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Abstract

Recently, in [7] we proposed a revisited S-matrix approach to efficiently find the bosonic terms of the 
open superstring low energy effective lagrangian (OSLEEL). This approach allows to compute the α′N
terms of the OSLEEL using open superstring n-point amplitudes in which n is considerably lower than 
(N + 2) (which is the order of the required amplitude to obtain those α′N terms by means of the conven-
tional S-matrix approach). In this work we use our revisited S-matrix approach to examine the structure of 
the scattering amplitudes, arriving at a closed form for them. This is a RNS derivation of the formula first 
found by Mafra, Schlotterer and Stieberger [21], using the pure spinor formalism. We have succeeded doing 
this for the 5, 6 and 7-point amplitudes. In order to achieve these results we have done a careful analysis 
of the kinematical structure of the amplitudes, finding as a by-product a purely kinematical derivation of 
the BCJ relations (for N = 4, 5, 6 and 7). Also, following the spirit of the revisited S-matrix approach, we 
have found the α′ expansions for these amplitudes up to α′ 6 order in some cases, by only using the well 
known open superstring 4-point amplitude, cyclic symmetry and tree level unitarity: we have not needed to 
compute any numerical series or any integral involving polylogarithms, at any moment.
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1. Introduction

In the recent years there has been a considerable progress in perturbative string theory (con-
sidering D-brane systems as well). Achievements have been going on in the determination of the 
couplings of D-branes with Ramond–Ramond and other massless states [1–4], the closed and the 
open sector of the superstring low energy effective lagrangian [5–7],1 higher loop calculations of 
closed and open superstring scattering [9–11], Mellin correspondence between supergravity and 
superstring amplitudes [12,13] and a deeper understanding of the α′ expansion of tree level open 
and closed superstrings [14–17], among many others.

With respect to tree level scattering amplitudes in open superstring theory, after a closed 
expression was found for the 5 and the 6-point gauge boson amplitudes (in [18] and [19], 
respectively),2 one of the very important results that has been achieved in the literature is Mafra–
Schlotterer–Stieberger’s formula for the N -point amplitude [21]:

A(1, . . . ,N) =
∑

σN∈SN−3

F {σN }(α′)ASYM
(
1,

{
2σ ,3σ , . . . , (N − 2)σ

}
,N − 1,N

)
, (1)

where A(1, . . . , N) is the subamplitude and

AN = i(2π)10δ(10)(k1 + · · · + kN)

×
[

tr
(
λa1λa2 . . . λaN

)
A(1,2, . . . ,N) +

(
non-cyclic

permutations

)]
(2)

is the complete N -point open superstring (tree level) scattering amplitude (where N ≥ 3).
In (1) σN = {2σ , 3σ , . . . , (N − 2)σ } denotes a permutation of indexes {2, 3, . . . , (N − 2)} and 

the F {σN }(α′)’s are the momentum factors which contain the α′ information of the scattering 
amplitude3 (see Eqs. (32) and (33)). There are (N − 3)! terms in the sum in (1).

Formula (1) considers all possible scattering processes involving external gauge bosons and 
their fermionic massless superpartners. In it, ASYM denotes the tree level scattering subamplitude 
of this process in D = 10 super Yang–Mills theory and A (on the left-hand side) is the corre-
sponding scattering subamplitude in open superstring theory. In (2) the λa’s are the gauge group 
matrices in the adjoint representation (see Eq. (A.2)).

Formula (1) has the merit of clarifying that the kinematics of the open superstring N -point 
amplitude, at any α′ order, is governed by the super Yang–Mills kinematics, that is, from the low 
energy theory. It also has the virtue of identifying an explicit general integral formula, valid for 
any N ≥ 3, for all the F {σN }(α′) momentum factors (see Eq. (32)).

During the last years quite nontrivial results have been obtained for the α′ expansion of the 
F {σN }(α′) momentum factors, in Eq. (1). These factors are disk worldsheet integrals which can 
be found, but in terms of non-elementary functions so, besides the cases of N = 3 and N = 4, 
their α′ expansion is a non-trivial thing to compute.4

1 Also, in Ref. [8] a series of closed relations involving the tree level scattering of an arbitrary number of open and 
closed strings have been found.

2 In Ref. [20] a closed expression for the 7-point formula was also found in the case of spacetime dimension D = 4.
3 Besides α′ , the F {σN }(α′)’s depend on the ki · kj scalar products, which can be written in terms of the independent 

Mandelstam variables of this N -point process.
4 They are (N − 3) multiple integrals (see Eq. (32)). In the case of the 5-point amplitude one finds the 3F2 Hyperge-

ometric function (see, for example, [22] and [23]); in the case of 6-point amplitudes one finds a double series of 4F3
Hypergeometric functions (see, for example, [19] and [24]); and for N ≥ 7 one has to deal with even more complicated 
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Besides the fact of improving the α′ order of expansions of the past [27,18,19] in various 
orders [28,14,15], a conjecture has been established for the general form of the α′ expansion 
of the F {σN }(α′)’s (for arbitrary N and arbitrarily high order in α′[14])5,6 and, also, a recursive 
formula (in N ) for these α′ expansions has been proved in [16] (by means of a generalization of 
the work in Ref. [29]).7

All these results have as a common starting point the Mafra–Stieberger–Schlotterer (MSS) 
formula, given in Eq. (1). This formula was derived using the pure spinor formalism [30], which 
is manifestly supersymmetric right from the beginning. Formula (1) is the final (and simple) 
result of an elaborated study involving pure spinor superspace and its cohomology structure 
[31], first applied in the calculation of super Yang–Mills amplitudes and afterwards extended to 
the corresponding calculations in open superstring theory [21].

The purpose of the present work is two-fold. On one side, we show that it is possible to arrive 
to MSS’s formula in (1) working only in the Ramond–Neveu–Schwarz (RNS) formalism [32].8

For the moment, we only have a proof for 3 ≤ N ≤ 7 within this approach, but we think that a 
deeper understanding of our procedure can, eventually, lead to the proof for arbitrary N . On the 
other side, we shed light in how the α′ expansion of the F {σN }(α′) momentum factors in (1) can 
be obtained, order by order in α′, not by doing the explicit computations of the coefficients of 
its expansion (which are given in terms of multiple zeta values (MZV’s) [34,35,28,14]), but by 
demanding tree level unitarity and cyclic invariance of the amplitudes and (presumably) using 
only the α′ expansion of the 5-point amplitude.9

The basic tool in which our findings are supported is the ‘revisited S-matrix approach’, found 
by us in the past year [7]. This method was initially proposed as an efficient tool to determine, 
order by order in α′, the bosonic part of the open superstring low energy effective lagrangian 
(OSLEEL) but, as we will see in the present work, it has a direct counterpart in the determination 
of the scattering amplitudes of the theory, allowing us to arrive to (1) and also to the α′ expan-
sion version of it. This method is intrinsically kinematic and supersymmetric, although it is not 
manifestly supersymmetric. It deals, first, with the pure external gauge boson interactions and 
only at the end, it incorporates the interactions between external gauge bosons and its fermionic 
superpartners.

The kinematics is present right from the beginning since the main statement of the method 
has to do with the kinematical structure of the N -point amplitudes of gauge bosons: in open 

expressions. In all these cases the coefficients of the α′ expansion are given in terms of harmonic (or Euler–Zagier) sums 
and/or polylogarithmic integrals: all of them are nowadays known how to be calculated (see, for example, Refs. [25] and 
[26]), but the required calculations to find them grow enormously with the α′ order.

5 See Appendix F.2 for this explicit form.
6 The mentioned conjecture of Ref. [14] has been checked in [15] up to α′ 21 order for N = 5, up to α′ 9 order for 

N = 6 and up to α′ 7 order for N = 7.
7 The mathematical framework used in Refs. [29,15] is related, but is not directly the same one of Ref. [14].
8 The subtlety is that we do not deal with fermion vertex operators at all. We only work with the N -point gauge boson 

amplitude, Ab(1, . . . , N), given in Eq. (31), which comes from only gauge boson vertex operators in the RNS formalism 
[33]. See Section 4.2 for more details about this.

9 This statement seems to be in contradiction with the final part of the abstract of this work, where we said that we would 
only use the α′ information from the 4-point amplitude. The clarifying statement is that, for the calculation purposes of 
this work, in which at most we have obtained α′ 6 order results, it will be enough to use the 4-point amplitude information. 
As explained in Section 2.2, the 5-point amplitude information will become important from α′ 8 order onwards and, as 
argued in that section, we claim that the pure 5-point amplitude is enough to find the whole α′ terms of the F {σN }(α′)
momentum factors.
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superstring theory they should not contain (ζ · k)N terms, at any α′ order [7]. With respect to 
supersymmetry, it is also present right from the beginning since (we believe that) it is the reason 
for the absence of those kinematical terms in the amplitudes.10

The structure of this work is as follows. In Section 2 we give a brief review of the revisited 
S-matrix method. We explain in it why we claim that demanding the absence of the (ζ · k)N

terms in the N -point amplitude of gauge bosons and, based on the conjecture of Ref. [14] and 
the main result of Ref. [16], using only the α′ expansion of the 5-point amplitude, that is enough 
information to find the complete (bosonic part of the) OSLEEL. We claim there, then, that using 
similar arguments there should be a direct analog of this situation from the perspective of the 
scattering amplitudes, that is, at a given order in α′, knowing the 5-point amplitude is enough 
information to know any higher N -point amplitude.11

We begin the ellaboration of these ideas in Section 3 by examining the space of N -point 
kinematic expressions which are on-shell gauge invariant and which do not contain (ζ · k)N

terms. We find that this space is (N − 3)!-dimensional (at least for 3 ≤ N ≤ 7). We then check 
that a BCJ basis for Yang–Mills subamplitudes (see Eq. (5)) [37] can indeed be chosen as a 
basis for this space. In light of this important kinematical result, the determination of the explicit 
expressions of the open superstring subamplitudes (for gauge bosons) and of the BCJ relations 
themselves become simply a linear algebra problem: we know a vector of the space (that is, 
a given subamplitude for which we want an expression) and what is left to do is to find the 
components of this vector with respect to the basis of the vector space. We do this calculation 
in Section 4 for the open superstring subamplitudes (for gauge bosons), arriving precisely to the 
bosonic part of (1), and in Appendix E, for the BCJ relations themselves (arriving to the same 
result of Refs. [38,8]). Then, in the last part of Section 4, we briefly explain why once we have 
found the gauge boson amplitudes in this manifestly gauge invariant way, the corresponding 
amplitudes involving fermions are immediate, and thus leading to MSS result in Eq. (1) (this 
time considering there all possible scattering processes involving external gauge bosons and 
their supersymmetric partners).

In Section 5 we apply our revisited S-matrix method to find the α′ expansion of the F {σN }(α′)
momentum factors of (1), in the case of N = 5, 6, 7.12 In order to achieve this, besides the 
requirements of the revisited S-matrix method, we demand cyclicity and tree level unitarity to 
be obeyed by the subamplitudes. We end Section 5 describing some subtleties that arise in the 
calculations of the revisited S-matrix method and also examining our conjecture of Section 2
about the 5-point amplitude being enough information to know any higher N -point amplitude at 
any α′ order.

We end in Section 6 by summarizing our results and conclusions.
Throughout this work all scattering amplitudes are tree level ones.
Since, at some points, we have needed to deal with huge calculations and formulas, we have 

considered only the simplest ones in the main body of this work and we have left the more 

10 It is well known that the (ζ · k)N terms are indeed present in the case of 3 and 4-point amplitudes of massless states 
in open bosonic string theory [33,36] and, from the general integral formula for the N -point amplitude [33], it is also 
believed that they are present in this general case. Therefore, it is quite reasonable to conjecture that the absence of the 
(ζ · k)N terms, in the case of supersymmetric open strings, is a consequence of spacetime supersymmetry.
11 See footnote 9.
12 Because of computer limitations, we have done the explicit calculations only up to α′ 6 order in the first two cases 
and up to α′ 4 order, in the last case. But it is clear that the method can be used to obtain higher order α′ contributions. 
See more details in Section 5.
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Table 1
Comparison of the number of coefficients to be determined, considering and not considering 
the constraint in Eq. (4).

p Dimension of the general 
basis at order α′p

Dimension of the constrained 
basis at order α′p

1 1 0
2 4 1
3 13 1
4 96 0
.
.
.

.

.

.
.
.
.

extensive ones for the appendices.13 These last ones usually do not offer any new conceptual 
insight, but they have played an important role checking our main statements.

2. Review of the revisited S-matrix method

2.1. Finding terms of the OSLEEL in an efficient way

Let Leff be the general low energy effective lagrangian (LEEL) for nonabelian gauge bosons 
in (either bosonic or supersymmetric) open string theory. It has the following form:

Leff = 1

g2
tr

[
−1

4
F 2 + (

2α′)F 3 + (
2α′)2

F 4 + (
2α′)3(

F 5 + D2F 4)
+ (

2α′)4(
F 6 + D2F 5 + D4F 4) +O

((
2α′)5)]

. (3)

Each of the Fn and the D2pFq terms in (3) is an abbreviation of the sum of different contractions 
of Lorentz indexes for those sort of terms. For example,“F 4” really denotes an abbreviation of 
(b1F

μλF ν
λFμ

ρFνρ +b2F
μ

λFν
λF νρFμρ +b3F

μνFμνF
λρFλρ +b4F

μνFλρFμνFλρ) [39], where 
{b1, b2, b3, b4} are the coefficients to be determined.

In the second column of Table 114 we have written the number of coefficients that the general 
LEEL contains at the first orders in α′.15 These coefficients are the ones that the conventional 
S-matrix approach usually finds by computing the open string N -point amplitudes (from N = 4
up to N = p + 2, at least) at α′ p order. In the third column of Table 1 we have written the 
number of coefficients (which is extremely small!) that the revisited S-matrix approach really 
needs to find in order to determine the OSLEEL at a given α′ order. The reason for the smallness 
of these numbers (in relation to the corresponding ones in the second column) is that in the 
revisited S-matrix method (only applicable to the case of the supersymmetric string) the N -point 
amplitudes satisfy the constraint [7]

absence of (ζ · k)N terms. (4)

13 Moreover, there are some extremely long expressions that we have preferred not to include them in the text of this 
work and only to attach them as ‘txt’ files, in the version that we have submitted to the hep-th arXiv preprint basis.
14 This table has been taken from Eq. (3.4) of Ref. [7].
15 The terms which are being taken into account in the LEEL are only the ones which remain invariant under field 
redefinitions.
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This constraint implies further linear restrictions that the bj coefficients of the LEEL in (3)
should satisfy (see Section 4 of [7] for more details about these restrictions). These restrictions 
are so strong that only a small number of coefficients remain free: this number is precisely the 
‘dimension of the constrained basis’ appearing in the third column of Table 1. These same type 
of constraints had correctly been found about ten years before, by Koerber and Sevrin, using the 
method of BPS configurations (which is not directly a string theory one) [40]. In [7] we pointed 
out that the (probable) reason for the constraint in (4) is spacetime supersymmetry.

Due to the highly constrained form that the OSLEEL lagrangian adopts after demanding 
the requirement in Eq. (4), in order to determine the α′ p order terms of it, a (p + 2)-point 
amplitude calculation, in open superstring theory, is no longer needed (as in the conventional 
S-matrix method): very much lower N -point amplitudes (expanded at α′p order) are expected to 
be enough for this purpose. In fact, in [7] we saw that the α′ expansion of the 4-point momentum 
factor (given in Eq. (F.3)) is enough to determine explicitly the OSLEEL, at least up to O(α′ 4)

terms.

2.2. Using the 4 and the 5-point α′ information to obtain N -point information

So, a main idea that arises naturally from the revisited S-matrix method is the fact that the α′
expansion of the 4-point momentum factor (whose coefficients are completely known in terms of 
integer zeta values, at any α′ order, see Eq. (F.2)) is enough information to obtain completely the 
α′ expansion of higher N -point amplitudes, at least up to a certain order in α′. For example, with 
the calculations that we did in [7] it is clear that the 5 and the 6-point amplitudes (and any higher 
N -point amplitude) can be completely determined at least up α′ 4 order, because we found the 
OSLEEL explicitly up to that order, bypassing 5 and 6-point worldsheet integral calculations.

In fact, in [7] we raised the possibility that the OSLEEL could be determined to any α′ order 
by means of the revisited S-matrix method plus the known α′ expansion of the 4-point momen-
tum factor (see Eqs. (F.2) and (F.3)), but this can hardly happen since there are higher order 
coefficients given in terms of multiple zeta values (MZV’s),16 like ζ(3, 5), ζ(3, 7), ζ(3, 3, 5), 
etc., which already show up in the α′ expansion of the 5-point amplitude (at α′ 8, α′ 10 and α′ 11

order, respectively [14,28]).17 These coefficients are not expected to be given by linear combi-
nations of products of ζ(n)’s (in which the coefficients of these linear combinations are rational 
numbers)18 [41], so they are not present in the α′ expansion of the 4-point amplitude.

Since α′ 8 is the first order at which these non-trivial MZV’s arise, we do not have a proof, but 
we believe that up to α′ 7 order any N -point amplitude can be found by means of the revisited 
S-matrix method plus only the known α′ expansion of the 4-point momentum factor, F {2} (see 
Eqs. (34), (F.2) and (F.3)).

From α′ 8 order onwards we expect the 4-point amplitude to only give a partial (but still impor-
tant) information for the determination of the OSLEEL terms.19 For example, the α′ pD2p−4F 4

16 See F.2.1 for an extremely short review on MZV’s.
17 We thank Rutger Boels for calling our attention to this point.
18 In this work we will refer to these peculiar MZV’s as non-trivial MZV’s, in opposition to the trivial ones, which 
are known to be given as rational linear combinations of products of ζ(n)’s [42]. The non-trivial MZV’s that we will be 
referring to are only the ones that appear in the MZV basis of this last reference. A few examples of trivial MZV’s can 
be found in formulas (F.6), (F.7) and (F.8) of Appendix F.
19 Curiously enough, from Eqs. (F.15)–(F.19) of Appendix F we see that at α′ 9 order the 5-point amplitude does not 
contain any non-trivial MZV’s and, therefore, we suspect that the OSLEEL can eventually be completely determined at 
this α′ order, by only using 4-point amplitude information.
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terms of the OSLEEL (for p = 2, 3, 4, . . .) are still going to be completely determined by the 
4-point amplitude [43,44].

One might ask if new MZV’s, besides the ones that already appear in the 5-point amplitude, 
will eventually appear at a given (highly enough) α′ order. This would be a signal, from this 
α′ order onwards, that α′ information from a 6-point (or eventually higher N -point) amplitude 
would be required, in order to determine those α′ terms of the OSLEEL. But this does not seem to 
be the case. It has been recently discovered that the F {σN }(α′)’s can be iteratively obtained (from 
the N -point of view), to any order in α′, from a unique and same Drinfeld associator (which is a 
generating series for the MZV’s) [16]. So, the MZV’s that already appear in the α′ expansion of 
the 5-point amplitude, will be the same ones that will appear for higher N -point amplitudes.20

So we are left with the conjecture that our revisited S-matrix method plus the α′ expansion of 
the 5-point amplitude, are enough informations to find all the α′ corrections coming from open 
superstring theory to the Yang–Mills lagrangian.21 In Subsection 5.6 we will elaborate a bit more 
about this conjecture.

In spite of this conjecture, for the calculations that we do in this work, which at most go to α′ 6

order (see Section 5), we will still use only the known 4-point α′ expansion (see Appendix F.1).

3. Basis for open superstring and Yang–Mills subamplitudes

In this section we prove that, from a kinematical structure perspective, open superstring and 
Yang–Mills (tree level) subamplitudes belong to a same space of kinematical N -point expres-
sions (where N ≥ 3) and that a possible basis for this space is given by the (N − 3)! Yang–Mills 
subamplitudes22

BN = {
AYM

(
1,

{
2σ ,3σ , . . . , (N − 2)σ

}
,N − 1,N

)
, σ ∈ SN−3

}
, (5)

where {2σ , 3σ , . . . , (N − 2)σ } denotes a σ permutation of indexes {2, 3, . . . , (N − 2)}.23

In order to achieve this, in Subsection 3.1 we review some important facts about the structure 
of gauge boson scattering subamplitudes. Then, based on this previous background, in the follow-
ing subsections we argue, case by case (from N = 3 up to N = 7), that the set of subamplitudes 
in (5) is indeed a basis for the corresponding space.24

20 Shortly speaking, the reason of why not all the MZV’s of the α′ expansion of the 5-point function do appear in the 
4-point case (see Eqs. (F.2) and (F.3)), is that the kinematic polynomial that would go multiplying them is zero, in the 
case of N = 4. See Refs. [14] and [16] for more details of this explanation.
21 Even the α′pD2p−4F 4 terms (for any p = 2, 3, 4, . . .), that were found in [44] using the 4-point amplitude, could in 
principle be determined using only the 5-point amplitude α′ expansion.
22 The arguments that we present in this work have been only proved for N = 3, 4, 5, 6, 7, but we suspect that they can 
be generalized for an arbitrary N .
23 All the kinematical proof that we deal with does not depend on the spacetime dimension D, as it also happens with 
the BCJ relations [37], for example. In spite of this, evidence has been found in Ref. [45] that the basis of this space 
might indeed depend on D. It will happen that this subtlety can be kept aside from the kinematical analysis that we do. 
The implications of our results will still be valid for any D, as it happens with the BCJ relations. See the introductory 
paragraph in Appendix D.3, for a few more details about this.
24 The details of the computations that support our claim, when N = 5, 6, 7, are given in Appendix D.
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3.1. Some general facts about the structure of scattering amplitudes of gauge bosons

If we compare open superstring and Yang–Mills (tree level) N -point subamplitudes for gauge 
bosons, both theories being treated in the Lorentz gauge, from the point of view of the structure 
of its kinematical terms they have in common the constraint in Eq. (4), namely, the absence of 
(ζ · k)N terms. In the first case this has been recently emphasized in [7], together with the strong 
implications that it has for determining the bosonic terms of the low energy effective lagrangian 
of the theory in a very simplified way and, in the second case, the claim in (4) can easily be 
confirmed by considering Feynman rules in the construction of tree level scattering amplitudes.

So, let us consider the space of all scalar N -point kinematical expressions constructed with 
the polarizations ζi and the momenta ki of N external gauge bosons in a nonabelian theory (like 
open superstring theory or Yang–Mills theory, for example). The momenta and polarizations 
should satisfy:

Momentum conservation: k
μ
1 + k

μ
2 + · · · + k

μ
N = 0. (6)

Mass-shell condition: k2
1 = k2

2 = · · · = k2
N = 0. (7)

Transversality (Lorentz gauge) condition: ζi · ki = 0 (i = 1, . . . ,N). (8)

Let us denote this space by VN . We further restrict VN such that its elements T (1, 2, . . . , N) obey 
the following conditions:

1. They are multilinear in the polarizations ζi (i = 1,2, . . . ,N).

2. They do not contain (ζ · k)N terms.
3. (On-shell) Gauge invariance: whenever any ζi → ki (i = 1,2, . . . ,N)

then T (1,2, . . . ,N) becomes zero.

(9)

These three requirements are simply properties of tree level gauge boson subamplitudes in open 
superstring and Yang–Mills theories and we want the elements of VN to also satisfy them. Since 
these elements, the T (1, 2, . . . , N)’s, are Lorentz scalars, they can only be constructed from 
linear combinations of25

(ζ · ζ )1(ζ · k)N−2, (ζ · ζ )2(ζ · k)N−4, . . . , (ζ · ζ )[N/2](ζ · k)N−2[N/2], (10)

where [p] denotes the integer part of p and N ≥ 3.
Besides the terms excluded in (4) and the ones that we have mentioned in (10), there are no 

more possibilities of kinematical terms that can be constructed from the polarizations ζi and the 
momenta ki of the external gauge bosons. The only place where some extra dependence in the 
momenta could be considered is in the scalar coefficients which in T (1, 2, . . . , N) go multiplying 
the kinematical terms in (10): these coefficients are allowed to be given in the terms of the ki · kj

factors (or equivalently, in terms of the Mandelstam variables) and, eventually, in terms of a 
length scale (for example 

√
α′, in the case of string theory).

For example, in the case of N = 3, the Yang–Mills subamplitude contains only (ζ · ζ )1(ζ · k)1

terms. It is given by [33]

AYM(1,2,3) = 2g
[
(ζ1 · k2)(ζ2 · ζ3) + (ζ2 · k3)(ζ3 · ζ1) + (ζ3 · k1)(ζ1 · ζ2)

]
. (11)

25 Some care must be taken with the expression “linear combination” because, as we will see immediately after (10), 
the coefficients that go multiplying the terms that appear in it will, in general, depend in the momenta kμ .
i
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Table 2
Number of independent allowed kinematical terms present in the space VN .

N Element of VN Number of independent allowed kinematical terms

3 T (1,2,3) 3 (ζ · ζ )1(ζ · k)1 terms
4 T (1,2,3,4) 24 (ζ · ζ )1(ζ · k)2, 3 (ζ · ζ )2 terms
5 T (1,2,3,4,5) 270 (ζ · ζ )1(ζ · k)3, 45 (ζ · ζ )2(ζ · k)1 terms
6 T (1,2,3,4,5,6) 3840 (ζ · ζ )1(ζ · k)4, 720 (ζ · ζ )2(ζ · k)2, 15 (ζ · ζ )3 terms
7 T (1,2,3,4,5,6,7) 65 625 (ζ · ζ )1(ζ · k)5, 13 125 (ζ · ζ )2(ζ · k)3, 525 (ζ · ζ )3(ζ · k)1 terms

It is easy to see that it is an element of V3. In Subsection 3.2.1 we will prove that the only 
elements of V3 are multiples of AYM(1, 2, 3) (see Eq. (21)), so the fact that AYM(1, 2, 3) ∈ V3

will turn out to be an immediate thing.
In order to do a counting of all the possible independent kinematical terms that can be taken 

from the list in (10) to construct the expression for an element T (1, 2, . . . , N) ∈ VN , respecting 
the kinematic conditions in (6), (7) and (8) and also the requirement in (4), we need first to 
analyze the (ζ · k) terms. In principle, for each i there are N possible (ζi · kj ) terms (because j
runs from 1 to N ). But taking into account the transversality condition (8) and also momentum 
conservation (6), this implies that for each i (= 1, 2, . . . , N ) we have:

N∑
j �=i

(ζi · kj ) = 0. (12)

So, at the end, for each i there are only (N − 2) independent (ζi · kj ) terms.
With this information we are in conditions to do a counting of the different independent terms, 

specified by structure in Eq. (10), that in principle are allowed to appear in T (1, 2, . . . , N). This 
leads us to the following table, for the number of independent allowed kinematical terms of 
T (1, 2, . . . , N). 

It is not difficult to prove that the number of independent (ζ · ζ )j (ζ · k)N−2j terms (where 
j = 1, 2, . . . , [N/2]), for an arbitrary N , is given by

dN,j = N(N − 1)(N − 2) . . . (N − (2j − 1))

2j j ! (N − 2)N−2j . (13)

This is the formula that has been used to compute the corresponding number of kinematical terms 
in Table 2.26 We have only worried to specify in this table the cases N = 3, 4, 5, 6, 7, because 
these are the ones that we will consider in the present work.

In the next subsections, when writing all the allowed independent kinematical terms in 
T (1, . . . , N), in particular when choosing the (N − 2) independent (ζi · kj ) terms, our choice 
will be the following list of N(N − 2) terms:

26 The number of independent kinematical terms mentioned in Table 2 should not be confused with the number of inde-
pendent coefficients that will appear multiplying each of those terms. It might even happen that some of these coefficients 
will become zero after demanding the requirement of on-shell gauge invariance and, consequently, the corresponding 
kinematical terms referred to in Table 2 will not be present in the final expression of T (1, . . . , N).
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{
(ζ1 · k2), (ζ1 · k3), . . . , (ζ1 · kN−1),

(ζ2 · k1), (ζ2 · k3), . . . , (ζ2 · kN−1),
...

...
...

...

(ζN−1 · k1), (ζN−1 · k2), . . . , (ζN−1 · kN−2),

(ζN · k1), (ζN · k2), . . . , (ζN · kN−2)
}
,

(14)

that is, for each i (= 1, 2, . . . , N − 1) we have used the restriction in (12) to eliminate (ζi · kN)

in terms of the remaining (N − 2) (ζi · kj ) terms (j = 1, 2, . . . , N − 1, with j �= i) and, in 
the last line of (14), we have eliminated (ζN · kN−1) in terms of the remaining (ζN · kj ) terms 
(j = 1, 2, . . . , N − 2).

3.2. Finding a basis for VN , when 3 ≤ N ≤ 7

In this subsection we will explicitly present the derivation of a basis for VN only in the case 
N = 3 and N = 4, which involve simple calculations and illustrate the procedure to arrive at that 
basis. For N = 5, 6, 7 we will just mention the final result and we will leave the details of the 
main calculations to Appendix D.

3.2.1. Case of N = 3
It is well known that in the case of 3-point amplitudes of massless states, momentum conser-

vation and the mass-shell condition (7) imply that the momenta obey the relations

ki · kj = 0 (i, j = 1,2,3). (15)

According to Table 2, T (1, 2, 3) has only three independent (ζ · ζ )1(ζ · k)1 terms, which, follow-
ing our prescription in (14), leads to:

T (1,2,3) = λ1(ζ1 · k2)(ζ2 · ζ3) + λ2(ζ2 · k1)(ζ3 · ζ1) + λ3(ζ3 · k1)(ζ1 · ζ2). (16)

Demanding on-shell gauge invariance for gauge boson 1, A(1, 2, 3) should become 0 when 
ζ1 → k1. Using the mass-shell condition (7) for k1 and the condition in (15), then

T (1,2,3)|ζ1=k1 = 0

⇒ λ2(ζ2 · k1)(ζ3 · k1) + λ3(ζ3 · k1)(ζ2 · k1) = 0

⇒ (λ2 + λ3)(ζ2 · k1)(ζ3 · k1) = 0

⇒ λ2 = −λ3. (17)

Similarly, demanding on-shell gauge invariance for gauge bosons 2 and 3 we arrive, respectively, 
to the conditions

λ3 = λ1, (18)

λ1 = −λ2. (19)

To arrive to (18) and (19) we have needed to use, in accordance to Eq. (14), that (ζ3 · k2) =
−(ζ3 · k1), (ζ1 · k3) = −(ζ1 · k2) and (ζ2 · k3) = −(ζ2 · k1).
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The three conditions {(17), (18), (19)} are linearly dependent. From them we conclude that 
λ1 = −λ2 = λ3 and, for convenience, we choose them to be 2gλ. So, finally, (16) can be written 
as27

T (1,2,3) = λ · 2g
[
(ζ1 · k2)(ζ2 · ζ3) + (ζ2 · k3)(ζ3 · ζ1) + (ζ3 · k1)(ζ1 · ζ2)

]
, (20)

where λ is an arbitrary dimensionless factor and g is the open string coupling constant (which 
agrees with the one from the Yang–Mills lagrangian).

