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ARTICLE INFO ABSTRACT

Editor: N. Lambert The vertex operator for the first massive states of the open superstring is constructed in terms of d=10 super

Yang-Mills superfields using the OPE’s of massless vertex operators in the pure spinor formalism.

1. Introduction

The pure spinor formalism for the superstring has all spacetime
symmetries manifest [1]. This feature allows the construction of super-
Poincaré covariant expressions for vertex operators through its quan-
tization [2,3]. These operators correspond to physical states in the
cohomology [4] of the BRST charge Q = yf dzA%d,, which is expressed
in terms of a ten-dimensional worldsheet spinor A% satisfying the pure
spinor condition and the worldsheet variable d, for the space-time su-
persymmetric derivative. The knowledge of vertex operators makes it
possible to establish the equivalence of superstring amplitudes in the
pure spinor and RNS formalisms [5]. Nevertheless, a superfield descrip-
tion of superstring massive vertex operators remains an open problem.

In order to construct open superstring unintegrated vertex operators
of mass m? = 2n, one can write every possible combination of world-
sheet fields with ghost number 1 and conformal weight », and contract
them with d=10 superfields. The onshell condition provides relations
between these d =10 superfields [2]. In the case of integrated operators,
one needs to use the descent relation to constrain the d =10 superfields
[7]. Although straightforward, this method becomes quite involved at
higher mass levels and it is convenient to resort to other ways of build-
ing the corresponding vertex operators.

In this paper, the open string unintegrated vertex operator at the
first massive level will be constructed from the operator product expan-
sion between a massless integrated and a massless unintegrated vertex
operator using pure spinor formalism CFT. This massive vertex will be
BRST invariant by construction and expressed in terms of super Yang-
Mills d=10 superfields which have well-known theta expansion [9].
This result can be generalized for any higher mass level and used to
compute scattering amplitudes with massive vertex using all the ma-
chinery known for massless scattering amplitude computations [10].
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In section 2, after a brief review of pure spinor formalism, the un-
integrated vertex operator at the first mass level will be computed, and
its BRST invariance will be verified. In section 3 the gauge symmetries
will be used to find a gauge where the vertex operator superfields are
related with the usual supergravity superfields [2].

2. Massive vertex operator

The pure spinor formalism for the open string has the following ac-

tion
Spg =1 /dzz(%ax'"éxm + P 00% — w0,0A%), m
V3

where m=0,...,9, and a = 1, ..., 16 are the vector and spinorial indices
of SO(10), together with a nilpotent BRST operator

[0} :}Z{dzll"da, 2)
with the GS constraint defined as

1 1
dy = py = 50X (1 0), = 5 (07" 90) 10,

and the field A% satisfying the pure spinor property /I“y;”ﬂlﬁ =0. The
worldsheet variables 6%, A* have conformal weight 7 =0 and their
conjugate pairs p,, w, have conformal weight 4 = 1. There is a ghost
current J = w, A% that can be used to define the ghost number of pure
spinor operators.

The integrated and unintegrated vertex operators are [1]

U(z)y=:1I"A,, 1+ :00°A, : +:d W% : +: %N"’"Fm,, : 3

V(z)=i"A,, @
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with supersymmetric momentum I1" = Jx™ + %(9)/'”60), the Lorentz

current N™ = %wy’""ﬂ and superfields [4,,, A,, W*, F,,] built out
of A,,

1

W= 254 (DyA, =0, Ap). ®)
1

A, = gyglﬂDHA,,, 6)
1

= 5 W)y D W ™

and their super Yang-Mills equations imply the onshell condition Q -
V =0 and the descent relation Q - U = V. The normal ordering : - :
prescription is defined as [11]

. A(z)B(w) : 57{ 9z A2)Bw). (8)

