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Resumo

O paradigma cosmológico predominante é o modelo ΛCDM com curvatura
espacialmente plana e com condições iniciais adiabáticas e gaussianas. A letra
grega “Λ” designa a constante cosmológica, enquanto a sigla “CDM” significa
a Matéria Escura Fria e sem pressão. Até hoje, tal modelo tem sido a descrição
mais econômica do Universo que é consistente com grande variedades de dados
observacionais. Apesar do seu sucesso, o modelo cosmológico padrão não está
isento de barreiras. O problema do horizonte e a planicidade são bem conhecidos
com possíveis soluções quando trazemos à cena a teoria da Inflação Cósmica. Além
disso, os levantamentos cosmológicos alcançaram uma melhorias significativas
na precisão das suas medidas de sinais, o que nos permitiu impor restrições mais
rigorosas aos parâmetros do modelo ΛCDM. Quando diferentes conjuntos de
dados são combinados, os principais problemas que surgem são as chamadas
tensões Hubble e S8.

Juntamente com a matéria escura, a energia escura e os neutrinos são dois
componentes que merecem atenção especial pelo seu papel importante na física
de partículas e na cosmologia. Este trabalho está separado em duas partes. Na
primeira parte, forneço uma breve introdução à cosmologia, fornecendo referências
para maiores detalhes ao leitor interessado. Inicio com as equações de background
e de perturbação derivadas da teoria geral da relatividade de Einstein, e termino
com as condições iniciais necessárias para resolver essas equações. Na segunda
parte desta Tese, me concentro mais especificamente nos neutrinos e no seu efeito
na formação de estruturas do universo, e na energia escura como campo escalar.
Os dois últimos capítulos tratam de um artigo publicado e de um trabalho em
progresso iniciado na Universidade de Stony Brook, respectivamente.

Palavras chaves: cosmologia; neutrinos massivos; energia escura primordial;
energy escura em tempos tardios.

Field: física; cosmologia.
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Abstract

The prevailing cosmological paradigm is the spatially flat ΛCDM model with
adiabatic and Gaussian initial conditions. The Greek letter “Λ” designates the
cosmological constant while the acronym “CDM” means the pressureless Cold
Dark Matter. Until today, this has been the more economical description of the
Universe consistent with an assortment of observational probes. Although its
success, the benchmark cosmological model is not absent of issues. The horizon
and flatness are well-known long-term problems with possible solutions when
we bring the Cosmic Inflation theory. Furthermore, cosmological surveys have
attained significant precision improvement in their signal measurements, which
have enabled us to impose more stringent constraints on the ΛCDM parameters.
When different probes are combined, the main challenges are the so-called Hubble
and S8 tensions.

Alongside dark matter, dark energy and neutrinos are two components that
deserve special attention for their important role in particle physics and cosmology.
This work is separated into two parts. In the first one, I provide a brief introduction
to cosmology, providing references for further details to the interested reader. This
starts with the background and perturbation equations derived from Einstein’s
general theory of relativity and ends with the initial condition required to solve
those equations. In the second part of this Thesis, I focus more specifically on
neutrinos and their effect on structure formation and dark energy as a scalar field.
The last two chapters are about a published paper and a work in progress started
at Stony Brook University, respectively.

Key words: cosmology; massive neutrinos; early dark energy; late-time dynamical
dark energy.

Field: physics; cosmology.
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Part I

The Basis of Cosmology
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Chapter 1

Background and perturbed universe

1.1 Robertson-Walker metric

Cosmology is the study of the universe as a whole, this means that we should
be able to describe how the universe evolves, predict its expansion rate through
cosmic time, estimate positions and distances, as well as velocities of astrophys-
ical objects (e.g. galaxies) with respect to an observer (e.g. us), etc. This can be
understood as the “kinematics” study of the universe. Naturally, the next step
is to ask who are the agents (e.g. photons, neutrinos, baryons, dark matter, and
dark energy) and forces (e.g. gravity and the repulsive nature of dark energy)
responsible for making the universe evolve as it does. In this case, it is essential
to know the equations that describe the abundances, evolution, and interactions
(that depend on the epochs of the universe) between the various components of
the cosmos. Similarly to the previous kinematic case, this can be seen as the “dy-
namical” study of the universe. This chapter doesn’t intend to exhaust the content
of each mentioned topic. Still, it provides the basic elements for an introduction to
cosmology and further references where details are far beyond the scope of this
thesis. This chapter closely follows the textbook [1] by Daniel Baumann.

