Calc. Var. (2017) 56:143

DOI 10.1007/500526-017-1236-3 Calculus of Variations

@ CrossMark

On existence and concentration of solutions to a class of
quasilinear problems involving the 1-Laplace operator

Claudianor O. Alves! . Marcos T. O. Pimenta?

Received: 16 February 2017 / Accepted: 14 September 2017 / Published online: 30 September 2017
© Springer-Verlag GmbH Germany 2017

Abstract In this work we use variational methods to prove results on existence and con-
centration of solutions to a problem in RY involving the 1-Laplacian operator. A thorough
analysis on the energy functional defined in the space of functions of bounded variation
BV (RV) is necessary, where the lack of compactness is overcome by using the Concentra-
tion of Compactness Principle due to Lions.

Mathematics Subject Classification 35J62 - 35J20

1 Introduction and some abstract results

Several recent studies have focused on the nonlinear Schrodinger equation
A 2 N
zeW=—e AV + (V(z) + E)V — f(¥) forall z € RY, (NLS)

where N > 2, € > 0 is a positive parameter and V, f are continuous function verifying
some conditions. This class of equation is one of the main objects of the quantum physics,
because it appears in problems involving nonlinear optics, plasma physics and condensed
matter physics.
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The knowledge of the solutions for the elliptic equation

2 _ : N
{—e Au+V(u = f(u) in RY, ().

ue H'@RN),
has a great importance in the study of standing-wave solutions of (NLS). The existence and
concentration of positive solutions for general semilinear elliptic equations (§), for the case
N > 3 have been extensively studied, see for example, Floer and Weinstein [15], Oh [21],
Rabinowitz [22], Wang [24], Cingolani and Lazzo [7], Ambrosetti et al. [1], Gui [16], del
Pino and Felmer [8] and their references.

In the above mentioned papers, the existence, multiplicity and concentration of positive
solutions have been obtained in connection with the geometry of the function V. In [22], by
a mountain pass argument, Rabinowitz proves the existence of positive solutions of (S), for
€ > 0 small and

liminf V(z) > inf V(z) = Vy > 0.

|z|—>00 zeRN
Later Wang [24] showed that these solutions concentrate at global minimum points of V as €
tends to 0. In [8], del Pino and Felmer have found solutions which concentrate around local
minimum of V by introducing a penalization method. More precisely, they assume that there
is an open and bounded set A C R" such that

0 < Vp <inf V(z) < min V(z).
ZEA Z€IA
Motivated by papers [22,24], let us consider the following class of quasilinear elliptic

problems

|u] (1.1)
u € BV(RM),

where € > 0, N > 2 and the operator A is the well known 1-Laplacian operator, whose

: AU+ V@)L = fu) inRV,

v |). The nonlinearity f is assumed to satisfy
u

v
formal definition is given by Aju = div < "

the following set of assumptions:

(f1) feC'R);
(f2) f(s)=o(l)ass — 0;
(f3) There exist constants ¢y, c; > 0 and p € [1, 1*) such that
If$)] <ci+elsP™! Vs eR,
where 1* = %;
(fs4) There exists 6 > 1 such that

0<OF(s) < f(s)s, fors #0,

N
where F(s) = / f(t)dt;
0
(f5) f isincreasing.
Hereafter, the potential is going to be considered satisfying some of the following conditions:
(Vi) Ve L®®Yyand0 < Vy := inf V;
R
(V2) Voo := liminf V(x) > Vy;
[x|—4o00
(V3) Ve CRY), lim V(x)=VygandV <V inRV.
|x|—4o00
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Hereafter, we will say that V satisfies the Rabinowitz’s condition when (V1) — (V) hold.

By studying problem (1.1) we are looking to get some results on existence and con-
centration of solutions, as the parameter ¢ — 07. The approach used as in the laplacian
case is variational. However, the right space in which problem (1.1) takes place is the space
of functions of bounded variation, BV (RY). The energy function associated to (1.1) is
I. : BV(RY) — R, defined by

I (1) =e/ |Du|+f V(x)|u|dx—/ F(u)dx,
RN RN RN

where | Du| is the total variation of the vectorial Radon measure Du (see Sect. 2).
Before we state our main results, we would like to mention the main difficulties in dealing
with (1.1), which are organized in the list bellow:

e Problem (1.1) is just a formal version of the correct Euler—Lagrange equation associated
to the functional I, since it is not well defined wherever Vu or u vanishes. For more
details about this subject see Sect. 2.1.

e The functional I, is not C'(BV (R")) and then some other sense of critical point have to
be considered. Since I, is written like the difference between a convex locally Lipschitz
functional and a smooth one, the theory of sub-differential of Clarke (see [5,9]) can be
applied. Following this theory, it is possible to define a sense of critical point, Palais—
Smale sequence, etc., that provide us with the tools to carry a variational approach to
(L.1);

e The space B V(RN ), the domain of I, is not reflexive neither uniformly convex. This is
the reason why is so difficult to prove that the functionals defined in this space satisfy
compactness conditions like the Palais—Smale one;

e The solutions we will get lacks smoothness, then a lot of arguments explored in the
literature cannot be used here, like convergence in the sense Clzo . (RN ), C 110 . (]RN ), etc.

e To overcome the above difficulties we have used in Sect. 3 the Concentration of Com-
pactness Principle due to Lions, which is in our opinion an important novelty in the study
of concentration of solution. Here, we must observe that our approach can also be used
for concentration problem involving the laplacian operator.

e Here to get a solution we must prove that if (v,) is a Palais—Smale sequence associated
with the energy functional we must have

/ f(vn)vndx—>/ fv)vdx.
RN RN

For a lot of problems involving the Laplacian the above limit is not necessary to get a
nontrivial solution, however for our problem this limit is crucial.

Our main results are the following theorems.

