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Abstract

Recently, in [7] we proposed a revisited S-matrix approach to efficiently find the bosonic terms of the
open superstring low energy effective lagrangian (OSLEEL). This approach allows to compute the o’ N
terms of the OSLEEL using open superstring n-point amplitudes in which n is considerably lower than
(N +2) (which is the order of the required amplitude to obtain those &’ N terms by means of the conven-
tional S-matrix approach). In this work we use our revisited S-matrix approach to examine the structure of
the scattering amplitudes, arriving at a closed form for them. This is a RNS derivation of the formula first
found by Mafra, Schlotterer and Stieberger [21], using the pure spinor formalism. We have succeeded doing
this for the 5, 6 and 7-point amplitudes. In order to achieve these results we have done a careful analysis
of the kinematical structure of the amplitudes, finding as a by-product a purely kinematical derivation of
the BCJ relations (for N =4, 5, 6 and 7). Also, following the spirit of the revisited S-matrix approach, we
have found the o’ expansions for these amplitudes up to o’ 6 order in some cases, by only using the well
known open superstring 4-point amplitude, cyclic symmetry and tree level unitarity: we have not needed to
compute any numerical series or any integral involving polylogarithms, at any moment.
© 2014 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.
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1. Introduction

In the recent years there has been a considerable progress in perturbative string theory (con-
sidering D-brane systems as well). Achievements have been going on in the determination of the
couplings of D-branes with Ramond—Ramond and other massless states [ 1-4], the closed and the
open sector of the superstring low energy effective lagrangian [5-7]," higher loop calculations of
closed and open superstring scattering [9—11], Mellin correspondence between supergravity and
superstring amplitudes [12,13] and a deeper understanding of the o’ expansion of tree level open
and closed superstrings [14—17], among many others.

With respect to tree level scattering amplitudes in open superstring theory, after a closed
expression was found for the 5 and the 6-point gauge boson amplitudes (in [18] and [19],
respectively),” one of the very important results that has been achieved in the literature is Mafra—
Schlotterer—Stieberger’s formula for the N-point amplitude [21]:

A(,...,N)= Z FloMl (o) Asym (1, {26,364 ... (N =2)6 }, N = 1, N), (1)

oneSN_3

where A(1, ..., N) is the subamplitude and
Ay =i@m) '8 (ky + -+ ky)

a1y @ an non-cyclic
x|:tr(k AL )A(l’z""’N)+<permutati0ns)i| 2)

is the complete N-point open superstring (tree level) scattering amplitude (where N > 3).

In(l)oy ={26,35, ..., (N —2),} denotes a permutation of indexes {2,3, ..., (N —2)} and
the F1°¥}(a/)’s are the momentum factors which contain the o’ information of the scattering
amplitude3 (see Eqgs. (32) and (33)). There are (N — 3)! terms in the sum in (1).

Formula (1) considers all possible scattering processes involving external gauge bosons and
their fermionic massless superpartners. In it, Agyys denotes the tree level scattering subamplitude
of this process in D = 10 super Yang—Mills theory and A (on the left-hand side) is the corre-
sponding scattering subamplitude in open superstring theory. In (2) the A%’s are the gauge group
matrices in the adjoint representation (see Eq. (A.2)).

Formula (1) has the merit of clarifying that the kinematics of the open superstring N -point
amplitude, at any &’ order, is governed by the super Yang-Mills kinematics, that is, from the low
energy theory. It also has the virtue of identifying an explicit general integral formula, valid for
any N > 3, for all the F1°¥}(a’) momentum factors (see Eq. (32)).

During the last years quite nontrivial results have been obtained for the «’ expansion of the
Flon }(oz’) momentum factors, in Eq. (1). These factors are disk worldsheet integrals which can
be found, but in terms of non-elementary functions so, besides the cases of N =3 and N =4,
their o’ expansion is a non-trivial thing to compute.*

1 Also, in Ref. [8] a series of closed relations involving the tree level scattering of an arbitrary number of open and
closed strings have been found.

2 In Ref. [20] a closed expression for the 7-point formula was also found in the case of spacetime dimension D = 4.

3 Besides o/, the FioN} (&’)’s depend on the k; - k j scalar products, which can be written in terms of the independent
Mandelstam variables of this N-point process.

4 They are (N — 3) multiple integrals (see Eq. (32)). In the case of the 5-point amplitude one finds the 3 F, Hyperge-
ometric function (see, for example, [22] and [23]); in the case of 6-point amplitudes one finds a double series of 4 F3
Hypergeometric functions (see, for example, [19] and [24]); and for N > 7 one has to deal with even more complicated
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Besides the fact of improving the o’ order of expansions of the past [27,18,19] in various
orders [28,14,15], a conjecture has been established for the general form of the &’ expansion
of the Flon} (a’)’s (for arbitrary N and arbitrarily high order in o’ [14])5’(’ and, also, a recursive
formula (in N) for these o’ expansions has been proved in [16] (by means of a generalization of
the work in Ref. [29]).”

All these results have as a common starting point the Mafra—Stieberger—Schlotterer (MSS)
formula, given in Eq. (1). This formula was derived using the pure spinor formalism [30], which
is manifestly supersymmetric right from the beginning. Formula (1) is the final (and simple)
result of an elaborated study involving pure spinor superspace and its cohomology structure
[31], first applied in the calculation of super Yang—Mills amplitudes and afterwards extended to
the corresponding calculations in open superstring theory [21].

The purpose of the present work is two-fold. On one side, we show that it is possible to arrive
to MSS’s formula in (1) working only in the Ramond-Neveu—Schwarz (RNS) formalism [32].8
For the moment, we only have a proof for 3 < N < 7 within this approach, but we think that a
deeper understanding of our procedure can, eventually, lead to the proof for arbitrary N. On the
other side, we shed light in how the a’ expansion of the F tow} (a’) momentum factors in (1) can
be obtained, order by order in o/, not by doing the explicit computations of the coefficients of
its expansion (which are given in terms of multiple zeta values (MZV’s) [34,35,28,14]), but by
demanding tree level unitarity and cyclic invariance of the amplitudes and (presumably) using
only the &’ expansion of the 5-point amplitude.’

The basic tool in which our findings are supported is the ‘revisited S-matrix approach’, found
by us in the past year [7]. This method was initially proposed as an efficient tool to determine,
order by order in &', the bosonic part of the open superstring low energy effective lagrangian
(OSLEEL) but, as we will see in the present work, it has a direct counterpart in the determination
of the scattering amplitudes of the theory, allowing us to arrive to (1) and also to the o’ expan-
sion version of it. This method is intrinsically kinematic and supersymmetric, although it is not
manifestly supersymmetric. It deals, first, with the pure external gauge boson interactions and
only at the end, it incorporates the interactions between external gauge bosons and its fermionic
superpartners.

The kinematics is present right from the beginning since the main statement of the method
has to do with the kinematical structure of the N-point amplitudes of gauge bosons: in open

expressions. In all these cases the coefficients of the &’ expansion are given in terms of harmonic (or Euler—Zagier) sums
and/or polylogarithmic integrals: all of them are nowadays known how to be calculated (see, for example, Refs. [25] and
[26]), but the required calculations to find them grow enormously with the &’ order.

5 See Appendix F.2 for this explicit form.

6 The mentioned conjecture of Ref. [14] has been checked in [15] up to o 21 order for N = 5, up to o 9 order for
N =6and up to '’ order for N =7.

7 The mathematical framework used in Refs. [29,15] is related, but is not directly the same one of Ref. [14].

8 The subtlety is that we do not deal with fermion vertex operators at all. We only work with the N-point gauge boson
amplitude, Ap(1,..., N), given in Eq. (31), which comes from only gauge boson vertex operators in the RNS formalism
[33]. See Section 4.2 for more details about this.

9 This statement seems to be in contradiction with the final part of the abstract of this work, where we said that we would
only use the o’ information from the 4-point amplitude. The clarifying statement is that, for the calculation purposes of
this work, in which at most we have obtained o’ ® order results, it will be enough to use the 4-point amplitude information.
As explained in Section 2.2, the 5-point amplitude information will become important from '3 order onwards and, as
argued in that section, we claim that the pure 5-point amplitude is enough to find the whole o’ terms of the F lon} (')
momentum factors.
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superstring theory they should not contain (¢ - k)" terms, at any o’ order [7]. With respect to
supersymmetry, it is also present right from the beginning since (we believe that) it is the reason
for the absence of those kinematical terms in the amplitudes.'”

The structure of this work is as follows. In Section 2 we give a brief review of the revisited
S-matrix method. We explain in it why we claim that demanding the absence of the (¢ - k)"
terms in the N-point amplitude of gauge bosons and, based on the conjecture of Ref. [14] and
the main result of Ref. [16], using only the «’ expansion of the 5-point amplitude, that is enough
information to find the complete (bosonic part of the) OSLEEL. We claim there, then, that using
similar arguments there should be a direct analog of this situation from the perspective of the
scattering amplitudes, that is, at a given order in o', knowing the 5-point amplitude is enough
information to know any higher N-point amplitude.''

We begin the ellaboration of these ideas in Section 3 by examining the space of N-point
kinematic expressions which are on-shell gauge invariant and which do not contain (¢ - k)"
terms. We find that this space is (N — 3)!-dimensional (at least for 3 < N < 7). We then check
that a BCJ basis for Yang—Mills subamplitudes (see Eq. (5)) [37] can indeed be chosen as a
basis for this space. In light of this important kinematical result, the determination of the explicit
expressions of the open superstring subamplitudes (for gauge bosons) and of the BCJ relations
themselves become simply a linear algebra problem: we know a vector of the space (that is,
a given subamplitude for which we want an expression) and what is left to do is to find the
components of this vector with respect to the basis of the vector space. We do this calculation
in Section 4 for the open superstring subamplitudes (for gauge bosons), arriving precisely to the
bosonic part of (1), and in Appendix E, for the BCJ relations themselves (arriving to the same
result of Refs. [38,8]). Then, in the last part of Section 4, we briefly explain why once we have
found the gauge boson amplitudes in this manifestly gauge invariant way, the corresponding
amplitudes involving fermions are immediate, and thus leading to MSS result in Eq. (1) (this
time considering there all possible scattering processes involving external gauge bosons and
their supersymmetric partners).

In Section 5 we apply our revisited S-matrix method to find the o’ expansion of the F{o¥} (a’)
momentum factors of (1), in the case of N = 5,6, 7.12 In order to achieve this, besides the
requirements of the revisited S-matrix method, we demand cyclicity and tree level unitarity to
be obeyed by the subamplitudes. We end Section 5 describing some subtleties that arise in the
calculations of the revisited S-matrix method and also examining our conjecture of Section 2
about the 5-point amplitude being enough information to know any higher N-point amplitude at
any o' order.

We end in Section 6 by summarizing our results and conclusions.

Throughout this work all scattering amplitudes are tree level ones.

Since, at some points, we have needed to deal with huge calculations and formulas, we have
considered only the simplest ones in the main body of this work and we have left the more

10 1t is well known that the (¢ - k)N terms are indeed present in the case of 3 and 4-point amplitudes of massless states
in open bosonic string theory [33,36] and, from the general integral formula for the N-point amplitude [33], it is also
believed that they are present in this general case. Therefore, it is quite reasonable to conjecture that the absence of the
(€ - k)N terms, in the case of supersymmetric open strings, is a consequence of spacetime supersymmetry.

1T See footnote 9.

12 Because of computer limitations, we have done the explicit calculations only up to o’ 6 order in the first two cases
and up to o’* order, in the last case. But it is clear that the method can be used to obtain higher order o’ contributions.
See more details in Section 5.
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Table 1
Comparison of the number of coefficients to be determined, considering and not considering
the constraint in Eq. (4).

P Dimension of the general Dimension of the constrained
basis at order o’ 7 basis at order o’ P

1 1 0

2 4 1

3 13 1

4 96 0

extensive ones for the appendices.!® These last ones usually do not offer any new conceptual
insight, but they have played an important role checking our main statements.

2. Review of the revisited S-matrix method
2.1. Finding terms of the OSLEEL in an efficient way

Let L be the general low energy effective lagrangian (LEEL) for nonabelian gauge bosons
in (either bosonic or supersymmetric) open string theory. It has the following form:

Leff = % tr|: _%F2 + (20/)F3 + (20/)2F4 + (20/)3(F5 + D2F4)
g
+ (22) (FO + DF5 + D*F*) + O((za’)S)] 3)

Each of the F" and the D*P F4 terms in (3) is an abbreviation of the sum of different contractions
of Lorentz indexes for those sort of terms. For example,“F*” really denotes an abbreviation of
(b1 FMFY;3 FyP Fop+by FP3 F)*FYP Fypy+ b3 FHY Fyy F* Fyp+ba FYY F F\ Fy ) [39], where
{b1, b>, b3, bs} are the coefficients to be determined.

In the second column of Table 1'* we have written the number of coefficients that the general
LEEL contains at the first orders in «’.!> These coefficients are the ones that the conventional
S-matrix approach usually finds by computing the open string N -point amplitudes (from N =4
up to N = p + 2, at least) at ’? order. In the third column of Table 1 we have written the
number of coefficients (which is extremely small!) that the revisited S-matrix approach really
needs to find in order to determine the OSLEEL at a given &’ order. The reason for the smallness
of these numbers (in relation to the corresponding ones in the second column) is that in the
revisited S-matrix method (only applicable to the case of the supersymmetric string) the N-point
amplitudes satisfy the constraint [7]

absence of (¢ - k)" terms. 4)

13 Moreover, there are some extremely long expressions that we have preferred not to include them in the text of this
work and only to attach them as ‘txt’ files, in the version that we have submitted to the hep-th arXiv preprint basis.

14 Thjs table has been taken from Eq. (3.4) of Ref. [7].

15 The terms which are being taken into account in the LEEL are only the ones which remain invariant under field
redefinitions.



L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870-951 875

This constraint implies further linear restrictions that the b; coefficients of the LEEL in (3)
should satisfy (see Section 4 of [7] for more details about these restrictions). These restrictions
are so strong that only a small number of coefficients remain free: this number is precisely the
‘dimension of the constrained basis’ appearing in the third column of Table 1. These same type
of constraints had correctly been found about ten years before, by Koerber and Sevrin, using the
method of BPS configurations (which is not directly a string theory one) [40]. In [7] we pointed
out that the (probable) reason for the constraint in (4) is spacetime supersymmetry.

Due to the highly constrained form that the OSLEEL lagrangian adopts after demanding
the requirement in Eq. (4), in order to determine the o’? order terms of it, a (p + 2)-point
amplitude calculation, in open superstring theory, is no longer needed (as in the conventional
S-matrix method): very much lower N-point amplitudes (expanded at o’ 7 order) are expected to
be enough for this purpose. In fact, in [7] we saw that the &’ expansion of the 4-point momentum
factor (given in Eq. (F.3)) is enough to determine explicitly the OSLEEL, at least up to O(a’*)
terms.

2.2. Using the 4 and the 5-point o' information to obtain N -point information

So, a main idea that arises naturally from the revisited S-matrix method is the fact that the o’
expansion of the 4-point momentum factor (whose coefficients are completely known in terms of
integer zeta values, at any o’ order, see Eq. (F.2)) is enough information to obtain completely the
a’ expansion of higher N-point amplitudes, at least up to a certain order in o’. For example, with
the calculations that we did in [7] it is clear that the 5 and the 6-point amplitudes (and any higher
N-point amplitude) can be completely determined at least up o’* order, because we found the
OSLEEL explicitly up to that order, bypassing 5 and 6-point worldsheet integral calculations.

In fact, in [7] we raised the possibility that the OSLEEL could be determined to any o’ order
by means of the revisited S-matrix method plus the known «’ expansion of the 4-point momen-
tum factor (see Eqs. (F.2) and (F.3)), but this can hardly happen since there are higher order
coefficients given in terms of multiple zeta values (MZV’s),'° like ¢(3,5), ¢(3,7), ¢(3,3,5),
etc., which already show up in the «’ expansion of the 5-point amplitude (at «’8, o’ 10 and o’ 1!
order, respectively [14.,28])."” These coefficients are not expected to be given by linear combi-
nations of products of ¢(n)’s (in which the coefficients of these linear combinations are rational
numbers)'® [41], so they are not present in the a’ expansion of the 4-point amplitude.

Since «’8 is the first order at which these non-trivial MZV'’s arise, we do not have a proof, but
we believe that up to '’ order any N-point amplitude can be found by means of the revisited
S-matrix method plus only the known &’ expansion of the 4-point momentum factor, F?} (see
Egs. (34), (F.2) and (F.3)).

From '8 order onwards we expect the 4-point amplitude to only give a partial (but still impor-
tant) information for the determination of the OSLEEL terms.'” For example, the o’ ? D>~ F*

16 See F.2.1 for an extremely short review on MZV’s.

17 We thank Rutger Boels for calling our attention to this point.

18 In this work we will refer to these peculiar MZV’s as non-trivial MZV’s, in opposition to the trivial ones, which
are known to be given as rational linear combinations of products of ¢(n)’s [42]. The non-trivial MZV’s that we will be
referring to are only the ones that appear in the MZV basis of this last reference. A few examples of trivial MZV’s can
be found in formulas (F.6), (F.7) and (F.8) of Appendix F.

19 Curiously enough, from Eqgs. (F.15)—(F.19) of Appendix F we see that at o9 order the 5-point amplitude does not
contain any non-trivial MZV’s and, therefore, we suspect that the OSLEEL can eventually be completely determined at
this o’ order, by only using 4-point amplitude information.
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terms of the OSLEEL (for p =2, 3,4, ...) are still going to be completely determined by the
4-point amplitude [43,44].

One might ask if new MZV’s, besides the ones that already appear in the 5-point amplitude,
will eventually appear at a given (highly enough) o’ order. This would be a signal, from this
o’ order onwards, that o’ information from a 6-point (or eventually higher N-point) amplitude
would be required, in order to determine those o’ terms of the OSLEEL. But this does not seem to
be the case. It has been recently discovered that the F {lon}(@')’s can be iteratively obtained (from
the N-point of view), to any order in &', from a unique and same Drinfeld associator (which is a
generating series for the MZV’s) [16]. So, the MZV’s that already appear in the &’ expansion of
the 5-point amplitude, will be the same ones that will appear for higher N-point amplitudes.”’

So we are left with the conjecture that our revisited S-matrix method plus the o’ expansion of
the 5-point amplitude, are enough informations to find all the & corrections coming from open
superstring theory to the Yang—Mills lagrangian.”' In Subsection 5.6 we will elaborate a bit more
about this conjecture.

In spite of this conjecture, for the calculations that we do in this work, which at most go to &’
order (see Section 5), we will still use only the known 4-point &’ expansion (see Appendix F.1).

6

3. Basis for open superstring and Yang-Mills subamplitudes

In this section we prove that, from a kinematical structure perspective, open superstring and
Yang-Mills (tree level) subamplitudes belong to a same space of kinematical N-point expres-
sions (where N > 3) and that a possible basis for this space is given by the (N — 3)! Yang—Mills
subamplitudes””

By ={Awm(1.{26.35,.... (N =2)s}, N = 1,N), 0 € Sy_3}, (5)

where {24, 35, ..., (N — 2),} denotes a o permutation of indexes {2, 3, ..., (N — 2)}.23

In order to achieve this, in Subsection 3.1 we review some important facts about the structure
of gauge boson scattering subamplitudes. Then, based on this previous background, in the follow-
ing subsections we argue, case by case (from N = 3 up to N = 7), that the set of subamplitudes
in (5) is indeed a basis for the corresponding space.”*

20 Shortly speaking, the reason of why not all the MZV’s of the &’ expansion of the 5-point function do appear in the
4-point case (see Eqs. (F.2) and (F.3)), is that the kinematic polynomial that would go multiplying them is zero, in the
case of N =4. See Refs. [14] and [16] for more details of this explanation.

21 Bven the o’ ? D2P~4 F* terms (forany p =2,3,4,...), that were found in [44] using the 4-point amplitude, could in
principle be determined using only the 5-point amplitude o’ expansion.

22 The arguments that we present in this work have been only proved for N = 3,4, 5, 6, 7, but we suspect that they can
be generalized for an arbitrary N.

23 All the kinematical proof that we deal with does not depend on the spacetime dimension D, as it also happens with
the BCIJ relations [37], for example. In spite of this, evidence has been found in Ref. [45] that the basis of this space
might indeed depend on D. It will happen that this subtlety can be kept aside from the kinematical analysis that we do.
The implications of our results will still be valid for any D, as it happens with the BCJ relations. See the introductory
paragraph in Appendix D.3, for a few more details about this.

24 The details of the computations that support our claim, when N =5, 6, 7, are given in Appendix D.



L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870-951 877

3.1. Some general facts about the structure of scattering amplitudes of gauge bosons

If we compare open superstring and Yang—Mills (tree level) N-point subamplitudes for gauge
bosons, both theories being treated in the Lorentz gauge, from the point of view of the structure
of its kinematical terms they have in common the constraint in Eq. (4), namely, the absence of
- k)Y terms. In the first case this has been recently emphasized in [7], together with the strong
implications that it has for determining the bosonic terms of the low energy effective lagrangian
of the theory in a very simplified way and, in the second case, the claim in (4) can easily be
confirmed by considering Feynman rules in the construction of tree level scattering amplitudes.

So, let us consider the space of all scalar N-point kinematical expressions constructed with
the polarizations ¢; and the momenta k; of N external gauge bosons in a nonabelian theory (like
open superstring theory or Yang—Mills theory, for example). The momenta and polarizations
should satisfy:

Momentum conservation: kf + ké‘ + -4 kllf, =0. (6)
Mass-shell condition: k7 =k3 =---=k3 =0. (7)
Transversality (Lorentz gauge) condition: ¢ -k;=0(@G =1,...,N). ()

Let us denote this space by Vy. We further restrict Vy such that its elements 7'(1, 2, ..., N) obey
the following conditions:

1. They are multilinear in the polarizations §; (i = 1,2, ..., N).

2. They do not contain (¢ - KV terms.

3.  (On-shell) Gauge invariance: whenever any §; — k; (i =1,2,..., N)
then T(1,2,..., N) becomes zero.

€))

These three requirements are simply properties of tree level gauge boson subamplitudes in open
superstring and Yang—Mills theories and we want the elements of Vy to also satisfy them. Since

these elements, the 7'(1,2,..., N)’s, are Lorentz scalars, they can only be constructed from
linear combinations of>
C-O' ¢ N @O N L@ W@ N RN (10)

where [ p] denotes the integer part of p and N > 3.

Besides the terms excluded in (4) and the ones that we have mentioned in (10), there are no
more possibilities of kinematical terms that can be constructed from the polarizations ¢; and the
momenta k; of the external gauge bosons. The only place where some extra dependence in the
momenta could be considered is in the scalar coefficients whichin 7' (1,2, ..., N) go multiplying
the kinematical terms in (10): these coefficients are allowed to be given in the terms of the k; - k;
factors (or equivalently, in terms of the Mandelstam variables) and, eventually, in terms of a
length scale (for example +/o/, in the case of string theory).

For example, in the case of N = 3, the Yang—Mills subamplitude contains only (¢ - ) (¢ - k)"
terms. It is given by [33]

Aym(1,2,3) =2g[(¢1 - k2) (&2 - 3) + (2 - k3) (83 - 41) + (&3 - k1) (@1 - 02) .- (11)

25 Some care must be taken with the expression “linear combination” because, as we will see immediately after (10),
the coefficients that go multiplying the terms that appear in it will, in general, depend in the momenta k#.
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Table 2

Number of independent allowed kinematical terms present in the space Vy .

N Element of Vy Number of independent allowed kinematical terms

3 T(1,2,3) 3@ -0 k)t terms

4 T(1,2,3,4) 246 -0 02,3 (¢ - 9)? terms

5 7(1,2,3,4,5) 270 (¢ - 0N - 03,45 (¢ - (¢ - b)! terms

6 T(1,2,3,4,5,6) 3840 (¢ - O)L (¢ - k)%, 720 (2 - )2 - k)2, 15 (2 - ) terms

7 7(1,2,3,4,5,6,7) 65625 (¢ -0 k>, 13125 (¢ - )% k)3, 525 (¢ - )3(¢ - b)! terms

It is easy to see that it is an element of V3. In Subsection 3.2.1 we will prove that the only
elements of V3 are multiples of Ay (1,2, 3) (see Eq. (21)), so the fact that Ayy(1,2,3) € V3
will turn out to be an immediate thing.

In order to do a counting of all the possible independent kinematical terms that can be taken
from the list in (10) to construct the expression for an element 7'(1, 2, ..., N) € Vy, respecting
the kinematic conditions in (6), (7) and (8) and also the requirement in (4), we need first to
analyze the (¢ - k) terms. In principle, for each i there are N possible (¢; - k;) terms (because j
runs from 1 to N). But taking into account the transversality condition (8) and also momentum
conservation (6), this implies that for each i (=1, 2, ..., N) we have:

N
> (& -kj)=0. (12)
J#

So, at the end, for each i there are only (N — 2) independent (g; - k;) terms.

With this information we are in conditions to do a counting of the different independent terms,
specified by structure in Eq. (10), that in principle are allowed to appear in T (1, 2, ..., N). This
leads us to the following table, for the number of independent allowed kinematical terms of
T{d,2,...,N).

It is not difficult to prove that the number of independent (¢ - ¢)/ (¢ - k)N=2/ terms (where
j=1,2,...,[N/2]), for an arbitrary N, is given by

N(N-DNN-2)...(N—=(2j—-1))

5 (N —2)N=2i (13)

dn,j=

This is the formula that has been used to compute the corresponding number of kinematical terms
in Table 2.7° We have only worried to specify in this table the cases N = 3,4, 5, 6, 7, because
these are the ones that we will consider in the present work.

In the next subsections, when writing all the allowed independent kinematical terms in
T(1,...,N), in particular when choosing the (N — 2) independent (¢; - k;) terms, our choice
will be the following list of N(N — 2) terms:

26 The number of independent kinematical terms mentioned in Table 2 should not be confused with the number of inde-
pendent coefficients that will appear multiplying each of those terms. It might even happen that some of these coefficients
will become zero after demanding the requirement of on-shell gauge invariance and, consequently, the corresponding
kinematical terms referred to in Table 2 will not be present in the final expression of T'(1, ..., N).
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{(;1 k2)’ (;1 k3)’ ceey (;1 'kN—l)y
(&2 - k1), (&2-k3), ..., (L2-kn-1),
: : : : (14)
n-1-k1), En-1-k2), ..., (En-1-kn-2),
(CN'kl)s (é-N'kZ), ey (é-N'kN—2)}v
that is, for each i (=1,2,..., N — 1) we have used the restriction in (12) to eliminate (&; - kn)

in terms of the remaining (N —2) (& - kj) terms (j =1,2,..., N — 1, with j # i) and, in
the last line of (14), we have eliminated ({y - ky—1) in terms of the remaining ({y - k;) terms
(G=12,...,N=2).

3.2. Finding a basis for Vy, when 3 < N <7

In this subsection we will explicitly present the derivation of a basis for Vy only in the case
N =3 and N =4, which involve simple calculations and illustrate the procedure to arrive at that
basis. For N =5, 6,7 we will just mention the final result and we will leave the details of the
main calculations to Appendix D.

