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Abstract—This paper presents a new mixed-integer second-or-
der cone programming model for solving the restoration problem
in active distribution systems considering the optimal control of
distributed generators (DGs), voltage regulators (VRs), on-load
tap changers (OLTCs), and capacitor banks (CBs). In contrast to
most of the works found in the literature, temporary loops may be
formed in the network during the restorative operation state. This
operating condition allows restoring the service to more loads. In
this way, the objective function of the problem minimizes (i) the
total load not supplied, (ii) the number of switching operations, (iii)
the changes in the statuses of the voltage control devices and in the
dispatch of the DGs, and (iv) the number of basic loops formed in
the system. Several tests are carried out using a 53-node system for
single-fault and multiple-fault scenarios. The results obtained with
the proposed approach outperform the solutions achieved when
only radial configurations are allowed in the problem. Moreover,
it is also verified that the voltage control allows for more efficient
restoration schemes.

Index Terms—Distributed generation, distribution systems res-
toration, mixed-integer second-order cone programming, tempo-
rary closed-loop operation, voltage-dependent models.

NOMENCLATURE
Indices:
i Index for nodes
ij Index for branches
k Index for capacitor bank (CB) modules
Sets:
Ty Set of nodes
48 Set containing only the artificial substation node
r{ Set of all real nodes
ry Set of demand nodes
e Set of subtransmission substation nodes
ree Set of nodes with CBs
r{e Set of nodes with distributed generators (DGs)
rf Set of sections under fault
Ty Set of branches
r& Set of real branches
rps Set of distribution substation branches
re, o Set of real branches with the switch closed/open in the in-
itial state of the system, not connected to a faulted section
ri Set of branches with a voltage regulator (VR)/on-load tap

changer (OLTC)
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Cost of the out-of-service load

Cost of line switching

Cost of loop formation

Cost of modifying the status of a CB

Cost of modifying the status of a VR/OLTC

Cost of changing the active/reactive output of a DG
Section containing node ¢

Resistance/reactance/magnitude of the imped-
ance/half of the line charging of a branch
Current capacity limit of a branch

Nominal/minimum/maximum voltage magnitudes

Estimate of the voltage magnitude

]Wi&j , MP, A{?Big—M parameters

Active/reactive/apparent demands

Participation factors of constant impedance/cur-
rent/power loads of the active power demand
Participation factors of constant impedance/cur-
rent/power loads of the reactive power demand
Apparent power capacity of a DG

Limit for capacitive/inductive power factors of a DG
Number of CB modules

Susceptance of a CB module

Prefault state of a CB

Prefault state of a VR/OLTC

Prefault active/reactive generations of a DG
Regulation percentage of a VR/OLTC

Apparent power capacity of a substation

Number of basic loops allowed to be formed

Continuous variables:
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Variation in the operation of a CB
Variation in the operation of a VR/OLTC
Active/reactive power variations of a DG

Active/reactive power generations at a subtransmis-
sion substation
Active/reactive power flows

Square of the current magnitude

Voltage magnitude and its square value

Voltage phase angle

Slack variables

Active/reactive power generations of a DG
Voltage-dependent active/reactive power demands
Total reactive power injection by a CB

Auxiliary variable for a VR/OLTC

Reactive power injection by a CB module
Artificial flows



gl g Atrtificial generations

255 Auxiliary variable used in the linearization of y,y;

Binary variables:

Y; Status of the demand at a node
(o Status of a switch
hCE Status of a CB module

1. INTRODUCTION

AF TER the occurrence of a permanent fault in a distribution
network, the continuous supply of electricity is interrupted
not only to the section directly affected by the fault, which must
be isolated for repair, but also to the sections downstream from
the isolated section. This motivates distribution companies to
take emergency actions, keeping as a main goal the reconnec-
tion of the largest number of out-service-loads in the least pos-
sible time. This goal is achieved by solving the service restora-
tion problem in power distribution systems [1].

In a contingency scenario, the reconnection of loads is per-
formed by reallocating out-of-service demand nodes to adjacent
and auxiliary feeders through changing the status of the tie and
sectionalizing switches. This reallocation is executed through
network reconfiguration procedures, taking into account the op-
erational and physical restrictions of the system. These re-
strictions include both of Kirchhoff’s laws, voltage magnitude
limits on nodes, current capacity on branches, power capacity
of substations, and, conventionally, preserving the radial topol-
ogy along the restoration process [2].

Even though distribution networks are planned with a weakly
meshed topology, most of them are operated in radial configu-
rations [3]. A radial operation topology presents technical ad-
vantages. For instance, it is possible to highlight the simplifica-
tion of the coordination of the protective devices and the reduc-
tion of short-circuit current values in the network, reducing the
basic levels of isolation of the devices installed in the network.
Moreover, a weakly meshed structure allows reconfiguration
procedures for technical loss reduction [4], the application of
emergency restorative actions [5], and the execution of planned
maintenance procedures [6]. On the other hand, the closed-loop
operation topology has been considered to be an option for the
radial operation in normal state [4] and as a temporary arrange-
ment for load transfer [7], in order to avoid in-service customers
experiencing short-term interruptions and long-term voltage
dips. The advantages of a permanent closed-loop operation to-
pology include lower costs associated with technical losses [4]
and reliability improvement [8]. In contrast to [8], in this work,
temporary closed-loop operation topologies are allowed as a
strategy to improve the system capacity in the restorative state,
which consists of the period of time between the fault isolation
and the repair of the section with the permanent fault.

The penetration of distributed generators (DGs) in distribu-
tion systems has been increasing significantly in recent times.
In normal operation, these devices can supply load locally, re-
ducing congestion during peak load times and providing dy-
namic regulation of the voltage profile [9]. During fault events,
DGs can alleviate the power flows on some lines of the network,
allowing for more load to be reconnected to the system [10].

However, the DGs connected to the network also bring chal-
lenges to the operation of distribution systems, since reverse
power flows, which lead to voltage rises, may occur when these
devices inject high levels of power to the system [9].