Z—Ww

The relevant OPE’s for subsequent computations are

5ﬂ
x"(z, 2)x"(w, ) ~ =™ In |z — w|?, d,(2)0" (w) ~ —"’w
z—
d d )/;nﬁ]_[m(w) o . smn
2(2) p(w)N—ﬁ, (2) (W)N—mv
(r"o6(w)) oV
dy (" o) ~ L2 ) (w) ~ - 228
zZ—w zZ—w
1 (}""")“ﬂ M (w)
N™(2)A*(w) ~ 5 ———, d (2)V(w)~D,V, 9
2 zZ—w
where V(w) = V(#)e'** is a superfield, D, = % + %(y”’@)am is the

supersymmetric derivative, and d,, = 2

The operator algebra of string theory primary fields can be used to
recover all theory higher mass resonances [8]. Since unintegrated ver-
tex operators of mass m? = 2n should be constructed from combinations
of (11", d,, 0%, N™, J, A*] with ghost number 1 and conformal weight
n, one can define the unintegrated vertex operator corresponding to the
first massive state as

V;{":)z = 7{ dz, UD(z )V P(z,), (10)

(ky + ky)? = =2, (11)

where U and V@ are integrated and unintegrated massless vertex
operators, respectively. The onshell and descent relations of ¥V ® and
U® imply Q - V’fl;2_)2 =0.

To write (10) in terms of super Yang-Mills superfields, first consider
the OPE between the first term of (3) with (4),

tI"AL(z) 1t A4 () 1 = ZL (ImAL 2% A2 (zy) :
12

L. 0A} 199" A%(zy) : . (12)
212

Using the equation 0K = 00*D,K +I1"(ik,,)K on (12), one has
j{dzl TIMAL(2)) 1 A%A(zy) =t TI™A%AL A2
z
. 1 2.
—:0072°DyA) 0" A2
— I"A%(ikl)ALom A2 13)
Considering the other terms of (3), one obtains
?{dzl 007 Ap(z) 1 ATAL(zy) = 1 06 AT ALAT (14)
5]
}I{dzl SdgW P (z)) 2% AL(z)) =1 dy A WP AL
z

. 1 2.
—: 007 2*Dy;W DAL
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. Tm 11 1 2.
— (T A%(ik) )W ¥ D, A -, (15)
1 mn . . mn 1 .
;{dzl S NME,, G 1A2(z))=: N AG(EF,}WAg) :

2
. Lo 2
- 69ﬁ/1"Dﬂ(Zqu(y”")f)Aé

- H'”/l"(ik}ni(y"q)fFl A2) .

pqE
(16)
The vertex operator can therefore be written as
Vnii)z =: 0070 Byy 4 : I"A%H,,,, : +: dgA*CP
+ %N’""/l" Pt an
with
By =—("WhikL)AZ — DyW ' D A2 — DﬂDaW15A§ (18)
H,,=Al A2
— (k) (Ayik3 A2 + W'D A% + D, W 'C A7), 19
Cl =wPAZ, (20)
Fpu=F} A2. 1)

It is BRST invariant by construction, as one can see by applying the
onshell condition and the descent relation for U" and V®. But one
can check how BRST charge acts on each term of (17),

. 1 42 . _. 1 42 . . 1y 42 .
O II"A"AL AL 0 =1 (7"00), A" AL AT ¢+ 1 TI"A% AP (D, A A

(22)
0 : I'(ik})AL a%om A%« = : (y”aa)axaxﬂ(ik;)(ikz'")A}nAf} :
+: n"/lﬂ/la(ik;)(ikm)DaA}nAfi : (23)
0: iklmH”’Wl"AﬂDaAfi D= Ai(ymaa)éaﬂ(ikjn)WI“DaAf, :
+: H'"/1/’(1'1<,1n)/151),§Wlﬂl)aAfj :
— " AP (k) YW ' 4D, D, A* : (24)

0: iklPH"A"FJm(y’"")ﬁaAfi D= (y”&G)a/l"‘/lﬁ(ik;)Fnlm(y'””)ﬁéA% :

