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A R T I C L E I N F O A B S T R A C T

Editor: N. Lambert The vertex operator for the first massive states of the open superstring is constructed in terms of d=10 super 
Yang-Mills superfields using the OPE’s of massless vertex operators in the pure spinor formalism.
1. Introduction

The pure spinor formalism for the superstring has all spacetime 
symmetries manifest [1]. This feature allows the construction of super-

Poincaré covariant expressions for vertex operators through its quan-

tization [2,3]. These operators correspond to physical states in the 
cohomology [4] of the BRST charge 𝑄 = ∮ 𝑑𝑧𝜆𝛼𝑑𝛼 , which is expressed 
in terms of a ten-dimensional worldsheet spinor 𝜆𝛼 satisfying the pure 
spinor condition and the worldsheet variable 𝑑𝛼 for the space-time su-

persymmetric derivative. The knowledge of vertex operators makes it 
possible to establish the equivalence of superstring amplitudes in the 
pure spinor and RNS formalisms [5]. Nevertheless, a superfield descrip-

tion of superstring massive vertex operators remains an open problem.

In order to construct open superstring unintegrated vertex operators 
of mass 𝑚2 = 2𝑛, one can write every possible combination of world-

sheet fields with ghost number 1 and conformal weight 𝑛, and contract 
them with d=10 superfields. The onshell condition provides relations 
between these d=10 superfields [2]. In the case of integrated operators, 
one needs to use the descent relation to constrain the d=10 superfields 
[7]. Although straightforward, this method becomes quite involved at 
higher mass levels and it is convenient to resort to other ways of build-

ing the corresponding vertex operators.

In this paper, the open string unintegrated vertex operator at the 
first massive level will be constructed from the operator product expan-

sion between a massless integrated and a massless unintegrated vertex 
operator using pure spinor formalism CFT. This massive vertex will be 
BRST invariant by construction and expressed in terms of super Yang-

Mills d=10 superfields which have well-known theta expansion [9]. 
This result can be generalized for any higher mass level and used to 
compute scattering amplitudes with massive vertex using all the ma-

chinery known for massless scattering amplitude computations [10].

In section 2, after a brief review of pure spinor formalism, the un-

integrated vertex operator at the first mass level will be computed, and 
its BRST invariance will be verified. In section 3 the gauge symmetries 
will be used to find a gauge where the vertex operator superfields are 
related with the usual supergravity superfields [2].

2. Massive vertex operator

The pure spinor formalism for the open string has the following ac-

tion

𝑆𝑃𝑆 = 1
𝜋 ∫ 𝑑2𝑧

(1
2
𝜕𝑥𝑚𝜕̄𝑥𝑚 + 𝑝𝛼𝜕̄𝜃

𝛼 −𝑤𝛼𝜕̄𝜆
𝛼
)
, (1)

where 𝑚 = 0, ..., 9, and 𝛼 = 1, ..., 16 are the vector and spinorial indices 
of 𝑆𝑂(10), together with a nilpotent BRST operator

𝑄 = ∮ 𝑑𝑧𝜆𝛼𝑑𝛼, (2)

with the GS constraint defined as

𝑑𝛼 = 𝑝𝛼 −
1
2
𝜕𝑥𝑚(𝛾𝑚𝜃)𝛼 −

1
8
(𝜃𝛾𝑚𝜕𝜃)(𝛾𝑚𝜃)𝛼,

and the field 𝜆𝛼 satisfying the pure spinor property 𝜆𝛼𝛾𝑚
𝛼𝛽

𝜆𝛽 = 0. The 
worldsheet variables 𝜃𝛼 , 𝜆𝛼 have conformal weight ℎ = 0 and their 
conjugate pairs 𝑝𝛼 , 𝑤𝛼 have conformal weight ℎ = 1. There is a ghost 
current 𝐽 =𝑤𝛼𝜆

𝛼 that can be used to define the ghost number of pure 
spinor operators.

The integrated and unintegrated vertex operators are [1]

𝑈 (𝑧) = ∶ Π𝑚𝐴𝑚 ∶ + ∶ 𝜕𝜃𝛼𝐴𝛼 ∶ + ∶ 𝑑𝛼𝑊
𝛼 ∶ + ∶ 1

2
𝑁𝑚𝑛𝐹𝑚𝑛 ∶, (3)

𝑉 (𝑧) = 𝜆𝛼𝐴𝛼, (4)
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with supersymmetric momentum Π𝑚 = 𝜕𝑥𝑚 + 1
2 (𝜃𝛾

𝑚𝜕𝜃), the Lorentz 
current 𝑁𝑚𝑛 = 1

2𝑤𝛾𝑚𝑛𝜆 and superfields [𝐴𝑚, 𝐴𝛼 , 𝑊 𝛼 , 𝐹𝑚𝑛] built out 
of 𝐴𝛼 ,

𝑊 𝛼 = 1
10

(𝛾𝑚)𝛼𝛽
(
𝐷𝛽𝐴𝑚 − 𝜕𝑚𝐴𝛽

)
, (5)

𝐴𝑚 = 1
8
𝛾𝛼𝛽
𝑚

𝐷𝛼𝐴𝛽, (6)

𝐹𝑚𝑛 =
1
8
(𝛾𝑚𝑛)𝛼𝛽𝐷𝛼𝑊

𝛽, (7)

and their super Yang-Mills equations imply the onshell condition 𝑄 ⋅
𝑉 = 0 and the descent relation 𝑄 ⋅ 𝑈 = 𝜕𝑉 . The normal ordering ∶ ⋅ ∶
prescription is defined as [11]

∶𝐴(𝑧)𝐵(𝑤) ∶ ≡ ∮
𝑑𝑧

𝑧−𝑤
𝐴(𝑧)𝐵(𝑤). (8)

The relevant OPE’s for subsequent computations are

𝑥𝑚(𝑧, 𝑧̄)𝑥𝑛(𝑤, 𝑤̄) ∼ −𝛿𝑚𝑛 ln |𝑧−𝑤|2, 𝑑𝛼(𝑧)𝜃𝛽 (𝑤) ∼
𝛿
𝛽
𝛼

𝑧−𝑤
,

𝑑𝛼(𝑧)𝑑𝛽 (𝑤) ∼ −
𝛾𝑚
𝛼𝛽
Π𝑚(𝑤)

𝑧−𝑤
, Π𝑚(𝑧)Π𝑛(𝑤) ∼ − 𝛿𝑚𝑛

(𝑧−𝑤)2
,

𝑑𝛼(𝑧)Π𝑚(𝑤) ∼
(𝛾𝑚𝜕𝜃(𝑤))𝛼

𝑧−𝑤
, Π𝑚(𝑧)𝑉 (𝑤) ∼ − 𝜕𝑚𝑉 (𝑤)

𝑧−𝑤
,

𝑁𝑚𝑛(𝑧)𝜆𝛼(𝑤) ∼ 1
2
(𝛾𝑚𝑛)𝛼

𝛽
𝜆𝛽 (𝑤)

𝑧−𝑤
, 𝑑𝛼(𝑧)𝑉 (𝑤) ∼𝐷𝛼𝑉 , (9)

where 𝑉 (𝑤) = 𝑉 (𝜃)𝑒𝑖𝑘⋅𝑥 is a superfield, 𝐷𝛼 = 𝜕

𝜕𝜃𝛼
+ 1

2 (𝛾
𝑚𝜃)𝜕𝑚 is the 

supersymmetric derivative, and 𝜕𝑚 ≡ 𝜕

𝜕𝑥𝑚
.

The operator algebra of string theory primary fields can be used to 
recover all theory higher mass resonances [8]. Since unintegrated ver-

tex operators of mass 𝑚2 = 2𝑛 should be constructed from combinations 
of [Π𝑚, 𝑑𝛼 , 𝜃𝛼 , 𝑁𝑚𝑛, 𝐽 , 𝜆𝛼] with ghost number 1 and conformal weight 
𝑛, one can define the unintegrated vertex operator corresponding to the 
first massive state as

𝑉
(12)
𝑚2=2

≡ ∮ 𝑑𝑧1 𝑈 (1)(𝑧1)𝑉 (2)(𝑧2), (10)

(𝑘1 + 𝑘2)2 = −2, (11)

where 𝑈 (1) and 𝑉 (2) are integrated and unintegrated massless vertex 
operators, respectively. The onshell and descent relations of 𝑉 (2) and 
𝑈 (1) imply 𝑄 ⋅ 𝑉 (12)

𝑚2=2
= 0.