We start defining basic quantities used through this text: a coordinate system
is denoted by xµ = (x0, xi) = (t, xi) = (t, x). While Greek indices (µ, ν, etc)
can assume integer values between 0 and 3, Latin indices (i, j, etc) run over the
values 1, 2, 3. Still about the coordinate system, the first component of xµ, i.e. x0,
represents time (there are many ways that we can measure time in cosmology,
some of the most common are: cosmic time denoted by t, conformal time τ,
scale factor a, redshift z and the cosmic microwave background temperature T.
When necessary, we will see how these quantities relate to each other). The three-
component xi describes the usual three-dimensional space part of the spacetime
coordinate system. An infinitesimal shift in the components of xµ, represented by
dxµ, can be translated into the invariant line element, ds2, through the (spacetime)

2



Chapter 1. Background and perturbed universe 3

metric tensor gµν

ds2 =
3

∑
µ,ν=0

gµν(xα)dxµdxν ≡ gµν(xα)dxµdxν, (1.1)

where we assume the signature (−,+,+,+) for the metric and Einstein’s notation
for the sum over repeated indices as indicated in Eq. (1.1). In addition, note that
the metric is, in general, a function of the coordinate system xα = (t, x).

We assume the Cosmological Principle (CP), i.e. that the space is homogeneous
and isotropic, which means that the three-space is maximally symmetric (the
conversely also is true, i.e., a metric space that is maximally symmetric implies
homogeneity and isotropy). By definition, the space is said homogeneous if there
exist infinitesimal isometries that carry any given point xµ into any other point in
its immediate neighborhood. The space is said isotropic about a given point xµ if
there exist infinitesimal isometries that do not change the point xµ and for which
the first derivative exists (see Weinberg’s textbook for details on this matter [2]).

The previous definition guarantees the existence of maximally symmetric three-
space under homogeneity and isotropic conditions. Ultimately, the CP simplifies
the four-dimensional line element, Eq. (1.1), for

ds2 = −dt2 + a2(t)dl2, (1.2)

dl2 ≡ γij(xk)dxidxj, (1.3)

where Eq. (1.3) defines the line element of the three-dimensional space and a(t)
is the scale factor that parameterize the expansion or contraction of the universe.
CP also implies in the uniqueness of this property, i.e., that exists a coordinate
transformation that carries two maximally symmetric metric spaces into the other
if the two maximally symmetric metrics have the same constant intrinsic curvature k
for the three-dimensional space and the same numbers of eigenvalues of each sign
[2]. We can deplete the possibilities with just three options: zero curvature or flat
space (k = 0, e.g. the 3-dimensional Euclidean space E3), positive curvature (k =

+1, e.g. the 3-sphere S3), or negative curvature (k = −1, e.g. the 3-hyperboloid
H3). The line element for the spatial part of the metric in Eq. (1.3), dl2, for each
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case of the constant intrinsic curvature k is given by [1]

zero curvature: dl2 = dx2 = δijdxidxj, (1.4)

positive curvature: dl2 = dx2 + du2, u2 + x2 = R2
0, udu = −x · dx, (1.5)

negative curvature: dl2 = dx2 − du2, u2 − x2 = R2
0, udu = +x · dx, (1.6)

where u is an auxiliary coordinate that allows us to embed a three-sphere in a
four-dimensional Euclidean space in the case of Eq. (1.5) with R0 being the radius
of the sphere. Switching the sign in front of u we also switch the geometry for
the case of a three-hyperboloid embedded in a four-dimensional Lorentzian space
represented by Eq. (1.6). We can turn the three Eqs. (1.4) - (1.6) into just one at the
price of having explicitly the intrinsic constant curvature k [1]

dl2 = dx2 + k
(x · dx)2

R2
0 − kx2

= γijdxidxj,

γij ≡ δij + k
xixj

R2
0 − k(xmxm)