Theorem 1 Suppose that f satisfies the conditions (f1) — (f5) and that V satisfies (V1) and
(Va). Then there exist €y > 0 such that (1.1) has a nontrivial bounded variation solution u,
forall 0 < € < €y. Moreover, for each sequence €, — 0, up to a subsequence, the family
(e, )neN concentrate around a point xy € RN such that V(xo) = Vo. More specifically,
there exists C > 0 such that for all 5 > 0, there exist R > 0and ng € N such that,

/ fup)updx < €Vs and / fup)updx > Ce¥, (1.2)
BE 4(x0)

B, z(x0)

forall n > ny.
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Our second result shows the existence of solution for all € > 0 when V is asymptotically
constant and it has the following statement.

Theorem 2 Suppose that f and V satisfy the conditions ( f1) — (fs) and also (V1) and (V3),
then there exist a nontrivial bounded variation solution u. of (1.1) for all ¢ > 0.

Here, we would like point out that a version of Theorem 2 for Laplacian operator was
proved by Jianfu and Xiping [18].

Before concluding this section, we would like to mention some papers involving the A
on bounded domains, where the reader can find more references about this subject. In [10],
Degiovanni and Magrone study the version of Brézis—Nirenberg problem to the 1-Laplacian
operator, corresponding to

u =2 .

—A1u=)\m+|u| u in ,

u=0 onaf.
In [6], Chang uses this approach to study the spectrum of the 1-Laplacian operator, proving the
existence of a sequence of eigenvalues. In [19], Kawohl and Schuricht also study the spectrum
of the 1-Laplacian operator and reach the astonishing conclusion that an eigenfunction of
this operator, in general satisfies infinity many Euler—Lagrange equations associated with it.
In unbounded domains, in [13], Figueiredo and Pimenta dealt with an autonomous problem
related to (1.1) by proving a version in the space BV (RV) of a classical compactness result.
In [14], Figueiredo and Pimenta study a non-perturbed version of (1.1) in the presence of
vanishing potentials, by proving a version of the Mountain Pass Theorem without the Palais—
Smale condition to functionals written like the difference between a locally Lipschitz and a
smooth one.

The paper is organized as follows. In Sect. 2 we give a brief overview about the space
BV (RV), define the sense of solution we are going to deal with and also find the precise
Euler-Lagrange equation associated to /. In Sect. 3 we prove Theorem 1, studying separately
the arguments on existence and concentration of the solutions. In Sect. 4 we prove Theorem 2.
Finally, in the last section we prove the existence of a ground-state solution to the autonomous
problem.

2 Preliminary results

First of all let us note that the problem (1.1), through the change of variable v(x) = u(ex),
is equivalent to the problem

] L f g
{ A+ Ve =f@) inRY, @.1)
u € BV@RN).

Let us introduce the space of functions of bounded variation, BV (RY). We say that
u € BV(RYM), or is a function of bounded variation, if u € L'(RY), and its distributional
derivative Du is a vectorial Radon measure, i.e.,

BV(RY) = {u e L'RY): Du e M(RN,RN)}.
It can be proved that u € BV (R¥) is equivalent to u € L' (RV) and

/ |Du| := sup{/ udivgdx; ¢ € CLRY,RY), s.it. |p|oo < 1} < +o0.
RN RN
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The space BV (R¥) is a Banach space when endowed with the norm
full = [ 1Dul + .
RN

which is continuously embedded into L™ (R") for all r € [1, 1*].

As one can see in [3], the space BV (RV) has different convergence and density properties
than the usual Sobolev spaces. For example, Cgo (RM) is not dense in BV (RV) with respect

to the strong convergence, since C3° (RN) w.r.t. the BV (RN) norm is equal to WLLRN)Y, a
proper subspace of BV (RY). This has motivated people to define a weaker sense of conver-
gence in B V (RN), called intermediate convergence. We say that (u,) C B V(RN) converge
tou € BV(RY) in the sense of the intermediate convergence if

U, —> u, in LI(RN)

/ |Dun|+/ \Dul,
RN RN

as n — oo. Fortunately, with respect to the intermediate convergente, C;° (RM) is dense in
BV @RM).

For a vectorial Radon measure 1 € M(RY, RV), we denote by u = u® + u* the usual
decomposition stated in the Radon Nikodyn Theorem, where u“ and p* are, respectively,
the absolute continuous and the singular parts with respect to the N-dimensional Lebesgue
measure £V . We denote by |ul|, the absolute value of 1, the scalar Radon measure defined

and

like in [3, p. 125]. By %(x) we denote the usual Lebesgue derivative of ; with respect to
n
], given by

jz o W(Br(x))
—(x) = lim ————.
[ r=0 || (B (x))

It can be proved that 7 : BV (RV) — R, given by

T (u) =/ |Du|+/ luldx, 2.2)
RN RN

is a convex functional and Lipschitz continuous in its domain. It is also well know that 7
is lower semicontinuous with respect to the L” (RM) topology, for r € [1, 1*] (see [17] for
example). Although non-smooth, the functional .7 admits some directional derivatives. More
specifically, as is shown in [2], given u € BV (RM), for all v € BV (RY) such that (Dv)*
is absolutely continuous w.r.t. (Du)* and such that v is equal to O a.e. in the set where u
vanishes, it follows that

[ (Dw (D) Du
J v = /RN ow T /R
2.3)

where sgn(u(x)) = 0 if u(x) = 0 and sgn(u(x)) = u(x)/|u(x)| if u(x) # 0. In particular,
note that, for all u € BV (RV),

Dv R
| DLV + /R sen@udx,

T (wyu = J (u). (2.4)
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Let us define in the space B V(RY) the following norms,

lvlle ;:/ IDv|+/ V(ex)lvldx,
RN RN

e :=f |Dv|+/ Vaolvldx,
RN RN

and

llvllo ;:/ |Dv|—|—/ Volvldx,
RN RN

which by (V1) and, (V) or (V3), are equivalent to the usual norm in BV (RM).
Let us define also the functionals ®., ®oo, Po : BV(RY) > R by

Qe (v) = [lv]le —f F(v)dx,
RN

oo (v) = ||u||oo—/ F)dx
RN
and
d>o(v)=||v||o—f F)dax.
RN

Denoting F(v) = [pn F(v)dx and Je(v) = |[vlle, note that 7 € C'(BV(R")) and
Je defines a locally Lipschitz continuous functional. Then we say that v, € BV([RYM) is a
solution of (2.1) if 0 € d®¢(ve), where d P, (ve) denotes the generalized gradient of ®, in
Ve, as defined in [5]. It follows that this is equivalent to F'(ve) € 97 (ve) and, since J, is
convex, this is written as

[wlle = llvelle = / [ (w —vo)dx, Ywe BVERY). 2.5
RN

Hence all ve € BV (RY) such that (2.5) holds is going to be called a bounded variation
solution of (2.1). Analogously we define critical points of the functionals ®, and @, since
they have the same properties that ®..