Voltage control devices, such as voltage regulators (VRs),
power transformers with on-load tap changers (OLTCs), and ca-
pacitor banks (CBs), provide benefits to the operation of distri-
bution systems under heavy load conditions, improving the
voltage profile, minimizing the technical losses, and correcting
the power factors of the loads [3]. Besides that, these devices
facilitate the operation of DGs [11]. In modern distribution net-
works, the centralized control, based on information and com-
munication technologies, allows for an optimal and coordinated
adjustment of such devices, providing flexibility for the system
operation [12], [13]. The control of these devices can be consid-
ered in the service restoration for increasing the amount of load
restored, providing better solutions for the problem [14].

Several heuristic and metaheuristic algorithms have been
proposed to solve the restoration problem in distribution sys-
tems [15]-[18]. These approaches can provide solutions in ade-
quate computational times, but cannot ensure optimality [19].
Another approach to solve an optimization problem consists of
using exact methods to solve the mathematical modeling of the
problem directly. In this context, [20] presents a complete and
general model for the service restoration problem in passive dis-
tribution networks, including constraints that ensure the radial-
ity of the system, allowing that some sections of the network
can be de-energized so that other sections can be reconnected.

The traditional action for service restoration in passive dis-
tribution systems, therefore, consists of performing the mini-
mum number of switching operations in order to change the to-
pology of the network, maintaining radiality, with the objective
of reconnecting the maximum amount of load disconnected due
to a fault. In modern active distribution systems, the centralized
control of the devices present in the network allows for more
flexible restoration schemes that include actions such as recon-
figuration, adjustment of voltage control devices, temporary
closed-loop arrangements, and DG redispatch, so that the resto-
ration process can be more effective, allowing more load to be
reconnected. In this topic, reference [5] presents a tabu-search-
based algorithm for the service restoration problem of radial
distribution systems, considering the simultaneous control of
DGs, VRs, and CBs. Reference [10] presents a mixed-integer
second-order cone programming (MISOCP) formulation for the
restoration problem of radial distribution systems, considering
the presence of DGs that can only operate when connected to
the main network. Reference [14] presents an MISOCP model
for the restoration of radial distribution systems considering
voltage regulation devices and distributed generation. The au-
thors consider partial restoration solutions, in which some sec-
tions of the network remain de-energized so that other sections
can be re-energized, as presented in [20].

Other works have presented mathematical models to solve
the restoration problem after severe fault events in distribution
networks, considering microgrid formation with DGs, without
the possibility of load transfer among adjacent feeders [21],
[22]. Also, in the context of the service restoration problem after



severe fault events, reference [23] presents a mixed-integer lin-
ear programming formulation for the problem of microgrid for-
mation, which considers a meshed operation of the network,
with islanded DGs.

The main contribution of this work is a new MISOCP model
for the problem of service restoration in active distribution sys-
tems, considering network reconfiguration; DG redispatch; and
voltage control through the optimal adjustment of substations’
OLTCs, VRs, and CBs, together with the strategy of allowing
the formation of temporary loops in the network during the re-
storative state, with total control on the number of formed
loops. The results indicate that the proposed approach allows
more load to be restored, both in single-fault and multiple-fault
scenarios, than by considering the conventional restoration
strategy that only allows radial topologies without considering
voltage control.

In relation to the existing works available in the literature
that present models for the restoration problem, the proposed
model has the following contributions:

1. Proposal of a new philosophy for the operation of radial
distribution networks in the restorative state, enabling
the temporary closed-loop operation to add flexibility to
the restoration process;

2. A precise voltage-dependent formulation to represent
the operation of CBs;

3. A new set of constraints for modeling substations’
OLTCs and VRs that present a good trade-off between
precision and complexity;

4. A set of constraints that provides full control on the net-
work topology, allowing to determine the optimal topol-
ogy of the network operation in the restorative state.

This work is structured as follows: Section II presents the
proposed MISOCP formulation for the problem of optimal res-
toration of distribution networks with voltage control, DG re-
dispatch, and temporary closed-loop operation; Section III pre-
sents the results and discussion for single-fault and multiple-
fault scenarios, considering the possibility of temporary closed-
loop operation of the system with and without voltage control;
and Section IV presents the conclusions of the work.

II. MATHEMATICAL MODEL FOR THE PROBLEM

In this section, the mathematical formulation proposed to
solve the problem of optimal restoration of distribution systems
is presented as an MISOCP model.

A. Objective function

The objective function &, presented in (1), minimizes the
nonrestored demand, penalizes changes in the operating states
of the switches, CBs, DGs, OLTCs, and VRs, while reducing
the number of basic loops (the definition of a basic loop can be

found in [24]) formed in the network.
minimize F = Z cLS8Py, + Z cfjw(l — wij) +
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The first sum quantifies the total nonrestored load without
considering the demand at the faulted section. Therefore, if y, =
1, then node 7 is not restored and the value of the objective func-
tion increases; otherwise, if y, = 0, node i is connected to the
system. The second and third sums penalize the operation of the
normally closed and normally open switches, respectively. The
fourth sum penalizes the modification of the operational status
of the CBs. Similarly, the active and reactive power redis-
patches of DGs are penalized in the fifth term. The sixth term
penalizes the modifications of the tap position of the VRs and
OLTCs. The last term calculates the number of basic loops
formed in the system, i.e., the model guarantees the formation
of the minimum number of temporary basic loops needed to im-
prove the objective function. This last term works together with
constraints (34)—(52) to control the topology of the network.
Note that, in the formulation, it is not necessary to know what
branches are in each loop, but only the number of basic loops
in the system.

B. Network operation model

The operation of the system is determined by the power flow
constraints (2)—(8).

