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Nonlinear dynamics and control strategies: On a energy harvester vibrating system
with a linear form to non-ideal motor torque
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Abstract. In this paper, we deal with the research of a vibrating model of an energy harvester device,
including the nonlinearities in the model of the piezoelectric coupling and the non-ideal excitation. We show,
using numerical simulations, in the analysis of the dynamic responses, that the harvested power is influenced
by non-linear vibrations of the structure. Chaotic behavior was also observed, causing of the loss of energy
throughout the simulation time. Using a perturbation technique, we find an approximate analytical solution for
the non-ideal system. Then, we apply both two control techniques, to keep the considered system, into a stable
condition. Both the State Dependent Ricatti Equation (SDRE) control as the feedback control by changing the
energy of the oscillator, were efficient in controlling of the considered non-ideal system.

1 Introduction system around a point, so that you can use the same
procedure of the method LQR (Linear Quadratic
aﬁegulator) [9]. Also we applied the feedback control

In the last years, we have been seeing a necessity of .
energy source smaller than the usual and more efficient,methOd proposed by [10]. Where the methoc_j consists in
uppressing of chaos by using a small-amplitude control

for design the devices based on new technologies, so that" 4 .
the research on Energy Harvesting, has increasing®9nal applied to alter the energy of a chaotic system, so
substantially as an example, see [1]. In the process ofS o steer its trajectory to a stable periodic orbit.
Energy harvesting, the electrical energy is obtained .
through of conversion of mechanical energy, created by2 Non-ideal energy harvester system
an environment vibration source through a type of (NIEH)
transductor, for instance as a piezoceramic thin film,
according to [2-3], among others authors. Because of thdn the figure 1, we can see the schematic of the adopted
constitutive laws of piezoelectric materials, the role of model to the non-ideal system as defined in our previous
nonlinearities, in the electromechanical coupling in the Works, for more details see [5-7]. Let's consider
design of energy harvesting system, must be taken intoM =m +m, as the total mass of systerx, the vertical
account [4]. displacement of the beamthe mechanical damping, the

In previous works, we proposed a model of a non- nonlinear spring stiffness, given = —kIX—k2X3,¢

ideal energy harvesting, excited by a non-ideal energy. .
source and with nonlinear piezoelectric coupling. Was 'S the rotation angle of the D.C. motor shaft, the

investigated the dynamics of the system, the influence ofParametersr and m, are the eccentricity and mass of

the Sommerfeld effect over the system response, where @nbalanced shaft of the D.C. electric motbr J +myr?

icnhailé)tlc tk;eharwornwis fom;ndia:d {aflhso hrlnghXitr?nner:]gy orvt\)l'tfit is the moment of inertia of the rotor. The resistive
side the resonance region. € maximum powe torque applied to the motor is represented by function

harvested was achieved to the model [5-7]. In this case,H d the driving t f th f
the energy source is said to be non ideal, in contrast to the (#)an € driving forque of the source of energy

ideal source whose amplitude and frequency are(motor) is represented hy@)in [8]. In this work we
independent of the motion of the structure. For more consider a linear motor. A comparison between linear e

detail_s see [8]. In this paper, using a perturbation exponential motor can be seen in [11]. We t4Kg) as
technique, we find an approximate analytical solution for i
-V,¢ . WhereV, is related to

the considered non-ideal system. Then, we applied two(lin€anNL(@) —H(#) =V,
control techniques to keep the system in a stablethe voltage applied across to the armature of the D.C.
condition. The SDRE method is a technique for nonlinear motor (a control parameter) ahM is a constant that will
optimal control that synthesizes a feedback control law, he considered for each model of DC motor used.

which is a function of the state. The method linearizes the
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% =&(-ax%, —in3+9(1+O|Xl ) Slex# COS(3+52X5 SiD; ¥ X,
%=X, 7)
%, =&(y% 0056+ ;)
% =(A1+O1% M%) /0
The power harvested from the mechanical component

&' isV2/R, so the non-dimensional electrical power
o harvested from the system, was identified by [4] as being:
Fig. 1. Schematic model ofNIEH) P=pv? (8)

According to [4], the electrical charge developed in

o d(X) 3 Numerical simulations results
the coupled circuit, it is given lyand the termTq

) ) ) . We used the following values for the parameters in the
represents the piezoelectric coupling to the mechanical, merical simulations. those were carried out:
component, with a strain-dependent coupling coefficient

d(X). The voltageV across the piezoelectric material o =0.01,0=0.25, =1.0,6 =0.10,6, = 0.40,5, = 0.40,

has the following form: y =0.60,1, = 2.50,1,= 1.5,6 = 0.01,0 = 0.50,%,(0) = 0,
v=-28x. 2 (©) %(0) = 0,%(0) = 0,(0) = 0,(0) = O;

Here theC represents the piezoelectric capacitance ] )
and withV =-Rq.The NIEH) coupled governing In figure 2 we have the dynamic response of the

(NIEH). Through the analysis of the phase portrait and
history of displacement in time, it may be noted that
MX +eX +k X +k,X3 =nbr(¢cos¢—¢2 sir¢)+Mq 2) chaotic behavior occurs in the system, it can be attributed