, k = 0,+1,−1. (1.7)

The observer usually sets a sphere around the Earth when looking into the sky.
Therefore, it is useful to write Eq. (1.7) in terms of the spherical coordinate system.
In this case, we have dx2 = dr2 + r2dΩ2, x · dx = rdr, x2 = r2 and the line element
on a unit sphere is dΩ2 ≡ dθ2 + sin2θdϕ2. Simplifying the resulting expression,
we obtain

dl2 =
dr2

1 − k(r/R0)2 + r2dΩ2. (1.8)

The spacetime is not maximally symmetric, but it can be spanned into a family
(i.e. sub-spaces) of maximally symmetric metric spaces. The way to do this is to fo-
liate the spacetime into three-dimensional space of constant time, all sewn together
by the parameterization function called scale factor a(t) defined in Eq. (1.2) [1, 2].
This procedure leads to the Robertson-Walker (RW) metric

ds2 = −dt2 + a2(t)

[
dr2

1 − kr2/R2
0
+ r2dΩ2

]
. (1.9)

In Eq. (1.9) we have to determine the form of the scale factor (i.e. the why the
universe expands or contracts), whether the three-space is flat (k = 0), positively
(k = +1) or negatively (k = −1) curved and if not flat, we also have to determine



Chapter 1. Background and perturbed universe 5

the intensity of the curvature given by the curvature scale R0. In other words, we
no longer need to determine the ten components of the symmetric metric tensor
gµν, just a time-dependent function, a(t), and two numbers, k and R0 (if k ̸= 0).

The RW metric in Eq. (1.9) is left invariant under rescaling symmetry: a → λa,
r → r/λ, R0 → R0/λ, or a → a/λ, r → λr, R0 → λR0. A position given by
r = (r, θ, ϕ) is called a comoving coordinate system with comoving distance r and the
combination rph = a(t)r is called physical coordinate system with physical distance
rph = a(t)r because under the rescaling (a → λa, r → r/λ or a → a/λ, r → λr)
rph is left unchanged. If we take the time derivative of the physical coordinate
we have vph ≡ ṙph = ȧ(t)r + a(t)ṙ = H(t)rph + vpec. Where we have defined the
Hubble parameter by

H ≡ ȧ
a

, (1.10)

where overdot is the derivative with respect to time t. The physical velocity have
the contribution of the Hubble flow, Hrph, and the peculiar velocity vpec ≡ aṙ.

We can rewrite the RW metric in Eq. (1.9) in a more economical way by redefin-

ing the metric component grr as follows dχ ≡ dr/
√

1 − kr2/R2
0. To solve this inte-

gral we do the change of variable
√

k(r/R0) = sin(z) ⇒
√

k(dr/R0) = cos(z)dz,
therefore we have

dχ =
R0√

k
cos(z)dz√
1 − sin2(z)

=
R0√

k
dz ⇒ χ =

R0√
k

z. (1.11)

Going back to the comoving coordinate r we have

χ =
R0√

k
sin−1

(√
k

r
R0

)
, (1.12)

r =
R0√

k
sin
(√

k
χ

R0

)
. (1.13)

We can split Eq. (1.13) into three cases according to the value of k. If k = +1
then r = R0 sin(χ/R0). For k = 0 we have limk→0[(R0/

√
k) sin(

√
kχ/R0)] = χ.