PS4+ PPG+ 3" Py— > (Py+ R, = PP 2
jiery ijer'g
QP+ QPO+ Y (Qu+ BIV)
jiel R
tL > (Qy+ X, I5° = BEVS?) = QP (3)
ijel R
vieTR
VI = VP9 010+ Gy = 2(Ry Py + X5Qyy) + 2517 )
’Ei{}j(ai - 9]‘ + 5”) = Xij‘Pij - RijQ'ij (5)
VRIS > P2+ Q3 (6)
|Gl < ME(1 = wyy) @
|§ij| < A/fiaj(l — w;;) ®)
Vij € T

Kirchhoff’s current law is applied to the system in (2) and
(3), which include the contributions of the DGs and CBs. The
pi-circuit model is used to represent the lines of the subtrans-
mission system. For the lines of the distribution system, it is
common to consider Bj”" = 0. Kirchhoff’s voltage law is applied
to the system by (4)—(8). The slack variables ¢;; and ¢,;, limited
in (7) and (8) (the calculations of the big-M parameters are
shown in the Appendix), are used to eliminate constraints (4)
and (5) from the model when a line is not operating (w,; = 0). If
the switch of the line is closed (w;; = 1), then ¢;; and ¢,; are equal
to zero, and (4) and (5) are taken into account in the formula-
tion. The relationships between the statuses of the switches and
the currents and power flows on the branches are presented in
9-1D).

Constraint (5) is an approximation for the voltage phase an-
gle difference in branch ij, considering that sin(6, —6,) =
(6; — 0,) and where ¢, and , are estimates of the voltage magni-
tudes at nodes i and j, obtained by solving a power flow in the
prefault state of the system. Constraint (5) must be considered
when temporary loops are allowed to be formed.
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Fig. 1 Equivalent circuit of a VR.

C. Physical and operational limits of the system

Constraints (9)—(13) represent the physical and operational
limits of the system.

SQ _ 72
0< Iij < Iijwij

vijeTh  (9)

[Pyl < VIw, vijels  (10)

Qu| < VT, vijeTi (1)

V<V <7 vieTlR (12)
— DS\ 2

(P + (@) < (57) vigerst  (13)

Constraint (9) presents the current limit of the branches ac-
cording to the state of their switches. Similarly, constraints (10)
and (11) limit the active and reactive power flows on the
branches of the system. The voltage limits of the demand nodes
of the system are presented in (12). Finally, the quadratic con-
straint (13) limits the power flow through the distribution sub-
stations.

D. Load model
In this paper, the load is modeled using the voltage-depend-
ent polynomial ZIP model [25]. Constraints (14)—(18) use the

big-M formulation to calculate the value of the load according

to the state of the binary variable y,.
5Q
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Constraints (14) and (15) provide the values of the active
power demands, while (16) and (17) provide the values of the
reactive power demands (the calculations of the big-M param-
eters are shown in the Appendix). Note that V;°? is available in
the formulation; however, V, needs to be calculated. Constraint
(18) calculates V; from V°? (V, = |/V,°?) using a Taylor’s series
approximation at V;°¢ = (V +V)/2, in which the higher order
terms are ignored. In this approximation, for V. = 0.95 p.u. and
V = 1.05 p.u., the maximum error occurs when V;°? = V2, with
a value of 0.13%.
E. Distributed generators model

The constraints related to the operation of dispatchable DGs
are presented in (19)—(23).

(PPSY 4 (@P9) < (87°) (1) (1

PPE >0 (20)
—PP% tan(cos ! (g,)) < QPY < PPC tan(cos ™ (7,)) (21)
|AiDGp _ PiDG| < piDG (22)
|AP9T— QPE| < QPE (23)

Vi e ITH¢

The quadratic constraint (19) represents the apparent power
limit for the DG installed at node i. This constraint requires that
a DG can only operate if its node is in-service. Constraint (20)
requires that a DG only inject active power to the network. The
reactive power injected by the DG installed at node i is limited
in (21) as a function of the active power injected considering
the capacitive and inductive power factor limits. The auxiliary
constraints (22) and (23) are used to quantify the variations of
the active and reactive power generations of the DGs between
the prefault and the restored states of the system, which are min-
imized in the objective function.

F. Capacitor banks model

The operational constraints for capacitor banks are presented
in (24)—(27). In this formulation, the reactive power injected by
a capacitor bank is dependent on the voltage at the node in
which it is installed.

NEEB

QF =" QcF Vie I'gP (24)
k=1

~V’BP(1— h€P) < QFF — BEPVS? < —V2BOB(1—hCP)  (25)

BEBYV2RCE < QOF < BEBV K< (26)

Vi e TP ke {1,--, NFF}

NEEB

ACE =N REP| < Af® Vi € I$E (27)
k=1

Constraint (24) calculates the total reactive power injected
by a CB installed at node i, Q5, as the sum of the reactive
power injections of each capacitor module &, Q¢?. The disjunc-
tive constraints (25) and (26) determine the individual reactive
power injection of the capacitor module % at node i. Note that,
if h¥E =0, then QYF = 0 in (26), and V;°? is constrained by the
voltage limits of the network in (25). Otherwise, if b7 = 1, then

¢F = BCPV? in (25), while the limits for Q¢ are defined in
(26). Finally, the auxiliary constraint (27) is used to quantify the
modifications of the statuses of the CBs’ modules between the
prefault and the restored states of the system, which are mini-
mized in the objective function.

G. OLTCs and voltage regulators models

In this paper, remote control is considered for the OLTCs and
VRs. The operation of these devices can be modeled using dis-
crete tap steps. However, a discrete formulation increases the
complexity of the model. Thus, a new continuous formulation
of the tap of VRs and OLTCs of the substations is presented.
Consider an ideal transformer with a tap ratio 1: a in series with
the transformer impedance R,; + jX,;, presented in Fig. 1. The
calculation of the square of the voltage magnitude at the ficti-
tious node k is presented in (28), while (29) defines 67, the dif-
ference between the square of the voltage magnitudes at nodes
k and .
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Vi =a;V? (28)
57‘(‘ V2 V'iQ — a?jv;_? _ V'iQ (29)

The tap is defined as a,; = ATC + 1; thus, 6/ can be redefined
as presented in (30).

65 = ATC(ATY +2)v7? (30)

Equation (31) shows how to obtain a,; from 5/ and V.

