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Abstract

We consider the real Szegd polynomials and obtain some relations to certain self inversive orthogonal
L-polynomials defined on the unit circle and corresponding symmetric orthogonal polynomials on real intervals.
We also consider the polynomials obtained when the coefficients in the recurrence relations satisfied by the
self inversive orthogonal L-polynomials are rotated.
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1. Introduction

Let dv(z) be a positive measure on the unit circle C. This means v(e'’) is a real, bounded and
non-decreasing function for 0 < 0 < 2n. We consider the Szegd polynomials {S,} associated with
the measure dv(z) defined by | ¢ Su(2)Sn(z)dv(z) =0, n # m. These polynomials were introduced by
Szego (see for example [8]). For a good source for some basic information on these polynomials
we refer to [10].

Since Z=1/z on the unit circle, the polynomials S, can also be defined by |, 2 "8(2)z dv(z)=0,
0 <s <n— 1. Hence, the Szegd polynomials also satisfy the L-orthogonality property on the unit
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circle in relation to zdv(z). Polynomials satisfying the L-orthogonality property on the positive real
axis were introduced in [5]. For a study of these polynomials on the unit circle see for example [4].

The Szegd polynomials (given here in their monic form) are known to satisfy the system of
recurrence relations

Sn+1(z) = Sn(Z) + an+1S:(Z)a

(1 - |an+1|2)ZSn(Z) = Sn+1(Z) — A+l n+l(Z) (11)

for n > 0. Here S;(z) = 2"8,(1/z) are the reciprocal polynomials. The numbers a, = S,(0), n >
which are less than one in modulus, are known as the reflection coefficients of the Szego polynomlals

In this manuscript, we consider the Szegd polynomials with real reflection coefficients and take
a look at the polynomials {S,(z)+ S} (z)}, {S.(z) — S (z)} and their relations to certain symmetric
orthogonal polynomials on the interval [ — 1,1]. These relations, found in [3], were very nicely ex-
plored in [12]. Zhedanov uses the information contained in the relations associated with S,(z)+S,(z)
(or S,(z)—S;(z)) to derive information about S, from the corresponding orthogonal polynomials and
vice versa. However, different to Zhedanov, we look at how one can use simultaneously the relations
associated with both S,(z) + S;(z) and S,(z) — S} (z) to do the same. We also give information on
the polynomials obtained when rotating the coefficients of the three term recurrence relation satisfied
by the polynomials S,(z) + S;(z).

2. The para-orthogonal polynomials

In [4], Jones et al. considered the polynomials S,(z) + w,S,(z), where |w,| =1. They called these
para-orthogonal polynomials and showed that their zeros are all distinct and lie on the unit circle.
Their proof is based on the self-inversive properties of these polynomials and the conditions

/Z—n+S[Sn(Z) + wnSn*(Z)] dv(z) =0, 1<s<n-—1. (2.1)
C

Here, restricting our selves to only real Szegd polynomials, we consider the two special cases of
para-orthogonal polynomials

Su(z) + 5,(2) Su(z) — 8, (2)
1+ S,(0) 1-S,0) °
The denominators are chosen in order to make the polynomials monic.
The Szegd polynomials are real if and only if the measure dv(z) satisfies the symmetry dv(1/z)=
—dv(z). The following results up to the recurrence relations in Theorem 2.1 were first given in [3].

From (1.1), the polynomials S i=1,2, can be shown to satisfy the simple three-term recurrence
relations

SY @)=+ DSPE) - (1 + a1 — )28 (2),

SP(2) =z + DSP(2) — (1 = @y )(1 + a,)z82, ()

SH(z) = and SP(z) =

=

with ap =1, S§(2) =1, $(z) =1, ${"(z) =z + 1 and SP(z) =z — 1
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Observe from the recurrence relation that S(z)(l) =0 forn>=1. Thus by letting R(l)(z) S(l)(z)
n=0and RO (2)=(z—1)"'S%,(z), n = 0, we obtain 28,(z)=(1+a,)R(z)+(1—a,)(z— 1R (2),
n = 1, or equivalently,