To write (10) in terms of super Yang-Mills superfields, first consider 
the OPE between the first term of (3) with (4),

∶ Π𝑚𝐴1
𝑚
(𝑧1) ∶∶ 𝜆𝛼𝐴2

𝛼
(𝑧2) ∶ =

1
𝑧12

∶ Π𝑚𝐴1
𝑚
𝜆𝛼𝐴2

𝛼
(𝑧2) ∶

− 1
𝑧12

∶ 𝜕𝐴1
𝑚
𝜆𝛼𝜕𝑚𝐴2

𝛼
(𝑧2) ∶ . (12)

Using the equation 𝜕𝐾 = 𝜕𝜃𝛼𝐷𝛼𝐾 +Π𝑚(𝑖𝑘𝑚)𝐾 on (12), one has

∮
𝑧2

𝑑𝑧1 ∶ Π𝑚𝐴1
𝑚
(𝑧1) ∶ 𝜆𝛼𝐴2

𝛼
(𝑧2) = ∶ Π𝑚𝜆𝛼𝐴1

𝑚
𝐴2

𝛼
∶

− ∶ 𝜕𝜃𝛽𝜆𝛼𝐷𝛽𝐴
1
𝑚
𝜕𝑚𝐴2

𝛼
∶

− ∶ Π𝑚𝜆𝛼(𝑖𝑘1
𝑚
)𝐴1

𝑛
𝜕𝑛𝐴2

𝛼
∶ . (13)

Considering the other terms of (3), one obtains

∮
𝑧2

𝑑𝑧1 ∶ 𝜕𝜃𝛽𝐴1
𝛽
(𝑧1) ∶ 𝜆𝛼𝐴2

𝛼
(𝑧2) = ∶ 𝜕𝜃𝛽𝜆𝛼𝐴1

𝛽
𝐴2

𝛼
∶, (14)

∮
𝑧2

𝑑𝑧1 ∶ 𝑑𝛽𝑊
1𝛽 (𝑧1) ∶ 𝜆𝛼𝐴2

𝛼
(𝑧2) =∶ 𝑑𝛽𝜆

𝛼𝑊 1𝛽𝐴2
𝛼
∶

2

− ∶ 𝜕𝜃𝛽𝜆𝛼𝐷𝛽𝑊
1𝜉𝐷𝜉𝐴

2
𝛼
∶
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− ∶ Π𝑚𝜆𝛼(𝑖𝑘1
𝑚
)𝑊 1𝜉𝐷𝜉𝐴

2
𝛼
∶, (15)

∮
𝑧2

𝑑𝑧1 ∶
1
2
𝑁𝑚𝑛𝐹 1

𝑚𝑛
(𝑧1) ∶ 𝜆𝛼𝐴2

𝛼
(𝑧2) =∶𝑁𝑚𝑛𝜆𝛼

(1
2
𝐹 1
𝑚𝑛

𝐴2
𝛼

)
∶

− ∶ 𝜕𝜃𝛽𝜆𝛼𝐷𝛽

(1
4
𝐹 1
𝑝𝑞
(𝛾𝑝𝑞) 𝜉

𝛼

)
𝐴2

𝜉

− ∶ Π𝑚𝜆𝛼
(
𝑖𝑘1

𝑚

1
4
(𝛾𝑝𝑞) 𝜉

𝛼
𝐹 1
𝑝𝑞
𝐴2

𝜉

)
∶ .

(16)

The vertex operator can therefore be written as

𝑉
(12)
𝑚2=2

=∶ 𝜕𝜃𝛽𝜆𝛼𝐵̄𝛼𝛽 ∶+ ∶ Π𝑚𝜆𝛼𝐻̄𝑚𝛼 ∶ + ∶ 𝑑𝛽𝜆
𝛼𝐶̄𝛽

𝛼
∶

+ ∶ 1
2
𝑁𝑚𝑛𝜆𝛼𝐹𝑚𝑛𝛼 ∶, (17)

with

𝐵̄𝛼𝛽 = −(𝛾𝑚𝑊 1)𝛽 (𝑖𝑘2𝑚)𝐴
2
𝛼
−𝐷𝛽𝑊

1𝜉𝐷𝜉𝐴
2
𝛼
−𝐷𝛽𝐷𝛼𝑊

1𝜉𝐴2
𝜉

(18)

𝐻̄𝑚𝛼 =𝐴1
𝑚
𝐴2

𝛼

− (𝑖𝑘1
𝑚
)
(
𝐴1

𝑛
𝑖𝑘𝑛

2𝐴
2
𝛼
+𝑊 1𝜉𝐷𝜉𝐴

2
𝛼
+𝐷𝛼𝑊

1𝜉𝐴2
𝜉

)
, (19)

𝐶̄𝛽
𝛼
=𝑊 1𝛽𝐴2

𝛼
, (20)

𝐹𝑚𝑛𝛼 = 𝐹 1
𝑚𝑛

𝐴2
𝛼
. (21)

It is BRST invariant by construction, as one can see by applying the 
onshell condition and the descent relation for 𝑈 (1) and 𝑉 (2). But one 
can check how BRST charge acts on each term of (17),

𝑄 ∶ Π𝑚𝜆𝛼𝐴1
𝑚
𝐴2

𝛼
∶ =∶ (𝛾𝑚𝜕𝜃)𝛼𝜆𝛼𝜆𝛽𝐴1

𝑚
𝐴2

𝛽
∶ + ∶ Π𝑚𝜆𝛼𝜆𝛽 (𝐷𝛼𝐴

1
𝑚
)𝐴2

𝛽
∶

(22)

𝑄 ∶ Π𝑛(𝑖𝑘1
𝑛
)𝐴1

𝑚
𝜆𝛼𝜕𝑚𝐴2

𝛼
∶ = ∶ (𝛾𝑛𝜕𝜃)𝛼𝜆𝛼𝜆𝛽 (𝑖𝑘1

𝑛
)(𝑖𝑘2𝑚)𝐴1

𝑚
𝐴2

𝛽
∶

+ ∶ Π𝑛𝜆𝛽𝜆𝛼(𝑖𝑘1
𝑛
)(𝑖𝑘2𝑚)𝐷𝛼𝐴

1
𝑚
𝐴2

𝛽
∶ (23)

𝑄 ∶ 𝑖𝑘1𝑚Π𝑚𝑊 1𝛼𝜆𝛽𝐷𝛼𝐴
2
𝛽
∶ =∶ 𝜆𝜉(𝛾𝑚𝜕𝜃)𝜉𝜆𝛽 (𝑖𝑘1

𝑚
)𝑊 1𝛼𝐷𝛼𝐴

2
𝛽
∶

+ ∶ Π𝑚𝜆𝛽 (𝑖𝑘1
𝑚
)𝜆𝜉𝐷𝜉𝑊

1𝛼𝐷𝛼𝐴
2
𝛽
∶

− ∶ Π𝑚𝜆𝛽 (𝑖𝑘1
𝑚
)𝑊 1𝛼𝜆𝜉𝐷𝜉𝐷𝛼𝐴

2 ∶ (24)

𝑄 ∶ 𝑖𝑘1𝑝Π𝑝𝜆𝛼𝐹 1
𝑚𝑛
(𝛾𝑚𝑛)𝛽

𝛼
𝐴2

𝛽
∶ =∶ (𝛾𝑝𝜕𝜃)𝛼𝜆𝛼𝜆𝜉(𝑖𝑘1

𝑝
)𝐹 1

𝑚𝑛
(𝛾𝑚𝑛)𝛽

𝜉
𝐴2

𝛽
∶

+ ∶ Π𝑝𝜆𝜉(𝑖𝑘1
𝑝
)𝜆𝛼𝐷𝛼𝐹

1
𝑚𝑛
(𝛾𝑚𝑛)𝛽

𝜉
𝐴2

𝛽
∶

+ ∶ Π𝑝𝜆𝜉(𝑖𝑘1
𝑝
)𝐹 1

𝑚𝑛
(𝛾𝑚𝑛)𝛽

𝜉
𝜆𝛼𝐷𝛼𝐴

2
𝛽
∶ (25)