Eq. (20) can equivalently be written as

T (1,2,3) = λ · AYM(1,2,3), (21)

where AYM(1, 2, 3) is has been given in Eq. (11).
So B3 = {AYM(1, 2, 3)} is a basis for V3 and the dimension of V3 is 1 (dim(V3) = 1).
In this case, the constant λ cannot have any momentum dependence due to the conditions 

(15), so it can only be a numerical constant.
Two trivial, but immediate applications of (21) are the case of T (1, 2, 3) being any of the 

Yang–Mills 3-point subamplitudes, for which this equation becomes the cyclic or the reflection 
(or combination of both) properties (where λ = 1 or λ = −1) and the case of T (1, 2, 3) being the 
open superstring subamplitude, A(1, 2, 3), for which Eq. (21) implies that A(1, 2, 3) receives no 
α′ corrections and that λ = 1.

3.2.2. Case of N = 4
In this case, according to Table 2, the open superstring 4-point subamplitude has a kinematical 

expression which consists of twenty four (ζ ·ζ )1(ζ ·k)2 and three (ζ ·ζ )2 terms, all of them being 
independent, so, following the prescription in (14), leads to:

T (1,2,3,4) = λ1(ζ1 · ζ2)(ζ3 · k1)(ζ4 · k1) + λ2(ζ1 · ζ2)(ζ3 · k1)(ζ4 · k2)

+ λ3(ζ1 · ζ2)(ζ3 · k2)(ζ4 · k1) + λ4(ζ1 · ζ2)(ζ3 · k2)(ζ4 · k2)

+ λ5(ζ1 · ζ3)(ζ2 · k1)(ζ4 · k1) + λ6(ζ1 · ζ3)(ζ2 · k1)(ζ4 · k2)

+ λ7(ζ1 · ζ3)(ζ2 · k3)(ζ4 · k1) + λ8(ζ1 · ζ3)(ζ2 · k3)(ζ4 · k2)

+ λ9(ζ1 · ζ4)(ζ2 · k1)(ζ3 · k1) + λ10(ζ1 · ζ4)(ζ2 · k1)(ζ3 · k2)

+ λ11(ζ1 · ζ4)(ζ2 · k3)(ζ3 · k1) + λ12(ζ1 · ζ4)(ζ2 · k3)(ζ3 · k2)

+ λ13(ζ2 · ζ3)(ζ1 · k2)(ζ4 · k1) + λ14(ζ2 · ζ3)(ζ1 · k2)(ζ4 · k2)

+ λ15(ζ2 · ζ3)(ζ1 · k3)(ζ4 · k1) + λ16(ζ2 · ζ3)(ζ1 · k3)(ζ4 · k2)

+ λ17(ζ2 · ζ4)(ζ1 · k2)(ζ3 · k1) + λ18(ζ2 · ζ4)(ζ1 · k2)(ζ3 · k2)

+ λ19(ζ2 · ζ4)(ζ1 · k3)(ζ3 · k1) + λ20(ζ2 · ζ4)(ζ1 · k3)(ζ3 · k2)

+ λ21(ζ3 · ζ4)(ζ1 · k2)(ζ2 · k1) + λ22(ζ3 · ζ4)(ζ1 · k2)(ζ2 · k3)

+ λ23(ζ3 · ζ4)(ζ1 · k3)(ζ2 · k1) + λ24(ζ3 · ζ4)(ζ1 · k3)(ζ2 · k3)

+ ρ1(ζ1 · ζ2)(ζ3 · ζ4) + ρ2(ζ1 · ζ3)(ζ2 · ζ4) + ρ3(ζ1 · ζ4)(ζ2 · ζ3). (22)

27 In Eq. (20) we have substituted back the relation (ζ2 · k1) = −(ζ2 · k3) in order to obtain the familiar expression of 
AYM(1, 2, 3).
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In Appendix C we find that demanding on-shell gauge invariance of the subamplitude when 
ζ1 → k1 we can arrive to the following thirteen linearly independent relations:

λ4 = 0, λ8 = 0, λ12 = 0, λ3 + λ10 = 0, λ7 + λ11 = 0,

λ1 + λ5 + λ9 = 0, λ6 + λ2 = 0,

2ρ1 + λ21s − λ23(s + t) = 0, 2ρ2 + λ17s − λ19(s + t) = 0,

2ρ3 + λ13s − λ15(s + t) = 0,

λ14s − λ16(s + t) = 0, λ18s − λ20(s + t) = 0, λ22s − λ24(s + t) = 0, (23)

where

s = (k1 + k2)
2 = 2k1 · k2 and t = (k1 + k4)

2 = 2k1 · k4 (24)

are two of the three Mandelstam variables that appear in the 4-point scattering.28,29

The set of equations in (23) is the 4-point analog to Eq. (17), found for the 3-point subampli-
tude when ζ1 → k1.

In the same way, demanding on-shell gauge invariance of the T (1, 2, 3, 4), when ζ2 → k2, 
ζ3 → k3 and ζ4 → k4, we can arrive to a set of thirteen linearly independent equations in each 
case. The explicit expression of these additional equations and the details of its solution can be 
found in Appendix C.

The important thing is that in the whole set of fifty two equations that come from demanding 
on-shell gauge invariance (Eqs. (23), (C.3), (C.6) and (C.9)) only half of them are linearly inde-
pendent as a whole. The solution of this system is given in Appendix C, in Eq. (C.10): it consists 
of 7 null coefficients (λ1, λ4, λ8, λ12, λ15, λ19 and λ21) and 20 which are given in terms of the 
Mandelstam variables s and t and a unique arbitrary parameter, which, for convenience, we have 
chosen to be λ24, written as 4g2λ{2}/t (where λ{2} is arbitrary). After substituting this solution 
in (22) we finally arrive to30

T (1,2,3,4) = λ{2} · 8g2 1

st

{
−1

4

[
ts(ζ1 · ζ3)(ζ2 · ζ4) + su(ζ2 · ζ3)(ζ1 · ζ4)

+ ut(ζ1 · ζ2)(ζ3 · ζ4)
]

− 1

2
s
[
(ζ1 · k4)(ζ3 · k2)(ζ2 · ζ4) + (ζ2 · k3)(ζ4 · k1)(ζ1 · ζ3)

+ (ζ1 · k3)(ζ4 · k2)(ζ2 · ζ3) + (ζ2 · k4)(ζ3 · k1)(ζ1 · ζ4)
]

− 1

2
t
[
(ζ2 · k1)(ζ4 · k3)(ζ3 · ζ1) + (ζ3 · k4)(ζ1 · k2)(ζ2 · ζ4)

+ (ζ2 · k4)(ζ1 · k3)(ζ3 · ζ4) + (ζ3 · k1)(ζ4 · k2)(ζ2 · ζ1)
]

28 The other one is u = (k1 + k3)2 = 2k1 · k3 = −s − t .
29 Notice that our convention for the 4-point Mandelstam variables has a different sign than the common one in very 
cited references, like [33,46,47]. We have followed this convention in order to be compatible with the one that we use for 
higher N -point Mandelstam variables. See Appendix D.1.
30 Substituting Eqs. (23), (C.3), (C.6) and (C.9), together with λ24 = 4g2λ{2}/t , in Eq. (22), leads to an expression 
which is only on-shell equivalent to the one in Eq. (25): it is necessary to use Eqs. (C.12) and (C.13) in order to check 
the equivalence between both formulas.
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− 1

2
u
[
(ζ1 · k2)(ζ4 · k3)(ζ3 · ζ2) + (ζ3 · k4)(ζ2 · k1)(ζ1 · ζ4)

+ (ζ1 · k4)(ζ2 · k3)(ζ3 · ζ4) + (ζ3 · k2)(ζ4 · k1)(ζ1 · ζ2)
]}

, (25)

or equivalently,

T (1,2,3,4) = λ{2} · AYM
(
1, {2},3,4

)
, (26)

where AYM(1, {2}, 3, 4) = AYM(1, 2, 3, 4) is the familiar Yang–Mills 4-point subamplitude.31,32

So B4 = {AYM(1, 2, 3, 4)} is a basis for V4 and dim(V4) = 1.
In (26) λ{2} is a dimensionless factor which may depend in the dimensionless variables α′s

and α′t , where, at this point, α′ could be any squared length scale (that in the case of string 
theory would be the string fundamental constant). λ{2} corresponds to what it is usually called 
the “momentum factor”.

3.2.3. Case of N = 5, 6, 7
The procedure for N > 4 is exactly the same one presented in Subsections 3.2.1 and 3.2.2, 

but for the corresponding N -point subamplitudes whose general kinematical structure we have 
mentioned in Table 2. Since for these cases the calculations are much more involved than the ones 
that we have already done for N = 4, we leave the details of them for Appendix D. In all these 
cases it is possible to arrive to an (N − 3)!-dimensional basis for VN (dim(VN) = (N − 3)!) and 
it is always possible to choose this basis in terms of only Yang–Mills subamplitudes, in particular 
the one indicated in at the beginning of this section, in Eq. (5). That set of subamplitudes precisely 
contains (N − 3)! elements. That set constitutes one of the possible basis that have appeared in 
the literature as basis for the space of Yang–Mills subamplitudes [37,38,12] and also for the space 
of open superstring subamplitudes [21], which is the purpose of this whole section to prove.

In Appendix D we see that in the cases for N > 4 our calculations have not lead directly to 
the basis in (5), but only after having verified that the dimension of VN is (N − 3)! and that the 
set of amplitudes mentioned in (5) is linearly independent.33

So, summarizing, with the calculations and proofs that we have done in Appendix D we can 
write an arbitrary element of V5, V6 and V7, respectively as34

T (1,2,3,4,5) = λ{23}AYM
(
1, {2,3},4,5

) + λ{32}AYM
(
1, {3,2},4,5

)
, (27)

T (1,2,3,4,5,6) = λ{234}AYM
(
1, {2,3,4},5,6

) + λ{324}AYM
(
1, {3,2,4},5,6

)
+ λ{243}AYM

(
1, {2,4,3},5,6

) + λ{342}AYM
(
1, {3,4,2},5,6

)
+ λ{423}AYM

(
1, {4,2,3},5,6

) + λ{432}AYM
(
1, {4,3,2},5,6

)
(28)

31 This explicit expression for AYM(1, 2, 3, 4) can be found in many places in the literature, for example, in Section 3 
of [23]. But there are some sign differences due to the different convention that we have used for the 4-point Mandelstam 
variables in Eq. (24).
32 We have used the curly brackets, ‘{ }’, in the index 2, just as a remainder of the rule, mentioned in Eq. (5), to choose 
the Yang–Mills subamplitudes of BN .
33 Our proposal of basis in Eq. (5) is based in the previously known results of the BCJ relations for N = 5, 6, 7 [37,
38,12]. Except for the case of N = 4, without these previously known results it would have been quite difficult to guess 
this basis and, as seen in Appendix D, we would have had only (N − 3)! known (and very long) N -point kinematical 
expressions for which we would have no interpretation at all.
34 In Eqs. (27), (28) and (29) we are following the same sort of notation that the authors of [21] used to write the linear 
combinations of the subamplitudes, that is, the momentum factors are labeled by a superscript denoting the corresponding 
σN permutation.
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and

T (1,2,3,4,5,6,7) = λ{2345}AYM
(
1, {2,3,4,5},6,7

) + λ{2354}AYM
(
1, {2,3,5,4},6,7

)
+ λ{2435}AYM

(
1, {2,4,3,5},6,7

)
+ · · · + λ{5432}AYM

(
1, {5,4,3,2},6,7

)
, (29)

where the λ{σN }’s are the corresponding momentum factors, which may depend in the dimension-
less Mandelstam variables (α′si and α′tj ) of each N -point scattering process of gauge bosons.

An independent set of Mandelstam variables for N = 5, 6, 7 is given in Appendix D.
In the right-hand side of (29) there are 4! = 24 terms that are being summed, in accordance to 

Eq. (5) for N = 7.
The same as in Eq. (26), in Eqs. (27), (28) and (29) we have inserted curly brackets, ‘{ }’, just 

as a remainder of the rule, mentioned in Eq. (5), to choose the Yang–Mills subamplitudes of B5, 
B6 and B7, respectively.

3.3. Finding the components of an element of VN with respect to the basis BN

Once we have accepted that the set BN is indeed a basis for VN , at least for 3 ≤ N ≤ 7, the 
next step consists in finding the components of an element of VN with respect to BN . We will 
present here a procedure which we expect to be valid for any N ≥ 3 (even for N > 7).35

Let T (1, . . . , N) ∈ VN . To find the components of T (1, . . . , N) with respect to the basis BN

we have to find the momentum factors, λ{σN }’s, such that

T (1, . . . ,N) =
∑

σN∈SN−3

λ{σN }AYM
(
1,

{
2σ ,3σ , . . . , (N − 2)σ

}
,N − 1,N

)
, (30)

where σN = {2σ , 3σ , . . . , (N −2)σ } denotes the same permutation of indexes {2, 3, . . . , (N −2)}
that we referred to in Eq. (5).

The natural (but tedious!) way to find the λ{σN }’s is by writing down the expression of 
T (1, . . . , N), and of each Yang–Mills subamplitude in BN , in terms of the kinematical terms 
listed in Eq. (10), with the convention (14) for the (ζ · k) terms, for example. Then, a linear 
system for the λ{σN }’s arises from demanding that the coefficient of each (ζ · ζ )j (ζ · k)N−2j

term (where j = 1, . . . , [N/2]), in both sides of (30), is the same. Since this linear system is 
overdetermined, it is not necessary to consider all the equations of it in order to find the (N − 3)!
λ{σN }’s.

For small values of N it is easy to see that considering in (30) the kinematical terms with the 
smallest number of (ζ · k) terms (that is, the ones for j = [N/2]), that is enough information to 
find the λ{σN }’s. Consider, for example, the cases of N = 3, 4, 5. From Table 2 we see that the 
3-point amplitude contains 3 (ζ ·ζ )1(ζ ·k)1 terms, the 4-point amplitude contains 3 (ζ ·ζ )2 terms 
and the 5-point amplitude contains 45 (ζ ·ζ )2(ζ ·k)1 terms. It is clear, then, that considering these 
particular kinematical terms in (30), that would be enough information to find the λ{σN}’s, since 
for N = 3 and N = 4 there is only one component and for N = 5 there are two components to 
determine.

35 At least in this subsection we will work with the hypothesis that BN , as specified in (5), is a basis of VN for any
N ≥ 3.
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But, for sufficiently large N ,36 the number of kinematical terms of the type mentioned above 
(the ones for j = [N/2]) is less than (N − 3)! and, then, considering only those type of terms 
will not be enough information to find all the λ{σN }’s.

Since, at this point, we are worried about a strategy to find the components of T (1, . . . , N), 
for an arbitrary N , our proposal will be to consider the kinematical terms for j = 1, namely, the 
(ζ · ζ )1(ζ · k)N−2 terms. Those are the ones, among all the possible types of kinematical terms 
in (10), which show up in more amount in the most general expression for T (1, . . . , N).37

So, in the next two sections, when we will look for the momentum factors that are present in 
the BCJ relations and in the open superstring formula, we will consider the (ζ · ζ )1(ζ · k)N−2

terms in our kinematical analysis.

4. Closed expression for the N -point disk amplitude using the RNS formalism

An immediate and natural application of the analysis done in Subsection 3.3 is to find the 
momentum factors in the case that T (1, . . . , N) is any of the possible Yang–Mills or open su-
perstring N -point subamplitudes, because they are gauge invariant and the (ζ · k)N are absent 
in them.38 In the first case, the result becomes one of the BCJ relations and in the second case, 
the result becomes a closed formula for the open superstring subamplitudes. We do the exercise 
for the BCJ relations in Appendix E and in this section we do the corresponding calculation for 
the open superstring, arriving to MSS’s result, in Eq. (1), by means of a RNS formalism (for 
3 ≤ N ≤ 7).

We will first derive MSS formula in the case of pure gauge boson scattering in Subsection 4.1
and then, in Subsection 4.2, we will quickly see that there is no need to deal with fermion ver-
tex operators (at least for the tree level amplitudes) in order to find the scattering amplitudes 
involving fermions (once the closed formula has been found for gauge bosons).

4.1. For gauge bosons only

Using the RNS formalism, it is known that the N -point subamplitude for gauge bosons in 
open superstring theory is given by the following integral formula [46]39:

Ab(1,2, . . . ,N) = 2
gN−2

(2α′)2
(xN−1 − x1)(xN − x1)

xN−1∫
0

dxN−2

xN−2∫
0

dxN−3 . . .

x3∫
0

dx2

×
∫

dθ1 . . . dθN−2

N∏
p<q

(xq − xp − θqθp)2α′kp ·kq ×
∫

dφ1 . . . dφN

× exp

(
N∑

i �=j

(2α′)1(θj − θi)φj (ζj · ki) − 1/2 (2α′)1φjφi(ζj · ζi)

xj − xi − θj θi

)
.

(31)

36 Consider N ≥ 12, for example.
37 It is not difficult to see, by considering formula (13), that the number of independent (ζ · ζ )1(ζ · k)N−2 terms is 
bigger than (N − 3)!.
38 In the case of Yang–Mills subamplitudes, it was already mentioned in the beginning of Subsection 3.1 that they do 
not contain (ζ · k)N terms.
39 In Eq. (31) we have used an index b in the N -point subamplitude as a remainder that it corresponds to the scattering 
process involving only bosons.
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In this formula, the θi ’s and the φj ’s are Grassmann variables, while the xk’s are common real 
variables, where x1 < x2 < . . . < xN . Briefly speaking, the result in Eq. (31) has been obtained 
by averaging over the ground state of the theory, the product of N gauge boson vertex operators, 
localized at positions x1, x2, . . ., xN . The residual symmetry of the integrand can be gauge-fixed, 
for example, by demanding {x1 = 0, xN−1 = 1, xN = +∞} and {θN−1 = θN = 0}.40

In this section we will prove that in the case of T (1, . . . , N) = Ab(1, 2, . . . , N), given in 
Eq. (31), then the momentum factors of Eq. (30) are given precisely by the ones appearing in 
MSS formula, Eq. (1). The integral formula that Mafra, Schlotterer and Stieberger find for them 
is [21]

F {23...N−2}(α′) =
1∫

0

dxN−2

xN−2∫
0

dxN−3 . . .

x3∫
0

dx2

(
N−1∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

N−2∏
p=2

p−1∑
q=1

(
2α′kp · kq

xp − xq

)}
, (32)

where x1 = 0 and xN−1 = 1.41

Formula (32) is the one for the momentum factor which in Eq. (1) goes multiplying the subam-
plitude AYM(1, {2, 3, . . . , N − 2}, N − 1, N). The MSS prescription for the remaining F {σN }(α′)
momentum factors consists in interchanging the indices {2, 3, . . . , N − 2}, according to the σN

permutation, only in the curly brackets of the right-hand side of Eq. (32). This interchange of 
indices should be done in both, the kj ’s momenta and the xj ’s variables inside the curly brack-
ets. This will become more clear in the case-by-case study that we will consider in the following 
subsections.

Before going into the derivation of the momentum factors we have two remarks:

1. As they stand, formulas (31) and (32) are not applicable to the case of N = 3. Since it is 
very well known that in this case Ab(1, 2, 3) = AYM(1, 2, 3), the 3-point momentum factor 
is simply defined as being 1.

2. There is an equivalent expression that Mafra, Schlotterer and Stieberger give for the momen-
tum factor in Eq. (32), for N ≥ 5, and it comes by integrating by parts on it [35]:

F {23...N−2}(α′) =
1∫

0

dxN−2

xN−2∫
0

dxN−3 . . .

x3∫
0

dx2

(
N−1∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{[N/2]∏

p=2

p−1∑
q=1

(
2α′kp · kq

xp − xq

)}{
N−2∏

p=[N/2]+1

N−1∑
q=p+1

(
2α′kp · kq

xp − xq

)}
,

(33)

In the following subsections we will see that we reproduce formula (32) in the case of N = 4 and 
formula (33) in the cases of N = 5, 6, 7.

40 In (31) we have already kept x1, xN−1, xN , θN−1 and θN fixed, but we have not yet chosen the peculiar values 
mentioned in the text. See Section 7.3 of Ref. [46], for more details.
41 In the expression in (32) xN has already be taken to +∞: that is why it does not appear on it.
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In the case of N = 4 we will present the derivation with enough details to see the consistency 
of the relations that arise when we consider the (ζ · ζ )1(ζ ·k)N−2 terms of the subamplitudes. For 
N = 5, 6, 7 the procedure will be the same one, but we will not present so many details because 
the open superstring and the Yang–Mills subamplitudes become too large. For N = 5 we will 
explain how to arrive at the known expression of the two momentum factors (Eq. (33)), together 
with some evidence of the self consistency of the calculations, and for N = 6, 7 we will just 
explain how to arrive to the corresponding momentum factors.

4.1.1. Case of N = 4
In this case the relation (26) guarantees that choosing T (1, 2, 3, 4) = Ab(1, 2, 3, 4) it is possi-

ble to write down

Ab(1,2,3,4) = F {2}(α′)AYM(1,2,3,4), (34)

for a certain momentum factor F {2}(α′) that we want to find.
AYM(1, 2, 3, 4) has already been given in (25) and the expression for Ab(1, 2, 3, 4) is not 

difficult to be obtained from (31) for N = 4 (after expanding the exponential and integrating 
over the two Grassmann θi’s and the four Grassmann φj ’s).

Following the procedure proposed in Subsection 3.3, after writing all (ζ · k) terms in the basis 
given in (14) and equating the (ζ · ζ )1(ζ · k)2 terms of both sides of (34), we arrive to

2g2{(ζ1 · ζ2)
[−(

4α′)I [4]
1 (ζ3 · k1)(ζ4 · k2) + (

4α′)I [4]
3 (ζ3 · k2)(ζ4 · k1)

]
+ (ζ1 · ζ3)

[(
4α′)I [4]

1 (ζ2 · k1)(ζ4 · k1) + (
4α′)I [4]

1 (ζ2 · k1)(ζ4 · k2)

− (
4α′)I [4]

2 (ζ2 · k3)(ζ4 · k1)
]

+ (ζ1 · ζ4)
[−(

4α′)I [4]
1 (ζ2 · k1)(ζ3 · k1) − (

4α′)I [4]
3 (ζ2 · k1)(ζ3 · k2)

+ (
4α′)I [4]

2 (ζ2 · k3)(ζ3 · k1)
]

+ (ζ2 · ζ3)
[−(

4α′)I [4]
3 (ζ1 · k2)(ζ4 · k1) − (

4α′)I [4]
3 (ζ1 · k2)(ζ4 · k2)

− (
4α′)I [4]

2 (ζ1 · k3)(ζ4 · k2)
]

+ (ζ2 · ζ4)
[(

4α′)I [4]
1 (ζ1 · k2)(ζ3 · k1) + (

4α′)I [4]
3 (ζ1 · k2)(ζ3 · k2)

+ (
4α′)I [4]

2 (ζ1 · k3)(ζ3 · k2)
]

+ (ζ3 · ζ4)
[−(

4α′)I [4]
3 (ζ1 · k2)(ζ2 · k3) + (

4α′)I [4]
1 (ζ1 · k3)(ζ2 · k1)

− (
4α′)I [4]

2 (ζ1 · k3)(ζ2 · k3)
]}

= 2g2F {2}(α′){(ζ1 · ζ2)

[
−4

s
(ζ3 · k1)(ζ4 · k2) +

(
4

s
+ 4

t

)
(ζ3 · k2)(ζ4 · k1)

]

+ (ζ1 · ζ3)

[
4

s
(ζ2 · k1)(ζ4 · k1) + 4

s
(ζ2 · k1)(ζ4 · k2) − 4

t
(ζ2 · k3)(ζ4 · k1)

]

+ (ζ1 · ζ4)

[
−4

s
(ζ2 · k1)(ζ3 · k1) −

(
4

s
+ 4

t

)
(ζ2 · k1)(ζ3 · k2) + 4

t
(ζ2 · k3)(ζ3 · k1)

]

+ (ζ2 · ζ3)

[
−

(
4

s
+ 4

t

)
(ζ1 · k2)(ζ4 · k1) −

(
4

s
+ 4

t

)
(ζ1 · k2)(ζ4 · k2)

− 4
(ζ1 · k3)(ζ4 · k2)

]

t
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+ (ζ2 · ζ4)

[
4

s
(ζ1 · k2)(ζ3 · k1) +

(
4

s
+ 4

t

)
(ζ1 · k2)(ζ3 · k2) + 4

t
(ζ1 · k3)(ζ3 · k2)

]

+ (ζ3 · ζ4)

[
−

(
4

s
+ 4

t

)
(ζ1 · k2)(ζ2 · k3) + 4

s
(ζ1 · k3)(ζ2 · k1) − 4

t
(ζ1 · k3)(ζ2 · k3)

]}
,

(35)

where42

I
[4]
1 =

1∫
0

dx2 x2
α′s−1(1 − x2)

α′t , I
[4]
2 =

1∫
0

dx2 x2
α′s(1 − x2)

α′t−1,

I
[4]
3 =

1∫
0

dx2 x2
α′s−1(1 − x2)

α′t−1. (36)

In (35), when we substituted AYM(1, 2, 3, 4) from Eq. (25), we have used that u = −s − t .
Comparing the coefficient of the (ζ1 · ζ2)(ζ3 · k1)(ζ4 · k2) term in both sides of (35) we find 

that

F {2}(α′) = α′sI [4]
1 , (37)

or equivalently,

F {2}(α′) = 2α′k2 · k1

1∫
0

dx2 x
2α′k2·k1−1
2 (1 − x2)

2α′k3·k2 (38)

=
1∫

0

dx2

(
3∏

i>j≥1

(xi − xj )
2α′ki ·kj

)
2α′k2 · k1

x2 − x1
, (39)

where x1 = 0 and x3 = 1.
Formula (39) corresponds precisely to formula (32) for the case of N = 4, as we had antici-

pated.
Notice that comparing other (ζ · ζ )1(ζ · k)2 terms in Eq. (35) we may arrive to different 

expressions for F {2}(α′). For example, if we compare the coefficient of (ζ1 · ζ3)(ζ2 · k3)(ζ4 · k1)

and the coefficient of (ζ2 · ζ3)(ζ1 · k2)(ζ4 · k1), in both sides of (35), we find that, respectively,

F {2}(α′) = α′tI [4]
2 , F {2}(α′) = α′ st

s + t
I

[4]
3 . (40)

Integrating by parts in the definition of I [4]
2 (and considering the analytic continuation in α′s and 

α′t of the three integrals in Eq. (36)), we have that

I
[4]
2 = s

t
I

[4]
1 . (41)

42 In (36) we have introduced the superscript ‘[4]’ as a remainder that the integrals that have appeared are the ones for 
the 4-point case.
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Also, multiplying the identity 1/{x2(1 − x2)} = 1/x2 + 1/(1 − x2), by the term x2α′s
2 (1 − x2)

2α′t

and integrating in the interval [0, 1], this identity becomes

I
[4]
3 = I

[4]
1 + I

[4]
2 . (42)

Using relations (41) and (42) it is easy to see that the two alternative expressions for F {2}(α′), 
given in Eq. (40), are equivalent to the one in (37) (and, therefore, equivalent to the one in (39)).

One might even ask what would have happened if we had included the three (ζ · ζ )2 terms in 
both sides of (35) and compared their corresponding coefficients. The answer is that we would 
have found two of the three integral representations that we already have for F {2}(α′) plus a new 
one:

F {2}(α′) = s(α′s − 1)

s + t

1∫
0

dx2 x2
α′s−2(1 − x2)

α′t . (43)

It can be easily verified that this expression can be obtained using integration by parts in I [4]
3 , in 

the second equation in (40).

4.1.2. Case of N = 5
In this case the relation (27) guarantees that choosing T (1, 2, 3, 4, 5) = Ab(1, 2, 3, 4, 5) it is 

possible to write down

Ab(1,2,3,4,5) = F {23}(α′)AYM(1,2,3,4,5) + F {32}(α′)AYM(1,3,2,4,5). (44)

Following the procedure proposed in Subsection 3.3, in Eq. (44) we consider only the 
(ζ · ζ )1(ζ · k)3 terms,

Ab(1,2,3,4,5)
∣∣
(ζ ·ζ )1(ζ ·k)3 = F {23}(α′)AYM(1,2,3,4,5)

∣∣
(ζ ·ζ )1(ζ ·k)3

+ F {32}(α′)AYM(1,3,2,4,5)
∣∣
(ζ ·ζ )1(ζ ·k)3, (45)

where we are supposed to write all (ζ · k) terms in the basis given in (14) for N = 5.
On one side, in Section 5 of Ref. [23] it has been explained in detail how the x5 → +∞ limit 

is taken and how the Grassmann integrations are done in Eq. (31), in the case of N = 5,43 so all 
the terms of the left-hand side of Eq. (45) are known.

On the other side, we give the expression for all the (ζ · ζ )1(ζ · k)3 terms of AYM(1, 2, 3, 4, 5)

(and, therefore, also the corresponding terms of AYM(1, 3, 2, 4, 5)) in Eq. (D.7), so the right-hand 
side of Eq. (45) is also completely known, except for F {23}(α′) and F {32}(α′).