228, 1(z) =RV(z) + (z — DRP (z), n>1. (2.2)

Theorem 2.1. The monic polynomials RS, i = 1,2, satisfy R’ =1, R(z) =z + 1 and
R (2)=(z+ DRV(z) — 400 2RV ((2), n=1,

with 40, = (1 + a,—1)(1 — a,) > 0 and 40>, = (1 — a,)(1 + a,41) >0, n > 1

Moreover, these polynomials satisfy the L-orthogonality relations

/Z—n+sR(l)(Z) z
c ! z—

/Zn+SR£,2)(Z)(Z — l)dv(z) =0, 0<s<n-—1. (24)
C

ldv(z):O, 0<s<n-—1 (2.3)

and

Proof. The recurrence relations follows from above. The reason for choosing the multiplier 4 in the
recurrence relation will become apparent after Theorem 3.1. The recurrence relations also confirm
the self inversive property Z”Rf,i)(l /z) = RY) (2).

Now we give the proof of (2.4). Since

Sur1(2) = §;741(2)

RO(2) —
") = (= Spmi(0))

from (2.1)
/ 27 DBRA () (z — 1)dv(z) =0, 1<s<n
c
Clearly, this is equivalent to (2.4). Now to prove (2.3), again from (2.1)
/ ROz ) dv(z) =0, I<s<n-—1 (2.5)
c
This is equivalent to
/ z "[P, S(z)]R(l)(z) dv(z) = 1<s<n-—1, (2.6)
c

where P, ((z)=(z—1)2"!, s=1,2,...,n — 1. We now show that if we take P, ,(z) =z +2z""! then
the relation (2.6) also holds for s = n. From (2.5),

1
/Z_HSR,S])(Z) z dv(z) = / z"HRID(z2)
C zZ — 1 C zZ —

ldv(z), I<s<n—1
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Substituting z by 1/z on the right-hand side and using the symmetry of the measure and the self
inversive property of R, we obtain

/Z—n[zs +Zn_S]R£,1)(Z)
C

Hence, P, ,(z) is obtained when letting s = 1 in the expression z* + z"~*.

One can verify that the set of polynomials P, , s=1,2,...,n, of degree < n— 1, forms a linearly
independent set. In particular, for each of the monomials z°, 0 < s <n — 1, we get a unique linear
combination of the type z* = d'"P, (z) + d$ P, o(z) + - - + d&fl \Pun—1(z) + 1 P, ,(2). Consequently
from (2.6) the result (2.3) of the theorem follows. [J

z

dv(z)=0, 1<s<n-—1
z—1

3. Relation to orthogonal polynomials on the real line

The results in the previous section lead to consider what one can say about a sequence of poly-
nomials {R,} satisfying the recurrence relation

Ry1(z) = (z + DRu(2) — 40y112Ry—1(2), n =1 (3.1)
with Ro(z) =1, Ri(z)=z+ 1 and o,,; > 0. We have the following theorem:

Theorem 3.1. Let {R,} be the sequence of monic polynomials generated by the recurrence relation
(3.1). Then the zeros of R, are distinct (except for a possible double zero at z = 1) and lie on
CU(0,00). In particular, if {o,1} is a chain sequence then all the zeros are distinct and lie on
the open unit circle {z:z =¢€",0 < 0 <2n}. In this case, there exists a positive measure dv(z)
on the unit circle such that

/z—"“Rn(z) Z _dvz)=0, 0<s<n—L (3.2)
C

z—1

Proof. From the recurrence relation (3.1), z"R,(1/z) = R,(z). Let x =x(z) = %(zl/2 +z712). Here,
given z = rel’ then z' is understood as r'/%¢!’2. Hence, the polynomials P,(x) = (4z)™"?R,(z),
n = 0, satisfy Py(x) =1, P;(x) =x and