𝑄 ∶ 𝑑𝛼𝜆
𝛽𝑊 1𝛼𝐴2

𝛽
∶=− ∶ Π𝑚𝜆

𝜉𝜆𝛽𝛾𝑚
𝜉𝛼
𝑊 1𝛼𝐴2

𝛽
∶

+ ∶ 𝜕𝜆𝜉𝜆𝛽𝛾𝑚
𝜉𝛼
(𝑖𝑘12

𝑚
)𝑊 1𝛼𝐴2

𝛽
∶

− ∶ 𝑑𝛼𝜆
𝜉𝜆𝛽𝐷𝜉𝑊

1𝛼𝐴2
𝛽
∶ (26)

𝑄 ∶ −𝜕𝜃𝜉𝜆𝛽𝐷𝜉𝑊
1𝛼𝐷𝛼𝐴

2
𝛽
∶=− ∶ 𝜕𝜆𝛼𝜆𝛽𝐷𝛼𝑊

1𝜉𝐷𝜉𝐴
2
𝛽
∶

+ ∶ 𝜕𝜃𝛼𝜆𝛽𝜆𝜉𝐷𝜉

(
𝐷𝛼𝑊

1𝛾𝐷𝛾𝐴
2
𝛽

)
∶ (27)

𝑄 ∶ −𝜕𝜃𝛼𝜆𝛽𝐷𝛼𝐴
(1)
𝑚

𝜕𝑚𝐴
(2)
𝛽

∶=− ∶ 𝜕𝜆𝛼𝜆𝛽 (𝛾𝑚𝑊 1)𝛼(𝑖𝑘𝑚
2 )𝐴

2
𝛽
∶

− ∶ 𝜕𝜆𝛼𝜆𝛽𝐴1
𝛼
𝐴2

𝛽
∶

+ ∶ 𝜕𝜃𝛼𝜆𝜉𝜆𝛽𝛾𝑚𝛼𝛾𝐷𝜉𝑊
1𝛾 (𝑖𝑘𝑚

2 )𝐴
2
𝛽
∶

+ ∶ 𝜕𝜃𝛼𝜆𝜉𝜆𝛽𝐷𝜉𝐴
1
𝛼
𝐴2

𝛽
∶ (28)

𝑄 ∶ 𝜕𝜃𝛼𝜆𝛽𝐴1
𝛼
𝐴2

𝛽
∶= ∶ 𝜕𝜆𝛼𝜆𝛽𝐴1

𝛼
𝐴2

𝛽
∶ − ∶ 𝜕𝜃𝛼𝜆𝛽𝜆𝜉𝐷𝜉𝐴

1
𝛼
𝐴2

𝛽
∶ (29)

𝑄 ∶ 𝜕𝜃𝛼𝐷𝛼𝐹
1
𝑚𝑛
(𝛾𝑚𝑛𝜆)𝛽𝐴2

𝛽
∶=− ∶ 𝜕𝜆𝛼𝜆𝜉𝐷𝛼𝐹

1
𝑚𝑛
(𝛾𝑚𝑛)𝛽

𝜉
𝐴2

𝛽
∶

− ∶ 𝜕𝜃𝛼𝜆𝛿𝜆𝜉𝐷𝜉(𝐷𝛼𝐹
1
𝑚𝑛
)(𝛾𝑚𝑛)𝛽

𝛿
𝐴2

𝛽
∶

𝛼 𝜉 𝛾 1 𝑚𝑛 𝛽 2
+ ∶ 𝜕𝜃 𝜆 𝜆 𝐷𝛼𝐹𝑚𝑛
(𝛾 )

𝜉
𝐷𝛾𝐴𝛽

∶ (30)
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𝑄 ∶ 1
2
𝑁𝑚𝑛𝜆𝛽𝐹 1

𝑚𝑛
𝐴2

𝛽
∶= − 1

4
∶ (𝛾𝑚𝑛)𝛼

𝜉
𝜕𝜆𝜉𝜆𝛽𝐷𝛼(𝐹 1

𝑚𝑛
𝐴2

𝛽
) ∶

− 1
4
∶ (𝛾𝑚𝑛)𝛼

𝜉
𝑑𝛼𝜆

𝜉𝜆𝛽𝐹 1
𝑚𝑛

𝐴2
𝛽
∶

+ 1
2
∶𝑁𝑚𝑛𝜆𝛽𝜆𝛼𝐷𝛼𝐹

1
𝑚𝑛

𝐴2
𝛽
∶ . (31)

Collecting each ghost number 2 component proportional to 𝜕𝜃𝜉𝜆𝛼𝜆𝛽 , 
Π𝑚𝜆𝛼𝜆𝛽 , 𝜕𝜆𝛼𝜆𝛽 , 𝑑𝜉𝜆

𝛼𝜆𝛽 and 𝑁𝑚𝑛𝜆𝛼𝜆𝛽 , one can see that the BRST 
variation of 𝑉 (12)

𝑚2=2
vanishes. For example, the terms proportional to 

𝑑𝜉𝜆
𝛼𝜆𝛽 in (26) and (31) cancel each other. Using the equation of mo-

tion 𝑖𝑘1
𝑚
(𝛾𝑚𝑊 1)𝛼 = 0 and the pure spinor identity (𝜆𝛾𝑛)𝛼(𝜆𝛾𝑛)𝛽 = 0, one 

can show that the following constraint [2]

∶𝑁𝑚𝑛𝜆𝛽𝜆𝛼 ∶ (𝛾𝑚)𝛼𝛾 =
1
2
∶ 𝐽𝜆𝛽𝜆𝛼 ∶ 𝛾𝑛

𝛼𝛾
+ 5

2
𝜆𝛽𝜕𝜆𝛼𝛾𝑛

𝛼𝛾

+ 1
2
𝜆𝛿𝜕𝜆𝛼(𝛾𝑠𝑛) 𝛽

𝛿
(𝛾𝑠)𝛼𝛾 , (32)

implies that the last term of (31) can be written as

∶ 1
2
𝑁𝑚𝑛𝜆𝛼𝜆𝛽𝐷𝛼𝐹

1
𝑚𝑛

𝐴2
𝛽
∶ = ∶ 1

4
𝜕𝜆𝛼𝜆𝛿(𝛾𝑛𝑠) 𝛽

𝛿
𝐷𝛼𝐹

1
𝑛𝑠
𝐴2

𝛽
∶, (33)

and therefore cancels all other terms proportional to 𝜕𝜆𝛼𝜆𝛽 .1

Physical information of (17) is obtained through a gauge fixing pro-

cedure wherein the massive vertex operator superfields are related to 
the spin-2 massive supermultiplet in 10 dimensions. This multiplet com-

prises a traceless symmetric tensor denoted as 𝑔𝑚𝑛, a three form 𝑏𝑚𝑛𝑝

and a spin-
3
2 field 𝜓𝑚𝛼 , all satisfying

(𝛾𝑚)𝛽𝛼𝜓𝑚𝛼 = 0, 𝜕𝑚𝑔𝑚𝑛 = 0, 𝜕𝑚𝜓𝑚𝛼 = 0, 𝜕𝑚𝑏𝑚𝑛𝑝 = 0. (34)

3. Gauge transformations

In this section, the operator vertex (17) will be gauge fixed following 
the procedure of [2] to a gauge where

𝐵𝛼𝛽 = 𝛾
𝑚𝑛𝑝

𝛼𝛽
𝐵𝑚𝑛𝑝, 𝜕𝑚𝐵𝑚𝑛𝑝 = 0, (35)

𝛾𝑚𝛼𝛽𝐻𝑚𝛽 = 0, 𝜕𝑚𝐻𝑚𝛼 = 0, (36)

𝐶𝛽
𝛼
= (𝛾𝑚𝑛𝑝𝑞)𝛽

𝛼
𝐶𝑚𝑛𝑝𝑞, 𝛾𝑚𝛼𝛽𝐹𝛼𝑚𝑛 = 0. (37)

In this gauge, one can check that the 𝜃 = 0 components of the super-

fields 𝐵𝑚𝑛𝑝, 𝐺𝑚𝑛 ≡ 𝐷𝛼𝛾
𝛼𝛽

(𝑚 𝐻𝑛)𝛽 and − 1
72𝐻𝑚𝛼 are 𝑏𝑚𝑛𝑝, 𝑔𝑚𝑛, 𝜓𝑚𝛼 respec-

tively [2].