If we examine the coefficient of (ζ1 · ζ2)(ζ3 · k4)(ζ4 · k1)(ζ5 · k2) in both sides of Eq. (45) we 
find that44

8

s1s3
F {23}(α′) = 8α′ 2

1∫
0

dx3

x3∫
0

dx2 x2
α′s1−1x3

α′(s4−s1−s2)(x3 − x2)
α′s2

× (1 − x2)
α′(s5−s2−s3)(1 − x3)

α′s3−1. (46)

43 There are three θi ’s and five φj ’s in this case.
44 In our N = 5 calculations we have substituted the ki · kj invariants in terms of the independent Mandelstam variables 
that we have chosen. See Eqs. (D.1) and (D.4).
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This equation leads directly to an expression for F {23}(α′), which might be written as45

F {23}(α′) =
1∫

0

dx3

x3∫
0

dx2

(
4∏

i>j≥1

(xi − xj )
2α′ki ·kj

)
2α′k2 · k1

x2 − x1
· 2α′k4 · k3

x4 − x3
, (47)

where x1 = 0 and x4 = 1.
The fact that in Eq. (46) F {32}(α′) is not present means that the (ζ1 · ζ2)(ζ3 ·k4)(ζ4 ·k1)(ζ5 ·k2)

term is present in Ab(1, 2, 3, 4, 5) and AYM(1, 2, 3, 4, 5), but it is not present in AYM(1, 3, 2, 4, 5).
Similarly, if we examine the coefficient of (ζ1 · ζ3)(ζ2 · k4)(ζ4 · k1)(ζ5 · k3) in both sides of 

Eq. (45) we find that

− 8

(s1 + s2 − s4)(s5 − s2 − s3)
F {32}(α′)

= 8α′ 2

1∫
0

dx3

x3∫
0

dx2 x2
α′s1x3

α′(s4−s1−s2)−1(x3 − x2)
α′s2

× (1 − x2)
α′(s5−s2−s3)−1(1 − x3)

α′s3, (48)

from which we can arrive at

F {32}(α′) =
1∫

0

dx3

x3∫
0

dx2

(
4∏

i>j≥1

(xi − xj )
2α′ki ·kj

)
2α′k3 · k1

x3 − x1
· 2α′k4 · k2

x4 − x2
. (49)

Formulas (47) and (49) correspond to the expressions of the two momentum factors that appear 
in the case of N = 5. These two formulas agree completely with the expected expression for 
F {23}(α′) and F {32}(α′), according to formula (33).

The two specific kinematical structures that allowed us to arrive directly to the known ex-
pressions of F {23}(α′) and F {32}(α′) are not the only ones that lead to those expressions. For 
example, we have checked that examining the coefficient of (ζ1 · ζ4)(ζ2 · k1)(ζ3 · k4)(ζ5 · k1) and 
(ζ1 · ζ4)(ζ2 · k1)(ζ3 · k4)(ζ5 · k2), in both sides of (45), also leads to Eq. (46). We
have also checked that examining the coefficient of (ζ1 · ζ4)(ζ2 · k4)(ζ3 · k1)(ζ5 · k1) and
(ζ1 · ζ4)(ζ2 · k4)(ζ3 · k1)(ζ5 · k3), in both sides of (45), also leads to Eq. (48).

For the sake of completeness we will examine in Eq. (45) two other kinematical structures, 
namely, (ζ1 · ζ2)(ζ3 · k1)(ζ4 · k2)(ζ5 · k1) and (ζ1 · ζ2)(ζ3 · k4)(ζ4 · k2)(ζ5 · k1). This leads, respec-
tively, to the following two relations that F {23}(α′) and F {32}(α′) should satisfy:

2

s1
F {23}(α′) + 2(s2 + s3 − s4 − s5)

(s5 − s2 − s3)(s1 + s2 − s4)
F {32}(α′) = 2α′ 2 s4 I

[5]
1 ,

−2(s1 + s5)

s1s3
F {23}(α′) + 2

(s2 + s3 − s5)
F {32}(α′) = −2α′ 2s5I

[5]
2 , (50)

where

45 In (47) we have substituted back the explicit expressions for the N = 5 Mandelstam variables.
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I
[5]
1 =

1∫
0

dx3

x3∫
0

dx2 x2
α′s1−1x3

α′(s4−s1−s2)(x3 − x2)
α′s2

× (1 − x2)
α′(s5−s2−s3)−1(1 − x3)

α′s3−1, (51)

I
[5]
2 =

1∫
0

dx3

x3∫
0

dx2 x2
α′s1−1x3

α′(s4−s1−s2)−1(x3 − x2)
α′s2

× (1 − x2)
α′(s5−s2−s3)−1(1 − x3)

α′s3 . (52)

Solving the linear system in (50) leads to integral expressions for F {23}(α′) and F {32}(α′) which 
apparently differ from the ones found in (46) and (48), respectively. But this is exactly the same 
thing that we analyzed in Eqs. (40) and (43), for the case of N = 4: there are integration by 
parts and partial fraction relations that allow us to write a same momentum factor in apparently 
different integral representations. Since the expressions found for the momentum factors this 
time are double integrals, there is a much rich variety of relations that can be found for them 
and it is not always an immediate thing to prove the equivalence between this different integral 
representations. In Refs. [48] and [18] it was explained how using these relations, Ab(1, 2, 3, 4, 5)

for the first time could be written in a simple form, as a sum of two contributions (in direct 
analogy to Eq. (44)).

4.1.3. Case of N = 6 and N = 7
In the case of N = 6 and N = 7 we will not refer any longer to the alternative integral expres-

sions that show up for the momentum factors (and which can always be proved by combining 
integration by parts and partial fraction techniques). These expressions will simply have to be 
equivalent to the ones we are looking for, because of the consistency of our method.

In this case relations (28) and (29) guarantee that choosing T (1, 2, 3, 4, 5, 6) = Ab(1, 2, 3,

4, 5, 6) and T (1, 2, 3, 4, 5, 6, 7) = Ab(1, 2, 3, 4, 5, 6, 7), respectively, it is possible to write down 
similar relations to the ones in those equations, but relabeling the momentum factors as

λ{σ6} → F {σ6}(α′), λ{σ7} → F {σ7}(α′), (53)

where σ6 and σ7 are all possible SN−3 permutations (for N = 6 and N = 7) of indices {2, 3, 4}
and {2, 3, 4, 5}, respectively.

The final result is that we succeed in arriving at the six and the twenty four momentum factors 
of formula (33) for N = 6 and N = 7, respectively, that is:

F {234}(α′) =
1∫

0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
5∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

2α′k2 · k1

x2 − x1
· 2α′k5 · k4

x5 − x4

(
2α′k3 · k1

x3 − x1
+ 2α′k3 · k2

x3 − x2

)}
(54)

and
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F {2345}(α′) =
1∫

0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

){
2α′k2 · k1

x2 − x1

2α′k6 · k5

x6 − x5

·
(

2α′k3 · k1

x3 − x1
+ 2α′k3 · k2

x3 − x2

)(
2α′k5 · k4

x5 − x4
+ 2α′k6 · k4

x6 − x4

)}
. (55)

In Eq. (54) it is understood that {x1 = 0, x5 = 1} while in Eq. (55) is understood that {x1 = 0,

x6 = 1}.
As we mentioned after Eq. (32), the MSS prescription for finding the remaining momentum 

factors consists in simply doing a permutation of indices inside the curly brackets of (54) and 
(55), according to the σN permutation that is being considered (where N = 6 and N = 7, respec-
tively). For example, doing 2 ↔ 3 in (54) and (55) we arrive, respectively, at

F {324}(α′) =
1∫

0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
5∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

2α′k3 · k1

x3 − x1
· 2α′k5 · k4

x5 − x4

(
2α′k2 · k1

x2 − x1
+ 2α′k2 · k3

x2 − x3

)}
(56)

and

F {3245}(α′) =
1∫

0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

){
2α′k3 · k1

x3 − x1

2α′k6 · k5

x6 − x5

·
(

2α′k2 · k1

x2 − x1
+ 2α′k2 · k3

x2 − x3

)(
2α′k5 · k4

x5 − x4
+ 2α′k6 · k4

x6 − x4

)}
. (57)

In Appendix G we specify the kinematical terms that allow us to write a linear system of equa-
tions which has a unique solution for the momentum factors and which is precisely given by the 
ones in Eqs. (54) and (55) (and for the remaining momentum factors, by means of a σN permu-
tation of the corresponding indices). We also specify, in that appendix, the corresponding linear 
system of equations for the F {σ6}(α′)’s and for the F {σ7}(α′)’s.

4.2. For gauge bosons and massless fermions

In this section we briefly explain how to find the amplitudes involving fermions directly from 
the corresponding amplitude involving only gauge bosons. From the point of view of vertex 
operators, in the RNS formalism, this is a non-trivial thing to do since it is known that there arise 
difficulties when calculating amplitudes of n gauge bosons and 2m massless fermions in the case 
of m ≥ 346 (where n = 1, 2, . . .) [32].

The shortcut to find the amplitudes involving (any number of even) fermions is that we do not 
need to compute them from the beginning, by considering correlation functions of vertex opera-
tors: the closed formula for the N -point amplitude of gauge bosons and D = 10 supersymmetry 

46 The difficulties have to do with the fact that the total super ghost charge of the involved vertex operators must be 
−2 and fermion vertex operators are generally known in the +1/2 and −1/2 picture (therefore, four fermions gives 
4 × (−1/2) = −2 and this case is fine). We thank N. Berkovits and E. Hatefi for clarifying this issue to us. In spite of 
this difficulty in Ref. [49] the pure fermion 6-point amplitude was obtained using the RNS formalism.
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are enough ingredients to find the amplitudes involving fermions. We already saw this in Sec-
tion 2.3 of Ref. [50], in the case of the open superstring 5-point amplitude, where the ansatz that 
we proposed for the fermion amplitudes consisted in simply changing the original gauge boson 
subamplitudes of the 2-dimensional basis (AYM(1, 2, 3, 4, 5) and AF 4(1, 2, 3, 4, 5), in the case 
of Ref. [50]) by the corresponding expression of their superpartner subamplitudes.

In the N -point case we do exactly the same thing: we change the gauge boson subamplitudes 
of the basis (in this case given by the Yang–Mills subamplitudes in (5)) by their superpartner 
subamplitudes. The resulting formula is precisely the one obtained by Mafra, Schlotterer and 
Stieberger [21] (see Eq. (1)).

Besides the expression in (1) there is no other possibility for the scattering amplitudes involv-
ing fermions since, as analyzed in [46], the global supersymmetry requirement is sufficient to 
determine the structure of the boson/fermion interactions uniquely.47 In formula (1) this means 
that the summed variation of all possible boson/fermion subamplitudes, under the supersymme-
try transformations,

δζ
μ
j = i

2

(
ε̄γ μuj

)
, δuj = i

2
(γμνε)ζ

μ
j kν

j ,

δūj = i

2
(ε̄γμν)ζ

μ
j kν

j (j = 1, . . . ,N) (58)

is zero, after using the on-shell and the physical state conditions, together with momentum con-
servation.48

5. Finding the α′ expansion of the momentum factors

It was mentioned in Ref. [35] that the factorization properties of open superstring subam-
plitudes could be used as a complementary approach to determine the α′ expansion of the 
momentum factors F {σN }(α′).49 Also, in Ref. [15] the cyclic property of these subamplitudes 
was used as another complementary approach for that purpose (in the case of N = 5, N = 6 and 
N = 7).

We agree completely with the observation in [35] and, indeed, together with cyclicity, we will 
use these sort of factorization properties in this section as part of the tools to find the α′ expansion 
of the momentum factors (see Eqs. (62) and (67)). Our remark at this point is that there is a more 
general form for the factorization (or tree-level unitarity) relations than the ones considered in 
Ref. [35], which includes as a particular case the collinear limit considered there (see Eq. (67)). 
This form, together with the cyclic property of the subamplitude, allows us to obtain all the α′
terms of the momentum factors, up to quite high α′ order, by just using the very well known 
4-point (Veneziano-type) momentum factor.

This is a very non-trivial result that will allow us to bypass α′ expansions of worldsheet 
integrals for N = 5, N = 6 and N = 7, at least up to α′ 6 order in the first two cases and α′ 4

order in the last one,50 in the same spirit that the revisited S-matrix method succeeds in finding 

47 This analysis can be found, for example, in Sections 5.3.1 and 7.4.1 of Ref. [46]. We thank N. Berkovits for suggesting 
part of the specific sections of this book to us.
48 The formulas in (58) are nothing else than the momentum space version of the supersymmetric transformations of 
the fields Aa

μ and ψa of D = 10 super Yang–Mills theory.
49 See, for example, Appendix C of this reference.
50 Our limitation to go to higher orders in α′ , by just considering the expansion of the 4-point gamma factor, is 
just a computational one since the expressions become extremely huge as the α′ order grows. As we explained in 
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the corresponding α′ terms of the OSLEEL which would commonly be determined by open 
superstring N -point amplitudes (where N > 4) [7].

5.1. Tree level unitarity of the amplitudes

In the case of gauge bosons, the tree level unitarity relations state that the N -point subampli-
tude obeys51 [47]

A(ζ1, k1; . . . ; ζN , kN)

∼ i

∫
dDk

(2π)D

Aμ(ζ1, k1; . . . ; ζm−1, km−1; k)Aμ(−k; ζm, km; . . . ; ζN , kN)

−k2
(59)

where Aμ and Aμ are, respectively, m and (N + 2 −m)-point subamplitudes and where the pole 
that A(ζ1, k1; . . . ; ζN , kN) has in the Mandelstam variable (k1 + k2 +· · ·+ km−1)

2 is being taken 
to zero:

(k1 + k2 + · · · + km−1)
2 → 0. (60)

All A subamplitudes in (59) include the ‘iδ’ factor that takes into account momentum conserva-
tion (see Eq. (2)) and D (= 10) is the spacetime dimension.

Eq. (59) is applicable for N ≥ 4 and m = 3, . . . , N −1, so there are (N −3) unitarity relations 
for Mandelstam variables like (k1 + k2 + · · · + km−1)

2.
The remaining unitarity relations arise when the other Mandelstam variables,

(k2 + k3 + · · · + km−1)
2, (k3 + k4 + · · · + km−1)

2, . . . , (km−2 + km−1)
2, (61)

are individually taken to zero. There are N(N −3)/2 independent Mandelstam variables and that 
is the total number of independent unitarity relations.

Substituting the explicit dependence of each A subamplitude in the ‘iδ’ factor in (59) and 
calculating the D-dimensional integral leads to

A(ζ1, k1; . . . ; ζN , kN) ∼ Aμ(ζ1, k1; . . . ; ζm−1, km−1; k)Aμ(−k; ζm, km; . . . ; ζN , kN)

(k1 + k2 + · · · + km−1)2
, (62)

where, now, the A, Aμ and Aμ subamplitudes no longer include the δ dependence and the mo-
mentum conservation on each of them must be implicitly assumed. These subamplitudes are the 
ones that we have been dealing with throughout this work.

Aμ and Aμ are subamplitudes in which the corresponding polarization vector has been taken 
away:

Aμ(ζ1, k1; . . . ; ζm−1, km−1; k) = ∂

∂ζμ

A(ζ1, k1; . . . ; ζm−1, km−1; ζ, k), (63)

Aμ(−k; ζm, km; . . . ; ζN , kN) = ∂

∂ζμ
A(ζ,−k; ζm, km; . . . ; ζN , kN), (64)

Subsection 2.2, we believe that using the 4-point amplitude α′ expansion, we are able to obtain completely the α′
expansion of any N -point momentum factor up to α′ 7 order.
51 In Eq. (59) and the remaining ones that contain expressions involving the subamplitudes, in this subsection, we 
will not use the index ‘b’ on them because their dependence in the polarization vectors ζi has been made explicit and, 
therefore, it is clear that they are gauge boson subamplitudes. As a general rule, we will only use the ‘b’ index in the 
subamplitude variable A when it has not been made explicit its dependence in the polarizations.
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where

kμ = −(
k
μ
1 + · · · + k

μ
m−1

) = kμ
m + · · · + k

μ
N (65)

and where the asymptotic mass-shell condition (60) is being taken into account.
Formula (62) states that the residue that the N -point subamplitude has in (k1 + k2 + · · · +

km−1)
2 = 0 is given by the product of two lower-point subamplitudes (an m-point and a 

(N + 2 − m)-point one). It is valid at any α′ order. In particular, if α′ → 0 it means that Yang–
Mills subamplitudes also satisfy it.

When Eq. (62) is considered for the particular case of m = 3, it becomes

A(ζ1, k1; . . . ; ζN , kN) ∼ Aμ(ζ1, k1; ζ2, k2; k)Aμ(−k; ζ3, k3; . . . ; ζN , kN)

(k1 + k2)2
, (66)

or equivalently

A(ζ1, k1; . . . ; ζN , kN) ∼ 1

2(k1 · k2)
V

μ

(12)

∂

∂ζμ
A(ζ, k1 + k2; ζ3, k3; . . . ; ζN , kN), (67)

where

V
μ

(12) = −g
[
(ζ1 · ζ2)(k1 − k2)

μ − 2(ζ2 · k1)ζ
μ
1 + 2(ζ1 · k2)ζ

μ
2

]
(68)

is the (contracted) Yang–Mills vertex.
For m = 3, condition (60) implies that (k1 + k2)

2 = 2k1 · k2 goes to zero:

k1 · k2 → 0. (69)

If k1 and k2 are non-zero light-like vectors, then condition (69) implies that these momenta 
are parallel (k1 ‖ k2) and, therefore, the unitarity relation (67) is nothing else than the collinear 
version of the factorization property of gauge boson subamplitudes [51].

In the case of arbitrary m (= 3, . . . , N − 1), if {k1, . . . , km−1} are non-zero physical 
(Minkowski) momenta, then condition (60) implies that all of them are parallel (k1 ‖ k2 ‖ . . . ‖
km−1).52 Subsequently, all Mandelstam variables should tend to zero (because if the momenta 
tend to be parallel then ki · kj → 0). This is what happens for the Mandelstam variables in the 
physical region.

So, the word of caution when considering Eq. (62) subject to condition (60), is that we are 
considering there the subamplitude expressions where the Mandelstam variables have been an-
alytically continued in the complex plane. Then, the Mandelstam variables are generally out of 
the physical region and, therefore, condition (60) does not have any implication for any of the 
other Mandelstam variables: they remain being independent in spite of one of them (namely, 
(k1 + k2 + · · · + km−1)

2) tending to zero. This fact will be implicit in the calculations that we 
will do in Subsections 5.3, 5.4 and 5.5. In these subsections we will use formula (67) and its 
generalization, Eq. (62), to find α′ terms of the N -point amplitude for N = 5, 6, 7, by just using 
the well known open superstring 4-point α′ expansion (see Eqs. (F.2) and (F.3)).

52 Due to global momentum conservation, it turns out that all ki become parallel, for i = 1, . . . , N , not only the first m
momenta.
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5.2. Analyticity of the momentum factors

Before going to the details of the α′ calculations in the N -point amplitudes (where N =
5, 6, 7) an important remark proceeds.

From the analysis that we did in Section 4 we have that the N -point subamplitude of gauge 
bosons in open superstring theory is given by

Ab(1, . . . ,N) =
∑

σN∈SN−3

F {σN }(α′)AYM
(
1,

{
2σ ,3σ , . . . , (N − 2)σ

}
,N − 1,N

)
, (70)

where the F {σN }(α′)’s are given by the integral expression (32) (or equivalently, if N ≥ 5, by 
Eq. (33)).

In any of the two expressions of the momentum factors we see that the α′ dependence of them 
is completely enclosed in the dimensionless Mandelstam variables, α′si and α′tj . So, on one 
side, if these variables are analytically continued in the complex plane, then the F {σN}(α′)’s will 
have a well defined Laurent expansion with respect to α′si = α′tj = 0.

On the other side, it is well known that the low energy limit of the gauge boson (tree level) 
subamplitudes in open superstring theory gives the corresponding Yang–Mills subamplitudes:

lim
α′→0

Ab(1, . . . ,N) = AYM(1, . . . ,N). (71)

In Eq. (70) this last condition implies that

lim
α′→0

F {σN }(α′) =
{

1 if σN = {2,3, . . . ,N − 2}
0 if σN �= {2,3, . . . ,N − 2} (72)

where {2, 3, . . . , N − 2} is the identity permutation of those indices.
The result in (72), together with the behavior of the F {σN }(α′)’s under an analytical continu-

ation of the dimensionless Mandelstam variables, mentioned before, implies that the momentum 
factors are analytic functions at the origin of the complex plane (α′si = α′tj = 0). This implies 
that the F {σN }(α′)’s have a well defined α′ expansion as a (Maclaurin) power series.

This is a quite non-trivial result since it is well known, by explicit computations, that the α′
expansion of many of the individual multiple integrals which arise in the expanded version of 
Ab(1, . . . , N) (see Eq. (31)) do indeed have some negative powers of α′.53 In fact, the explicit 
expression for the F {σN }(α′)’s, either in (32) or in (33), is given by a (N − 3) multiple integral 
multiplied by α′ N−3, where (N − 3) is a positive integer number. So, at least the first of those 
multiple integrals (the one corresponding to σN = {2, 3, . . . , N − 2}) does have an α′ expansion 
which begins as α′ −(N−3).

The analytic behavior of the F {σN }(α′)’s, when α′ → 0, will be an important fact which is 
behind the α′ expansions which we will obtain in the next three subsections.

5.3. Case of the 5-point momentum factors

In the N = 5 case, we will give the details of how using tree level unitarity of the subampli-
tudes we can arrive at the α′2 order terms of F {23}(α′) and F {32}(α′). The higher order terms 
of these two momentum factors will be afterwards written as a consequence of repeating the 
procedure for the corresponding α′ order.

53 See, for example, Appendix A.3 of [23] for the case of N = 5, and Refs. [19,24] for the case of N = 6.
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Fig. 1. Two type of Feynman diagrams contribute to the YM 5-point amplitude. Permutations of the legs of these diagrams 
should also be considered in order to account for the full amplitude.

Table 3
Structures of poles contained in each YM 5-point amplitude.

First order Second order

AYM(1,2,3,4,5) α12, α23, 
α34, α45, α15

α12α34, α23α45, 
α34α15, α45α12, α15α23

AYM(1,3,2,4,5) α13, α23, 
α24, α45, α15

α13α24, α23α45, 
α24α15, α45α13, α15α23

It will turn out to be convenient to introduce here the notation

αij = 2ki · kj , (73)

where ki and kj are, respectively, the i-th and the j -th external leg momentum (and i < j ). 
This notation will also be useful in the case of N = 6 (Subsection 5.4) and the case of N = 7
(Subsection 5.5).

Now, in order to find the α′ expansion of F {23}(α′) and F {32}(α′) within our approach, it will 
be convenient to write, once again, Eq. (44) in the present subsection:

Ab(1,2,3,4,5) = F {23}(α′)AYM(1,2,3,4,5) + F {32}(α′)AYM(1,3,2,4,5). (74)

We begin by looking for the poles of all three subamplitudes involved in Eq. (74). In Fig. 1
we have drawn the two type of Feynman diagrams that contribute to the Yang–Mills 5-point 
amplitude. Examining all possible diagrams of this type we can infer that AYM(1, 2, 3, 4, 5) and 
AYM(1, 3, 2, 4, 5) have first and second order poles in the αij variables (one and two propagators, 
respectively) that we list in Table 3.

On the other hand, in the left side of Eq. (74), the 5-point superstring subamplitude, 
Ab(1, 2, 3, 4, 5), presents only first order poles in the same variables that AYM(1, 2, 3, 4, 5) does, 
namely, {α12, α23, α34, α45, α15}.54 We will refer to these poles as the physical poles.

For reasons that will become clear in the next lines, it will be convenient to write F {23}(α′)
and F {32}(α′) in terms of the simple poles that AYM(1, 2, 3, 4, 5) and AYM(1, 3, 2, 4, 5) have, 
respectively:

F {23}(α′) = F {23}[α12, α23, α34, α45, α15;α′], (75)

F {32}(α′) = F {32}[α13, α23, α24, α45, α15;α′]. (76)

54 Since Ab(1, 2, 3, 4, 5) agrees with AYM(1, 2, 3, 4, 5) when α′ → 0, and AYM(1, 2, 3, 4, 5) does have second order 
poles, the statement that Ab(1, 2, 3, 4, 5) has only first order poles is only valid perturbatively, for any non-zero order 
in α′.
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Now, since the momentum factors have a well defined α′ power series (as it was seen in the 
previous subsection), we may write that55

F {23}(α′) = 1 + (a1α12 + a2α23 + a3α34 + a4α45 + a5α15)α
′ + (

b1α12α23 + b2α12α34

+ b3α12α45 + b4α12α15 + b5α23α34 + b6α23α45 + b7α23α15 + b8α34α45

+ b9α34α15 + b10α45α15 + b11α
2
12 + b12α

2
23 + b13α

2
34 + b14α

2
45 + b15α

2
15

)
α′ 2

+O
(
α′ 3), (77)

F {32}(α′) = (c1α13 + c2α23 + c3α24 + c4α45 + c5α15)α
′ + (

d1α13α23 + d2α13α24

+ d3α13α45 + d4α13α15 + d5α23α24 + d6α23α45 + d7α23α15 + d8α24α45

+ d9α24α15 + d10α45α15 + d11α
2
13 + d12α

2
23 + d13α

2
24 + d14α

2
45 + d15α

2
15

)
α′ 2

+O
(
α′ 3). (78)

We will find the value of all the ai’s, bj ’s, ck’s and dl’s that participate in these two expansions. 
We will do this by demanding three requirements:

1. Absence of unphysical poles.
2. Tree level unitarity.
3. Cyclic invariance.

(79)

All these requirements will be demanded at every non-zero α′ order, in Ab(1, 2, 3, 4, 5).

Step 1. Absence of unphysical poles in Ab(1, 2, 3, 4, 5)

According to Eq. (74), the only unphysical poles that could arise in Ab(1, 2, 3, 4, 5) are the 
ones that come from AYM(1, 3, 2, 4, 5), namely, α13 and α24. These poles appear always as simple
poles in AYM(1, 3, 2, 4, 5), in spite of they participating, also, in the second order poles of this 
subamplitude (see Table 3).

The only possible way to cancel, in the right-hand side of Eq. (74), the independent simple 
poles that AYM(1, 3, 2, 4, 5) has at α13 = 0 and α24 = 0, is demanding that F {32}(α′) should be 
possible to be written with a common α13α24 factor:

F {32}(α′) = α13α24α
′ 2f {32}[α13, α23, α24, α45, α15;α′], (80)

where f {32}[α13, α23, α24, α45, α15; α′] is analytic in all its five dimensionless α′αij variables.
Comparing Eqs. (80) and (78) we see that the only possibility is that

ci = 0 (for i = 1, . . . ,5) and dj = 0 (for j = 1, . . . ,15; except for j = 2), (81)

so, in (78) this automatically leads us to

F {32}(α′) = d2α13α24α
′ 2 +O

(
α′ 3). (82)

Step 2. Unitarity relation for Ab(1, 2, 3, 4, 5)

In Appendix F.3.1 we prove that demanding unitarity of Ab(1, 2, 3, 4, 5) with respect to its α12
pole implies that the 5-point momentum factor, F {23}(α′), is related to the 4-point momentum 
factor, F {2}(α′), by the following relation:

55 In Eqs. (77) and (78) we are already using the fact the F {σ5}(α′)’s satisfy low energy requirement in Eq. (72).
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F {23}[0, α23, α34, α45, α15;α′] = F {2}[α45, α34;α′], (83)

where we have introduced the notation

F {2}(α′) = F {2}[α12, α23;α′], (84)

F {23}(α′) = F {23}[α12, α23, α34, α45, α15;α′]. (85)

Notice that the two Mandelstam variables in which F {2} is being evaluated in (83) are not the 
same two ones that are implicit in the notation (84).56

Relation (83) is an extremely strong constraint since in the left-hand side F {23} is being eval-
uated at arguments which do not appear in the right-hand side of this relation (namely, α23 and 
α15). Here, we will just look for the implications that relation (83) has in the determination of 
the coefficients in the α′ expansion of F {23}(α′) only up to α′ 2 order. In fact, after substituting
(77) and (F.3) in (83), we can conclude that

ai = 0 (i = 2,3,4,5), b5 = b6 = b7 = 0, b8 = −π2

6
= −ζ(2),

bj = 0 (j = 9, . . . ,15) (86)

and, therefore, the α′ expansion of F {23}(α′) begins as

F {23}(α′) = 1 + (a1α12)α
′ + (

b1α12α23 + b2α12α34 + b3α12α45 + b4α12α15

− ζ(2)α34α45
)
α′ 2 +O

(
α′ 3). (87)

Step 3. Cyclic invariance of Ab(1, 2, 3, 4, 5)

In Appendix F.4.1 we prove that demanding cyclic invariance of Ab(1, 2, 3, 4, 5) in (74) im-
plies that

F {23}(α′) = F
{23}
cycl

(
α′) + α13 + α23

α35
F

{32}
cycl

(
α′), (88)

F {32}(α′) = α13

α35
F

{32}
cycl

(
α′), (89)

where F {23}
cycl (α′) and F {32}

cycl (α′) denote doing {k1 → k2, k2 → k3, . . . , k5 → k1} in F {23}(α′) and 

F {32}(α′), respectively.
The N = 5 BCJ relations (which we have completely found in Appendix E.2) have played an 

important role in the intermediate steps to arrive to Eqs. (88) and (89) (see Appendix F.4.1 for 
more details).

Relations (88) and (89) are to be compared with the corresponding one found in Ref. [15]
(namely, Eq. (6.12)) by demanding cyclic symmetry.

In light of the result in (87), after doing the calculations (88) implies that57

a1 = 0, b1 = b3 = 0, b2 = −b4 = d2 = ζ(2), (90)

so (87) and (82) finally become, respectively,

56 The notation introduced in Eq. (84) is not casual: α12 and α23 are the two Mandelstam variables in which the 4-point 
amplitudes in Eq. (34) have poles.
57 At α′ 2 order, relation (89) does not give any new information: it is simply a consistency condition.
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F {23}(α′) = 1 + (α12α34 − α12α15 − α34α45)ζ(2)α′ 2 +O
(
α′3), (91)

F {32}(α′) = ζ(2)α13α24α
′ 2 +O

(
α′ 3). (92)

We have successfully executed steps 1, 2 and 3, together with the corresponding N = 6 calcula-
tions (see Subsection 5.4), up to α′ 6 order, finding all the coefficients.58 The explicit result up to 
α′ 4 terms is the following:

F {23}(α′) = 1 + α′ 2ζ(2)(α12α34 − α34α45 − α12α15)

+ α′ 3ζ(3)
(−α2

12α34 − 2α12α23α34 − α12α
2
34 + α2

34α45 + α34α
2
45

+ α2
12α15 + α12α

2
15

)
+ α′ 4

10
ζ 2(2)

(
4α3

12α34 + 5α2
12α23α34 + 5α12α

2
23α34 + 4α2

12α
2
34 + 5α12α23α

2
34

+ 4α12α
3
34 + 7α12α23α34α45 − 3α12α

2
34α45 − 4α3

34α45 − α2
34α

2
45 − 4α34α

3
45

− 4α3
12α15 − 3α2

12α34α15 + 7α12α23α34α15 + 3α12α34α45α15 − α2
12α

2
15

− 4α12α
3
15

) +O
(
α′5), (93)

F {32}(α′) = α′ 2ζ(2)α13α24

+ α′ 3ζ(3)
(
α2

13α24 + α13α23α24 + α13α
2
24 − 2α13α24α45 − 2α13α24α15

)
+ α′ 4

10
ζ 2(2)

(
4α3

13α24 + 11α2
13α23α24 + 14α13α

2
23α24 + 4α2

13α
2
24

+ 11α13α23α
2
24 + 4α13α

3
24 − 12α2

13α24α45 − 12α13α23α24α45 − 5α13α
2
24α45

+ 12α13α24α
2
45 − 5α2

13α24α15 − 12α13α23α24α15 − 12α13α
2
24α15

+ 7α13α24α45α15 + 12α13α24α
2
15

) +O
(
α′ 5) (94)

The corresponding full expressions up to α′ 6 terms are given in the text files that we have sub-
mitted, attached to this work, to the hep-th arXiv preprint basis.