3.2.1. Caseof N =3
It is well known that in the case of 3-point amplitudes of massless states, momentum conser-
vation and the mass-shell condition (7) imply that the momenta obey the relations

ki ki=0 (,j=1,2,3). (15)
According to Table 2, T(1, 2, 3) has only three independent (¢ - ¢)! (¢ - k)! terms, which, follow-
ing our prescription in (14), leads to:

T(1,2,3) =751 -k2)(§2- §3) + A2(82 - k1) (83 - §1) + A3(83 - k1) (&1 - £2). (16)
Demanding on-shell gauge invariance for gauge boson 1, A(1,2,3) should become 0 when
g1 — ki. Using the mass-shell condition (7) for k and the condition in (15), then

T(1,2,3)l¢=k, =0

= A2 k1) (&3 - k1) +A3(83 - k1) (&2 - k1) =0

= (A2 +A3)(52 k)53 k1) =0

=  A2=—A3. 17
Similarly, demanding on-shell gauge invariance for gauge bosons 2 and 3 we arrive, respectively,
to the conditions

Az = A1, (18)

A= —A2. 19)

To arrive to (18) and (19) we have needed to use, in accordance to Eq. (14), that (&3 - k2) =
—(¢3 - k1), (1 - k3) = —(&1 - k2) and (&2 - k3) = — (&2 - ky).
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The three conditions {(17), (18), (19)} are linearly dependent. From them we conclude that

A1 = —Ap = A3 and, for convenience, we choose them to be 2gA. So, finally, (16) can be written

as27

T(1,2,3)=x-2g[(¢1-k2)(¢2 - 83) + (&2 - k3) (&3 - C1) + (83 - k) (&1 - £2)]. (20)
where A is an arbitrary dimensionless factor and g is the open string coupling constant (which
agrees with the one from the Yang—Mills lagrangian).

Eq. (20) can equivalently be written as
T(19273)=}"AYM(1’293)’ (21)

where Aypy(1, 2, 3) is has been given in Eq. (11).

So B3 ={Ayp(1,2,3)} is a basis for V3 and the dimension of V3 is 1 (dim(V3) = 1).

In this case, the constant A cannot have any momentum dependence due to the conditions
(15), so it can only be a numerical constant.

Two trivial, but immediate applications of (21) are the case of 7'(1,2,3) being any of the
Yang-Mills 3-point subamplitudes, for which this equation becomes the cyclic or the reflection
(or combination of both) properties (where A = 1 or A = —1) and the case of 7T'(1, 2, 3) being the
open superstring subamplitude, A(1, 2, 3), for which Eq. (21) implies that A(1, 2, 3) receives no
o’ corrections and that A = 1.

3.2.2. Caseof N =4

In this case, according to Table 2, the open superstring 4-point subamplitude has a kinematical
expression which consists of twenty four (¢ - {)1 ts -k)? and three - {)2 terms, all of them being
independent, so, following the prescription in (14), leads to:

T(1,2,3,4) =271(81 - §2)(83 - k1) (&a - k1) + 22(81 - £2) (83 - k1) (84 - k2)
+A3(81 - §2) (63 - ko) (Ga - k1) + Aa(S1 - §2)(83 - k2) (G4 - ko)
+ As5(51 - 83) (G2 - k1) (Ga - k1) + A6 (81 - £3) (62 - k1) (Ca - k2)
+27(81 - 83) (G2 - k3) (Ga - k1) + Ag(§1 - £3) (62 - k3)(Sa - k2)
+ 29(81 - §a) (G2 - k1) (&3 - k1) + A10(81 - §a) (&2 - k1) (83 - k2)
A8 §a) (&2 - k3) (&3 - k1) + A12(81 - §a) (62 - k3) (63 - k2)
+ 213(82 - §3)(¢1 - k2) (Ga - k1) + X1a(82 - §3) (81 - k2) (L - k2)
+ 215(82 - £3) (81 - k3)(Ga - k1) + X16(82 - £3) (81 - k3)(La - k2)
+ 217(82 - £a) (&1 - k2) (83 - k1) + A18(82 - §4) (81 - k2)(&3 - k2)
+ A19(82 - §a) (&1 - k3) (&3 - k1) + A20(82 - §a) (61 - k3) (83 - k2)
+ A21(83 - §a) (&1 - k2) (G2 - k1) + A22(83 - §a)(§1 - k2) (62 - k3)
+ 223(83 - §a) (&1 - k3) (G2 - k1) + 224(83 - §a) (C1 - k3)(&2 - k3)
+ p1(81 - 82)(83 - §4) + p2(81 - £3) (82 - §4) + p3(81 - Ca) (82 - §3). (22)

27 In Eq. (20) we have substituted back the relation (¢, - k1) = — (&> - k3) in order to obtain the familiar expression of
Ayp(1,2,3).
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In Appendix C we find that demanding on-shell gauge invariance of the subamplitude when
¢1 — k1 we can arrive to the following thirteen linearly independent relations:

=0, Ag=0, Ap=0,  A3+Ar0=0, Aj+i;=0,

M+ A5+ Aig=0, e+ A2 =0,

201 + Aa1s — Axz(s +1) =0, 202 + A17s — Aio(s +1) =0,

2p3 + A13s — Ais(s +1) =0,

Alas — A1e(s +1) =0, A1gs — A2o(s +1) =0, A22s — Aa(s +1) =0, (23)

where

s= (ki +k)?>=2k; ko and = (k| +ka)> =2k k4 (24)

are two of the three Mandelstam variables that appear in the 4-point scattering.”®>>’

The set of equations in (23) is the 4-point analog to Eq. (17), found for the 3-point subampli-
tude when ¢; — k.

In the same way, demanding on-shell gauge invariance of the 7'(1, 2, 3,4), when ¢, — k»,
¢3 — k3 and &4 — k4, we can arrive to a set of thirteen linearly independent equations in each
case. The explicit expression of these additional equations and the details of its solution can be
found in Appendix C.

The important thing is that in the whole set of fifty two equations that come from demanding
on-shell gauge invariance (Egs. (23), (C.3), (C.6) and (C.9)) only half of them are linearly inde-
pendent as a whole. The solution of this system is given in Appendix C, in Eq. (C.10): it consists
of 7 null coefficients (A1, A4, Ag, A12, A15, A19 and A21) and 20 which are given in terms of the
Mandelstam variables s and ¢ and a unique arbitrary parameter, which, for convenience, we have
chosen to be Ao4, written as 4g2A{2} /t (where A2 g arbitrary). After substituting this solution
in (22) we finally arrive to>"

1
T(1,2,3,4) =21 8g2S—t{ [15(21 - £3)(C2 - £a) + su(C2 - £3)(E1 - &)

1
4
+ut (&1 - 0283+ 4a)]

1
- 55[(4“1 ~ka) (&3 - k2) (G2 - Ca) + (&2 - k3)(Ca - k1)(&1 - G3)
+ (51 k3)(La - k2) (L2 - 03) + (2 - ka)(E3 - k1) (C1 - 8a) ]

1
- Et[(iz k1)(Ga - k3) (&3 - &1) + (83 - ka) (§1 - k2) (§2 - §a)
+ (&2 ka) (L1 - k3) (L3 - C4) + (83 - k) (G4 - k2) (G2 - ¢1) ]

28 The other one is u = (k1 + k3)2 =2ky k3 =—s—t.

29 Notice that our convention for the 4-point Mandelstam variables has a different sign than the common one in very
cited references, like [33,46,47]. We have followed this convention in order to be compatible with the one that we use for
higher N-point Mandelstam variables. See Appendix D.1.

30 Substituting Egs. (23), (C.3), (C.6) and (C.9), together with Ayq = 4g2A{2}/t, in Eq. (22), leads to an expression
which is only on-shell equivalent to the one in Eq. (25): it is necessary to use Egs. (C.12) and (C.13) in order to check
the equivalence between both formulas.
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1
- Eu[(éﬁ ko) (&4 - k3)(53 - §2) + (&3 - ka) (&2 - k1) (1 - §4)

+ (&1 - ka) (G2 - k3) (83 - Ca) + (83 - k2)(La - k1) (61 '52)]}, (25)

or equivalently,
T(1,2,3,4) =211 Apy(1,{2},3.4), (26)

where Ayy(1,{2},3,4) = Ay (1,2, 3, 4) is the familiar Yang—Mills 4-point subamplitude.’'-*”

So By ={Ayy(1,2,3,4)} is a basis for V4 and dim(V,) = 1.

In (26) A%} is a dimensionless factor which may depend in the dimensionless variables o's
and o't, where, at this point, &’ could be any squared length scale (that in the case of string
theory would be the string fundamental constant). A2} corresponds to what it is usually called
the “momentum factor”.

3.2.3. Caseof N =15,6,7

The procedure for N > 4 is exactly the same one presented in Subsections 3.2.1 and 3.2.2,
but for the corresponding N -point subamplitudes whose general kinematical structure we have
mentioned in Table 2. Since for these cases the calculations are much more involved than the ones
that we have already done for N = 4, we leave the details of them for Appendix D. In all these
cases it is possible to arrive to an (N — 3)!-dimensional basis for Vs (dim(Vy) = (N — 3)!) and
it is always possible to choose this basis in terms of only Yang—Mills subamplitudes, in particular
the one indicated in at the beginning of this section, in Eq. (5). That set of subamplitudes precisely
contains (N — 3)! elements. That set constitutes one of the possible basis that have appeared in
the literature as basis for the space of Yang—Mills subamplitudes [37,38,12] and also for the space
of open superstring subamplitudes [21], which is the purpose of this whole section to prove.

In Appendix D we see that in the cases for N > 4 our calculations have not lead directly to
the basis in (5), but only after having verified that the dimension of Vs is (N — 3)! and that the
set of amplitudes mentioned in (5) is linearly independent.’”

So, summarizing, with the calculations and proofs that we have done in Appendix D we can
write an arbitrary element of Vs, Vs and V7, respectively as>*

T(1,2,3,4,5) =22 Ay (1,{2,3),4,5) + A5 Ay (1, (3, 2,4, 5), (27)
T(1,2,3,4,5,6) = AP Ay (1,{2,3,4),5,6) + AP Ay (1,(3,2,4), 5, 6)

+ 223 Ay, (1,12,4,3},5,6) + 254 Ay (1, (3, 4,2}, 5,6)

+ 295 Ay (1,14,2,3},5,6) + A2 Ay (1,{4,3,2),5,6)  (28)

31 This explicit expression for Ayps (1,2, 3,4) can be found in many places in the literature, for example, in Section 3

of [23]. But there are some sign differences due to the different convention that we have used for the 4-point Mandelstam
variables in Eq. (24).

32 We have used the curly brackets, ‘{}’, in the index 2, just as a remainder of the rule, mentioned in Eq. (5), to choose
the Yang—Mills subamplitudes of By .

3 Our proposal of basis in Eq. (5) is based in the previously known results of the BCJ relations for N =5,6,7 [37,
38,12]. Except for the case of N =4, without these previously known results it would have been quite difficult to guess
this basis and, as seen in Appendix D, we would have had only (N — 3)! known (and very long) N -point kinematical
expressions for which we would have no interpretation at all.

34 1n Eqgs. (27), (28) and (29) we are following the same sort of notation that the authors of [21] used to write the linear
combinations of the subamplitudes, that is, the momentum factors are labeled by a superscript denoting the corresponding
o permutation.
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and

T(1,2,3,4,5,6,7) = A3 Ay (1,12,3,4,5),6,7) + AP Ay (1,(2,3,5,4},6,7)
+ 22840, (1,(2,4,3,5),6,7)
+o A58 Ay(1,(5,4,3,2),6,7), (29)

where the A{V}"s are the corresponding momentum factors, which may depend in the dimension-
less Mandelstam variables («'s; and ot;) of each N-point scattering process of gauge bosons.

An independent set of Mandelstam variables for N =5, 6,7 is given in Appendix D.

In the right-hand side of (29) there are 4! = 24 terms that are being summed, in accordance to
Eq. (5) for N =17.

The same as in Eq. (26), in Egs. (27), (28) and (29) we have inserted curly brackets, ‘{}’, just
as a remainder of the rule, mentioned in Eq. (5), to choose the Yang—Mills subamplitudes of Bs,
B and By, respectively.

3.3. Finding the components of an element of V with respect to the basis By

Once we have accepted that the set By is indeed a basis for Vy, at least for 3 < N <7, the
next step consists in finding the components of an element of Vy with respect to By. We will
present here a procedure which we expect to be valid for any N > 3 (even for N > 7).%

Let T(1,...,N) € Vy. To find the components of T'(1, ..., N) with respect to the basis By
we have to find the momentum factors, A{°¥}’s such that

T(L....N)= Y AM™MAp(1.{25.3,.....(N =2)s}. N — 1. N), (30)
ONESN_3
where oy = {24, 35, ..., (N —2),} denotes the same permutation of indexes {2, 3, ..., (N —2)}

that we referred to in Eq. (5).

The natural (but tedious!) way to find the Al°V!’s is by writing down the expression of
T(,...,N), and of each Yang—Mills subamplitude in By, in terms of the kinematical terms
listed in Eq. (10), with the convention (14) for the (¢ - k) terms, for example. Then, a linear
system for the Alend g arises from demanding that the coefficient of each (¢ - ¢)/ (¢ - k)N —2j
term (where j = 1,...,[N/2]), in both sides of (30), is the same. Since this linear system is
overdetermined, it is not necessary to consider all the equations of it in order to find the (N — 3)!
alonlkog

For small values of N it is easy to see that considering in (30) the kinematical terms with the
smallest number of (¢ - k) terms (that is, the ones for j = [N /2]), that is enough information to
find the A{¥}’s. Consider, for example, the cases of N =3,4,5. From Table 2 we see that the
3-point amplitude contains 3 (¢ - ()1 ¢ -k)! terms, the 4-point amplitude contains 3 (¢ - ;)2 terms
and the 5-point amplitude contains 45 (¢ - {)z(g“ -k)! terms. It is clear, then, that considering these
particular kinematical terms in (30), that would be enough information to find the Aonts since
for N =3 and N = 4 there is only one component and for N = 5 there are two components to
determine.

35 At least in this subsection we will work with the hypothesis that By, as specified in (5), is a basis of Vy for any
N >3.
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But, for sufficiently large N, the number of kinematical terms of the type mentioned above
(the ones for j = [N/2]) is less than (N — 3)! and, then, considering only those type of terms
will not be enough information to find all the A{°V}’s,

Since, at this point, we are worried about a strategy to find the components of 7(1, ..., N),
for an arbitrary N, our proposal will be to consider the kinematical terms for j = 1, namely, the
(¢ - 2)'(¢ - k)N~2 terms. Those are the ones, among all the possible types of kinematical terms
in (10), which show up in more amount in the most general expression for T(1,..., N )37

So, in the next two sections, when we will look for the momentum factors that are present in
the BCJ relations and in the open superstring formula, we will consider the (¢ - ¢ )1 ¢ - N2
terms in our kinematical analysis.

4. Closed expression for the NV-point disk amplitude using the RNS formalism

An immediate and natural application of the analysis done in Subsection 3.3 is to find the
momentum factors in the case that T(1, ..., N) is any of the possible Yang—Mills or open su-
perstring N-point subamplitudes, because they are gauge invariant and the (¢ - k)V are absent
in them.?® In the first case, the result becomes one of the BCJ relations and in the second case,
the result becomes a closed formula for the open superstring subamplitudes. We do the exercise
for the BCIJ relations in Appendix E and in this section we do the corresponding calculation for
the open superstring, arriving to MSS’s result, in Eq. (1), by means of a RNS formalism (for
3<N<T).

We will first derive MSS formula in the case of pure gauge boson scattering in Subsection 4.1
and then, in Subsection 4.2, we will quickly see that there is no need to deal with fermion ver-
tex operators (at least for the tree level amplitudes) in order to find the scattering amplitudes
involving fermions (once the closed formula has been found for gauge bosons).

4.1. For gauge bosons only

Using the RNS formalism, it is known that the N-point subamplitude for gauge bosons in
open superstring theory is given by the following integral formula [46]°":

N2 XN_1 XN_2 X3
Ab(l,z,...,N)zz(gza—,)z(xN,l—xl)(xN—xl) /de,z / de,g.../dxz
0 0 0

N
X /d@l ...dON_2> 1_[ (xg —xp — (9,191,)2”‘/]‘1"1% X /dqbl ...don

prP<q
5 exp(i Q) (0 — 00 (L - ki) — 1/2 ') i (Z; -m)'

xj—xi —9,-9,-

i#]
(31

36 Consider N > 12, for example.

37 1t is not difficult to see, by considering formula (13), that the number of independent (¢ - ;)l(g . k)N =2 terms is
bigger than (N — 3)!.

38 In the case of Yang—Mills subamplitudes, it was already mentioned in the beginning of Subsection 3.1 that they do
not contain (¢ - k)N terms.

3 In Eq. (31) we have used an index b in the N-point subamplitude as a remainder that it corresponds to the scattering
process involving only bosons.
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In this formula, the ¢;’s and the ¢;’s are Grassmann variables, while the x;’s are common real
variables, where x| < x» < ... < xy. Briefly speaking, the result in Eq. (31) has been obtained
by averaging over the ground state of the theory, the product of N gauge boson vertex operators,
localized at positions x1, x2, ..., x5 . The residual symmetry of the integrand can be gauge-fixed,
for example, by demanding {x; =0, xy_1 = I, xy = 400} and {Oy_; = Oy = 0}.7

In this section we will prove that in the case of T(1,...,N) = Ap(1,2,..., N), given in
Eq. (31), then the momentum factors of Eq. (30) are given precisely by the ones appearing in
MSS formula, Eq. (1). The integral formula that Mafra, Schlotterer and Stieberger find for them
is [21]

1 XN-2 x3 N—1
F{23 N— 2} /de 2 / de_3.../dxz< 1_[ (xi_xj)Za’ki‘kj>

0 0 i>j>1

N2p1 ,
20'k), - ky
A0z}
p=2q=1

where x; =0 and xy_; = 1.*!

Formula (32) is the one for the momentum factor which in Eq. (1) goes multiplying the subam-
plitude Ayp(1,{2,3,..., N —2}, N — 1, N). The MSS prescription for the remaining F{"N}(a’)
momentum factors consists in interchanging the indices {2, 3,..., N — 2}, according to the oy
permutation, only in the curly brackets of the right-hand side of Eq. (32). This interchange of
indices should be done in both, the k;’s momenta and the x;’s variables inside the curly brack-
ets. This will become more clear in the case-by-case study that we will consider in the following
subsections.

Before going into the derivation of the momentum factors we have two remarks:

1. As they stand, formulas (31) and (32) are not applicable to the case of N = 3. Since it is
very well known that in this case Ap(1,2,3) = Ayy (1,2, 3), the 3-point momentum factor
is simply defined as being 1.

2. There is an equivalent expression that Mafra, Schlotterer and Stieberger give for the momen-
tum factor in Eq. (32), for N > 5, and it comes by integrating by parts on it [35]:

1 XN-2 x3 N—1

N2 /dx / diy_s. /dx2< l—[ (xi_xj)za/k,ukj>
5 o i~j>1
[N/2] p— N—2  N-1
Zak kg Za/k kg
{UZ( P~ %q )}{ H Z ( Xp —Xq )}
=2 g= p=I[N/2]+1g=p+1

(33)

In the following subsections we will see that we reproduce formula (32) in the case of N =4 and
formula (33) in the cases of N =5,6, 7.

40 1n (31) we have already kept x1, xy—1, xn, Oy—1 and €y fixed, but we have not yet chosen the peculiar values
mentioned in the text. See Section 7.3 of Ref. [46], for more details.
41 In the expression in (32) x has already be taken to +o0: that is why it does not appear on it.
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In the case of N =4 we will present the derivation with enough details to see the consistency
of the relations that arise when we consider the (¢ - £)* (¢ - k)N =2 terms of the subamplitudes. For
N =5, 6,7 the procedure will be the same one, but we will not present so many details because
the open superstring and the Yang—Mills subamplitudes become too large. For N =5 we will
explain how to arrive at the known expression of the two momentum factors (Eq. (33)), together
with some evidence of the self consistency of the calculations, and for N = 6,7 we will just
explain how to arrive to the corresponding momentum factors.

4.1.1. Caseof N =4
In this case the relation (26) guarantees that choosing 7 (1,2, 3,4) = Ap(1,2, 3, 4) it is possi-
ble to write down

Ap(1,2,3,4) = F (') Aym(1, 2,3, 4), (34)

for a certain momentum factor F {2} () that we want to find.

Ayp(1,2,3,4) has already been given in (25) and the expression for Ap(1,2,3,4) is not
difficult to be obtained from (31) for N = 4 (after expanding the exponential and integrating
over the two Grassmann 6;’s and the four Grassmann ¢;’s).

Following the procedure proposed in Subsection 3.3, after writing all (¢ - k) terms in the basis
given in (14) and equating the (¢ - OY(¢ - k)? terms of both sides of (34), we arrive to

282161 - [~ (4 ) 11163 - k1) (G4 - ko) + (4 ) V(53 - k) (84 - K1)
+ @ - ) [(@) I @ - k) @ k) + (40 TG - ki) (G- ka)
— (4 (&2 - k3) (@a - k)]

+ (@1 - [~ () I @ kD@ k) — (42) (@ - k) (G - ko)
+ (4 ) BY(© - k3) (@3- k)]
+ (- )[4 Y (@1 k) @a - ki) — (4 ) (@1 - k) (L - ko)
— (4 241 - k3) (@ - k)]
+ (@ e[ () 1 @1 k) (@5 - k) + (42) (@1 - ko) (63 - ko)
+ (4 ) BY (@1 - k3) (@ - k)]
+ (&3 )[4 ) Y61 k) (82 - k3) + (42 ) 11 (@1 - k3) (62 k)
— (45N k) (@2 k) ]}

4.4

t

4
=2¢°F (a’){(n - 02) [—;(;3 k) (G4 ko) + (; + )(;3 k) (L4 - kl)]

4 4 4
+ (@1 8)| S (@ k) (Ga ki) + (8- ki) (e ko) = (82 - k3) (L 'kl):|

4 4 4 4
+ (81 64) —;(4“2 k1) (&3 k1) — <— + ;)(52 ~k1)(&3 - ko) + ;((2 ~k3)(&3 'kl)]

N

4 4 4 4
+ (&2 83) —<; + ;)(;l ~k2) (&4 - k1) — <— + ;)(Cl ~k2) (84 - ko)

N

4
- ;(Cl -k3)(§4-k2)}
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4 4 4 4
+(§2'§4)[;(§1’kz)(§3~k1)+< +?>(§1~k2)(€3'k2)+;(§1'k3)(§3’k2):|

N

4 4 4 4
+ (&3 -4“4)[—(; + ;)(Cl ~k2)(82 - k3) + ;(Cl ~k3)(82 - k1) — ;(Cl ~k3)(§2-k3)]},

(35)
where*?
1 1
M= / dooxn® 1 1-x)?, Y= f dxy X2 (1 — xp)*" 1,
0 0
1
4] _ a's—1 o't—1
I3 —/dxzxz (1 —x2) . (36)
0

In (35), when we substituted Ay (1, 2, 3, 4) from Eq. (25), we have used that u = —s — 1.
Comparing the coefficient of the (¢1 - $2)(&3 - k1)(&4 - k2) term in both sides of (35) we find
that

Fi¥ () = o/sIlM], (37)
or equivalently,

1

F{Z}(a/) — 20[/](2 -k /dx2 xga’krkl—l(l . x2)2a/k3~k2 (38)
0
: 3 20'ky - kq
:/dx2 ( 1_[ (x; —)Cj)za ki'kj) - (39
0 i>j>1 *2 1

where x; =0 and x3 = 1.

Formula (39) corresponds precisely to formula (32) for the case of N = 4, as we had antici-
pated.

Notice that comparing other (¢ - £)'(¢ - k)? terms in Eq. (35) we may arrive to different
expressions for F 2} (o’ ). For example, if we compare the coefficient of (&1 - £3)(¢2 - k3) (L4 - k1)
and the coefficient of (& - £3)(¢1 - k2) (&4 - k1), in both sides of (35), we find that, respectively,

FO@) =o't FO() =o' ¥, (40)
s+t
Integrating by parts in the definition of 12[4] (and considering the analytic continuation in ’s and
a’t of the three integrals in Eq. (36)), we have that

M= éz}‘“. (41)

42 1n (36) we have introduced the superscript ‘[4]” as a remainder that the integrals that have appeared are the ones for
the 4-point case.
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Also, multiplying the identity 1/{x2(1 —x2)} =1/x2 + 1/(1 — x3), by the term xzz"‘/s(l — xp)2't
and integrating in the interval [0, 1], this identity becomes

(4] [4] [4]

Using relations (41) and (42) it is easy to see that the two alternative expressions for F' 2N,
given in Eq. (40), are equivalent to the one in (37) (and, therefore, equivalent to the one in (39)).

One might even ask what would have happened if we had included the three (¢ - £)? terms in
both sides of (35) and compared their corresponding coefficients. The answer is that we would
have found two of the three integral representations that we already have for F?!(’) plus a new
one:

1

/
_1 ’ !
I I () (43)
s+t
0

FO (o)
It can be easily verified that this expression can be obtained using integration by parts in 13[4], in
the second equation in (40).

4.1.2. Caseof N =5
In this case the relation (27) guarantees that choosing 7'(1,2,3,4,5) = Ap(1,2,3,4,5) it is
possible to write down

Ap(1,2,3,4,5) = FBN (o) Ay (1,2,3,4,5 + FBP2 (o)) Ay (1,3,2,4,5). (44)

Following the procedure proposed in Subsection 3.3, in Eq. (44) we consider only the

€ -0)'(¢ k)’ terms,
23
Ap(1,2,3,4,9)] ey = FPN @) A (1,2,3,4,9)] 1 s
+ PP () A (1,3,2,4,9)[ )1 i (45)

where we are supposed to write all (¢ - k) terms in the basis given in (14) for N = 5.

On one side, in Section 5 of Ref. [23] it has been explained in detail how the x5 — +oo limit
is taken and how the Grassmann integrations are done in Eq. (31), in the case of N = 5,4 g0 all
the terms of the left-hand side of Eq. (45) are known.

On the other side, we give the expression for all the (¢ - {)1@ . k)3 terms of Ayy(1,2,3,4,5)
(and, therefore, also the corresponding terms of Ayy (1,3, 2,4, 5)) in Eq. (D.7), so the right-hand
side of Eq. (45) is also completely known, except for F 234’y and FBZ ().

If we examine the coefficient of (¢ - £2)(&3 - k4)(¢a - k1)(s - ko) in both sides of Eq. (45) we
find that**

1 X3
8 F{23}(a/) _ 801/2 f dx; / dxs x2a’s1—1x3a’(S4—s1—x2) (x3 — xz)a’sz
5153 .
0 0
X (1 = xp)@ 05792793 (] — y3)@'s3=1, (46)

43 There are three 0;’s and five ¢;’s in this case.
44 Inour N = 5 calculations we have substituted the k; - k; invariants in terms of the independent Mandelstam variables
that we have chosen. See Egs. (D.1) and (D.4).
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This equation leads directly to an expression for F{23(a’), which might be written as*’

1

F{23} /d)C3/d)C2<

0

/ 2a'ky ki 20'ks - k
(xi—xj)z"‘ki'kf> SR 47)
X2 — X1 X4 — X3

l>]>1

where x; =0 and x4 = 1.
The fact that in Eq. (46) F32}(a’) is not present means that the (¢1 - £2) (&3 - k4) (24 - k1) (L5 - ko)
termis presentin A, (1, 2,3,4,5) and Ayy (1, 2,3, 4, 5),butitis not presentin Ayy (1,3, 2,4,5).
Similarly, if we examine the coefficient of (&1 - £3)(¢2 - ka) (&4 - k1) (&5 - k3) in both sides of
Eq. (45) we find that

8

3 F32) %
(51 + 52 — 54) (55 — 52 — 53)
1 X3
= 805/2/61)63/d)cz xza/SIX3a/(S47S17S2)71(X3 —)Cz)oz,s2
0 0
X (1= x)® 057270 (1 — ), (48)

from which we can arrive at

1

20'k3 - k1 2a’kq -k
F (« /dm/dm(l_[(xz x)M"> e (49)

P>l X3 — X1 X4 — X2
0

Formulas (47) and (49) correspond to the expressions of the two momentum factors that appear
in the case of N = 5. These two formulas agree completely with the expected expression for
F23} () and F132}(«'), according to formula (33).