2 TC
IRAGREL 31

a;; = v
Constraint (32) is the limit for /¢, while (33) is used to
quantify the variations of the tap of VRs and OLTCs between

the prefault and the restored states of the system.

570 < A (B +2) Ve VijeTie  (32)
|ATCVSQ — T2 < §T¢ vije I’ (33)

From (30), it can be verified that the terms A7° and 67 of
(33) include the prefault and the current values of the voltage
magnitude at node i. Therefore, these terms are multiplied by
V¢ and 2, respectively, so that the voltage magnitudes of both
terms do not influence the absolute value of the difference.

By using the proposed formulation for a typical VR or OLTC
with £16 positions for the tap, and considering ZEC = 0.1, the
maximum error that can be obtained for a,;; is 0.31%,; in this
way, it presents a good trade-off between precision and com-
plexity.

H. Network topology constraints

By extending the concepts presented in [26], the radial oper-
ation of distribution systems can be guaranteed when (i) the
number of branches in operation (including the artificial
branches) is equal to [T | — |T'5¥| — [T4°| and (ii) all of the nodes
are connected through a path to exactly one subtransmission
substation or to the artificial substation. Constraints (34)—(52)
limit the maximum number of basic loops in the system through
the parameter N,

ICnl = IPF | =04 < D wyy < Ty| — TFF| — [TA%| + NEP (34)
ijel p

In (34), if NEF = 0, the topology of the system is required to
be radial; otherwise, if N2¥ > 1, the formulation allows the for-
mation of up to N“¥ temporary operational basic loops in the
system.

Artificial @  Demand node
substation @  Disconnected node

J O Open switch
Faulted node
0-0 Closed switch

Fig. 2 Illustrative active distribution system for the network topology constraints: (a) prefault radial topology, (b) radial restoration topology, and (c) temporary
closed-loop topology with connected DG operation.

Constraints (35)—(37) represent a sufficient condition to
guarantee that each node (including demand, DG, and CB
nodes) is connected to a substation if it is an in-service node.

Do L= D fitei=1-u vieTh  (35)
jiel g ijelg

|ffj| < ‘FN‘wij Vije TR (36)
0<gf <yl Vie Iy (37)

Constraint (35) represents an artificial flow balance in the
real network that requires the existence of a path between an in-
service node and a subtransmission substation, i.e., if a node is
energized, y, = 0, and then an artificial unity demand must be
supplied by an artificial generation, g¢, from a subtransmission
substation. Constraint (36) limits the artificial flows according
to the states of the switches of the system, and (37) limits the
artificial generation at the subtransmission substation nodes.

An artificial network is considered in the formulation so that
the de-energized sections of the system are isolated from the
main grid. This artificial network includes an artificial substa-
tion node that is connected to a node at each section of the sys-
tem through an artificial branch. The set of the nodes of the real
system, including the artificial substation node, is represented
by I'y, while ', includes all the branches from the real and the
artificial networks.

Constraints (38)—(52) model an artificial flow in the system,
including the artificial network, so that the de-energized sec-
tions of the system are isolated from the main grid.

SN = fi4d=u

P P Viely (39%)
|fL] < |0y |w, vijeTy (39)
=0 VijeTgli¢ & (40)
0<gl <|Tyl vieTy® (41)
o - Vie (Ty—T3%)  (42)
Dowit Y wy =1 viery (43)
jielp ijel

ly: — ;| < 1—w, Vije TR (44)
w,; <1—z, Vij € T (45)
w,, > 7, Vij e IS (46)
2 <, Vij €T (47)
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Fig. 3 (a) Prefault topology of the 53-node system and restoration topologies for Cases (b) II and (c) III.
TABLEI it must remain disconnected if both nodes at its terminals are
FAULT SCENARIOS FOR THE 33-NODE SYSTEM de-energized, while (46) requires that, if a branch is connected
Faulted Active load . . .
sections | disconnected (kW) Affected nodes Opened branches in the prefault st.ate of the system, then it Ipust remain cpnnected
if both nodes at its terminals are de-energized. Constraints (47)—
1 8828.82 2,9,10, 17, 22,23, 24,25 101-1, 9-1, 2-1 o .
(50) are used to calculate the auxiliary variable z,; that repre-
3 9639.63 4.5,6,7.8,26,27,28 101-3, 4-3 sents the product y,y,. Constraint (51) fixes y, =0 at the sub-
1 11801.79 1326 ?;28 éf) féf 15; 102-11, 12-11 transmission substation and at the artificial substation, and (52)
o fixes y, = 1 at the nodes within faulted sections.
14 10540.53 13,16, 40,41, 42, 102-14, 15-14 e - . .
: 46,47, 48, 49, 50 ’ Fig. 2 (a) presents an illustrative system with ten demand
21 3063.06 18, 19, 20 21-18, 104-21 nodes (numbered from 1 to 10), two distribution substations at
branches B—C and D-E, an artificial substation (AS), one sub-
30 5945.94 13,29,31,37,43 104-30, 29-30, 43-30 . . . .
transmission substation (at node A), 20 real branches (including
2,9,10,17, 18,19, 101-1, 9-1, 2-1, . . .
1,21 11891.88 50.22.23.24.25 21-18, 10421 16 branches in the medlu.m-voltage system, connecting the de-
2,9,10, 15,16, 17, 18 mand nodes, two substation branches, B-C and D-E, and two
1L14,21| 2243241 | 19,20,22,23,24, 25,40, | Ok 9-1, 21, 102-14, - e
1 . Al 42 464725 49,50 15-14, 21-18, 104-21 branches in the subtransmission system, A—B and A-D), and ten
- artificial branches, connecting each demand node to the artifi-
2 <y, Vije T} (48)  cial substation. In the case of a fault at the section with node 1,
z; >y +y—1 Vij e TR (49) Fig. 2 (b) illustrates the restoration topology considering N*” =
0<z, <1 Vij e TR (50) 0. Cpnstramts (35)—(37? g}larantee thgt each node 15.001.1nected
to either the subtransmission substation or to the artificial sub-
Y, =0 Vie (TIPuT4s)  (51) - - -
i N N station, while (34), (38)—(52) ensure that the resulting topology
y; =1 Vie RS, eTE (52) isradial. In this case, nodes 1, 2, 3, and 4 are de-energized and

Equation (38) represents the balance of the artificial flows in
the system; (39) limits the artificial flow on the branches of the
system according to the operational statuses of the switches;
constraint (40) assumes that, for each artificial branch ¢, node
i represents the artificial substation and, therefore, the artificial
flows can only have one direction on these branches; (41) is the
limit of artificial generation at the artificial substation; and (42)
fixes the artificial generation at all nodes of the system, except
at the artificial substation in zero.