+ TP A8k A% D, Fy, (™), A7 -

+ L TP Ak F, (7™ A"D, AY - (25)

Q1 d WAL == L AP WAL
+: alflﬂygl(ik}n2)W1“A§ :
-1 d DAY (26)
Q:—06° "D W'D, A7 1=—: 01’ D,W 'S D A7
+:00°P2°Ds(D,W'D,AG) 1 (27)
0: —aeazﬂDaAgpa'"Af) t=— 04 A (y,, W), (1K) AT, -
— 0" ALAT
+ 1004 Ay, DLW iKY A],
+:00°A° AP D ALAY (28)
Q:00“ W ALAT 1= 1 0N ALAY L — 1 00° AP XD ALAT (29)
0 : 00° D, F,), (" D A} == d/l“/lﬁDaFJm(y”‘”)ﬁgAé :
- ()9"’A‘S/léDé(DaF':m)(ym")ﬂ&Aé :
+ 1007254 D, F, (™), D, A% 0 (30)
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1 1
O : SN"™IF, AL == 71 (") 02 D(F,, AD) :
1
-7 ") %d A F, AT
+% I N™APAED,F, AT (31)

Collecting each ghost number 2 component proportional to 99¢ A% A8,
"A% A%, 04*A, d:2*A* and N™*A?, one can see that the BRST

variation of V(;z)z vanishes. For example, the terms proportional to
m2=
df A%A# in (26) and (31) cancel each other. Using the equation of mo-
tion ik}, (y" W), = 0 and the pure spinor identity (Ay"),(4,); =0, one
can show that the following constraint [2]

R — . 1, a5
NPT (e == TAPAS 1y L+ Exﬂaz“ygy

ay = 2 a
1 ’
+ 3402 [ 1y (32)
implies that the last term of (31) can be written as
Qe 1 s .
F N A D F, AT = 1 20100 ") [ D F A 33)

and therefore cancels all other terms proportional to dA% A% .1

Physical information of (17) is obtained through a gauge fixing pro-
cedure wherein the massive vertex operator superfields are related to
the spin-2 massive supermultiplet in 10 dimensions. This multiplet com-
prises a traceless symmetric tensor denoted as g,,,, a three form b,,,,

and a spin-% field y,,,,, all satisfying
"YWy =0, "8y, =0, 0"y, =0, "b,,,=0. (34)
3. Gauge transformations

In this section, the operator vertex (17) will be gauge fixed following
the procedure of [2] to a gauge where

By = }/;"ﬂ"menp, 0" By, =0, (35)
Y™ H,,=0, o"H,, =0, (36)
Cﬁa = (ymnpq)ﬁacmrlpq’ J/ma’ﬂFIJtmn = 0 (37)

In this gauge, one can check that the § = 0 components of the super-

. 1
fields B, Gy = Dayngn)ﬁ and —=-H,, are by, &ps Wiy TeSPEC-
tively [2].
The operator vertex (17) is gauge invariant by
12) 12)
Vo, —V ., +0Q (38)
where

Q=:00Q, 1 +:d, Q) 1+ 1"Q;3, 1 +:JQy 1+ N"Qs,, .
(39)
Using the OPE’s (9), one finds

1

0Q=: 04" <Qla + y&@in -D,Q, - Q(Y'"")ﬁaDﬂQSmn> :
+:00P 2 < - D, Q5+ y;"ﬂsz3m> :
+ IR < ~ Ve + DaQ3m> :

1
+: dﬂ/l"‘< - D, - 8/Q, - E(Ymn)ﬂaQSmn) :

1 I would like to thank Carlos Mafra for correcting an error in an earlier
version of this computation.
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. mn 1« .
+:N™A (DuQSm,,> :

+:JA" <Da94> 5 (40)

so the vertex operator superfields have the following variations

6B,y = Doy + 7 (41)
5H 0 = Ve + Dy Qs “2)