The operator vertex (17) is gauge invariant by

𝑉
(12)
𝑚2=2

⟶ 𝑉
(12)
𝑚2=2

+𝑄Ω, (38)

where

Ω=∶ 𝜕𝜃𝛼Ω1𝛼 ∶ + ∶ 𝑑𝛼Ω𝛼
2 ∶ + ∶ Π𝑚Ω3𝑚 ∶ + ∶ 𝐽Ω4 ∶ + ∶𝑁𝑚𝑛Ω5𝑚𝑛 ∶ .

(39)

Using the OPE’s (9), one finds

𝑄Ω=∶ 𝜕𝜆𝛼

(
Ω1𝛼 + 𝛾𝑚

𝛼𝜉
𝜕𝑚Ω

𝜉

2 −𝐷𝛼Ω4 −
1
2
(𝛾𝑚𝑛)𝛽

𝛼
𝐷𝛽Ω5𝑚𝑛

)
∶

+ ∶ 𝜕𝜃𝛽𝜆𝛼

(
−𝐷𝛼Ω1𝛽 + 𝛾𝑚

𝛼𝛽
Ω3𝑚

)
∶

+ ∶ Π𝑚𝜆𝛼

(
− 𝛾𝑚𝛼𝜉Ω

𝜉

2 +𝐷𝛼Ω3𝑚

)
∶

+ ∶ 𝑑𝛽𝜆
𝛼

(
−𝐷𝛼Ω

𝛽

2 − 𝛿𝛽
𝛼
Ω4 −

1
2
(𝛾𝑚𝑛)𝛽

𝛼
Ω5𝑚𝑛

)
∶

1 I would like to thank Carlos Mafra for correcting an error in an earlier 
3

version of this computation.
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+ ∶𝑁𝑚𝑛𝜆𝛼

(
𝐷𝛼Ω5𝑚𝑛

)
∶

+ ∶ 𝐽𝜆𝛼

(
𝐷𝛼Ω4

)
∶, (40)

so the vertex operator superfields have the following variations

𝛿𝐵̄𝛼𝛽 = −𝐷𝛼Ω1𝛽 + 𝛾𝑚
𝛼𝛽
Ω3𝑚, (41)

𝛿𝐻̄𝑚𝛼 = −𝛾𝑚𝛼𝜉Ω
𝜉

2 +𝐷𝛼Ω3𝑚, (42)

𝛿𝐶̄𝛽
𝛼
= −𝐷𝛼Ω

𝛽

2 − 𝛿𝛽
𝛼
Ω4 −

1
2
(𝛾𝑚𝑛)𝛽

𝛼
Ω5𝑚𝑛, (43)

𝛿𝐹𝑚𝑛𝛼 =𝐷𝛼Ω5𝑚𝑛. (44)

There are additional terms proportional to 𝜕𝜆𝛼 and 𝐽𝜆𝛼 coming from 
the gauge transformation (38),

𝐺̄𝛼 ≡Ω1𝛼 + 𝛾𝑚
𝛼𝜉
𝜕𝑚Ω

𝜉

2 −𝐷𝛼Ω4 −
1
2
(𝛾𝑚𝑛)𝛽

𝛼
𝐷𝛽Ω5𝑚𝑛, (45)

𝐸̄𝛼 ≡𝐷𝛼Ω4, (46)

and the following constraint [2]

∶𝑁𝑚𝑛𝜆𝛼𝛾𝑚𝛼𝛽 ∶ −
1
2
∶ 𝐽𝜆𝛼𝛾𝑛

𝛼𝛽
∶ −2𝜕𝜆𝛼𝛾𝑛

𝛼𝛽
= 0 (47)

implies that (17) is invariant under the field redefinition

𝛿Λ𝐺̄𝛼 = −4𝛾𝑛
𝛼𝜉
Λ𝜉

𝑛
, (48)

𝛿Λ𝐹𝛼𝑚𝑛 = 𝛾𝑚𝛼𝜉Λ𝜉
𝑛
− 𝛾𝑛𝛼𝜉Λ𝜉

𝑚
, (49)

𝛿Λ𝐸̄𝛼 = −𝛾𝑛
𝛼𝜉
Λ𝜉

𝑛
. (50)

Finally, after the gauge-fixing procedure (35), (36), (37), all vertex 
operator superfields will be expressed in terms of d=10 Yang-Mills su-

perfields and will satisfy the equations:

𝐻𝑚𝛼 =
3
7
(𝛾𝑠𝑡) 𝛽

𝛼
𝐷𝛽𝐵𝑚𝑠𝑡, (51)

𝐶𝛼
𝛽
= 1

4
(𝛾𝑚𝑛𝑝𝑞)𝛼

𝛽
𝜕𝑚𝐵𝑛𝑝𝑞, (52)

𝐹𝑚𝑛𝛼 =
1
16

(
6𝑚𝑛𝛼 − (𝛾𝑝[𝑚) 𝛽

𝛼
𝑛]𝑝𝛽

)
, (53)

𝐸𝛼 = 0, (54)

𝐺𝛼 = 0, (55)

where 𝑚𝑛𝛼 ≡ 𝜕[𝑚𝐻𝑛]𝛼 . The above equations and (𝜕𝑚𝜕𝑚 − 2)𝑉 (12)
𝑚2=2

= 0
imply that (17) describes a massive spin-two multiplet with (𝑚𝑎𝑠𝑠)2 = 2
[2].

3.1. Fixing B and H

In this subsection, the 42 degrees of freedom of Ω1𝛽 , Ω
𝜉

2, Ω3𝑚 will be 
used to impose the following constraints on 𝐵̄𝛼𝛽 and 𝐻̄𝑚𝛽

𝐵𝛼𝛽 = 𝛾
𝑚𝑛𝑝

𝛼𝛽
𝐵𝑚𝑛𝑝, (56)

𝐻𝑚𝛽𝛾
𝑚𝛽𝛼 = 0. (57)

Using Super Yang-Mills equations of motion (5), (6), (7), and Fierz 
decomposition (A.19) the bi-spinor (18) can be written as

𝐵̄𝛼𝛽 ≡ 𝛾
𝑚1
𝛼𝛽

𝐵̄𝑚1
+ 𝛾

𝑚1𝑚2𝑚3
𝛼𝛽

𝐵̄𝑚1𝑚2𝑚3
+ 𝛾

𝑚1𝑚2𝑚3𝑚4𝑚5
𝛼𝛽

𝐵̄𝑚1𝑚2𝑚3𝑚4𝑚5
, (58)

where

𝐵𝑚1
= − 1

2
𝑊 1𝛾𝑚1

𝑊 2 − 𝐹 1
𝑚1𝑚

𝐴2
𝑚
− (𝑖𝑘1

𝑚1
)𝑊 1𝜉𝐴2

𝜉

+
𝛾
𝛼𝛽
𝑚1

𝐷𝛼

(
(𝛾𝑚𝑊 1)𝛽𝐴2 +𝐷𝛽𝑊

1𝜉𝐴2
)
, (59)
16 𝑚 𝜉
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𝐵𝑚1𝑚2𝑚3
= 1