2.1 The Euler-Lagrange equation

Since (2.1) contains expressions that doesn’t make sense when Vu = 0 or u = 0, then it
can be understood just as the formal version of the Euler—Lagrange equation associated to
the functional ®.. In this section we present the precise form of an Euler—Lagrange equation
satisfied by all bounded variation critical points of ®.. In order to do so we closely follow
the arguments in [19], however we have introduced new ideas, because we are working in
whole RV,

The first step is to consider the extension of the functionals J., 7 and & to X =

L'®RM) N L% (RN) endowed with the norm ||w||x = |w|; + |w|%, given respectively
by Je, F, @ : X — R U {+00}, where

Je(v), if ve BV(RY),

je(v) = {_H)o, if v S X\BV(RN),

F(u) :/ F(u)dx
RN
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and ®, = J. — F. It is easy to see that F belongs to C!(X,R) and that 7. is a convex
lower semicontinuous functional defined in X. Hence the subdifferential (in the sense of
[23]) of J., denoted by 3.7, is well defined. The following is a crucial result in obtaining
an Euler—Lagrange equation satisfied by the critical points of ®..

Lemma 3 Ifv. € BV(RN) is such that 0 € 3®, (ve), then 0 € 3P (ve).

Proof Suppose that 0 € 0 (ve), i.e., that v, satisfies (2.5). We would like to prove that
Te(w) — Te(e) = F'(ve)(w —ve), Yw € X.
To see why, consider w € X and note that:
e ifwe BV(RV)N X, then

7e(w) _76(1)6) = Je(w) — Te(ve)
> F'(ve)(w — ve)

= / fe)(w — ve)dx
]RN
= F'(ve)(w — ve);
o if w e X\BV(RV), since J¢(w) = 400 and T (ve) < 400, it follows that

76(71)) _je(ve) = +o00
> F'(ve)(w — ve).

Therefore the result follows. ]

Let us assume that v, € BV (RY) is a bounded variation solution of (2.11, i.e., that v,
gtisﬁes (2.5). Sin&e 0 € 0P (ve), by the laeresult it fogows that 0 € 0P, (ve). Since
Je is convex and F is smooth, it follows that F'(ve) € 07¢(ve). In what follows, we set

T T2 X — RU {400} by

€

Jgv IDV|, ifv e BV(RY),

SR
T ) = {+oo, if v e X\BV([RM),

and

) :=/ V(ex)v] dx.
RN

Note that 72 € C(X,R), 72 € C(BV(RV), R) and
Te) = T ) + T2(v), YveX.

Since (773 and ?3 are convex, and 762 is finite and continuous in every point of BV (RV), it
follows from [3, Theorem 9.5.4] that

F'(ve) € 0T e (ve) = 0T (ve) + T2 (ve).

By using the same arguments explored in [4, Theorem 8.15], it follows that X’ C Loo n (RM)
where

LOO,N(RN) = [g :RY > R measurable : [1glloo,N < oo]
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/ gpdx
RN

It is possible to prove that || [|co,; 1S @ norm in Ly, ~(RN). Moreover, the inclusion
Loo.N(RY) < LN (Bg(0)) is continuous for all R > 0.

From the above commentaries, there are z}, 25 € Loo, ~(RN) such that 7} € 0T (ve),
—2
75 € 07, (ve) and

where

[1glloo.n = sup
|¢|1+|¢\%Sl

F've) =zf + 25 in Loon@®RY).

Following the same arguments in [19, Proposition 4.23, p. 529], we have that there exists
z € L°@®RN, RV) such that |z|e < 1,

—divz =2z} in Lo n@®RY) (2.6)

— /RN vedivzdx = /]RN |Dve|, 2.7

where the divergence in (2.6) has to be understood in the distributional sense. Moreover, the
same result implies that z} is such that

and

lve] = V(ex)ve, ae.inRY. (2.8)
Therefore, it follows from (2.6), (2.7) and (2.8) that v, satisfies

3z € L°RY,RY), |zlloo <1, divz € Lo n(RY), — [y vedivzdx = [pn [Dvcl,
375 € Lo n(RY), Z3|ve| = V(ex)ve ae. inRY,
—divz + 23 = f(ve), ae.inRY.
(2.9)
Hence, (2.9) is the precise version of (1.1).

3 Existence and concentration of solution with the Rabinowitz’s condition

Let us first observe that by standard calculations, it is possible to prove that ®., @, and
d( satisfy the geometrical conditions of the Mountain Pass Theorem. Then the following
minimax levels are well defined
ce = inf sup D (y (1)),
v€le tef0,1]
Coo = Inf  sup Do (y (1))
Y€l ref0,1]

and

co = inf sup Po(y (1)),
v€lo re[0,1]
where I'c = {y € C([0, 1], BV (RM); y(0) = 0and ®.(y (1)) < 0} and ', g are defined
in an analogous way. Moreover, by study made in Sect. 5, it follows that there exists a critical
point of @, W, € BV (RNM), such that ®oo (W) = Coo- By the same reason, there exists
a critical point of ®¢, wg € BV (RM), such that ®g(wp) = co.

@ Springer



On existence and concentration of solutions to a class of... Page 9 of 24 143

Let us define the Nehari manifolds associated to ®., @, and g, which are well defined
by (2.4), respectively by

Ne = {v e BVRM\{0}; @ (v)v =0},
Noo = {v € BVIRM\{0}; @, (v)v =0}

and
No = {v € BVIRM)\{0}; & (v)v = 0}.