3C% =D, — 500, - %(ymn)ﬂaQSmn’ 43
8 F g = Dy, @4

There are additional terms proportional to 04* and J A* coming from
the gauge transformation (38),

_ 1
G,=Q,, + y;",;amsz‘; -D,Q, — E(y'"")ﬁal)ﬁgs,,m, (45)
E,=D,Q,, (46)
and the following constraint [2]

SN A Y —% STy, 1 =204y, =0 47)

implies that (17) is invariant under the field redefinition

00G, = =410 S, (48)
5A Famn = Ymaf/\i - Ynaé/\fn’ (49)
5AE0¢ = _y(;l{;:Aﬁ- (50)

Finally, after the gauge-fixing procedure (35), (36), (37), all vertex
operator superfields will be expressed in terms of d=10 Yang-Mills su-
perfields and will satisfy the equations:

3
H,, = 7(y”)af’ DyB,. (51)
1
C"‘ﬁ = Z(y"””’q “ﬁde,,pq, (52)
1
Fona = 16 (6Hmna - (yp[m)aﬂHn]pﬂ)’ (53)
E,=0, (54)
G, =0, (55)
where H,,,, = 0},,H,,. The above equations and (9”9, — 2)V”(’;2=)2 =0

imply that (17) describes a massive spin-two multiplet with (mass)? =2

[2].
3.1. Fixing B and H

In this subsection, the 42 degrees of freedom of Q, 4, Qg, Q3,, will be
used to impose the following constraints on B,; and H,,

Bup =Yy’ Bunp: (56)

H,zr"" =0. (57)

m

Using Super Yang-Mills equations of motion (5), (6), (7), and Fierz
decomposition (A.19) the bi-spinor (18) can be written as

B'lﬁ = y;nﬂ] Bml + },;"ﬂlmzmz Bm1m2m3 + y:lﬂl RS Bm1m2m3m4m5’ (58)
where
__ 1. 2 gl 42 il 1€ 42
By == Wy W2 = F, AL = (i, W A
b
fmy 1y 42 1€ 42
+ 75 D, <(y”’W VpAs, + DgW A,:>, (59)
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N 2
mymymy = 54 Vmymymy W
ap
Y
'"‘9'"62'”3 D, ((ymwl)ﬁAfn +DﬂwlfA§>, (60)
a,
ym1m2m3M4m5 1 2 1€ 42
B mymymyms = 380 Dy | "W AL + Dy 5A§ . (61)

To obtain the algebraic condition (56), one can choose
Q| =("W"), A, + D, WAL (62)
1 )
Q= E(lemw2)+F,}mA2"+(1k}n)W15A§, (63)
and (57) is therefore implied by,
p_ 1 18112 18 42 1 2,

Qf = E[—7D§W w2 —10Gk)w P A + 3W D W) (64)

In this gauge, B’

mnp =

1 =~ =
o Vnp (B + 6 Bg) i

L 2
B, = ﬁW YompW 2 (65)

and H =H,,+6H,,is

ro_ 8 p g _ 1 mpg L2 | 72 urlé
Hma_(_%yaljﬁm_z_o aé F[MIW +FP‘IW ’ (66)

which is traceless, as one can verify by using y"#* (Y pgmdaz = S(ypq)ﬂ 2
To understand the relation between (65) and (66), one can define
the tensor

/
HY :=(") /DB, . (67)
It can be expressed from (65) as

B _(_10 p g 2 mpg | g2 4 2 prlé
Hma_( 127n.§6m lzyaé FMW +FI"IW ’ (68)

and has a non-vanishing trace
- B’ 1A p/2

Fl=ymeqgB =2op, (w'Pw2). (69)
It will be useful to note that the traceless part (HE)") = H B

(2 < % F¢ ) of (67) satisfies the relation

3 '
r _ 2 B'\(0)