24
𝑊 1𝛾𝑚1𝑚2𝑚3

𝑊 2

+
𝛾
𝛼𝛽
𝑚1𝑚2𝑚3

96
𝐷𝛼

(
(𝛾𝑚𝑊 1)𝛽𝐴2

𝑚
+𝐷𝛽𝑊

1𝜉𝐴2
𝜉

)
, (60)

𝐵𝑚1𝑚2𝑚3𝑚4𝑚5
=

𝛾
𝛼𝛽
𝑚1𝑚2𝑚3𝑚4𝑚5

3840
𝐷𝛼

(
(𝛾𝑚𝑊 1)𝛽𝐴2

𝑚
+𝐷𝛽𝑊

1𝜉𝐴2
𝜉

)
. (61)

To obtain the algebraic condition (56), one can choose

Ω′
1𝛾 = (𝛾𝑚𝑊 1)𝛾𝐴2

𝑚
+𝐷𝛾𝑊

1𝜉𝐴2
𝜉
, (62)

Ω′
3𝑚 = 1

2
(𝑊 1𝛾𝑚𝑊

2) + 𝐹 1
𝑚𝑛

𝐴2𝑛 + (𝑖𝑘1
𝑚
)𝑊 1𝜉𝐴2

𝜉
, (63)

and (57) is therefore implied by,

Ω′𝛽
2 = 1

10
[
− 7𝐷𝜉𝑊

1𝛽𝑊 2𝜉 − 10(𝑖𝑘1
𝑛
)𝑊 1𝛽𝐴2𝑛 + 3𝑊 1𝜉𝐷𝜉𝑊

2𝛽]. (64)

In this gauge, 𝐵′
𝑚𝑛𝑝

= 1
96 𝛾

𝛼𝛽
𝑚𝑛𝑝(𝐵̄𝛼𝛽 + 𝛿𝐵̄𝛼𝛽 ) is

𝐵′
𝑚𝑛𝑝

= 1
24

𝑊 1𝛾𝑚𝑛𝑝𝑊
2, (65)

and 𝐻 ′
𝑚𝛼

= 𝐻̄𝑚𝛼 + 𝛿𝐻̄𝑚𝛼 is

𝐻 ′
𝑚𝛼

=
(
− 8

20
𝛾
𝑝

𝛼𝜉
𝛿𝑞
𝑚
− 1

20
𝛾
𝑚𝑝𝑞

𝛼𝜉

)(
𝐹 1
𝑝𝑞
𝑊 2𝜉 + 𝐹 2

𝑝𝑞
𝑊 1𝜉

)
, (66)

which is traceless, as one can verify by using 𝛾𝑚𝛽𝛼(𝛾𝑝𝑞𝑚)𝛼𝜉 = 8(𝛾𝑝𝑞)
𝛽

𝜉
.

To understand the relation between (65) and (66), one can define 
the tensor

𝐻𝐵′
𝑚𝛼

∶= (𝛾𝑛𝑝) 𝛽
𝛼
𝐷𝛽𝐵

′
𝑚𝑛𝑝

. (67)

It can be expressed from (65) as

𝐻𝐵′
𝑚𝛼

=
(
− 10

12
𝛾
𝑝

𝛼𝜉
𝛿𝑞
𝑚
− 2

12
𝛾
𝑚𝑝𝑞

𝛼𝜉

)(
𝐹 1
𝑝𝑞
𝑊 2𝜉 + 𝐹 2

𝑝𝑞
𝑊 1𝜉

)
, (68)

and has a non-vanishing trace

𝐹𝛽 ≡ 𝛾𝑚𝛽𝛼𝐻𝐵′
𝑚𝛼

= 2𝐷𝜉

(
𝑊 1[𝛽𝑊 2𝜉]). (69)

It will be useful to note that the traceless part (𝐻𝐵′ )(0)𝑚𝛼 ≡ 𝐻𝐵′
𝑚𝛼

−

(𝛾𝑚)𝛼𝜉
(

1
10𝐹

𝜉

)
of (67) satisfies the relation

𝐻 ′
𝑠𝛼

= 3
7
(𝐻𝐵′ )(0)

𝑠𝛼
. (70)

Nevertheless, the expression (65) for 𝐵′
𝑚𝑛𝑝

does not satisfy the transver-

sality condition. This is a necessary condition to remove the extra de-

grees of freedom at the zeroth order in 𝜃 expansion of 𝐵′
𝑚𝑛𝑝

and 𝐻 ′
𝑚𝛼

[6].

3.2. Additional gauge-fixing

In this subsection, it will be shown that 𝜕𝑚𝐵𝑚𝑛𝑝 = 0, when Ω1𝛽 is 
written as

Ω1𝛽 =Ω′
1𝛽 +𝐷𝛽Λ. (71)

In this gauge, 𝐵𝛼𝛽 and 𝐻𝑚𝛼 are related as (51).

The additional contribution Ω(1)
1𝛽 = 𝐷𝛽Λ does not change the five-

form part of 𝐵𝛼𝛽 because of the identity 𝛾𝛼𝛽𝑚𝑛𝑝𝑞𝑟𝐷𝛼𝐷𝛽 = 0. So the previ-

ous subsection gauge fixing leaves gauge invariances parameterized by 
Ω(1)
1𝛽 . After this additional gauge-fixing, the resulting 𝐵𝑚𝑛𝑝 is

1 1
4

𝐵𝑚𝑛𝑝 = 24
𝑊 1𝛾𝑚𝑛𝑝𝑊

2 −
96

𝛾𝛼𝛽
𝑚𝑛𝑝

𝐷𝛼Ω
(1)
1𝛽 . (72)
Physics Letters B 852 (2024) 138611

To obtain Λ in terms of SYM superfields, 𝐻𝐵
𝑚𝛼

∶= (𝛾𝑛𝑝) 𝛽
𝛼 𝐷𝛽𝐵𝑚𝑛𝑝

will be required to satisfy 𝛾𝑚𝛼𝛽𝐻𝐵
𝑚𝛼

= 0. Indeed, if 𝐻𝐵
𝑚𝛼

is assumed to 
be traceless, (69) implies that

(𝛾𝑚𝑠𝑡)𝛽𝜉𝐷𝜉

(
− 1

96
𝛾𝛿𝛼
𝑚𝑠𝑡

𝐷𝛿Ω
(1)
1𝛼

)
= −2𝐷𝜉

(
𝑊 1[𝛽𝑊 2𝜉]

)
. (73)

Hitting both sides of (73) with 𝐷𝛽 , one finds that

1
96

(𝐷𝛾𝑚𝑛𝑝𝐷)(𝐷𝛾𝑚𝑛𝑝𝐷)Λ = 2𝐷𝛽𝐷𝜉

(
𝑊 1[𝛽𝑊 2𝜉]

)
. (74)

But (𝐷𝛾𝑚𝑛𝑝𝐷)(𝐷𝛾𝑚𝑛𝑝𝐷) = 96 ⋅ 48 at the first massive level, then Λ is 
given by

Λ = −1
6
𝐹 1
𝑚𝑛

𝐹 2
𝑚𝑛

, (75)

and the additional gauge fixing Ω(1)
1𝛽 is

Ω(1)
1𝛽 = −1

3

[
𝑖𝑘1

𝑚
(𝛾𝑛𝑊 1)𝛽𝐹 2

𝑚𝑛
+ (1↔ 2)

]
. (76)

In the gauge 𝛾𝛼𝛽𝑚 𝐵𝛼𝛽 = 0, 𝛾𝑚𝛼𝛽𝐻𝑚𝛼 = 0, one has

Ω3𝑚 ≡Ω′
3𝑚 +Ω(1)

3𝑚

= 1
2
(𝑊 1𝛾𝑚𝑊

2) + 𝐹 1
𝑚𝑛

𝐴2𝑛 + (𝑖𝑘1
𝑚
)𝑊 1𝜉𝐴2

𝜉
+ 1

2
𝜕𝑚Λ, (77)

and

Ω𝛽

2 ≡Ω′𝛽
2 + Ω(1)𝛽

2

= −𝜕𝑚
(
𝑊 1𝛽𝐴2

𝑚

)
− 2

3
𝐷𝛼𝑊

1𝛽𝑊 2𝛼 + 1
3
𝑊 1𝛼𝐷𝛼𝑊

2𝛽 , (78)

and 𝐵𝑚𝑛𝑝 is transverse to 𝑘1 + 𝑘2 because of

𝜕𝑚
(
− 1

96
𝛾𝛼𝛽
𝑚𝑛𝑝

𝐷𝛼𝐷𝛽Λ
)
= −𝜕𝑚

( 1
24

𝑊 1𝛾𝑚𝑛𝑝𝑊
2). (79)