Ppi1(x) = xPy(x) — ty1Ppi(x), n=>1 (3.3)

From this it is well known that the zeros of P, are real, distinct and lie symmetrically about the
origin. If we write, Py, (x) = [[;_; (x* — x3,,), and Py, 1(x) = x[];_, (** — x3,,, ), then from
R,(z) = (42)"*P,(x(z)) we see that

Ron(2) = [ [ ((z = 220)(z = 1/z20)),

k=1
Roni1(2) = (2 + D] [ (2 = 2201160z = 1/z2011.6)),
k=1

where z, ; = (2xi’k - 1)+ 2, /xik(xi,k —1). Hence, if xf,’k < 1 then z,4 and 1/z,; are a conjugate

pair of zeros of R, on the unit circle and if x%,’ ; > 1 then they are two positive zeros of R, inverse
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to each other. If z=1 is a zero of R, then it is a zero of multiplicity 2. Hence, we conclude that
the zeros of R, are either on the unit circle or on the positive real line.

Now if we assume {o,,1} to be a chain sequence. That is, there exists a second sequence {g,},
where 0 <gg<1 and 0 <g, <1, n>1, such that o,y = (1 — g,—1)gn, n = 1. Then, it is well
known (see for example [2]) that all the zeros of P, are inside (—1,1). Hence, in this case, all the
zeros of R, are on the open unit circle {z: z=¢!",0 < 0 < 2n}.

When the zeros of P,, n > 1, are within (—1,1) then from Favard’s Theorem it follows that
these polynomials form a sequence of orthogonal polynomials in relation to a symmetric positive
measure d¢ with support inside [ — 1, 1]. From the binomial expansion and the symmetry of P, this
is equivalent to (see also [7])

: Py(x)
. o —(n—1)+2s _Ln _ _
/_1{x+1\/1 x?} 7mdd)(x)—0, 0<s<n—1.

Letting x = %(zl/2 +z71/2), that is letting z'/2 = x + iv/1 — x2, we obtain

/ z7"R,(2) z
—-C z—

Since x(z) is a decreasing function of z = ¢!’ as 0 varies from 0 to 27, we obtain the positive
measure dv(z) = —d¢(x(z)). O

1dc{)(x(z)):O, 0<s<n-—1

In the recurrence relations of R\ and R$?, the coefficients {oc(l) } and {oc ,} are chain sequences
with the respective parameter sequences {g(l) =(1—-a,)/2} and {g(z) = (14 a,1)/2}. That is,

(1 1 1 2
(1—g" gV =o), also g1 — gV = o2 1,

(1-¢P)g? =o2) [also gf_)z(l gff%)zoci‘ﬁ]] (3.4)

for n > 1, with initial parameters g =0and 0 < g =1- =(1+a;)/2 < 1. Here we have let
g%} =1. The polynomials P{"(x)=(4z)""2R\"(z) and P(z)(x) (42)"2R)(z) satisfy the recurrence
relatlons

PY () =xPD(x) — ol PP (x), n=1 (3.5)

and are orthogonal polynomials on [— 1, 1] related to the measures d¢"(x)=—dv(z) and dp®(x)=
—(1 — x?)dv(z), respectively.

Earlier investigations (see [1]) have shown us that given two positive measures d¢(!(x) and
d¢p®(x) on the real line such that d¢p®(x) = (1 — ¢>x?)d¢V(x), then there exists a sequence of
real numbers {/,}, with /o =1, such that for the associated monic orthogonal polynomials PV and
P,(qz) the following hold:

P () =xPO(x) — (1 = £,)(1+ £, )P, (x),
PP\ (x) = xPP(x) — 35(1 = £,)(1 + £u )P (),

n+1 n+1

P () = PO () = g (1 = £,)(1 = 2P, ()



84 C.F. Bracciali et al. | Journal of Computational and Applied Mathematics 153 (2003) 79-88

for n > 1. Here ¢?, different from zero, can take any appropriate value including negative. Clearly,
if ¢ =0 then the two sets of polynomials are the same. The choice ¢ = 1, so that the measures
have their support within [ — 1, 1], gives results (3.5) with a, =/,, n = 0. Hence we can state the
following theorem.