By the discussion in [12], it follows that ¢ = infa;, ®¢, coo = infar, Poo and cp =
inf \, @o.

3.1 Existence results

First of all we study the behavior of the minimax levels ¢c, when € — 0%. For the sake of
simplicity, let us suppose without lack of generality that V (0) = V.

Lemmad4 lim c. = ¢y.
e—0t

Proof Lete, — Oasn — 4oo. Let ¢ € CgO(RN) be such that 0 < ¢ < 1, ¢ = 0 in
RN /B>(0), ¥ = 1in B;(0) and |[Vyr| < C in RV, Let us define

We,, (x) = Y (enx)wo(x),

where wy is a ground state critical point of ®(. Note that we, — wp in BV (RY) and
Do(we,) = Po(w) asn — +o00. Let ., > 0 be such that z,, we, € N, and let us suppose
just for a while that ., — 1 as n — +o0. Then

Ce, = (De,, (te,, we,,)

= (DO(te,, we,,) + /I‘QN (V(enx) — Vo) te,,|we,, |dx.

Using the Lebesgue Dominated Theorem, it follows that

limsup ¢, < ®o(wo) = cp.
n—-+4o0o

On the other hand, since ®¢(v) < P, (v) forall v € BV (RY), it follows that ¢y < Ce,-
Then

lim ¢, = co.
n—+oo "

Whatis left to do is to prove that in fact fe, — 1,asn — +00. Since & (te, we,)we, = 0,
it follows that

/ |Dwe, | +/ V(enx)|we, |dx = / S (te, We, )we, dx.
RN RN RN

We claim that (¢, )¢, ~0 is bounded. In fact, on the contary, up to a subsequence, ., — +00.
Let ¥ C RY be such that | 2| > 0 and wg(x) # 0 for all x € . Hence it holds foralln € N
that
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te, We, ), W
lwe, llo, = f Hetallate g,
RN I

n

O F(t,
Z/ (enwen)dx.
P Ie

n

Then by (f4) and Fatou’s Lemma it follows that
”wen”en — 400, asn — oo,

which contradicts the fact that we, — wy in BV(RM) asn — oo.
Now we have to verify that z,, / 0 asn — 4-00. In fact, on the contrary, from (f>) and
the fact that 7., we, € N,, we would have that

lwe,lle, = / f(ten we,,)we,,dx =ox(1),
RN

a clear contradiction. Then there exist o, 8 > 0 such that
a=<t, <p forallnmeN

and then, up to a subsequence, t, — ¢ > 0, as n — +o00. Since

/ IDwen|+/ V(enx)lwenldx—>/ IDwo|+/ V(0)|wol| dx,
RN RN RN RN

from the definition of wy, it follows by (fs5) that7 = 1. O

Since by (V2), Vo < Vo, it follows from the monotonicity of the energy functional w.r.t.
the potentials that
€0 < Coo- (3.1

As a consequence of Lemma 4 and (3.1), it holds the following result.
Corollary 5 There exists €y > 0 such that ¢ < c for all € € (0, €).
By [13, Theorem 4], foreach e > 0, there exists a Palais—Smale sequence (v,) C BV (RM)
to @ in the level ¢, i.e.
lim &, (v,) = ce 3.2)
n—00
and
lwlle — llvalle = /N f)(w —v)dx — lw — vulle, Yw € BV(RY), (3.3)
R
where 7, — 0, as n — o0.

Lemma 6 The sequence (v,) is bounded in BV (RV).

Proof Considering w = 2v, in (3.3), we get

lalle = /N F o) ndx — Tallvalle,
R

which implies that
A+ mlonle > [ fGmds. (3.4)
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Then, by (f4) and (3.4),
Ce +0u(1) = Pe(vy)
= |lvnlle +/ <1f(vn)vn - F(”n)) dx _/ 1f(vn)vndx
RN RN 9

0
1 7
> flualle (1 9~ g)
> Clluglle,
for some C > 0 which does not depend on n € N. Then the result follows. O

By the last result and the compactness of the embeddings of BV (RY) in LY (RY) for
1 < g < 1*, it follows that there exists ve € BV, (R™) such that

vy — ve inL? (RV) forl<g <1* (3.5)

loc
and
vn — ve ae. inRY,

as n — +oo. Note that ve € BV(RY). In fact, if R > 0, by the semicontinuity of the norm
in BV (Bg(0)) w.r.t. the L1 (B (0)) topology it follows that

lvellBV (BR(0)) = hlglilg lvall BV (BR(O) < },‘L“E;}f lvall gy wyy < C, (3.6)

where C does not depend on n or R. Since the last inequality holds for every R > 0, then
ve € BVRM).

The following is a crucial result in our argument. In its proof we use the well known
Concentration of Compactness Principle due to Lions [20].

Proposition 7 If e < €, €q like in Corollary 5, then
vy = ve in LYRN) foralll < ¢q < 1%, (3.7)

Proof Let us apply the Concentration of Compactness Principle of Lions to the following
bounded sequence in L' (RY),

[ ()]
Pn(x) 1= ————.
[vnl1
For future reference, note that
[vnl1 # 0, asn — +o0. (3.8)

In fact, otherwise, by interpolation inequality (v,) would converge to 0 in L4 (RN) for all
1 < ¢ < 1*. By taking w = v, + tv, in (3.3) and doing t — 0, it is easy to see that

lvnlle = /RN J Wn)vndx + 0p(1). (3.9)

Then, by the last equality, (f2), (f3) and the fact that v, — 0in L? (RM) forall 1 < g < 1%,
the Lebesgue Convergence Theorem imply that v, — 0 in BV (RY), implying that ¢, = 0,
which contradicts the fact that ¢, > 0.