The two specific kinematical structures that allowed us to arrive directly to the known ex-
pressions of F 23} () and F¥2 (o) are not the only ones that lead to those expressions. For
example, we have checked that examining the coefficient of (£1 - £4) (&2 - k1) (&3 - k4) (&5 - k1) and
(&1 -2a)(&2 - k1) (23 - ka)(C5 - kp), in both sides of (45), also leads to Eq. (46). We
have also checked that examining the coefficient of (&1 -84)(&2 - ka)(&3-k1)(¢s5-k1) and
(€1 - ¢a)(&2 - ka)(&3 - k1) (&5 - k3), in both sides of (45), also leads to Eq. (48).

For the sake of completeness we will examine in Eq. (45) two other kinematical structures,

namely, ({1 -£2)(¢3 - k1) (84 - k2) (&5 - k1) and (&1 - £2)(83 - ka) (84 - k2) (¢ - k). This leads, respec-
tively, to the following two relations that F23}(a’) and F3%}(«’) should satisfy:

EF{B}(O/) N 2(s2 + 53 — 54 — 55) Fi32) (o) = 202 54 11[5]

51 (s5 — 82 — 53)(s1 + 52 — 54)
2 2
251 +s5) F{zs}(a/) " F{32}(o/) _ _20[/23512[51’ (50)
5183 (s2 4+ 53 —55)

where

45 In (47) we have substituted back the explicit expressions for the N =5 Mandelstam variables.
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X3

1
/ / L /
11[5]=/dxg'/dX2X2a slflx3a (s4—51 SZ)()C3—x2)a 52
0 0

X (1 = xg)® (579278071 (] — yq)@'ss=], 51)
1 X3
12[5] = /dX3/dxz xz"‘/‘”71x3“/(s47“7$2)71(x3 —xz)"‘,s2
0 0
X (1= xp)® 65792739071 (1 yqye'ss, (52)

Solving the linear system in (50) leads to integral expressions for F {23} (@) and F©2 (o) which
apparently differ from the ones found in (46) and (48), respectively. But this is exactly the same
thing that we analyzed in Egs. (40) and (43), for the case of N = 4: there are integration by
parts and partial fraction relations that allow us to write a same momentum factor in apparently
different integral representations. Since the expressions found for the momentum factors this
time are double integrals, there is a much rich variety of relations that can be found for them
and it is not always an immediate thing to prove the equivalence between this different integral
representations. In Refs. [48] and [ 18] it was explained how using these relations, Ap(1, 2, 3,4, 5)
for the first time could be written in a simple form, as a sum of two contributions (in direct
analogy to Eq. (44)).

4.1.3. Caseof N=6and N =7

In the case of N =6 and N =7 we will not refer any longer to the alternative integral expres-
sions that show up for the momentum factors (and which can always be proved by combining
integration by parts and partial fraction techniques). These expressions will simply have to be
equivalent to the ones we are looking for, because of the consistency of our method.

In this case relations (28) and (29) guarantee that choosing 7'(1, 2, 3,4,5,6) = Ap(1,2, 3,
4,5,6)and T(1,2,3,4,5,6,7) = Ap(1,2,3,4,5,6,7), respectively, it is possible to write down
similar relations to the ones in those equations, but relabeling the momentum factors as

aloel F{U‘)}(o/), Aot F{U7}(a/), (53)
where og and o7 are all possible Sy_3 permutations (for N = 6 and N = 7) of indices {2, 3, 4}
and {2, 3, 4, 5}, respectively.

The final result is that we succeed in arriving at the six and the twenty four momentum factors
of formula (33) for N = 6 and N =7, respectively, that is:

1 X4 X3 5
Fl234) (oc’) Z/dx4/dx3/dx2( l_[ (x; —xj)Za’ki-kj)

0 0 0 i>jz1

(54)

y {Za’kz ki 20'ks - ky (Za’k3 - k1 . 20'k3 -k2>}

X2 — X1 X5 — X4 X3 — X1 X3 — X2

and
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1 X5
F{2345} /dX5/dx /d)C3/dxz l_[ (xi — x; )Zak % 20'ky - k1 2a’ke - ks
) ' X2 —X| X —X5

i>j>1
20/]( -k 20(/k -k 20'ks - k 20'ke - k
( 3k 3 2>< sk 6 4)}. 55)
X3 — X1 X3 — X2 X5 — X4 X6 — X4

In Eq. (54) it is understood that {x; = 0, x5 = 1} while in Eq. (55) is understood that {x; =0
x6 =1}.

As we mentioned after Eq. (32), the MSS prescription for finding the remaining momentum
factors consists in simply doing a permutation of indices inside the curly brackets of (54) and
(55), according to the oy permutation that is being considered (where N = 6 and N = 7, respec-
tively). For example, doing 2 <> 3 in (54) and (55) we arrive, respectively, at

1

F{324} /dx4/dx3/dx2<

0

z>]>1

20k - k1 20'ks - kq (20'ky - k 20'ky - k
x{a3l-a5 4<0621_|_062 3>} (56)
X3—X]  X5—Xx4 \ X3 —X| X2 — X3
and
r7 20’k - ky 2’k - k
F{3245} /dX5/dX4/dX3/dx2( (x,-—xj)z""kf'kf){ k3 - ki 20'ke - ks
X3 —X| X — X5
0 0 i>j>1
20'ky - k 20'ky - k 20'ks - k 20'ke - k
( 2k 2 3>< sk 6 4)}. 57)
Xy — X1 X2 — X3 X5 — X4 X6 — X4

In Appendix G we specify the kinematical terms that allow us to write a linear system of equa-
tions which has a unique solution for the momentum factors and which is precisely given by the
ones in Egs. (54) and (55) (and for the remaining momentum factors, by means of a oy permu-
tation of the corresponding indices). We also specify, in that appendix, the corresponding linear
system of equations for the F{?6}(a’)’s and for the F1°7}(a’)’s.

4.2. For gauge bosons and massless fermions

In this section we briefly explain how to find the amplitudes involving fermions directly from
the corresponding amplitude involving only gauge bosons. From the point of view of vertex
operators, in the RNS formalism, this is a non-trivial thing to do since it is known that there arise
difficulties when calculating amplitudes of n gauge bosons and 2m massless fermions in the case
of m > 3% (wheren=1,2,...)[32].

The shortcut to find the amplitudes involving (any number of even) fermions is that we do not
need to compute them from the beginning, by considering correlation functions of vertex opera-
tors: the closed formula for the N-point amplitude of gauge bosons and D = 10 supersymmetry

46 The difficulties have to do with the fact that the total super ghost charge of the involved vertex operators must be
—2 and fermion vertex operators are generally known in the +1/2 and —1/2 picture (therefore, four fermions gives
4 x (—1/2) = —2 and this case is fine). We thank N. Berkovits and E. Hatefi for clarifying this issue to us. In spite of
this difficulty in Ref. [49] the pure fermion 6-point amplitude was obtained using the RNS formalism.
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are enough ingredients to find the amplitudes involving fermions. We already saw this in Sec-
tion 2.3 of Ref. [50], in the case of the open superstring 5-point amplitude, where the ansatz that
we proposed for the fermion amplitudes consisted in simply changing the original gauge boson
subamplitudes of the 2-dimensional basis (Ayu(1,2,3,4,5) and Aps(1,2,3,4,5), in the case
of Ref. [50]) by the corresponding expression of their superpartner subamplitudes.

In the N-point case we do exactly the same thing: we change the gauge boson subamplitudes
of the basis (in this case given by the Yang—Mills subamplitudes in (5)) by their superpartner
subamplitudes. The resulting formula is precisely the one obtained by Mafra, Schlotterer and
Stieberger [21] (see Eq. (1)).

Besides the expression in (1) there is no other possibility for the scattering amplitudes involv-
ing fermions since, as analyzed in [46], the global supersymmetry requirement is sufficient to
determine the structure of the boson/fermion interactions uniquely.*’ In formula (1) this means
that the summed variation of all possible boson/fermion subamplitudes, under the supersymme-
try transformations,

5¢) = S(@"uy).  bup =Sk,

_ I _ .
(Suj:E(eva)g‘]’.Lk; (G=1,...,N) (58)

is zero, after using the on-shell and the physical state conditions, together with momentum con-
servation.*

5. Finding the «’ expansion of the momentum factors

It was mentioned in Ref. [35] that the factorization properties of open superstring subam-
plitudes could be used as a complementary approach to determine the o’ expansion of the
momentum factors F{°¥}(a’).*> Also, in Ref. [15] the cyclic property of these subamplitudes
was used as another complementary approach for that purpose (in the case of N =5, N =6 and
N="17).

We agree completely with the observation in [35] and, indeed, together with cyclicity, we will
use these sort of factorization properties in this section as part of the tools to find the o’ expansion
of the momentum factors (see Egs. (62) and (67)). Our remark at this point is that there is a more
general form for the factorization (or tree-level unitarity) relations than the ones considered in
Ref. [35], which includes as a particular case the collinear limit considered there (see Eq. (67)).
This form, together with the cyclic property of the subamplitude, allows us to obtain all the o’
terms of the momentum factors, up to quite high &’ order, by just using the very well known
4-point (Veneziano-type) momentum factor.

This is a very non-trivial result that will allow us to bypass o’ expansions of worldsheet
integrals for N =5, N =6 and N = 7, at least up to o’ 6 order in the first two cases and a’*
order in the last one,”” in the same spirit that the revisited S-matrix method succeeds in finding

47 This analysis can be found, for example, in Sections 5.3.1 and 7.4.1 of Ref. [46]. We thank N. Berkovits for suggesting
part of the specific sections of this book to us.

48 The formulas in (58) are nothing else than the momentum space version of the supersymmetric transformations of
the fields A, and ¥ of D = 10 super Yang-Mills theory.

49 See, for example, Appendix C of this reference.

50 Qur limitation to go to higher orders in o/, by just considering the expansion of the 4-point gamma factor, is
just a computational one since the expressions become extremely huge as the ' order grows. As we explained in
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the corresponding o’ terms of the OSLEEL which would commonly be determined by open
superstring N -point amplitudes (where N > 4) [7].

5.1. Tree level unitarity of the amplitudes

In the case of gauge bosons, the tree level unitarity relations state that the N-point subampli-
tude obeys>! [47]

Ay, ks oo SNy k)
dPk AR, ks .. §n1—1,km—l;k)A/A(_k; Cmrkms - ENLKN)

59
2m)Db —k2 (59)
where A* and A, are, respectively, m and (N + 2 — m)-point subamplitudes and where the pole
that A(Z1, k1; ... ; N, kn) has in the Mandelstam variable (k; +kp + - - - 4+ k1 )2 is being taken
to zero:
(ki ko + -+ kp—1)? = 0. (60)

All A subamplitudes in (59) include the ‘i§” factor that takes into account momentum conserva-
tion (see Eq. (2)) and D (= 10) is the spacetime dimension.

Eq. (59) is applicable for N >4 and m =3, ..., N — 1, so there are (N — 3) unitarity relations
for Mandelstam variables like (ki + ky + - - - + ky — 1)2.

The remaining unitarity relations arise when the other Mandelstam variables,

(ka4 ks + - +hkn1)? (ks + ka4 +km1)? .., kme2 + km—1)%, (61)

are individually taken to zero. There are N (N — 3)/2 independent Mandelstam variables and that
is the total number of independent unitarity relations.

Substituting the explicit dependence of each .4 subamplitude in the ‘i’ factor in (59) and
calculating the D-dimensional integral leads to

ARk Gt k1 R A (=K Sy ks -5 SN k)
(k1 +hky+ -+ km_1)?

where, now, the A, A* and A, subamplitudes no longer include the § dependence and the mo-
mentum conservation on each of them must be implicitly assumed. These subamplitudes are the
ones that we have been dealing with throughout this work.

A" and A, are subamplitudes in which the corresponding polarization vector has been taken
away:

At kys .5 8N, k) ~ , (62)

ARG ke o Gt km—1s k) = A ks o St k=13 £, k), (63)

aé‘u

A, =k Cmy ks -5 CN k), (64)

Subsection 2.2, we believe that using the 4-point amplitude o’ expansion, we are able to obtain completely the o
expansion of any N-point momentum factor up to &’ 7 order.

St n Eq. (59) and the remaining ones that contain expressions involving the subamplitudes, in this subsection, we
will not use the index ‘b’ on them because their dependence in the polarization vectors ¢; has been made explicit and,
therefore, it is clear that they are gauge boson subamplitudes. As a general rule, we will only use the ‘4’ index in the
subamplitude variable A when it has not been made explicit its dependence in the polarizations.
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where

R [ E Ty (S ) TPy (65)

m—1

and where the asymptotic mass-shell condition (60) is being taken into account.

Formula (62) states that the residue that the N-point subamplitude has in (k] +k + --- +
kn—1)?> = 0 is given by the product of two lower-point subamplitudes (an m-point and a
(N + 2 — m)-point one). It is valid at any o’ order. In particular, if o’ — 0 it means that Yang—
Mills subamplitudes also satisfy it.

When Eq. (62) is considered for the particular case of m = 3, it becomes

AR (C1 k1 G2, ko K) A (ks &3, k35 .05 SN k)

At ki N k) ~ 66
(¢1, k1 SNy k) 1+ k)2 (66)
or equivalently
Ak tnd ~ v DAk f ke k o k), (6T)
é‘ls l7~-'1§Nv N 2(/{]/{2) (12)aé,ﬂ é‘s 1 27{37 39"'7€N7 N)s
where
Vi, = —8[@1 - 2 (ki — k)" = 206 - kel +2(01 - k)] (68)
is the (contracted) Yang—Mills vertex.
For m = 3, condition (60) implies that (k; + k)2 =2k - ko goes to zero:
k1 . kz — 0. (69)

If k; and k; are non-zero light-like vectors, then condition (69) implies that these momenta
are parallel (k1 || k2) and, therefore, the unitarity relation (67) is nothing else than the collinear
version of the factorization property of gauge boson subamplitudes [51].

In the case of arbitrary m (=3,...,N — 1), if {ki,...,k,—1} are non-zero physical
(Minkowski) momenta, then condition (60) implies that all of them are parallel (k1 || k2 | ... ||
kp_1).2 Subsequently, all Mandelstam variables should tend to zero (because if the momenta
tend to be parallel then k; - k; — 0). This is what happens for the Mandelstam variables in the
physical region.

So, the word of caution when considering Eq. (62) subject to condition (60), is that we are
considering there the subamplitude expressions where the Mandelstam variables have been an-
alytically continued in the complex plane. Then, the Mandelstam variables are generally out of
the physical region and, therefore, condition (60) does not have any implication for any of the
other Mandelstam variables: they remain being independent in spite of one of them (namely,
ki + ko + -+ kp_1)?) tending to zero. This fact will be implicit in the calculations that we
will do in Subsections 5.3, 5.4 and 5.5. In these subsections we will use formula (67) and its
generalization, Eq. (62), to find o’ terms of the N-point amplitude for N =5, 6, 7, by just using
the well known open superstring 4-point &’ expansion (see Egs. (F.2) and (F.3)).

52 Due to global momentum conservation, it turns out that all k; become parallel, fori =1, ..., N, not only the first m
momenta.
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5.2. Analyticity of the momentum factors

Before going to the details of the «’ calculations in the N-point amplitudes (where N =
5,6, 7) an important remark proceeds.

From the analysis that we did in Section 4 we have that the N-point subamplitude of gauge
bosons in open superstring theory is given by

Ap(l,... . N)y= > F%a)Aym(1,{26.35,.... (N =2)s }, N = I, N), (70)

01\165[\/73

where the Fo¥}(a’)’s are given by the integral expression (32) (or equivalently, if N > 5, by
Eq. (33)).

In any of the two expressions of the momentum factors we see that the o’ dependence of them
is completely enclosed in the dimensionless Mandelstam variables, o’s; and o’ tj. So, on one
side, if these variables are analytically continued in the complex plane, then the F (¥} (a/)’s will
have a well defined Laurent expansion with respect to o’s; = a't; =0.

On the other side, it is well known that the low energy limit of the gauge boson (tree level)
subamplitudes in open superstring theory gives the corresponding Yang—Mills subamplitudes:

lim Ap(1.....N) = Ay(L..... N). (71)
o' —

In Eq. (70) this last condition implies that

1 ifoy=1{2,3,....,N -2}
0 ifoy#{23,...,N—2)

where {2, 3, ..., N — 2} is the identity permutation of those indices.

The result in (72), together with the behavior of the F {on}(¢’)’s under an analytical continu-
ation of the dimensionless Mandelstam variables, mentioned before, implies that the momentum
factors are analytic functions at the origin of the complex plane («’s; = «t; = 0). This implies
that the F1°¥}(a’)’s have a well defined o’ expansion as a (Maclaurin) power series.

This is a quite non-trivial result since it is well known, by explicit computations, that the o’
expansion of many of the individual multiple integrals which arise in the expanded version of
Ap(1,...,N) (see Eq. (31)) do indeed have some negative powers of o’.>> In fact, the explicit
expression for the F tow} (a’)’s, either in (32) or in (33), is given by a (N — 3) multiple integral
multiplied by o’ V=3, where (N — 3) is a positive integer number. So, at least the first of those
multiple integrals (the one corresponding to oy = {2,3, ..., N — 2}) does have an a’ expansion
which begins as o’ ~V =3,

The analytic behavior of the F {on }(o/ )’s, when &’ — 0, will be an important fact which is
behind the o’ expansions which we will obtain in the next three subsections.

lim Flov} (o) =

o’'—0

(72)

5.3. Case of the 5-point momentum factors

In the N =5 case, we will give the details of how using tree level unitarity of the subampli-
tudes we can arrive at the o’> order terms of F {23}(0/ ) and F 32} (). The higher order terms
of these two momentum factors will be afterwards written as a consequence of repeating the
procedure for the corresponding o’ order.

53 See, for example, Appendix A.3 of [23] for the case of N =5, and Refs. [19,24] for the case of N =6.
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K, ks K, ks k,
ky
k; K3 k; Ks
(a) first order poles (b) second order poles

Fig. 1. Two type of Feynman diagrams contribute to the YM 5-point amplitude. Permutations of the legs of these diagrams
should also be considered in order to account for the full amplitude.

Table 3
Structures of poles contained in each YM 5-point amplitude.

First order Second order
Aym(1,2,3,4,5) 12, 023, 120034, X230445,

34, 045, A]5 (340015, 0450012, A15023
Aym(1,3,2,4,5) o3, 223, 13004, X230445,

24, 045, X5 024015, 450013, X15023

It will turn out to be convenient to introduce here the notation
a;jj =2k; - kj, (73)

where k; and k; are, respectively, the i-th and the j-th external leg momentum (and i < j).
This notation will also be useful in the case of N = 6 (Subsection 5.4) and the case of N =7
(Subsection 5.5).

Now, in order to find the o’ expansion of F{23}(a’) and F3%! («") within our approach, it will
be convenient to write, once again, Eq. (44) in the present subsection:

Ap(1,2,3,4,5) = FBN (o) Ay (1,2,3,4,5 + FP2 (o)) Ay (1,3,2,4,5). (74)

We begin by looking for the poles of all three subamplitudes involved in Eq. (74). In Fig. 1
we have drawn the two type of Feynman diagrams that contribute to the Yang-Mills 5-point
amplitude. Examining all possible diagrams of this type we can infer that Ayy(1,2, 3,4, 5) and
Ayp(1,3,2,4,5) have first and second order poles in the o;; variables (one and two propagators,
respectively) that we list in Table 3.

On the other hand, in the left side of Eq. (74), the 5-point superstring subamplitude,
Ap(1,2,3,4,5), presents only first order poles in the same variables that Ay (1, 2, 3,4, 5) does,
namely, {o12, 023, @34, 045, ¥ 5}.54 We will refer to these poles as the physical poles.

For reasons that will become clear in the next lines, it will be convenient to write F{23}(a/)
and F{32}(o/) in terms of the simple poles that Ayy(1,2,3,4,5) and Ayy(1,3,2,4,5) have,
respectively:

FPN o) = FPaya, a3, 034, cas, o153 '], (73)

F{32}(a/) — F{32}[a13,a23,ag4, 045, Qs o/]. (76)

54 Since Ap(1,2,3,4,5) agrees with Ayps(1,2,3,4,5) when o' — 0, and Ayy(1,2,3,4,5) does have second order
poles, the statement that A, (1,2, 3,4, 5) has only first order poles is only valid perturbatively, for any non-zero order
H !
ino’.
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Now, since the momentum factors have a well defined o’ power series (as it was seen in the
previous subsection), we may write that>>
FPN o) =1+ (a1012 + azeas + azss + asous + aseis)a’ + (branaas + baainass
+ b3aaa4s + baapos + bsanzass + beoazaus + bragzas + bgazaays
+ boasaatys + brousas + biiad, + b]2a%3 + b13a§4 + b14a25 + blsafs)o‘/z
+0(a"%), (77)
FP2 (o) = (c1an3 + coa23 + c3004 + caaus + csars)e’ + (dyorzans + doarizang
+ dza3ags + daaizogs + dsanzang + deanzays + drazans + dgongays
+ doonnaarss + dioasens + diiofy + dioas + dize, + disags + disags)e’?
+0(o%). (78)

We will find the value of all the a;’s, b;’s, ¢;’s and d;’s that participate in these two expansions.
We will do this by demanding three requirements:

1. Absence of unphysical poles.
2. Tree level unitarity. (79)
3. Cyclic invariance.

All these requirements will be demanded at every non-zero o’ order, in Ap(1,2,3,4,5).
Step 1. Absence of unphysical poles in Ap(1,2,3,4,5)

According to Eq. (74), the only unphysical poles that could arise in Ap(1,2,3,4,5) are the
ones that come from Ayp(1, 3,2, 4, 5), namely, 13 and ap4. These poles appear always as simple
poles in Aypy(1,3,2,4,5), in spite of they participating, also, in the second order poles of this
subamplitude (see Table 3).

The only possible way to cancel, in the right-hand side of Eq. (74), the independent simple
poles that Ay(1,3,2,4,5) has at aj3 = 0 and ap4 = 0, is demanding that F©2}(a’) should be
possible to be written with a common o324 factor:

FP(o) = anzanse’? fPP 013, 023, s, a5, ;. 0], (80)

where f 32} [a13, 023, a4, 45, 15; @] is analytic in all its five dimensionless o’«; j variables.
Comparing Eqgs. (80) and (78) we see that the only possibility is that

¢i=0 (fori=1,...,5) and d; =0 (forj=1,...,15; exceptfor j =2), (81)
s0, in (78) this automatically leads us to

Fi32 (o) = draizonae’? + (’)(0/3). (82)
Step 2. Unitarity relation for A,(1, 2, 3,4,5)

In Appendix F.3.1 we prove that demanding unitarity of A,(1, 2, 3,4, 5) with respect to its 12
pole implies that the 5-point momentum factor, F {23 (), is related to the 4-point momentum
factor, F{2} (a’), by the following relation:

55 In Eqgs. (77) and (78) we are already using the fact the Flostays satisfy low energy requirement in Eq. (72).



898 L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870-951

Fm}[O, a3, 034, s, ys; e | = Fi [oas, o34 @], (83)
where we have introduced the notation

F2 (Ol/) =2 [0112, o023} Ol/], (84)

FBN o) = FPain, a3, 034, ass, o155 o). (85)

Notice that the two Mandelstam variables in which F{?} is being evaluated in (83) are not the
same two ones that are implicit in the notation (84).50

Relation (83) is an extremely strong constraint since in the left-hand side F{?3 is being eval-

uated at arguments which do not appear in the right-hand side of this relation (namely, ap3 and

a15). Here, we will just look for the implications that relation (83) has in the determination of

the coefficients in the o’ expansion of F23}(a’) only up to o’? order. In fact, after substituting
(77) and (F.3) in (83), we can conclude that

2
a;i=0 (i=2,3,4,5, bs=bg=bs=0, bs=—%=—;(2),

bj=0 (j=9,....15) (86)
and, therefore, the o’ expansion of F{23} (/) begins as
FP o) = 1+ (aa12)e + (bra12023 + boariness + baaipass + baonas
— §'(2)Ol340(45)0l/2 + (9(0/3). (87)
Step 3. Cyclic invariance of Ap(1,2,3,4,5)

In Appendix F.4.1 we prove that demanding cyclic invariance of Ap(1,2,3,4,5) in (74) im-
plies that

23 (23} 013 + 023 (32)
F{ }(a/) = Fcycl (O/) + o35 Fcycl (a/), (88)
32 13 (32}
FR() = == Foa (@), (89)
where Fc‘jfl} (') and Fc‘jj} (¢') denote doing (ki — ko, k» — k3, ..., ks — ki} in F3 (&) and

F32 ('), respectively.

The N =5 BCJ relations (which we have completely found in Appendix E.2) have played an
important role in the intermediate steps to arrive to Eqs. (88) and (89) (see Appendix F.4.1 for
more details).

Relations (88) and (89) are to be compared with the corresponding one found in Ref. [15]
(namely, Eq. (6.12)) by demanding cyclic symmetry.

In light of the result in (87), after doing the calculations (88) implies that®’

a; =0, by =b3=0, by=—bs=dr=¢(2), (90)
s0 (87) and (82) finally become, respectively,
56 The notation introduced in Eq. (84) is not casual: 5 and ap3 are the two Mandelstam variables in which the 4-point

amplitudes in Eq. (34) have poles.
57 At '? order, relation (89) does not give any new information: it is simply a consistency condition.
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Fm}(o/) =1+ (@12034 — 1215 — @34045)C (2)’ ? + (9(0/3), G2}
Fi32 (o) = C(Qanasa’® + (’)(a’3). (92)
We have successfully executed steps 1, 2 and 3, together with the corresponding N = 6 calcula-
tions (see Subsection 5.4), up to o’ ® order, finding all the coefficients.”® The explicit result up to
o’* terms is the following:
F{B}(O/) =1+ a'? Q) (12034 — a34045 — 0t12015)
+ a/3§(3)(—a%20534 — 20012023034 — Q1203 + Q3405 + Q3407

2 2
+ a5 + 0!120515)

o't 2 3 2 2 2 2 2
+ W{ 2) (40[120[34 + S07,00030034 + Sotp0530034 + day 003, + Sapponzayy

3 2 3 2 2 3
+dapaz, + Taparassass — 3apazogs — dazoas — azgogs — 4asqogs
3 2 2 2
—daj,ans — 3a,a34005 + Ta 12003034015 + 3012034045015 — O], ]5
3 /5
—405120{15) +(’)(a ), (93)

FP (o) = a2t )iz

+ 70 (3) (of30004 + 130003004 + 011305, — 200130004045 — 20013024015 )
Ol/4
+ ﬁiz@) (4afz004 + Hafzanzang + 1da3azzong + dafzas,

+ Nagzaozas, +daizas, — 120500405 — 1200300300405 — 50130054045

+ 1201300405 — Saty004a15 — 1213003004015 — 1201305,015

+ Tazana045015 + 120!13012405%5) + 0(0‘/5) 94)
The corresponding full expressions up to a’® terms are given in the text files that we have sub-
mitted, attached to this work, to the hep-th arXiv preprint basis.