Theorem 3.2. Let d¢" and d¢pP be two positive measures on [ — 1,1] such that d¢p®(x) =
(1 —x?)d¢V(x). Let the respective monic orthogonal polynomials P and P? associated with

these measures satisfy P,(fll(x) :xP,(f)(x) — ozfj;)rlefll(x), n=1. Let

228, 1(z) =RV + (z — DR (z), n=>1,

where R\ (z) = (4zY2P"(x(z)) and RP (z) = (4z)"*P¥(x(z)). Then S, are the monic Szegé poly-
nomials associated with dv(z) = —d¢V(x(z)). Furthermore, the reflection coefficients a, = S,(0)
can be generated by

ap=1-4d /(1 +a,_1) and a,,=-1+42 /(1 —a,), n>1

with ay = 1. Given explicitly (with ,u((f), i=1,2, as the respective moments of order zero),
2 2 2),,(2) (2),(2) (2)

Yon1%m—3 "% Mo g PP Ry

NOBNORSSONO! m=s o mm e hE
2n—1%2n—3 3 Mo 2 %2n—2 2

1 =2

4. Examples of Szeg6 polynomials

We consider some examples to show how the above results can be used to obtain information
about real Szegd polynomials.

1. Gegenbauer—Szegd polynomials: We consider d¢pV(x) = (1 — x?)*""?dx and d¢pP(x) =
(1 —xz)l“/2 dx in [ — 1,1], where . > — 1/2. Then Pf,l) :P,(f) and Pf,z) :P,(,Hl) are the respective
monic Gegenbauer polynomials. Hence,

a _ nn+2i-1)
U 4+ )+ A — 1)

@ n(n+2/l+l)
A A4 D) (n A

and o

o ), n =

The polynomials St defined by

228M(z) = RV (2) + (2 — DR*D(z), n =0,

where R{""(z) = (42)"2P{(x(z)) and R?M(z) = (4z)"2P{*V(x(z)), are the well known monic

Gegenbauer—Szego polynomials (see for example [10]) associated with the measure

z-12]"dz 1
—4z 2z 2

dv(z) = [ |sin(0/2)|** dO
with z = el’. The reflection coefficients are ay” = M+ 2A), n=1.

When 4 =0, then ') =0 and we have the results associated with the Chebyshev polynomials.
In this case, we have R\"V(z) =z" + 1 and R%"(z) = (z"*! — 1)/(z — 1). Thus, we obtain S\ )(z)=



C.F. Bracciali et al. | Journal of Computational and Applied Mathematics 153 (2003) 79-88 85

(1 /22)[R2:;?)(z) +(z— l)R,(f’O)(z)] =Zz", which are the monic Szegd polynomials associated with the
Lebesgue measure dv(z) = —d¢V(x(z)) = (2iz) 'dz.
2. Koornwinder—Szegd polynomials: For . > —3/2, M >0 and 0 < t < 1, let d¢pP(x), defined

on [ — 1,1], be such that

l ) (2 —x?)H12
[ reae0w = st {mtren s et [T ad
Here
°( X212
C = Tl_ixzdx

-7

is such that the total mass of the measure d¢'") is 1 (a probability measure). Hence, the orthogonal
polynomials PP associated with the measure do@(x) = [2M + 1)c]71(2? — x?)*12dx are the
Gegenbauer polynomials of parameter (44 1) scaled downed to the interval [—, t]. Hence, P,(li)l (x)=

xP,(qz)(x) fﬁr)lP(z)l(x) n = 1, where

NOR. n(n+21+1)
Yt 4 n+2+1)(n+2)

When 7 =1, in this case 4 should be greater tha —%, then P{" are the symmetric Koornwinder
polynomials [6].