Finally, for k = −1 we have r = (R0/i) sin(iχ/R0) where i =
√
−1. Using that

sin(iθ) = i sinh(θ) we can write the negative curvature case as r = R0 sinh(χ/R0).
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In summary:

Sk(χ) ≡ r = R0 ×


sin (χ/R0) if k = +1

χ/R0 if k = 0

sinh (χ/R0) if k = −1

. (1.14)

In this way, the RW metric Eq. (1.9) can compactly be written as follows

ds2 = a2(τ)
[
−dτ2 +

(
dχ2 + S2

k(χ)dΩ2
)]

, (1.15)

where we have defined the conformal time

dτ ≡ dt
a(t)

. (1.16)

1.2 Cosmological distances

Determining how far and faster are objects moving with respect to us is not
an easy task and may lead to some misconceptions [3]. Despite its complexity,
defining and estimating distances it is an important and essential source of cosmo-
logical information. For example, evidence that the universe is not static and could
actually be expanding, came through Hubble’s paper [4] in 1929 that showed a
linear relation between velocity and distance of extra-galactic nebulae (Cepheids).
The confirmation of the accelerated expansion of the universe using type Ia super-
novae led the 2011 Nobel Prize shared by Saul Perlmutter et al. [5], A. D. Riess et
al. [6] and Brian P. Schmidt et al. [7]. In all these works, cosmological distances
played an important role. Due to its importance, in the following, we discuss the
definition of luminosity distance and angular diameter distance.

1.2.1 Luminosity and angular diameter distance

The luminosity distance is defined using the known energy emitted per unit
time or simply luminosity L (hence the name) of an astronomical object. Then we
measure the observed flux F. The relation between L and F is mediated by distance,
however, the flux F has a unit of energy per unit of time per area, therefore we
should be concerned about how these three quantities (area, time, and energy)
change in an expanding universe.
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In a Euclidean space, the comoving distance r is simplified to χ, then a sphere
has an area equal to 4πχ2, however, according to Eq. (1.14) the comoving distance
depends on the spatial curvature of the universe. Therefore we should generalize
to include the possibility of curved space, in this case, we have Ak ≡ 4πS2

k(χ).
There are other two corrections that we should be concerned about. In addition,
due to the universe’s expansion and assuming a fixed time interval, photons are
able to travel smaller distances at late times on the comoving coordinate system
than at early times because the associated physical distance at late times is bigger.
Therefore the rate at which photons arrive us (or equivalently the number of
photons crossing a shell) is smaller than at early times (at the emission epoch) by
a factor of 1/(1 + z). Lastly, we should remember that the photon wavelength
is related to its energy by the equation E = h/λ where h is Planck’s constant. In
an expanding universe the wavelength is stretched out (or redshifted) then the
energy today is smaller than at emitted time by a factor of 1/(1 + z). These two
last effects produce Ak → Ak(1 + z)2 then we have the right relation between the
flux and the luminosity

F =
L

4πS2
k(χ)(1 + z)2

≡ L
4πd2

L
, (1.17)

where we define the luminosity distance

dL = (1 + z)Sk(χ). (1.18)

Note that dL depends on Sk(χ), hence is a function of the intrinsic constant spatial
curvature k. The value of k is determined by the total amount of energy density.
Therefore, ultimately the luminosity distance is a function of the cosmological
parameters.

The small angle δθ ≪ 1 subtended by an object of physical size l (thus of
comoving size l/a = l(1 + z)) where a is the scale factor when the light is emitted
is related to its comoving distance by the following

δθ =
l(1 + z)
Sk(χ)

≡ l
dA

, (1.19)

where we define the angular diameter distance by

dA =
Sk(χ)

1 + z
. (1.20)
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1.3 Friedmann equations

The Einstein field equation gives the dynamics of the universe. It describes how
the Einstein tensor, Gµν, responds to the presence of matter and energy distribution
Tµν

Gµν ≡ Rµν −
1
2

Rgµν = 8πGTµν, (1.21)

where gµν is the metric tensor that translates the coordinates system, xµ = (t, xi),
into an invariant line element, ds2 (see Eq. (1.9)). Rµν and R are the Ricci tensor
and the Ricci scalar, respectively

