PHYSICAL REVIEW D

VOLUME 45, NUMBER 4

15 FEBRUARY 1992

Mixmaster numerical behavior and generalizations
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The numerical simulation of the mixmaster universe serves the purpose of suggesting two kinds of re-
sults. The intrinsic time evolution, during contraction, will be seen to be nonchaotic. This is a necessary
feature of relativistic cosmological models undergoing this kind of motion. The mixmaster model also
provides a clue on how to define chaoticity for systems described by nonautonomous sets of differential

equations.

PACS number(s): 98.80.Dr, 04.90.+¢

I. INTRODUCTION

This paper provides a description on how to use nu-
merical simulations as an aid to foresee proofs of relevant
results and to propose ways to quantify the chaotic be-
havior of nonlinear systems. Our experience relies on the
study of the mixmaster evolution, which is rich enough to
allow this kind of development. After the pioneering
works of Misner [1] and Belinskii, Lifshitz, and Khalatni-
kov [2,3], the mixmaster universe has been widely studied
in many contexts. Here we will focus on its chaotic [4,5]
and qualitative behavior [6—8] as well as on numerical
simulations [9-13]. More specifically, we intend to
present a comprehensive treatment about the decay of
the maximal Lyapunov exponent (LE) and, more general-
ly, to propose a definition of chaoticity which applies to
sets of nonautonomous ordinary differential equations.

In Sec. II of this work we make some pertinent re-
marks on the decay of the LE in numerical simulation
(such effect was first found in Ref. [9]). This serves as a
clue in Sec. III to consistently use analytic and qualitative
properties of the system in order to provide conclusive
evidence that the mixmaster universe is nonchaotic in )
time (defined below). Such analysis if facilitated by the
introduction of the information associated with the maxi-
mal exponent. By observing the divergence of nearby or-
bits we are able, in Sec. IV, to identify the essential
feature needed to define chaotic behavior, for general sys-
tems. Concluding remarks are made in Sec. V.

II. NUMERICAL EVOLUTION

The mixmaster system (diagonal, Bianchi type-IX
model) derived from Einstein field equations is given by a
set of differential equations [1,2,14]
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The scales a?a?,a? represent the diagonal spatial com-
ponents of the metric tensor defined on a SO(3)-invariant
basis and the primes denote derivative with respect to the
intrinsic time d Q= —(a,a,a;) " 'dt,t being the synchro-
nous time [14].

Combinatorial solutions, approximating true orbits of
the system (1)—(3) during contraction 1 — o, can be ob-
tained by piecing together Bianchi type-I models specified
by a sequence of Kasner parameters {u;}. On approach
to the initial singularity, kK — c, one obtains from {u, }
an infinite sequence {x,} defining the one-dimensional
discrete map T:x,—x,.; or bounce transformation.
Thus the evolution is coded into the discrete orbit
{T"x,} where the exact analytical form of T can be ex-
plicitly determined [2,4]. Since T is an ergodic and ex-
pansive map on the unit interval, it is clear that the
discrete orbit has a well-defined positive LE and the
discretized system is chaotic. When standard algorithms
[15,16] are applied to the calculation of the LE directly
from system (1), (2) an entirely different behavior emerges
since this exponent tends to decrease as (-— oo (the
reason for this was explained in Ref. [9]). Such a result
is an indication that a chaotic discretization does not al-
ways guarantee that the continuous orbit possesses a fixed
positive Lyapunov exponent. Considering a solution
v(Q), with ||[v(Q)||=1, obtained by linearizing systems
(1), (2) in the variables a; and x;, the maximal Lyapunov
exponent is defined by A=lim, . Q 'log,[|v(Q)].
Operationally the Lyapunov exponent is given by [15]