We have confirmed that our results are in perfect agreement with the ones found previously in 
[18,28,52].

5.4. Case of the 6-point momentum factors

Besides the notation introduced in Eq. (73), here it will be convenient to introduce the notation

βijk = αij + αik + αjk, (95)

where i < j < k.
The notation in Eqs. (73) and (95) will also be valid for the N = 7 case (Subsection 5.5).
So, we will repeat the procedure that we did in Subsection 5.3 for N = 5. For a general N the 

procedure consists in the following four stages:

58 We have also computed α′ 7 and higher order calculations, but some undetermined coefficients arise. This is not in 
conflict with the revisited S-matrix method since this method only guarantees that, at a given α′p order calculation, the 
(ζ · k)p+2 terms should be absent in the (p + 2)-point amplitude. For p = 7 this means to have demanded a 9-point 
calculation of the terms of the OSLEEL, which we have not done in this work.
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Fig. 2. Three type of Feynman diagrams contribute to the YM 6-point amplitude. Permutations of the legs of these 
diagrams should also be considered in order to account for the full amplitude.

Table 4
Structures of poles contained in YM 6-point amplitude.

First order Second order Third order

AYM(1,2,3,4,5,6) β123 α12α45, α23α56, α34α16, α12β123α45, α23β234α56,
β234 α12β345, α23β123, α34β234, α12β345α45, α23β123α56,
β345 α45β345, α56β123, α16β234, α12β345α34, α23β123α45,

α12β123, α23β234, α34β345, α12α34α56, α23α45α16,
α45β123, α56β234, α16β345 α34β345α16, α34β234α16,

α34β234α56

(i) Identify the poles of each of the (N − 3)! Yang–Mills subamplitudes,

AYM
(
1,

{
2σ ,3σ , . . . , (N − 2)σ

}
,N − 1,N

)
, where σN ∈ SN−3.

(ii) Define each F {σN }(α′) momentum factor as a function of the N(N − 3)/2 Mandelstam 
variables which were found in stage i).

(iii) Write the α′ expansion of each F {σN }(α′) up to the desired α′ order, in terms of unknown 
coefficients.

(iv) Determine the coefficients of the previous α′ expansions by following the three steps speci-
fied in Subsection 5.3, namely, demand absence of unphysical poles, tree level unitarity and 
cyclic invariance.

Let us do this procedure for the case of N = 6.

Stage (i)
In this case there are first, second and third order poles, as we can see in Fig. 2.
From the Feynman diagrams in Fig. 2, and considering cyclic permutations of the external 

momenta, we obtain the poles of AYM(1, 2, 3, 4, 5, 6), shown in Table 4, where we are using the 
notation of Eqs. (73) and (95).

The poles for the remaining five Yang–Mills subamplitudes can be obtained by permutations 
of the indexes {2, 3, 4}.
Stage (ii)

So, we will work with the six momentum factors as functions of nine independent Mandelstam 
variables, according to

F {234}(α′) = F {234}[α12, α23, α34, α45, α56, α16;β123, β234, β345;α′], (96)

F {324}(α′) = F {324}[α13, α23, α24, α45, α56, α16;β123, β234, β245;α′], (97)

F {243}(α′) = F {243}[α12, α24, α34, α35, α56, α16;β124, β234, β345;α′], (98)

F {342}(α′) = F {342}[α13, α34, α23, α25, α56, α16;β134, β234, β245;α′], (99)



L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870–951 901
F {423}(α′) = F {423}[α14, α24, α23, α35, α56, α16;β124, β234, β235;α′], (100)

F {432}(α′) = F {432}[α14, α34, α23, α25, α56, α16;β134, β234, β235;α′]. (101)

These are the N = 6 generalization of formulas (75) and (76) (seen for the case of N = 5).

Stage (iii)
The general form of the α′ power series for the momentum factors is the following:

F {234}(α′) = 1 +
∞∑

N=1

α′ N
N∑

n1,n2,n3,n4,
n5,n6,n7,n8,n9=0

A(N)
n1,n2,...,n9

α
n1
12α

n2
23α

n3
34α

n4
45α

n5
56α

n6
16β

n7
123β

n8
234β

n9
345,

(102)

F {324}(α′) =
∞∑

N=1

α′ N
N∑

n1,n2,n3,n4,
n5,n6,n7,n8,n9=0

B(N)
n1,n2,...,n9

α
n1
13α

n2
23α

n3
24α

n4
45α

n5
56α

n6
16β

n7
123β

n8
234β

n9
245,

(103)

F {243}(α′) =
∞∑

N=1

α′ N
N∑

n1,n2,n3,n4,
n5,n6,n7,n8,n9=0

C(N)
n1,n2,...,n9

α
n1
12α

n2
24α

n3
34α

n4
35α

n5
56α

n6
16β

n7
124β

n8
234β

n9
345,

(104)

F {342}(α′) =
∞∑

N=1

α′ N
N∑

n1,n2,n3,n4,
n5,n6,n7,n8,n9=0

D(N)
n1,n2,...,n9

α
n1
13α

n2
34α

n3
23α

n4
25α

n5
56α

n6
16β

n7
134β

n8
234β

n9
245,

(105)

F {423}(α′) =
∞∑

N=1

α′ N
N∑

n1,n2,n3,n4,
n5,n6,n7,n8,n9=0

E(N)
n1,n2,...,n9

α
n1
14α

n2
24α

n3
23α

n4
35α

n5
56α

n6
16β

n7
124β

n8
234β

n9
235,

(106)

F {432}(α′) =
∞∑

N=1

α′ N
N∑

n1,n2,n3,n4,
n5,n6,n7,n8,n9=0

F (N)
n1,n2,...,n9

α
n1
14α

n2
34α

n3
23α

n4
25α

n5
56α

n6
16β

n7
134β

n8
234β

n9
235.

(107)

In all expansions, from (102) to (107), the prime on the internal sum means that the set of indices 
{n1, n2, n3, n4, n5, n6, n7, n8, n9} obeys the constraint

n1 + n2 + n3 + n4 + n5 + n6 + n7 + n8 + n9 = N. (108)

In these expansions we have already used the condition of low energy behavior, Eq. (72), for 
the momentum factors: that is why the α′ series of F {234}(α′) begins with ‘1’ and the five others 
begin with O(α′1) order contributions.59

59 Once the unitarity and the cyclicity relations have been demanded it will naturally happen that the order ‘1’ coeffi-
cients of all expansions will be zero, but as a matter of principles here we are just proposing their general α′ expansions 
in such a way that they respect the low energy requirement in (72) and the analyticity of the momentum factors.
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Stage (iv)
Here we apply the three steps that will allow us to obtain the coefficients of the α′ expansions in 
Eqs. (102)–(107). We will do our calculations up to α′ 6 order terms.

Step 1. Absence of unphysical poles in Ab(1, 2, 3, 4, 5, 6)

Each of the α′ expansions initially has 9 coefficients at α′ 1 order, 45 coefficients at α′ 2 order, 
165 coefficients at α′ 3 order, 495 coefficients at α′ 4 order, 1287 coefficients at α′ 5 order and 
3003 coefficients at α′ 6 order.60

Demanding absence of unphysical poles in Ab(1, 2, 3, 4, 5, 6) implies that there should be 
cancellations between the unphysical simple poles which come in the five Yang–Mills subam-
plitudes which are different of AYM(1, 2, 3, 4, 5, 6) (which has only physical poles). After this 
procedure has been done, the number of independent coefficients reduces considerably according 
to Table 5.

There is also the subtlety that F {234}(α′) and the remaining five momentum factors should be 
such that they cancel the third order poles that come in AYM(1, 2, 3, 4, 5, 6). These poles are not 
present in Ab(1, 2, 3, 4, 5, 6) (at non-zero α′ order).

In the case of the α′1 order terms, the requirement of absence of unphysical poles is strong 
enough to forbid them: the coefficients of those terms are all zero and that is the reason of why 
the first line in Table 5 contains only 0’s (zeroes).

We will not write down here the partial result that we have obtained for the expansions in 
Eqs. (102)–(107), as we did at the end of Step 1 in Subsection 5.3. Instead, for each of the six 
F {σ6}(α′)’s we have presented two data at a given order in α′, in Table 5. The first data is the 
number of undetermined coefficients after the actual step (Step 1) and the second data is the 
number of undetermined coefficients after Step 2. We see there, that before demanding cyclic 
symmetry (in Step 3) there is still a big number of undetermined coefficients.

Step 2. Unitarity relations for Ab(1, 2, 3, 4, 5, 6)

Since in the N = 6 case there are two type of simple poles (αij and βijk , see Table 4), de-
manding unitarity of Ab(1, 2, 3, 4, 5, 6) with respect to each of them will lead to independent 
unitarity relations. The remaining unitarity relations will be a consequence of the previous ones 
once cyclic symmetry has been taken into account (in Step 3).

In Appendix F.3.2 we prove that demanding unitarity of Ab(1, 2, 3, 4, 5, 6) with respect to its 
α12 pole implies that the 6-point momentum factors, F {234}(α′) and F {243}(α′), are related to the 
5-point momentum factors, F {23}(α′) and F {32}(α′), by means of the following two relations:

F {234}[0, α23, α34, α45, α56, α16, β123, β234, β345;α′]
= F {23}[β123, α34, α45, α56, β345;α′], (109)

F {243}[0, α24, α34, α35, α56, α16;β124, β234, β345;α′]
= F {32}[β124, α34, α35, α56, β345;α′]. (110)

In analogy to relation (83), found after demanding unitarity for the 5-point amplitude, relations 
(109) and (110) are strong constraints for the coefficients of the α′ expansions of F {234} and 
F {243} since there are four arguments (like α23, α16, β123 and β234, in the first case) which are 
not present in the right-hand side of the corresponding relation.

60 In this case, the general formula for the number of coefficients at α′N order is (N + 8)!/(N ! 8!).
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Table 5
Comparing the initial number of undetermined coefficients with the number of coefficients which remain undetermined 
after Step 2.

Order F {234}(α′) F {324}(α′) F {243}(α′) F {342}(α′) F {423}(α′) F {432}(α′)
α′ 1 0 0 0 0 0 0 0 0 0 0 0 0
α′ 2 44 1 3 0 3 0 3 1 3 0 3 0
α′ 3 164 9 25 1 25 2 25 12 25 5 25 0
α′ 4 494 45 177 9 177 17 177 70 177 40 177 3
α′ 5 1286 167 405 47 405 287 405 405 405 405 405 405
α′ 6 3002 1039 1155 615 1155 842 1155 1155 1155 1155 1155 1155

Also, demanding unitarity of Ab(1, 2, 3, 4, 5, 6) with respect to its β123 pole implies that the 
6-point momentum factors, F {234}(α′) and F {324}(α′), are related to the 4-point momentum fac-
tor, F {2}(α′), by means of the relation:

F {234}[α12, α23, α34, α45, α56, α16,0, β234, β345;α′]
− α12

α12 + α23
F {324}[−α12 − α23, α23, β234 − α23 − α34, α45, α56, α16,0, β234,

−α23 + α45 + α16 − β345;α′] = F {2}[α12, α23;α′]F {2}[α56, α45;α′]. (111)

In this case there are even stronger constraints61 because, besides the fact that there are four 
arguments which are not present in the right-hand side of (111), in the left-hand side a miraculous 
cancellation of the (α12 + α23) denominator should happen, since in the right-hand side there is 
only a product of two α′ power series (which involve no denominators at all).

The curious non-zero arguments in which F {324} is being evaluated, in the left-hand side of 
(111), are simply the original ones (see Eq. (97)), but written in terms of the basis of Mandelstam 
variables used for F {234}(α′) (see Eq. (96)), with β123 = 0.

The three relations that we have written in Eqs. (109), (110) and (111), are conditions for only 
three of the six momentum factors (F {234}, F {243} and F {324}). For these momentum factors the 
number of its undetermined coefficients has been reduced as a consequence of Step 2. This is 
illustrated in Table 5, in the second data which we have presented for each F {σ6}(α′) at a given 
order in α′.62

For the remaining momentum factors, the number of undetermined coefficients has not 
changed from Step 1 to Step 2.

After demanding cyclic invariance the coefficients of all six momentum factors will be related 
and it will be possible to find them all, at least up to α′ 6 order.

Step 3. Cyclic invariance of Ab(1, 2, 3, 4, 5, 6)

In Appendix F.4.2 we prove that demanding cyclic invariance for Ab(1, 2, 3, 4, 5, 6), in the 
closed formula that we have for it,

Ab(1,2,3,4,5,6) = F {234}(α′)AYM(1,2,3,4,5,6) + F {324}(α′)AYM(1,3,2,4,5,6)

+ F {243}(α′)AYM(1,2,4,3,5,6) + F {342}(α′)AYM(1,3,4,2,5,6)

+ F {423}(α′)AYM(1,4,2,3,5,6) + F {432}(α′)AYM(1,4,3,2,5,6),

(112)

61 But, in contrast to (109) and (110), there is only one unitarity relation now.
62 This data corresponds to the number of coefficients which are still undetermined after Step 2, at a given α′ order.
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implies the following six relations for the momentum factors:

F {234}(α′) = F
{234}
cycl

(
α′) + α56 − β123

β123 − α45 − α56
F

{243}
cycl

(
α′)

+ α12 − β123

β123 + β345 − α12 − α45
F

{342}
cycl

(
α′)

+ F
{432}
cycl (α′)

(β123 + β345 − α12 − α45)(−β345 + α12 + α34 − α56)

× [
α12(β123 + β345 − α12 − α34 + α56 − α45)

+ β123(α34 + α45 − β345 − α56)
]

+ F
{423}
cycl (α′)

(β345 − α12 − α34 + α56)(−β123 + α45 + α56)
α45(α12 − β123), (113)

F {324}(α′) = F
{342}
cycl (α′)

β123 + β345 − α12 − α45
(α12 + α23 − β123)

+ F
{432}
cycl (α′)

(β123 + β345 − α12 − α45)(−β345 + α12 + α34 − α56)

× [
α12(β123 + β345 − α12 − α23 − α34 + α56 − α45)

+ β123(α34 + α45 − β345 − α56) + α23(β345 − α34 + α56 − α45)
]

+ F
{423}
cycl (α′)

(β345 − α12 − α34 + α56)(−β123 + α45 + α56)

× α45(α12 + α23 − β123), (114)

F {243}(α′) = F
{324}
cycl

(
α′) + F

{243}
cycl (α′)

β123 − α45 − α56
(α56 − α34 − β123)

× F
{342}
cycl (α′)

β123 + β345 − α12 − α45
(α12 − α34 − β123)

+ F
{432}
cycl (α′)

(β123 + β345 − α12 − α45)(β345 − α12 − α34 + α56)

× [
α34(−β123 + β345 − α34 − α45 + α56) + (β123 − α56)(β345 − α45)

]
+ F

{423}
cycl (α′)

(−β345 + α12 + α34 − α56)(−β123 + α45 + α56)

× [
α56(β123 + α12 + α34 − α45 − α56) + (β123 + α34)(α45 − α12)

]
, (115)

F {342}(α′) = F
{432}
cycl (α′)

(β123 + β345 − α12 − α45)(−β345 + α12 + α34 − α56)

× [
α12(β123 − β234 + β345 − α12 − α45 + α56)

+ β123(β234 − β345 − α23 + α45 − α56) + α23(β345 − β234

+ α23 − α45 + α56)
]
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+ F
{423}
cycl (α′)

(β345 − α12 − α34 + α56)(−β123 + α45 + α56)

× [
α23(β123 + β234 − α12 − α23 − α34 + α45)

+ (β123 − α12)(α34 − β234 − α45)
]
, (116)

F {423}(α′) = F
{243}
cycl (α′)

β123 − α45 − α56
(α23 + α56 − β123 − β234)

+ F
{432}
cycl (α′)

(β123 + β345 − α12 − α45)(β345 − α12 − α34 + α56)

× [
β345(β123 + β234 − α23 − α56) + (α34 + α45)(α23 + α56 − β123 − β234)

]
+ F

{423}
cycl (α′)

(β345 − α12 − α34 + α56)(−β123 + α45 + α56)

× [
α56(α23 + α45 − β123 − β234 − α12 + α56)

+ (α12 − α45)(β123 + β234 − α23)
]
, (117)

F {432}(α′) = F
{432}
cycl (α′)

(β123 + β345 − α12 − α45)(β345 − α12 − α34 + α56)

× [
α23(β123 + β234 − β345 − α23 + α34 + α45 − α56)

+ (α56 − β234 − β123)(α34 − β345 + α45)
]

+ F
{423}
cycl (α′)

(β123 − α45 − α56)(β345 − α12 − α34 + α56)

× [
α23(α12 − β123 − β234 + α23 − α45)

+ α56(α12 + β123 + β234 − α45 − α56) + (β123 + β234)(α45 − α12)
]
, (118)

where each F {σ6}
cycl (α′) denotes doing {k1 → k2, k2 → k3, . . . , k6 → k1} in the corresponding 

F {σ6}(α′) momentum factor.
The N = 6 BCJ relations (which we have completely found in Appendix E.3) have played 

an important role in the intermediate steps to arrive to Eqs. (113)–(118) (see Appendix F.4.2 for 
more details).

So, summarizing, we have successfully executed Steps 1, 2 and 3, together with the corre-
sponding N = 5 calculations (see Subsection 5.3), up to α′ 6 order, finding all the coefficients. 
The explicit result up to α′ 3 terms is the following:

F {234}(α′) = 1 + α′ 2ζ(2)(−β123β345 + β345α12 + β123α45 − α45α56 − α12α16)

+ α′ 3ζ(3)
(
β2

123β345 + β123β
2
345 − β2

345α12 − β345α
2
12 − 2β345α12α23

− β2
123α45 − 2β234α12α45 + 2α12α23α45 − 2β123α34α45 + 2α12α34α45

− β123α
2
45 + α2

45α56 + α45α
2
56 + α2

12α16 + α12α
2
16

) +O
(
α′ 4), (119)

F {324}(α′) = α′2ζ(2)(β245α13 − α13α45)

+ α′ 3ζ(3)α13
[
β2

245 − 2β123(β245 − α45)

+ α45(−α13 − α23 + 2α24 + α45 + 2α16)

+ β245
(
α13 + α23 − 2(α45 + α16)

)] +O
(
α′ 4), (120)
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Fig. 3. Tree kind of Feynman diagrams used to calculate the YM subamplitude AYM(1,2,3,4,5,6,7).

F {243}(α′) = α′ 2ζ(2)(β124α35 − α12α35)

+ α′ 3ζ(3)α35
[
β2

124 + β124(−2β345 − 2α12 + α34 + α35 − 2α56)

+ α12(2β345 + α12 + 2α24 − α34 − α35 + 2α56)
] +O

(
α′ 4), (121)

F {342}(α′) = α′ 2ζ(2)α13α25

− α′ 3ζ(3)α13α25(−2β134 − β234 + α13 − α25 + α34 + 2α56 + 2α16)

+O
(
α′ 4), (122)

F {423}(α′) = α′ 2ζ(2)α14α35

+ α′ 3ζ(3)α14α35(β234 + 2β235 + α14 − α23 − α35 − 2α56 − 2α16)

+O
(
α′ 4), (123)

F {432}(α′) = −α′ 2ζ(2)α14α25 − α′ 3ζ(3)α14α25(β234 + α14 + α25 − 2α56 − 2α16)

+O
(
α′ 4). (124)

The corresponding full expressions up to α′ 6 terms are given in the text files that we have sub-
mitted, attached to this work, to the hep-th arXiv preprint basis.

We have confirmed that our results are in perfect agreement with the ones found previously in 
[35,52].

5.5. Case of the 7-point momentum factors

Doing the procedure for the N = 7 case is straight forward (although very tedious) once it has 
been done for N = 5 and N = 6. We will only mention here a few details.

First, with respect to the poles of AYM(1, 2, 3, 4, 5, 6, 7) (and of the other twenty three sub-
amplitudes of the 7-point basis), it has second, third and fourth order ones. They come from the 
Feynman diagrams in Fig. 3. The poles can happen in any of the fourteen Mandelstam variables 
that we have specified in Eq. (D.3): seven αij ’s and also seven βijk’s.

We have (shortly) presented the poles in Table 6: So, F {2345}(α′) will be naturally defined in 
terms of the N = 7 Mandelstam variables that we have defined in (D.3):

F {2345}(α′) = F {2345}
[

α12, α23, α34, α56, α56, α67, α17
β123, β234, β345, β456, β567, β167, β127

;α′
]

. (125)

The Mandelstam variables for the remaining twenty three F {σ7}(α′) momentum factors are ob-
tained from the ones that appear in Eq. (125), by considering in them exactly the σ7 permutation 
of indices {2, 3, 4, 5}.
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Table 6
Structures of poles contained in YM 7-point amplitude.

Second order 
(28 terms)

Third order 
(84 terms)

Fourth order 
(42 terms)

AYM(1,2,3,4,5,6,7) β167β234, β127β345α12, β167β234α17α23,
β345α12, β167β234α17, β167β234α17α34,
.
.
.

.

.

.
.
.
.

β567α34 β234β567α23 β167β345α17α34

A computational detail that could be of interest to the reader is that finding the coefficients of 
the α′ expansions, along the same lines presented in Subsection 5.4 (in four stages, in particular, 
demanding cyclic symmetry after unitarity has been demanded in one physical pole), becomes a 
heavy task if compared with solving the coefficients from purely demanding unitarity in all poles. 
These two methods happen to agree at low orders in α′ (but not necessarily at high orders63). The 
advantage of the second method lies in the fact that each of its equations contain a few momentum 
factors (containing, therefore, a low number of unknowns) while in the first method each of the 
equations contains many more momentum factors.

In Appendix F.3.3 we have written the momentum factor relations that arise when unitarity of 
the amplitudes is demanded with respect to their α12 and their β123 poles. Our complete result 
is that, when any αij → 0 there arise six relations and when any βijk → 0 there arise only two 
relations. The first type of relations involves 7-point with 6-point momentum factors while the 
second type involves 7-point with 4-point and 5-point momentum factors (see Appendix F.3.3
for the detailed relations).

We have found the α′ expansions up to α′ 4 order.64 In the following we have listed these 
expansions only up to α′ 3 order.65

F {2345}(α′) = 1 − α′ 2ζ(2)
(
β123(β127 − β456) + β456β567 − β127α12 + α12α17

− β567α56 + α56α67
)

+ α′ 3ζ(3)
[
β2

123(β127 − β456) + β2
456β567 − β2

127α12 − β127α
2
12

+ α2
12α17 + α12α

2
17 − 2β127α12α23

+ β456
(
β2

567 + 2α12(−β234 + α23 + α34)
) − β2

567α56 − 2β167α12α56

+ 2β234α12α56 + 2β345α12α56 − 2α12α34α56 − 2β567α45α56 − β567α
2
56

+ β123
(
β2

127 − β2
456 − 2β456α34 + 2(−β345 + α34 + α45)α56

) + α2
56α67

+ α56α
2
67

] +O
(
α′ 4), (126)

63 We have verified this computationally.
64 As mentioned before, the reason for not going to higher orders is a purely computational one: we have had memory 
difficulties to deal with N = 7 α′ 5 calculations on the computers. In spite of this complication, as we mentioned in 
Subsection 2.2, we believe that only using the 4-point amplitude information our method is, in principle, able to achieve 
α′ 7 order calculations, for any number of legs.
65 There are specific cases of momentum factors which, as remarked in [35], have an α′ expansion which begins at α′ 4

order. For these cases we have written the α′ 4 terms.
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F {2354}(α′) = α′ 2ζ(2)(−β123 + β467)α46

− α′ 3ζ(3)α46
[−β2

123 + 2β456β467 − β2
467 − 2β235α12 + 2α12α23

+ 2α12α35 − β467α45 − β467α46 + β123(−2β456 + 2β467 − 2α35 + α45

+ α46 − 2α67) + 2β467α67
] +O

(
α′ 4), (127)

F {2435}(α′) = α′ 2ζ(2)(β124 − α12)(β356 − α56)

+ α′ 3ζ(3)[β2
124(β356 − α56)

+ β124
(
β2

356 + β356(−2β567 − 2α12 + α34 − 2α56)

− 2β127(β356 − α56) + α56(2β567 + 2α12 − α34 + 2α35 + α56)
)

+ α12
(−β2

356 + 2β127(β356 − α56)

− α56(2β567 + α12 + 2α24 − α34 + 2α35 + α56)
)

+ α12β356(2β567 + α12 + 2α24 − α34 + 2α56) +O
(
α′ 4), (128)

F {2453}(α′) = α′ 2ζ(2)(β346 − α34 − α46)(−β345 − β467 + α35 + α67)

− α′ 3ζ(3)
[
2α12(β346 − α34 − α46)(−β167 + β235 − β467 + α67)

+ (β346 − α34 − α46)(β345 + β467 − α35 − α67)

× (
2β125 − 2β127 + β345 + β346 − β467 − 2α34 − α46 − α67

)]
+O

(
α′ 4), (129)

F {2534}(α′) = −α′ 2ζ(2)(β127 − β345 − β356 + α35)(β124 − β367 + α45)

+ α′ 3ζ(3)(β127 − β345 − β356 + α35)
[
β2

124 + β345β367 − β356β367 + β2
367

+ 2β245α12 − 2α12α24 + 2β367α36 − β345α45 + β356α45 − 3β367α45

− 2α12α45 − 2α36α45 + 2α2
45 + β127(−β367 + α45) − 2β367α67 + 2α45α67

+ β124(β127 − β345 + β356 − 2β367 − 2α36 + 3α45 + 2α67)
]

+O
(
α′ 4), (130)

F {2543}(α′) = −α′ 2ζ(2)(β125 − α12)α36

− α′ 3ζ(3)α36
[
β2

125 + β125(−2β127 + β345 − 2α12 + α36 − 2α67)

+ α12(2β127 − β345 + α12 + 2α25 − α36 + 2α67)
] +O

(
α′ 4), (131)

F {3245}(α′) = α′ 2ζ(2)(β137 − β456)α13

+ α′ 3ζ(3)α13
[
β2

137 − 2β123(β137 − β456) + β2
456 − β456α13 + 2β456α17

− β456α23 + β137(−2β456 + α13 − 2α17 + α23) + 2β456α24 + 2β245α56

− 2α24α56 − 2α45α56
] +O

(
α′ 4), (132)

F {3254}(α′) = −2α′ 3ζ(3)α13α25α46 +O
(
α′ 4), (133)
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F {3425}(α′) = α′ 2ζ(2)(−β137 − β234 + α17 + α24)(β134 − α13 − α34)

− α′ 3ζ(3)(β134 − α13 − α34)
[−β2

137 + β2
234 + 2β234β256 − 2β234β567

− β234α13 − 2β234α17 − 2β256α17 + 2β567α17 + α13α17 + α2
17

+ β134(β137 + β234 − α17 − α24)

− β234α24 − 2β256α24 + 2β567α24 + α13α24 + α17α24 − 2β234α34

+ 2α17α34 + 2α24α34 + β137(2β256 − 2β567 − α13 + α24 − 2α34 − 2α56)

− 2β167α56 + 2β245α56 + 2α17α56
] +O

(
α′ 4), (134)

F {3452}(α′) = α′ 2ζ(2)(β137 − β245 − β256 + α25)(−β134 + β267 − β345 + α34)

+ α′ 3ζ(3)(β137 − β245 − β256 + α25)(β134 − β267 + β345 − α34)

× (β134 + β137 − β245 + β256 − β267 + 2β345 − 2α26 − 2α34 + 2α67)

+O
(
α′ 4), (135)

F {3524}(α′) = α′ 2ζ(2)α14α36

− α′ 3ζ(3)α14α36(−2β145 − β167 − 2β236 + α14 + 2α17 + α23 + α36

+ α45 + 2α67) +O
(
α′ 4), (136)

F {3542}(α′) = α′ 2ζ(2)(β137 + β167 − β245 − α17)(β135 − α13 − α35)

− α′ 3ζ(3)(β137 + β167 − β245 − α17)(β135 − α13 − α35)

× (−β135 + β137 − β167 + β345 + α13 + α17 − α24 − 2α26 + α35

− α45 + 2α67) +O
(
α′ 4), (137)

F {4235}(α′) = α′ 2ζ(2)(β147 − β356 − α23)(−β124 − β234 + β567 + α24)

+ α′ 3ζ(3)(β124 + β234 − β567 − α24)
[−β2

147 + β234β356 − β2
356

− β356β567 + 2β356α14 − 2β356α17 + β124(β147 − β356 − α23) + β234α23

− 3β356α23 − β567α23 + 2α14α23 − 2α17α23 − 2α2
23 − 2β235α56 + 2α23α56

+ 2α35α56 + β147(−β234 + 2β356 + β567 − 2α14 + 2α17 + 3α23)
]

+O
(
α′ 4), (138)

F {4253}(α′) = − 1

10
α′ 4ζ 2(2)(β157 − β234 − β346 + α34)(−β167 + β245 − β367 + α67)

× [
7α15α24 + 17α24(β167 − β234 − β245 + α24) − 3α15(β346 − α34 − α36)

− 10(β167 − β234 − β245 + α24)(β346 − α34 − α36)
] +O

(
α′ 5), (139)

F {4325}(α′) = −α′ 2ζ(2)α14(β256 − α56)

− α′ 3ζ(3)α14
[
β2

256 + β234(β256 − α56)

+ α56(2β567 − α14 + 2α17 + 2α25 + α56)

+ β256
(−2β567 + α14 − 2(α17 + α56)

)] +O
(
α′ 4), (140)
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F {4352}(α′) = 1

10
α′ 4ζ 2(2)(−β147 − β167 + β235 + α17)(−β167 + β245 − β367 + α67)

× [
10α24(−β124 − β245 + β367 + α24) + 27α24α35

+ 3(−β124 − β245 + β367 + α24)(β147 − β235 − β356 + α35)

+ 10α35(β147 − β235 − β356 + α35)
] +O

(
α′ 5), (141)

F {4523}(α′) = α′ 2ζ(2)(β137 + β167 − β245 − α17)(β167 − β235 + β467 − α67)

− α′ 3ζ(3)(β137 + β167 − β245 − α17)(β167 − β235 + β467 − α67)

× [−2β135 + β137 + β167 − 2β235 − 2β245 − 2β246 + β467

+ 2α13 + α17 + 3α24 − α25 + 3α35 + 2α46 + α67] +O
(
α′ 4), (142)

F {4532}(α′) = −α′ 2ζ(2)(β236 − α23 − α26)(β145 − α14 − α45)

− α′ 3ζ(3)(β236 − α23 − α26)(β145 − α14 − α45)

× (β145 + β167 + β236 − α14 − 2α17 + α26 − α45 − 2α67)

+O
(
α′ 4), (143)

F {5234}(α′) = α′ 2ζ(2)(−β125 − β235 + β467 + α25)(β157 − β234 − β346 + α34)

+ α′ 3ζ(3)(β125 + β235 − β467 − α25)(β157 − β234 − β346 + α34)

× (β125 − β157 + 2β234 − β235 + β346 + β467 − 2α15 + 2α17 − 2α34)

+O
(
α′ 4), (144)

F {5243}(α′) = 1

10
α′ 4ζ 2(2)(−β147 − β167 + β235 + α17)(−β134 + β267 − β345 + α34)

× [
3α26(β134 − α14 − α34) − 7α26α35

+ 10(β134 − α14 − α34)(β167 − β235 − β345 + α35)

− 17α35(β167 − β235 − β345 + α35)
] +O

(
α′ 5), (145)

F {5324}(α′) = α′ 2ζ(2)(β246 − α24 − α46)(β167 − β235 + β467 − α67)

+ α′ 3ζ(3)(β167 − β234 + β246 − β467 + 2α15 − 2α17 + α23 − α24 + α35

− α46 − α67)(β246 − α24 − α46)(β167 − β235 + β467 − α67)

+O
(
α′ 4), (146)

F {5342}(α′) = 1

10
α′ 4ζ 2(2)α15α26

[−3β246α15 + 10α15α24 + β135(3β246 − 10α24 − 3α26)

+ 3α15α26 − 10β246α35 + 27α24α35 + 10α26α35
] +O

(
α′ 5), (147)

F {5423}(α′) = −α′ 2ζ(2)(β236 − α23 − α36)(β145 − α15 − α45)

− α′ 3ζ(3)(β236 − α23 − α36)(β145 − α15 − α45)

× (β145 + β167 + β236 + α15 − 2α17 − α23 − α36 − 2α67)

+O
(
α′ 4), (148)

F {5432}(α′) = α′ 2ζ(2)α15α26 + α′ 3ζ(3)α15α26(β167 + α15 − 2α17 + α26 − 2α67)

+O
(
α′ 4). (149)
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The corresponding expressions of the α′ 4 terms for the remaining terms are included in the text 
files that we have submitted, attached to this work, to the hep-th arXiv preprint basis.