Let us denote by SE-M9) the Szegd polynomials associated with the measure dv(4, M,1;z) =
—d¢(x(z)), which can be given by

2n
F(&ydv(, M, 1;¢") =

o(f, 7 7)
o T 2M+1{2Mf(1)+}’

c(1,4,7)
where ¢(f,2,7)= fez(Z) 8 £ (e)[1? — cos?(0/2))?[sin(0/2)] ' dO, with O(x) =2 arccos(x). For the
reflection coefficients S“M”(O) we then have {g,(1,M,7)=[1 + Sff;?l’f)(O)]Q},fio is a parameter

sequence of the chain sequence {ocn 11} That is

7:2 n(n+2/t+1)
_ 1 —_ — 2 :
[1 = gu1(% M, 7)]ga(% M, 7) 4ttty 1

Since go(4,M,7)=1— a(l) the initial parameter takes the value
1 27

1 242
oM T DD J, [Fsim(@/2)17 do.

go(4, M, 1) =

Clearly, when M — oo then {g,(4,M,7)} moves towards the minimal parameter sequence and if
M = 0 then one can also show that g,(4, M, t) represents the maximal parameter sequence.

3. Szegd polynomials associated with twin periodic recurrence relations: It was shown in [1] that
given the recurrence relation (3.3) with o, = pog, o,—1 = o1 and oy, = oy, n = 2, where p, og, o
are all positive, then the polynomials P, are the monic orthogonal polynomials in relation to the
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probability measure d¢p given by

Aoy — o) 1 Y Vb — 2N —a?
— U I(t)d
PO="1 YO T / 1+ a(pyr) (O
A((p — 1) — or1)
+ AP UG+ ) + U = )L

where b= /00 + /a1, a= /% — /o], A(p)=(p — Do +ou, g(p)=—1/[&(p)I’ = (1 — p)/ pA(p),
Ax)=xU(x), I(x)=Ux+b)—U(x+a)+ U(x —a) — U(x — b) and the function U(x) is equal
to 0 for x < 0 and is equal to 1 for x = 0.

Clearly, the two jumps at £&( p) have effect only if p > 144/ /0 or, when possible, 0 < p < 1—

Vo /ag. If p =1+ \Jay/ag then [E(p)]* = b%. Hence, taking b < 1 and choosing the value of p
such that [¢(p)]* =1 we obtain the following results. Let ap > 0, o; > 0 and let

b=+ <1, a=|\/ug—+/u| and B(og,o)=+v1—-5b*/1—-a’
Then, with

+ (a0 — o) + B(owg, 1)
20(0 ’

1
p = p(og, o) =

the monic polynomials PV generated by the recurrence relation P,(z +)1 (x)= xP,Sl)(x) 221P(1) (x),
n =1, where ocg ) = p(atg, 01 )ot, ocgn) | =0, o (2) =0, n =2, P(()l)(x) =1 and Pgl)(x) = x, are the

orthogonal polynomials in relation to the measure d¢!) given by

B(og, 1) VbE —x2Vxr —a?

2A4(ot0, )f(_)+2nA(oco,oc)/ S ) x[(1 —2) dx

/ S = 2

A(ay — o) 1 b VB2 —x2x2 — &2
oy SO s [0 e

B(og, 1)

24, 0)”

Here A(og,00)=A(p)=[1— (oo — 1)+ B(atg,1)]/2. It is easily verified that, since p= p(ao, %), the
sequence {a,} obtained from the relation a, =1 — 405(1)1 /(1 +a,_1), n =1, where ay = 1, satisfies

azy—1 = —(otg — o) — B(ao, 1) and az, = (g — 1) — B(op, 01), for n > 1.
Consider the probability measure dv(z) = —d¢(x(z)) on C which can be given by
mwoo » B(og, 1) 1 0oy o \/b2—cos2(0/2)/cos2(0/2)—a>
i0 i0 05 41 i0
eNdv(e")=— f()+——— e - do
ARl Ao, 1) S 21 A (00, %1) Joew) %) |sin(0)]
Ao — %)
——— f(—1
Ao, 1) 70
1 2n=0(b) 0. /D2 — c0s2(0/2)/cos2(0/2) — a2

f(e) do.