Since (p,) is a bounded sequence in L' (R™), the Concentration of Compactness Principle
implies that one and only one of the following statements holds:
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(Vanishing) lim sup / pndx =0,VR > 0;
Br(y)

n—-+00 yeRN

(Compactness) There exist (y,) C R¥ such that for all > 0, there exists R > 0 such that
/ ppdx >1—n, VneN; (3.10)
Bgr(yn)

(Dichotomy) There exist (y,) € RY, @ € (0,1), Ry > 0, R, — 400 such that the
functions oy 1 () = X, (y)(¥)on(x) and p2(x) = Xp5, () (1) (x)
satisfy

/ P1.2dx — o and / P2.dx — 1 —a. (3.11)
RN RN

Our objective is to show that (p,) verifies the Compactness condition and in order to do
so we act by excluding all the others possibilities.

Note that Vanishing does not occur. In fact, otherwise, by [13, Theorem 1.1], it would hold
that p, — 0in LY(RY), forall 1 < g < 1*. Taking (3.8) into account, this would imply
that v, — 0in LY(RYN), forall 1 < g < 1™ and then, this would led us to ¢ = 0, a clear
contradiction.

Let us show now that Dichotomy also does not hold. Firstly note that (3.3) implies that

@, (vy)vy = 0,(1), asn — +oo. (3.12)
As far as the sequence (y;,) is concerned, let us consider the two possible situations.

e (y,) is bounded:
In this case the function v, is nontrivial, since

v
/ V] dx — «,
BR(yn) |vn|1

implies that
/ |vpldx > 8, for all n sufficiently large.
Br(yn)
Then, by taking Ry > 0 such that Bg(y,) C Bg,(0) for all n € N, it follows that

/ |vyldx > &, for all n sufficiently large,
Bg, (0)

implying by (3.5) that

/ lveldx > 6. (3.13)
B, (0)

Now let us show the following claim.
Claim 1 @, (ve)ve < 0.

Note that, if ¢ € CP(RY),0 < ¢ < 1,9 = 1 in Bg(0) and ¢ = 0 in Brg(0)°, for
@r = @(-/R), it follows that for all v € BV (RV),

(D(pgv))® is absolutely continuous w.r.t. (Dv)®. (3.14)
In fact, note that

D(prv) = Vorv + ¢rDv = Vorv + gr Dv? 4+ g Dv*, in D'(RV).
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Then it follows that
(D(prv)* = (pr(Dv)*)* = pr(Dv)°.

Taking (3.14) into account, the fact that g g v, is equal to 0 a.e. in the set where v,, vanishes
and also the fact that % = ﬁ a.e.in Bg(0), itis well defined @, (v,)(prv,) and, by (2.3),
it follows that

) (DV)) @R + va(Dvy)® - Vg
D (vn n) =
e (n)(PRV) /R [25d

/ Dv, ¢@r(Dvy)*
RV |Duy| |@gr(Dvy,)*|

dx

lpr (Dvy,)°|

4 f V(ex)sen(un) (@run)dx — / F o) Rvndx
RN RN

v, (Dvy)? -V
N /RN ¢r|(Dvy)|dx + /RN nDvn)” Vor

[(Dvy)¢|
/ (Dvy)*  @r(Dvy)’
RN [(Dvy)*| [@r(Dvn)*|

_/ f(vn)(pRvndx~
RN

lpr(Dv,)*| +/ V(ex)|vplordx
RN

The last equality together with the lower semicontinuity of the norm in BV (Bg(0)) w.r.t. the
LY(Br(0)) convergence and the fact that ® (v,)(@rvn) = 0, (1) (since (pgvy) is bounded
in BV(RVM)), imply that

Du,)? -V
/ | Dv, |+lim inf f vn(Dv)” - Vor
Bg(0) n—oo [JpN

[(Dvy,)d| x /RN (€x)@r|vel x_/]RN S (e veprdx
By doing R — 00 in both sides of (3.15) we get that

(3.15)

/ |Dvs|+/ V(Ex)lveldxif f(ve)vedx (3.16)
RN RN R

what proves the claim.
By the Claim and (3.13), it follows that there exists z. € (0, 1] such that 7. ve € Ne.
Note also that

Ce + 0, (1) = ®c(vy) + 0, (1) = De(vy) — cb/e(vn)vn = /N (f (vn)vy — F(vp)) dx.
R

(3.17)
Then applying Fatou Lemma in the last inequality together with ( f4), it follows that

ce > / (f e — F(ve))dx
RN

%

/ (f (teve)teve — F(teve)) dx
RN

= O (teve) — (D/g(teve)teve
= D (teve)

> Ce.
Hence, . = 1, ®(v¢) = c¢, and by (3.17)
FW)vn — F(u) = f(va)ve — F(ve) in L'(RY). (3.18)
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This limit together with (f1) yield

FW)vn = fwove in L'RY) (3.19)
F(vy) = F(ve) in L'R") (3.20)

and
lvalle = Nlvelle, 3.21)

from where it follows that
|unl1 = |vel1 asn — oo.
Here, we have used the fact that ( f4) ensures that
0= (1 —1/0)f(n)vn < f(vp)vn — F(vn)
and
0=<(O—DF(vn) < f(vp)vp — F(vp).

Then, by (3.18), we can apply the Lebesgue Dominated Convergence Theorem to get (3.19)
and (3.20). Recalling that ||ve|le = fRN f (ve)ve, the limit (3.19) combines with (3.9) to give
(3.21).

As a consequence, since (y,) is a bounded sequence and R, — +o0, the LY(RN) con-
vergence of (v,) leads to

f |opldx — 0 asn — 4o0. (3.22)
B, (yn)

On the other hand, since v, — ve # 0 in LY(RN) and by (3.11), it follows that
/ [vpldx — (1 — &) |velpiryy > 0, asn — +o00,
By (yn)

a clear contradiction with (3.22).

e (y) is unbounded:
In this case we should proceed as in the case where (y,) were bounded, but now dealing
with the sequence (v,) where v, = v, (- — yy). In fact, since v, || = ||,]l, it follows that
() is bounded and then converges, up to a subsequence, to some function & € BV (RY)
in L], .(RV), where § % 0 by (3.11).