1 N
A'N = —N "gl A'loc:(‘(ln ) > @)
where we introduced the local Lyapunov exponent

1

Mol Q)= ————
loc( n) ‘Qn—ﬂnfl

log,|lv(Q,)]| (5)
and for simplicity we omitted writing in the formulas ex-
plicit reference to the initial conditions at the initial time
Q. Successive redefinitions are made to avoid overflow
at each step in such a way [16] that v(Q, ) is obtained by
propagating v(Q, _;), with ||[v(Q,_,)||=1, during the
time Q,—Q,_,. A typical value for N is 3500 corre-
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sponding to Q=700 and Q, —Q,_;=0.2. By using a
Hamming predictor-corrector algorithm on a micro
VAX-II computer, we propagated physical initial condi-
tions [i.e., conditions satisfying (3)] and computed the
Lyapunov exponent. Notice that in Fig. 1 the bounces
are clearly visible. Using the crucial fact that only the
bounces contribute to the effective divergence of the or-
bits [3], one can infer the following conclusion about the
form of the function A(Q)=Q7'log,||v(2)|. During the
nth Kasner era no divergence occurs and
log,||v(Q)||=a,, for some constant a, >0, which means
that the LE decays as Q! during each era. Clearly, such
argument does not constitute a proof that A({) is global-
ly of the form aQ ™! for some a>0 and from this one
cannot conclude that A(2)—0as 32— .

III. INFORMATION AND MIXMASTER CHAOTIC
BEHAVIOR

In order to deal with arbitrary systems we found it ex-
pedient to define the information J(Q) associated with
the maximal Lyapunov exponent. This is given by

()= log,||lv(Q)]| . 6)

A relationship between J and A, is easily established by

1159
taking Q,—Q, _;—0in (5):
djiQ) _
70 Ao Q) (7)

(compare with Shaw [17], p. 93). As regarding the maxi-
mal Lyapunov exponent, one obviously has
A=limg_, ,(1/Q)J(Q). The numerical study of J(Q) is
facilitated by the fact that orbits will naturally align in
the direction associated with the maximal exponent and
our conclusions will not depend on the initial direction
v(Qg). In addition, the criterion for chaoticity given
below will not depend on the choice of equivalent norms.

As an illustration, we plot J(Q) for the mixmaster
model in Fig. 2. The bounce transitions are represented
by spikes in this figure followed by increasing eras where
no loss of information occurs (compare with Fig. 1). A
visual inspection reveals, as expected, that the bounces
are responsible for the steady increase of J({). We also
observe that the bounces tend to become widely dispersed
and on the average, one can prove that after the nth
bounce, and sufficiently close to the singularity, the corre-
sponding amount of elapsed ) time is [18]

Q,=Qe". (8)

Thus, Fig. 2 clearly exhibits the effect of the discretiza-
tion and this system could have been classified as chaotic
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FIG. 1. Our algorithm taken from Ref. [16] calculates all the LE’s and was tested against well-known systems (Lorenz, Rossler-
chaos, Rossler-hyperchaos). Here is shown the maximum LE for the mixmaster system with physical initial conditions:
a;=1.854 00000, a,=0.438 50000, a; =0.08540000, x, = —0.362 163 54, x,=0.517981411, x;=68.444964 87. For a recent, de-
tailed simulation of this model, see the paper by Hobil ez al. in Ref. [11].
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FIG. 2. Same initial conditions as in Fig. 1. The information (6) is shown together with some specific points on its plot: 4, B, and
C. The bounces of the discrete map T become more evident in Q-time evolution as the singularity is approached.

if the average ()-time distance between bounces were
finite. According (8) this is not the case and such a pecu-
liar situation results in the anomalous behavior of the LE.
By disregarding the time elapsed between iterations of
the map 7, one obtains the LE for the discrete orbit.
This exponent is just the average information [17]
n
(IY=limn~! 3 I, with I, =1log,|T'(u;)| or, for n
n—® k=1

sufficiently large,
k=1

Here T is defined on the unit interval or, more precisely,
on the circle. Local instability of discrete orbits is related
to T’ defined on the tangent space to the circle. Accord-
ing to the Bogoyavlenskii and Novikov qualitative ap-
proach [6,7], this circle belongs to an attractor which de-
scribes the dynamical behavior of phase-space orbits in
the asymptotic region towards the singularity. Then,
clearly, the existence of the attractor implies that the in-
stability of T induces the instability of nearby orbits
evolving in ) time. This means that, in analogy with (9),
the average information (.J) associated with the continu-
ous orbit evolution is finite. Then, after n eras, we have

S Je~nlJ), (10)
k=1

where J, represent net increases of J({)) during the

bounces (e.g., J3—J 4 in Fig. 2). The left-hand side of
(10) is the total loss of information after n bounces in Q
time. This corresponds to J(Q,) which, from (10), is
just, J(Q,)=n{J). Thus, using (8), the general con-
clusion is that

J(Q)=const X logQ} . (11)

Consequently, from (6), divergence is no faster than poly-
nomial and the system is nonchaotic in Q time (a similar
argument shows that the system is chaotic with respect to
the synchronous time evolution [19]).