We have confirmed that our results are in perfect agreement with the ones found previously in
[18,28,52].

5.4. Case of the 6-point momentum factors

Besides the notation introduced in Eq. (73), here it will be convenient to introduce the notation
Bijk = aij + ik + g, (95)

where i < j <k.

The notation in Egs. (73) and (95) will also be valid for the N =7 case (Subsection 5.5).

So, we will repeat the procedure that we did in Subsection 5.3 for N = 5. For a general N the
procedure consists in the following four stages:

58 We have also computed o'7 and higher order calculations, but some undetermined coefficients arise. This is not in
conflict with the revisited S-matrix method since this method only guarantees that, at a given o’ ” order calculation, the
(¢ - k)P*2 terms should be absent in the ( p + 2)-point amplitude. For p = 7 this means to have demanded a 9-point
calculation of the terms of the OSLEEL, which we have not done in this work.
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ky ke ky ks ks k, ks ks
k2 k5
ks k, K, ks k, K> ks k,
(a) first order poles (b) second order poles (c) third order poles

Fig. 2. Three type of Feynman diagrams contribute to the YM 6-point amplitude. Permutations of the legs of these
diagrams should also be considered in order to account for the full amplitude.

Table 4
Structures of poles contained in YM 6-point amplitude.
First order Second order Third order
Aym(1,2,3,4,5,6) B123 0120145, 023056, X341 6, o12B123045, @23 P234056,
B34 128345, 2238123, ®34 82345 128345045, €23 B123956,
B3as a5 8345, 4568123, ®1662345 128345034, 23 B123045,
a12B123, 2238234, @34 B34, Q[2034056, 0230445016,
a45B123, 568234, ®168345 348345016, ®34P234% 16,
34234056

(i) Identify the poles of each of the (N — 3)! Yang—Mills subamplitudes,
AYM(l, {2U, 3¢6,..., (N — 2)0}, N-—1, N), where oy € Sy—3.

(ii) Define each F{°N}(a’) momentum factor as a function of the N(N — 3)/2 Mandelstam
variables which were found in stage i).

(iii) Write the o’ expansion of each F{V! (o) up to the desired o’ order, in terms of unknown
coefficients.

(iv) Determine the coefficients of the previous «’ expansions by following the three steps speci-
fied in Subsection 5.3, namely, demand absence of unphysical poles, tree level unitarity and
cyclic invariance.

Let us do this procedure for the case of N = 6.

Stage (i)

In this case there are first, second and third order poles, as we can see in Fig. 2.

From the Feynman diagrams in Fig. 2, and considering cyclic permutations of the external
momenta, we obtain the poles of Ayy(1,2,3,4,5,6), shown in Table 4, where we are using the
notation of Egs. (73) and (95).

The poles for the remaining five Yang—Mills subamplitudes can be obtained by permutations
of the indexes {2, 3, 4}.

Stage (ii)
So, we will work with the six momentum factors as functions of nine independent Mandelstam
variables, according to

FPY (o) = F12Y a2, 003, 34, aas, as6, 163 P12z, Poza, Paasi '], (96)
FBP2 (o) = FU a3, a3, a4, s, as6, @163 B123, Baza Poasi '] 7
FEBN (o) = FPays, ass, 034, 035, as6. 165 Bros. Bazas Baass o', (98)
FP2 (o) = FP* a3, 034, 23, 05, 56, @163 Bi3a. Poza. Poasi '], 99)
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FU5) (o) = FU a4, a4, 023, @35, 056, 163 Pi24, Bazs, Pazsi '], (100)
FB2 (o)) = F 2 a4, ass, a3, 005, as6. a16; Bi3s. Paza. Bazss o' ]. (101)
These are the N = 6 generalization of formulas (75) and (76) (seen for the case of N =5).

Stage (iii)
The general form of the o’ power series for the momentum factors is the following:

00 N
{234} (1 _ Z IN Z (N) ny n3 _n4 _ns n7 png png
F (0‘)—1"' o Ay nan 0‘12“2%“34“45“560‘16/3123/3234/3345’
N=1 ni,n2,n3,n4,
ns,ng,n7,n8,n9=0
(102)
00 N
{324} Z Z (N) ny n3 n4g ns _ne pni
F o B, ..., n9°‘130‘23“24“45“56“16/3123:3234:3245’
N=1 ni,na,n3,n4,
ns,ng,n7,ng,n9=0
(103)
00 N
{243} (7 _Z IN Z (N) n4 _ns ny ong Ny
F (“)— o Cainayn 0‘120‘24“34“35“560‘16/3124/3234/3345’
N=1 ni,na,n3,n4,
ns,ng,n7,ng,ng=0
(104)
00 N
{342} (7 _Z IN Z (N) ng ns _ne nplh7 pNlg pn9
F (“ ) = o Dy n90‘13“340‘230‘25“56“16/3134:3234:‘3245v
N=1 ni,na,n3,n4,
ns,ng,n7,ng,n9=0
(105)
00 N
{423} (1 _Z IN Z (N) ng _ns n7 ong Ny
F (“ ) = o Eyim,.... »19“14“24“23“350‘56“16:3124/3234/3235v
N=1 ni,na,n3,n4,
ns,ng,n7,ng,ng=0
(106)
00 N
{432} (7 _Z IN Z (N) ny N3 _ng N5 N N7 plg plg
F (“ ) = o Fona, n9“14“340‘23°‘25°‘56“16/3134:3234:‘3235'
N=1 ni,na,n3,n4,
ns,ng,n7,ng,ng=0
(107)

In all expansions, from (102) to (107), the prime on the internal sum means that the set of indices
{n1,no,n3,n4,ns,ne, n7,ng, ng} obeys the constraint

ny+ny+n3+ng+ns+neg+n7+ng+ng=N. (108)

In these expansions we have already used the condition of low energy behavior, Eq. (72), for
the momentum factors: that is why the o’ series of F123*} () begins with ‘1’ and the five others
begin with O(a’ 1) order contributions.”’

5 Once the unitarity and the cyclicity relations have been demanded it will naturally happen that the order ‘1’ coeffi-
cients of all expansions will be zero, but as a matter of principles here we are just proposing their general &’ expansions
in such a way that they respect the low energy requirement in (72) and the analyticity of the momentum factors.
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Stage (iv)
Here we apply the three steps that will allow us to obtain the coefficients of the o’ expansions in
Eqs. (102)—(107). We will do our calculations up to o’ ® order terms.

Step 1. Absence of unphysical poles in Ap(1,2,3,4,5,6)

Each of the o’ expansions initially has 9 coefficients at o’ order, 45 coefficients at o’ 2 order,
165 coefficients at o3 order, 495 coefficients at o’ 4 order, 1287 coefficients at o’ 5 order and
3003 coefficients at o’® order.%"

Demanding absence of unphysical poles in Ay(1,2,3,4,5,6) implies that there should be
cancellations between the unphysical simple poles which come in the five Yang—Mills subam-
plitudes which are different of Ayy(1,2,3,4,5,6) (which has only physical poles). After this
procedure has been done, the number of independent coefficients reduces considerably according
to Table 5.

There is also the subtlety that F{?3#}(¢’) and the remaining five momentum factors should be
such that they cancel the third order poles that come in Ay (1,2, 3,4, 5, 6). These poles are not
present in A, (1,2, 3,4, 5, 6) (at non-zero «’ order).

In the case of the o’! order terms, the requirement of absence of unphysical poles is strong
enough to forbid them: the coefficients of those terms are all zero and that is the reason of why
the first line in Table 5 contains only 0’s (zeroes).

We will not write down here the partial result that we have obtained for the expansions in
Egs. (102)—(107), as we did at the end of Step 1 in Subsection 5.3. Instead, for each of the six
F1os}(a’)’s we have presented two data at a given order in &/, in Table 5. The first data is the
number of undetermined coefficients after the actual step (Step 1) and the second data is the
number of undetermined coefficients after Step 2. We see there, that before demanding cyclic
symmetry (in Step 3) there is still a big number of undetermined coefficients.

Step 2. Unitarity relations for A,(1, 2, 3,4,5,6)

Since in the N = 6 case there are two type of simple poles (c;; and B;jx, see Table 4), de-
manding unitarity of A,(1,2,3,4,5,6) with respect to each of them will lead to independent
unitarity relations. The remaining unitarity relations will be a consequence of the previous ones
once cyclic symmetry has been taken into account (in Step 3).

In Appendix F.3.2 we prove that demanding unitarity of A, (1, 2,3, 4,5, 6) with respect to its
a12 pole implies that the 6-point momentum factors, F {234 ¢’y and F12*3} (), are related to the
5-point momentum factors, F 23} (/) and FB32 (o)), by means of the following two relations:

F230, a3, 034, aus, 6, @16, B123, B34, Paas: @]

= F®[B1o3, 34, cuas, ase, Baas; o], (109)
FP8Y0, 004, 034, 035, 0156, @163 Broa, Bo3a. Paas: @]
= FP[B1os, a34, 035, as6, Baas; o']. (110)

In analogy to relation (83), found after demanding unitarity for the 5-point amplitude, relations
(109) and (110) are strong constraints for the coefficients of the o’ expansions of F {234} and
F243} gince there are four arguments (like an3, 16, B123 and Ba34, in the first case) which are
not present in the right-hand side of the corresponding relation.

60 1n this case, the general formula for the number of coefficients at o’ N order is (N +8)!/(N!8!).
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Table 5
Comparing the initial number of undetermined coefficients with the number of coefficients which remain undetermined
after Step 2.

Order F(234(q)) Fi324) () Fl243) (/) F1342) (o) F423) (/) F432} (o)
o'l 0 0 0 0 0 0 0 0 0
o'? 44 1 3 0 3 0 3 1 3 0 3 0
o3 164 9 25 1 25 2 25 12 25 5 25 0
o' 494 45 177 9 177 17 177 70 177 40 177 3
o3 1286 167 405 47 405 287 405 405 405 405 405 405
o0 3002 1039 1155 615 1155 842 1155 1155 1155 1155 1155 1155

Also, demanding unitarity of A,(1,2,3,4,5, 6) with respect to its S123 pole implies that the
6-point momentum factors, F {234} (o) and F©B24 (o), are related to the 4-point momentum fac-
tor, F2 ('), by means of the relation:

234 :
F® 401, a3, 34, aus, as6, 16, 0, Boza. Baas: ']
o12 324
-~ ——F! }[—Ollz — a3, 023, B234 — a3 — 034, QU45, Us6, A6, 0, B34,
a2+ a3

—a3 + aus + w16 — Paus; o' | = FHana, ao3; o [F P [ase, aus; o] (111)

In this case there are even stronger constraints®' because, besides the fact that there are four
arguments which are not present in the right-hand side of (111), in the left-hand side a miraculous
cancellation of the (o172 + @23) denominator should happen, since in the right-hand side there is
only a product of two a’ power series (which involve no denominators at all).

The curious non-zero arguments in which F324 is being evaluated, in the left-hand side of
(111), are simply the original ones (see Eq. (97)), but written in terms of the basis of Mandelstam
variables used for F{23% (&) (see Eq. (96)), with B123 =0.

The three relations that we have written in Egs. (109), (110) and (111), are conditions for only
three of the six momentum factors (F 234}, F{243} and F1324}). For these momentum factors the
number of its undetermined coefficients has been reduced as a consequence of Step 2. This is
illustrated in Table 5, in the second data which we have presented for each F{%6}(a") at a given
order in o’.%%

For the remaining momentum factors, the number of undetermined coefficients has not
changed from Step 1 to Step 2.

After demanding cyclic invariance the coefficients of all six momentum factors will be related
and it will be possible to find them all, at least up to a’® order.

Step 3. Cyclic invariance of Ap(1,2,3,4,5,6)
In Appendix F.4.2 we prove that demanding cyclic invariance for Ax(1,2,3,4,5, 6), in the
closed formula that we have for it,

Ap(1,2,3,4,5,6) = FB4 (') Ay (1, 2,3,4,5,6) + FP (') Ay (1, 3,2,4,5,6)
+ FP (o) Ay (1,2,4,3,5,6) + FP* (o) Ay (1,3,4,2,5,6)
+ FU5N (o) Ay (1,4,2,3,5,6) + F™2 (o)) Aym(1,4,3,2,5,6),
(112)

61 By, in contrast to (109) and (110), there is only one unitarity relation now.
62 This data corresponds to the number of coefficients which are still undetermined after Step 2, at a given o’ order.
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implies the following six relations for the momentum factors:

F234) ( " )

F{324} (a/) —

F{243}(Ot )

Fi) (g) =

F{234}( o ase — 123 F{243}(o/)

eyl Braz — aas —ase
oy —
12— Bi123 Fc{jff} (@)
B123 + B3as — a2 — a5
432, ,
Fcycl (a’)

(B123 + B34s — a12 — 0a5) (— 345 + 12 + 34 — ats6)
x [a12(B123 + Baas — 12 — 034 + 56 — 0145)
+ Br23 (34 + 045 — Bas — ase) |

{423}( 0
cycl
ags(arz — Bi2z),  (113)
(B3as — a1z — 34 + ai56) (—B123 + a5 + as6)
042
cycl (@)
(12 + a3 — Bi23)
B123 + Baas — a2 — a5
pl42
c)cl (a /)

(B123 + B3as — av12 — ota5)(—P3as + 12 + 034 — as6)
x [o12(B123 + Baas — a1z — @23 — o34 + s — 0t4s)

+ B123(0r34 + a5 — Baas — ase) + 023 (Baas — o34 + as6 — 043) |

Fl423)
cycl (« /)
(B3as — a2 — o34 + as6) (— 123 + 45 + as6)
x o5 (0e12 + 023 — B123), (114)
{243}( 0
{324} cycl
F + (56 — 034 — P123)
cyel («) B123 — a45 — 56
042
cycl (@)
(@12 — o34 — B123)
ﬁm + B3as — a2 — o
F432)
cycl (a /)

(B123 + B3as — a12 — a45)(B3as — a2 — o34 + as6)

x [o3a(—B123 + Baas — o34 — a5 + s6) + (B123 — ats6) (B3as — as) |

{423}
cycl (« /)

(—B3as + 12 + o34 — ase) (—B123 + otas + as6)
x [as6(B123 + @12 + o34 — aas — as6) + (B123 + 034) (a5 —12)],  (115)

{4%2}
cycl (« /)

(B123 + B3as — a12 — aas5)(—Baas + a1 + a3q — ase)

x [a12(B123 — Ba3a + B3as — a12 — s + s6)

+ B123(B23a — Baas — @23 + s — ase) + 23 (B3as — Baza
+ 23 — 0145 + asp) |
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U3,
L}Ll (@)
(B3as — a2 — 034 + 0r56) (—P123 + aa5 + as6)
x [023(B123 + Baza — a1z — @23 — &34 + aas)

+ (B123 — 12) (@34 — Pazg — as) | (116)
{24[3}( "
FU) (o) = m(am + as6 — P12z — P23a)
pl432)
cycl (« /)

(/3123 + B3as — 12 — a45)(B345 — 12 — a34 + a56)

x [Baas(B123 + Bazs — 23 — ts6) + (@34 + a45) (023 + 56 — B123 — Paza) |

{423}
cycl (« /)

(B3as — a2 — 34 + ase) (—Bi123 + 45 + ase)
x [ars6 (23 + oas — Bi23 — Baza — a1 + ase)

+ (a12 — a45) (B123 + Pazs — @23) ], (117)
FI92 )
F{432} (Ol/) — C_)Cl

(B123 + B3as — a12 — o45)(B345 — @12 — 34 + s6)
x [023(B123 + Ba3a — Baas — @23 + 34 + 45 — @ts6)
+ (56 — B34 — P123) (e3a — Baas + cas) |

{423}
Fcycl ( /)

(B123 — a5 — ai56) (B3as5 — 12 — @34 + as6)

x [an3(a12 — B2z — Bosa + a2z — auss)

+ ase(ai2 + Bi23 + Bazs — aas — ase) + (B123 + Baza) (aus —a2)], (118)
where each F c{;fl}
F96} () momentum factor.

The N = 6 BCIJ relations (which we have completely found in Appendix E.3) have played
an important role in the intermediate steps to arrive to Egs. (113)—(118) (see Appendix F.4.2 for
more details).

So, summarizing, we have successfully executed Steps 1, 2 and 3, together with the corre-
sponding N = 5 calculations (see Subsection 5.3), up to % order, finding all the coefficients.
The explicit result up to o’ terms is the following:

FP% (') = 1+ a'?5(2) (= Br23B3as + Baastiz + Pro3aas — casetse — a12al16)

+ "2 0(3)(Bia3Baas + Br23Biss — Poustiz — Bassort, — 2Bauscti203

— BAsaus — 2Ba3ainas + 2012003045 — 2B12303405 + 20120034045

— Bia3ads + agsarse + ausadg + afhane + anaig) + O(a'?), (119)
FP (') = @ £(2) (Bassars — ar3aas)

+ a2 (313 [Bas — 2B123(Baas — as)

+ aas(—a13 — a3 + 2004 + ass + 2a46)

+ Bas (o3 + @23 — 2(auss + i) | + O('?), (120)

(') denotes doing {k; — ko, ko — k3, ..., k¢ — ki} in the corresponding
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K, ks ke k, ki ke ks ky ki ke kg
ks ks

ks Ky K k;  ky ke ks ks
(a) second order poles (b) third order poles (c) fourth order poles

Fig. 3. Tree kind of Feynman diagrams used to calculate the YM subamplitude Ay (1,2,3,4,5,6,7).

FPBN (o) = /2 (2) (Broaatss — ar1p035)
+ o3¢ (3)azs[ Bios + B12a(—2B3ss — 2012 + 34 + 35 — 2as6)
+ @12(2B345 + o12 + 204 — @34 — 35 + 2as6) | + O('?), (121

FB(o) = a2 ¢ ()a3025

— a3 B35 (—2B134 — Poza + @13 — a5 + 34 + 2056 + 2a16)
4 (9(0/4), (122)

F1423) ()= a'?¢ (2)a1a03s

+ a3 (3)ara035(Baza + 2235 + s — a3 — azs — 2as6 — 2a16)
+0('Y), (123)

FB2 (o) = —a'2¢(Dais0ns — o' 3¢ 3)a1s005(Bazs + ais + o5 — 2as6 — 20t16)
+0(a'%). (124)

The corresponding full expressions up to a’® terms are given in the text files that we have sub-
mitted, attached to this work, to the hep-th arXiv preprint basis.

We have confirmed that our results are in perfect agreement with the ones found previously in
[35,52].

5.5. Case of the 7-point momentum factors

Doing the procedure for the N = 7 case is straight forward (although very tedious) once it has
been done for N =5 and N = 6. We will only mention here a few details.

First, with respect to the poles of Ayy(1,2,3,4,5,6,7) (and of the other twenty three sub-
amplitudes of the 7-point basis), it has second, third and fourth order ones. They come from the
Feynman diagrams in Fig. 3. The poles can happen in any of the fourteen Mandelstam variables
that we have specified in Eq. (D.3): seven ¢;;’s and also seven B;ji’s.

We have (shortly) presented the poles in Table 6: So, F23%3}(a) will be naturally defined in
terms of the N = 7 Mandelstam variables that we have defined in (D.3):

a127 a23a a34a a56’ a56’ a677 a17 /
F(2345) (1) _ pl2345) |, 129)
(@) B123, B23a, PBzas. Pase, Bser, Bier. P12z

The Mandelstam variables for the remaining twenty three F{7}(a) momentum factors are ob-
tained from the ones that appear in Eq. (125), by considering in them exactly the o7 permutation
of indices {2, 3, 4, 5}.
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Table 6
Structures of poles contained in YM 7-point amplitude.
Second order Third order Fourth order
(28 terms) (84 terms) (42 terms)
Aym(1,2,3,4,5,6,7) Bi67B234, B1271B34s512, Bi67B234a170023,
B3asan, Bi67B234217, Bi67B234017034,
Bsera34 B234P567223 Bi67P345017034

A computational detail that could be of interest to the reader is that finding the coefficients of
the &’ expansions, along the same lines presented in Subsection 5.4 (in four stages, in particular,
demanding cyclic symmetry after unitarity has been demanded in one physical pole), becomes a
heavy task if compared with solving the coefficients from purely demanding unitarity in all poles.
These two methods happen to agree at low orders in o’ (but not necessarily at high orders®®). The
advantage of the second method lies in the fact that each of its equations contain a few momentum
factors (containing, therefore, a low number of unknowns) while in the first method each of the
equations contains many more momentum factors.

In Appendix F.3.3 we have written the momentum factor relations that arise when unitarity of
the amplitudes is demanded with respect to their «1> and their 8123 poles. Our complete result
is that, when any «;; — 0 there arise six relations and when any g;j;x — 0 there arise only two
relations. The first type of relations involves 7-point with 6-point momentum factors while the
second type involves 7-point with 4-point and 5-point momentum factors (see Appendix F.3.3
for the detailed relations).

We have found the o’ expansions up to o’* order.”* In the following we have listed these
expansions only up to o’ order.*

F{2345}(0‘/) =1-d'%¢(2) (B123(B127 — Base) + BaseBse1 — Biaraiz + aaaiy
— Bse7056 + ts6t67)
/3 2 2 2 2
+a" ¢ (3)[Biaz(Bi27 — Base) + BiseBs61 — Biryoi2 — Biarai,
+atya17 + anal; — 2B17012003
+ Baso(Bler + 2012(—Pza + a2z + a34)) — P3gr0s6 — 2P1670t12056
+ 28234012056 + 23450120056 — 200120340056 — 2B567045056 — Bs6702
+ Bi23 (:31227 — Biss — 2Basezs + 2(—Paas + a3y + ay45)0s6) + a2

+aseag; |+ O(a'?), (126)

63 We have verified this computationally.

64 As mentioned before, the reason for not going to higher orders is a purely computational one: we have had memory
difficulties to deal with N =7 &’ calculations on the computers. In spite of this complication, as we mentioned in
Subsection 2.2, we believe that only using the 4-point amplitude information our method is, in principle, able to achieve
o' 7 order calculations, for any number of legs.

65 There are specific cases of momentum factors which, as remarked in [35], have an &’ expansion which begins at o’ 4

order. For these cases we have written the o’4 terms.
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FP3% (o) = a"2¢(2)(=B123 + Basr) s
- 05/3{(3)(146[—,31223 +2Bus6Ba67 — Bisy — 2B235012 + 2012023
+ 2a12035 — Pac10tas — Pac1046 + P123(—2Pase + 2Bae7 — 20035 + a5
+ s — 2067) + 2Basre | + O ('), (127)

FP¥) (o) = a'?¢(2) (Broa — a12) (B3se — aso)
+a" 3 (3)[B1r4(B3se — ase)
+ /3124(/33256 + B3s6(—2B567 — 20012 + 34 — 2a56)
— 2B127(B3s6 — ars56) + as6(2Bs567 + 2012 — 34 + 2035 + @t56))
+ 0112(—/33256 + 2B127(B356 — a56)
— as6(2Bs567 + @12 + 2004 — @34 + 2035 + t56))
+ a12356(2Bs567 + 12 + 204 — 34 + 2056) + O’ ), (128)

F93 (o) = /22 (2)(Baas — @34 — ) (—Paas — Paer + a3s + tg7)
— o't (3)[20012(B346 — 34 — 0ta6) (—Pie7 + P35 — Pas7 + 67)
+ (B346 — a34 — 46)(B3as + Bas7 — 235 — 267)
X (2B125 — 2B127 + Baas + Baas — Bas7 — 2034 — a6 — t67) |
+0(a'%), (129)

Fi234 (') = —a'2£(2)(B127 — Baas — B3se + 035) (Bioa — P37 + cas)
+a'3¢(3)(B1a7 — Baas — Base + 0135)[/31224 + Bass P61 — B3seB367 + Big
+2Brasa12 — 2a10004 + 28367036 — Paasaas + B3settas — 3B3e704s
— 2010045 — 2036045 + 2035 + B127(—Bae7 + aas) — 2B367067 + 245067
+ B124(B127 — Baas + B3se — 2B367 — 2036 + 3045 + 20t67) |
+0('Y), (130)

FP8N (o) = —a'?0(2) (125 — a1n)aze
— o3¢ 3)aze [,31225 + Bi25(—=2B127 + B3as — 2012 + a36 — 2a67)
+ a12(2B127 — Baas + a2 + 2005 — 236 + 2067) | + (9(0/4), (131)

Fi3243) (') = @' ?¢(2)(Bi137 — Base)ai3
+ 0/34(3)0613[/31237 —2B123(B137 — Base) + Bise — Paseo13 + 2Basec17
— Basecaaz + B137(—2Pas6 + 13 — 2017 + a23) + 2Baseona + 2245056
— 2a24056 — 2045056 ] + (’)(0/4), (132)

F25%9 (o) = —20/3¢ (3)ansansaas + O(o %), (133)
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FB343) () = @' ?¢(2)(—B137 — Baza + @17 + @24) (Bi3a — @13 — 34)
— o ?2(3)(Bi3a — @13 — @3a) [~ B3y + Brza + 2B234B256 — 2234 Bser
— Bossonz — 2B234017 — 2Bas6e17 + 2Bs67017 + a3y + iy
+ B134(B137 + Baza — a7 — a24)
— Bazacos — 2Brs56004 + 2Bs67004 + 130024 + 17024 — 22340034
+ 2017034 + 20004034 + P137(2B256 — 2P567 — 13 + 24 — 2034 — 2as6)
— 2B167056 + 2Paasaise + 217056 | + O’ ), (134)

F{3452}(0/) = a'?¢(2)(B137 — Baas — Pas6 + @25)(—B13a + a1 — Pras + a3a)

+ o3¢ (3)(Bi37 — Baas — Pase + @25) (Bi3s — Pag7 + Paas — 34)

X (B134 + B137 — Boas + Base — Bre7 + 2B345 — 2006 — 2034 + 2067)

4 (9(0/4), (135)
FB324 () = @'t (2)araas6

— &3¢ (D) araa36(—2B14s — Pro7 — 2B236 + 14 + 2a17 + 023 + 36

+ aus + 2067) + O('?), (136)

F{3542}(05/) = a'?2(2)(B137 + Bie7 — Paas — a17)(B13s — 13 — a3s)
—a'?¢(3)(Bi37 + P67 — Pass — a17) (B13s — 13 — at3s)
X (—PB135 + B137 — B1e7 + Baas + @13 + 17 — @24 — 2026 + 35
— aus + 2a67) + O(a'?), (137)

FU33 (o) =o' 2¢(2)(B1a7 — Base — a23)(—Broa — P34 + Bse7 + a24)
+"2(3)(Broa + Baza — Bser — aaa)[— By + B23aB3se — Bise
— B3s6Pse1 + 2B3s6t14 — 2B3s617 + P124(Bra7 — B3se — a23) + Bazacas
— 3356023 — Bse7023 + 20140023 — 2017023 — 2033 — 2Ba3s50ts6 + 2023056
+ 2a35056 + B147(—B23a + 2B3s6 + Bser — 20114 + 2017 + 3a23) |

Lo, (138)
1 !
F¥3) (o) = 1o 4e2(2)(Bis7 — Basa — Baas + a3a)(—Bi67 + Baas — P67 + 67)
x [Taisong 4+ 17024 (Bie7 — Baza — Pras + a24) — 3at15(B3as — o34 — t36)
— 10(B167 — Bazs — Poas + 024) (Base — 34 — a36) | + O ('), (139)

FI¥2) (o) = —a'?¢ (2)a14(Bass — atse)
— "¢ (B)a1a] Brs + Ba34(Bass — as6)
+ as56(2B567 — 14 + 2017 + 2025 + @56)
+ Base(—2Bse7 + at1a — 217 + ase)) | + O(e'?), (140)
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1
F32(o/) = 1—005/4§2(2)(—ﬂ147 — Bie7 + B23s + a17)(—Pi67 + Paas — P3e7 + cte7)

x [100024(—Bi24 — Baas + B3e7 + 0024) + 2Taz40035
+ 3(—PB124 — Baas + B3e7 + 24) (B147 — B23s — B3se + ass)
+ 10035(B147 — B23s — Base +35) ] + O(c), (141)

FW5) (o) = a'20(2)(B137 + Br67 — Paas — a17) (Brer — Pa3s + PasT — te7)
— o2 (3)(B137 + P67 — Baas — a17) (Bie7 — Pa3s + PasT — 67)
X [=2B135 + P137 + Bi67 — 2B235 — 2P2as — 2Prae + Baer
+ 2013 + @17 + 3004 — 025 + 335 + 2au6 + g7l + O(a'?), (142)

FW32 (o) = —a'2¢(2)(Brse — 23 — 026) (Bras — 14 — uas)
— a30(3)(Baas — 023 — @26) (B1as — 14 — las)
X (B1as + Bi67 + B2ze — a14 — 2017 + a6 — a5 — 2a67)
L0, (143)

FB34 (') = @' ?2(2)(—Pras — Bass + Bae7 + @25) (Bis7 — Baza — Pras + a3a)
+a"?(3)(Bios + Bazs — Baer — 25)(Bis7 — Bass — Baas + 0134)
X (Bi2s — Bi157 +2P234 — Po3s + Baas + Paet — 2015 + 2017 — 2034)
+0(a'%), (144)

1
FP¥)N o) = Ea/4§2(2)(—ﬁ147 — Bi67 + B23s + a17)(—Pi34 + P67 — P3as + a34)

x [3o26(B134 — 14 — @034) — Taune0t35
+ 10(B134 — 14 — @34) (B167 — P23s — B3as + a3s)
— 17035(B167 — Bo3s — Baas +a3s)]| + O(a’), (145)

FP32 (o) = /22 (2)(Bass — a2a — aag) (Bie7 — Pazs + Pasr — )
+a'3¢(3)(Bi67 — Baza + Bads — Pac7 + 2015 — 2017 + a3 — s + 35
— a46 — ae7)(B2ae — 024 — aa6) (B167 — B23s + Bae7 — A67)

+0('Y), (146)
1

FIS42) (o) = Eo/“g“z(2)04150126[—3;32460415 + 10a150024 + B135(3B246 — 10024 — 30t26)
+ 315006 — 10B24s0t3s + 2Tansazs + 10026035 ] + O(c' ), (147)

FP*) (o) = —a/28(2)(Bse — 23 — 036) (Bras — at15 — as)
— /3¢ (3)(Bass — @23 — 36) (Buas — s — us)
X (Bias + Bi67 + B23e + 15 — 2017 — a23 — 36 — 2067)
+0('%), (148)
Fi52) () = @' ?¢ (a5 + o' 3¢ (3arsar(Bier + a1s — 217 + @26 — 2067)
+0(a). (149)
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The corresponding expressions of the o’# terms for the remaining terms are included in the text
files that we have submitted, attached to this work, to the hep-th arXiv preprint basis.