We have confirmed that our results are in perfect agreement with the ones found previously 
in [52].

5.6. Higher order α′ expansion of the momentum factors

5.6.1. Subtleties in the revisited S-matrix method
In this subsection we begin recalling that the general form of the α′p bosonic terms of the 

OSLEEL in (3) (where p ≥ 2) is given by

L(p)

eff = 1

g2

(
2α′)p[

Fp+2 + D2Fp+1 + D4Fp + · · · + D2p−4F 4]. (150)

There are two subtleties in the first step (out of two) of the revisited S-matrix method, when it is 
used to find all the α′ p terms in (150):

1. It requires to demand the absence of (ζ · k)N terms in the N -point amplitude, from N = 4
up to N = p + 2.
This means that the method requires to compute up to a (p + 2)-point amplitude from the 
lagrangian terms in (150) and from the lower order α′ ones.66

So, for high values of p (p ≥ 5, for example) the computations become quite heavy, al-
though they will always be very much simpler than the corresponding ones in the traditional 
S-matrix method.

2. When gradually imposing the constraint absence of (ζ · k)N terms in the N -point ampli-
tude, starting from N = 4 and ending with N = p + 2, at each stage the coefficients of the 
D2(p+2−N)FN terms do not necessarily become completely constrained: some further re-
strictions for them could still come when demanding absence of (ζ · k)N terms for a higher 
value of N .
This means that, in order to guarantee that the number of independent coefficients of the 
constrained basis (see Table 1) has been achieved, it is strictly necessary to have demanded 
the absence of (ζ · k)N terms in the N -point amplitude for all N = 4, . . . , (p + 2).
An example of this subtlety first happens at α′ 4 order. In the determination of them that we 
did in [7], when we demanded absence of (ζ · k)4 terms in the 4-point amplitude, this left 
only two undetermined coefficients in the D4F 4 terms, say, c1 and c2. Afterwards, when 
we demanded absence of (ζ · k)5 terms in the 5-point amplitude, this restriction fixed many 
(but not all) of the coefficients of the D2F 5 terms in terms of c1 and c2: there still remained 
other undetermined coefficients. Finally, when we demanded absence of (ζ · k)6 terms in 
the 6-point amplitude, all the coefficients (the F 6, the D2F 5 and the D4F 4 ones67) became 
completely determined, even without using information from the F {2}(α′) momentum factor: 
that is why in Table 1 we wrote that the dimension of the constrained basis at α′ 4 order is 
zero.

The two subtleties that we have mentioned above for the first step of the revisited S-matrix 
method in the determination of the L(p)

eff terms of the OSLEEL, have a direct counterpart in the 

66 It is not required to know the full contribution of these amplitudes but only their (ζ · k)N terms.
67 The D4F 4 ones were what we referred to as c1 and c2.
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determination of the α′ p terms of the momentum factors of the N -point amplitudes (from N = 4
up to N = p + 2).

This means that, once we have obtained the N -point momentum factors up to a given α′ order, 
say α′ p−2 (where p ≥ 4), if we want to determine the α′ p terms of these N -point momentum 
factors (where N ≥ 468) we have to demand the three requirements in (79) for them, from N = 4
up to N = p + 2,69 and only then the revisited S-matrix method proposes, in the second step, 
that all their coefficients will be found using a lower n-point momentum factor at α′p order.

For example, besides the case that we mentioned about the determination of the α′ 4 terms 
of the OSLEEL (which for the scattering amplitudes corresponds to determining the 4, 5 and 
6-point momentum factors at that α′ order), in the calculations that we did in the present work 
to find the α′ 6 terms for 5 and 6-point momentum factors (see Subsections 5.3 and 5.4), using 
the three requirements in (79) for N = 5 is not enough information to determine all the 5-point 
coefficients, unless we also demand those three requirements for the 6-point momentum factors 
as well: this completely determines the coefficients of the 5 and the 6-point momentum factors 
(once we use the known α′ expansion of the 4-point momentum factor, F {2}(α′)).

5.6.2. A conjecture for the higher order α′ terms of the momentum factors
So far, we have exposed that the revisited S-matrix method imposes many strong constraints 

to the coefficients of the α′ p terms of the OSLEEL (or equivalently, to the N -point momentum 
factors at that α′ order, from N = 4 to N = p + 2).

From the scattering amplitudes point of view, it is clear that if the method succeeds finding 
the N -point momentum factors at α′ p order, from N = 4 to N = p + 2, then it is guaranteed 
that for N > p + 2 the N -point momentum factors will also be determined at that α′ order. The 
reason for this is simple: the α′ p terms of the OSLEEL (and the lower order ones) would be all 
known and, therefore, using this lagrangian any N -point amplitude can be computed up to that 
order in α′.

What still remains to be further examined is the freedom that remains in the coefficients of the 
OSLEEL after the first step of the revisited S-matrix approach has been applied at α′p order. In 
Subsection 2.2 we have proposed that freedom can be completely fixed from the knowledge of 
the α′ expansion of the 5-point amplitude. The only solid reason that we have for this, until this 
moment, has to do with the fact that the α′ expansion of the 5-point amplitude (presumably) con-
tains all the MZV’s that appear at higher N -point amplitudes. As mentioned in Subsection 2.2, 
this is something that can also be seen in the recent discovery that there is a unique and same 
generator for the MZV’s which allows to obtain all the momentum factors, at any α′ order [16].

So, in this work, we will leave the statement that the revisited S-matrix method plus the 5-point 
amplitude α′ expansion are enough ingredients to find the full bosonic terms of the OSLEEL (or 
equivalently, they are enough ingredients to find any N -point amplitude, at any α′ order) as a 
conjecture.

68 Although in Subsections 5.3, 5.4 and 5.5 we have already used the known α′ expansion of the 4-point momentum 
factor, F {2}(α′), this information is formally part of the second (and last) step of the revisited S-matrix method, so we 
are ignoring it at this moment.
69 In the case of N = 4 the only requirement that is needed is cyclic invariance.



L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870–951 913
6. Summary and conclusions

We have successfully derived a closed formula for the tree level N -point amplitude of open 
massless superstrings (for 3 ≤ N ≤ 7), considering bosons and fermions, using the RNS formal-
ism.70 This is the same formula first found by Mafra, Schlotterer and Stieberger in [21], using 
the pure spinor formalism [30].

Spacetime supersymmetry has been present throughout our approach, but in a non-manifestly
manner. First, it has been present implicitly in the computation of the N -point gauge boson 
amplitude in a closed form (see Eq. (70)) because, in order to arrive to it, the condition of absence 
of (ζ · k)N terms71 has been used. And second, it has been used to find uniquely the amplitudes 
involving fermions, once the N -point formula for gauge bosons, Eq. (70), has been found.

We believe that a deeper understanding of our procedure (like working with an induction hy-
pothesis in N , for example) can eventually arrive to the MSS formula in Eq. (1), for arbitrary N .

The kinematic analysis that we have required to arrive to MSS formula, naturally leads us 
to a space of N -point gauge boson subamplitudes which is (N − 3)!-dimensional (at least for 
3 ≤ N ≤ 7).72 At this point is where the basis of Yang–Mills subamplitudes first proposed by 
Bern, Carrasco and Johansson [37], plays an important role in our procedure. Once this basis 
has been identified as a basis for VN , then the MSS formula and the explicit BCJ relations them-
selves become linear algebra problems in which the components of a certain vector, with respect 
to a given basis, are desired to be found. We have done these calculations in Section 4 and Ap-
pendix E, respectively.

Following the same spirit of the revisited S-matrix approach [7], we have found α′ correction 
terms to the open superstring N -point amplitudes (where N = 5, 6, 7) by only using the well 
known 4-point amplitude α′ expansion (see Eqs. (F.2) and (F.3)) and demanding cyclic symmetry 
and tree level unitarity for the scattering amplitudes. We have done these calculations to at most 
α′ 6 order. It is quite remarkable that we have not needed to compute, for the calculations that we 
have proposed to do in this work, any coefficient as a numerical series or any integral involving 
polylogarithms.

We expect that, within our approach, only for α′ 8 order onwards73 the α′ expansion of the 
5-point amplitude (which is nowadays explicitly known up to α′ 22 order [28,52]) will be required 
to obtain the remaining coefficients of the series.74 We will leave the calculations of higher α′
terms of the N -point amplitude, where N ≥ 6 and where non-trivial MZV’s show up, checking 
that the 5-point amplitude information is enough, to be done somewhere else.

In Table 7 we have summarized the existing parallel of the revisited S-matrix method in the 
determination of the OSLEEL and the corresponding scattering amplitude α′ calculations.

In a forthcoming work we will use the revisited S-matrix method to compute the α′ 5 order 
terms of the OSLEEL (in analogy to the calculations that we did in [7]) and also to compute 
those terms in the N = 7 scattering amplitude [53].

70 An important advantage of our procedure consists in the fact that we have not needed to work with fermion vertex 
operators at any moment, because it is known that scattering of n gauge bosons with 2m massless fermions in open 
superstring theory, along the RNS formalism, is a complicated issue for m ≥ 3.
71 This is the main observation of our revisited S-matrix method [7].
72 In the main body of this work we have referred to this space by VN . See Section 3 for more details.
73 With the remarkable exception of the α′ 9 order terms, as mentioned in Subsection 2.2.
74 These coefficients would be the ones which have dependence in the non-trivial MZV’s that we referred to in Subsec-
tion 2.2.
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Table 7
Comparison between the revisited S-matrix method in the determination of the OSLEEL and the corresponding scattering 
amplitude α′ calculations.

Step of the revisited 
S-matrix method at α′p
order

Open superstring low 
energy effective 
lagrangian at α′p order

Open superstring 
scattering amplitude at 
α′p order

Step I:
Requirement of absence 
of (ζ · k)N terms in the 
N -point amplitude 
(N = 4, . . . , p + 2)

Reduces the general basis 
to a constrained basis of 
terms

Finds that the N -point 
amplitude can be written 
to a constrained basis of 
terms in terms of the BN

basis (see Eq. (5))

Step II:
Use of n-point amplitudes 
information (n � p + 2) 
(presumably, only n = 4
and n = 5)

Determines all the 
coefficients of the 
constrained basis

Determines all the 
momentum factors
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Appendix A. Conventions

We use the following convention for the Minkowski metric:

ημν = diag(−,+, . . . ,+). (A.1)

Gauge fields are matrices in the adjoint representation of the Lie group internal space, so that 
Aμ = A

μ
aλ

a , where(
λa

)bc = −if abc. (A.2)

In (A.2) the f abc’s are the Lie group structure constants and the λa’s obey the normalization 
condition

tr
(
λaλb

) = δab. (A.3)

The field strength is defined by

Fμν = ∂μAν − ∂νAμ − i[Aμ,Aν]. (A.4)

Appendix B. Known relations for Yang–Mills subamplitudes before BCJ

Before the BCJ relations were found, based on the conjecture between color and kinematics 
[37], other relations were very well known for the Yang–Mills (tree level) subamplitudes [51]:

1. On-shell gauge invariance (item 3 in Eq. (9)).
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2. Cyclicity:

A(1,2, . . . ,N − 1,N) = A(2,3, . . . ,N,1) = . . . = A(N,1, . . . ,N − 2,N − 1). (B.1)

3. Reflection:

A(1,2, . . . ,N − 1,N) = (−1)NA(N − 1,N − 2, . . . ,1,N). (B.2)

4. Dual Ward identity75:

A(1,2,3, . . . ,N) + A(2,1,3, . . . ,N) + A(2,3,1, . . . ,N) + · · · + A(2,3, . . . ,1,N)

= 0. (B.3)

5. Kleiss–Kuijf relations [55]76:

A
(
1, {α},N, {β}) = (−1)nβ

∑
{σ }i∈OP({α},{βT })

A
(
1, {σ }i ,N

)
. (B.4)

It is known that the first three of these relations are obeyed, also, by gauge boson subamplitudes 
in open string theory [33] and that there is a string theory version of the Kleiss–Kuijf relations in 
(B.4) [38,8].

The Kleiss–Kuijf relations in (B.4) are extremely important since using them it was possible 
to find an (N − 2)!-dimensional set of ‘independent’ Yang–Mills subamplitudes from which all 
the remaining ones could be obtained [55].77

Appendix C. Calculations that lead to one 4-point kinematical expression

In this appendix we give the details of the results mentioned in Subsection 3.2.2, namely, we 
give the details of how starting with the general expression in (22) for T (1, 2, 3, 4) we arrive to 
(26), after demanding on-shell gauge invariance.

On-shell gauge invariance of T (1, 2, 3, 4) means that it becomes zero (after demanding mo-
mentum conservation, the physical state condition (8) and the mass-shell condition (7)) whenever 
any of the polarizations vectors ζi becomes ki (i = 1, 2, 3, 4). Let us see this:

1. Case of ζ1 → k1

In this case, using that k1 ·k2 = s/2 and k1 ·k3 = −(s+ t)/2, where s and t are the Mandelstam 
variables defined in Eq. (24), we can arrive to

T (1,2,3,4)|ζ1=k1

= [
(λ1 + λ5 + λ9)(ζ2 · k1)(ζ3 · k1)(ζ4 · k1) + (λ2 + λ6)(ζ2 · k1)(ζ3 · k1)(ζ4 · k2)

+ (λ3 + λ10)(ζ2 · k1)(ζ3 · k2)(ζ4 · k1) + λ4(ζ2 · k1)(ζ3 · k2)(ζ4 · k2)

+ (λ7 + λ11)(ζ2 · k3)(ζ3 · k1)(ζ4 · k1) + λ8(ζ2 · k3)(ζ3 · k1)(ζ4 · k2)

+ λ12(ζ2 · k3)(ζ3 · k2)(ζ4 · k1)
]

75 This identity is also known as ‘subcylic property’ or ‘photon decoupling identity’.
76 See Section II of Ref. [37], for example, for the details about the intrinsic notation used on these relations.
77 After the discovery of the BCJ relations it became understood that these (N − 2)! were not really all ‘independent’: 
only a subset of (N − 3)! of them is.
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+
[{

−1

2
(s + t)λ15 + 1

2
λ13s + ρ3

}
(ζ2 · ζ3)(ζ4 · k1)

+
{
−1

2
(s + t)λ16 + 1

2
λ14s

}
(ζ2 · ζ3)(ζ4 · k2)

+
{
−1

2
(s + t)λ19 + 1

2
λ17s + ρ2

}
(ζ2 · ζ4)(ζ3 · k1)

+
{
−1

2
(s + t)λ20 + 1

2
λ18s

}
(ζ2 · ζ4)(ζ3 · k2)

+
{
−1

2
(s + t)λ23 + 1

2
λ21s + ρ1

}
(ζ3 · ζ4)(ζ2 · k1)

+
{
−1

2
(s + t)λ24 + 1

2
λ22s

}
(ζ3 · ζ4)(ζ2 · k3)

]
. (C.1)

In (C.1) the first square bracket contains seven (ζ · k)3 terms while the second square bracket 
contains six (ζ · ζ )1(ζ · k)1 ones. Since the complete expression in (C.1) should be zero and all 
its kinematic terms are linearly independent then the coefficient of each of them should be zero. 
This leads precisely to the linear system of equations of Eq. (23) in the main text.

2. Case of ζ2 → k2

In this case, using that k1 · k2 = s/2 and k2 · k3 = t/2, we can arrive to

T (1,2,3,4)|ζ2=k2

= [
λ1(ζ1 · k2)(ζ3 · k1)(ζ4 · k1) + (λ2 + λ17)(ζ1 · k2)(ζ3 · k1)(ζ4 · k2)

+ (λ3 + λ13)(ζ1 · k2)(ζ3 · k2)(ζ4 · k1) + (λ4 + λ14 + λ18)(ζ1 · k2)(ζ3 · k2)(ζ4 · k2)

+ λ19(ζ1 · k3)(ζ3 · k1)(ζ4 · k2) + λ15(ζ1 · k3)(ζ3 · k2)(ζ4 · k1)

+ (λ16 + λ20)(ζ1 · k3)(ζ3 · k2)(ζ4 · k2)
]

+
[

1

2
{λ5s + λ7t}(ζ1 · ζ3)(ζ4 · k1) +

{
1

2
(λ6s + λ8t) + ρ2

}
(ζ1 · ζ3)(ζ4 · k2)

+ 1

2
{λ9s + λ11t}(ζ1 · ζ4)(ζ3 · k1) +

{
1

2
(λ10s + λ12t) + ρ3

}
(ζ1 · ζ4)(ζ3 · k2)

+
{

1

2
(λ21s + λ22t) + ρ1

}
(ζ3 · ζ4)(ζ1 · k2) + 1

2
{λ23s + λ24t}(ζ3 · ζ4)(ζ1 · k3)

]
. (C.2)

In a similar way to what was argued in the previous case, the expression in (C.2) should be zero 
and this leads to the following set of thirteen equations (which happens to be linearly indepen-
dent):

λ1 = 0, λ15 = 0, λ19 = 0, λ2 + λ17 = 0,

λ3 + λ13 = 0, λ4 + λ14 + λ18 = 0, λ16 + λ20 = 0,

2ρ1 + λ21s + λ22t = 0, 2ρ2 + λ6s + λ8t = 0, 2ρ3 + λ10s + λ12t = 0,

λ5s + λ7t = 0, λ9s + λ11t = 0, λ23s + λ24t = 0. (C.3)
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3. Case of ζ3 → k3

In this case, besides using the expressions for products of momenta in terms of Mandelstam 
variables (k1 · k3 = −(s + t)/2 and k2 · k3 = t/2), we need to use the condition

(ζ4 · k3) = −(ζ4 · k1) − (ζ4 · k2), (C.4)

which comes from the gauge (or the physical state) condition in (8) and momentum conservation. 
Doing these substitutions, after ζ3 → k3, we can arrive to

T (1,2,3,4)|ζ3=k3

= [−λ21(ζ1 · k2)(ζ2 · k1)(ζ4 · k1) − λ21(ζ1 · k2)(ζ2 · k1)(ζ4 · k2)

+ (λ13 − λ22)(ζ1 · k2)(ζ2 · k3)(ζ4 · k1) + (λ14 − λ22)(ζ1 · k2)(ζ2 · k3)(ζ4 · k2)

+ (λ5 − λ23)(ζ1 · k3)(ζ2 · k1)(ζ4 · k1) + (λ6 − λ23)(ζ1 · k3)(ζ2 · k1)(ζ4 · k2)

+ (λ7 + λ15 − λ24)(ζ1 · k3)(ζ2 · k3)(ζ4 · k1)

+ (λ8 + λ16 − λ24)(ζ1 · k3)(ζ2 · k3)(ζ4 · k2)
]

+
[{

−1

2
(s + t)λ1 + 1

2
λ3t − ρ1

}
(ζ1 · ζ2)(ζ4 · k1)

+
{
−1

2
(s + t)λ2 + 1

2
λ4t − ρ1

}
(ζ1 · ζ2)(ζ4 · k2)

+
{
−1

2
(s + t)λ9 + 1

2
λ10t

}
(ζ1 · ζ4)(ζ2 · k1)

+
{
−1

2
(s + t)λ11 + 1

2
λ12t + ρ3

}
(ζ1 · ζ4)(ζ2 · k3)

+
{
−1

2
(s + t)λ17 + 1

2
λ18t

}
(ζ2 · ζ4)(ζ1 · k2)

+
{
−1

2
(s + t)λ19 + 1

2
λ20t + ρ2

}
(ζ2 · ζ4)(ζ1 · k3)

]
. (C.5)

This time demanding the previous expression to vanish leads to fourteen equations, but clearly, 
two of them are identical (−λ21 = 0), so we just have a linear system of thirteen equations 
(which, once more, happens to be linearly independent) and which is equivalent to the following 
one:

λ21 = 0, λ23 − λ6 = 0, λ22 − λ14 = 0, λ24 − λ8 − λ16 = 0,

λ7 − λ8 + λ15 − λ16 = 0, λ13 − λ14 = 0, λ5 − λ6 = 0,

2ρ1 + λ1(s + t) − λ3t = 0, 2ρ2 − λ19(s + t) + λ20t = 0,

2ρ3 − λ11(s + t) + λ12t = 0, λ4t − λ3t + λ1(s + t) − λ2(s + t) = 0,

λ10t − λ9(s + t) = 0, λ18t − λ17(s + t) = 0. (C.6)

4. Case of ζ4 → k4

Similarly to the previous case, besides using the expressions for products of momenta in terms 
of Mandelstam variables (k1 · k4 = t/2 and k2 · k4 = −(s + t)/2), we need to use the conditions
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(ζ1 · k4) = −(ζ1 · k2) − (ζ1 · k3), (ζ2 · k4) = −(ζ2 · k1) − (ζ2 · k3),

(ζ3 · k4) = −(ζ3 · k1) − (ζ3 · k2), (C.7)

which come from the gauge (or the physical state) condition in (8) and momentum conservation. 
Doing these substitutions, after ζ4 → k4, we can arrive to

T (1,2,3,4)|ζ4=k4

= −[
(λ9 + λ17 + λ21)(ζ1 · k2)(ζ2 · k1)(ζ3 · k1)

+ (λ10 + λ18 + λ21)(ζ1 · k2)(ζ2 · k1)(ζ3 · k2)

+ (λ11 + λ17 + λ22)(ζ1 · k2)(ζ2 · k3)(ζ3 · k1)

+ (λ12 + λ18 + λ22)(ζ1 · k2)(ζ2 · k3)(ζ3 · k2)

+ (λ9 + λ19 + λ23)(ζ1 · k3)(ζ2 · k1)(ζ3 · k1)

+ (λ10 + λ20 + λ23)(ζ1 · k3)(ζ2 · k1)(ζ3 · k2)

+ (λ11 + λ19 + λ24)(ζ1 · k3)(ζ2 · k3)(ζ3 · k1)

+ (λ12 + λ20 + λ24)(ζ1 · k3)(ζ2 · k3)(ζ3 · k2)
]

+
[{

−1

2
(s + t)λ2 + 1

2
λ1t − ρ1

}
(ζ1 · ζ2)(ζ3 · k1)

+
{
−1

2
(s + t)λ4 + 1

2
λ3t − ρ1

}
(ζ1 · ζ2)(ζ3 · k2)

+
{
−1

2
(s + t)λ6 + 1

2
λ5t − ρ2

}
(ζ1 · ζ3)(ζ2 · k1)

+
{
−1

2
(s + t)λ8 + 1

2
λ7t − ρ2

}
(ζ1 · ζ3)(ζ2 · k3)

+
{
−1

2
(s + t)λ14 + 1

2
λ13t − ρ3

}
(ζ2 · ζ3)(ζ1 · k2)

+
{
−1

2
(s + t)λ16 + 1

2
λ15t − ρ3

}
(ζ2 · ζ3)(ζ1 · k3)

]
. (C.8)

As it happened in the case of ζ3 → k3, demanding the previous expression to vanish leads to 
fourteen equations, where only thirteen of them are linearly independent. The set of equations is 
equivalent to the following thirteen ones:

λ11 − λ12 + λ19 − λ20 = 0, λ10 + λ11 − λ12 + λ17 + λ21 = 0,

λ9 − λ10 − λ11 + λ12 = 0, λ11 − λ12 + λ17 − λ18 = 0, λ10 + λ20 + λ23 = 0,

λ12 + λ20 + λ24 = 0, λ11 + λ17 + λ22 = 0,

2ρ1 − λ1t + λ2(s + t) = 0, 2ρ2 − λ5t + λ6(s + t) = 0,

2ρ3 − λ15t + λ16(s + t) = 0,

λ3t + (λ2 − λ4)(s + t) − λ1t = 0, λ7t + (λ6 − λ8)(s + t) − λ5t = 0,

λ13t + (λ16 − λ14)(s + t) − λ15t = 0. (C.9)

Now, the solution of the linear system formed by Eqs. (23), (C.3), (C.6) and (C.9), is given by
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λ1 = 0, λ4 = 0, λ8 = 0,

λ12 = 0, λ15 = 0, λ19 = 0, λ21 = 0,

λ7 = −λ11 = λ16 = −λ20 = λ24,

λ2 = −λ5 = −λ6 = λ9 = −λ17 = −λ23 = λ24
t

s
,

−λ3 = λ10 = λ13 = λ14 = −λ18 = λ22 = λ24
s + t

s
, (C.10)

where λ24 is completely arbitrary.
In this way, substituting the final solution found in Eq. (C.10), in the original expression 

for T (1, 2, 3, 4), given in Eq. (22), this subamplitude becomes a kinematical expression which 
contains as a global factor λ24. Due to the arbitrariness of λ24, for convenience we may rewrite 
it as

λ24 = 4g2λ/t. (C.11)

Afterwards, using appropriately the relations in (C.7) plus the relations

u = −s − t, (C.12)

(ζ4 · k3) = −(ζ4 · k1) − (ζ4 · k2), (C.13)

we can finally arrive to the symmetric formula in (25).
In (25) the expression inside the curly brackets is precisely the well known 4-point kinematic 

factor [33].

Appendix D. Finding an N -point basis for the scattering amplitude (N = 5, 6, 7)

In this appendix we give the details of the calculations that support the main claim of Sec-
tion 3, namely, that the BN set of subamplitudes, given in Eq. (5), is a basis for the space of 
N -point amplitudes VN , defined by the requirements in Eq. (9) (where the polarizations and the 
momenta obey relations (6), (7) and (8)).

The importance of this claim is that the N -point tree level scattering subamplitudes of gauge 
bosons in open superstring theory (and also in Yang–Mills theory) can all be written as a linear 
combination of the subamplitudes in (ζ · ζ )1(ζ ·k)N−2 terms of AYM(1, . . . , N). At least we have 
succeeded in doing so for 3 ≤ N ≤ 7.

We begin by defining, in Appendix D.1, the independent Mandelstam variables that appear 
in an N -point scattering process of massless particles (for N = 5, 6, 7). We also write there the 
expression for the remaining scalar invariants, ki · kj , in terms of the corresponding Mandelstam 
variables. Then, in Appendix D.2 we present, in an abbreviated fashion, the expressions of the 
(ζ ·ζ )1(ζ ·k)N−2 terms of AYM(1, . . . , N). As argued at the end of Subsection 3.3, the explicit ex-
pression of these terms will allow us to find the momentum factors in the case of open superstring 
subamplitudes (Section 4) and also in the case of Yang–Mills subamplitudes (Appendix E).

In Appendix D.3 we use the (ζ · ζ )1(ζ · k)N−2 terms of AYM(1, . . . , N), written in Ap-
pendix D.2, to prove that the BN set is linearly independent in VN .

We end by checking, in Appendix D.4, that VN , as defined by the requirements in Eq. (9), is 
an (N − 3)!-dimensional space (at least in the case of N = 5, 6, 7) and, therefore, BN is indeed 
a basis for VN .
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D.1. Mandelstam variables

In general, in an N -point scattering process of massless particles there are N(N − 3)/2 in-
dependent Mandelstam variables. In the cases of N = 5, 6, 7 these variables can be respectively 
chosen as78

N = 5: si = (ki + ki+1)
2 = 2ki · ki+1 (i = 1, . . . ,5). (D.1)

N = 6: si = (ki + ki+1)
2 = 2ki · ki+1 (i = 1, . . . ,6).

tj = (kj + kj+1 + kj+2)
2 = 2(kj · kj+1 + kj · kj+2 + kj+1 · kj+2)

(j = 1,2,3). (D.2)

N = 7: si = (ki + ki+1)
2 = 2ki · ki+1 (i = 1, . . . ,7),

tj = (kj + kj+1 + kj+2)
2 = 2(kj · kj+1 + kj · kj+2 + kj+1 · kj+2)

(j = 1, . . . ,7). (D.3)

In Eqs. (D.1), (D.2) and (D.3) it is implicit the identification of indexes (6 ↔ 1), (7 ↔ 1) and 
(8 ↔ 1, 9 ↔ 2), respectively. For example, according to this identification of indexes, in (D.3)
we have that t7 = (k7 + k8 + k9)

2 = (k7 + k1 + k2)
2 = 2(k7 · k1 + k7 · k2 + k1 · k2).