Rµν = ∂λΓλ
µν − ∂νΓλ

µλ + Γλ
λρΓρ

µν − Γρ
µλΓλ

νρ, (1.22)

R = Rµ
µ = gµνRµν. (1.23)

The relation between the Christoffel symbols and the metric tensor is

Γµ
αβ =

1
2

gµλ
(
∂αgβλ + ∂βgαλ − ∂λgαβ

)
. (1.24)

Once equipped with the metric tensor, gµν, it is possible to compute the left-
hand side (l.h.s) of Eq. (1.21) through the set of Eqs. (1.22)-(1.24). However, we
still need to specify the right-hand side (r.h.s) of Eq. (1.21), i.e. the stress energy-
momentum tensor Tµν. Provided this source term for the Einstein equation, we
ended with a differential equation that (given appropriate initial conditions) can
be solved to describe the dynamics of the universe. Under the assumption of the
CP, it is possible to show [2] that a general expression for the energy-momentum
tensor is highly constrained, reducing to the form of a perfect fluid

Tµν = (ρ + p)UµUν − Pgµν, (1.25)

where ρ and P are the energy density and the pressure of the fluid, respectively.
Uµ is the 4-velocity. Now we have all the ingredients to compute the Friedmann
equations, which describes the universe’s dynamics. In order to do this, we start
computing the l.h.s of Eq.(1.21).

Considering a flat universe (k = 0) we can evaluate Eq. (1.24) for the RW metric.
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In this scenario, Eq. (1.9) becomes

Null curvature: ds2 = dt2 − a2dx2, (1.26)

Cartesian coordinates: dx2 = dx · dx = dx2 + dy2 + dz2. (1.27)

Therefore, the components of the RW metric tensor are

g00 = 1, gij = −a2δij, gµλgλν = δ
µ
ν , (1.28)

where δij e δ
µ
ν are the Kronecker delta, and gµλ is the inverse of the gλν.

In total, we have 4 × 4 × 4 = 64 Christoffel symbols. Therefore, it is convenient
to set one of the indices to zero and compute the spatial part for the others. Using
Eq. (1.24), it follows that

Γ0
ij =

1
2

g0λ
(
∂igjλ + ∂jgiλ − ∂λgij

)
= −1

2
g0λ∂λgij = −1

2
g00∂0

(
−a2δij

)
= aȧδij

or
= a2Hδij, (1.29)

where we define the Hubble parameter

H ≡ 1
a

da
dt

=
ȧ
a

. (1.30)

Conversely, from Eq. (1.24), we have

Γi
0j =

1
2

giλ (∂0gjλ + ∂jg0λ − ∂λg0j
)
=

1
2

giλ∂0gjλ =
1
2

gij∂0gjj

=
1
2

(
− 1

a2 δij
)

∂0

(
−a2δjj

)
=

2aȧ
2a2 δijδjj =

ȧ
a

δi
j

or
= Hδi

j. (1.31)

Allowing the three indices to be only spatial, we obtain

Γi
jk =

1
2

giλ (∂jgkλ + ∂kgjλ − ∂λgjk
)
= −1

2
giλ∂λgjk = −1

2
gi0∂0gjk = 0 ∀ i, j, k.

(1.32)

Setting simultaneously α = β = 0 we have

Γµ
00 =

1
2

gµλ(2∂0g0λ − ∂λg00) = 0 ∀ µ. (1.33)



Chapter 1. Background and perturbed universe 10

Analogously

Γ0
0β =

1
2

g0λ
(
∂0gβλ + ∂βg0λ − ∂λg0β

)
= 0 ∀ β. (1.34)

Finally, if we switch α → β and β → α and using gαβ = gβα, from Eq. (1.24) it
follows that

Γµ
αβ = Γµ

βα. (1.35)

Therefore, we have for a flat universe with a RW metric the following Christoffel
symbols

Γ0
ij = a2Hδij , (1.36)

Γi
0j = Hδi

j , (1.37)

Γi
jk = Γµ

00 = Γ0
0β = 0 . (1.38)

We illustrate those 64 Christoffel symbols distributed in Eqs. (1.36), (1.37), and
(1.38) in Fig. 1.1. As indicated by the figure, most part of the symbols are nulls
(represented by the light gray circles).