We have confirmed that our results are in perfect agreement with the ones found previously
in [52].

5.6. Higher order o’ expansion of the momentum factors

5.6.1. Subtleties in the revisited S-matrix method
In this subsection we begin recalling that the general form of the o’? bosonic terms of the
OSLEEL in (3) (where p > 2) is given by

1
L = — () [FP*2 4+ D*FPH 4 DYFP 4. 4 DP74FY. (150)
g

There are two subtleties in the first step (out of two) of the revisited S-matrix method, when it is
used to find all the o’ ? terms in (150):

1. It requires to demand the absence of (¢ - k)N terms in the N -point amplitude, from N =4
upto N =p+2.

This means that the method requires to compute up to a (p + 2)-point amplitude from the
lagrangian terms in (150) and from the lower order o’ ones.®®

So, for high values of p (p > 5, for example) the computations become quite heavy, al-
though they will always be very much simpler than the corresponding ones in the traditional
S-matrix method.

2. When gradually imposing the constraint absence of (¢ - k)N terms in the N-point ampli-
tude, starting from N = 4 and ending with N = p + 2, at each stage the coefficients of the
D?(P+2=N) FN terms do not necessarily become completely constrained: some further re-
strictions for them could still come when demanding absence of (¢ - k)™ terms for a higher
value of N.

This means that, in order to guarantee that the number of independent coefficients of the
constrained basis (see Table 1) has been achieved, it is strictly necessary to have demanded
the absence of (¢ - k)N terms in the N-point amplitude forall N =4, ..., (p +2).

An example of this subtlety first happens at «’# order. In the determination of them that we
did in [7], when we demanded absence of (¢ - k)4 terms in the 4-point amplitude, this left
only two undetermined coefficients in the D*F* terms, say, c¢; and c;. Afterwards, when
we demanded absence of (¢ - k)° terms in the 5-point amplitude, this restriction fixed many
(but not all) of the coefficients of the D% F? terms in terms of ¢; and c5: there still remained
other undetermined coefficients. Finally, when we demanded absence of (¢ - k)° terms in
the 6-point amplitude, all the coefficients (the F' 6 the D?F° and the D*F* onesm) became
completely determined, even without using information from the F{?}(a’) momentum factor:
that is why in Table | we wrote that the dimension of the constrained basis at «’# order is
zero.

The two subtleties that we have mentioned above for the first step of the revisited S-matrix
method in the determination of the [Zéff) terms of the OSLEEL, have a direct counterpart in the

66 Tt is not required to know the full contribution of these amplitudes but only their (¢ - N terms.
67 The D*F* ones were what we referred to as c1 and ¢).



912 L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870-951

determination of the o’ ” terms of the momentum factors of the N-point amplitudes (from N = 4
upto N =p+2).

This means that, once we have obtained the N -point momentum factors up to a given «’ order,
say o’ P~2 (where p > 4), if we want to determine the ' ? terms of these N-point momentum
factors (where N > 4°%) we have to demand the three requirements in (79) for them, from N =4
up to N = p +2,°” and only then the revisited S-matrix method proposes, in the second step,
that all their coefficients will be found using a lower n-point momentum factor at o’ ? order.

For example, besides the case that we mentioned about the determination of the o’* terms
of the OSLEEL (which for the scattering amplitudes corresponds to determining the 4, 5 and
6-point momentum factors at that o’ order), in the calculations that we did in the present work
to find the o’© terms for 5 and 6-point momentum factors (see Subsections 5.3 and 5.4), using
the three requirements in (79) for N =5 is not enough information to determine all the 5-point
coefficients, unless we also demand those three requirements for the 6-point momentum factors
as well: this completely determines the coefficients of the 5 and the 6-point momentum factors
(once we use the known o’ expansion of the 4-point momentum factor, F 2Ha).

5.6.2. A conjecture for the higher order o' terms of the momentum factors

So far, we have exposed that the revisited S-matrix method imposes many strong constraints
to the coefficients of the &’ ? terms of the OSLEEL (or equivalently, to the N-point momentum
factors at that &’ order, from N =4 to N = p + 2).

From the scattering amplitudes point of view, it is clear that if the method succeeds finding
the N-point momentum factors at o’? order, from N =4 to N = p + 2, then it is guaranteed
that for N > p + 2 the N-point momentum factors will also be determined at that &’ order. The
reason for this is simple: the o’ ? terms of the OSLEEL (and the lower order ones) would be all
known and, therefore, using this lagrangian any N-point amplitude can be computed up to that
order in o',

What still remains to be further examined is the freedom that remains in the coefficients of the
OSLEEL after the first step of the revisited S-matrix approach has been applied at &’ ? order. In
Subsection 2.2 we have proposed that freedom can be completely fixed from the knowledge of
the «’ expansion of the 5-point amplitude. The only solid reason that we have for this, until this
moment, has to do with the fact that the o’ expansion of the 5-point amplitude (presumably) con-
tains all the MZV’s that appear at higher N-point amplitudes. As mentioned in Subsection 2.2,
this is something that can also be seen in the recent discovery that there is a unique and same
generator for the MZV’s which allows to obtain all the momentum factors, at any o’ order [16].

So, in this work, we will leave the statement that the revisited S-matrix method plus the 5-point
amplitude o’ expansion are enough ingredients to find the full bosonic terms of the OSLEEL (or
equivalently, they are enough ingredients to find any N-point amplitude, at any o’ order) as a
conjecture.

68 Although in Subsections 5.3, 5.4 and 5.5 we have already used the known «’ expansion of the 4-point momentum
factor, F {2 ('), this information is formally part of the second (and last) step of the revisited S-matrix method, so we
are ignoring it at this moment.

%9 In the case of N =4 the only requirement that is needed is cyclic invariance.
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6. Summary and conclusions

We have successfully derived a closed formula for the tree level N-point amplitude of open
massless superstrings (for 3 < N <7), considering bosons and fermions, using the RNS formal-
ism.”° This is the same formula first found by Mafra, Schlotterer and Stieberger in [21], using
the pure spinor formalism [30].

Spacetime supersymmetry has been present throughout our approach, but in a non-manifestly
manner. First, it has been present implicitly in the computation of the N-point gauge boson
amplitude in a closed form (see Eq. (70)) because, in order to arrive to it, the condition of absence
of (¢ - k)N terms’! has been used. And second, it has been used to find uniguely the amplitudes
involving fermions, once the N-point formula for gauge bosons, Eq. (70), has been found.

We believe that a deeper understanding of our procedure (like working with an induction hy-
pothesis in N, for example) can eventually arrive to the MSS formula in Eq. (1), for arbitrary N.

The kinematic analysis that we have required to arrive to MSS formula, naturally leads us
to a space of N-point gauge boson subamplitudes which is (N — 3)!-dimensional (at least for
3 < N <7).”> At this point is where the basis of Yang-Mills subamplitudes first proposed by
Bern, Carrasco and Johansson [37], plays an important role in our procedure. Once this basis
has been identified as a basis for Vy, then the MSS formula and the explicit BCJ relations them-
selves become linear algebra problems in which the components of a certain vector, with respect
to a given basis, are desired to be found. We have done these calculations in Section 4 and Ap-
pendix E, respectively.

Following the same spirit of the revisited S-matrix approach [7], we have found &’ correction
terms to the open superstring N-point amplitudes (where N =5, 6,7) by only using the well
known 4-point amplitude «’ expansion (see Egs. (F.2) and (F.3)) and demanding cyclic symmetry
and tree level unitarity for the scattering amplitudes. We have done these calculations to at most
o’ © order. It is quite remarkable that we have not needed to compute, for the calculations that we
have proposed to do in this work, any coefficient as a numerical series or any integral involving
polylogarithms.

We expect that, within our approach, only for '8 order onwards’? the « expansion of the
5-point amplitude (which is nowadays explicitly known up to o> order [28,52]) will be required
to obtain the remaining coefficients of the series.”* We will leave the calculations of higher o’
terms of the N-point amplitude, where N > 6 and where non-trivial MZV’s show up, checking
that the 5-point amplitude information is enough, to be done somewhere else.

In Table 7 we have summarized the existing parallel of the revisited S-matrix method in the
determination of the OSLEEL and the corresponding scattering amplitude &’ calculations.

In a forthcoming work we will use the revisited S-matrix method to compute the o’ order
terms of the OSLEEL (in analogy to the calculations that we did in [7]) and also to compute
those terms in the N = 7 scattering amplitude [53].

70 An important advantage of our procedure consists in the fact that we have not needed to work with fermion vertex
operators at any moment, because it is known that scattering of n gauge bosons with 2m massless fermions in open
superstring theory, along the RNS formalism, is a complicated issue for m > 3.

71 This is the main observation of our revisited S-matrix method [71.

72 1n the main body of this work we have referred to this space by V. See Section 3 for more details.

73 With the remarkable exception of the o'? order terms, as mentioned in Subsection 2.2.

74 These coefficients would be the ones which have dependence in the non-trivial MZV’s that we referred to in Subsec-
tion 2.2.
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Table 7
Comparison between the revisited S-matrix method in the determination of the OSLEEL and the corresponding scattering
amplitude o’ calculations.

Step of the revisited Open superstring low Open superstring

S-matrix method at o’ P energy effective scattering amplitude at

order lagrangian at o’ P order o’ P order

Step I:

Requirement of absence Reduces the general basis Finds that the N-point

of (¢ - k)N terms in the to a constrained basis of amplitude can be written

N-point amplitude terms to a constrained basis of

(N=4,....,p+2) terms in terms of the By
basis (see Eq. (5))

Step II:

Use of n-point amplitudes Determines all the Determines all the

information (n < p + 2) coefficients of the momentum factors

(presumably, only n =4 constrained basis

and n =5)
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Appendix A. Conventions

We use the following convention for the Minkowski metric:

M = diag(—, +, ..., +). (A1)

Gauge fields are matrices in the adjoint representation of the Lie group internal space, so that
Ay = A, where

(14" = —ifabe. (A.2)

In (A.2) the f?¢’s are the Lie group structure constants and the A%’s obey the normalization
condition

tr(r922) = 890 (A3)
The field strength is defined by
Fuy=0,A, — A, —i[AL, AVl (A4)

Appendix B. Known relations for Yang-Mills subamplitudes before BCJ

Before the BCJ relations were found, based on the conjecture between color and kinematics
[37], other relations were very well known for the Yang—Mills (tree level) subamplitudes [51]:

1. On-shell gauge invariance (item 3 in Eq. (9)).
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2. Cyclicity:

A(L,2,...,N-1,N)=A2,3,...,N,)=...=AN,1,....,N-2,N—-1). (B.])
3. Reflection:

A(1,2,....N=1,N)=(-DNA(N —-1,N—2,...,1,N). (B.2)
4. Dual Ward identity’:

A,2,3,...,N)+AQ2,1,3,....,N)+ A2,3,1,....N)+---+ A@2,3,...,1,N)

—=0. (B.3)
5. Kleiss—Kuijf relations [55]7°:
A1, {a}, N, {B}) = (=1)"* Z A(1,{o}i, N). (B.4)

(0}i€cOP({a},(BT)

It is known that the first three of these relations are obeyed, also, by gauge boson subamplitudes
in open string theory [33] and that there is a string theory version of the Kleiss—Kuijf relations in
(B.4) [38,8].

The Kleiss—Kuijf relations in (B.4) are extremely important since using them it was possible
to find an (N — 2)!-dimensional set of ‘independent’ Yang—Mills subamplitudes from which all
the remaining ones could be obtained [55].”7

Appendix C. Calculations that lead to one 4-point kinematical expression

In this appendix we give the details of the results mentioned in Subsection 3.2.2, namely, we
give the details of how starting with the general expression in (22) for 7'(1, 2, 3, 4) we arrive to
(26), after demanding on-shell gauge invariance.

On-shell gauge invariance of 7'(1, 2, 3,4) means that it becomes zero (after demanding mo-
mentum conservation, the physical state condition (8) and the mass-shell condition (7)) whenever
any of the polarizations vectors ¢; becomes k; (i =1, 2, 3, 4). Let us see this:

1. Case of ¢] — ki

In this case, using that ky -k = s/2 and k1 - k3 = —(s +1)/2, where s and ¢ are the Mandelstam
variables defined in Eq. (24), we can arrive to
T(1,2,3,4)|¢=k
=[ (k1 + A5 + o) (G2 - k) (&3 - k1) (L4 - k1) 4+ (Ao + Ae)(C2 - k1) (&3 - k1) (G4 - ka)
+ A3+ A10) (&2 - k1) (83 - k2)(8a - k1) + A4 (82 - k1) (83 - k2) (84 - k2)
+ A7+ A1) (&2 - k3)(83 - k1) (s - k1) + A8 (82 - k3) (83 - k1) (84 - k2)
+ M2(52 - k3) (83 - k2) (4 - k) |

75 This identity is also known as ‘subcylic property’ or ‘photon decoupling identity’.

76 See Section II of Ref. [37], for example, for the details about the intrinsic notation used on these relations.

77" After the discovery of the BCJ relations it became understood that these (N — 2)! were not really all ‘independent’:
only a subset of (N — 3)! of them is.
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1 1
+ “—5(8 +1)A15 + §K13S + ;03}(52 < 83)(&4 - k1)
1 1
+ _E(S +DA1e + §M4S}(§2 - £3)(84 - k2)

1 1
+ _E(s +1)A19 + Ekns + ,02}({2 - 84)(83 - k1)

1 1
+ _E(S + A0 + 5)\185}@2 < L4)(83 - k)

1 1
+ _E(S + A3 + 5)»215 + p1 }(C3 ~84)(82 - k1)

1 1
+ —E(S + Aoy + EK22S}(§3 - C4)(82 ~k3)] (C.1)

In (C.1) the first square bracket contains seven (¢ - k)> terms while the second square bracket
contains six (¢ - £)'(¢ - k) ones. Since the complete expression in (C.1) should be zero and all
its kinematic terms are linearly independent then the coefficient of each of them should be zero.
This leads precisely to the linear system of equations of Eq. (23) in the main text.

2. Case of & — ko

In this case, using that k1 - ko = 5/2 and k> - k3 =t /2, we can arrive to

T(1,2,3,4) =k,
=[A1(1 - k) (&3 - k1) (Ca - k1) 4+ M2+ 27) (1 - k) (63 - ki) (La - k)
+ A3+ 213)(G1 - k2) (83 - k2) (§a - k1) + (Mg + Aia + A18) (1 - k2) (83 - k2) (84 - k)
+ X19(81 - k3) (83 - k1) (§a - k) + A5 (&1 - k3) (&3 - k2)(Ca - k1)
+ (16 + 220) (1 - k3) (83 - k2) (L4 - k2) |

1 1
+ [E{Kss + A7t}(81 - 83)(8a - k1) + {§(K6S -+ Agt) +p2}(§1 - 3)(84 - k)
1 1
+ 5{/\95 + A11t3(¢1 - §4) (83 - k1) + {E(MOS + A2t) ~I-,03}(§1 - 84)(83 - k2)

1 1
+ {5()\215 + Axt) + m}(é“s ~84)(81 - k2) + E{)»zzs + A24t}(83 - La) (81 - k3)]- (C2)

In a similar way to what was argued in the previous case, the expression in (C.2) should be zero
and this leads to the following set of thirteen equations (which happens to be linearly indepen-
dent):

=0, r5=0, A9 =0, A2+ A17=0,

A3+ A3 =0, Ap+Aa+2r13=0, Ao+ A2 =0,

201 + A21s 4+ At =0, 202 + Ags + Agt =0, 203 + A1os + A2t =0,

Ass + A7t =0, ros + A1t =0, A3s + Aogt = 0. (C.3)
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3. Case of &3 — k3

In this case, besides using the expressions for products of momenta in terms of Mandelstam
variables (kj - k3 = —(s +1)/2 and k> - k3 = /2), we need to use the condition

(¢4 - k3) =—(C4 - k1) — (L4 - k2), (C4

which comes from the gauge (or the physical state) condition in (8) and momentum conservation.
Doing these substitutions, after {3 — k3, we can arrive to

T(1,2,3,4) 3=k
=[—221(C1 - k2) (G2 - k) (Ga - ki) — 221 (C1 - k2) (G2 - k1) (G4 - ka)
+ (A13 = A22) (1 - k2) (82 - k3)(Sa - k1) + (Mg — A22) (81 - k2) (&2 - k3) (84 - k)
+ (A5 — A23) (81 - k3)($2 - k1) (Ga - k1) + (A — A23) (81 - k3) (2 - k1) (84 - k2)
+ (A7 4+ Ais — A24)(§1 - k3) (82 - k3) (84 - k1)
+ (Ag + A1e — 224) (L1 - k3) (82 - k3) (L4 - k)]

1 1
- H_E(s T OM A+ St = Pl}(§1 “02)(L4 - k1)

1 1
+ _E(S + i+ EMI - ;01}(4“1 < 82) (84 - k2)

1 1
+ _E(s + o + EAW}(Q L) (& - k1)

1 1
+ —§(S+t)?»11 + 5)»121‘ +,03}(§1 - £4)(82 - k3)

1 1
+ _E(S + A7+ Eklst}(éz - £4)(81 - k2)

1 1
+ _E(S + A9 + zkzot + ,02}({2 - L4) (&1 -k3)}- (C.5)

This time demanding the previous expression to vanish leads to fourteen equations, but clearly,
two of them are identical (—Ap; = 0), so we just have a linear system of thirteen equations
(which, once more, happens to be linearly independent) and which is equivalent to the following
one:

A21 =0, A2z — A6 =0, A2 — A4 =0, Ao — Ay — A6 =0,

A7 —Ag+Aris — A6 =0, Az — A4 =0, s — 26 =0,

2p1 +A1(s +1) — A3t =0, 202 — A19(s +1) + Ayt =0,

203 — A11(s +1) 4+ Aot =0, Aat — A3t +A1(s +1) —Aa(s +1) =0,

Aot —Ao(s +1) =0, Agt — A7(s +1)=0. (C.6)
4. Case of &4 — kg

Similarly to the previous case, besides using the expressions for products of momenta in terms
of Mandelstam variables (k| - k4 =t/2 and k3 - ka = —(s + t)/2), we need to use the conditions
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(61 -ka) =—(&1 - k2) — (81 - k3), (&2 -ka) = — (&2 - k1) — (§2 - k3),

(83 - k4) = —(&3 - k1) — (83 - ka), (C.7
which come from the gauge (or the physical state) condition in (8) and momentum conservation.
Doing these substitutions, after {4 — k4, we can arrive to

T(1,2,3,8)|c,=k,

=—[(ho + A17 + A21) (&1 - k2) (G2 - k1) (&3 - k1)
+ (210 + A18 + 221) (1 - k2) (52 - k1) (83 - k2)
+ (A1 + 217 +222) (81 - k2) (82 - k3) (83 - k1)
+ (A2 + A1g + 222) (61 - k2) (52 - k3) (53 - k2)
+ (Ao + A19 + A23) (81 - k3) (&2 - k1) (83 - ki)
+ (A10 + A20 + 223)(C1 - k3) (52 - k1) (83 - k2)
+ (A1 + 219 +224) (81 - k3) (82 - k3) (83 - k1)
+ (12 + Ao + A24) (C1 - k3) (82 - k3) (83 - ko) |

1 1
" H_E(s +0M A+ Sl = pl}@l “$2)(¢3 - k)

1 1
+ —§(S+t))»4+§k3t—m (¢1-82)(&3 - k2)

1 1
+ _E(s + e + E)nst — 211 53)(&2 - k1)

1 1
+ _E(s +1Ag + E)wt — 211 53)(&2 - k3)

1 1
+ _E(S +Drig + 5k13l — ,03}@2 - £3)(81 - k2)

1 1
+ _E(S + e+ E)LISf — ,03}@2 - 3)(&1 -k3)}- (C.8)

As it happened in the case of {3 — k3, demanding the previous expression to vanish leads to
fourteen equations, where only thirteen of them are linearly independent. The set of equations is
equivalent to the following thirteen ones:

Al — A2 + A9 — A2 =0, A0+ A1 — A2+ A7+ 2421 =0,

g — A0 — A1+ 212 =0, Air— A2+ A7 — A =0, A10 + A0 + A23 =0,

A2 + A20 + A2a =0, All+ A7 + A2 =0,

2p1 — Mt +A2(s +1) =0, 202 — Ast + Ae(s +1) =0,

203 — Arst + Ae(s +1) =0,

A3t + (Ao — Ag)(s +1) — A1 =0, At + (g — Ag) (s +1) — Ast =0,

A3t + (A6 — A14) (s + 1) — A5t =0. (C.9)
Now, the solution of the linear system formed by Egs. (23), (C.3), (C.6) and (C.9), is given by
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AM=0, Ag=0, Ag=0,

A12=0, A5 =0, A9 =0, A1 =0,
AT = —A11 = A6 = —A20 = A24,
?»22—)»5=—k6=)»9=—?\17=—)»23=)»24§,

s+t

)
S

—A3=Ao=A3=A4=—A1g =Ap =An (C.10)
where Xy4 is completely arbitrary.

In this way, substituting the final solution found in Eq. (C.10), in the original expression
for T'(1,2,3,4), given in Eq. (22), this subamplitude becomes a kinematical expression which
contains as a global factor Ay4. Due to the arbitrariness of A,4, for convenience we may rewrite
it as

Ao =4g%A /1. (C.11)

Afterwards, using appropriately the relations in (C.7) plus the relations

u=-—s—t, (C12)
(¢4 -k3) = —(84- k1) — (4 - k2), (C.13)

we can finally arrive to the symmetric formula in (25).
In (25) the expression inside the curly brackets is precisely the well known 4-point kinematic
factor [33].

Appendix D. Finding an N-point basis for the scattering amplitude (N =5, 6, 7)

In this appendix we give the details of the calculations that support the main claim of Sec-
tion 3, namely, that the By set of subamplitudes, given in Eq. (5), is a basis for the space of
N-point amplitudes Vy, defined by the requirements in Eq. (9) (where the polarizations and the
momenta obey relations (6), (7) and (8)).

The importance of this claim is that the N-point tree level scattering subamplitudes of gauge
bosons in open superstring theory (and also in Yang—Mills theory) can all be written as a linear
combination of the subamplitudes in (¢ - OV k)N =2 terms of Ay (1, ..., N). At least we have
succeeded in doing so for 3 <N < 7.

We begin by defining, in Appendix D.1, the independent Mandelstam variables that appear
in an N-point scattering process of massless particles (for N = 5, 6, 7). We also write there the
expression for the remaining scalar invariants, k; - k;, in terms of the corresponding Mandelstam
variables. Then, in Appendix D.2 we present, in an abbreviated fashion, the expressions of the
- {)1 ts -k)N_2 terms of Ayps(1, ..., N). As argued at the end of Subsection 3.3, the explicit ex-
pression of these terms will allow us to find the momentum factors in the case of open superstring
subamplitudes (Section 4) and also in the case of Yang—Mills subamplitudes (Appendix E).

In Appendix D.3 we use the (¢ - ;)1@ k)Y =2 terms of Ayy(l, ..., N), written in Ap-
pendix D.2, to prove that the By set is linearly independent in Vy.

We end by checking, in Appendix D.4, that Vy, as defined by the requirements in Eq. (9), is
an (N — 3)!-dimensional space (at least in the case of N =5, 6, 7) and, therefore, By is indeed
a basis for Vy.
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D.1. Mandelstam variables

In general, in an N-point scattering process of massless particles there are N(N — 3)/2 in-
dependent Mandelstam variables. In the cases of N =5, 6, 7 these variables can be respectively
chosen as’®

N=5 si=(ki+kiy1)>=2kj -kiy1 G(=1,...,5). (D.1)
N=6: s;i=(ki+kir)*=2ki-kiyz (G=1,...,6).
tj=(kj +kjp1 +kj12)> =20k -kjp1 +kj-kjro +kjr1 - kjra)
(j=1,2,3). (D.2)
N=T si=(ki+kiy)* =2k -kis1 (=1,....7),
tj=(kj +kjp1 +kj12)> =20k -kjp1 +kj-kjro +kjr1 - kjra)
G=1,....7). (D.3)
In Egs. (D.1), (D.2) and (D.3) it is implicit the identification of indexes (6 <> 1), (7 <> 1) and
(8 < 1, 9 < 2), respectively. For example, according to this identification of indexes, in (D.3)
we have that t; = (k7 + kg + kg)2 = (k7 + k1 + k2)2 =2(k7 k1 +k7-ky+ki-kp).