The remaining scalar products of the momenta that appear in the corresponding N -point scat-
tering process of massless particles can all be written in terms of the corresponding Mandelstam 
variables, in the following way79:

N = 5: 2k1 · k3 = s4 − s1 − s2, 2k1 · k4 = s2 − s5 − s4, 2k2 · k4 = s5 − s2 − s3,

2k2 · k5 = s3 − s1 − s5, 2k3 · k5 = s1 − s4 − s3, (D.4)

N = 6: 2k1 · k3 = t1 − s1 − s2, 2k1 · k4 = s2 + s5 − t1 − t2, 2k1 · k5 = t1 − s5 − s6,

2k2 · k4 = t2 − s2 − s3, 2k2 · k5 = s3 + s6 − t2 − t3, 2k2 · k6 = t3 − s1 − s6,

2k3 · k5 = t3 − s3 − s4, 2k3 · k6 = s1 + s4 − t1 − t3, 2k4 · k6 = t1 − s4 − s5,

(D.5)

N = 7: 2k1 · k3 = t1 − s1 − s2, 2k1 · k4 = s2 + t5 − t1 − t2,

2k1 · k5 = s6 + t2 − t5 − t6, 2k1 · k6 = t6 − s6 − s7,

2k2 · k4 = t2 − s2 − s3, 2k2 · k5 = s3 + t6 − t2 − t3,

2k2 · k6 = s7 + t3 − t6 − t7, 2k2 · k7 = t7 − s1 − s7,

2k3 · k5 = t3 − s3 − s4, 2k3 · k6 = s4 + t7 − t3 − t4,

2k3 · k7 = s1 + t4 − t1 − t7, 2k4 · k6 = t4 − s4 − s5,

2k4 · k7 = t1 + s5 − t4 − t5, 2k5 · k7 = t5 − s5 − s6. (D.6)

D.2. (ζ · ζ )1(ζ · k)N−2 terms of the Yang–Mills N -point subamplitude

As mentioned at the end of Subsection 3.3, our proposal is that it will be enough to consider the 
(ζ · ζ )1(ζ ·k)N−2 terms of the Yang–Mills N -point subamplitude, in order to find the momentum 

78 The si and tj variables that appear in Eqs. (D.1), (D.2) and (D.3), are the ones that naturally appear as poles of 
AYM(1, . . . , N), for N = 5, 6, 7, respectively.
79 This comes from demanding momentum conservation and the mass-shell condition for the external massless states.
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factors that appear in the BCJ relations (and also the momentum factors that appear in the closed 
expression of the open superstring scattering subamplitudes). So, in the next subsection of this 
appendix we will give the explicit expression of those terms in the case of N = 5. We have 
obtained it by calculating the 5-point subamplitude in Yang–Mills theory (in the Lorentz gauge) 
by using Feynman rules. We have also written the (ζ · k) terms of them in the basis mentioned in 
Eq. (14). For the Mandelstam variables we are using the conventions of Eq. (D.1).

In the case of N = 6 and N = 7 we have written in Appendix D.2.2 only the general structure 
of the (ζ · ζ )1(ζ · k)4 and the (ζ · ζ )1(ζ · k)5 terms, respectively, using the convention for the 
Mandelstam variables in (D.2) and (D.3). Although we have used the complete expression of 
them in order to achieve important results like the ones in Eqs. (28) and (29), it is not instructive 
to write down those huge expressions here.80 We have verified that those expressions satisfy 
basic properties of the Yang–Mills subamplitudes, like cyclicity and reflection. In any case, the 
interested reader can request the authors for the complete explicit expressions of the 6- and 
7-point subamplitudes.

D.2.1. Case of N = 5

AYM(1,2,3,4,5)|(ζ ·ζ )1(ζ ·k)3

= 8g3
[
(ζ2 · ζ3)

{
−

(
1

s1s4
+ 1

s2s4

)
(ζ1 · k2)(ζ4 · k1)(ζ5 · k3)

−
(

1

s1s4
+ 1

s2s4
+ 1

s2s5

)
(ζ1 · k2)(ζ4 · k2)(ζ5 · k3)

+
(

1

s1s3
+ 1

s2s4
+ 1

s3s5
+ 1

s4s1
+ 1

s5s2

)
(ζ1 · k2)(ζ4 · k3)(ζ5 · k1)

+
(

1

s1s3
+ 1

s2s4
+ 1

s3s5
+ 1

s4s1
+ 1

s5s2

)
(ζ1 · k2)(ζ4 · k3)(ζ5 · k2)

+ 1

s2s4
(ζ1 · k3)(ζ4 · k1)(ζ5 · k2) −

(
1

s2s4
+ 1

s2s5

)
(ζ1 · k3)(ζ4 · k2)(ζ5 · k1)

−
(

1

s2s4
+ 1

s2s5

)
(ζ1 · k3)(ζ4 · k2)(ζ5 · k3)

+
(

1

s2s4
+ 1

s3s5
+ 1

s5s2

)
(ζ1 · k3)(ζ4 · k3)(ζ5 · k2) − 1

s2s5
(ζ1 · k4)(ζ4 · k2)(ζ5 · k3)

+
(

1

s2s5
+ 1

s3s5

)
(ζ1 · k4)(ζ4 · k3)(ζ5 · k2)

}

+ (ζ1 · ζ4)

{
− 1

s1s4
(ζ2 · k1)(ζ3 · k1)(ζ5 · k1) − 1

s1s4
(ζ2 · k1)(ζ3 · k1)(ζ5 · k2)

− 1

s1s4
(ζ2 · k1)(ζ3 · k1)(ζ5 · k3) −

(
1

s1s4
+ 1

s2s4

)
(ζ2 · k1)(ζ3 · k2)(ζ5 · k1)

−
(

1

s1s4
+ 1

s2s4

)
(ζ2 · k1)(ζ3 · k2)(ζ5 · k2) −

(
1

s1s4
+ 1

s2s4

)
(ζ2 · k1)(ζ3 · k2)(ζ5 · k3)

80 We have specified on these expressions the number of terms that they have. See Eqs. (D.8) and (D.9).
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+ 1

s1s3
(ζ2 · k1)(ζ3 · k4)(ζ5 · k1) + 1

s1s3
(ζ2 · k1)(ζ3 · k4)(ζ5 · k2)

+ 1

s2s4
(ζ2 · k3)(ζ3 · k1)(ζ5 · k1) + 1

s2s4
(ζ2 · k3)(ζ3 · k1)(ζ5 · k2)

+ 1

s2s4
(ζ2 · k3)(ζ3 · k1)(ζ5 · k3) −

(
1

s2s5
+ 1

s5s3

)
(ζ2 · k3)(ζ3 · k4)(ζ5 · k1)

+ 1

s2s5
(ζ2 · k4)(ζ3 · k2)(ζ5 · k1) − 1

s3s5
(ζ2 · k4)(ζ3 · k4)(ζ5 · k1)

}]
+ (cyclic permutations) (D.7)

D.2.2. Case of N = 6 and N = 7
The (ζ · ζ )1(ζ · k)4 and the (ζ · ζ )1(ζ · k)5 terms of the 6 and the 7-point Yang–Mills subam-

plitudes have the following structure81:

AYM(1,2,3,4,5,6)|(ζ ·ζ )1(ζ ·k)4

= 8g4
[

2(ζ1 · ζ2)

{
1

s1s5t1
(ζ3 · k1)(ζ4 · k1)(ζ5 · k1)(ζ6 · k2) + (67 terms)

}

+ 2(ζ1 · ζ3)

{
1

s1s5t1
(ζ2 · k1)(ζ4 · k1)(ζ5 · k1)(ζ6 · k3) + (57 terms)

}

+ (ζ1 · ζ4)

{
1

s1s5t1
(ζ2 · k1)(ζ3 · k1)(ζ5 · k1)(ζ6 · k4) + (51 terms)

}]
+ (cyclic permutations) (D.8)

and

AYM(1,2,3,4,5,6,7)|(ζ ·ζ )1(ζ ·k)5

= 32g5
[
(ζ1 · ζ2)

{
1

s1s6t1t5
(ζ3 · k1)(ζ4 · k1)(ζ5 · k1)(ζ6 · k1)(ζ7 · k2) + (565 terms)

}

+ (ζ1 · ζ3)

{
1

s1s6t1t5
(ζ2 · k1)(ζ4 · k1)(ζ5 · k1)(ζ6 · k1)(ζ7 · k3) + (466 terms)

}

+ (ζ1 · ζ4)

{
1

s1s6t1t5
(ζ2 · k1)(ζ3 · k1)(ζ5 · k1)(ζ6 · k1)(ζ7 · k4) + (408 terms)

}]
+ (cyclic permutations). (D.9)

D.3. Linear independence of the set BN

The color/kinematic duality in Yang–Mills theory [37] and the monodromy relations found 
for the open string subamplitudes [38,8] succeed in finding all N -point subamplitudes of Yang–
Mills theory in terms of a linear combinations of a set of (N − 3)! subamplitudes (which can be 

81 In the 6-point case, in Eq. (D.8), there is no mistake in the fact that the (ζ1 · ζ4) term does not carry a factor ‘2’, as 
every other terms does: this factor will arise when summing the cyclic permutations.
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chosen to be the ones in the BN set of Eq. (5)).82 The procedure of each of these approaches is 
self consistent in the sense that it is found a linear system for the subamplitudes which is overde-
termined; then, it is found that this linear system has a unique solution (which consists, precisely, 
in the BCJ relations for the N -point subamplitudes). But this result still does not guarantee that 
this set BN is indeed a basis of VN : nothing forbids that there could still be additional restrictions 
that relate the Yang–Mills subamplitudes in BN .

In fact, it is known that in D = 4, the N = 5 BCJ relations can all be found in terms of only one
Yang–Mills subamplitude, instead of two (see Section 5.2 of Ref. [45]). This does not invalidate 
the BCJ relations that have been found for N = 5: it simply states that, at least in D = 4, the set 
B5 is not linearly independent and the BCJ relations can have an even simpler form.

In the way that the BCJ relations have been found [37,38,8], their validity is for any spacetime 
dimension D. So, what may happen (and the mentioned result of Ref. [45] is an explicit evidence 
for it) is that if N is sufficiently high (as compared to D), there may still be further relations 
among the Yang–Mills subamplitudes of the BN set in Eq. (5).

The same as in [37] and [38,8], our approach throughout this work has only considered the 
general case, that is, the one in which the BCJ relations are written being valid for any spacetime 
dimension D (or equivalently, we will assume that N is sufficiently small, as compared to D, 
such that no new extra relations between the subamplitudes arise).

Having stated this subtlety about the dependence of the basis of VN in the spacetime dimen-
sion D, we will proceed with our analysis only using arguments that are valid for any spacetime
dimension.

In this section of Appendix D we will see that in fact, as mentioned at the end of Subsec-
tion 3.3, considering only the (ζ · ζ )1(ζ · k)N−2 terms of the Yang–Mills N -point subamplitudes, 
there is enough information (which is even redundant when we consider all those terms) to prove 
the linear independence of the set of subamplitudes BN , given in Eq. (5).

D.3.1. Case of N = 5
In order to prove that B5 = {AYM(1, 2, 3, 4, 5), AYM(1, 3, 2, 4, 5)} is a linearly indepen-

dent set in V5, we need to consider the null linear combination of AYM(1, 2, 3, 4, 5) and 
AYM(1, 3, 2, 4, 5):

λ{23}AYM(1,2,3,4,5) + λ{32}AYM(1,3,2,4,5) = 0. (D.10)

Here we want to prove that (D.10) happens if and only if λ{23} = λ{32} = 0.
Considering only the (ζ · ζ )1(ζ · k)3 terms in (D.10), we have that

λ{23}AYM(1,2,3,4,5)
∣∣
(ζ ·ζ )1(ζ ·k)3 + λ{32}AYM(1,3,2,4,5)

∣∣
(ζ ·ζ )1(ζ ·k)3 = 0, (D.11)

and using the explicit expression for the (ζ · ζ )1(ζ · k)3 terms of the 5-point subamplitude, given 
in (D.7), we have

82 In the case of the color/kinematic duality approach, the authors of [37] have conjectured the explicit form of BCJ 
relations for arbitrary N , and they have found evidence for their conjecture up to N = 8, but the proof for arbitrary N
has not been given yet.
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8g3
[{

−λ{23}
(

1

s1s4
+ 1

s2s4

)
+ λ{32} 1

s2s4

}
(ζ2 · ζ3)(ζ1 · k2)(ζ4 · k1)(ζ5 · k3)

+
{
−λ{23} 1

s1s4
− λ{32} 1

(s4 − s1 − s2)s4

}
(ζ1 · ζ4)(ζ2 · k1)(ζ3 · k1)(ζ5 · k1)

+ (140 terms)

]
= 0. (D.12)

Since the (ζ · ζ )1(ζ · k)3 terms in (D.12) are linearly independent, then this equation is valid if 
and only if the coefficient of each of these terms is zero:

−λ{23}
(

1

s1s4
+ 1

s2s4

)
+ λ{32} 1

s2s4
= 0,

−λ{23} 1

s1s4
− λ{32} 1

(s4 − s1 − s2)s4
= 0, . . . . (D.13)

(D.13) is a linear homogeneous system of 142 equations for λ(5)
1 and λ(5)

2 . From the first two 
equations, explicitly written in (D.13), it is easy to see that the unique solution of this system is 
the trivial one:

λ{23} = λ{32} = 0. (D.14)

D.3.2. Case of N = 6 and N = 7
Doing exactly the same procedure of the previous subsection, but for N = 6 and N = 7, using 

the corresponding expressions of the (ζ · ζ )1(ζ · k)4 and the (ζ · ζ )1(ζ · k)5 terms, mentioned in 
Eqs. (D.8) and (D.9), respectively, we arrive to the same conclusion, namely, that the six λ{σ6}’s 
and the twenty four λ{σ7}’s are all zero, implying that the B6 and B7 sets are linearly independent 
in their corresponding spaces, V6 and V7.

An interesting remark is that we have not needed to examine all the (ζ · ζ )1(ζ · k)N−2 terms 
of the Yang–Mills N -point subamplitudes (for N = 5, 6, 7), in order to arrive at the conclusion 
that the λ{σN }’s are all zero: it has been enough to just analyze the (ζ1 · ζ2)(ζ · k)N−2 kinematical 
structures (which are just one of the many possible structures of the (ζ · ζ )1(ζ · k)N−2 terms).

D.4. Dimension of VN and a basis for it

In the case of N = 3 and N = 4, in Subsections 3.2.1 and 3.2.2, respectively, it was checked 
that the dimension of VN is, in fact,

dim(VN) = (N − 3)!, (D.15)

and that the set of subamplitudes BN , given in Eq. (5), is indeed a basis of this space.
In this subsection we will argue that the validity of the formula (D.15) and of the set BN

proposed as a basis for VN , given in Eq. (5), indeed holds for N = 5, 6, 7.
We will argue this in Appendix D.4.1 for the N = 5 case, with some detail, and in Ap-

pendix D.4.2 for the N = 6 and the N = 7 case. In these last two cases we will just mention 
the final results, because the intermediate formulas are simply too big and they do not give any 
additional idea.

Before going into the details of Appendices D.4.1 and D.4.2 we warn the reader that our 
calculations have not lead directly to the set BN as a basis for VN (as made explicit in Eq. (5)): 
what we have found for each N (= 5, 6, 7) is another set of (N − 3)! independent kinematical 
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expressions83 which become a basis for the corresponding VN space. Within our approach, it 
would simple be too tricky to arrive, for any N ≥ 5, directly to the set BN .

So, at this point we must admit that, without knowing the BCJ result for the basis of Yang–
Mills subamplitudes, given in Eq. (5), demanding on-shell gauge invariance would have lead 
us to the validity of Eq. (D.15), but we would have hardly arrived to a basis in which all the 
elements can be directly associated to Yang–Mills theory.

D.4.1. Case of N = 5
Let T (1, 2, 3, 4, 5) ∈ V5. According to Table 2, this element of V5 can be constructed from 

270 (ζ · ζ )1(ζ · k)3 and from 45 (ζ · ζ )2(ζ · k)1 terms, which, after being written using the (ζ · k)

terms of Eq. (14), are all linearly independent. So, initially, it contains 315 kinematical terms.
Then, we impose the third requirement that the list in Eq. (9) demands for the elements of V5, 

namely, T (1, 2, 3, 4, 5) should satisfy on-shell gauge invariance:

T (1,2,3,4,5)
∣∣
ζi=ki

= 0 (i = 1,2, . . . ,5). (D.16)

Doing exactly the same procedure that we explained in Subsection 3.2.2 and in Appendix C for 
the N = 4 case, in this case we have arrived to the conclusion that T (1, 2, 3, 4, 5) can be written 
in terms of two known (and independent) kinematic expressions:

T (1,2,3,4,5) = ρ
(5)
1 K

(5)
1 (ζ, k) + ρ

(5)
2 K

(5)
2 (ζ, k), (D.17)

where K
(5)
1 (ζ, k) and K

(5)
2 (ζ, k) are the known (but big) kinematic expressions (without 

poles) and {ρ(5)
1 , ρ(5)

2 } are the arbitrary momentum factors. So, by construction K(5)
1 (ζ, k) and 

K
(5)
2 (ζ, k) are (on-shell) gauge invariant kinematical expressions.

K
(5)
1 (ζ, k) consists in 133 (ζ · k)3(ζ · ζ )1 and 33 (ζ · k)1(ζ · ζ )2 independent terms while 

K
(5)
2 (ζ, k) consists in 134 (ζ · k)3(ζ · ζ )1 and 31 (ζ · k)1(ζ · ζ )2 independent ones. These kine-

matical expressions have the following form84:

K
(5)
1 (ζ, k) = g3[{(s2 + s3 − s5)(s1s2 + s2s5 + s3s4 + s3s5 − s2s3)(ζ1 · k2)(ζ2 · k3)(ζ3 · k4)

× (ζ4 · ζ5) + 132(ζ · k)3(ζ · ζ )1 terms
}

+ {
s2s3(s1s2 + s2s5 + s3s4 − s2s3 − s4s5)(ζ1 · k4)(ζ2 · ζ4)(ζ3 · ζ5)

+ 32(ζ · k)1(ζ · ζ )2 terms
}]

, (D.18)

K
(5)
2 (ζ, k) = g3[{−(s1s2s4 + s1s3s4 + s1s3s5 + s2s3s5 + s2s4s5)(ζ1 · k2)(ζ2 · k3)(ζ3 · k4)

× (ζ4 · ζ5) + 133(ζ · k)3(ζ · ζ )1 terms
}

+ {
s2(s1s2s4 + s1s3s4 + s1s3s5 + s2s3s5 + s2s4s5)(ζ1 · k4)(ζ2 · ζ4)(ζ3 · ζ5)

+ 30(ζ · k)1(ζ · ζ )2 terms
}]

. (D.19)

In (D.18) and (D.19) {s1, s2, s3, s4, s5} are the five independent Mandelstam variables that appear 
in massless 5-point scattering, and that were defined in Eq. (D.1).

So, our result in (D.17) indeed verifies that dim(V5) = 2, in agreement with (D.15).

83 These kinematical expressions are on-shell gauge invariant.
84 If it has any usefulness to the reader, the explicit expressions of K(5)

1 (ζ, k) and K(5)
2 (ζ, k) can be requested to the 

authors.
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Since in Appendix D.3.1 we proved that the two-element set B5 is linearly independent in V5, 
it is clear that a change of basis can be done, namely,{

K
(5)
1 (ζ, k),K

(5)
2 (ζ, k)

} → {
AYM(1,2,3,4,5),AYM(1,3,2,4,5)

}
, (D.20)

and, therefore, B5 is a possible basis of V5.
So, at the end, instead of (D.17) it is possible to write

T (1,2,3,4,5) = λ{23} · AYM(1,2,3,4,5) + λ{32} · AYM(1,3,2,4,5), (D.21)

as claimed in Eq. (27) of the main text of this work.

D.4.2. Case of N = 6 and N = 7
Let T (1, 2, 3, 4, 5, 6) ∈ V6 and T (1, 2, 3, 4, 5, 6, 7) ∈ V7. Although the computational effort 

becomes greater as N grows, we have succeeded in finding that, repeating exactly the same 
procedure that we have described in Subsection 3.2.2 and in Appendix C for the N = 4 case, 
and in Appendix D.4.1 for the N = 5 case, we arrive that these two elements can be respectively 
written as

T (1,2,3,4,5,6) = ρ
(6)
1 K

(6)
1 (ζ, k) + ρ

(6)
2 K

(6)
2 (ζ, k) + ρ

(6)
3 K

(6)
3 (ζ, k) + ρ

(6)
4 K

(6)
4 (ζ, k)

+ ρ
(6)
5 K

(6)
5 (ζ, k) + ρ

(6)
6 K

(6)
6 (ζ, k) (D.22)

and

T (1,2,3,4,5,6,7) = ρ
(7)
1 K

(7)
1 (ζ, k) + ρ

(7)
2 K

(7)
2 (ζ, k) + ρ

(7)
3 K

(7)
3 (ζ, k) + ρ

(7)
4 K

(7)
4 (ζ, k)

+ ρ
(7)
5 K

(7)
5 (ζ, k) + ρ

(7)
6 K

(7)
6 (ζ, k) + ρ

(7)
7 K

(7)
5 (ζ, k)

+ ρ
(7)
8 K

(7)
6 (ζ, k) + ρ

(7)
9 K

(7)
9 (ζ, k) + ρ

(7)
10 K

(7)
10 (ζ, k)

+ ρ
(7)
11 K

(7)
11 (ζ, k) + ρ

(7)
12 K

(7)
12 (ζ, k) + ρ

(7)
13 K

(7)
13 (ζ, k)

+ ρ
(7)
14 K

(7)
14 (ζ, k) + ρ

(7)
15 K

(7)
15 (ζ, k) + ρ

(7)
16 K

(7)
16 (ζ, k)

+ ρ
(7)
17 K

(7)
17 (ζ, k) + ρ

(7)
18 K

(7)
18 (ζ, k) + ρ

(7)
19 K

(7)
19 (ζ, k)

+ ρ
(7)
20 K

(7)
20 (ζ, k) + ρ

(7)
21 K

(7)
21 (ζ, k) + ρ

(7)
22 K

(7)
22 (ζ, k)

+ ρ
(7)
23 K

(7)
23 (ζ, k) + ρ

(7)
24 K

(7)
24 (ζ, k), (D.23)

where the K(N)
i (ζ, k)’s are known kinematic expressions (without poles).

In the case of N = 6 we have found our result in (D.22) analytically, in the same way as we 
did in (D.17).

In the case of N = 7 we have obtained our result numerically: we have found the explicit form 
of the K(7)

i (ζ, k)’s only for fixed values of the Mandelstam variables.
The important result is that, independently of being an analytic or a numerical result, we can 

conclude that

dim(V6) = 6 and dim(V7) = 24, (D.24)

in agreement with formula (D.15).
Since in Appendix D.3.2 we proved that the six-element set B6 and the twenty four-element set 

B7 are linearly independent in V6 and V7, respectively, due to the matching with the dimensions 
found in (D.24), these sets can be chosen as basis of the corresponding spaces.
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Appendix E. Kinematical derivation of BCJ relations

BCJ relations were discovered by Bern, Carrasco and Johansson in 2008 by means of a con-
jectured duality between color and kinematics in Yang–Mills theories [37]. These relations state 
that the (N − 1)! Yang–Mills subamplitudes that appear in the N -point formula (see Eq. (2)85) 
can be written as linear combinations of a subset which contains only (N −3)! of them. Although 
not exactly the same, from the work in [37] it can be easily seen that the set of subamplitudes 
that we propose in Eq. (5) can be chosen as a basis for the Yang–Mills subamplitudes in the BCJ 
relations.86

A rigorous proof of the BCJ relations was found first using string theory methods, indepen-
dently, by the authors of [38] and [8]. Later, a pure field theory proof of these relations was also 
found in [54] (at least for N = 4, 5, 6).

In this appendix we present an alternative derivation of BCJ relations for N = 4, 5, 6, 7. We 
will not deal with color/kinematic duality of Yang–Mills subamplitudes at any moment. We will 
not need to consider Kleiss–Kuijf relations [55] either. From our perspective the result is that 
BCJ relations arise as a natural consequence of the basis found for VN , considered in Section 3
of this work. The only unknowns in the BCJ relations will then be the momentum factors that 
participate in them as the components of a given Yang–Mills subamplitude with respect to the 
BN basis.

As mentioned at the end of Subsection 3.3, our proposal is that it is enough to consider the 
explicit expression of the (ζ · ζ )1(ζ · k)N−2 terms of the N -point Yang–Mills subamplitudes, in 
order to obtain the momentum factors that appear in the BCJ relations. These subamplitudes can 
be obtained using Feynman rules from the Yang–Mills lagrangian (in the Lorentz gauge) or by 
selecting them in the low energy limit of the corresponding subamplitude of gauge bosons in 
string theory.

We will find the BCJ relations for a set of (N − 1)!/2 − (N − 3)! Yang–Mills subamplitudes. 
The first of these numbers, (N − 1)!/2, comes from considering the number of independent sub-
amplitudes, from the point of view of cyclic and reflection symmetries (see Eqs. (B.1) and (B.2), 
respectively). The second one, (N − 3)!, is simply the number of Yang–Mills subamplitudes of 
the BN basis, which are taken from this set.

Here, we will give the details of our derivation of the BCJ relations for the case of N = 4
and N = 5. The procedure for N = 6 and N = 7 is exactly the same one, but the intermediate 
formulas become too big, so we will just present some examples of these relations.

E.1. Case of N = 4

In this case there are (N − 1)!/2 = 3 subamplitudes which are not related by cyclic nei-
ther reflection symmetry. We will choose them to be AYM(1, 2, 3, 4), AYM(1, 3, 4, 2) and 
AYM(1, 4, 2, 3).87

We will now apply Eq. (26) for T (1, 2, 3, 4) = AYM(1, 3, 4, 2), namely:

AYM(1,3,4,2) = λ{2} · AYM(1,2,3,4). (E.1)

where λ{2} is the momentum factor that we want to determine.

85 Formula (2) was written in the Introduction as valid for gauge bosons in tree level open superstring theory, but it is 
well known that it is also valid for tree level Yang–Mills N -point amplitudes [51].
86 The reason of our choice of basis is, of course, that we want to arrive to the MSS formula in Eq. (1), which is written 
in this basis.
87 Notice that the first subamplitude is AYM(1, 2, 3, 4), that is, the one that has been chosen as a basis for V4 in Eq. (26).
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Using the explicit expression for AYM(1, 2, 3, 4) given in Eq. (25) (and the corresponding one 
for AYM(1, 3, 4, 2)), and afterwards only selecting the (ζ · ζ )1(ζ · k)2 terms on them, Eq. (E.1)
becomes

−8g2 1

us

{
1

2
u
[
(ζ1 · k2)(ζ4 · k3)(ζ3 · ζ2) + (ζ3 · k4)(ζ2 · k1)(ζ1 · ζ4)

+ (ζ1 · k4)(ζ2 · k3)(ζ3 · ζ4) + (ζ3 · k2)(ζ4 · k1)(ζ1 · ζ3)
]

+ 1

2
s
[
(ζ3 · k1)(ζ2 · k4)(ζ4 · ζ1) + (ζ4 · k2)(ζ1 · k3)(ζ3 · ζ2)

+ (ζ3 · k2)(ζ1 · k4)(ζ4 · ζ2) + (ζ4 · k1)(ζ2 · k3)(ζ3 · ζ1)
]

+ 1

2
t
[
(ζ1 · k3)(ζ2 · k4)(ζ4 · ζ3) + (ζ4 · k2)(ζ3 · k1)(ζ1 · ζ2) + (ζ1 · k2)(ζ3 · k4)(ζ4 · ζ2)

+ (ζ4 · k3)(ζ2 · k1)(ζ1 · ζ3)
]}

= −λ{2}8g2 1

st

{
1

2
s
[
(ζ1 · k4)(ζ3 · k2)(ζ2 · ζ4) + (ζ2 · k3)(ζ4 · k1)(ζ1 · ζ3)

+ (ζ1 · k3)(ζ4 · k2)(ζ2 · ζ3) + (ζ2 · k4)(ζ3 · k1)(ζ1 · ζ4)
]

+ 1

2
t
[
(ζ2 · k1)(ζ4 · k3)(ζ3 · ζ1) + (ζ3 · k4)(ζ1 · k2)(ζ2 · ζ4)

+ (ζ2 · k4)(ζ1 · k3)(ζ3 · ζ4) + (ζ3 · k1)(ζ4 · k2)(ζ2 · ζ1)
]

+ 1

2
u
[
(ζ1 · k2)(ζ4 · k3)(ζ3 · ζ2) + (ζ3 · k4)(ζ2 · k1)(ζ1 · ζ4) + (ζ1 · k4)(ζ2 · k3)(ζ3 · ζ4)

+ (ζ3 · k2)(ζ4 · k1)(ζ1 · ζ2)
]}

. (E.2)

Next, we write all (ζ · k) terms in both sides of (E.2) in the basis mentioned in (14), by using the 
relations (12) for this case, namely,

(ζ4 · k3) = −(ζ4 · k1) − (ζ4 · k2), (E.3)

(ζ1 · k4) = −(ζ1 · k2) − (ζ1 · k3), (E.4)

(ζ2 · k4) = −(ζ2 · k1) − (ζ2 · k3), (E.5)

(ζ3 · k4) = −(ζ3 · k1) − (ζ3 · k2). (E.6)

Once both sides of (E.2) have been written in terms of the same basis for the (ζ · ζ )1(ζ · k)2

terms, it is possible to compare their coefficients, arriving at a set of eight linearly dependent 
equations for λ{2}. After using that u = −s − t it can be seen that there is really only one linearly 
independent equation, namely, λ{2} = t/u, from which it comes that

AYM(1,3,4,2) = t

u
AYM(1,2,3,4). (E.7)

Doing exactly the same procedure to find AYM(1, 4, 2, 3) in terms of AYM(1, 2, 3, 4) we find that

AYM(1,4,2,3) = s

u
AYM(1,2,3,4). (E.8)

Eqs. (E.7) and (E.8) are the independent BCJ relations for N = 4. Any other of the remaining 
twenty one 4-point subamplitudes can be written in terms of AYM(1, 2, 3, 4) by means of these 
two relations and using cyclic or/and reflection symmetries.
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It is clear that in this case (N = 4) it would have been very much simple to just compare 
the coefficients of the (ζ · ζ )2 kinematical terms since there are only three of them in the whole 
subamplitude. The result would have been just the same one: λ{2} = t/u. But, as indicated in 
the final paragraph of Subsection 3.3, our proposal for the N -point subamplitudes, for any value 
of N , is that it will always be enough to consider the (ζ · ζ )1(ζ · k)N−2 terms and this is what we 
have confirmed here.