C to the interaction between the non-ideal energy source

equations of motion are given by:

I = ”UX cosp+L@)-H @) (3) and the structure. Note that in figure 2-d the presence of a
d(X) positive Lyapunov exponent. In this condition the system
Rg———=X +9=9 (4) is unstable, so that maximum power harvested tends to
C C decrease along the time.
Next, we will consider the following non-dimensional
parameters: 03
= 'kl =t X:i V:ﬂ — Vi :ﬁ 02
2 KA' at, r' qo’,ul Iag’:uz la&’
rnorz 2 01+
y=- , PERCw,,©=rd,, , €=(q,/r) /(Ck) o
2 > "
a:L’b: k2r2’51:ﬁ’52:rnowol 01r
M w, M wj M M o2l
s - r r
d(¥) =6@1+0|x), d(¥) E[—]d(r), HE(—jd.m, 03
Qo Qo
F(@) =1 — 19 (5) 8202 o o1 005 0 005 01 0% 02 0%
X,
The dimensionless piezoelectric coupling coefficient, 02
used by us, was suggested by [4] as being D15f r F H
d(x) =6(1+0]x|), where the piezoelectric coefficient is ol
represented by a linear part, represented?bgnd non- -]
linear part defined by®, so we may reduce the
governing equations of motion to: < 7
-005F
X +X=&(3¢" cosp—a8? sinp—ax —b¢ +G(1+6| X)) o
¢" = e(yx'cosp+T ¢') (6) |
v'=(6(1+0 |x|)x-Vv)/p b)
032 ; . L L . . z . .
. . — —_ ! — 400 410 420 430 440 450 460 470 480 450 500
Using of new variablesx = X, X, = X', X3=¢, Time

X, = @', % =V, the equations in state space become:
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Fig. 2. Dynamic of the NIEH) (a) Phase portrait;
(b) History of displacement in time; (c) Maximum power
harvested; (d) Largest Lyapunov exponent

4 Searching of an approximate analytic
solution

Substituting of (9), (10), (12) and (13) into (6) it leads to:

-a'sin(@ + B)-a(d+ pB')cosp + B )=

e(5A'cosp -, (I+A Y sing+aa sing + S ¥

ba®cos’ @ + B )+6 (1+©|a cosp + B )} )sing + B
(14)

N =g(-)[d'sin(@+ B)+al+A+ [ )cosp+ 3 )]cog+I (A )
(15)

Solving (9) and (14) for' and £’ leads to:

a' =-¢gJA'cosp -9, (1+AY sip+aa sing+ L ¥

ba’cos’ ¢+ B)+6 (1+ ©la cosp + B |)y Ising+ 3 )

B :—A—%[o;acos;p—az (+AY sirp+aa sing+ 3 }(

ba’cos’ ¢+ B+ 6 (1+O|a cogp+ /3 )y Jcof(+/ )

The equations (15) to (17) are equivalent to the
system (6). Now rewrite:
A= &0,

(16)

17)

(18)

And as a first simplification neglects all ter@g?),
which appear (15) to (17) and obtain:

a' =¢[d,sing —aasin@+ B)+ba’ cos ¢+ 3 »

. (19)
f(1+0Olacosgp+ B ) ¥ ]sing+ )
B =-do+ Y (-3,sing+aasing+ B)-ba’ cos ¢+ ¥ 0
A1+Clacosp+ )y )cosh+ S )]
A'=¢[T - yacos@ + ) co9| (21)

As a second simplification, it can be considered that
a, Band o are constants over one cycle and

We will find an approximate analytical solution for the integrating (averaging) the equations on a cycle will be:
energy harvesting system, using the averaging method,

seek?rzlg of an zgpp?IOX|mate S(?Iutlon Wh|cgh ?nust be a= 5[%5 cosf- }/Zaa} (22)
uniformly valid for a small parameter (As explained in 3,sin g3

detail in [12]). To apply the averaging method, in the ﬁ'=—£{0+% < —%azb} (23)
problem non-ideal, it is considered that the damping term, a

must appear in same order which the nonlinearities and A

exmtaﬂgﬁ We also consider the case of primary —¢ [ }éyacosﬂ] (24)
resonance, where the average angular velocity of the DGyow solving the equations, numerically, the solution is:
motor, varies close to the natural frequency of the

system, i.e.,«), =¢'. From the system (6), taking the x*=-0.2007560184*cos1.575815248)
equations dependent of the small parameter, we will seekBelow, the per|od|c SO|UU0“ is dep|cted in f|gure 3.