The remaining scalar products of the momenta that appear in the corresponding N -point scat-
tering process of massless particles can all be written in terms of the corresponding Mandelstam
variables, in the following way’”:

N=5: 2k1-k3=S4—S1—S2, 2k1~k4=S2—S5—S4, 2k2-k4=S5—S2—S3,
2ky - ks =s3 —s1 — 55, 2k3-ks=51 — 54 — 53, (D.4)

N=6: 2ki-ks=t1 —s1—52, 2ki -ka=sy+ss—1t1—1t, 2ki-ks=1t]—s5— 56,
2ky - ka=t)—s52—53, 2ky-ks=s53+56—1tr—13, 2ky-ke=13— 51— 56,
2k3 ks =13 —s3—54, 2k3-ke=s51+54—11—13, 2ks-ke=1 — 54— 55,

D.5)
N=T7: 2ki -ks=t;—s1—s2, 2ki-kag=s0+1t5—1 — 17,
2ky ks =s6+1t) —ts —tg, 2ki-ke=1tc— 56— 57,
2ky ko=t —s0 — 53, 2kp-ks=s3+1tc—1th —13,
2ky ke =s7+1t3 —t6 —t7, 2ky-k7=1t7 —51 — 57,
2k3 ks =t3 — 53 — 54, 2k3z-kg=s4+1t7—13— 14,
2ky k1 =581 +1t4 — 11 —t7, 2kq-ke=14— 54 — S5,
kg kg =1t +55—t4—t5, 2ks-k7=15— 55— S6. (D.6)

D.2. (¢ -0 ¢ - k)N=2 terms of the Yang—Mills N -point subamplitude

As mentioned at the end of Subsection 3.3, our proposal is that it will be enough to consider the
(¢ -0)' (¢ - k)N =2 terms of the Yang—Mills N -point subamplitude, in order to find the momentum

78 The s; and 7; variables that appear in Egs. (D.1), (D.2) and (D.3), are the ones that naturally appear as poles of
Aym(1,..., N), for N =5, 6,7, respectively.
70 This comes from demanding momentum conservation and the mass-shell condition for the external massless states.
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factors that appear in the BCJ relations (and also the momentum factors that appear in the closed
expression of the open superstring scattering subamplitudes). So, in the next subsection of this
appendix we will give the explicit expression of those terms in the case of N = 5. We have
obtained it by calculating the 5-point subamplitude in Yang—Mills theory (in the Lorentz gauge)
by using Feynman rules. We have also written the (¢ - k) terms of them in the basis mentioned in
Eq. (14). For the Mandelstam variables we are using the conventions of Eq. (D.1).

In the case of N =6 and N =7 we have written in Appendix D.2.2 only the general structure
of the (¢ - ;)1(5 - k)* and the - {)1(§ - k)? terms, respectively, using the convention for the
Mandelstam variables in (D.2) and (D.3). Although we have used the complete expression of
them in order to achieve important results like the ones in Egs. (28) and (29), it is not instructive
to write down those huge expressions here.®’ We have verified that those expressions satisfy
basic properties of the Yang—Mills subamplitudes, like cyclicity and reflection. In any case, the
interested reader can request the authors for the complete explicit expressions of the 6- and
7-point subamplitudes.

D.2.1. Caseof N =35

1 1
=8g3[(¢2~cg>{—<s1s4 P )(a k) (La - ki)(s - k3)

1
I S _>(§1 k) (G - k) (C5 - K3)

S184  S$284  S2S

1 1 1
+< —+—+—+—)(§1 k2) (&4 - k3)(&s - k1)

S183  $284  $355  S4851 858

1 1 1
+<_+—+—+— )({1 k2) (&4 - k3) (&5 - k2)

S153  S$284 85355 8451 8582

$284 828

1 1 1
+ E(fl k3)(Ga - k1) (&5 - k) — (— + —)(;1 k3)(Ca - k2)(Cs - ky)

1 1
_ <_ + —)(Cl k3)(&a - k2) (&5 - k3)

5284 528

1 1
+ <— + —+—>(§1 k3)(Ca - k3) (&5 - k2) — —(4“1 ka)(C4 - k2) (&5 - k3)

S284  $385 858

1
+<— - )(a k) (G - Ks) (25 kz)}

5285 83

1
+ (& 'C4){——(§2 ~k1)(&3 - k1) (&5 - k1) — —— (&2 - k1) (&3 - k1) (&5 - k2)
5184 5184

1 1 1
_ E(§2 ~k1)(&3 - k1) (&5 - k3) — (— + —)({z k(23 - k2) (L5 - k)

5154 $28

1 1 1 1
- (— + —>(§2 k1)(&3 - k2) (&5 - ko) — (— + —>(§2 ~k1)(&3 - k2) (&5 - k3)

S154 828 S154 284

80 We have specified on these expressions the number of terms that they have. See Eqgs. (D.8) and (D.9).
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1 1
+ — (&2 k1)(&3 - ka)(&s5 - k) + —— (&2 - k1) (&3 - ka) (&5 - k2)
5183 5183
1 1
+ —— (82 k3)(&3 - k1) (&5 - k1) + —— (&2 - k3) (&3 - k1) (&5 - k2)
5284 5284

1 1 1
+ E(Cz k3)(z3 - k1)(Cs - k3) — (— + _>(§2 k3)(C3 - ka) (Cs - ki)

5255 5553
1 1
+ —— (82 ka) (&3 - k2) (&5 - k1) — —— (&2 - ka) (&3 - ka) (L5 'h)”
255 $385

+ (cyclic permutations) D.7

D.2.2. Caseof N=6and N =7
The (¢ - £) (¢ - k)* and the (¢ - £)' (¢ - k)? terms of the 6 and the 7-point Yang—Mills subam-
plitudes have the following structure®':

AYM(l, 2, 3, 4, 5, 6)|(§~§)1(§~k)4
1
= 884[2@1 . Cz){m(s“s k1)(&4 - k1) (&5 - k1) (6 - ko) + (67 terms)}

1
+2(81 - Q){m@z k1) (Ca - k1) (&5 - k1) (e - k3) + (57 terms)}

1
S15511

+ (&1 -§4){ (&2 - k1)(&3 - k1) (&5 - k1) (L6 - ka) + (51 terms)”
+ (cyclic permutations) (D.8)

and

AYM(ly 27 3’ 4’ 57 67 7)|(§';‘)1(§k)5

=32g |:(§1 . Ez){ (&3 - k1) (&4 - k1) (&5 - k1) (&6 - k1) (87 - ko) 4 (565 tel’ms)}

S1861115

+ (& ~§3){ (&2 - k1)(Ca - k1)(&5 - k1) (&6 - k1) (&7 - k3) + (466 terms)}

S18561115

1
+ (& .§4){s1s6t1t5

(&2 - k1)(&3 - k1) (&5 - k1) (L6 - k1) (&7 - ka) + (408 terms)}:|

+ (cyclic permutations). D.9)
D.3. Linear independence of the set By

The color/kinematic duality in Yang—Mills theory [37] and the monodromy relations found
for the open string subamplitudes [38,8] succeed in finding all N-point subamplitudes of Yang—
Mills theory in terms of a linear combinations of a set of (N — 3)! subamplitudes (which can be

81 In the 6-point case, in Eq. (D.8), there is no mistake in the fact that the (¢ - £4) term does not carry a factor ‘2°, as
every other terms does: this factor will arise when summing the cyclic permutations.



L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870-951 923

chosen to be the ones in the By set of Eq. (5)).%” The procedure of each of these approaches is
self consistent in the sense that it is found a linear system for the subamplitudes which is overde-
termined; then, it is found that this linear system has a unique solution (which consists, precisely,
in the BCJ relations for the N-point subamplitudes). But this result still does not guarantee that
this set By is indeed a basis of Vy : nothing forbids that there could still be additional restrictions
that relate the Yang—Mills subamplitudes in By .

In fact, it is known that in D = 4, the N = 5 BCJ relations can all be found in terms of only one
Yang—Mills subamplitude, instead of two (see Section 5.2 of Ref. [45]). This does not invalidate
the BCJ relations that have been found for N = 5: it simply states that, at least in D = 4, the set
Bs is not linearly independent and the BCJ relations can have an even simpler form.

In the way that the BCJ relations have been found [37,38,8], their validity is for any spacetime
dimension D. So, what may happen (and the mentioned result of Ref. [45] is an explicit evidence
for it) is that if N is sufficiently high (as compared to D), there may still be further relations
among the Yang—Mills subamplitudes of the By set in Eq. (5).

The same as in [37] and [38,8], our approach throughout this work has only considered the
general case, that is, the one in which the BCJ relations are written being valid for any spacetime
dimension D (or equivalently, we will assume that N is sufficiently small, as compared to D,
such that no new extra relations between the subamplitudes arise).

Having stated this subtlety about the dependence of the basis of Vy in the spacetime dimen-
sion D, we will proceed with our analysis only using arguments that are valid for any spacetime
dimension.

In this section of Appendix D we will see that in fact, as mentioned at the end of Subsec-
tion 3.3, considering only the (¢ - £)' (¢ - k)¥ 2 terms of the Yang—Mills N-point subamplitudes,
there is enough information (which is even redundant when we consider all those terms) to prove
the linear independence of the set of subamplitudes By, given in Eq. (5).

D.3.1. Caseof N=5

In order to prove that Bs = {Ayy(1,2,3,4,5), Aym(1,3,2,4,5)} is a linearly indepen-
dent set in Vs, we need to consider the null linear combination of Ayy(1,2,3,4,5) and
AYM(I, 3, 2, 4, 5)1

A2 A (1,2,3,4,5) + 2B Ay(1,3,2,4,5) =0. (D.10)

Here we want to prove that (D.10) happens if and only if {23} = 232} =0,
Considering only the (¢ - ¢)!(¢ - k)3 terms in (D.10), we have that

M Ay (12,345 o1 eson + AP A (13,249 1 pgon =0, (D.11)

and using the explicit expression for the (¢ - {)1 «- k)3 terms of the 5-point subamplitude, given
in (D.7), we have

82 1n the case of the color/kinematic duality approach, the authors of [37] have conjectured the explicit form of BCJ
relations for arbitrary N, and they have found evidence for their conjecture up to N = 8, but the proof for arbitrary N
has not been given yet.
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1 1
8g3H—A{”}(—+ )H{”} }(cz &)(¢1 - k2)(&a - k1) (&s - k3)
5154 5284

1 1
+ {—?»{23}— - KBZ}—}(Q ~84)(82 - k1) (&3 - k1)(&s - k1)
5154 (54 — 51 — 52)84
+ (140 terms)] —0. (D.12)

Since the (¢ - {)1 - k)3 terms in (D.12) are linearly independent, then this equation is valid if
and only if the coefficient of each of these terms is zero:

_)\{23}<L 4 L) el g

5154 85254 85254

et ey U =0, .... (D.13)
5154 (54 — 81— 52)84

(D.13) is a linear homogeneous system of 142 equations for AgS) and )L(zs). From the first two
equations, explicitly written in (D.13), it is easy to see that the unique solution of this system is
the trivial one:

A3 — 32 _ . (D.14)

D.3.2. Caseof N=6and N =7

Doing exactly the same procedure of the previous subsection, but for N =6 and N =7, using
the corresponding expressions of the (¢ - £)' (¢ - k)* and the (¢ - £)'(¢ - k)® terms, mentioned in
Egs. (D.8) and (D.9), respectively, we arrive to the same conclusion, namely, that the six PREOAN
and the twenty four A1°7}’s are all zero, implying that the Bg and B sets are linearly independent
in their corresponding spaces, Vg and V7.

An interesting remark is that we have not needed to examine all the (¢ - ¢)' (¢ - k)N ~2 terms
of the Yang—Mills N-point subamplitudes (for N =5, 6, 7), in order to arrive at the conclusion
that the A1°¥}s are all zero: it has been enough to just analyze the (¢ - £2)(¢ - k)Y ~2 kinematical
structures (which are just one of the many possible structures of the (¢ - g)l(; kN -2 terms).

D.4. Dimension of Vy and a basis for it

In the case of N =3 and N =4, in Subsections 3.2.1 and 3.2.2, respectively, it was checked
that the dimension of Vy is, in fact,

dim(Vy) = (N = 3)!, (D.15)

and that the set of subamplitudes By, given in Eq. (5), is indeed a basis of this space.

In this subsection we will argue that the validity of the formula (D.15) and of the set By
proposed as a basis for Vy, given in Eq. (5), indeed holds for N =5, 6, 7.

We will argue this in Appendix D.4.1 for the N =5 case, with some detail, and in Ap-
pendix D.4.2 for the N = 6 and the N = 7 case. In these last two cases we will just mention
the final results, because the intermediate formulas are simply too big and they do not give any
additional idea.

Before going into the details of Appendices D.4.1 and D.4.2 we warn the reader that our
calculations have not lead directly to the set By as a basis for Vy (as made explicit in Eq. (5)):
what we have found for each N (=5, 6, 7) is another set of (N — 3)! independent kinematical
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expressions®? which become a basis for the corresponding Vy space. Within our approach, it
would simple be too tricky to arrive, for any N > 5, directly to the set By.

So, at this point we must admit that, without knowing the BCJ result for the basis of Yang—
Mills subamplitudes, given in Eq. (5), demanding on-shell gauge invariance would have lead
us to the validity of Eq. (D.15), but we would have hardly arrived to a basis in which all the
elements can be directly associated to Yang—Mills theory.

D.4.1. Case of N =5
Let T(1,2,3,4,5) € V5. According to Table 2, this element of V5 can be constructed from
270 (¢ -{)1 ts - k)3 and from 45 - g“)z(g“ -k)! terms, which, after being written using the (¢ - k)
terms of Eq. (14), are all linearly independent. So, initially, it contains 315 kinematical terms.
Then, we impose the third requirement that the list in Eq. (9) demands for the elements of Vs,
namely, 7 (1,2, 3,4, 5) should satisfy on-shell gauge invariance:

T(1,2,3,4, 5)|§_=k. =0 (=12,...,5). (D.16)

Doing exactly the same procedure that we explained in Subsection 3.2.2 and in Appendix C for
the N = 4 case, in this case we have arrived to the conclusion that 7' (1, 2, 3, 4, 5) can be written
in terms of two known (and independent) kinematic expressions:

T(1,2,3,4,5) = o K{ (6,0 + pS KV (¢, o), (D.17)

where K fs)(;,k) and Kés)(g,k) are the known (but big) kinematic expressions (without
poles) and {pfs), ,055)} are the arbitrary momentum factors. So, by construction K 1(5)(4, k) and
K 2(5) (¢, k) are (on-shell) gauge invariant kinematical expressions.

K™ (¢, k) consists in 133 (¢ - k)3(¢ - ¢)" and 33 (£ - k)" (¢ - £)? independent terms while
Kf)(g, k) consists in 134 (¢ ~k)3(§ . g“)l and 31 (¢ k)l - {)2 independent ones. These kine-

matical expressions have the following form®*:
KX (¢ k) = & [{(s2 4 53 — 55) (5152 + 5255 + 5354 + 5355 — 5253)(L1 - k2) (&2 - k3) (3 - ka)
X (§4-85) + 132 -k (¢ - ©)' terms}
+ {s253(s152 + 5255 + 5354 — 5253 — 5455) (L1 - ka) (2 - $4) (L3 - £5)
+32(¢ -0 (¢ - 0)* terms} ], (D.18)

Kés)(;, k) = g3 [{—(s15054 + 515354 + 515355 + 525355 + 525455) ({1 - k2) (&2 - k3)(¢3 - Ka)
X (L4-¢5) + 1332 - k)’ (¢ - ©)' terms)
+ {s2(s15284 + 515354 + 515355 + 525355 + 525455) (L1 - ka) (2 - $4) (83 - £5)
+30(¢ -k)' (¢ - ©)? terms}]. (D.19)

In (D.18) and (D.19) {s1, s2, 53, 54, 55} are the five independent Mandelstam variables that appear
in massless 5-point scattering, and that were defined in Eq. (D.1).
So, our result in (D.17) indeed verifies that dim()5) = 2, in agreement with (D.15).

83 These kinematical expressions are on-shell gauge invariant.

84 If it has any usefulness to the reader, the explicit expressions of K 1(5) (¢, k) and Kés)(f, k) can be requested to the
authors.
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Since in Appendix D.3.1 we proved that the two-element set Bs is linearly independent in Vs,
it is clear that a change of basis can be done, namely,

(K@ 00, K¢ k) — [Am(1,2,3,4,5), Ayn(1,3,2,4,5)), (D.20)

and, therefore, Bs is a possible basis of Vs.
So, at the end, instead of (D.17) it is possible to write

T(1,2,3,4,5 =22 Ay (1,2,3,4,5) + 132 - Ay (1,3,2,4,5), (D.21)
as claimed in Eq. (27) of the main text of this work.
D.4.2. Caseof N=6and N =17
Let T(1,2,3,4,5,6) € Vg and T(1,2,3,4,5,6,7) € V;. Although the computational effort
becomes greater as N grows, we have succeeded in finding that, repeating exactly the same
procedure that we have described in Subsection 3.2.2 and in Appendix C for the N = 4 case,

and in Appendix D.4.1 for the N =5 case, we arrive that these two elements can be respectively
written as

T(1,2,3,4,5,6) = p{” K\”(2, k) + pS" K3 (¢, 0) + ps” K3 (¢, 1) + pi” Ki¥ (¢, k)
+ o7 K@ 0 + pg KO (¢, ) (D.22)
and
T(1,2,3,4,5,6,7) = p{" K" (¢, k) + 0 K3V (¢, ) + oS KV (6, ) + 0 KV (6, 0)
+ 05" K" @ k) + 05 K (@0 + " KS (@ 0
+ 05 K¢ @ k) + 05" K (6.0 + pig Kig (6. 0)
+ o1 K1)+ 01y KL (6.0 + 013 K1 (€ )
+ o1 KLY @R + 013 K13 (6. K) + pig Kig (6. 0)
+ 017 K17 @R+ pig K1 (60 + pig K1g (6. 0)
+ 030 K30 (€. k) + 037 K3 (6.K) + pyy K3y (6. K)
+ sy K37 (6. k) + p3) K3y (£ k), (D.23)

where the K i(N) (¢, k)’s are known kinematic expressions (without poles).

In the case of N =6 we have found our result in (D.22) analytically, in the same way as we
did in (D.17).

In the case of N =7 we have obtained our result numerically: we have found the explicit form
of the K l.m(;“, k)’s only for fixed values of the Mandelstam variables.

The important result is that, independently of being an analytic or a numerical result, we can
conclude that

dim(Ve) =6 and dim(V;) =24, (D.24)

in agreement with formula (D.15).

Since in Appendix D.3.2 we proved that the six-element set B¢ and the twenty four-element set
B7 are linearly independent in Vg and V7, respectively, due to the matching with the dimensions
found in (D.24), these sets can be chosen as basis of the corresponding spaces.
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Appendix E. Kinematical derivation of BCJ relations

BC]J relations were discovered by Bern, Carrasco and Johansson in 2008 by means of a con-
jectured duality between color and kinematics in Yang—Mills theories [37]. These relations state
that the (N — 1)! Yang—Mills subamplitudes that appear in the N-point formula (see Eq. (2)*)
can be written as linear combinations of a subset which contains only (N — 3)! of them. Although
not exactly the same, from the work in [37] it can be easily seen that the set of subamplitudes
that we propose in Eq. (5) can be chosen as a basis for the Yang—Mills subamplitudes in the BCJ
relations.®¢

A rigorous proof of the BCJ relations was found first using string theory methods, indepen-
dently, by the authors of [38] and [8]. Later, a pure field theory proof of these relations was also
found in [54] (at least for N =4, 5, 6).

In this appendix we present an alternative derivation of BCJ relations for N =4,5,6,7. We
will not deal with color/kinematic duality of Yang—Mills subamplitudes at any moment. We will
not need to consider Kleiss—Kuijf relations [55] either. From our perspective the result is that
BClJ relations arise as a natural consequence of the basis found for Vy, considered in Section 3
of this work. The only unknowns in the BCJ relations will then be the momentum factors that
participate in them as the components of a given Yang—Mills subamplitude with respect to the
By basis.

As mentioned at the end of Subsection 3.3, our proposal is that it is enough to consider the
explicit expression of the (¢ - £)'(¢ - k)V 2 terms of the N-point Yang-Mills subamplitudes, in
order to obtain the momentum factors that appear in the BCJ relations. These subamplitudes can
be obtained using Feynman rules from the Yang—Mills lagrangian (in the Lorentz gauge) or by
selecting them in the low energy limit of the corresponding subamplitude of gauge bosons in
string theory.

We will find the BCJ relations for a set of (N — 1)!/2 — (N — 3)! Yang—Mills subamplitudes.
The first of these numbers, (N — 1)!/2, comes from considering the number of independent sub-
amplitudes, from the point of view of cyclic and reflection symmetries (see Eqs. (B.1) and (B.2),
respectively). The second one, (N — 3)!, is simply the number of Yang—Mills subamplitudes of
the By basis, which are taken from this set.

Here, we will give the details of our derivation of the BCJ relations for the case of N =4
and N = 5. The procedure for N = 6 and N = 7 is exactly the same one, but the intermediate
formulas become too big, so we will just present some examples of these relations.

E.l. Caseof N =4

In this case there are (N — 1)!/2 = 3 subamplitudes which are not related by cyclic nei-
ther reflection symmetry. We will choose them to be Ayy(1,2,3,4), Aypy(1,3,4,2) and
Ayn(1,4,2,3).87

We will now apply Eq. (26) for T (1, 2, 3,4) = Ayy (1, 3,4, 2), namely:

Ay (1,3,4,2) =212 Ay (1,2,3,4). (E.1)

where A% is the momentum factor that we want to determine.

85 Formula (2) was written in the Introduction as valid for gauge bosons in tree level open superstring theory, but it is
well known that it is also valid for tree level Yang—Mills N-point amplitudes [51].

86 The reason of our choice of basis is, of course, that we want to arrive to the MSS formula in Eq. (1), which is written
in this basis.

87 Notice that the first subamplitude is Ayps(1, 2, 3, 4), that is, the one that has been chosen as a basis for Vy in Eq. (26).
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Using the explicit expression for Ay (1,2, 3, 4) given in Eq. (25) (and the corresponding one
for Aypy(1,3,4,2)), and afterwards only selecting the (¢ - OY(¢ - k)? terms on them, Eq. (E.1)
becomes

1 (1
—8825{514[(41 k2) (84 - k3) (&3 - &2) + (&3 - ka) (G2 - k1) (C1 - &a)
+ (1 - ka) (G2 - k3) (L3 - &a) + (83 - ka) (La - k1) (C1 - 83) ]

1
+ ES[(Q k1)(C2 - ka)(Ca - 1) + (G4 - k2) (81 - k3)(E3 - §2)
+ (&3 k2) (L1 - ka) (G- 02) + (Ca- kD) (&2 - k3) (3 - 41) ]

1
+ El[(él k3) (82 - ka) (84 - £3) + (84 - k2) (83 - k1) (§1 - §2) + (1 - k2) (83 - ka) (54 - §2)

+ (84 - k3) (&2 - k1) (61 -Q)]}

_ g2 L]
=—1'"8¢ p” 55[@1 ~ka)(83 - ko) (&2 - a) + (G2 - k3)(Ca - k1) (61 - &3)
+ (&1 k3)(La - k2)(C2 - 83) + (2 - ka) (&3 - k1) (G - &) ]

1
+ Et[(Cz k1) (Ca - k3)(&3 - C1) + (83 - ka)(C1 - k2) (&2 - Ca)
+ (L2 ka) (L1 - k3) (83 - C4) + (3 - kD) (G4 - k2) (G2 - 41) ]

1
+ EM[(Q k2)(Ga - k3)(§3 - §2) + (53 - ka) (G2 - k1) (C1 - 84) + (1 - ka) (2 - k3) (83 - L)
+ (83 - k2) (G4 - k) (&1 - )] } (E.2)

Next, we write all (¢ - k) terms in both sides of (E.2) in the basis mentioned in (14), by using the
relations (12) for this case, namely,

(G4 -k3) =—(La- k1) — (84 - k2), (E.3)
(61 -ka) = —(&1 - k2) — (&1 - k3), (E4)
(&2 -ka) = —(&2 - k1) — (&2 - k3), (E.5)
(&3 - ka) = —(&3 - k1) — (83 - k2). (E.6)

Once both sides of (E.2) have been written in terms of the same basis for the (¢ - g)l(g - k)?
terms, it is possible to compare their coefficients, arriving at a set of eight linearly dependent
equations for A!?}. After using that u = —s — 7 it can be seen that there is really only one linearly
independent equation, namely, A2 —¢ /u, from which it comes that

t
Ayp(1,3,4,2) = —Ayy(1,2,3,4). (E.7)

u
Doing exactly the same procedure to find Ayy(1, 4,2, 3) in terms of Aypy(1, 2, 3, 4) we find that
Aym(1,4,2,3) = EAYM(I’ 2,3,4). (E.8)

u

Egs. (E.7) and (E.8) are the independent BCJ relations for N = 4. Any other of the remaining
twenty one 4-point subamplitudes can be written in terms of Ay (1, 2, 3, 4) by means of these
two relations and using cyclic or/and reflection symmetries.
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It is clear that in this case (N = 4) it would have been very much simple to just compare
the coefficients of the (¢ - £)? kinematical terms since there are only three of them in the whole
subamplitude. The result would have been just the same one: A%} = 7/u. But, as indicated in
the final paragraph of Subsection 3.3, our proposal for the N-point subamplitudes, for any value
of N, is that it will always be enough to consider the (¢ - {)1 - k)Y 2 terms and this is what we
have confirmed here.