Hyu=3H ) (70)
Nevertheless, the expression (65) for B:n p does not satisfy the transver-
sality condition. This is a necessary condition to remove the extra de-
grees of freedom at the zeroth order in 6 expansion of B, » and H)

[6].
3.2. Additional gauge-fixing

In this subsection, it will be shown that 0" B,,,, =0, when Q,; is
written as

Q5 =Q); + DyA. (71)

In this gauge, B,; and H,,, are related as (51).
The additional contribution Q(llﬁ) = DyA does not change the five-

form part of B,; because of the identity yf,’,f,ipq, D,Dj =0. So the previ-
ous subsection gauge fixing leaves gauge invariances parameterized by
Q(II; After this additional gauge-fixing, the resulting B,,,,, is

By = W'

1 1
mnp — 24 }’manV2 - _yaﬂ Dag( ) (72)

96 mmp e 1p”
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To obtain A in terms of SYM superfields, H rfa = (y"")aﬁ DyB,,,,
will be required to satisfy y"*’ H fa =0. Indeed, if H ,fa is assumed to
be traceless, (69) implies that

1
(y'"”)/’~fD§< - %y;;‘;tbﬁg(l{:) =-2D, <W“ﬂ W251>. (73)

Hitting both sides of (73) with Dy, one finds that

%(Dym”pD)(DymnpD)A:2DﬂD¢(W”ﬂW25]>. (74)

But (Dy™"? D)(DY,,py D) = 96 - 48 at the first massive level, then A is
given by

A=—1pl p2 (75)

6 mn mn’

and the additional gauge fixing Q(II; is
1].
Q(II; =-3 ik, (W F2 + (1o 2)|. (76)
In the gauge yf,’,ﬁBaﬂ =0, y"*’H,, =0, one has

— o 1)

Q3, =Q), +Q; )
1 . 1

= z(lemWZ) +F A+ (;k}n)Wlng + Ea,,,A, (77)

and

B — b (HB
Q2:QZ +92

2y_2 2 1 2
:_a’”(W]”Am)—gDaW'ﬂW "+§W“’DaW 2, (78)
and B,,,, is transverse to k; + k, because of
1 L1 2
" < - %yZﬁpDaDﬂA> ==0" (W TumW?)- 79)

To demonstrate (51), one can write

H,,=H +6H,, (80)
B _ B B
HE =HE +5HE (81)
where 6H,,, = —(Vm)agﬂ(zl %y Dan'”)l is the variation of (66),
1 1
§H,, = —m(ym)aé(Dﬂngsz + W DW*) + Da(zam/\),
(82)
and 6 H ,f‘; is the variation of (67)
B _ L vs
5Hma - (ySI)gDﬂ( - %ymstDV DﬁA)’ (83

which is implied by (67), (72) and (81). Using (70), one can write a
statement equivalent to (51),

3 B’ 1
6Ho = 5 (8H 00 + 15 mdap F7)- (84

with F? defined in (69). One finds from the identity

DL G ° DD, Dy = =720, Dy +40(r,,) F 0, (85)
that the variation (83) is

7 5
SHE = 6amz)aA - %(ym)aﬁFﬂ , (86)

and (84) is therefore satisfied,

’ 1 711
SHE + I—O(ym)aﬂFﬁ =3 |39 Dar =
So it has been proven that in the gauge (56), (57) and 6’"Bmm, =0, the
equation (51) is satisfied.

1 s
%0 UmdapE" |- (87)
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In this gauge, the superfield H,,, is

1 10 1
Hyno = | 67ag9"Om = 537 ap%n = 23 Umpodap | (FPOW + F2IW 7).
(88)
3.3. Fixing C

In this subsection, the 46 degrees of freedom of &, and Qs,,, will be
used to impose the algebraic constraint