IV. NONAUTONOMOUS SYSTEMS

Here we intend to provide a characterization of chaotic
behavior for nonautonomous systems x’'=f(x,7),7 some
time scale, where the explicit time dependence of the
smooth function f constantly changes the form of the
equation. (The mixmaster universe is a particular exam-
ple since its Hamiltonian is time dependent [1].) We ex-
pect that in such systems the LE will not converge to a
constant value on finite-time intervals as in autonomous
systems and, in this sense, A will be time dependent.

Our main argument wili be based on Fig. 2 where, dur-
ing a bounce, the divergence of orbits reaches a max-
imum at point C but the net loss of information is given
by J(B)—J( A) in that portion of the diagram. A more
drastic model divergence can be imagined by taking
|lv(7)]| = exp(rsin®r), where evolution occurs for 7— co.
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In this case the minimum value of the information always
returns to zero, while the maximum increases linearly. In
searching for a broad definition of chaoticity one must
consider that for time-dependent LE’s much more varied
kinds of behaviors are, in principle, allowed other than
|lv(7)|| = exp(A7) found in chaotic autonomous systems.
Using the mixmaster as a guide it is not difficult to pin-
point the essential feature needed to formulate a viable
generalization: the returns of J. For example, if this
quantity always returns to zero, no matter what happens
in the diverging phases such behavior cannot be con-
sidered chaotic. In general we introduce #(7) given by

H(r)=inf (o) , (12)

02T

where J, as before, is the information associated with the
maximal LE. Then define the limit

A= lim H7) .

T— T

(13)

Evidently the infimum can be dropped when studying au-

tonomous systems and in this case A coincides with the
usual maximal LE. For time-dependent LE’s there are
several other possible types of behaviors and the infimum
is essential. According to these ideas, and considering
only positive information, it is natural to propose the fol-
lowing classification. A chaotic system satisfies A >0 (for
almost all initial conditions in some measure theory
sense). Systems for which A= should also be con-
sidered chaotic (e.g., ||v(7)||= exp[ exp(7)], exp(rlogr),
etc. ). An interesting situation occurs when A vanishes.
If A=0 and lim,_,  #(7)/logr=c 20 then the diver-
gence of orbits is not faster than the polynomial and the
system is nonchaotic. On the other hand, we could have
A=0 and lim,_, ,7(7)/logr= . This happens when-
ever local divergence assumes the form exp(V'7),
exp(log®r),a>1, etc. We avoid here making any state-
ment about sensitive dependence on initial conditions as-
sociated with these functions. However, since they grow
faster than any polynomial, we suggest calling such sys-
tems weakly chaotic. The mixmaster dynamical evolution

[1] already indicates that weakly chaotic behavior might
be found in the class of expanding wall billiards for
specific values of the wall speed.

V. CONCLUSIONS

According to the Belinskii-Lifshitz-Khalatnikov para-
digm [3], Bianchi type-IX oscillatory behavior will be
found in a large class of relativistic cosmological systems
evolving towards the initial singularity. At least for
homogeneous models we have shown that such evolution
is nonchaotic in () time. Probably this result is likely to
hold in more general contexts. Another relevant fact is
that this system is chaotic with respect to the synchro-
nous time evolution [12,19,20] where the singularity is
approached as t —0%. This means that chaos is a con-
cept which depends on which time scale is used to
parametrize the motion. The methods and theorems of
dynamical systems theory [6—8] normally refer to some
time parameter which grows unboundedly. This is the
case where the generalizations in Sec. IV apply although
general relativity is a multiple-time-scale theory and the
synchronous time is, in principle, as good as any other
choice. Thus the existence of a chaotic discretization in
relativistic cosmological models does not guarantee that
the system is chaotic for every time scale. Its existence is
an indication that it should be possible to find at least one
time scale according to which the system is chaotic. In
addition, it is interesting to note that although the equa-
tions which define the mixmaster evolution are reversible,
the discretization is not (see Burd, Buric, and Tavakol in
Ref. [21]).
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