E2. Caseof N=35

In this case there are (N — 1)!/2 = 12 subamplitudes which are not related by cyclic
neither reflection symmetry. We will choose them to be Ayy(1,2,3,4,5), Aym(1,2,4,3,5),
Ay (1,4,2,3,5), Ay (2,1,3,4,5), Aym(2,3,1,4,5), Ayy(2,1,4,3,5) and six additional
5-point subamplitudes obtained from the previous ones by exchanging labels 2 and 3.%%

In this subsection we will present, in some detail, the calculations that lead to the BCJ relation
for the subamplitude Aypy (2, 1, 3,4,5), that is, we will find the momentum factors, 2123} and
A2 that allow to write Ayy(2,1,3,4,5) in terms of Ayy(1,2,3,4,5) and Ayy(1,3,2,4,5),
according to Eq. (27):

Aym(2,1,3,4,5) =12 Ay (1,2,3,4,5) + 282 Ay(1,3,2,4,5). (E.9)

Using the explicit expression for the (¢ -£)' (¢ - k)3 terms of Ayy(1,2, 3, 4, 5), given in Eq. (D.7),

the corresponding terms of Ayy(1,3,2,4,5) and Ayy (2, 1, 3,4, 5) can be obtained. Substituting

all these (¢ - £)' (¢ - k) terms in (E.9) we arrive to an equation which has the following form®’:

1 1
8¢ |:(§1 '4“3){—(— + —)(Cz k1) (&4 - k2) (&5 - k3) + (9 terms)}

5184 (54— 81— 852)84

1
+ (&3 {4){4-@((1 k2) (82 - ka)(&s - k3) + (15 termS)}

+ (cyclic permutations of indexes (2, 1, 3, 4, 5))]

1 1
= )»{23}883[@2 ) {—(— + —)(cl k) (La - k1) (s - k3) + (9 terms)}

S154  $284

1
+ (& -4“4){—@({2 k1) (&3 - k1) (&5 - k1) + (13 termS)}

+ (cyclic permutations of indexes (1, 2, 3, 4, 5))]

1 1
+ A‘32}8g3[<c3 : Cz){—(— + —)(;1 - k3)(C4 - k1) (Es - ka)

(s4 — 51 —52)84  $254

+ 9 terms)}

88 We have chosen the same set of twelve 5-point subamplitudes of Ref. [38].
89 See the convention for the Mandelstam variables s; in Eq. (D.1) of Appendix D.
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——— (&3 k) (&2 - k1) (&5 ~k1)+(13terms)}
(54 — 51— 52)584

+(51-84) { -
+ (cyclic permutations of indexes (1, 3,2, 4, 5))]. (E.10)

In this equation we have preferred to present explicitly only some of the (¢ - £)! (¢ - k)? terms in
order to save some space on it.”"

The peculiar factor (s4 — s1 — s2) in some of the denominators of Eq. (E.10) simply corre-
sponds to ki - k3, as given in Eq. (D.1).

Writing all (¢ - k) terms in both sides of (E.10) in the basis mentioned in (14), once again, by
appropriately using the relations (12), we arrive to a set of 142 linearly dependent equations,’’
finding 112 (a') = (s5 — 53)/(s3 — 51 — 55) and A3V (&) = (s5 — 52 — 53)/(s3 — 51 — 55) as a
consistent unique solution of it (as expected). Therefore, Eq. (E.9) becomes

$5 — 83

Aym(2,1,3,4,5) = ——Ayn(1,2,3,4,5)
53 — 81 — 85
4 B TRTE L (1.3.2.4.5). (E.11)
§3 — 81— S5

Doing this same procedure we arrive to the following additional relations:

Am(1,2,4,3,5) = —2 750 A0(1,2,3,4,5)
S1 — 83— S4
sS4 — S| — 852
—Aym(1,3,2,4,5), (E.12)
S1 — 83 — 84
5183

Aym(2,3,1,4,5) = Aym(1,2,3,4,5)

(53 — 51— 55)(52 — 54— 55)
(s1+55)(s5 — 82 — 53)
(53 — 51— 55)(52 — 54 — 55)
5153
(51 — 53 —54) (52 — 54 — 55)
(53 +54) (54 — 51 — 52)
(51 — 53 — 54) (52 — 54 — 55)
Ay(2,1,4,3,5) = PUs1, 3. 83, 54, 35) An(1,2,3,4,5)
(51 — 53 — 54) (52 — 54 — 55) (83 — 51 — S5)
_ (sg+55)(s54 — 51— 52)(55 — 52 — 52) Apr(1.3.2.4.5).
(s1 — 53 —54) (52 — 54 — 55)(53 — 51 — S5)

Aym(1,3,2,4,5), (E.13)

Aym(1,4,2,3,5) = Aym(1,2,3,4,5)

Aym(1,3,2,4,5), (E.14)

(E.15)
where the polynomial appearing in (E.15) is given by
P(S1,52, 53, 84, 55) = $355 — 535254 + 535554 — $35581 — 835451 + 518554 — $15582
+ §55084 — S52S4 + s5251 — sss‘%. (E.16)

90 1t is clear, from the expression of the (¢ - {)1 < - k)3 terms of Ayp(1,2,3,4,5), given in Eq. (D.7), that we could
have written explicitly all those kinematic terms in Eq. (E.10).

91 This set comes from demanding that the same 142 (¢ - ()l({ . k)3 considered in Appendix D, in Eq. (D.12), are
linearly independent.
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After using the expressions for the momentum products k; - kj, given in Egs. (D.1) and (D.4) of
Appendix D, it can be verified that all five relations agree with the BCJ ones found in Eq. (13) of
Ref. [38].7

The BCIJ relations for the remaining subamplitudes can be obtained from Eqs. (E.11)—(E.15)
by just exchanging labels 2 and 3.3

This achieves writing ten of the twelve subamplitudes, mentioned at the beginning of this
section of Appendix E, in terms of the remaining two ones.

E.3. Caseof N =6

In this case there are (N — 1)!/2 = 60 subamplitudes which are not related by cyclic neither
reflection symmetry. The outcome of our procedure is that we have succeeded in finding an
expression for 54 of them in terms of the six ones of B, as predicted in Eq. (28).

We have found that these 54 relations can be classified into two types. In the first type, 42
subamplitudes are in fact given as a linear combination of the six ones of Bg, like for example’*:

Aym(1,4,5,3,2,6)

_ s1(=t1 +52+13 — 56)

C (=s1+13—56) (=11 + 52— 6+ 54)
(t1 — 51— 52)(s2 + 13 — 56)
(—=s1+13 —s6)(—t1 + 52 — 56 + 54)
s1(t1 — $2+ 53 — 13 + 5¢)
(—=s1+13 —s6)(—11 + 52 — 56+ 54)
(52—t +s53—51)(3 —56 — 11 + 52— 53)
(=s1+13—s6)(—11 + 52 — 56 + 54)
(3 —n+56+53)(t1 — 51 —52)
(=s1+ 13 —56)(—11 + 52 — 56 + 54)
(=3 =1 +56+53)(11 —51 —52+53)
(=s1+13 —56)(—11 + 52 — 56 + 54)
Aym(1,5,4,3,2,6)

_ si(sa+13—56 —11)(s5+ 56 — 54 — 12)
" (s1+ 85— 0)(s1+ 56 — 13)(S6 + 11 — 52 — 54)
(51 + 52— 11)(56 — 52 — 13) (55 + S6 — 54 — 12)
(s1+ 55 — 02)(s51+ 56 — 13) (56 + 11 — 52 — 54)

51053 + 54 — 13)(11 + 12 — 52 — 55)
(s1+ 55 — 1) (51 + 56 — 13) (56 + 11 — 52 — 54)

Aym(1,2,3,4,5,06)

Aym(1,3,2,4,5,0)

Aym(1,2,4,3,5,6)

Aym(1,3,4,2,5,6)

Aymn(1,4,2,3,5,6)

Ayn(1,4,3,2,5,6), (E.17)

Ayn(1,2,3,4,5,6)

Aym(1,3,2,4,5,6)

Aym(1,2,4,3,5,6)

92 Since in Ref. [38] those authors work with open string theory subamplitudes, in order to see the matching of our
results with theirs it should be taken the low energy limit of their relations.

93 Tn order for these relations to have the same format as the first ones, the s; Mandelstam variables should first be
rewritten in terms of momentum products k; - k;, then exchange labels 2 and 3 and then write the final expression in
terms of the Mandelstam variables again.

94 See Eq. (D.2) for the definition of the nine independent Mandelstam variables that appear in the 6-point scattering
process: there are six s;’s and three 7;’s.
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(51452 —11)(s4 + 12 — 55 — 56) (12 + 13 — 53 — S6)
(51455 —12) (51 + 56 — 13) (56 + 11 — 52 — 54)
(53 + 54 —13)(s2 +55 — 11 — 1) (51 + 12 — 52 — 53)
(s1+ 55 —12)(s1 + 56 — 13) (56 + 11 — 52 — 54)
(s6 + 51— 53 —s4)(t1 + 12— 52 — 55) (02 + 13 — §3 — 56)
(51455 —12) (51 + 56 — 13) (56 + 11 — 52 — 54)

Aym(1,3,4,2,5,6)

Ayy(1,4,2,3,5,6)

Aym(1,4,3,2,5,6).

(E.18)

In the second type, 12 subamplitudes are found to be given only in terms of three subamplitudes
of B, like for example”:

Aym(1,2,3,5,4,06)

f — 1 —
= TS 4(1,2,3,4,5.6) — LTS8 4 (1,2,4,3.5,6)
—S85— 84 L — 85— 4
—fn —t
SSTHTREN 1340 56). (E.19)
—855 — 84+ 11
Aym(1,2,4,5,3,6)
1 — 1 n—s1—s
= N7 A (1.2.3.4.5.6)+ —L T2 4 (1.3.2.4.5.6
P ym( )+S1—l3+S4—t1 ym ( )
T -
BTUZN Avw(1,2.4.3,5.6), (E.20)

S| —13+s854— 11
Aym(1,4,3,5,2,6)

S S1—s3+1
:—714 1,2,4,3,5,6 _714 1547372’556
s1 — 13+ sg v ( ) s]— 13+ 8¢ 1 )
—51—t
B TNT0 0 134.05.6). (E21)
s1 — 13+ 56

We have checked that all our N = 6 results agree with the ones in Ref. [56] (which were obtained
in detail using the BCJ color/kinematic duality).

EA4. Caseof N =17

In this case there are (N — 1)!/2 = 360 subamplitudes which are not related by cyclic neither
reflection symmetry. This time we have found 336 of them in terms of the twenty four ones of 57,
as predicted in Eq. (29).

The 336 BCJ relations that we have found can be classified into three types. In the first type,
216 subamplitudes are in fact given as a linear combination of the twenty four ones of B;. In the
second type, 72 subamplitudes are given only in terms of twelve of the ones of 37. And in the
third type, 48 subamplitudes are given only in terms of four of the ones of 7.7

A few examples of the third type of BCJ relations are the following””:

95 Notice, in Eqgs. (E.19), (E.20) and (E.21), that the three subamplitudes of Bg that appear in them are not necessarily
all the same.

96 Because of computer limitations, we have arrived to these results numerically, for the first two types of BCJ relations,
and analytically for the last ones. See Eqs. (E.22), (E.23) and (E.24).

97 See Eq. (D.3) for the definition of the fourteen independent Mandelstam variables that appear in the 7-point scattering
process: there are seven s;’s and seven ;’s.
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Aym(1,2,3,4,6,5,7)

15 — 15 —
=SisﬁAYM(l,2,3,4,5,6,7)+MAYM(1,2,3,5,4,6,7)
S5+ S¢ — 15 §5 + 856 — 15
3+15—53— s+ 16 — S — 1
B T R A ym(1,2,4,5,3,6,7) + 200 " 40(1,3,4,5,2,6,7),
S5+ 5¢ — 15 S5 +56— 15
(E.22)
Ayy(1,2,3,5,6,4,7)
15 — 11 S4+15— 1N
:—A 1,2,3,4,5,6,7 —A 1725395747657
EPP— ym( )+S5+l1—l‘4—l5 ym ( )
t5 —s3—11 S +1is5—11—1n
— A 1,2,4,3,5,6, )+ ——— A 1,3,4,2,5,6,7),
S5+t —t4— 15 v ( ) S5+ —t4— 15 v ( )

(E.23)

Ap(1,2,4,3,6,5.7)
ts — t ts — 8§23 — S4 —
= BT a(1,2,4,3,5,6,7) 4 BEE BT
§5 1+ S¢ — 15

% Ay(1,2,5,3,4,6,7)

S5+ 856 — 15
I3+1t5 —853—8 Is +1t6 — S — 1
ST T A (1,2,5,4,3,6,7) + ~—0 "0 2 Ay(1,3,5,4,2,6,7).
S5+ 5¢ — 15 ss+56— 15

(E.24)

Our confidence in the correctness of these (and the remaining 45) relations is the fact that the
linear system that we have found for the momentum factors in each of them, following the pro-
cedure of Subsection 3.3, is overdetermined, and we have found a unique an consistent solution
for it.

Appendix F. Momentum factors in the open superstring formula

In this appendix we will consider the o’ expansion of the momentum factors that appear in
the N-point open superstring formula. These are the F (¥} (a)’s that appear in Eq. (1).

In Appendix F.1 we will consider the momentum factor that appears in the case of N =4 and
in Appendix F.2 we will consider the case of N > 5.

FE1. Gamma factor

As mentioned in [57], using the Taylor expansion for InI"(1 + Z),g 8

- ¢(k)
lnI’(1+z)=—yz+l;(—l)szk (-1<z<1), (F.1)

it may be proved that the explicit &’ expansion for the gamma factor is given by

F2 (o/) =o' st

M_ - &k) 1k kK k_ k
F(1+ot’s+a’t)_exp{,§ o (Dt =st =) ()

98 See formula (10.44c) of [58], for example.
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So, up to O(a’ 6) terms we have that

2 4
F{z}(a’) =1- T[6 st 2 + 0 (3) (s + 1)sta’ 3 — ﬁ@s + st + 4t )sta 4

2

- [%CG)szzz(s +1) — ¢(5) (s + 252 + 2512 + t3)sti|o/5
1

+ [54(3)%2@ +1)?

6
T 120(16s4 + 12531 + 23527 + 1251° + 16t4)st:|o/6
+0(a"). (F3)

F2. N =5 and higher N -point momentum factors

In Appendix F.2.1 we make a short review about MZV’s. We present enough material for the
reader to become aware of the non-trivial MZV’s that we mentioned in Section 2 of the main
body of this work (¢ (3, 5), ¢(3,7), ¢(3, 3, 5), etc.).

Then, in Appendix F.2.2 we briefly review the structure of the o’ expansion of the N-point
momentum factors (for N > 5).%” Here it will be seen that the non-trivial MZV’s only show up
for the first time at o’® order.

F2.1. Multiple zeta values (MZV’s)
MZV'’s are defined as

tin..on)i= Y ]_[n,, (E4)

O<ky<...<k, [=1

where all the n;’s are positive integers and the last one of the list, n,., should be greater than 1.
In (F4),

-
r and w:an (E.5)

are called, respectively, the ‘depth’ and the ‘weight’ (or the transcendentality) of ¢ (n1, ..., n,).
In the case of r = 1, (F.4) becomes a single zeta value, that is, Riemann’s zeta function evalu-
ated at an integer n > 2, ¢(n). In this case the weight is w =n.
The following are a few examples of (F.4) for r =2 and weights 3, 4 and 5, respectively:

oo ky—1

£(1,2) = Z > a k2 =¢(3), (F.6)

=2k =1
ookzl

(2,2):= Z > k2k2 E“ 2)%, (F7)

=2k;=1

99 This subsection has been taken literally (except for some differences in the notation) from part of Section 3.2 of
Ref. [14].
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oo ky—1

1
(1, 4=y > AT =20(5) — ()¢ (3). (F3)

ky=2ki=1

In order to compute these double zeta values and arrive to the expressions that we have written
in these equations, in terms of single zeta ones, harmonic sums and its algebraic property [25]
can be used, for example.

An extremely important data mine of proven results for MZV’s is Ref. [42]. Higher order
coefficients of momentum factor o’ expansions in string theory, for N > 5, are based on the
MZV’s basis of this reference (see [14] and [28], for example).

For w <7 itis always possible to write any MZV as a rational linear combination of products
of £(n)’s, where n < w (as in (F.6), (F.7) and (F.8), for example). But already at w = 8 there is a
first MZV (which is present in the MZV basis of Ref. [42]), namely ¢ (3, 5), which is believed to
not admit such sort of expression [41].

Other MZV’s, for higher weights, which are also believed that cannot be written as a rational
linear combinations of products of ¢(n)’s, and which are present in the MZV basis of Ref. [42],
are £(3,7), ¢(3,3,5), ¢(3,9) and ¢(1, 1,4, 6). Section 2 of Ref. [14] contains tables in which
these type of MZV’s can be found up to w = 16. We recall that in Section 2 of the main body of
the present work we referred to these peculiar MZV’s as “non-trivial MZV’s”.

F.2.2. Structure of the o’ expansion of the N -point momentum factors (N >5)
Following [14], we will first consider the case N = 5.
From Eq. (44) we can write that

Ap(1,2,3,4,5) = FB (o) Ay (1,2,3,4,5 + FBP2 (o)) Ay (1,3,2,4,5), (F.9)
Ap(1,3,2,4,5) = FB (o) Ayn(1,3,2,4,5 + FBP2 (') Ay (1,2,3,4,5), (F.10)

where Eq. (F.9) is literally the same one written in (44) and Eq. (F.10) has been obtained from
the first one by interchanging indexes 2 and 3, therefore

PRI = PR e ) = P ), E1)
In matrix notation, Egs. (F.9) and (F.10) can be written as
A=TFAyy, (F.12)

where A and AYM are the 2-component vectors given by

i (Ar1.2,3,4.5 ;o (Am(1,2.3,4,5)
A= (Ab(1,3,2,4, 5)) ’ Arm = <AyM(1,3,2, 4, 5))’ (F.13)

and where I is a 2 x 2 matrix given by

( F{23}(Ol/) F{32}(O[/) )

13{32}(0/) 17"{23}(0/) (F.14)

In Ref. [14] the authors propose that the o’ expansion of F can be decomposed in the following
100
way "V

100 Wwe will not explain here what is the prescription for the ordering colons,*: ... :’, in Eq. (F.15). The interested reader
can find this detail in Eq. (3.18) of Ref. [14].
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o0 o0
F= {I[ + Z]Pyzn;(z)na/hl }Q :eXp{ZszH_l;(zn -+ 1)(){/2”+1 } : (F.15)
n=l1 n=1
where the P,,’s, Q and the M, +’s are also 2 x 2 matrices, '?! given by
Pzn - F'{(ZH)G,Z"’ (F16)
o0
Q=1+ Qu. (F.17)
n=8
M2n+] = F|§(2n+l)a’2”+l . (FIS)

So, from Egs. (F.16) and (F.18) we see that the P,,’s and the M, ;1’s matrices contain the
dependence of IF in the 5-point Mandelstam variables that we have specified in Eq. (D.1).

In (F.17) the Q,,’s are 2 x 2 matrices given in terms of w =n MZV’s and commutators of the
My, 41 matrices:

1
Q8=§C(3,5)[M5,M3], Q9 =0,
3 1
Qo= {ﬁ§(5)2+ﬁ§(3,7)}[M7,M3], etc. (F.19)
In Section 3.2 of [14] the authors give explicit expressions for Q11, Qp2, ..., Q6. Higher weight

non-trivial MZN’s (like ¢ (3, 3, 5), £(3,9), ¢(1, 1, 4, 6), and many others) show up on these Q,,’s.

So we see that, in the conjectured relation in (F.15), the non-trivial MZV’s are all contained
in matrix Q and that, due to expression (F.17), these non-trivial MZV’s arise, for the first time,
only at weight w = 8.

The authors of [14] have tested their conjecture in (F.15) up to o’ 16 order. The authors of [15]
have gone further, having checked this conjecture up to 2! order.

Now, for the case of N > 5, the authors of [14] conjectured that the (N — 3)! x (N — 3)!
generalization of matrix F'°% in (F.14), satisfies exactly the same conjecture in Eq. (F.15), but for
the corresponding P»,,, Q and My, matrices. The definitions in (F.16), (F.17) and (F.18) will
now lead to (N — 3)! x (N — 3)! matrix expressions for them, and these expressions now depend
on the N-point Mandelstam variables (because F does so).

The authors of [15] have tested this last conjecture up to a’® order for N = 6 and up to a'’
order for N =17.

F.3. Unitarity relations for the momentum factors

F3.1. Caseof N =5

Here we give the details of the proof of the relation between the 5- and the 4-point momentum
factors, F123!(a’) and F1%}(a'), respectively (see Eq. (83)).

In the N = 5 case there are five independent Mandelstam variables (which are identified with
the poles of the amplitude) and, therefore, there are five unitarity relations like the one in Eq. (67).
We will give the details of the unitarity relation of A,(1,2, 3,4, 5) with respect to its pole a1>.

101 1y Egs. (F.15) and (F.17) I denotes the 2 x 2 identity matrix.
102 1t is clear from MSS formula in Eq. (1), that the matrix generalization of (F.12) will contain an (N — 3)! x (N —3)!
matrix F and (N — 3)!-component vectors Aand A YM-
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According to Eq. (67), when «12 — 0, in this case we have that

0
AL, k1 + ka3 &3, k33 84, ks 85, ks), (F.20)

A(C1, k15 6, koo 85, ks) ~ (12)%”

1 d
Aym (G, kis &, kas oo o5 85, ks) ~ (12)3§MAYM(§ ki +ko; 83, k35 Ca, kas s, ks),
(E21)

where the expression for V(’f 2) is given in Eq. (68). We have made explicit the case of Yang—Mills
subamplitudes in (F.21) because we will soon need this relation.

It is understood that the limit o1» — 0 also is being taken in the 4-point subamplitudes on the
right-hand side of Egs. (F.20) and (F.21).

The proof of (83) goes as follows. Using Eq. (34), we may write the 4-point amplitude of the
right-hand side of (F.20) as

A(L, k1 + ka; 83, k33 Cas kas 85, ks)
= FP[2(k1 +ka) - k3, 2k3 - ka; o' JAym (¢, ki + ko 83, k33 Ga, kas &5, ks), (F22)

where, after using Eqgs. (D.1) and (D.4), we may prove that 2(ky + k2) - k3 =2(ka - ks — k1 - k2),
and since we are considering the limit «j» — 0, we have that

2(k1 + k) - k3 = aus (F.23)
and in (F.22) we are left with
A(L, k1 +ka; 83, k3; ay kas 85, ks)
=r [oas, a3as o | Aym (¢, ki + ko3 €3, k35 a kas Es, ks). (F24)
Substituting (F.24) in (F.20) we have that

A1, k13 820 ko5 .05 85, ks)

~ F{z}[a45,0634;0{/]{ ! 9

V(u)agﬂ Aym (8, ky +ka; 83, k35 Ca, kas Cs,ks)} (F.25)

and identifying the term in the curly brackets (in the o1 — 0 limit, which is being taken) as the
Yang-Mills 5-point subamplitude (see Eq. (F.21)) we finally arrive at

A1 ki G kas o3 G5 ks) ~ F1P aus, s o JAym (€1 ki Cau ks -5 85, ks), (F.26)
or even using the simpler notation,
Ap(1,2,3,4,5) ~ FP [ass, aza; ¢ JAvM (1, 2,3, 4,5). (F27)

This relation is to be compared with the one in (74). Taking there the oj2 — O limit, the leading
divergent term in the right-hand side comes from F {23} («HAym(1,2,3,4, 5).103 Comparing this
leading term with the one in (F.27) we finally arrive at Eq. (83).

103 The other term, F32} (@")Ayp(1,3,2,4,5), remains finite when this limit is taken because it does not have any pole
atayp =0.
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F3.2. Caseof N=6

Here we give the details of the proof of the relation between two of the 6 and the two
5-point momentum factors, { F (234 (), F{23* (o)} and {F1Z3} ('), F3% (')}, respectively (see
Egs. (109) and (110)). We also give here the details of the proof of the relation between two of
the 6 and the 4-point momentum factors, { F{?3* (a), F13%" (o)} and F2}(«'), respectively (see
Eq. (111)).

In the N = 6 case there are nine independent Mandelstam variables (which are identified with
the poles of the amplitude). Six of these variables (the «;;’s) have to do with the poles coming
from two adjacent legs and the other three Mandelstam variables (the B;j«’s) have to do with the
poles that come from three adjacent legs. Therefore, the first six unitarity relations are like the
one in Eq. (67) and the remaining three ones are like the one in Eq. (62), with m = 4.

Here we will give the details of the unitarity relations of A,(1,2, 3,4, 5, 6) with respect to its
o172 pole and of the one with respect to its 8123 pole.

(1) Case of a1 — 0

According to Eq. (67), when a2 — 0, in this case we have that'**

d
Ap(1,2,3,4,5,6) ~ V(lfz)BCMA(C ki +ka; £3, k35 Ca, ka; 85, ks; e, ko) (F.28)

1 a
Aym(1,2,3,4,5,6) ~ ‘Qﬁz)aglLfinw(f Jki ka3 63, k33 Cas kas s, kss G ke),  (F29)

l d
Aym(1,2,4,3,5,6) ~ V(lfz)agﬂ Aym(&, ki + ka; Ca, ka; 83, k3; 85, ks; 6, ko), (F.30)

where the expression for V(12) is given in Eq. (68). We have made explicit the case of Yang—Mills
subamplitudes, in (F.29) and (F.30), because we will soon need these relations.
It is understood that the limit o1» — 0 also is being taken in the 5-point subamplitudes on the
right-hand side of Eqs. (F.28), (F.29) and (F.30).
Using Eq. (44), we may write the 5-point amplitude of the right-hand side of (F.28) as
A(C, k1 +ko; 83, k35 .. .5 86, ko)
= FP2(ky + k) - ks, 2k - ka, 2ka - ks, 2ks - ke, 2ke - (k1 + ko); o]

X Aym (&, ki +ka; C3, k3; §a, ka; 85, ks; 86, ko)

+ FOP2(k) + ko) - ka, 2Ks - ka, 2k3 - ks, 2ks - ko, 2ke - (k1 + k2); o]

X Aym(C, k1 + ko L, ka; §3, k35 85, ks; 86, ke ) (F31)
where, after using Egs. (D.2) and (D.5), we may prove that 2(k; + k2) - k3 = B123 — @12 and also
2ke - (k1 + k2) = B345 — 12, and since we are considering the limit «15 — 0, we have that

2(k1 +k2) - k3 — P23, 2k - (k1 + ko) — Paas. (F.32)
Also using Egs. (D.2) and (D.5), we may prove that 2(kj + k») - k4 = B124 — 12 and, therefore,

in the limit o1p — 0,

2(k1 + k2) - ka = Bi24. (F.33)

104 For reasons of space in the writing, we are using two different notations in both sides Egs. (F.28), (F.29) and (F.30):
in the left-hand side we are using A(1,2, ..., N) to denote A(Z1, k1580, kps ... ENSkN)-
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So, substituting (F.32) and (F.33) in (F.31) we are left with'">

A(C, k1 + k23 83, k35 .. .5 86 ke)
= F®[B123, a4, s, s, Baas: o JAym (C, ki + ks £3, k33 a. kas &5, ks S, ko)
+ FP2[Broa, 34, a3s, ase, Baas; o [Avm (8, ki + kas L. kas 83, k35 s, ks Ce. ko).
(F34)

Substituting (F.34) in (F.28) we have that
A(1,2,3,4,5,6) ~ FP[B123, 034, cus, s, Baas: o]
1 9
X {a_lzv(lfz)aé’—“AYM(C’ k1 +ka; 83, k3; Ca, kas s, ks; Ce, k6)}

+ FPIBio4, 34, o35, 56, Baas; o |

1 d
X {a—uV(’fz)&—MAYM(é“,h + ka; La, kas §3, k35 85, ks Co,s k6)},

(E.35)
and identifying the terms in the curly brackets (in the «jp — 0 limit, which is being taken) as the
Yang—Mills 6-point subamplitudes (see Egs. (F.29) and (F.30)) we finally arrive at

A(1,2,3,4,5,6) ~ FP) B3, 034, aus, ese., Baas; o'
X Aym (81, ki; §2, ka3 §3, k33 Sa, kas &5, ks Se, ko)
+ FP2[Bros, 34, 035, atse, Baas; o
X Aym(C1,ki; 82, ko; Ca, kas $3, k33 &5, ks Ce., ke),

(F.36)
or even using the simpler notation,
A(1,2,3,4,5,6) ~ FP B3, 034, aus, ase, Baas; o' | Ay (1,2, 3,4, 5, 6)
+ FP3[Brag, a4, as, ase, Baass @ JAym(1,2,4,3,5,6). (E37)

This relation is to be compared with the one in (112). Taking there the o5 — 0 limit, there are
two leading divergent terms in the right-hand side: they come from F {234} («"NAym(1,2,3,4,5,6)
and F{243}(a’)AYM(1, 2,4,3,5, 6).106 Comparing these leading terms with the ones in (F.37) we
finally arrive at Egs. (109) and (110).