Constraint (43) is a fencing constraint that requires that each
node be connected to at least one real or artificial branch; (44)
requires that, if branch ij is connected, then the statuses of
nodes i and j are the same; and constraint (45) requires that, if
a branch is disconnected in the prefault state of the system, then

connected to the artificial substation.

Fig. 2 (c) illustrates the restoration topology when NI¥ =1,
i.e., one loop is allowed to be formed in the system, in constraint
(34). In this case, only the faulted section with node 1 is de-
energized and connected to the artificial substation. Note that,
in this case, constraints (35)—(37) are also satisfied.

The formulation (1)—(27) and (32)-(52) is an MISOCP
model, which is convex (considering the integrality of the bi-
nary variables y,, w,;, and h{? relaxed), since the objective func-
tion (1) is linear, constraints (2)—(5), (7)—(12), (14)—(18), (20)—
(27), (32)«(52) are linear, (13) and (19) are quadratic con-
straints, and (6) is a second-order cone constraint, therefore, it
guarantees convergence to the optimal solution through optimi-
zation solvers.



TABLE II
RESULTS FOR THE RESTORATION PROBLEM CONSIDERING VOLTAGE CONTROL

Faulted |Switching| # of Active load) Active load . Time
Case| . . restored | not restored De-energized nodes Closed branches Opened branches
section |operations|loops o (s)
(%) (kW)
1 1 3 0 84.69 1351.35 2 104-22, 10-38 10-9 6.64
I 3 7 0 50.47 4774.77 5,26,27 8-33, 35-40, 28-50 5-4,6-5,27-8, 35-34 8.66
11 3 9 3 75.70 2342.34 5 104-22, 8-25, 8-33, 35-40, 10-38, 28-50 5-4,6-5,22-9 6.98
v 11 12 0 80.92 2252.25 38,44 10-31, 13-12, 104-22, 8-33, 35-40, 28-50 6-5, 37-43, 22-9, 44-45, 39-38, 35-34|10.94
v 11 11 4 100.00 0.00 - 10-31, 13-12, 104-22, 8-25, 8-33, 40-41, 35-40, 10-38 37-43,22-9, 34-33 6.05
A%! 14 2 0 17.95 8648.64 15, 16, 40, 41, 42, 46, 47 28-50 48-42 4.56
VII| 14 5 1 35.90 6756.75 15, 16, 40, 46, 47 104-22, 28-27, 28-50 47-42 4.03
ViI| 21 3 0 100.00 0.00 - 18- 17, 104-22 229 6.59
X 30 5 0 78.79 1261.26 29 10-31, 13-12, 104-22 37-43,22-9 5.50
X | 121 7 0 82.58 2072.07 2,20 18- 17, 104-22, 8-25, 10-38 10-9, 20-19, 23-22 6.70
XI| 1,21 5 1 88.64 1351.35 2 18-17, 104-22, 8-25, 10-38 10-9 7.02
XII |1, 14,21 9 0 52.21 10720.71 2,15, 16, 20, 40, 41, 42, 46, 47 18-17, 104-22, 8-25, 10-38, 28-50 10-9, 20-19, 24-23, 48-42 4.89
XIII|1, 14,21 10 2 57.03 9639.63 2, 14,15, 16, 20, 21, 40, 41, 46, 47 18-17, 104-22, 8-25, 28-27, 10-38, 28-50 10-9, 20-19, 42-41, 47-42 4.53
TABLE III
OPTIMAL OPERATION OF THE VOLTAGE CONTROL DEVICES AND DGS
Number of CBs . pC pe
Case| operating/ Qfs (kVAT) Tap positions VRs/OLTCs PP (kW)/Q;” (kVAr)
Node 16 Node 24  |Branch 1010-101|Branch 1020-102| Branch 1040-104 | Branch 39-38 Node 8 Node 15 Node 23 Node 33 Node 49
Base| 2/635.78 2/632.05 8 9 8 8 173.00/500.00 | 272.00/120.00 | 272.00/120.00 | 1150.00/500.00 | 272.00/120.00
1 2/634.78 2/640.02 8 9 8 8 455.90/205.31 475.40/154.90 | 482.64/130.62 | 1554.92/687.19 | 458.06/200.46
I | 4/1118.61 | 4/1088.02 -5 -1 -5 -1 451.11/215.64 | 479.21/142.68 | 486.10/117.08 | 1537.07/726.24 | 458.03/200.51
I | 4/1132.81 | 4/1106.46 -1 1 —4 -1 474.14/158.72 | 473.54/160.50 | 470.76/168.48 | 1592.25/595.59 | 464.88/184.09
IV | 4/1119.75 | 2/556.02 -2 -2 —4 8 453.71/210.12 | 480.07/139.77 | 485.39/120.00 | 1538.35/723.51 | 456.53/203.92
V | 4/1101.76 | 4/1127.53 -2 -3 -2 1 462.75/189.37 | 475.40/154.90 | 479.76/140.81 | 1556.49/683.62 | 463.10/188.51
VI 2/0.00 2/632.57 8 9 8 8 456.70/203.54 0.00/0.00 477.28/149.01 (1360.00/~1020.00| 453.34/210.92
VII 2/0.00 2/548.90 -1 9 -5 12 454.71/207.94 0.00/0.00 485.39/120.00 | 1539.01/722.12 | 452.85/211.95
VIII| 2/636.77 2/646.57 8 9 8 8 456.43/204.15 | 474.55/157.49 | 485.39/120.00 | 1554.26/688.68 | 457.38/202.00
IX | 2/635.12 2/648.58 8 9 8 8 456.49/204.01 | 474.88/156.48 | 485.39/120.00 | 1554.78/687.50 | 457.72/201.22
X | 2/634.78 2/636.33 8 9 8 8 465.77/181.82 | 475.40/154.90 | 474.20/158.52 | 1554.92/687.19 | 458.06/200.46
XI | 4/1115.83 | 4/1135.63 -1 -2 -3 1 470.00/170.58 | 483.97/125.61 474.76/156.86 | 1539.65/720.76 | 459.64/196.80
XII 2/0.00 4/1102.68 —4 9 -3 11 477.12/149.52 0.00/0.00 457.06/202.73 | 1537.48/725.37 | 458.60/199.22
XII| 2/0.00 4/1118.22 -2 9 -4 11 467.83/176.45 0.00/0.00 467.80/176.52 | 1537.48/725.37 | 460.33/195.17

