetry. As a result, the maximal supersymmetry
one can obtain after compactification is N/ =1 (corresponding to U(1)g). On the other hand,
in deconstruction, the need for twisting will instead appear by analysing the kinetic operators
of the deconstructed fields.

The brane intuition, though useful, is not necessary, and in the following we will understand
the twisting as arising generally from requiring supersymmetry of the dimensionally reduced
compactified theory. This will be matched by looking at the kinetic term diagonalisation of the
deconstructed theory.

Compactification

On a 2-sphere, scalar fields are decomposed in the usual spherical harmonics Y, (x;) = Y, (0, 6)
and can thus give massless fields after compactification (specifically, the | = 0 modes). However,
that is no longer true for spinors and gauge fields. In that case, the harmonic decomposition in
terms of Y},,(x;) must be redefined in order to make explicit the Lorentz properties of spinors
and vectors on the 2-sphere, i.e. to make them eigenvectors of their corresponding operators.

Spinors on the sphere are eigenvectors of the total angular momentum J2. These are of two
types: Eigenvectors €2 of the orbital angular momentum L? (Cartesian spherical spinors) and
eigenvectors T of the Dirac operator on the sphere —iV 52 = —iﬁabeglamvb (spherical basis
spinors), whose square is R*(—iVg2)? = J? + 1. The two are related by a transformation with
a sphere-dependent matrix S, already described in Section 4.2. The former are decomposed in
the spinorial spherical harmonics

O =Y C(L, 5. 53m = pt, 11, m) Ym0, $)X5,
pu==

N[ =

Wherej:qi:li% and & = 1,2, as
A _ (+H) oa (=) a
U= i Ut + Vi U
Ilm

Both have a minimum mass of ﬁ, since the Dirac operator squares to Jl-2 + % =5+ + i.

Similarly, the vector fields do not simply decompose in Y},,’s, but rather in the vector spherical
harmonics

%ij = G [sin 089ij<5 — csc 98¢}/}m§],
1 1 A -
ESjm = m [(%ijﬁ + 8¢ij¢]a

with 7 > 1. It is more enlightening to show the decomposition of the field strength on the
2-sphere

1 1
—cscOFp, = R2S  F———Ag2Y,,
RCSC 09 %n: l l(l+1) S2 1]
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with [ = 1,2,.... Thus again only massive and no massless modes are obtained after dimensional
reduction [41]. Note that as we can see, the expansion in spinorial or vector spherical harmonics
corresponds to redefining the expansion in terms of Y}, (rearranging its coefficients).

Therefore in the absence of twisting supersymmetry will be lost after dimensional reduction,
since all S2-fermions will be massive but some massless S?-scalars will still remain. Twisting,
however, allows for the presence of fermionic twisted-scalars (T-scalars), i.e. fermions that are
scalars of the twisted SO(2)r Lorentz invariance group (with charge T'), which will stay massless.
In this way the number of supersymmetries in the dimensionally reduced theory equals the
number of fermionic T-scalars.

One chooses the twisted Lorentz invariance of the sphere as Q7 = Qzy + Qa, where @y is
the charge under the original Lorentz invariance of the sphere SO(2),,, and Q4 is the charge
under the U(1) subgroup of R-symmetry. This is necessary because one needs to identify the
U(1) spin connection (‘gauge field of Lorentz invariance’) with a corresponding connection in
the R-symmetry subgroup, i.e. a gauge field from the transverse manifold.

An example of an action for twisted fields is provided by the result of [43], for a bosonic
T-spinor =, fermionic T-scalars A and T-vectors g,

/ dzd®oVh [—;ul_ky“auA— %ugafy“aug“wwa"éab/\—28MET8#E—8ET (—iVg)’E|, (5.1)

where p is the mass parameter, Go, = 9,95 — Op9q is the field strength of the fermionic T-vector,

and as usual w® = igeab is the symplectic form on the sphere. We note that the kinetic terms in

the flat directions (i, ) are given by their bosonic or fermionic nature, while the type of kinetic
terms in the sphere directions (a, b) are dictated by their T-spin and the number of derivatives
on it are again dictated by their statistics (bosons have two derivatives, fermions only one).

These fields are decomposed in spherical harmonics corresponding to their T-charge. Then
e.g. the fermionic T-scalar can have a massless (I = 0) mode, which after dimensional reduction
will still be a fermion and give N/ = 1 supersymmetry.