Claim 2
o (D)D < 0. (3.23)

In order to prove this claim, let us denote, for v € B V(RM),
Wl = [ 1Dvl+ [ Viex +emivias
RN RN
and
@ ) i= ol — [ PN,
RN

Note that, as before, dJQ!yn (v)w is well defined for all v, w € BV (RY) such that (Dw)*
is absolutely continuous w.r.t. (Dv)® and w is equal to O a.e. in the set where v vanishes.
Moreover,
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o (v)w—/ wdH/ Dv LY o)D)
A A5 v 1D ™ 1Dw]

+/ V(ex—i—eyn)sgn(v)wdx—/ f)wdx. (3.24)
RN RN

Since / |Dv,| = / | Dvy,|, from (3.3), by a change of variable, for all w € BV (RM)
RN RN

we have that

lw(. + )’n)”e,y,, - ”f)n”E,y,, > /];QN @) (w(. + yu) — Uy)dx

—Tn (/ |D(w('+)’n)_vn)|+f Viex
RN RN
+ey)|w(. + yp) — Upldx), (3.25)

For pr := ¢(-/R), where ¢ € CSO(RN), 0<¢<1,¢p=1in Bg(0) and ¢ = 0in Bor(0),
by taking in (3.25) w(x) = v, (x) + t@r(x — y,)v,(x) and making t — 0, it follows that

@, () (@rUn) = 0n(1). (3.26)
From (3.26), proceeding as in (3.15) and taking into account that |y,| — +o00, we get that
/ |Df)|+/ VoolV|dx < / f()vdx, (3.27)
RN RN RN

which proves the claim.
By the Claim 2 and since ¥ # 0, it follows that there exists 7 € (0, 1] such that fv € Nyo.
On the other hand, note that

Ce +0p(1) = De(vp) +0,(1)
= O (vy) — qJ/g(vn)Un

= / (f (vn)vy — F(vp))dx
RN

= / (f(ﬁn)ﬁn — F(vy))dx.
RN

Then Fatou’s Lemma gives
oz [ (@i F@)ds
RN

z/ (f(ID)iv — F(iv)) dx
RN

= qDoo(fﬁ)

> Coo,

which contradicts Corollary 5.
Then we can conclude that Dichotomy in fact does not happen and then, it follows that
Compactness must hold.

Claim 3 (y,) in (3.10) is a bounded sequence in RV
Assuming this claim, for n > 0, there exists R > 0 such that, by (3.10),

/ ondx <n, VneN,
B4 (0)
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which is equivalent to
/ lunldx < nlvalt < Cn, Vn €N. (3.28)
B4(0)

Since ve € L' (RN), there exists Ry > 0 such that
/ [veldx <. (3.29)
B, ()
Then, for Ry > max{R, Ry}, since v, — v, in Ll(BR, (0)), there exists ny € N such that
/ vy — veldx < Vn > ng. (3.30)
Bg, (0)

Then, by (3.28), (3.29) and (3.30), it follows that if n > ng,

/ |Un_ve|dx§n+f |vn_ve|dx§77+/
RN B, (0) B (0

Ry

[vunldx +/ [veldx < Cin.
) By (0)

&
Hence v, — v in L' (RV) and since (v,) is bounded in L'" (RV), by interpolation inequality
it follows that

v, = ve in LI(RY), foralll <gq < 1%.

Now, what is left is proving Claim 3. However, the proof of it consist in suppose by
contradiction that, up to a subsequence, |y,| — +o0o and then proceed as in the case of
Dichotomy, where (y,) were unbounded, reaching that ¢, > c,. But the latter is a clear

contradiction when € < €, in the light of Corollary 5. O
Now let us just remark that if € < €, then v, is in fact a nontrivial solution of (2.1). First
of all note that (3.7), (f2) and (f3) implies that

/ f(vn)v,,dx—>/ f(ve)vedx, asn — +o0. (3.31)
RN RN

Then from (3.3), (3.31) and the lower semicontinuity of ||-||¢ w.r.t. the L' (RV) convergence
imply that

lwlle — llvelle = /RN fw —vo)dx, Yw e BV(RY), (3.32)
and then v, is in fact a nontrivial solution of (2.1). Moreover, note that from (3.2)

e < Pc(ve)

= O (ve) — Qé(ve)ve

:/ (f (ve)ve — F(ve)) dx
RN

< liminf/N (f(vp)v, — F(vy)) dx
n—o00 R
= O (vy) +0,(1)

= cCe.

Then v, is a ground-state solution of (2.1) and consequently u = v¢(-/€) is a ground-state
bounded variation solution of (1.1).
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3.2 Concentration behavior

In the last section we have proved that foreach e € (0, €p), there existsve € BV (RN) solution
of (2.1) such that ®, (v¢) = c¢.. Now let us show that this sequence of solutions concentrate
around a global minimum of V. Before it, let us state and prove some preliminaries lemmas.

Lemma 8 There exist {yc}e=o C RN and R, § > 0 such that

liminf/ lveldx > § > 0.
Br(yo)

e—0

Proof In fact, on the contrary, thanks to [13, Theorem 1], it follows that ve — 0in L4 RM)
forall 1 < ¢ < 1*,as € — 0. Then, by (f2), (f3) and the Lebesgue Convergence Theorem,
it follows that

/ S (wevedx = oc(1).
RN

Taking w = v¢ % tv, in (2.5) and passing to the limit as t — 0, it follows that

foelle = [ | Fvovedx = oc(0),
RN
which implies that ¢ = ®,(ve) = 0(1), leading to a contradiction with Lemma 4. ]
Lemma 9 The set {€ ye}e=o is bounded in RY .