III. TESTS AND RESULTS

The performance and robustness of the proposed model are
tested and analyzed using a modified version of the 53-node
distribution system presented in [20]. Fig. 3 (a) shows the
prefault topology of the system, which has 50 load nodes. The
subtransmission system operates at a nominal voltage of 138
kV, and the subtransmission substation at node 1000 is con-
nected to the distribution substations (1010-101, 1020-102, and
1040-104) through branches 1000-1010, 1000-1020, and 1000-
1040. The nominal voltage of the distribution system is 13.8 kV,
while the minimum and maximum voltage limits are 0.95 p.u.
and 1.05 p.u., respectively. In the distribution system, each
branch has an automatic switch; therefore, each node represents
a section of the network. A VR with szc = 0.1 and £16 posi-
tions for the tap is installed at branch 38-39. The transformers
at the distribution substations are equipped with OLTCs, with
szc = 0.1 and *16 positions for the taps. Two 1200 kVAr CBs
with N¢F =4 are installed at nodes 16 and 24. Five dispatchable
DGs, with 5, “ 0f 500 kVA, 500 kVA, 500 kVA, 1700 kVA, and
500 kVA and ¢, = 7, = 0.8, are installed at nodes 8, 15, 23, 33,
and 49, respectively. The costs considered in the objective func-
tion are /¥ = 10 US$/kVA, ¢; = 150 USS$, % = 10 USS,
¢/ = 0.01 US$/kW, ¢““ = 0.01 US$/kVAr, cI¢ = 10 USS,
and ¢” = 10 USS. The complete data for this system are avail-
able in [27].

The optimization model was implemented in AMPL [28] and
solved with the solver CPLEX v12.9 [29]. The numerical exper-

iments have been conducted on a computer with a 3.2 GHz In-
tel® Core™ 17-8700 processor and 32 GB of RAM.

A. Fault scenarios

The proposed model is tested considering single permanent
faults at the sections of nodes 1, 3, 11, 14, 21, and 30. Also,
scenarios with multiple permanent faults at the sections of
nodes {1, 21} and {1, 14, 21} are considered. These scenarios
are the ones that lead to the higher values of disconnected load
after the fault and occur at the beginning of the feeders, there-
fore it is expected that they are among the hardest scenarios to
be solved. For these fault scenarios, Table I presents the nodes
of the faulted sections, the total isolated active load that can be
restored (without taking into account the demand at the faulted
sections), the nodes affected by the faults that are candidates to
be restored, and the switches opened to isolate the faulted sec-
tions, which must remain open until the maintenance crews
carry out the necessary repairs.

B. Obtained results

Table II presents thirteen cases with the optimal topologies
for the restoration problem in each one of the eight single-fault
and multiple-fault scenarios presented in Table I, considering
voltage control. In these thirteen cases, eight (I, 1L, IV, VI, VIII,
IX, X, and XII) represent radial topologies, one for each fault
scenario, and five cases (I1I, V, VII, XI, and XIII) present tem-
porary closed-loop topologies for the fault scenarios in which
this topological condition allows more load to be restored.
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Fig. 4 Sensitivity analysis in the percentage of the active load restored for a fault at section 3 according to the (a) maximum number of loops allowed to be formed,
(b) maximum number of switching operations, (¢) DGs’ operation costs, (d) voltage control devices’ operation costs.

TABLE IV
RESULTS WITHOUT CONSIDERING VOLTAGE CONTROL
Faulted |Switching| # of |Active load Active load . Time
Casel section |operations| loops [restored (%) ot (rke\i;())red De-energized nodes (s)
1 1 3 0 84.69 1351.35 2 7.11
11 3 7 0 43.93 5405.40 5,6,26,27 8.88
m 3 6 1 51.40 4684.68 5,6,26,28 11.91
v 11 16 0 69.47 3603.60 34, 36, 38, 44 13.19
v 11 13 5 86.26 1621.62 12 8.30
VI 14 2 0 17.95 8648.64 15, 16, 40, 41, 42, 46,47 | 4.50
VIl 14 6 3 28.21 7567.56 15, 16, 40, 41, 46, 47 4.88
V| 21 3 0 100.00 0.00 - 5.20
IX 30 5 0 78.79 1261.26 29 5.91
X | 1,21 7 0 82.58 2072.07 2,20 6.48
XI| 1,21 7 0 82.58 2072.07 2,20 7.95
XII|1, 14,21 9 0 49.00 11441.43 2,15, 16,20, 40, 41, 42, 46, 4.58
47,48
XIIIf1, 14,21 10 2 51.41 10900.89 |2, 15, 16, 19, 20, 40, 41, 46, 47| 4.77

For each case, Table II presents the nodes in the faulted sec-
tions, the number of switching operations required to restore the
load (not accounting for the operations to isolate the faulted sec-
tions, presented in Table I), the number of basic loops formed
in the network, the percentage of the active load restored (not
accounting for the load in the sections directly affected by the
fault), the active load not restored, the de-energized nodes that
are isolated from the system, the branches connected to the sys-
tem, the branches disconnected from the system, and the com-
putational times to solve the problem.