o -
2nA(o, 1) 2n—0(a) |sin(0)]
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Here 0(x) = 2arccos(x). Then the Szegd polynomials S\ associated with dv(z) satisfy
SE-M0) = —B(ag, 1) — (29 —oq)  and  SYO(0) = —B(ag,00) + (2 — 1), 1= 1.

If oy > o there is a jump in the measure at the point z=—1. Note that |/xy+ /2 can not exceed
1 and if \/op++/2; < 1 then there is also a jump at z= 1. This jump vanishes when /g + /o) = 1.

5. Rotating the coefficients

Let {R,} be the sequence of monic polynomials generated by the recurrence relation (3.1). Hence
by Theorem 3.1, there exists a positive measure dv on the unit circle such that (3.2) holds. We
now give some information regarding the sequence of monic polynomials {R,(t,z)} given by the
recurrence relation

Ryi1(1,2) = (z + DR,(1,2) — 4016 2zR,_1(1,2), n>1.

For fixed 7 such that 0 < 7 < 7, let A(t) represent the curve (path)

A(t) = {z=z(t) = u(z,t) + iv(t,1): tr(7) =t > (1)},
where
(t — 1)’ cot?(t) — (t + 1) 2t(t* — 1) cot(1)
(t—1)*cot?(t) + (¢ + 1)? (t — 1) cot?>(z) + (¢ + 1)*
Here, (1) < t(7), such that #,(7)#(t) =1, are the two positive solutions of

(t — 1)*[cot?(7) + 1] A
(t—1)Ycot2(t)+(t+1)* (t+1)*

Note that A(m/2) is the real interval from —3 —2v/2 to —3 +2+/2. We also let A(0) to be the unit
circle.

u(t,t)=t

and o(t,t)=

Theorem 5.1. The zeros of R,(7,z) are distinct and lie on the curve A(t). Furthermore, if —dp(w(z))
=dv(z) and dv(t,z) = —dp(w(z)e™ ™), where 2w(z) =z'? +z7V2 then

/ z7 "R (1,2) ol dv(t,z)=0, 0<s<n-—1.
A(1) z — 1

Proof. We start with the polynomials P,(z, w)=(4z)""?R,(t,z), which satisfy P, (1, w)=wP,(t,w)—
tpi1€”°P,_1(t,w), n = 1. Clearly, they satisfy the orthogonality property

/ WP,(t,w)dp(we ") =0, 0<s<n-—1I,
L(7)

where L(7) is the path represented by the straight line from —e'* to e'*. Equivalently,

. o P,(t,w) .
w4 iy 1 — w2l 1stid(b(we =0, 0<s<n-—1.
/L(r){ } V1—w?

This gives the required result as the line represented by L(7) is the image of the curve represented
by A(t) under the transformation 2w(z) =z'? +z712, [
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These results, when t = n/2, lead to information given in [11].
As an example we consider the monic polynomials R,(f)(r,z) given by

RO\(1,2) = (z + DRP(1,2) — 4 2R (1,2), n>1,

where
) n(n + 24— 1)
L1 = ) RS
dn+ Dn+1-1)

Note that the monic Gegenbauer polynomials are P,(,’t)(w) = (42)_”/2Rf{1)(0,z). We obtain from the
above theorem

/ 2 "R, )z (B — z)(z — 1) V2dz=0, 0<s<n-—]1,
A(7)

where b = (2% — 1) + 2e'"v/e2* — 1. When A =1 and 7 = m/2 we obtain the polynomials which
are the denominator polynomials of the classical positive T-fraction (see [9])
z z z z

Zldz4l4z4142+14+
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