=" Crnpa- (89)
From the Fierz decomposition (A.20), one finds
I o1
Q=5 F,, F", (90)
_1 15 42 V]
Qspq = E(ypq)ﬂa [W ﬂAa - Dagz]' oD
Using (78), Qs,,, is
1 . 1
Qspn = EF,}m(lkl AN+ Za[mwly,,]w2
1 1 2,10 2
_ garW Yo W~ + ZFP["‘F"]I" (92)
The y® component of C” is
},mnpq) a parB
B[~ (P
cmned — e <C€1 - Dan -850 Q- > = Q5pq>, (93)
one therefore obtains from (78), (90), (92) that
1 1 2 1 1 2
mnpq _
C =% Fipn qu] + 9636 oW Y ypg W~ 94
Finally, the equation
1 ap _ 1l o 1 1 2
=56 gt Pa DpA = T Fio Fy = =0 W g W (95)
implies that (72) and (94) are related as
1
Connpg = %a[mBnpq]‘ (96)
3.4. Fixing F
In this subsection, the gauge invariance (49) with
1
A=) (150 Maehs) + A7 (97)
will be used to impose the following algebraic constraint
mpa 1 - n I _
Y [szna +6F g + 6 Fpna] =0, (98)
E,+6,E,=0. (99)
To obtain (99), the trace part of (97) should be
Vapl\ = Do, (100)
so the constraints (98), (99) imply
1 1 1
A= —gy’"ﬁ“[anlmAi + Dy Q| — gyf”DaQ4. (101)
In this gauge, %ana can be written as
1 6(1 4 o 1
Eana = g <_anAa + Da95mn> - Té(Ymn)aﬂDﬁA
1 1.1 2
_ g(yp[m)aﬁ(EFn]pAﬂ + DyQs,1,)- (102)
Using the equation y,,,¥,), = 167,,,, one obtains
1
ana = g (6ana - (yp[m Fnjp)a)7 (103)
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where
1
Foma = E} A2 +2D,Q5,, + E(Ymn)f DyA. (104)
. (0)
To show the relation (53), one can add F,,,, to F,,,,, such that
0 ©0)
67‘;(117311 = YP[an]pa' (105)
So one can define the following tensors
wl _ 1 2 w? _ 2y gl
Am"a - ap(y’""pW )O‘FM’ Amna - ap(ym"PW )"FP‘I’
wl _ 1 2 w2 _ 2 1
ana - a"(}/[mW )lan]r’ ana - ar(]/[mW ) Fn]r
iyl - 2 ip2 i 2
Mﬁrllcm?/ )= lkim(ynlﬂqu)Dt qu’ Mﬁrlfn(];V )= lk;m(y"]PqW ) Fplq’
iyl i 2 i
Nrg;aw ) = lk‘[anz]r(erl)a’ NrEII;aW ) = lkl[anl]r(erz)a’
(106)
whose combinations
R = An H4BY (107)
wi _ (KW' (K'w'hy wi
Smml - 2‘/\/‘mml + ana - 4ana’ (108)
1 2yl 2yl
T = 2N 500+ MO, (109)
2 1 2 1 2
Tmlf't/a = ZNrg;nW ) + M%cng/ )’ (110)

satisfy the relation (105). Expanding (104), it is straightforward to
check that

1

5 Homa = Foa + FO (111)

where

rr(non)a = iRWl + LRWZ Low! _ LSWZ LTWI — iTW27
30 mna 30 mna 6 mna 12 mna 24 mna 24 mna

thus (53) holds.
The gauge parameter Af degrees of freedom are sufficient to enforce
both conditions (98) and (99). Indeed, the following spinor

1 9

RO 1 42
A >ﬂ_—§y,§“(§anAa+Da95mn) —yf”(mDaA), (112)
should be exactly the traceless part of (97), as one can see by subtracting
(),n)ﬂf < %Yé'fl A% > from (101). The gamma matrix expression (A.9) and
super Yang-Mills equations of motion implies that

A0 _3pa_3 15 42 p
7ephy = =3 DA 16;/gﬂ(W A} +0,97). (113)
After expressing (113) in terms of SYM superfields, one obtains

RO = 2 (2, W) F! — (W), F2
yfﬁ n T3 Tn L~ Wn & mn
an
__n_ panyys2 1 _ ¢ panysl 2
) <2(y W F, = P W )prq>’ (114)

which vanishes by expanding the second term of the right-hand side
with equation (A.10).