Deconstruction

To have a fuzzy sphere background of the usual type, we need in the worldvolume theory at
least 3 scalar modes ¢; to satisfy [¢i, ¢j] = 2i€;jr¢r, but usually there are more. Then the
need for e.g. bosonic T-spinors is uncovered by diagonalising the kinetic term for all the scalar
fluctuations around the fuzzy sphere background. For instance in [41], there are 6 scalar modes
forming 3 complex scalars ®;, with fluctuations 6®; = a; + ib; and kinetic term

/ dad?oVho®T[(1+ J?)dij — ieiji i) 0®;.

The (complete set of) eigenvectors of this kinetic operator are given by the vector spherical har-
monics J; Y}, and the spinorial spherical harmonics Q;llm This kinetic operator is then diagona-

lised by defining T-vectors n, coming from the vector spherical harmonics and T-spinors ¢
coming from the spinor spherical harmonics. When completing this program, the deconstructed
action is the same as the compactified one, e.g. for [41] one again obtains the twisted action (5.1).

At finite N, the matrices are expanded in the fuzzy spherical harmonics Y},,(J;), becoming
the Y}, (z;) of classical 5?2, but the above diagonalisation corresponds in the classical limit to re-
organising the expansion (this includes a nontrivial action on the coefficients of the expansion)
to form the spinorial, vector, etc. spherical harmonics.

Thus for the adjoint construction all the fields on the classical S? appear as limits of functions
expanded in the scalar fuzzy spherical harmonics, Y}, (J;), and the various tensor structures of 52
fields were made manifest by diagonalising the various kinetic operators.
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5.2 Bifundamental fuzzy S?2

The case of the bifundamental fuzzy S? is richer. One wants to once again compare with the
same compactification picture. However, the particulars of the deconstruction will be different.

Deconstruction

Here we need a fuzzy sphere background of GRVV type, hence at least 2 complex scalar modes R
in the worldvolume theory giving the fuzzy sphere background in terms of R* = fG®, with G*
satisfying (1.2). The fluctuation of this field will be called r.

Performing the deconstruction follows a set of steps similar to the adjoint fuzzy S?, namely
one wants to expand in the fuzzy spherical harmonics and in the classical limit reorganise the
expansion (acting nontrivially on the coefficients of the expansion) to construct the spinor,
vector, etc. spherical harmonics. However now there are some subtle points that one needs
to take into account. We have two kinds of fuzzy spherical harmonics, Y, (J;) and Y, (J;),
both giving the same ¥, (z;) in the classical limit. Adjoint fields, e.g. the gauge fields, will
be decomposed in terms of one or the other according to their respective gauge groups. On
the other hand for bifundamental fields one must first ‘extract’ a bifundamental GRVV matrix,
G or G,Tl, before one is left with adjoints that can be decomposed in the same way. We detailed
this procedure for 7 in Section 2.2.3. The expansion in ¥, (z;) must be then reorganised as
in the usual fuzzy S? in order to diagonalise the kinetic operator, thus producing the spinor,
vector, etc. spherical harmonics.

The most important difference is that G* has a spinor index on S2; in particular we saw in
Section 4.2 that in the classical limit g¢ is identified with a Killing spinor. That means that the
operation of ‘extracting’ G® corresponds to automatically twisting the fields! Let us make this
concrete by considering a specific example.

In the mass-deformed ABJM theory, one has besides the R® field a doublet of scalar fields Q%
with fluctuation ¢%, where ¢ is an SU(2) index transverse to the sphere. Thus the ¢ start off life
as scalars. However, due to their bifundamental nature, one must first ‘extract’ G — VN gJ%, by
writing ¢% = Qgéa. In order to diagonalise the kinetic operator, we perform an S-transformation
and construct

=4 = i(P.S71Qa)" + (P-571Q4)", (5.2)
after which the kinetic term becomes the twisted action

~11_. X 1 . .
N2 / dBed?o Vi [2Ea(—i2uv52)25d — SOuES0"Es — 3uPE0E, . (5.3)

More generally, the functions on the sphere are actually sections of the appropriate bundle:
Either ordinary functions, sections of the spinor or the line bundle. Specifically, anything without
an « index is a T-scalar, one « index implies a T-spinor and two « indices a T-scalar plus a
T-vector in a (1 & 3) decomposition. That is, the U(1)r invariance is identified with the
SO(2)r ~ U(1), Lorentz invariance of the sphere, described by the index «.