Proof Suppose by contradiction that there exist €, — 0, such that |e, y,| — 00, asn — o0,
where y, := y,. In the following we proceed as in the proof of Claim 2 of Proposition 7.
Let v, := v,, and note that, if ¢ is like in the proof of such claim, it follows that

q);,,,y,, (Un)(@rUA) = 0,

where ¥, := v, (- — yu). As (), (3,) is bounded in BV (R") and then &, — 9 in L, (RV),
up to a subsequence, where v # 0 by Lemma 8. Then, as before, we get that

@/ (5)5 <0

and then there exists 7 € (0, 1] such that 7o € Ny. Hence in the same way that in Claim 2
this will lead us to the contradiction that cp = lim,— 0 C¢, > Coo- ]

Corollary 10 Ife, — 0, then up to a subsequence, €,y, — y* where
V(y*) =Vy=inf V.
RN
Proof If €, — 0, since by Lemma 9 (€, y,)nen is bounded, then €, y, — y* € RN up to a

subsequence. As in the proof of Claim 2 of Proposition 7 and of Lemma 9, it is possible to
prove that

co = lim c¢, > cyy*) = co,
n—oo -

where cy (y+) is the mountain pass minimax level of problem (2.1) with V (y*) playing the
role of V (ex). Then it follows that V (y*) = infpwy V. O
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Lemma 11 Ife, — 0, then there exists v € B V(RN) such that
Oy = Va(- — yu) = 0 in L}, (RY) (3.33)

and
F@)n — f(@®)D in L'®RY). (3.34)

Proof First of all, note that as in Lemma 6, it is possible to prove that (v,) is a bounded
sequence in BV (RV) and then that 3, — ¥ in L] (R") forall 1 < g < 1*, where
7 € BV(RM). As in the proof of Lemma 9, it is possible to prove that 7 € (0, 1] such that
10 € Ny(y*) = Ny, should verify 7 = 1. Hence § € N and note that ®o(7) = co. In fact

co < Po(D)
= (D) — OH(D)D

=f (f®) — F(3)) dx

RN

< liminf/ (F ()0, — F () dox
n— o0 RN

= lim ((I’e,, (vn) — cD/gn (vn)vn)
n— 00

lim c,
n—oo

= (0.

Then

lim (f @n)vn — F(0n)) dx = / (f(@)v — F(v))dx
RV RV

n—00
and hence f(v,)v, — F(v,) = f(¥)v — F(V) in LY@®RM). Thereby, by (f1),
f@nvg — f@D in L'RY).
[m}
As a consequence of the last result, we can finish the proof of Theorem 1, by proving

(1.2). In fact, if ¢, — 0, as n — o0, denoting L = / f(@)vdx > 0, for a given § > 0, by
N

R
(3.34), there exists R > 0 and ng € N such that, for n > n,

f f(O)0pdx < 6. (3.35)
B4 (0)
From which it follows that
/ f(@0p)0pdx > L — 8+ 0,(1). (3.36)
Br(0)
By the change of variable v, (x) = u,(€,x + €,y,), (3.35) and (3.36) imply that
/ fun)updx < €Ns (3.37)
B; r(€nyn)
and
/ fup)updx > Ce¥, (3.38)
BenR(GnY)z)
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for n > nyg, where C > 0. Taking into account the fact that €, y, — xo where V (xg) = Vo,
we can consider R > 0 such that, for n > ng, Br(€,yn) C Bg(xo). Then from (3.37) and
(3.38),

/ fup)udx < €Vs
B (o)
and
/ fuupdx > Ce)
B, 7(x0)

for n > ng, what finishes de proof of Theorem 1.

4 Existence of solutions in the asymptotic constant case

In this section we prove Theorem 2 and then we consider the assumptions ( f1) — (f5) and (V)
and (V3). As can be seen in the statement of Theorem 2, our existence result is independent
of € > 0 and then we can suppose without lack of generality that € = 1. Then, in this section
Il - ll1 denotes || - ||e when e = 1.

Let us define ® : BV (RY) — R by

<I>(u)=/ |Du|—|—/ V(x)|u|dx—/ F(u)dx
RN RN RN

and consider ®, like in Sect. 2.

By the conditions on f, as in the last section, it is easy to see that ® and ¥, satisfy the
geometric conditions of the Mountain Pass Theorem and then it is well defined the minimax
levels

c=inf sup ®(y (1)),

velef0,1]
Coo = Inf  sup Duo(y (1))
v€leo ref0,1]
where
= {V € C([0, 1], BV(RY)); y(0) = 0and @ (y (1)) < 0}
and

T = {y € C([0, 1], BV(RY): y(0) = 0and Doy (y (1)) < 0}.

By (V3), it is easy to see that @ (u) < Do (u) forall u € BV(RY) and as a consequence,
¢ < Coo- 4.1

By the results in [12,13] together with the arguments explored in Sect. 5, it follows that
there exists a critical point of @, W € BV (RY), such that ® s (Woo) = Coo. Also by [13],
it is possible to define the Nehari manifolds associated to ® and @, respectively by

N = {v e BVRM)\{0}; &'(v)v =0}
and

Noo = (v € BVRM)\[0}; @ (v)v =0}.
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By the discussion in [12] it follows that ¢ = inf s @ and co, = infar, Poo. Moreover, it
has been proved there that if there exists ug € B V(RN) such that ® (o) = infar @, then ug
is a bounded variation solution of (1.1).

In order to effectively start with the proof of Theorem 2 let us consider the two possible
cases about ¢ and ¢.

e Case 1: ¢ = c. If this situation occurs, problem (1.1) has a ground state solution. In
fact, since wWeo € Noo, then

/I;N [ Dweo| +/RN Vx)|weoldx < /RN | Dwoo| +/]RN Vool Weo |dx
= /RN J (Woo)woodx,
ie.
D' (Weo)Woo < 0.
Then there exists ¢ € (0, 1] such that rw., € N. Hence, by (fs),
c < D(tweo)
= O(tweo) — D' (tWeo ) Weo

RN

S/ (f (Woo)Woo — Fweo)) dx
RN

= O (Weo)

Coo
=c.
This means that # = 1 and wy is also a minimizer of ® on N and then is a ground-state
bounded variation solution of (1.1).
e Case 2: ¢ < cx. By [13, Theorem 4], there exists (u,) C BV (RN) such that

lim ®(u,) =c 4.2)
n—oo
and
lwlli — lunllt = /N ) (w —wydx — tyllw —uylli, Ywe BVRY), (4.3)
R

where 7, — 0, as n — 0.