Finally, it will be shown that G, + §,G, = 0. Using (48), G, can be
written as

_ 1w
Gy +6,Gy =9, + 710,90 — D,y - 14 " Dy (115)
and performing a computation similar to (113), one has

5 1 1 12 42 £
Ga+6AGa:§Da/\+Zyg(’X(W €A2 +0,9,)=0. (116)

This is the equation (55). So the vertex operator (17) has been fixed to
the gauge (35), (36), (36), where it can be written as

12) _. . . .
Vo, =007 (" Byyy) 1+ 1 T2 H g t 4 2 dpaCh

mnp
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+: %N’”"A"‘ana 5 (117)
with
B, = 31—6le,"an2
- 3—16ik[1mikle1y[,]W2 + %d’(Frl[mep] +FLE) (118)
H,, = %(ys’)ﬁDﬂBms,, (119)
Cy = i(y’""‘"’ 3O Bupg: (120)
Fonna = ﬁ (6H e = ) Hutpp)> - Moo = 0 e (121)

and therefore gives a SYM realization of the massive spin-two multiplet
of mass (mass)? =2.

Note added

While this work was being completed, the paper [10] appeared
which contains the main results discussed here as well as other results
on massive amplitudes. However, the work here presents computations
which were performed independently and were not included in [10].
After completing this work, the authors of [10] have informed me
that they have also performed similar computations which will soon
be posted on the arXiv together with further results on massive ampli-
tudes.
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Appendix A. Conventions and gamma matrix formulas

The gamma matrices satisfy
m\aoc _n nao .om __ mn ca
" g+ vy =266, (A1

and the antisymmetrization is represented by square brackets,

1
my..my — 1 [m my]
Y =qrr
= %(y'"l ...y + all antisymmetric permutations). (A.2)

There are the following important identities,

yo't'zﬂy;':;) =0 (A.3)

mnp_mnp __
Yaip Yye) = 0 (A.4)
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mnp __ )
CEAICLALE) *)
y;"ﬂ"py;"[snp =12 (7’;"57;2, - V,;"y}’,%) (A.6)

1 1 mnp_mnp

m . m _ m . m
}’aﬂy&, - _5 a&yﬂo’ - ﬂ ad yﬂo’ ’ A7)
Yap Voa' =120 ag¥s0 = 247557 ps *.8)
"™)a® (V) = —86565 — 26587 + 4y llyhe, (A.9)

},mlwmk =ym|ym2mmk _ (k_lz)yﬁml[mzym3...mk]’ k=2,..,5; (A.10)
ey, = (—1)"(10 — 2kt k=2,...,5; (A.11)

7sr7mnpqr75t — IOYmnpqr’ (A.].Z)

}/smymnpqrysm =0, (A.13)
P Yonpar? ™ = 240 s (A-14)
yslymnpqyst — Gymnpq’ (A.15)
VY mnpa?*™ = 48V mnpa (A.16)
ysruuymnpqystuv — 48ymnpq’ (A17)

ystymnpyst — _67/mnp- (A.18)
The bispinors Fierz decompositions are

]/m mnp ym"qu
apf af af
XaWp = E)(ymu/ + m){ymnpw + m)(ym,,pq,w, (A.19)
s p /
o, (ymn) (ymn )

p_% . @ iy, y TP mpg, A.20
HaV' = eV = S ATV 2116 v (A.20)
Trace relations are given by
T (77 gy, ) = H16-KIG M k=14 (A.21)
T (77 gy, ) = =16 KIS, k=2.3; (A.22)
Tr (57 g ) =16 SIS + 1667 (a.23)
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