The results presented in Table II indicate that, in some cases,
by considering the temporary closed-loop operation during the
restorative state, it is possible to restore more load. In Case III,
for example, it is possible to restore 75.70% of the load by al-
lowing a temporary loop formation in the system, which repre-
sents 25.23% more load restored in comparison to Case II,
which considers a radial configuration. Fig. 3 (b) illustrates the
radial restoration topology of the system for Case II, while Fig.
3 (c) shows the restoration topology with three basic loops for
Case III. In Cases V, VII, XI, and XIII, it is also possible to
verify improvements of 19.08%, 17.95%, 6.06%, and 4.82%,
respectively, in the active load restored of the solutions when a
temporary closed-loop operation is allowed when compared to
the respective radial restoration topologies.

Table IIT summarizes the adjustment of the voltage control
devices and the dispatch of the DGs in each case and in the Base
Case, before the occurrence of the fault. By analyzing Table III,

it is possible to verify a tendency of the model to provide resto-
ration plans that reduce the voltage magnitudes in the system
through the operation of the OLTCs and VRs, so that the load,
which is modeled using a voltage-dependent formulation, de-
creases. It can also be verified that the DGs are redispatched in
some cases so that more load is reconnected. For all the cases,
the minimum voltage magnitude obtained in the system was
0.95 p.u.

Table IV shows the results for Cases I-XIII, without consid-
ering voltage control in the restoration problem, i.e., the number
of CBs connected to nodes 16 and 24 and the positions of the
taps of VRs and OLTCs are fixed at the values presented for the
Base Case in Table III. For Cases I, VI, VIII, IX, and X, the
values for the active load restored are the same as the ones pre-
sented in Table II for the respective cases. For the other eight
cases, reductions in the range of 3.21%-24.30% can be noticed
in the active load restored when voltage control is not consid-
ered in the restoration problem, for situations considering both
radial and temporary closed-loop topologies.

Fig. 4 shows the influence of the change of some parameters
of the model in the solutions of the restoration problem for the
fault scenario in section 3. Four cases were considered, and in
each one of them, all other parameters were maintained con-
stant with the values presented at the beginning of this section.
First, Fig. 4 (a) shows that by not allowing the formation of
loops, 50.47% of the active load is restored, as presented in
Case II in Table II. By increasing the number of loops allowed
to be formed, more load can be restored, up to a maximum of
75.70% (the same solution of Case III in Table II). In Fig. 4 (b),
the solutions are obtained considering different values for the
maximum number of switching operations allowed. Note that
when only one switching operation is allowed, no load can be
restored; by allowing two operations 13.08% of the active load
is restored; and by allowing eight switching operations, 75.70%
of the active load is restored, while four loops are formed in the
network. By allowing nine switching operations, the active load
restored does not increase, but the number of loops formed in
the network is reduced to three (the solution is the same one of
Case III in Table II). Fig. 4 (c) shows the influence of the DGs’
operational costs on the active load restored. When ¢”“? and
¢’ are equal to 0.1 US$/kW and 0.1 US$/kVAr or less,
75.70% of the active load is restored, leading to the solution of



Case III presented in Table II, and this value is reduced to
64.49% as "% and ¢ are increased to 16 US$/kW and 16
USS$/kVAr. In this case, the dispatches of the DGs remain with
the values presented for the Base Case in Table III. Finally, Fig.
4 (d) shows the influence of the operation cost of CBs, VRs, and
substations’ OLTCs in the restored load. Note that when c°% =
cl? =10 USS, the active load restored is 75.70% as for Case I11
in Table II. When ¢” and ¢} are increased to 100,000.00 US$
or more, the active load restored is reduced to 51.40%, as pre-
sented in Case III in Table I'V.

The results presented in Fig. 4 indicate that, for a fault in sec-
tion 3, the maximum number of switching operations has the
greatest impact in the value of the active load restored, followed
by the number of loops allowed to be formed in the system.
Then, it can be observed that the voltage control devices have a
greater impact on the active load restored than the redispatch of
the DGs. This information can be useful to the system planner
for deciding about future investments in the network.

C. Discussion of the results

By analyzing the results, it is possible to verify that the tem-
porary closed-loop operation allows more load to be restored in
some fault scenarios. Besides that, it does not require the instal-
lation of new devices in the network, so it can be used to easily
improve the reliability indexes of the system. The consideration
of voltage control devices and DGs in the restoration problem
allows the obtention of better restoration plans, with more load
restored and with better quality in the service. It can also be
verified that the model is flexible since it is possible to consider
single-fault and multiple-fault scenarios in the restoration prob-
lem. Besides that, it is possible to take into account preferential
loads and differentiate between automatic and manual switches
by choosing adequate costs in the objective function. It should
be noted that, as in [20], the model provides solutions in which
some sections can be disconnected from the network during the
restorative operation state.

All results were verified using a backward/forward sweep
power flow algorithm [30]. The power flow analysis indicated,
for all the solutions, that all the operational constraints of the
system were met, therefore demonstrating the precision of the
formulation.

Finally, the computational times required to solve all the
cases are in the range of 4.03 s to 13.19 s, which are adequate
for the timeframe of the restoration problem.

IV. CONCLUSION

This paper presented a new mixed-integer second-order cone
programming formulation to the problem of service restoration
in distribution systems, considering voltage control devices,
distributed generators, and temporary closed-loop operation in
the restorative state. The model accounted for an accurate ac
representation of the network operation, considering a voltage-
dependent model for the loads. Besides that, the constraints al-
low controlling the formation of loops in the network, providing
flexibility to the solutions.

The results indicate that, by allowing the formation of tem-
porary loops in the network during the restorative state and per-

forming the simultaneous control of voltage devices, it is pos-
sible to obtain solutions with more load restored when com-
pared to the radial solutions provided by the traditional ap-
proach. It was also verified that the voltage control devices re-
duce the voltage magnitudes in the system in order to decrease
the load, allowing for more efficient restoration schemes.