As in Lemma 6, it is possible to prove that (u,) is a bounded sequence in B V(RM). By
the compactness of the embeddings of BV (RY) in L} (RV) for 1 < ¢ < 1%, it follows
that there exists ug € BVjy.(RY) such that

up — ug in LY RY) forl <g <1*

loc
and

u, — up ae.inRY,
as n — 4-o00. Note that as in the last section, it is possible to prove that ug € BV (RM).

Moreover, as in (3.8),
lunl1 /0, asn — +oo. (4.4)
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As in the proof of Proposition 7, let us use the Concentration of Compactness Principle
due to Lions [20] to the following bounded sequence in L' (RV),

lin ()]

1 |1 '

on(x) =
By such a principle, one and only one of the following statements hold:
(Vanishing) lim sup / pndx =0,VR > 0;
"HO Y RN JBR()

(Compactness) There exist (v,) C RY such that for all > 0, there exists R > 0 such that
/ pndx >1—n, VneN; 4.5)
Br(yn)

(Dichotomy) There exist (y,) € RY, o € (0,1), R > 0, R, — o0 such that the
functions py,1(x) 1= XBg, (y,) ¥)Pn(x) and pp 2 (x) 1= XpBe (y,)(X)Pn(x)
satisfy

/ p1.2dx — o and / p2.pdx — 1 —a. 4.6)
RN RN

Note that Vanishing does not occur, otherwise, by [13], it would hold that p, — 0 in
LI@RN), forall 1 < g < 1*. Taking (4.4) into account, this would imply that #,, — 0 in
L9 (RN ), forall 1 < ¢ < 1* and then this would led us to ¢ = 0, a clear contradiction.

The case in which Dichotomy takes place, we get a contradiction in both situations, when
(yn) is a bounded or an unbounded sequence, just repeating the arguments in the proof of
Proposition 7.

Then it follows that Compactness holds and then, as in the proof of Claim 3 we can prove
that (y,) is a bounded sequence. Then, for n > 0, let R > 0 such that (4.5) holds and note
that this implies that

/ pndx <n, VYneN,
B%(0)
which is equivalent to
[l < nlunly < Cn. vne @7)
B%(0)
Since ug € L' (RY), there exists Ry > 0 such that

/ lugldx < 1. (4.8)
B (0)

Then, for Ry > max{R, Ry}, since u,, — ug in Ll(BRl (0)), there exists ng € N such that
/ lun — uoldx < n. 4.9)
Bg, (0)

Then, by (4.7), (4.8) and (4.9), it follows thatif n > no,

f |Mn—uoldx57l+/ |un—uoldxf7l+/ |un|dx+/ luoldx < Cin.
RN By, (0) B, (0) B, (0)
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Hence u, — ugin L' (RY) and since (u,,) is bounded in L" (RY), by interpolation inequality
it follows that
up, — ug in LYRY), forall 1 <g¢ < 1%, (4.10)

From (4.10), (f1) and ( f>) it follows that
f fup)updx — / f(uo)updx, asn — +oo. 4.11)
RN RN
Then from (3.3), (3.34) and the lower semicontinuity of || - ||| w.r.t. the LY(RN) convergence
imply that
lwlt = lluolls = /RN fuo)w —ug)dx, Yw e BVRY), 4.12)
and then ug is in fact a nontrivial solution of (1.1). Moreover, note that from (4.2)
¢ < ®(up)
= ®(vug) — ' (uo)uo
= / (f (o)uo — F(up)) dx
RN

< liminf/ (f(up)un — F(uy))dx
n—0o0o  JpN

= @ (uy) + on(1l)

=c.

Then uq is a ground-state bounded variation solution of (1.1) and this finish the proof of
Theorem 2.

5 Existence of ground state solution for autonomous case

In this short section, let us prove that there exists a ground-state solution to the autonomous
problem

|
u € BVRM).

Let @, o and N, defined as in Sect. 3. By [13, Theorem 1.4], there exists (w,) C
BV (RN) such that ® oo (w,) = coo and moreover,

_ v _ N
{ Av+ Vo o = f(v) inR", 5.1)

lwilloo — lwnlleo = /N fwp)(w —wy)dx — tlw —vulle, Yw € BV(RN)- (5.2)
R

where 7, — 0, as n — o0.

As in the proof of Lemma 6, it is possible to prove that (w,) is a bounded sequence in
BV(RV) and then w, — we in L}, (RY), where 1 < g < 1*. It follows as in (3.6) that

Weo € BV(RY). Also, there exist R, 8 > 0 and a sequence (y,) C R¥ such that

lim inf / lwyldx > B. (5.3)
Br(y)

n—+o0o

In fact, otherwise, by [13, Theorem 1.1], w,, — 0 in L4 (RM) for 1 < g < 1* and then, by
(f2) and (f3), Poo(w,) — 0, leading to a clear contradiction with the fact that ¢ > 0. As
®, is invariant by translation, without loss of generality we can assume that wy, 7# 0.
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By proceeding exactly as in the proof of Proposition 7, Claim 1, it follows that

@ (Woo)Woo < 0. Then there exists oo € (0, 1] such that fooweo € Noo. Note also that

Coot0p(l) = Peo(wp)+0,(1) = q)oo(wn)_qD/oo(wn)wn = /N (f (wp)wy — F(wy))dx.
R

(5.4)
Then applying Fatou’s Lemma in the last inequality together with ( f), it follows that

Coo = / (f (Weo)Woo — F(weo)) dx
RN

= f (f (FooWoo) oo Woo — F(tooWoo)) dx
RN

= Do (fooWoo) — q)go(toowoo)toowoo

= Do (fooWoo)
> Coo-
Hence, oo = 1, Po(wWeo) = ¢ and, by [12, Theorem 5], it follows that ws, is a

ground-state bounded variation solution of (5.1).
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