To demonstrate (51), one can write

𝐻𝑚𝛼 ≡𝐻 ′
𝑚𝛼

+ 𝛿𝐻𝑚𝛼 (80)

𝐻𝐵
𝑚𝛼

≡𝐻𝐵′
𝑚𝛼

+ 𝛿𝐻𝐵′
𝑚𝛼

, (81)

where 𝛿𝐻𝑚𝛼 = −(𝛾𝑚)𝛼𝜉Ω
(1)𝜉
2 +𝐷𝛼Ω

(1)
3𝑚 is the variation of (66),

𝛿𝐻𝑚𝛼 = − 1
3 ⋅ 10

(𝛾𝑚)𝛼𝜉
(
𝐷𝛽𝑊

1𝜉𝑊 2𝛽 +𝑊 1𝛽𝐷𝛽𝑊
2𝜉)+𝐷𝛼

(1
2
𝜕𝑚Λ

)
,

(82)

and 𝛿𝐻𝐵′
𝑚𝛼

is the variation of (67)

𝛿𝐻𝐵′
𝑚𝛼

= (𝛾𝑠𝑡)𝛽
𝛼
𝐷𝛽

(
− 1

96
𝛾
𝛾𝛿

𝑚𝑠𝑡
𝐷𝛾𝐷𝛿Λ

)
, (83)

which is implied by (67), (72) and (81). Using (70), one can write a 
statement equivalent to (51),

𝛿𝐻𝑚𝛼 =
3
7
(
𝛿𝐻𝐵′

𝑚𝛼
+ 1

10
(𝛾𝑚)𝛼𝛽𝐹 𝛽

)
, (84)

with 𝐹𝛽 defined in (69). One finds from the identity

(𝛾𝑠𝑡) 𝛽
𝛼
(𝛾𝑚𝑠𝑡)𝛾𝛿𝐷𝛽𝐷𝛾𝐷𝛿 = −72𝜕𝑚𝐷𝛼 + 40(𝛾𝑚𝑡) 𝛽

𝛼
𝜕𝑡, (85)

that the variation (83) is

𝛿𝐻𝐵′
𝑚𝛼

= 7
6
𝜕𝑚𝐷𝛼Λ− 5

36
(𝛾𝑚)𝛼𝛽𝐹 𝛽 , (86)

and (84) is therefore satisfied,

𝛿𝐻𝐵′
𝑚𝛼

+ 1
10

(𝛾𝑚)𝛼𝛽𝐹 𝛽 = 7
3

[
1
2
𝜕𝑚𝐷𝛼Λ− 1

60
(𝛾𝑚)𝛼𝛽𝐹 𝛽

]
. (87)

So it has been proven that in the gauge (56), (57) and 𝜕𝑚𝐵𝑚𝑛𝑝 = 0, the 

equation (51) is satisfied.
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In this gauge, the superfield 𝐻𝑚𝛼 is

𝐻𝑚𝛼 =
[
1
6
𝛾
𝑝

𝛼𝛽
𝜕𝑞𝜕𝑚 − 10

24
𝛾
𝑝

𝛼𝛽
𝛿𝑞
𝑚
− 1

24
(𝛾𝑚𝑝𝑞)𝛼𝛽

](
𝐹 1𝑝𝑞𝑊 2𝛽 + 𝐹 2𝑝𝑞𝑊 1𝛽).

(88)

3.3. Fixing C

In this subsection, the 46 degrees of freedom of Ω4 and Ω5𝑚𝑛 will be 
used to impose the algebraic constraint

𝐶𝛽
𝛼
= (𝛾𝑚𝑛𝑝𝑞)𝛽

𝛼
𝐶𝑚𝑛𝑝𝑞. (89)

From the Fierz decomposition (A.20), one finds

Ω4 = − 1
24

𝐹 1
𝑚𝑛

𝐹 2𝑚𝑛, (90)

Ω5𝑝𝑞 =
1
16

(𝛾𝑝𝑞) 𝛼
𝛽

[
𝑊 1𝛽𝐴2

𝛼
−𝐷𝛼Ω

𝛽

2
]
. (91)

Using (78), Ω5𝑚𝑛 is

Ω5𝑚𝑛 =
1
2
𝐹 1
𝑚𝑛
(𝑖𝑘1 ⋅𝐴2) + 1

4
𝜕[𝑚𝑊

1𝛾𝑛]𝑊
2

− 1
8
𝜕𝑟𝑊 1𝛾𝑚𝑛𝑟𝑊

2 + 1
4
𝐹 1
𝑝[𝑚𝐹

2
𝑛]𝑝. (92)

The 𝛾 (4) component of 𝐶𝛽
𝛼 is

𝐶𝑚𝑛𝑝𝑞 =
(𝛾𝑚𝑛𝑝𝑞) 𝛼

𝛽

384

(
𝐶̄𝛽

𝛼
−𝐷𝛼Ω

𝛽

2 − 𝛿𝛽
𝛼
Ω4 −

(𝛾𝑝𝑞)𝛽𝛼
2

Ω5𝑝𝑞

)
, (93)

one therefore obtains from (78), (90), (92) that

𝐶𝑚𝑛𝑝𝑞 = 1
96 ⋅ 12

𝐹 1
[𝑚𝑛

𝐹 2
𝑝𝑞] +

1
96 ⋅ 36

𝜕[𝑚𝑊
1𝛾𝑛𝑝𝑞]𝑊

2. (94)

Finally, the equation

− 1
96

𝜕[𝑚𝛾
𝛼𝛽

𝑛𝑝𝑞]𝐷𝛼𝐷𝛽Λ= 1
12

𝐹 1
[𝑚𝑛

𝐹 2
𝑝𝑞] −

1
72

𝜕[𝑚𝑊
1𝛾𝑛𝑝𝑞]𝑊

2 (95)

implies that (72) and (94) are related as

𝐶𝑚𝑛𝑝𝑞 =
1
96

𝜕[𝑚𝐵𝑛𝑝𝑞]. (96)

3.4. Fixing F

In this subsection, the gauge invariance (49) with

Λ𝛽
𝑛
= (𝛾𝑛)𝛽𝛼

( 1
10

(𝛾𝑛)𝛼𝜉Λ𝜉
𝑛

)
+Λ(0)𝛽

𝑛
(97)

will be used to impose the following algebraic constraint

𝛾𝑚𝛽𝛼
[1
2
𝐹𝑚𝑛𝛼 + 𝛿𝐹𝑚𝑛𝛼 + 𝛿Λ𝐹𝑚𝑛𝛼

]
= 0, (98)

𝐸̄𝛼 + 𝛿Λ𝐸𝛼 = 0. (99)

To obtain (99), the trace part of (97) should be

𝛾𝑛
𝛼𝛽
Λ𝛽

𝑛
=𝐷𝛼Ω4, (100)

so the constraints (98), (99) imply

Λ𝛽
𝑛
= −1

8
𝛾𝑚𝛽𝛼

[1
2
𝐹 1
𝑚𝑛

𝐴2
𝛼
+𝐷𝛼Ω5𝑚𝑛

]
− 1

8
𝛾𝛽𝛼
𝑛

𝐷𝛼Ω4. (101)

In this gauge, 12𝐹𝑚𝑛𝛼 can be written as

1
2
𝐹𝑚𝑛𝛼 =

6
8

(
1
2
𝐹 1
𝑚𝑛

𝐴2
𝛼
+𝐷𝛼Ω5𝑚𝑛

)
− 1

16
(𝛾𝑚𝑛) 𝛽

𝛼
𝐷𝛽Λ

− 1
8
(𝛾𝑝[𝑚) 𝛽

𝛼

(1
2
𝐹 1
𝑛]𝑝𝐴

2
𝛽
+𝐷𝛽Ω5𝑛]𝑝

)
. (102)