The proposed strategy of a temporary closed-loop operation,
together with the optimal adjustment of voltage control devices
in active distribution networks during the restorative state, is an
alternative for improving the reliability indexes and could be
used to reduce future investments in the system.

APPENDIX

In this appendix, we present the calculation of the big-M pa-
rameters used in constraints (7), (8), and (14)—(17). Note that,
the values of these parameters should be large enough, so that
no solution is eliminated from the feasible region of the prob-
lem, but should not be unnecessarily large so that the computa-
tional effort to solve the problem is not high. All the big-M pa-
rameters used for the 53-node distribution system are available
in [27].

. v
A. Calculation of M},

Equations (53) and (54) provide the values for M}/, used in
(7), for branches without and with OLTCs or VRs, respectively.
M) =V -V Vij e TR|ij ¢ TS (53)

My =V -v2+ A (B +2)V Vij e T%C (54)

For the tests presented in this paper, with V = 0.95 p.u., V =
1.05 p.u., and ZZC = 0.1 for OLTCs and VRs, M}/ = 0.20 for
branches without OLTCs and VRs and M} = 0.431525 for

branches with OLTCs and VRs.
B. Calculation of M,

The parameter M/, that appears in (8), is the maximum volt-
age phase angle difference between the terminal nodes of
branch ij when it is open. Note that, M/, depends on the maxi-
mum value for the sum of the maximum voltage phase angle
differences between the terminal nodes of the branches that
form a loop with branch ij.

By analyzing (5), it is possible to verify that the maximum
value of the voltage phase angle difference between the terminal
nodes of branch ij when it is operating, ,,, occurs when
(X,; P, + R;Q,;)/V? is maximum. The model (55) and (56) is
used to calculate the maximum value of (X,,P,; + R,;Q,;)/V>
considering (6) and the operational limits of the network, (9)
and (12).

maximize T = Z XUPU;;RUQU (55)
ijer R -

subject to:
P2+Q3<V'T vijeTy  (56)

The objective function 7, shown in (55), is obtained from
(5). Constraint (56) is the power flow limit for the branches. Let
p; and Q;; be the solution of (55) and (56), then 6, =

(X' P+ R”QZ)/K2

()



1 Initial step: Calculate 6, Vij € I'fs using (55) and (56). Let 6;; « 0,
Vij € TR
2 Forallij € TR, excluding the branches that cannot form loops with
other branches:
3 Fixz;; <~ 0
4 Fixz;; < 0
5 Forall k € T%*:
6 Letb, <+ 0
7 End
8 Letd, 1
9 Letb; < —1
10 Solve model (57)—(63). The value of 2 is determined.
1 Let Mf; « D
12 Unfix z;;
13 Unfix x;
14 End

Fig. 5 Pseudocode for the algorithm that calculates ]ij.

The value of M, is the maximum value of the sum of 6,; on
a path connecting nodes i and j when branch ij is disconnected
from the system. Therefore, to obtain the value of Az for a
branch ij, it is necessary to remove branch ij and then solve the
longest path problem considering that 6,; is the length of branch
ij. The model (57)—(63) is used to obtain the longest path (con-
sidering that 6,; is the length of branch i5) between two nodes of
the system (which can be represented as a graph) [31].

maximize D = E [4

ij%ij

ijer & (57)
subject to:
D @i D ey tbi=0 vieTh  (8)
jieT ijel &
Z ;<1 Vie Il (59)
ijel 5"
ORI VieTy
P ie'y (60)
tp>t+ 1= (0 = D1 —z;) Vij € T5' (61)
t,>0 Vi e i (62)
z;+a,; <1 VijeTgli>35  (63)

In (57)—(63), the set ' includes the branches of the system
with duplicated indices ij and ji, excluding the branches that
cannot form loops with other branches, and the set I'§* includes
all nodes of the system, except the ones that do not belong to a
loop. The parameter b, is equal to 1 (inflow) at a terminal node
of the branch that was removed, —1 (outflow) at the other termi-
nal node, and is equal to zero at the other nodes. The integer-
valued continuous variable ¢, indicates the order in which the
nodes are visited, and is used in the sub-tour elimination con-
straint, as proposed by [32]. The binary variable z,; is equal to
1 if branch ij is part of the path and is equal to 0 otherwise.
Also, 8;, =0, Vij e TE.

The objective function D, shown in (57), maximizes the
length of the path between two nodes. Note that, since each
branch is duplicated, the index ij represents a branch with di-
rection from i to j (outflow from node ), while ji represents a
branch with direction from j to i (inflow to node 7). Constraint
(58) requires that the inflow is equal to the outflow at each node.
Constraint (59) requires that each node can have a maximum of
one outflow branch active, while (60) requires that each node

can have a maximum of one inflow branch active. Constraints
(61) and (62) are used to avoid the formation of sub-tours [32].
Constraint (63) requires that a maximum of one direction is
chosen for each branch.

Fig. 5 shows the pseudocode of the algorithm used to obtain
MY, for each branch. Initially, 6,; is calculated for all branches
using (55) and (56). Then, at each step, branch ij is removed
from the system (z,; and =, are fixed at zero), b, is set to zero at
all nodes, and then fixed in 1 at node i and in —1 at node ;. Model
(57)—(63) is then solved, and the value of M/, is defined as D.
Finally, branch éj is reincorporated to the system (z,; and =, are
unfixed). This process is repeated for all branches of the system.
For the branches that cannot form loops M}, = 0.

For the system used in the tests, the values for M/, are within
the range of 0.4621 p.u. and 0.8290 p.u., excluding the branches
that cannot form loops with other branches.

C. Calculation of MF and M?

Equations (64) and (65) provide the values for M} and M?,
respectively, used in (14)—(17).

—2 —
% %4
AIQ_ D A VZ I v P Vi el 6
S =0 %WJF%WJF% tely (65)

Note that, these values are obtained when the maximum volt-
age magnitude is considered at each node.
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