@ii) Case of B123 — 0

According to Eq. (62) for m = 4, when 8123 — 0 in the N = 6 case we have that!07

105 1 passing from Eq. (F.31) to Eq. (F.34) we have gone back to the notations (73) and (95) for the momentum
invariants.

106 The other four terms remain finite when this limit is taken because they do not have any pole at 1o = 0.

107 For reasons of space in the writing, we are using two different notations in both sides Eqs. (F.28), (F.29) and (F.30):
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1 o
Ab(lv 27 33475a6) ~ ——A(é‘l’kl; ;23k2’ ;31k3a é‘vk)

B123 ¢,
d
—A 9_k; 9k ; 1k ) 1k 3 F-38
Xaw (s L4, ka; 85, ks L6, ko) (F.38)
1 0
Aym(1,2,3,4,5,6) ~ —— —Aym (81, k15 82, k25 83, k35 £, k)
B123 0y
0
X B{—MAYM@, —k; &4, ka3 &5, ks; 86, ko), (F.39)

where we have made explicit the case of the Yang—Mills subamplitude in (F.39), because we will
soon need it.

It is understood that the limit 8123 — 0 also is being taken in the 4-point subamplitudes on
the right-hand side of Eqs. (F.38) and (F.39).

In relations (F.38) and (F.39) the momentum k* is given by

k* = —(ky 4 ko + k3)" = (ks + ks + ke)™. (F.40)

Using Eq. (34), we may write the 4-point subamplitudes of the right-hand side of (F.38) as

A(S1, k3 82, k23 83, k33 ¢, k)

= F®¥ oy, a03: o' JAym (€1, ks 8. ko; 23, K33 8, k), (F41)
A(&, —k; Ca, ka; 85, ks Co, ko)
= FPI[ =2k - ky, oas; o' |Aym (§, —k: Ca. kas &5, ks G, ko), (F.42)

where k" is given by Eq. (F.40).
It may be proved, using Egs. (D.2) and (D.5), that —2k - k4 = as¢ — B123, and since we are
considering the limit 8123 — 0, we have that

—2k - k4 — as6. (F.43)
So, in (F.42) we have that
A(L, —k; La, ka; &5, ks; C6, ke)
= FPase. ous: o JAym (£, —k: G4, ka: ¢5. ks: C6. ko). (F.44)
Substituting (F.41) and (F.44) in (F.38), it becomes

Ap(1,2,3,4,5,6) ~ FB [y, 0035 &' [ F [ase, aas; o]

0
X P A ak 7 7k 9 7k 9 1k)
{ﬂm 9, (81, ki; 8. ka; 83, k35 ¢

0
X aé_—MAYM(L —k; 4, ka; &5, ks; C6,k6)}, (F.45)

and identifying the terms in the curly brackets (in the 8123 — 0 limit, which is being taken) as
the Yang—Mills 6-point subamplitude (see Eq. (F.39)) we arrive at

Ap(1,2,3,4,5,6) ~ FP a2, 03 ' [ F P s, auss o' |Aym(1,2,3,4,5,6). (F.46)

On the other side, taking the 8123 — O limit in (112), we have that
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Ap(1,2,3,4,5,6) ~ FBPY () Ay (1,2,3,4,5.6)
+ FB¥ () Ay (1,3,2,4,5,6), (F47)
because, according to the unitarity relation, Eq. (F.39), when B123 — 0 Ayy(1,2,3,4,5,6) and

Ayp(1,3,2,4,5,6) are the only divergent terms in (112). In fact, according to (62) for m =4,
the unitarity relation for Ay (1,3, 2,4, 5, 6), when 8123 — 0, is given by

1 0
AYM(lv 3a 21 43 57 6) ~ ——AYM(é‘l’kl; ;31 k3’ 423 k2a ;v k)
B123 9&y

0
X aé_—MAYM({, —k; 84, ka; &5, ks 86, ke), (F.48)

where k" is given by Eq. (F.40).
Now, from the N =4 BC]J relations we have that

o
Aym(C1, ki 83, k35 82, ka3 8, k) = _LAYM(CI’ICN 0, ko; 83, k35 ¢, k), (F.49)
12 023

so, in (F.48), it becomes

o2 1 0

a2 + a3 | B123 @
0
X aC—MAYM({, —k; ¢4, ka; C5, ks; Cé,kﬁ)}- (F.50)

Identifying the expression in the curly brackets with the leading behavior of Ay (1,3, 2,4,5,6)
(see Eq. (F.48)), we have that

AYM(1,3,2,4,5,6)~—LAYM(1,2,3,4,5,6). (F.51)
o2 + a3

Substituting (F.51) in (F.47) leads us to

Ap(1,2,3,4,5,6) ~ [F{234}(a’) — LFBM}(O/)}AYM(I, 2,3,4,5,6).  (F52)
o12 + 023

Finally, comparing expressions (F.46) and (F.52) we conclude, precisely, the desired relation

between F (234 (o), FB32 () and F (o) (see Eq. (111)).

In order to derive conclusions for the o’ series of the momentum factors which are involved
in relation (111), one has to write the arguments which in one of them are different (say,
{a13, @24, Boas}, in the case of F B324} (")) in terms of the nine Mandelstam arguments of the
other (F132# (o)), taking into account the condition Bj23 — 0. Using relations (D.2) and (D.5)
it can easily be seen that the expressions for 13, op4 and Boas are indeed the ones that we have
written in Eq. (111).

F3.3. Case of N =17

(1) Case of a1 — 0

It may be proved that demanding the unitarity relation (67) to be obeyed by Ap(1,2,3,4,5,
6,7) implies the following six relations for the 7-point momentum factors, F {"7}(0/ ), in which
the 07 = {2, 0}, where oy is a permutation of indices {3, 4, 5}:
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plsasy| O o3, ems ose. ase, a7, a7,
| B123, Bo3a, PBaas, PBase, PBser. Bier, Pira1’
234 )
= FB[B103, a4, auss, ase. 67, B127. Bs67. Baas. Base; '] (E.53)
plssay| 00 o3, ess,ous, oue, 67, 17
| B123,  Bozs, PBsas, Pase, Baer, Bier, Bz’ |
243
= FP¥)B103, 035, auas, s, 67, B127. Pas7. Baas. Base; o' (F54)
pleosy| 00 o4 ems o35, dse, 67, 17,
| Bi2a,  Boza, PBsas, Bsse, Bser, Bier, Bz |
324 )
= F[B124, a4, 035, as6. 67, B127. Bs67. Baas. Base; '] (E.55)
plessay| 00 aos, ess, oms, oue, g7, a7
| Bias, PBazs, Baas, PBzas. Past, Bier. Pior’ |
423
= FU5B1os, a3s, 034, s, 67, B127. Pas7. Baas. Base; '] (F.56)
plsssy| 00 ooaous,ass, oze, @er, 17
| Bioa,  Poas, PBsas, Bsse, Bz, Bier, Bz’ |
342 )
= FP%[B1os, aus, o35, a3, @67, B127. B367. Bass. Pase: '], (E57)
psay| 0o oos, ous, a3 oze, @er, 17
| Bi23, Poas, Baas, PBzas. Bser, Bier. Pz |
432
=F! }[ﬂ123, 45, 0034, 0036, 067, B127, B367. B3as, Baas; '] (F.58)

(ii) Case of Bi12z —> 0

It may be proved that demanding the unitarity relation (92) to be obeyed by Ap(1,2,3,4,5,
6,7) implies the following two relations for the 7-point momentum factors, {F {2345} ¢y,
F328) (), F2354 (o), FB3%% (o)}, and the 4-point and 5-point momentum factors, { F 12 (o),
F{23} (Ol/), F{32} (O[/)}:

pl2345) | @12, 03, O34, Q4. se, G, 17
0, PBo3a, PBsas, Pase, PBser, Bier, P27’

@2 ppoas) | @13, 023, @24, Qus, Ose. Q6T 07
a2 + a3 0, Boza, Boas, Pase, Bser. Bisr. P13z’

= F¥ a2, a23: &' | FP Bse7, aas, ase, 267, Brazs '] (F.59)

pl23s4) | @12, 03, 035, Q4s, Qug, G617
0, PBo3s, Psas, Pase, Past, Bier, P27’

X2 354y | @13, @23, Qos,  Qus,  Qug, g7, Q17
a2 + a3 0, PBo3s, Poas, Pase. Bas1, Pisr, Pi37’

= FP oy, an3; &' |FP2 [ Bugr, cas, aus, a7, Base: '], (F.60)

Care must be taken when using relations (F.53)—(F.58) and/or relations (F.59)—(F.60) to com-
pute the coefficients of the o’ series of the momentum factors. It is understood implic-
itly in them that all Mandelstam variables are written in terms of the ones for F{Z3%*}(a),

namely, {&12, @23, 034, Q45, U56, 67, 17, B123, B234, B3as, Base, Bs67, Bie7, B127} where a1z =0
or B123 =0, depending on the relation that is being used.
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FA4. Cyclic transformation of the momentum factors

F4.1. Caseof N =5

Here we will prove that relations (88) and (89) arise when we demand cyclic symmetry to be
obeyed by A(1,2,3,4,5).

Cyclic invariance of Ap(1,2,3,4,5) means that A, (1,2, 3,4,5) = Ap(2,3,4,5,1),s0in (74)
cyclic invariance implies that

Ap(1,2,3,4,5) = F2) (o) Aym (2,3, 4,5, 1) + F2 (@) Aym (2, 4, 3,5, 1)

yel cycl
= Fio (@) Ay (1,2,3,4,5) + Fo2 (&) A (1,2,4,3,9), (F61)
where in (F. 61) we have used the cyclic property of Yang—Mills subamplitudes.
F2) @) and F2) (o) denote doing {ky — ko, ka — ks, ... ks — ki} in F®3)(@') and

FB32 (), respectwely.
Now, the BCJ relation for Ayy(1, 2,4, 3,5) (see Eq. (E.12)) says that
Ayr(1,2,4,3,5) = D359 4 123,45+ X3 A1(1,3,2,4.5), (F62)
o35 o35
where 13 = k1 - k3 and o35 = k3 - k5 are given in terms of the Mandelstam variables in Eq. (D.4).
So, substituting (F.62) in (F.61) we have that

( )+a13+az3

Ap(1,2,3,4,5) = {Fm} F¥(« )}AYM(I 2,3,4,5)

cycl 35 cycl
o013 (32}
+ {(m Fro (a )}AYM(l 2,3,4,5) (F.63)

and comparison of this last relation with (74) leads precisely to relations (88) and (89).

F4.2. Caseof N=6
Cyclic invariance of Ap(1,2,3,4,5,6) means that Ay(1,2,3,4,5,6) = Ap(2,3,4,5,6,1),
so in (112) cyclic invariance implies that

Ap(1,2,3,4,5,6) = FM (') Ap(1,2,3,4,5,6) + FOo% (o) Ay (2, 4,3,5,6, 1)

cycl cycl
+ F N (o) A (2.3.5,4,6,1) + Fo?

+ FU5N o) Aym (2,5,3,4,6, 1) + F52

)
(o
o (
)
(
(

VAym(2,4,5,3,6,1)
o) Aym(2,5,4,3,6,1)

cycl
= F29 (o) A (1,2.3,4,5.6) + FE2Y (o) Ay (1,2.4,3.5.6)
+ F0 (o) A (1,2.3,5,4,6) + Fou? (@) Ayu(1,2,4,5.3,6)
+ FSo (o) Ay (1,2.5,3.4,6) + FooP (@) Aym(1,2.5,4.3,6),
(F.64)
where in the second equality we have used the cyclic property of Yang—Mills subamplitudes.
Fc{;fl} (a) denotes doing {ky — kz, ko — k3, ..., ke = ki} in F196}(a’), for all six permuta-
tions og.

Now, in order to write the right-hand side of (F.64) in terms of the original Yang—Mills basis,
we use the N = 6 BCJ relations. In Appendix E.3 we have found them but, in order to save
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space, there we have made explicit only a few examples of them. In particular in Egs. (E.19) and
(E.20) we have the BCJ relations for Ayy(1, 2, 3,5,4,6) and Ayy(1,2,4,5, 3, 6), respectively.
Writing these equations in the conventions of the «;;’s and the B;«’s, they are given by

Ay(1,2.3.5.4.6)= —PIBT6__ 41 23.45.6)

B123 — as6 — 045
_ Pz —asetan
B123 — as6 — ays
L os6 B123 — P34 + 23 A(1,3.4.2.5.6). (F.65)
—056 — 045 + 5123

Am(1,2,4,5,3,6) = Pras — oo Ap(1,2,3,4,5,6)

a12 — B3as + aus — B123
B123 — a12 — a3
a2 — Baas + aus — P13
a3q + P23 — a2
a2 — B3as + aus — B123
Notice that there is one subamplitude in (F.65) which is not present in (F.66), and vice versa.
Substituting the expressions (F.65), (F.66) and the BCJ relations for Ayy (1, 2,4, 3,5, 6),
Ayp(1,2,5,3,4,6) and Aypy(1,2,5,4,3,6) (which we have not made explicit here) in the
second equality in (F.64), and then comparing the coefficient of each subamplitude, Ayy (1, {25,
35,40}, 5,6), with the corresponding one in Eq. (112), we arrive to the six relations for the

Fo6}(¢/)’s in terms of the Fc{;fl} (a’)’s, given in Egs. (113)—(118).

Aym(1,2,4,3,5,6)

Aym(1,3,2,4,5,06)

Ayp(1,2,4,3,5,6). (F.66)

Appendix G. Linear system for the F {96} (¢’) and the F!°”}(«’) momentum factors

We have implemented the N-point formula in Eq. (31) computationally, for 4 < N <7, in
such a way that we have done on it all the Grassmann integrations (for the (N — 2) 6;’s and
for the N ¢;’s). So we have an explicit expression for the A,(1,..., N) in terms of momentum
factors (= (N — 3)-dimensional integrals) and the kinematical structures that we have listed in
Eq. (10).

In this appendix we give the details of how we have found the F{%6}(a’) and the F1°7} (o)
momentum factors of Subsection 4.1.3.

G.1. Case of the F1%}(a)’s

Choosing 7(1,2,3,4,5,6) = Ap(1,2,3,4,5,6) in Eq. (28) and considering then only the
(¢ - ©) (¢ - k)* terms, we have that:

Ap(1,2,3,4.5,0)l .y et = F2H () A (1,2.3,4,5,6) | 1)1 s
+ FP (o) Ayn(1,3,2,4,5,6)| )1 p e
+ FPN o) Ayn(1,2,4,3,5,6)| )1 cpt
+ PPN o) Ayn(1,3,4,2,5,6)| )1t
+ FU o) Apn(1,4,2.3,5.6)| ()1 s
+ FP2N (o) Ayy(1,4,3,2,5.6)| (1 oot (G.1)
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Considering the coefficient of the following six kinematical structures,

{@€1-02) (53 - k1) (L4 - ks) (&5 - k1) (L6 - ka), (L1 - £2)(83 - k) (G4 - ks) (L5 - k1) (Z6 - ka),
(C1-¢2)(&3 - ks)(La - k1) (&5 - k1) (&6 - k2), (1 - §2)(83 - ks)(Ga - k2) (&5 - k1) (Lo - k2),
(&1 83)(C2 - ks)(Ga - k1) (s - k1) (Co - k3), (C1 - 3) (L2 - ks) (G4 - k3) (85 - k) (L - k3) |,
(G.2)

in both sides of (G.1), we have arrived, respectively, at the following six linearly independent
equations for the momentum factors' %%

1
—F{324}(O/)S1 + F{234}(0/)(S1 52— 11) =s154(s1 + 50 — t)tya’ [7]
x2x3(1 — x4)

1
—FB2 () s; + FBY () (51 + 52) = S]S2S4t10l/3|: :|, (G.3)
(«) («) x2(x3 — x2)(1 — x4)

—FUB)(a)s1 + FP¥N /) (=52 — 55 + 11 + 1)
=51(51 — 83+ 55 —11) (52 + 55 — 11 —12)(s3 + 54 — t3)0/3|:;1|,
X2 (1 — x3)x4
F{423}(0/)51 + F{243}(0/)(—Sl +5+53—1)
1
X2 (1 —x3) (x4 — x2)

] , (G4

=51(51 — 853+ 55 —11)(s2 + 53 — 12) (53 + 54 — t3)0/3[

Fi32 (&)(s1+52—11) + FB4 (&) (s1+s2—s53—11)

1
= —s3(s1 + 52 —11)(—=51 + 53+ 55 —12)(s53+ 56 — 2 — t3)0/3[ }
(1 —x2)x3(x4 — x3)

FB2(/)(s) 452 — 11) + FP* (&) (=52 — 55 + 11 + 1)

= (s1+ 52— 11)(s2 455 — 11 — 122) (51 — 53 — 55+ 12) (=53 — 56 + 12 + 13)’>

1
8 [(1 - xz)XsXJ (@)

where we are using the notation [24]
1 X4 X3
[f(xZ, X3, x4)] — /dX4/dx3/dx2 x22o/kz-k1x32a/k3-k1x42a’k4‘k1 (x3 — x2)20/k3-k2
0 0 0
x (x4 — xz)Za’k4.k2(1 _ x2)2a’k5~k2(x4 _x3)20/k4»k3

x (1= x3)2 %k (1 — xg) 22k ka 5 f(xa, x3, x4), (G.6)

1 X4 X3 5
= [axi [ax | dxz( [T —x»“”‘f"‘f) X fl . (G)
0 0 0

i>j>1

In Eq. (G.7) we have assumed that {x; =0, x5 = 1}.
Notice that the six equations come in three blocks of two equations and two unknowns each.
Solving the first block of two equations, Eq. (G.3), gives

108 On these equations we introduce the N = 6 Mandelstam variables. See Egs. (D.2) and (D.5).
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1 X4 X3 5
F{234} =a’3/dX4/dx3/dx2< 1_[ (x; —xj)z"‘/k"'k-’)
/ L

i>j>1
t — —_
< {S_l ) S4 .< 1 §1 52 + 2 )}’ (G.S)
x3 1—x4 X3 X3 — X2
1 X4 X3
Fm‘”(oe’):a/3/dx4/dx3/dx2< 1—[ (xi — x,)?k k)
0 0 0 i>jzl
t J— —
x{‘ S .<S—‘+ 2 )} (G.9)
X3 1—X4 X2 X2 — X3

Substituting back the N = 6 Mandelstam variables (see Egs. (D.2) and (D.5)) in (G.8) and (G.9),
it is easy to see that the expressions for F {23 (/) and F3?* («’) correspond exactly to the ones
given in Egs. (54) and (56) of the main body of this work, respectively.

Solving the two blocks of equations in (G.4) and (G.5) it can be verified, also, that the expres-
sion for F1243} (), F1423} ("), F3*2}(a’) and F1*32}(a’) are in agreement with the one in (54)
by doing the corresponding o permutation of indices {2, 3, 4} inside the curly brackets of that
equation.

G.2. Case of the F1o7 (o) s

Choosing T(1,2,3,4,5,6,7) = Ay(1,2,3,4,5.6,7) in Eq. (29) and considering then only
the (¢ - £)'(¢ - k)° terms, we have that:
Ap(1,2,3,4,5,6, Dl ¢y s = FPN @) Ay (1,2,3,4,5,6, D] o)1 s
n F{2354}(C¥/)AYM(1’ 2,3,5,4.6.D| .01 ciy5
+ PN o) A (1,2,4,3,5,6,7)] 15+
+ F{5432} (Ol )AYM(L 5,4,3,2,6, 7)|(§‘§)1(§~k)5 (G.10)

Considering the coefficient of the following twenty four kinematical structures,

{(¢1-22) (&3 - k2) (L4 - ke) (L5 - k) (L6 - k1) (87 - k2),
(1 62)(&3 - k1) (84 - ko) (S5 - ko) (L6 - k1) (57 - k2),
(¢1-¢2)(&3 - k2)(§a - ks) (L5 - ko) (L6 - k1) (57 - k3),
(81 -62)(&3 - k1) (La - ks) (85 - ko) (6 - k1) (57 - k2),
(1 £2)(&3 - ke) (84 - k2) (85 - k3) (86 - k1) (57 - k2),
(¢1-¢2)(&3 - ke)(§a - k1) (L5 - k3) (L6 - k1) (57 - k2),
(81 -82)(&3 - k2)(§a - ks5) (85 - ko) (6 - k1) (57 - k3),
(1 62)(&3 k1) (84 - ks) (S5 - ko) (Lo - k1) (57 - k2),
(C1-Ca) (&2 - ke) (&3 - k1) (L5 - k2) (G6 - k1) (§7 - ka),
(81 - 84) (&2 - ke) (53 - ka) (85 - k2) (L6 - k1) (57 - k3),
(1 84) (&2 - ko) (83 - k1)(85 - ko) (So - k1) (57 - ka),
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(1 - 84) (&2 - ke) (83 - ka)(C5 - ko) (86 - k1) (57 - k3),

(1 - 84) (&2 - ke) (83 - k2) (85 - ka) (8o - k1) (57 - ka),

(1 - ¢4) (&2 - ke) (83 - k2) (&5 - ka)(Go - k1) (57 - ks),

(61 - 8a) (&2 - k6)(§3 - ko) (85 - ka) (6 - k1) (57 - ka),

(1 - ¢4) (&2 - k3) (83 - ko) (85 - k1) (Lo - k1) (57 - ka),

(1 - £3)(52 - ke) (84 - k2) (85 - k3) (Lo - k1) (57 - ks),

(61 -¢3)(82 - ke) (§a - ko) (S5 - k3) (6 - k1) (57 - k3),

(1 - 83) (52 - ka) (84 - ko) (S5 - k3) (Lo - k1) (57 - k3),

(61 -83)(&2 - ke) (L4 - ko) (S5 - k1) (6 - k1) (57 - k3),

(61 - 62)(&3 - ke)(§a - k3) (85 - k2) (6 - k1) (57 - ks),

(1 - £2)(53 - ke) (84 - ko) (85 - k2) (8o - k1) (57 - k2),

(61 -62)(&3 - ke) (§a - ko) (85 - k1) (L6 - k1) (57 - k2),

(L1 £2)(83 - ka) (G4 - ke) (L5 - k1) (s - k1) (87 - ka)} (G.11)
in both sides of (G.10), we have arrived, respectively, at the following twenty four linearly inde-
pendent equations for the momentum factors'"”:

(=FB28 ()51 + FP (o) (51 + 50 — 11))s5 + FU2P) (o) 51 (54 + 55 — 1)
- F{2345}(o/)(s1 + 5 — 11)(S4 + 55 — 14)

1
= —a'*s155(s1 +Sz—11)t1(s4+85—t4)t4|: ]
x2x3(1 — xg)(1 — x5)

_SS(F{2354} (&)(s1+52—11)+ FE54 () (=s1 +11)
— F{3245}(0{/)(S1 —11)(S4 + 55 —t4) + F{2345}(a/)(sl + 50 —t1)(s4 + 55 —14)

_ 4 _ _ 1
=o' *(s255(s1 + 52 — t1)11 (54 + 55 l4)t4)|:x3(x3 T = _XS)],

F{3245}(a/)s1(S4 +55) + ss(—F{3254} ()1 + Fi2354) (&) (s1+s2—11))
— FBBN ) (54 + 55) (51 + 52 — 11)

1
= —o/*s15455(s1 + 52 — tl)tlt4|: }
x2x3(1 — x5) (x5 — x4)

—F33 (o) (sa + 55)(s1 — 1) + FPPN () (54 4 55) (51 + 52— 11)
- Ss(F{2354} (&)(s1+52—11)+ Fi24 () (=s1 +11))

1
:Ol/4S2S4S5(S1 +S2—tl)t1t4[ ], (G.12)
x3(x3 — x2)(1 — x5) (x5 — Xx4)
( 5 blocks of 4 equations each, obtained from (G.12)

by permutations of indices (2, 3,4, 5) > ’ (G.13)

where, in this case, we are using the notation

109 On these equations we have introduced the N =7 Mandelstam variables. See Eqs. (D.3) and (D.6).
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1

X5 X4 X3
! ’ ’ A
[g(x2. X3, x4, x5)] =/dx5/dx4/dx3/dX2X22°‘ kaki yy20ksks y 200kacks y 20ks ky
0

2a'k3-k 20 ky-k 2a'ks -k
X (3 = x2) 7" T2 (g — x2) T T2 (x5 — xp) T BT
’ ’ !
x (1 _ x2)2a ke-ko (x4 _ x3)20! kq-k3 (XS _ x3)20! ks k3

’ ’ /
X (1 _ x3)20{ k6-k3 (.X5 _ x4)20l k5~k4(1 _ x4)20l k5'k4

x (1 — x5)2 K6k 5 g(x, x3, x4, X5) (G.14)
1 X5
:/dxsfdx4/dx3/dx2< 1_[ (xi —x; )Zak k)
0 i>j>1
x g(x2, X3, X4, X5) (G.15)

In Eq. (G.15) we have assumed that {x; =0, x¢ = 1}.
Notice that the twenty four equations come in six blocks of four equations and four unknowns

each.
Solving the first block of four equations, Eq. (G.12), gives

F{2345 /4/dx5/dx4/dx3/dx2< 1_[ (X; ')20{’](,--/(!')

i>j>1

S1 S5 IH—51—95 52 S4 4 — S4 — S5
X —_ . + . + s
xo 1—2xs5 X3 X3 — X2 X5 — X4 1 — x4

(G.16)
1 X5 X4 X3 6
F{2354}(o/)=a’4/dX5/dx4/dX3/dx2( 1_[ (x; —xj)za,ki'kj>

0 0 0 0 i>j=z1

S1 I4— 54— S5 fH—51—92 2 S4 S5
X . . + . + s
X2 1 — x4 X3 X3 — X2 x4—x5 1 —x5

(G.17)
1 X5 X4 X3
F{3245}(a’):a’4/dx5/dx4/ /dxz( l—[ (i — )2 kik )
0

0 0 0 i>j=z1

I —51—95 S5 S1 52 S4 14 — S84 — S5
X . . J— + . + ,
X3 1—x5 \x2 x2—x3 X5 — X4 1 — x4

(G.18)
1 X5 X4 X3 6
F{3254} :a/4/dx5/d)C4/dx3/dX2( l_[ (x; _xj)Za/ki'kj)
0 0 0 i>J

0 i>j>1

11 —81—82 Il4—84—3S55 51 52 S4 S5
X3 1—2x4 X2 X2 — X3 x4 —x5 1—2x5

(G.19)




L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870-951 949

Substituting back the N = 7 Mandelstam variables (see Egs. (D.3) and (D.6)) in (G.16) and
(G.18), it is easy to see that the expressions for F {2345} (") and F132%} (o) correspond exactly
to the ones given in Egs. (55) and (57) of the main body of this work, respectively.

Solving the five blocks of equations in (G.13) it can be verified, also, that the expression for the
remaining twenty F{7}(a)’s are in agreement with the one in (54) by doing the corresponding
o7 permutation of indices {2, 3, 4, 5} inside the curly brackets of that equation.
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