Using the equation 𝛾𝑝[𝑚𝛾𝑛]𝑝 = 16𝛾𝑚𝑛, one obtains

1 ( )

5

𝐹𝑚𝑛𝛼 = 8
6𝑚𝑛𝛼 − (𝛾𝑝[𝑚𝑛]𝑝)𝛼 , (103)
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where

𝑚𝑛𝛼 = 𝐹 1
𝑚𝑛

𝐴2
𝛼
+ 2𝐷𝛼Ω5𝑚𝑛 +

1
10

(𝛾𝑚𝑛) 𝛽
𝛼
𝐷𝛽Λ. (104)

To show the relation (53), one can add  (0)
𝑚𝑛𝛼 to 𝑚𝑛𝛼 , such that

6 (0)
𝑚𝑛𝛼

= 𝛾𝑝[𝑚 (0)
𝑛]𝑝𝛼. (105)

So one can define the following tensors

𝑊 1
𝑚𝑛𝛼

= 𝜕𝑝(𝛾𝑚𝑛𝑝𝑊
1)𝛼𝐹 2

𝑝𝑞
, 𝑊 2

𝑚𝑛𝛼
= 𝜕𝑝(𝛾𝑚𝑛𝑝𝑊

2)𝛼𝐹 1
𝑝𝑞
,

𝑊 1
𝑚𝑛𝛼

= 𝜕𝑟(𝛾[𝑚𝑊 1)𝛼𝐹 2
𝑛]𝑟, 𝑊 2

𝑚𝑛𝛼
= 𝜕𝑟(𝛾[𝑚𝑊 2)𝛼𝐹 1

𝑛]𝑟

(𝑘𝑖𝑊 1)
𝑚𝑛𝛼

= 𝑖𝑘𝑖
[𝑚(𝛾𝑛]𝑝𝑞𝑊

1)𝛼𝐹 2
𝑝𝑞
, (𝑘𝑖𝑊 2)

𝑚𝑛𝛼
= 𝑖𝑘𝑖

[𝑚(𝛾𝑛]𝑝𝑞𝑊
2)𝛼𝐹 1

𝑝𝑞
,

 (𝑘𝑖𝑊 1)
𝑚𝑛𝛼

= 𝑖𝑘𝑖
[𝑚𝐹

2
𝑛]𝑟(𝛾

𝑟𝑊 1)𝛼,  (𝑘𝑖𝑊 2)
𝑚𝑛𝛼

= 𝑖𝑘𝑖
[𝑚𝐹

1
𝑛]𝑟(𝛾

𝑟𝑊 2)𝛼,
(106)

whose combinations

𝑊 𝑖

𝑚𝑛𝛼
=𝑊 𝑖

𝑚𝑛𝛼
+ 4𝑊 𝑖

𝑚𝑛𝛼
, (107)

𝑊 𝑖

𝑚𝑛𝛼
= 2 (𝑘𝑖𝑊 𝑖)

𝑚𝑛𝛼
+(𝑘𝑖𝑊 𝑖)

𝑚𝑛𝛼
− 4𝑊 𝑖

𝑚𝑛𝛼
, (108)

 𝑊 1
𝑚𝑛𝛼

= 2 (𝑘2𝑊 1)
𝑚𝑛𝛼

+(𝑘2𝑊 1)
𝑚𝑛𝛼

, (109)

 𝑊 2
𝑚𝑛𝛼

= 2 (𝑘1𝑊 2)
𝑚𝑛𝛼

+(𝑘1𝑊 2)
𝑚𝑛𝛼

, (110)

satisfy the relation (105). Expanding (104), it is straightforward to 
check that

1
2
𝑚𝑛𝛼 = 𝑚𝑛𝛼 + (0)

𝑚𝑛𝛼
, (111)

where

 (0)
𝑚𝑛𝛼

= 1
30

𝑊 1
𝑚𝑛𝛼

+ 1
30

𝑊 2
𝑚𝑛𝛼

+ 1
6
𝑊 1
𝑚𝑛𝛼

− 1
12

𝑊 2
𝑚𝑛𝛼

+ 1
24

 𝑊 1
𝑚𝑛𝛼

− 5
24

 𝑊 2
𝑚𝑛𝛼

,

thus (53) holds.

The gauge parameter Λ𝛽
𝑛 degrees of freedom are sufficient to enforce 

both conditions (98) and (99). Indeed, the following spinor

Λ̃(0)𝛽
𝑛

= −1
8
𝛾𝛽𝛼
𝑚

(1
2
𝐹 1
𝑚𝑛

𝐴2
𝛼
+𝐷𝛼Ω5𝑚𝑛

)
− 𝛾𝛽𝛼

𝑛

( 9
160

𝐷𝛼Λ
)
, (112)

should be exactly the traceless part of (97), as one can see by subtracting 

(𝛾𝑛)𝛽𝜉
(

1
10 𝛾

𝑚
𝜉𝛼
Λ𝛼

𝑚

)
from (101). The gamma matrix expression (A.9) and 

super Yang-Mills equations of motion implies that

𝛾𝑛
𝜉𝛽
Λ̃(0)𝛽

𝑛
= −3

8
𝐷𝜉Λ− 3

16
𝛾𝑛
𝜉𝛽

(
𝑊 1𝛽𝐴2

𝑛
+ 𝜕𝑛Ω

𝛽

2
)
. (113)

After expressing (113) in terms of SYM superfields, one obtains

𝛾𝑛
𝜉𝛽
Λ̃(0)𝛽

𝑛
= 𝜕𝑚

32

(
2(𝛾𝑛𝑊 2)𝜉𝐹 1

𝑚𝑛
− (𝛾𝑛𝑊 1)𝜉𝐹 2

𝑚𝑛

)

−
𝜕𝑛

2 ⋅ 32

(
2(𝛾𝑝𝑞𝑛𝑊 2)𝜉𝐹 1

𝑝𝑞
− (𝛾𝑝𝑞𝑛𝑊 1)𝜉𝐹 2

𝑝𝑞

)
, (114)

which vanishes by expanding the second term of the right-hand side 
with equation (A.10).

Finally, it will be shown that 𝐺̄𝛼 + 𝛿Λ𝐺𝛼 = 0. Using (48), 𝐺𝛼 can be 
written as

𝐺̄𝛼 + 𝛿Λ𝐺𝛼 =Ω′
1𝛼 + 𝛾𝑚

𝛼𝛽
𝜕𝑚Ω

𝛽

2 −𝐷𝛼Ω4 −
1
2
(𝛾𝑚𝑛)𝛽

𝛼
𝐷𝛽Ω5𝑚𝑛, (115)

and performing a computation similar to (113), one has

𝐺̄𝛼 + 𝛿Λ𝐺𝛼 =
1
2
𝐷𝛼Λ+ 1

4
𝛾𝑚
𝜉𝛼

(
𝑊 1𝜉𝐴2

𝑚
+ 𝜕𝑚Ω

𝜉

2
)
= 0. (116)

This is the equation (55). So the vertex operator (17) has been fixed to 
the gauge (35), (36), (36), where it can be written as

( )

𝑉

(12)
𝑚2=2

=∶ 𝜕𝜃𝛽𝜆𝛼 𝛾
𝑚𝑛𝑝

𝛼𝛽
𝐵𝑚𝑛𝑝 ∶+ ∶ Π𝑚𝜆𝛼𝐻𝑚𝛼 ∶ + ∶ 𝑑𝛽𝜆

𝛼𝐶𝛽
𝛼
∶
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+ ∶ 1
2
𝑁𝑚𝑛𝜆𝛼𝐹𝑚𝑛𝛼 ∶, (117)

with

𝐵𝑚𝑛𝑝 =
1
36

𝑊 1𝛾𝑚𝑛𝑝𝑊
2

− 1
36

𝑖𝑘1[𝑚𝑖𝑘
2
𝑛
𝑊 1𝛾𝑝]𝑊

2 + 1
72

𝜕𝑟
(
𝐹 1
𝑟[𝑚𝐹

2
𝑛𝑝] + 𝐹 2

𝑟[𝑚𝐹
1
𝑛𝑝]

)
(118)

𝐻𝑚𝛼 =
3
7
(𝛾𝑠𝑡)𝛽

𝛼
𝐷𝛽𝐵𝑚𝑠𝑡, (119)

𝐶𝛼
𝛽
= 1

4
(𝛾𝑚𝑛𝑝𝑞)𝛼

𝛽
𝜕𝑚𝐵𝑛𝑝𝑞, (120)

𝐹𝑚𝑛𝛼 =
1
16

(
6𝑚𝑛𝛼 − (𝛾𝑝[𝑚) 𝛽

𝛼
𝑛]𝑝𝛽

)
, 𝑚𝑛𝛼 ≡ 𝜕[𝑚𝐻𝑛]𝛼 (121)

and therefore gives a SYM realization of the massive spin-two multiplet 
of mass (𝑚𝑎𝑠𝑠)2 = 2.