E.2. Case of N = 5

In this case there are (N − 1)!/2 = 12 subamplitudes which are not related by cyclic 
neither reflection symmetry. We will choose them to be AYM(1, 2, 3, 4, 5), AYM(1, 2, 4, 3, 5), 
AYM(1, 4, 2, 3, 5), AYM(2, 1, 3, 4, 5), AYM(2, 3, 1, 4, 5), AYM(2, 1, 4, 3, 5) and six additional 
5-point subamplitudes obtained from the previous ones by exchanging labels 2 and 3.88

In this subsection we will present, in some detail, the calculations that lead to the BCJ relation 
for the subamplitude AYM(2, 1, 3, 4, 5), that is, we will find the momentum factors, λ{23} and 
λ{32}, that allow to write AYM(2, 1, 3, 4, 5) in terms of AYM(1, 2, 3, 4, 5) and AYM(1, 3, 2, 4, 5), 
according to Eq. (27):

AYM(2,1,3,4,5) = λ{23}AYM(1,2,3,4,5) + λ{32}AYM(1,3,2,4,5). (E.9)

Using the explicit expression for the (ζ ·ζ )1(ζ ·k)3 terms of AYM(1, 2, 3, 4, 5), given in Eq. (D.7), 
the corresponding terms of AYM(1, 3, 2, 4, 5) and AYM(2, 1, 3, 4, 5) can be obtained. Substituting
all these (ζ · ζ )1(ζ · k)3 terms in (E.9) we arrive to an equation which has the following form89:

8g3
[
(ζ1 · ζ3)

{
−

(
1

s1s4
+ 1

(s4 − s1 − s2)s4

)
(ζ2 · k1)(ζ4 · k2)(ζ5 · k3) + (9 terms)

}

+ (ζ3 · ζ4)

{
+ 1

s1s3
(ζ1 · k2)(ζ2 · k4)(ζ5 · k3) + (15 terms)

}

+ (
cyclic permutations of indexes (2,1,3,4,5)

)]

= λ{23}8g3
[
(ζ2 · ζ3)

{
−

(
1

s1s4
+ 1

s2s4

)
(ζ1 · k2)(ζ4 · k1)(ζ5 · k3) + (9 terms)

}

+ (ζ1 · ζ4)

{
− 1

s1s4
(ζ2 · k1)(ζ3 · k1)(ζ5 · k1) + (13 terms)

}

+ (
cyclic permutations of indexes (1,2,3,4,5)

)]

+ λ{32}8g3
[
(ζ3 · ζ2)

{
−

(
1

(s4 − s1 − s2)s4
+ 1

s2s4

)
(ζ1 · k3)(ζ4 · k1)(ζ5 · k2)

+ (9 terms)

}

88 We have chosen the same set of twelve 5-point subamplitudes of Ref. [38].
89 See the convention for the Mandelstam variables si in Eq. (D.1) of Appendix D.
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+ (ζ1 · ζ4)

{
− 1

(s4 − s1 − s2)s4
(ζ3 · k1)(ζ2 · k1)(ζ5 · k1) + (13 terms)

}

+ (
cyclic permutations of indexes (1,3,2,4,5)

)]
. (E.10)

In this equation we have preferred to present explicitly only some of the (ζ · ζ )1(ζ · k)3 terms in 
order to save some space on it.90

The peculiar factor (s4 − s1 − s2) in some of the denominators of Eq. (E.10) simply corre-
sponds to k1 · k3, as given in Eq. (D.1).

Writing all (ζ · k) terms in both sides of (E.10) in the basis mentioned in (14), once again, by 
appropriately using the relations (12), we arrive to a set of 142 linearly dependent equations,91

finding λ{23}(α′) = (s5 − s3)/(s3 − s1 − s5) and λ{32}(α′) = (s5 − s2 − s3)/(s3 − s1 − s5) as a 
consistent unique solution of it (as expected). Therefore, Eq. (E.9) becomes

AYM(2,1,3,4,5) = s5 − s3

s3 − s1 − s5
AYM(1,2,3,4,5)

+ s5 − s2 − s3

s3 − s1 − s5
AYM(1,3,2,4,5). (E.11)

Doing this same procedure we arrive to the following additional relations:

AYM(1,2,4,3,5) = s4 − s1

s1 − s3 − s4
AYM(1,2,3,4,5)

+ s4 − s1 − s2

s1 − s3 − s4
AYM(1,3,2,4,5), (E.12)

AYM(2,3,1,4,5) = − s1s3

(s3 − s1 − s5)(s2 − s4 − s5)
AYM(1,2,3,4,5)

+ (s1 + s5)(s5 − s2 − s3)

(s3 − s1 − s5)(s2 − s4 − s5)
AYM(1,3,2,4,5), (E.13)

AYM(1,4,2,3,5) = − s1s3

(s1 − s3 − s4)(s2 − s4 − s5)
AYM(1,2,3,4,5)

+ (s3 + s4)(s4 − s1 − s2)

(s1 − s3 − s4)(s2 − s4 − s5)
AYM(1,3,2,4,5), (E.14)

AYM(2,1,4,3,5) = p(s1, s2, s3, s4, s5)

(s1 − s3 − s4)(s2 − s4 − s5)(s3 − s1 − s5)
AYM(1,2,3,4,5)

− (s4 + s5)(s4 − s1 − s2)(s5 − s2 − s2)

(s1 − s3 − s4)(s2 − s4 − s5)(s3 − s1 − s5)
AYM(1,3,2,4,5),

(E.15)

where the polynomial appearing in (E.15) is given by

p(s1, s2, s3, s4, s5) = s3s
2
4 − s3s2s4 + s3s5s4 − s3s5s1 − s3s4s1 + s1s5s4 − s1s5s2

+ s5s2s4 − s2
5s4 + s2

5s1 − s5s
2
4 . (E.16)

90 It is clear, from the expression of the (ζ · ζ )1(ζ · k)3 terms of AYM(1, 2, 3, 4, 5), given in Eq. (D.7), that we could 
have written explicitly all those kinematic terms in Eq. (E.10).
91 This set comes from demanding that the same 142 (ζ · ζ )1(ζ · k)3 considered in Appendix D, in Eq. (D.12), are 
linearly independent.
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After using the expressions for the momentum products ki · kj , given in Eqs. (D.1) and (D.4) of 
Appendix D, it can be verified that all five relations agree with the BCJ ones found in Eq. (13) of 
Ref. [38].92

The BCJ relations for the remaining subamplitudes can be obtained from Eqs. (E.11)–(E.15)
by just exchanging labels 2 and 3.93

This achieves writing ten of the twelve subamplitudes, mentioned at the beginning of this 
section of Appendix E, in terms of the remaining two ones.

E.3. Case of N = 6

In this case there are (N − 1)!/2 = 60 subamplitudes which are not related by cyclic neither 
reflection symmetry. The outcome of our procedure is that we have succeeded in finding an 
expression for 54 of them in terms of the six ones of B6, as predicted in Eq. (28).

We have found that these 54 relations can be classified into two types. In the first type, 42
subamplitudes are in fact given as a linear combination of the six ones of B6, like for example94:

AYM(1,4,5,3,2,6)

= − s1(−t1 + s2 + t3 − s6)

(−s1 + t3 − s6)(−t1 + s2 − s6 + s4)
AYM(1,2,3,4,5,6)

+ (t1 − s1 − s2)(s2 + t3 − s6)

(−s1 + t3 − s6)(−t1 + s2 − s6 + s4)
AYM(1,3,2,4,5,6)

+ s1(t1 − s2 + s3 − t3 + s6)

(−s1 + t3 − s6)(−t1 + s2 − s6 + s4)
AYM(1,2,4,3,5,6)

+ (s2 − t2 + s3 − s1)(t3 − s6 − t1 + s2 − s3)

(−s1 + t3 − s6)(−t1 + s2 − s6 + s4)
AYM(1,3,4,2,5,6)

− (−t3 − t2 + s6 + s3)(t1 − s1 − s2)

(−s1 + t3 − s6)(−t1 + s2 − s6 + s4)
AYM(1,4,2,3,5,6)

− (−t3 − t2 + s6 + s3)(t1 − s1 − s2 + s3)

(−s1 + t3 − s6)(−t1 + s2 − s6 + s4)
AYM(1,4,3,2,5,6), (E.17)

AYM(1,5,4,3,2,6)

= s1(s2 + t3 − s6 − t1)(s5 + s6 − s4 − t2)

(s1 + s5 − t2)(s1 + s6 − t3)(s6 + t1 − s2 − s4)
AYM(1,2,3,4,5,6)

+ (s1 + s2 − t1)(s6 − s2 − t3)(s5 + s6 − s4 − t2)

(s1 + s5 − t2)(s1 + s6 − t3)(s6 + t1 − s2 − s4)
AYM(1,3,2,4,5,6)

+ s1(s3 + s4 − t3)(t1 + t2 − s2 − s5)

(s1 + s5 − t2)(s1 + s6 − t3)(s6 + t1 − s2 − s4)
AYM(1,2,4,3,5,6)

92 Since in Ref. [38] those authors work with open string theory subamplitudes, in order to see the matching of our 
results with theirs it should be taken the low energy limit of their relations.
93 In order for these relations to have the same format as the first ones, the si Mandelstam variables should first be 
rewritten in terms of momentum products ki · kj , then exchange labels 2 and 3 and then write the final expression in 
terms of the Mandelstam variables again.
94 See Eq. (D.2) for the definition of the nine independent Mandelstam variables that appear in the 6-point scattering 
process: there are six si ’s and three tj ’s.
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+ (s1 + s2 − t1)(s4 + t2 − s5 − s6)(t2 + t3 − s3 − s6)

(s1 + s5 − t2)(s1 + s6 − t3)(s6 + t1 − s2 − s4)
AYM(1,3,4,2,5,6)

+ (s3 + s4 − t3)(s2 + s5 − t1 − t2)(s1 + t2 − s2 − s3)

(s1 + s5 − t2)(s1 + s6 − t3)(s6 + t1 − s2 − s4)
AYM(1,4,2,3,5,6)

+ (s6 + s1 − s3 − s4)(t1 + t2 − s2 − s5)(t2 + t3 − s3 − s6)

(s1 + s5 − t2)(s1 + s6 − t3)(s6 + t1 − s2 − s4)
AYM(1,4,3,2,5,6).

(E.18)

In the second type, 12 subamplitudes are found to be given only in terms of three subamplitudes 
of B6, like for example95:

AYM(1,2,3,5,4,6)

= t1 − s5

t1 − s5 − s4
AYM(1,2,3,4,5,6) − t1 − s5 + s3

t1 − s5 − s4
AYM(1,2,4,3,5,6)

+ s5 − t1 − t2 + s2

−s5 − s4 + t1
A(1,3,4,2,5,6), (E.19)

AYM(1,2,4,5,3,6)

= t1 − s1

s1 − t3 + s4 − t1
AYM(1,2,3,4,5,6) + t1 − s1 − s2

s1 − t3 + s4 − t1
AYM(1,3,2,4,5,6)

+ s3 + t1 − s1

s1 − t3 + s4 − t1
AYM(1,2,4,3,5,6), (E.20)

AYM(1,4,3,5,2,6)

= − s1

s1 − t3 + s6
AYM(1,2,4,3,5,6) − s1 − s3 + t2

s1 − t3 + s6
AYM(1,4,3,2,5,6)

+ s2 + s3 − s1 − t2

s1 − t3 + s6
A(1,3,4,2,5,6). (E.21)

We have checked that all our N = 6 results agree with the ones in Ref. [56] (which were obtained 
in detail using the BCJ color/kinematic duality).

E.4. Case of N = 7

In this case there are (N − 1)!/2 = 360 subamplitudes which are not related by cyclic neither 
reflection symmetry. This time we have found 336 of them in terms of the twenty four ones of B7, 
as predicted in Eq. (29).

The 336 BCJ relations that we have found can be classified into three types. In the first type, 
216 subamplitudes are in fact given as a linear combination of the twenty four ones of B7. In the 
second type, 72 subamplitudes are given only in terms of twelve of the ones of B7. And in the 
third type, 48 subamplitudes are given only in terms of four of the ones of B7.96

A few examples of the third type of BCJ relations are the following97:

95 Notice, in Eqs. (E.19), (E.20) and (E.21), that the three subamplitudes of B6 that appear in them are not necessarily
all the same.
96 Because of computer limitations, we have arrived to these results numerically, for the first two types of BCJ relations, 
and analytically for the last ones. See Eqs. (E.22), (E.23) and (E.24).
97 See Eq. (D.3) for the definition of the fourteen independent Mandelstam variables that appear in the 7-point scattering 
process: there are seven si ’s and seven tj ’s.
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AYM(1,2,3,4,6,5,7)

= t5 − s6

s5 + s6 − t5
AYM(1,2,3,4,5,6,7) + s4 + t5 − s6

s5 + s6 − t5
AYM(1,2,3,5,4,6,7)

+ t3 + t5 − s3 − s6

s5 + s6 − t5
AYM(1,2,4,5,3,6,7) + t5 + t6 − s6 − t2

s5 + s6 − t5
AYM(1,3,4,5,2,6,7),

(E.22)

AYM(1,2,3,5,6,4,7)

= t5 − t1

s5 + t1 − t4 − t5
AYM(1,2,3,4,5,6,7) + s4 + t5 − t1

s5 + t1 − t4 − t5
AYM(1,2,3,5,4,6,7)

+ t5 − s3 − t1

s5 + t1 − t4 − t5
AYM(1,2,4,3,5,6,7) + s2 + t5 − t1 − t2

s5 + t1 − t4 − t5
AYM(1,3,4,2,5,6,7),

(E.23)

AYM(1,2,4,3,6,5,7)

= t5 − s6

s5 + s6 − t5
AYM(1,2,4,3,5,6,7) + t3 + t5 − s3 − s4 − s6

s5 + s6 − t5
AYM(1,2,5,3,4,6,7)

+ t3 + t5 − s3 − s6

s5 + s6 − t5
AYM(1,2,5,4,3,6,7) + t5 + t6 − s6 − t2

s5 + s6 − t5
AYM(1,3,5,4,2,6,7).

(E.24)

Our confidence in the correctness of these (and the remaining 45) relations is the fact that the 
linear system that we have found for the momentum factors in each of them, following the pro-
cedure of Subsection 3.3, is overdetermined, and we have found a unique an consistent solution 
for it.

Appendix F. Momentum factors in the open superstring formula

In this appendix we will consider the α′ expansion of the momentum factors that appear in 
the N -point open superstring formula. These are the F {σN }(α′)’s that appear in Eq. (1).

In Appendix F.1 we will consider the momentum factor that appears in the case of N = 4 and 
in Appendix F.2 we will consider the case of N ≥ 5.

F.1. Gamma factor

As mentioned in [57], using the Taylor expansion for ln�(1 + z),98

ln�(1 + z) = −γ z +
∞∑

k=2

(−1)k
ζ(k)

k
zk (−1 < z ≤ 1), (F.1)

it may be proved that the explicit α′ expansion for the gamma factor is given by

F {2}(α′) = α′ 2st
�(α′s)�(α′t)

�(1 + α′s + α′t)
= exp

{ ∞∑
k=2

ζ(k)

k
α′ k((s + t)k − sk − tk

)}
. (F.2)

98 See formula (10.44c) of [58], for example.
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So, up to O(α′ 6) terms we have that

F {2}(α′) = 1 − π2

6
stα′ 2 + ζ(3)(s + t)stα′ 3 − π4

360

(
4s2 + st + 4t2)stα′ 4

−
[
π2

6
ζ(3)s2t2(s + t) − ζ(5)

(
s3 + 2s2t + 2st2 + t3)st]α′ 5

+
[

1

2
ζ(3)2s2t2(s + t)2

− π6

15 120

(
16s4 + 12s3t + 23s2t2 + 12st3 + 16t4)st]α′ 6

+O
(
α′ 7). (F.3)

F.2. N = 5 and higher N -point momentum factors

In Appendix F.2.1 we make a short review about MZV’s. We present enough material for the 
reader to become aware of the non-trivial MZV’s that we mentioned in Section 2 of the main 
body of this work (ζ(3, 5), ζ(3, 7), ζ(3, 3, 5), etc.).

Then, in Appendix F.2.2 we briefly review the structure of the α′ expansion of the N -point 
momentum factors (for N ≥ 5).99 Here it will be seen that the non-trivial MZV’s only show up 
for the first time at α′ 8 order.

F.2.1. Multiple zeta values (MZV’s)
MZV’s are defined as

ζ(n1, . . . , nr) :=
∑

0<k1<...<kr

r∏
l=1

1

k
nl

l

, (F.4)

where all the nl’s are positive integers and the last one of the list, nr , should be greater than 1.
In (F.4),

r and w =
r∑

l=1

nl (F.5)

are called, respectively, the ‘depth’ and the ‘weight’ (or the transcendentality) of ζ(n1, . . . , nr).
In the case of r = 1, (F.4) becomes a single zeta value, that is, Riemann’s zeta function evalu-

ated at an integer n ≥ 2, ζ(n). In this case the weight is w = n.
The following are a few examples of (F.4) for r = 2 and weights 3, 4 and 5, respectively:

ζ(1,2) :=
∞∑

k2=2

k2−1∑
k1=1

1

k1
1k2

2

= ζ(3), (F.6)

ζ(2,2) :=
∞∑

k2=2

k2−1∑
k1=1

1

k2
1k2

2

= 3

10
ζ(2)2, (F.7)

99 This subsection has been taken literally (except for some differences in the notation) from part of Section 3.2 of 
Ref. [14].
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ζ(1,4) :=
∞∑

k2=2

k2−1∑
k1=1

1

k1
1k4

2

= 2ζ(5) − ζ(2)ζ(3). (F.8)

In order to compute these double zeta values and arrive to the expressions that we have written 
in these equations, in terms of single zeta ones, harmonic sums and its algebraic property [25]
can be used, for example.

An extremely important data mine of proven results for MZV’s is Ref. [42]. Higher order 
coefficients of momentum factor α′ expansions in string theory, for N ≥ 5, are based on the 
MZV’s basis of this reference (see [14] and [28], for example).

For w ≤ 7 it is always possible to write any MZV as a rational linear combination of products 
of ζ(n)’s, where n ≤ w (as in (F.6), (F.7) and (F.8), for example). But already at w = 8 there is a 
first MZV (which is present in the MZV basis of Ref. [42]), namely ζ(3, 5), which is believed to 
not admit such sort of expression [41].

Other MZV’s, for higher weights, which are also believed that cannot be written as a rational 
linear combinations of products of ζ(n)’s, and which are present in the MZV basis of Ref. [42], 
are ζ(3, 7), ζ(3, 3, 5), ζ(3, 9) and ζ(1, 1, 4, 6). Section 2 of Ref. [14] contains tables in which 
these type of MZV’s can be found up to w = 16. We recall that in Section 2 of the main body of 
the present work we referred to these peculiar MZV’s as “non-trivial MZV’s”.

F.2.2. Structure of the α′ expansion of the N -point momentum factors (N ≥ 5)
Following [14], we will first consider the case N = 5.
From Eq. (44) we can write that

Ab(1,2,3,4,5) = F {23}(α′)AYM(1,2,3,4,5) + F {32}(α′)AYM(1,3,2,4,5), (F.9)

Ab(1,3,2,4,5) = F̃ {23}(α′)AYM(1,3,2,4,5) + F̃ {32}(α′)AYM(1,2,3,4,5), (F.10)

where Eq. (F.9) is literally the same one written in (44) and Eq. (F.10) has been obtained from 
the first one by interchanging indexes 2 and 3, therefore

F̃ {23}(α′) = F {23}(α′)∣∣
2↔3, F̃ {32}(α′) = F {32}(α′)∣∣

2↔3. (F.11)

In matrix notation, Eqs. (F.9) and (F.10) can be written as

�A = F �AYM, (F.12)

where �A and �AYM are the 2-component vectors given by

�A =
(

Ab(1,2,3,4,5)

Ab(1,3,2,4,5)

)
, �AYM =

(
AYM(1,2,3,4,5)

AYM(1,3,2,4,5)

)
, (F.13)

and where F is a 2 × 2 matrix given by

F =
(

F {23}(α′) F {32}(α′)
F̃ {32}(α′) F̃ {23}(α′)

)
. (F.14)

In Ref. [14] the authors propose that the α′ expansion of F can be decomposed in the following 
way100:

100 We will not explain here what is the prescription for the ordering colons,‘: ... :’, in Eq. (F.15). The interested reader 
can find this detail in Eq. (3.18) of Ref. [14].
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F=
{
I+

∞∑
n=1

P2nζ(2)nα′ 2n

}
Q :exp

{ ∞∑
n=1

M2n+1ζ(2n + 1)α′ 2n+1

}
:, (F.15)

where the P2n’s, Q and the M2n+1’s are also 2 × 2 matrices,101 given by

P2n = F|ζ(2n)α′ 2n , (F.16)

Q = I+
∞∑

n=8

Qnα
′ n, (F.17)

M2n+1 = F|ζ(2n+1)α′ 2n+1 . (F.18)

So, from Eqs. (F.16) and (F.18) we see that the P2n’s and the M2n+1’s matrices contain the 
dependence of F in the 5-point Mandelstam variables that we have specified in Eq. (D.1).

In (F.17) the Qn’s are 2 × 2 matrices given in terms of w = n MZV’s and commutators of the 
M2r+1 matrices:

Q8 = 1

5
ζ(3,5)[M5,M3], Q9 =O,

Q10 =
{

3

14
ζ(5)2 + 1

14
ζ(3,7)

}
[M7,M3], etc. (F.19)

In Section 3.2 of [14] the authors give explicit expressions for Q11, Q12, . . . , Q16. Higher weight 
non-trivial MZV’s (like ζ(3, 3, 5), ζ(3, 9), ζ(1, 1, 4, 6), and many others) show up on these Qn’s.

So we see that, in the conjectured relation in (F.15), the non-trivial MZV’s are all contained 
in matrix Q and that, due to expression (F.17), these non-trivial MZV’s arise, for the first time, 
only at weight w = 8.

The authors of [14] have tested their conjecture in (F.15) up to α′ 16 order. The authors of [15]
have gone further, having checked this conjecture up to α′ 21 order.

Now, for the case of N > 5, the authors of [14] conjectured that the (N − 3)! × (N − 3)!
generalization of matrix F102 in (F.14), satisfies exactly the same conjecture in Eq. (F.15), but for 
the corresponding P2n, Q and M2n+1 matrices. The definitions in (F.16), (F.17) and (F.18) will 
now lead to (N − 3)! × (N − 3)! matrix expressions for them, and these expressions now depend 
on the N -point Mandelstam variables (because F does so).

The authors of [15] have tested this last conjecture up to α′ 9 order for N = 6 and up to α′ 7

order for N = 7.

F.3. Unitarity relations for the momentum factors

F.3.1. Case of N = 5
Here we give the details of the proof of the relation between the 5- and the 4-point momentum 

factors, F {23}(α′) and F {2}(α′), respectively (see Eq. (83)).
In the N = 5 case there are five independent Mandelstam variables (which are identified with 

the poles of the amplitude) and, therefore, there are five unitarity relations like the one in Eq. (67). 
We will give the details of the unitarity relation of Ab(1, 2, 3, 4, 5) with respect to its pole α12.

101 In Eqs. (F.15) and (F.17) I denotes the 2 × 2 identity matrix.
102 It is clear from MSS formula in Eq. (1), that the matrix generalization of (F.12) will contain an (N − 3)! × (N − 3)!
matrix F and (N − 3)!-component vectors �A and �AYM .
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According to Eq. (67), when α12 → 0, in this case we have that

A(ζ1, k1; ζ2, k2; . . . ; ζ5, k5) ∼ 1

α12
V

μ

(12)

∂

∂ζμ
A(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5), (F.20)

AYM(ζ1, k1; ζ2, k2; . . . ; ζ5, k5) ∼ 1

α12
V

μ

(12)

∂

∂ζμ
AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5),

(F.21)

where the expression for V μ

(12) is given in Eq. (68). We have made explicit the case of Yang–Mills 
subamplitudes in (F.21) because we will soon need this relation.

It is understood that the limit α12 → 0 also is being taken in the 4-point subamplitudes on the 
right-hand side of Eqs. (F.20) and (F.21).

The proof of (83) goes as follows. Using Eq. (34), we may write the 4-point amplitude of the 
right-hand side of (F.20) as

A(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5)

= F {2}[2(k1 + k2) · k3,2k3 · k4;α′]AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5), (F.22)

where, after using Eqs. (D.1) and (D.4), we may prove that 2(k1 + k2) · k3 = 2(k4 · k5 − k1 · k2), 
and since we are considering the limit α12 → 0, we have that

2(k1 + k2) · k3 → α45 (F.23)

and in (F.22) we are left with

A(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5)

= F {2}[α45, α34;α′]AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5). (F.24)

Substituting (F.24) in (F.20) we have that

A(ζ1, k1; ζ2, k2; . . . ; ζ5, k5)

∼ F {2}[α45, α34;α′]{ 1

α12
V

μ

(12)

∂

∂ζμ
AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5)

}
, (F.25)

and identifying the term in the curly brackets (in the α12 → 0 limit, which is being taken) as the 
Yang–Mills 5-point subamplitude (see Eq. (F.21)) we finally arrive at

A(ζ1, k1; ζ2, k2; . . . ; ζ5, k5) ∼ F {2}[α45, α34;α′]AYM(ζ1, k1; ζ2, k2; . . . ; ζ5, k5), (F.26)

or even using the simpler notation,

Ab(1,2,3,4,5) ∼ F {2}[α45, α34;α′]AYM(1,2,3,4,5). (F.27)

This relation is to be compared with the one in (74). Taking there the α12 → 0 limit, the leading 
divergent term in the right-hand side comes from F {23}(α′)AYM(1, 2, 3, 4, 5).103 Comparing this 
leading term with the one in (F.27) we finally arrive at Eq. (83).

103 The other term, F {32}(α′)AYM(1, 3, 2, 4, 5), remains finite when this limit is taken because it does not have any pole 
at α12 = 0.
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F.3.2. Case of N = 6
Here we give the details of the proof of the relation between two of the 6 and the two 

5-point momentum factors, {F {234}(α′), F {234}(α′)} and {F {23}(α′), F {32}(α′)}, respectively (see 
Eqs. (109) and (110)). We also give here the details of the proof of the relation between two of 
the 6 and the 4-point momentum factors, {F {234}(α′), F {324}(α′)} and F {2}(α′), respectively (see 
Eq. (111)).

In the N = 6 case there are nine independent Mandelstam variables (which are identified with 
the poles of the amplitude). Six of these variables (the αij ’s) have to do with the poles coming 
from two adjacent legs and the other three Mandelstam variables (the βijk’s) have to do with the 
poles that come from three adjacent legs. Therefore, the first six unitarity relations are like the 
one in Eq. (67) and the remaining three ones are like the one in Eq. (62), with m = 4.

Here we will give the details of the unitarity relations of Ab(1, 2, 3, 4, 5, 6) with respect to its 
α12 pole and of the one with respect to its β123 pole.

(i) Case of α12 → 0

According to Eq. (67), when α12 → 0, in this case we have that104

Ab(1,2,3,4,5,6) ∼ 1

α12
V

μ

(12)

∂

∂ζμ
A(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5; ζ6, k6), (F.28)

AYM(1,2,3,4,5,6) ∼ 1

α12
V

μ

(12)

∂

∂ζμ
AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5; ζ6, k6), (F.29)

AYM(1,2,4,3,5,6) ∼ 1

α12
V

μ

(12)

∂

∂ζμ
AYM(ζ, k1 + k2; ζ4, k4; ζ3, k3; ζ5, k5; ζ6, k6), (F.30)

where the expression for V μ

(12) is given in Eq. (68). We have made explicit the case of Yang–Mills 
subamplitudes, in (F.29) and (F.30), because we will soon need these relations.

It is understood that the limit α12 → 0 also is being taken in the 5-point subamplitudes on the 
right-hand side of Eqs. (F.28), (F.29) and (F.30).

Using Eq. (44), we may write the 5-point amplitude of the right-hand side of (F.28) as

A(ζ, k1 + k2; ζ3, k3; . . . ; ζ6, k6)

= F {23}[2(k1 + k2) · k3,2k3 · k4,2k4 · k5,2k5 · k6,2k6 · (k1 + k2);α′]
× AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5; ζ6, k6)

+ F {32}[2(k1 + k2) · k4,2k3 · k4,2k3 · k5,2k5 · k6,2k6 · (k1 + k2);α′]
× AYM(ζ, k1 + k2; ζ4, k4; ζ3, k3; ζ5, k5; ζ6, k6), (F.31)

where, after using Eqs. (D.2) and (D.5), we may prove that 2(k1 + k2) · k3 = β123 − α12 and also 
2k6 · (k1 + k2) = β345 − α12, and since we are considering the limit α12 → 0, we have that

2(k1 + k2) · k3 → β123, 2k6 · (k1 + k2) → β345. (F.32)

Also using Eqs. (D.2) and (D.5), we may prove that 2(k1 + k2) · k4 = β124 − α12 and, therefore, 
in the limit α12 → 0,

2(k1 + k2) · k4 → β124. (F.33)

104 For reasons of space in the writing, we are using two different notations in both sides Eqs. (F.28), (F.29) and (F.30): 
in the left-hand side we are using A(1, 2, . . . , N) to denote A(ζ1, k1; ζ2, k2; . . . ; ζN , kN ).
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So, substituting (F.32) and (F.33) in (F.31) we are left with105

A(ζ, k1 + k2; ζ3, k3; . . . ; ζ6, k6)

= F {23}[β123, α34, α45, α56, β345;α′]AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5; ζ6, k6)

+ F {32}[β124, α34, α35, α56, β345;α′]AYM(ζ, k1 + k2; ζ4, k4; ζ3, k3; ζ5, k5; ζ6, k6).