In addition to this, an interesting new alternative to the above construction also arises. We
can choose to keep G“ in the spherical harmonic expansion (by considering it as part of the
spherical harmonic in the classical limit). The derivative of the spherical harmonic expansion
then includes the derivative of g% given in (4.12) and one obtains a fuzzy version of the classical
derivative operator

qui — Lq; — 2in‘6aq; + q;x,
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This operator acts on all bifundamental fields, including the ABJM fermions ¥®. In this new
kind of expansion, we recover the usual Lorentz covariant kinetic term. For instance for the
scalar fields ¢* of ABJM we obtain (after a rescaling of the fields)

gzylM dedQUVﬁ[—aAqZé@Aqa},

where A = p,a is a total (worldvolume + fuzzy sphere) index. The price one pays for this
simplicity (compared to (5.3)) is however that the classical N — oo limit of the supersym-
metry transformation is very subtle, since a naive application will relate fields with different
finite N gauge structures (bifundamentals with adjoints), naively implying a gauge-dependent
supersymmetry parameter.

But at least formally, by keeping G inside the spherical harmonic expansion, we obtain an
un-twisted, fully supersymmetric version of the action on the whole worldvolume plus the fuzzy
sphere.

6 Supersymmetric D4-brane action on fuzzy S? from ABJM

As a concrete application of the whole discussion thus far, we present the final results for the
Lagrangian obtained by studying fluctuations around the fuzzy S? ground-state of the mass-
deformed ABJM model.

The fluctuating fields are the r® scalars forming the fuzzy sphere background, transverse
scalars ¢%, gauge fields A, and flu, fermions 1, and x4. The spherical harmonic expansion on
the fuzzy sphere is for each of the above

r® = rG® + so‘géﬁ = [(r)lmég + (so‘g)lm] Ylm(Ji)Gﬂ,
¢* = QaG* = (QQ)imYim (i3,

Yo = PGa + UsGs = [(0)im2 + (Ua)im ] Yim (J:) G,
Xa = XaaG® = (Xaa)imYim (J:)G*,

Ay = ATV (i), Ay =AY (h),

becoming in the classical limit

r® =rg® + 535" = [(N)im6§ + (s*8)tm] Yim (2:)3”,
4" = Qag" = (Qa)imYim(z:)3°,
Yo =g+ Ua’Gs = [(0)ind + (Ua”)im] Yim (2:) 3.
Xo = Xaad” = (Xaa)imYim ()3,
Ay =AY (2:), Ay = AV ().

These can be further redefined as

saﬁ(&i)ﬂa = Kl'Ag + xi¢, TS = (P_S"'x4)?,

with A, becoming the sphere component of the gauge field and ® = 2r + ¢ becoming a scalar,
while 2r— ¢ is ‘eaten’ by the gauge field in a Higgs mechanism that takes us from nonpropagating
CS gauge field to propagating YM field in 3d [44]. The final supersymmetric version of the action
is then

1
Sphys = —5— /d3xd2a\/g

1 1 2 .
—ZFapFAB — 9,004 — L 02 — 941 040" + £ wPF,0
P 1 2 2 2
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+ (;Tdbsrd - gmrd + h.c.) — (¥S)D5 (S~ 1) + %p(wS) (S7tT)|.

The twisting of the fields that have a G® in their spherical harmonic expansion is done as
follows: First, we twist by expressing ¢% as Q% and 9 as ¥, U,®. We then redefine the twisted
fields in order to diagonalise their kinetic operator by further writing Q% according to (5.2) and

1. ~ 1.
Us” = §Uz‘(0’i)a6, U.” = SUi(6:)a",
Ui = quga + 1&:@', Uz = quia + wxz

The final twisted action is

1
Sphys = —5— / d*zd?oVh

1 1 2
_ SFupFAB 29,0040 - P o2 L Eoavp e
Pt 4 2 2 2

Lea Lo l=s ' g Sagus
+ <2T D5Td+§/fr Td—i-h.c.) +Z: (—MV52> \:d—au\: OH=g

3 9mae 1z 1 o, 0 gn i -
SHE ~a+4A$A+4ga$9 + 0" Gaph + SpAA

7 Conclusions

In this paper we reviewed our fuzzy S? construction in terms of bifundamental matrices, origi-
nally obtained in the context of the ABJM model in [9, 10], focusing on its model-independent
mathematical aspects. We found that this is completely equivalent to the usual adjoint SU(2)
construction, but that it involves fuzzy versions of Killing spinors on the 2-sphere, which we
defined. We described the qualitative differences that appear when using the bifundamental S?
to ‘deconstruct’ higher dimensional field theories. The expansion of the fields involving fuzzy
Killing spinors result in an automatic twisting of the former on the sphere. Alternatively, in-
cluding the Killing spinors in the fuzzy spherical harmonic expansion provides a new approach
to the construction of fields on S2.

We expect that the generality of the construction will lead to it finding a place in numerous
applications both in the context of physical systems involving bifundamental matter, e.g. quiver
gauge theories as in [45], as well as noncommutative geometry. We hope to further report on
both of these aspects in the future.
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