Note added

While this work was being completed, the paper [10] appeared 
which contains the main results discussed here as well as other results 
on massive amplitudes. However, the work here presents computations 
which were performed independently and were not included in [10]. 
After completing this work, the authors of [10] have informed me 
that they have also performed similar computations which will soon 
be posted on the arXiv together with further results on massive ampli-

tudes.
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Appendix A. Conventions and gamma matrix formulas

The gamma matrices satisfy

(𝛾𝑚)𝛼𝜎 𝛾𝑛
𝜎𝛽

+ (𝛾𝑛)𝛼𝜎 𝛾𝑚
𝜎𝛽

= 2𝛿𝑚𝑛𝛿𝛼
𝛽
, (A.1)

and the antisymmetrization is represented by square brackets,

𝛾𝑚1 ...𝑚𝑘 ≡ 1
𝑘!

𝛾 [𝑚1 ...𝛾𝑚𝑘]

≡ 1
𝑘!

(
𝛾𝑚1 ...𝛾𝑚𝑘 + all antisymmetric permutations

)
. (A.2)

There are the following important identities,

𝛾𝑚
𝛼(𝛽𝛾

𝑚
𝛾𝛿) = 0 (A.3)

𝛾
𝑚𝑛𝑝

𝛼[𝛽 𝛾
𝑚𝑛𝑝

𝛾𝛿] = 0 (A.4)

𝛾𝛼𝛽
𝑚𝑛𝑝

𝛾
𝑚𝑛𝑝

𝛾𝛿
= 48

(
𝛿𝛼
𝛾
𝛿
𝛽

𝛿
− 𝛿𝛽

𝛾
𝛿𝛼
𝛿

)
(A.5)

𝛾
𝑚𝑛𝑝

𝛼𝛽
𝛾
𝑚𝑛𝑝

𝛾𝛿
= 12

(
𝛾𝑚
𝛼𝛿
𝛾𝑚
𝛽𝛾

− 𝛾𝑚
𝛼𝛾
𝛾𝑚
𝛽𝛿

)
(A.6)

𝛾𝑚
𝛼𝛽

𝛾𝑚
𝛿𝜎

= −1
2
𝛾𝑚
𝛼𝛿
𝛾𝑚
𝛽𝜎

− 1
24

𝛾
𝑚𝑛𝑝

𝛼𝛿
𝛾
𝑚𝑛𝑝

𝛽𝜎
, (A.7)

𝛾
𝑚𝑛𝑝

𝛼𝛽
𝛾
𝑚𝑛𝑝

𝛿𝜎
= −12𝛾𝑚

𝛼𝛽
𝛾𝑚
𝛿𝜎

− 24𝛾𝑚
𝛼𝛿
𝛾𝑚
𝛽𝜎

, (A.8)

(𝛾𝑚𝑛)𝛼 𝛿
(
𝛾𝑚𝑛

)
𝛽
𝜎 = −8𝛿𝜎

𝛼
𝛿𝛿
𝛽
− 2𝛿𝛿

𝛼
𝛿𝜎
𝛽
+ 4𝛾𝑚

𝛼𝛽
𝛾𝛿𝜎
𝑚

, (A.9)

𝛾𝑚1...𝑚𝑘 = 𝛾𝑚1𝛾𝑚2 ...𝑚𝑘 − 1
(𝑘− 2)!

𝛿𝑚1[𝑚2𝛾𝑚3 ...𝑚𝑘], 𝑘 = 2, ...,5; (A.10)

𝛾𝑚𝛾𝑛1…𝑛𝑘𝛾𝑚 = (−1)𝑘(10 − 2𝑘)𝛾𝑛1…𝑛𝑘 , 𝑘 = 2, ...,5; (A.11)

𝛾𝑠𝑡𝛾𝑚𝑛𝑝𝑞𝑟𝛾
𝑠𝑡 = 10𝛾𝑚𝑛𝑝𝑞𝑟, (A.12)

𝛾𝑠𝑡𝑢𝛾𝑚𝑛𝑝𝑞𝑟𝛾
𝑠𝑡𝑢 = 0, (A.13)

𝛾𝑠𝑡𝑢𝑣𝛾𝑚𝑛𝑝𝑞𝑟𝛾
𝑠𝑡𝑢𝑣 = 240𝛾𝑚𝑛𝑝𝑞𝑟, (A.14)

𝛾𝑠𝑡𝛾𝑚𝑛𝑝𝑞𝛾
𝑠𝑡 = 6𝛾𝑚𝑛𝑝𝑞, (A.15)

𝛾𝑠𝑡𝑢𝛾𝑚𝑛𝑝𝑞𝛾
𝑠𝑡𝑢 = 48𝛾𝑚𝑛𝑝𝑞, (A.16)

𝛾𝑠𝑡𝑢𝑣𝛾𝑚𝑛𝑝𝑞𝛾
𝑠𝑡𝑢𝑣 = 48𝛾𝑚𝑛𝑝𝑞, (A.17)

𝛾𝑠𝑡𝛾𝑚𝑛𝑝𝛾
𝑠𝑡 = −6𝛾𝑚𝑛𝑝. (A.18)

The bispinors Fierz decompositions are

𝜒𝛼𝜓𝛽 =
𝛾𝑚
𝛼𝛽

16
𝜒𝛾𝑚𝜓 +

𝛾
𝑚𝑛𝑝

𝛼𝛽

3!16
𝜒𝛾𝑚𝑛𝑝𝜓 +

𝛾
𝑚𝑛𝑝𝑞𝑟

𝛼𝛽

5!16 ⋅ 2
𝜒𝛾𝑚𝑛𝑝𝑞𝑟𝜓, (A.19)

𝜒𝛼𝜓
𝛽 =

𝛿
𝛽
𝛼

16
𝜒𝜓 −

(
𝛾𝑚𝑛

)𝛽
𝛼

2!16
𝜒𝛾𝑚𝑛𝜓 +

(
𝛾𝑚𝑛𝑝𝑞

) 𝛽

𝛼

4!16
𝜒𝛾𝑚𝑛𝑝𝑞𝜓. (A.20)

Trace relations are given by

Tr
(
𝛾𝑚1…𝑚𝑘𝛾𝑛1…𝑛𝑘

)
= +16 ⋅ 𝑘!𝛿𝑚1…𝑚𝑘

𝑛1…𝑛𝑘
, 𝑘 = 1,4; (A.21)

Tr
(
𝛾𝑚1…𝑚𝑘𝛾𝑛1…𝑛𝑘

)
= −16 ⋅ 𝑘!𝛿𝑚1…𝑚𝑘

𝑛1…𝑛𝑘
, 𝑘 = 2,3; (A.22)

Tr
(
𝛾𝑚1…𝑚5𝛾𝑛1…𝑛5

)
= 16 ⋅ 5!𝛿𝑚1…𝑚5

𝑛1…𝑛5
+ 16𝜖𝑚1…𝑚5

𝑛1…𝑛5
. (A.23)
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