(F.34)

Substituting (F.34) in (F.28) we have that

A(1,2,3,4,5,6) ∼ F {23}[β123, α34, α45, α56, β345;α′]
×

{
1

α12
V

μ

(12)

∂

∂ζμ
AYM(ζ, k1 + k2; ζ3, k3; ζ4, k4; ζ5, k5; ζ6, k6)

}

+ F {32}[β124, α34, α35, α56, β345;α′]
×

{
1

α12
V

μ

(12)

∂

∂ζμ
AYM(ζ, k1 + k2; ζ4, k4; ζ3, k3; ζ5, k5; ζ6, k6)

}
,

(F.35)

and identifying the terms in the curly brackets (in the α12 → 0 limit, which is being taken) as the 
Yang–Mills 6-point subamplitudes (see Eqs. (F.29) and (F.30)) we finally arrive at

A(1,2,3,4,5,6) ∼ F {23}[β123, α34, α45, α56, β345;α′]
× AYM(ζ1, k1; ζ2, k2; ζ3, k3; ζ4, k4; ζ5, k5; ζ6, k6)

+ F {32}[β124, α34, α35, α56, β345;α′]
× AYM(ζ1, k1; ζ2, k2; ζ4, k4; ζ3, k3; ζ5, k5; ζ6, k6),

(F.36)

or even using the simpler notation,

A(1,2,3,4,5,6) ∼ F {23}[β123, α34, α45, α56, β345;α′]AYM(1,2,3,4,5,6)

+ F {32}[β124, α34, α35, α56, β345;α′]AYM(1,2,4,3,5,6). (F.37)

This relation is to be compared with the one in (112). Taking there the α12 → 0 limit, there are 
two leading divergent terms in the right-hand side: they come from F {234}(α′)AYM(1, 2, 3, 4, 5, 6)

and F {243}(α′)AYM(1, 2, 4, 3, 5, 6).106 Comparing these leading terms with the ones in (F.37) we 
finally arrive at Eqs. (109) and (110).

(ii) Case of β123 → 0

According to Eq. (62) for m = 4, when β123 → 0 in the N = 6 case we have that107

105 In passing from Eq. (F.31) to Eq. (F.34) we have gone back to the notations (73) and (95) for the momentum 
invariants.
106 The other four terms remain finite when this limit is taken because they do not have any pole at α12 = 0.
107 For reasons of space in the writing, we are using two different notations in both sides Eqs. (F.28), (F.29) and (F.30): 
in the left-hand side we are using A(1, 2, . . . , N) to denote A(ζ1, k1; ζ2, k2; . . . ; ζN , kN ).
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Ab(1,2,3,4,5,6) ∼ 1

β123

∂

∂ζμ

A(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k)

× ∂

∂ζμ
A(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6), (F.38)

AYM(1,2,3,4,5,6) ∼ 1

β123

∂

∂ζμ

AYM(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k)

× ∂

∂ζμ
AYM(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6), (F.39)

where we have made explicit the case of the Yang–Mills subamplitude in (F.39), because we will 
soon need it.

It is understood that the limit β123 → 0 also is being taken in the 4-point subamplitudes on 
the right-hand side of Eqs. (F.38) and (F.39).

In relations (F.38) and (F.39) the momentum kμ is given by

kμ = −(k1 + k2 + k3)
μ = (k4 + k5 + k6)

μ. (F.40)

Using Eq. (34), we may write the 4-point subamplitudes of the right-hand side of (F.38) as

A(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k)

= F {2}[α12, α23; α′]AYM(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k), (F.41)

A(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6)

= F {2}[−2k · k4, α45;α′]AYM(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6), (F.42)

where kμ is given by Eq. (F.40).
It may be proved, using Eqs. (D.2) and (D.5), that −2k · k4 = α56 − β123, and since we are 

considering the limit β123 → 0, we have that

−2k · k4 → α56. (F.43)

So, in (F.42) we have that

A(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6)

= F {2}[α56, α45;α′]AYM(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6). (F.44)

Substituting (F.41) and (F.44) in (F.38), it becomes

Ab(1,2,3,4,5,6) ∼ F {2}[α12, α23;α′]F {2}[α56, α45;α′]
×

{
1

β123

∂

∂ζμ

AYM(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k)

× ∂

∂ζμ
AYM(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6)

}
, (F.45)

and identifying the terms in the curly brackets (in the β123 → 0 limit, which is being taken) as 
the Yang–Mills 6-point subamplitude (see Eq. (F.39)) we arrive at

Ab(1,2,3,4,5,6) ∼ F {2}[α12, α23;α′]F {2}[α56, α45;α′]AYM(1,2,3,4,5,6). (F.46)

On the other side, taking the β123 → 0 limit in (112), we have that
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Ab(1,2,3,4,5,6) ∼ F {234}(α′)AYM(1,2,3,4,5,6)

+ F {324}(α′)AYM(1,3,2,4,5,6), (F.47)

because, according to the unitarity relation, Eq. (F.39), when β123 → 0 AYM(1, 2, 3, 4, 5, 6) and 
AYM(1, 3, 2, 4, 5, 6) are the only divergent terms in (112). In fact, according to (62) for m = 4, 
the unitarity relation for AYM(1, 3, 2, 4, 5, 6), when β123 → 0, is given by

AYM(1,3,2,4,5,6) ∼ 1

β123

∂

∂ζμ

AYM(ζ1, k1; ζ3, k3; ζ2, k2; ζ, k)

× ∂

∂ζμ
AYM(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6), (F.48)

where kμ is given by Eq. (F.40).
Now, from the N = 4 BCJ relations we have that

AYM(ζ1, k1; ζ3, k3; ζ2, k2; ζ, k) = − α12

α12 + α23
AYM(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k), (F.49)

so, in (F.48), it becomes

AYM(1,3,2,4,5,6) ∼ − α12

α12 + α23

{
1

β123

∂

∂ζμ

AYM(ζ1, k1; ζ2, k2; ζ3, k3; ζ, k)

× ∂

∂ζμ
AYM(ζ,−k; ζ4, k4; ζ5, k5; ζ6, k6)

}
. (F.50)

Identifying the expression in the curly brackets with the leading behavior of AYM(1, 3, 2, 4, 5, 6)

(see Eq. (F.48)), we have that

AYM(1,3,2,4,5,6) ∼ − α12

α12 + α23
AYM(1,2,3,4,5,6). (F.51)

Substituting (F.51) in (F.47) leads us to

Ab(1,2,3,4,5,6) ∼
[
F {234}(α′) − α12

α12 + α23
F {324}(α′)]AYM(1,2,3,4,5,6). (F.52)

Finally, comparing expressions (F.46) and (F.52) we conclude, precisely, the desired relation 
between F {234}(α′), F {324}(α′) and F {2}(α′) (see Eq. (111)).

In order to derive conclusions for the α′ series of the momentum factors which are involved 
in relation (111), one has to write the arguments which in one of them are different (say, 
{α13, α24, β245}, in the case of F {324}(α′)) in terms of the nine Mandelstam arguments of the 
other (F {324}(α′)), taking into account the condition β123 → 0. Using relations (D.2) and (D.5)
it can easily be seen that the expressions for α13, α24 and β245 are indeed the ones that we have 
written in Eq. (111).

F.3.3. Case of N = 7

(i) Case of α12 → 0

It may be proved that demanding the unitarity relation (67) to be obeyed by Ab(1, 2, 3, 4, 5,

6, 7) implies the following six relations for the 7-point momentum factors, F {σ7}(α′), in which 
the σ7 = {2, σ ′ }, where σ ′ is a permutation of indices {3, 4, 5}:
6 6
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F {2345}
[

0, α23, α34, α56, α56, α17, α17
β123, β234, β345, β456, β567, β167, β127

;α′
]

= F {234}[β123, α34, α45, α56, α67, β127, β567, β345, β456;α′], (F.53)

F {2354}
[

0, α23, α35, α45, α46, α67, α17
β123, β235, β345, β456, β467, β167, β127

;α′
]

= F {243}[β123, α35, α45, α46, α67, β127, β467, β345, β456;α′], (F.54)

F {2435}
[

0, α24, α34, α35, α56, α67, α17
β124, β234, β345, β356, β567, β167, β127

;α′
]

= F {324}[β124, α34, α35, α56, α67, β127, β567, β345, β356;α′], (F.55)

F {2534}
[

0, α25, α35, α34, α46, α67, α17
β125, β235, β345, β346, β467, β167, β127

;α′
]

= F {423}[β125, α35, α34, α46, α67, β127, β467, β345, β346;α′], (F.56)

F {2453}
[

0, α24, α45, α35, α36, α67, α17
β124, β245, β345, β356, β367, β167, β127

;α′
]

= F {342}[β124, α45, α35, α36, α67, β127, β367, β345, β356;α′], (F.57)

F {2543}
[

0, α25, α45, α34, α36, α67, α17
β123, β245, β345, β346, β367, β167, β127

;α′
]

= F {432}[β123, α45, α34, α36, α67, β127, β367, β345, β346;α′]. (F.58)

(ii) Case of β123 → 0

It may be proved that demanding the unitarity relation (92) to be obeyed by Ab(1, 2, 3, 4, 5,

6, 7) implies the following two relations for the 7-point momentum factors, {F {2345}(α′), 
F {3245}(α′), F {2354}(α′), F {3254}(α′)}, and the 4-point and 5-point momentum factors, {F {2}(α′), 
F {23}(α′), F {32}(α′)}:

F {2345}
[

α12, α23, α34, α45, α56, α67, α17
0, β234, β345, β456, β567, β167, β127

;α′
]

− α12

α12 + α23
F {3245}

[
α13, α23, α24, α45, α56, α67, α17
0, β234, β245, β456, β567, β167, β137

;α′
]

= F {2}[α12, α23;α′]F {23}[β567, α45, α56, α67, β127;α′], (F.59)

F {2354}
[

α12, α23, α35, α45, α46, α67, α17
0, β235, β345, β456, β467, β167, β127

;α′
]

− α12

α12 + α23
F {3254}

[
α13, α23, α25, α45, α46, α67, α17
0, β235, β245, β456, β467, β167, β137

;α′
]

= F {2}[α12, α23;α′]F {32}[β467, α45, α46, α67, β456;α′]. (F.60)

Care must be taken when using relations (F.53)–(F.58) and/or relations (F.59)–(F.60) to com-
pute the coefficients of the α′ series of the momentum factors. It is understood implic-
itly in them that all Mandelstam variables are written in terms of the ones for F {2345}(α′), 
namely, {α12, α23, α34, α45, α56, α67, α17, β123, β234, β345, β456, β567, β167, β127} where α12 = 0
or β123 = 0, depending on the relation that is being used.
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F.4. Cyclic transformation of the momentum factors

F.4.1. Case of N = 5
Here we will prove that relations (88) and (89) arise when we demand cyclic symmetry to be 

obeyed by Ab(1, 2, 3, 4, 5).
Cyclic invariance of Ab(1, 2, 3, 4, 5) means that Ab(1, 2, 3, 4, 5) = Ab(2, 3, 4, 5, 1), so in (74)

cyclic invariance implies that

Ab(1,2,3,4,5) = F
{23}
cycl

(
α′)AYM(2,3,4,5,1) + F

{32}
cycl

(
α′)AYM(2,4,3,5,1)

= F
{23}
cycl

(
α′)AYM(1,2,3,4,5) + F

{32}
cycl

(
α′)AYM(1,2,4,3,5), (F.61)

where in (F.61) we have used the cyclic property of Yang–Mills subamplitudes.
F

{23}
cycl (α′) and F {32}

cycl (α′) denote doing {k1 → k2, k2 → k3, . . . , k5 → k1} in F {23}(α′) and 

F {32}(α′), respectively.
Now, the BCJ relation for AYM(1, 2, 4, 3, 5) (see Eq. (E.12)) says that

AYM(1,2,4,3,5) = α13 + α23

α35
AYM(1,2,3,4,5) + α13

α35
AYM(1,3,2,4,5), (F.62)

where α13 = k1 · k3 and α35 = k3 · k5 are given in terms of the Mandelstam variables in Eq. (D.4).
So, substituting (F.62) in (F.61) we have that

Ab(1,2,3,4,5) =
{
F

{23}
cycl

(
α′) + α13 + α23

α35
F

{32}
cycl

(
α′)}AYM(1,2,3,4,5)

+
{

α13

α35
F

{32}
cycl

(
α′)}AYM(1,2,3,4,5) (F.63)

and comparison of this last relation with (74) leads precisely to relations (88) and (89).

F.4.2. Case of N = 6
Cyclic invariance of Ab(1, 2, 3, 4, 5, 6) means that Ab(1, 2, 3, 4, 5, 6) = Ab(2, 3, 4, 5, 6, 1), 

so in (112) cyclic invariance implies that

Ab(1,2,3,4,5,6) = F
{234}
cycl

(
α′)AYM(1,2,3,4,5,6) + F

{324}
cycl

(
α′)AYM(2,4,3,5,6,1)

+ F
{243}
cycl

(
α′)AYM(2,3,5,4,6,1) + F

{342}
cycl

(
α′)AYM(2,4,5,3,6,1)

+ F
{423}
cycl

(
α′)AYM(2,5,3,4,6,1) + F

{432}
cycl

(
α′)AYM(2,5,4,3,6,1)

= F
{234}
cycl

(
α′)AYM(1,2,3,4,5,6) + F

{324}
cycl

(
α′)AYM(1,2,4,3,5,6)

+ F
{243}
cycl

(
α′)AYM(1,2,3,5,4,6) + F

{342}
cycl

(
α′)AYM(1,2,4,5,3,6)

+ F
{423}
cycl

(
α′)AYM(1,2,5,3,4,6) + F

{432}
cycl

(
α′)AYM(1,2,5,4,3,6),

(F.64)

where in the second equality we have used the cyclic property of Yang–Mills subamplitudes.
F

{σ6}
cycl (α′) denotes doing {k1 → k2, k2 → k3, . . ., k6 → k1} in F {σ6}(α′), for all six permuta-

tions σ6.
Now, in order to write the right-hand side of (F.64) in terms of the original Yang–Mills basis, 

we use the N = 6 BCJ relations. In Appendix E.3 we have found them but, in order to save 
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space, there we have made explicit only a few examples of them. In particular in Eqs. (E.19) and 
(E.20) we have the BCJ relations for AYM(1, 2, 3, 5, 4, 6) and AYM(1, 2, 4, 5, 3, 6), respectively. 
Writing these equations in the conventions of the αij ’s and the βijk’s, they are given by

AYM(1,2,3,5,4,6) = β123 − α56

β123 − α56 − α45
AYM(1,2,3,4,5,6)

− β123 − α56 + α34

β123 − α56 − α45
AYM(1,2,4,3,5,6)

+ α56 − β123 − β234 + α23

−α56 − α45 + β123
A(1,3,4,2,5,6), (F.65)

AYM(1,2,4,5,3,6) = β123 − α12

α12 − β345 + α45 − β123
AYM(1,2,3,4,5,6)

+ β123 − α12 − α23

α12 − β345 + α45 − β123
AYM(1,3,2,4,5,6)

+ α34 + β123 − α12

α12 − β345 + α45 − β123
AYM(1,2,4,3,5,6). (F.66)

Notice that there is one subamplitude in (F.65) which is not present in (F.66), and vice versa.
Substituting the expressions (F.65), (F.66) and the BCJ relations for AYM(1, 2, 4, 3, 5, 6),
AYM(1, 2, 5, 3, 4, 6) and AYM(1, 2, 5, 4, 3, 6) (which we have not made explicit here) in the 

second equality in (F.64), and then comparing the coefficient of each subamplitude, AYM(1, {2σ ,

3σ , 4σ }, 5, 6), with the corresponding one in Eq. (112), we arrive to the six relations for the 
F {σ6}(α′)’s in terms of the F {σ6}

cycl (α′)’s, given in Eqs. (113)–(118).

Appendix G. Linear system for the F {σ6}(α′) and the F {σ7}(α′) momentum factors

We have implemented the N -point formula in Eq. (31) computationally, for 4 ≤ N ≤ 7, in 
such a way that we have done on it all the Grassmann integrations (for the (N − 2) θi ’s and 
for the N φj ’s). So we have an explicit expression for the Ab(1, . . . , N) in terms of momentum 
factors (= (N − 3)-dimensional integrals) and the kinematical structures that we have listed in 
Eq. (10).

In this appendix we give the details of how we have found the F {σ6}(α′) and the F {σ7}(α′)
momentum factors of Subsection 4.1.3.

G.1. Case of the F {σ6}(α′)’s

Choosing T (1, 2, 3, 4, 5, 6) = Ab(1, 2, 3, 4, 5, 6) in Eq. (28) and considering then only the 
(ζ · ζ )1(ζ · k)4 terms, we have that:

Ab(1,2,3,4,5,6)|(ζ ·ζ )1(ζ ·k)4 = F {234}(α′)AYM(1,2,3,4,5,6)
∣∣
(ζ ·ζ )1(ζ ·k)4

+ F {324}(α′)AYM(1,3,2,4,5,6)
∣∣
(ζ ·ζ )1(ζ ·k)4

+ F {243}(α′)AYM(1,2,4,3,5,6)
∣∣
(ζ ·ζ )1(ζ ·k)4

+ F {342}(α′)AYM(1,3,4,2,5,6)
∣∣
(ζ ·ζ )1(ζ ·k)4

+ F {423}(α′)AYM(1,4,2,3,5,6)
∣∣
(ζ ·ζ )1(ζ ·k)4

+ F {432}(α′)AYM(1,4,3,2,5,6)
∣∣

1 4 . (G.1)

(ζ ·ζ ) (ζ ·k)
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Considering the coefficient of the following six kinematical structures,{
(ζ1 · ζ2)(ζ3 · k1)(ζ4 · k5)(ζ5 · k1)(ζ6 · k2), (ζ1 · ζ2)(ζ3 · k2)(ζ4 · k5)(ζ5 · k1)(ζ6 · k2),

(ζ1 · ζ2)(ζ3 · k5)(ζ4 · k1)(ζ5 · k1)(ζ6 · k2), (ζ1 · ζ2)(ζ3 · k5)(ζ4 · k2)(ζ5 · k1)(ζ6 · k2),

(ζ1 · ζ3)(ζ2 · k5)(ζ4 · k1)(ζ5 · k1)(ζ6 · k3), (ζ1 · ζ3)(ζ2 · k5)(ζ4 · k3)(ζ5 · k1)(ζ6 · k3)
}
,

(G.2)

in both sides of (G.1), we have arrived, respectively, at the following six linearly independent 
equations for the momentum factors108:

−F {324}(α′)s1 + F {234}(α′)(s1 + s2 − t1) = s1s4(s1 + s2 − t1)t1α
′ 3

[
1

x2x3(1 − x4)

]
,

−F {324}(α′)s1 + F {234}(α′)(s1 + s2) = s1s2s4t1α
′ 3

[
1

x2(x3 − x2)(1 − x4)

]
, (G.3)

−F {423}(α′)s1 + F {243}(α′)(−s2 − s5 + t1 + t2)

= s1(s1 − s3 + s5 − t1)(s2 + s5 − t1 − t2)(s3 + s4 − t3)α
′ 3

[
1

x2(1 − x3)x4

]
,

F {423}(α′)s1 + F {243}(α′)(−s1 + s2 + s3 − t2)

= s1(s1 − s3 + s5 − t1)(s2 + s3 − t2)(s3 + s4 − t3)α
′ 3

[
1

x2(1 − x3)(x4 − x2)

]
, (G.4)

F {432}(α′)(s1 + s2 − t1) + F {342}(α′)(s1 + s2 − s3 − t1)

= −s3(s1 + s2 − t1)(−s1 + s3 + s5 − t2)(s3 + s6 − t2 − t3)α
′ 3

[
1

(1 − x2)x3(x4 − x3)

]
,

F {432}(α′)(s1 + s2 − t1) + F {342}(α′)(−s2 − s5 + t1 + t2)

= (s1 + s2 − t1)(s2 + s5 − t1 − t2)(s1 − s3 − s5 + t2)(−s3 − s6 + t2 + t3)α
′ 3

×
[

1

(1 − x2)x3x4

]
(G.5)

where we are using the notation [24]

[
f (x2, x3, x4)

] =
1∫

0

dx4

x4∫
0

dx3

x3∫
0

dx2 x2
2α′k2·k1x3

2α′k3·k1x4
2α′k4·k1(x3 − x2)

2α′k3·k2

× (x4 − x2)
2α′k4·k2(1 − x2)

2α′k5·k2(x4 − x3)
2α′k4·k3

× (1 − x3)
2α′k5·k3(1 − x4)

2α′k5·k4 × f (x2, x3, x4), (G.6)

=
1∫

0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
5∏

i>j≥1

(xi − xj )
2α′ki ·kj

)
× f (x2, x3, x4). (G.7)

In Eq. (G.7) we have assumed that {x1 = 0, x5 = 1}.
Notice that the six equations come in three blocks of two equations and two unknowns each.
Solving the first block of two equations, Eq. (G.3), gives

108 On these equations we introduce the N = 6 Mandelstam variables. See Eqs. (D.2) and (D.5).



946 L.A. Barreiro, R. Medina / Nuclear Physics B 886 (2014) 870–951
F {234}(α′) = α′ 3

1∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
5∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

s1

x2
· s4

1 − x4
·
(

t1 − s1 − s2

x3
+ s2

x3 − x2

)}
, (G.8)

F {324}(α′) = α′ 3

1∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
5∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

t1 − s1 − s2

x3
· s4

1 − x4
·
(

s1

x2
+ s2

x2 − x3

)}
. (G.9)

Substituting back the N = 6 Mandelstam variables (see Eqs. (D.2) and (D.5)) in (G.8) and (G.9), 
it is easy to see that the expressions for F {234}(α′) and F {324}(α′) correspond exactly to the ones 
given in Eqs. (54) and (56) of the main body of this work, respectively.

Solving the two blocks of equations in (G.4) and (G.5) it can be verified, also, that the expres-
sion for F {243}(α′), F {423}(α′), F {342}(α′) and F {432}(α′) are in agreement with the one in (54)
by doing the corresponding σ6 permutation of indices {2, 3, 4} inside the curly brackets of that 
equation.

G.2. Case of the F {σ7}(α′)’s

Choosing T (1, 2, 3, 4, 5, 6, 7) = Ab(1, 2, 3, 4, 5, 6, 7) in Eq. (29) and considering then only 
the (ζ · ζ )1(ζ · k)5 terms, we have that:

Ab(1,2,3,4,5,6,7)|(ζ ·ζ )1(ζ ·k)5 = F {2345}(α′)AYM(1,2,3,4,5,6,7)
∣∣
(ζ ·ζ )1(ζ ·k)5

+ F {2354}(α′)AYM(1,2,3,5,4,6,7)
∣∣
(ζ ·ζ )1(ζ ·k)5

+ F {2435}(α′)AYM(1,2,4,3,5,6,7)
∣∣
(ζ ·ζ )1(ζ ·k)5 + · · ·

+ F {5432}(α′)AYM(1,5,4,3,2,6,7)
∣∣
(ζ ·ζ )1(ζ ·k)5 (G.10)

Considering the coefficient of the following twenty four kinematical structures,{
(ζ1 · ζ2)(ζ3 · k2)(ζ4 · k6)(ζ5 · k6)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k1)(ζ4 · k6)(ζ5 · k6)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k2)(ζ4 · k5)(ζ5 · k6)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ2)(ζ3 · k1)(ζ4 · k5)(ζ5 · k6)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k6)(ζ4 · k2)(ζ5 · k3)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k6)(ζ4 · k1)(ζ5 · k3)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k2)(ζ4 · k5)(ζ5 · k6)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ2)(ζ3 · k1)(ζ4 · k5)(ζ5 · k6)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k1)(ζ5 · k2)(ζ6 · k1)(ζ7 · k4),

(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k4)(ζ5 · k2)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k1)(ζ5 · k6)(ζ6 · k1)(ζ7 · k4),
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(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k4)(ζ5 · k6)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k2)(ζ5 · k4)(ζ6 · k1)(ζ7 · k4),

(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k2)(ζ5 · k4)(ζ6 · k1)(ζ7 · k5),

(ζ1 · ζ4)(ζ2 · k6)(ζ3 · k6)(ζ5 · k4)(ζ6 · k1)(ζ7 · k4),

(ζ1 · ζ4)(ζ2 · k3)(ζ3 · k6)(ζ5 · k1)(ζ6 · k1)(ζ7 · k4),

(ζ1 · ζ3)(ζ2 · k6)(ζ4 · k2)(ζ5 · k3)(ζ6 · k1)(ζ7 · k5),

(ζ1 · ζ3)(ζ2 · k6)(ζ4 · k6)(ζ5 · k3)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ3)(ζ2 · k4)(ζ4 · k6)(ζ5 · k3)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ3)(ζ2 · k6)(ζ4 · k6)(ζ5 · k1)(ζ6 · k1)(ζ7 · k3),

(ζ1 · ζ2)(ζ3 · k6)(ζ4 · k3)(ζ5 · k2)(ζ6 · k1)(ζ7 · k5),

(ζ1 · ζ2)(ζ3 · k6)(ζ4 · k6)(ζ5 · k2)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k6)(ζ4 · k6)(ζ5 · k1)(ζ6 · k1)(ζ7 · k2),

(ζ1 · ζ2)(ζ3 · k4)(ζ4 · k6)(ζ5 · k1)(ζ6 · k1)(ζ7 · k2)
}

(G.11)

in both sides of (G.10), we have arrived, respectively, at the following twenty four linearly inde-
pendent equations for the momentum factors109:(−F {3254}(α′)s1 + F {2354}(α′)(s1 + s2 − t1)

)
s5 + F {3245}(α′)s1(s4 + s5 − t4)

− F {2345}(α′)(s1 + s2 − t1)(s4 + s5 − t4)

= −α′ 4s1s5(s1 + s2 − t1)t1(s4 + s5 − t4)t4

[
1

x2x3(1 − x4)(1 − x5)

]
,

−s5
(
F {2354}(α′)(s1 + s2 − t1) + F {3254}(α′)(−s1 + t1)

)
− F {3245}(α′)(s1 − t1)(s4 + s5 − t4) + F {2345}(α′)(s1 + s2 − t1)(s4 + s5 − t4)

= α′ 4(s2s5(s1 + s2 − t1)t1(s4 + s5 − t4)t4
)[ 1

x3(x3 − x2)(1 − x4)(1 − x5)

]
,

F {3245}(α′)s1(s4 + s5) + s5
(−F {3254}(α′)s1 + F {2354}(α′)(s1 + s2 − t1)

)
− F {2345}(α′)(s4 + s5)(s1 + s2 − t1)

= −α′ 4s1s4s5(s1 + s2 − t1)t1t4

[
1

x2x3(1 − x5)(x5 − x4)

]
,

−F {3245}(α′)(s4 + s5)(s1 − t1) + F {2345}(α′)(s4 + s5)(s1 + s2 − t1)

− s5
(
F {2354}(α′)(s1 + s2 − t1) + F {3254}(α′)(−s1 + t1)

)
= α′ 4s2s4s5(s1 + s2 − t1)t1t4

[
1

x3(x3 − x2)(1 − x5)(x5 − x4)

]
, (G.12)(

5 blocks of 4 equations each, obtained from (G.12)
by permutations of indices (2,3,4,5)

)
, (G.13)

where, in this case, we are using the notation

109 On these equations we have introduced the N = 7 Mandelstam variables. See Eqs. (D.3) and (D.6).
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[
g(x2, x3, x4, x5)

] =
1∫

0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2 x2
2α′k2·k1x3

2α′k3·k1x4
2α′k4·k1x5

2α′k5·k1

× (x3 − x2)
2α′k3·k2(x4 − x2)

2α′k4·k2(x5 − x2)
2α′k5·k2

× (1 − x2)
2α′k6·k2(x4 − x3)

2α′k4·k3(x5 − x3)
2α′k5·k3

× (1 − x3)
2α′k6·k3(x5 − x4)

2α′k5·k4(1 − x4)
2α′k6·k4

× (1 − x5)
2α′k6·k5 × g(x2, x3, x4, x5) (G.14)

=
1∫

0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

× g(x2, x3, x4, x5) (G.15)

In Eq. (G.15) we have assumed that {x1 = 0, x6 = 1}.
Notice that the twenty four equations come in six blocks of four equations and four unknowns 

each.
Solving the first block of four equations, Eq. (G.12), gives

F {2345}(α′) = α′ 4

1∫
0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

s1

x2
· s5

1 − x5
·
(

t1 − s1 − s2

x3
+ s2

x3 − x2

)
·
(

s4

x5 − x4
+ t4 − s4 − s5

1 − x4

)}
,

(G.16)

F {2354}(α′) = α′ 4

1∫
0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

s1

x2
· t4 − s4 − s5

1 − x4
·
(

t1 − s1 − s2

x3
+ s2

x3 − x2

)
·
(

s4

x4 − x5
+ s5

1 − x5

)}
,

(G.17)

F {3245}(α′) = α′ 4

1∫
0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

t1 − s1 − s2

x3
· s5

1 − x5
·
(

s1

x2
+ s2

x2 − x3

)
·
(

s4

x5 − x4
+ t4 − s4 − s5

1 − x4

)}
,

(G.18)

F {3254}(α′) = α′ 4

1∫
0

dx5

x5∫
0

dx4

x4∫
0

dx3

x3∫
0

dx2

(
6∏

i>j≥1

(xi − xj )
2α′ki ·kj

)

×
{

t1 − s1 − s2

x3
· t4 − s4 − s5

1 − x4
·
(

s1

x2
+ s2

x2 − x3

)
·
(

s4

x4 − x5
+ s5

1 − x5

)}
.

(G.19)
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Substituting back the N = 7 Mandelstam variables (see Eqs. (D.3) and (D.6)) in (G.16) and 
(G.18), it is easy to see that the expressions for F {2345}(α′) and F {3245}(α′) correspond exactly 
to the ones given in Eqs. (55) and (57) of the main body of this work, respectively.

Solving the five blocks of equations in (G.13) it can be verified, also, that the expression for the 
remaining twenty F {σ7}(α′)’s are in agreement with the one in (54) by doing the corresponding 
σ7 permutation of indices {2, 3, 4, 5} inside the curly brackets of that equation.
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