(25)

a solution with the form: 02

x=acos@+B); ©

Introducing of the detuning parametras follow: ol

@' =1+A; (20) 005F

Using of the method of variation of parameters, we have > °

that: o

alcosp+B)-al+f)sing+ B = ¢ (11) ol

So that: 0l

X =-asin(@ + B); (12) 02— o e o
02 02 H15 01 008 0 005 01 018 02 025

And: X

1
Fig. 3. Averaging Method - Periodic solution obtained

X' =-a'sin(@+ B)-a(l+A+ B )cosp+ 3 (13)
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5 Application of the SDRE control Here, we can be observed the efficiency of the
method proposed control system: to bring the chaotic behavior to

the desired orbit (25) (here is considered the application

The objective is to find the control, such that the responseOf the control (26) in (7).

of the controlled system, results in the asymptotically -

stable periodic orbit, by using the feedback control. The a) '
control proposed in this paper, uses the SDRE control [9]. o
Introducing the control in the considered system, it has 0I5y
the following system: o1
0.05
x=A(X)x+F +Bu (26) » Of
Where: u it the feedback control, obtained from:= 005t
-R™* B'e=-K(x-X), where x represents the states, o1t
and x is the desired stateK =Igr(A(x),B,Q, R)is sy
obtained through the command of MaflatSince the 02
objective is to control the stateg and x, will be OBy 0 15w ® @ B 0 & &
implemented in the controlled system: - Time
« = x 0.2 -b)
% ; 015
X, :Z[—mx2 - X, —&bx® +£(6x‘5 +69|x1|x5) (27) oir
0.05F
-£(0,% sinx3)+gz((51 coSX, ) (1 = 1%, )] & ol
X = X, 0.05
. 1 O1F
X, =—[5(,Ul _/'12)(4) +£)COSX, 015 4
A (28) a2 withaut contral
(—gaxz—xl—gbxf +£(6% +60|x| x5)—£52xisinx3)] S with contrl
-0.2%50 455 460 465 470 475 480 485 490 495 500
% =((9><1+6E)|x1| xl) —xs)/p Time
025 T T T T ¥ T T T -
Where: A =1-£°3,y cog x, 05l ®
015r 4
Other states will be considered as a disturbance. o1l _
Considering the system (27), in the form (26), we'll have: wosl
0o 1 ol
%= b ) e X+ 005 ¢
% & 01F
A A 0151 b
0 +|:O} 02t B
£ . u
Z[(Hxs+a9‘xl‘xs)—(52xismxa)+£(61C09(9(,ul—,ug(ﬂ 1 0% 02 015 01 0B 0 005 01 015 02 025
(29) X
Where: By '
02
A= N 2 i B= 0 and I
= —ebx -ea | o 1 |
A A ~
£ ><-Di
F = {6+ ol ) {0 (3,005 -
0.2
(30) .
Defining the matriceQ =10°1,,, and R=10"1,,,, we 03 “i$°m5””|tr“'
. . . = witn control
will obtain the control:u=-Ke. Since, x,, X, and x; T It TE 5 o 0o 0%

are obtained from (28). Figure 4 shows the system X
controlled with the controli for the desired state (26).
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control technique proposed by [10]. Note that the control
was effective, in keeping the system stable one periodic
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Fig. 4. SDRE control strategy: (a), (c) and (e) represents the
solution obtained by control strategy; in (b), (d) and (f) a
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6 Feedback altering of the vibrating ool
energy N
< 0
The objective is to find the control, such that the response 0051
of the controlled system, results in the asymptotically il
stable periodic orbit, by using a control proposed by [10].
Introducing of the control in system, it has the following ey
system: 0 . : : : s - s
-%.2 018 01 -0.05 0 0.0s 0.1 0.15 02
. x1
X=%
% = (-0, ~b + QL+O |x, X~ 0K, Cox+I X SIX ;X U 03
)'(3 :X4 02tk p
X, = &%,005+T () |
% =(@1+0]x [ —x)/p
(31) L0 1
=
Where: u feedback alters the oscillation energy it the o 1
feedback control, obtained from: 02} 1
_ . 03t —without contral H
u=-ktanh(yx) (32) — with control
-0.4 L L

Taking in account the values te =0.4 and
x =0.5, the figure 5 shows the system response excited

by the linear function torque, when is applied to the
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Fig. 5. Feedback control strategy: (a), (c) and (e) represents the
solution obtained by control strategy; in (b), (d) and (f) a 6.
comparison between controlled and uncontrolled system; (b)
History of displacement in time; (d) Phase portrait; (e) Power

harvested

7 Conclusions 7.

The maintenance of the considered vibrating system in a
stable periodic orbit is of paramount importance to
harvest energy from the electromechanical device. Using
a perturbation technique, we can find an approximate
analytical solution for the non-ideal system where we can8:
seek the solution that maximizes the system's response.

The averaging method was applied with success to
solve the proposed problem. We used the SDRE control
to bring and maintain this chaotic system periodic 9.
solution obtaining by the application of the averaging
method.

The answers were satisfactory, because the energy

harvested was stable, validating of the solution, which 10.

was obtained by this technique de control. The advantage
of the using the control as studied by [10], is that it does
not require find an analytical solution initially.

But the solution did not get a great harvest of energy,
due to reduced vibration amplitude. Both of control
techniques applied in the model of non-ideal energy

while keeping the system stable.

The main advantage of using a control technique to
stabilize the system is the reducing of the need for
complex filters rectifiers in the output from energy
harvesting system.
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