µ
(
Γµ

00
)

β
(

Γ0
0β

)

α
(
Γ0

α0
)
0

1
2

3

1 2 3

1

2

3

Figure 1.1: Christoffel symbols visualization for the RW metric and flat universe.

We proceed to compute the Ricci tensor and the Ricci scalar for the RW met-
ric. Firstly, consider the following decomposition for the Ricci tensor Rµν ≡
{R00, Rij, R0i} and lets compute each of these terms separately. Using the Christof-
fel symbols displayed in Eqs. (1.36)-(1.38) and the relation between the Ricci tensor



Chapter 1. Background and perturbed universe 11

and the Christoffel symbols by Eq. (1.22) we have

R00 = ∂λΓλ
00 − ∂0Γλ

0λ + Γλ
λρΓρ

00 − Γρ
0λΓλ

0ρ = −∂0Γi
0i − Γl

0kΓk
0l

= −∂0

(
ȧ
a

δi
i

)
−
(

ȧ
a

δl
k

ȧ
a

δk
l

)
= −

(
äa − ȧ2

a2

)
δi

i −
ȧ2

a2 δl
l = −3

(
ä
a
− ȧ2

a2 +
ȧ2

a2

)
R00 = −3

ä
a

. (1.39)

The second term in our list is Rij, then by Eq. (1.22) we have

Rij = ∂λΓλ
ij − ∂jΓλ

iλ + Γλ
λρΓρ

ij − Γρ
iλΓλ

jρ = ∂0Γ0
ij + Γl

l0Γ0
ij −

(
Γ0

imΓm
j0 + Γk

i0Γ0
jk

)
= ∂0

(
aȧδij

)
+

ȧ
a

δl
l aȧδij −

(
aȧδim

ȧ
a

δm
j +

ȧ
a

δk
i aȧδjk

)
= aäδij + ȧ2

(
δij + δl

l δij − δimδm
j − δk

i δjk

)
= aäδij + ȧ2 (δij + 3δij − δij − δij

)
=
(

aä + 2ȧ2
)

δij=

(
ä
a
+ 2

ȧ2

a2

)
a2δij

Rij = −
(

ä
a
+ 2H2

)
gij, where H = ȧ/a and gij = −a2δij. (1.40)

Finally, from the RW metric we have that g0i = 0 and T0i = 0 for i = 1, 2, 3.
Therefore, by the Einstein equation we obtain that R0i is zero, as shown bellow

G0i = R0i −
1
2

Rg0i = R0i = 8πGT0i = 0. (1.41)

We advance to compute the Ricci scalar given by Eq. (1.23)

R = Rµ
µ = gµνRµν = g00R00 + gijRij = 1 ·

(
−3

ä
a

)
− 1

a2 δij
(

aä + 2ȧ2
)

δij

= −3
ä
a
−
(

ä
a
+ 2

ȧ2

a2

)
3δijδij = −6

(
ä
a
+

ȧ2

a2

)
(1.42)

R = −6
(

ä
a
+ H2

)
. (1.43)

Armed with the Ricci tensor (Eqs. (1.39)-(1.41)) and the Ricci scalar (Eq. (1.43))
for the RW metric and the energy momentum-tensor for the perfect fluid (Eq. (1.25)),
we are able to compute the time-time component (i.e. µ = ν = 0) of the Einstein
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equation (1.21)

G00 = R00 −
1
2

Rg00 = 8πGT00. (1.44)

Using Eq. (1.39) for R00, Eq. (1.43) for R and T00 = ρ, Eq. (1.44) becomes

G00 = −3
ä
a
− 1

2

[
−6
(

ä
a
+

ȧ2

a2

)]
· 1 = 8πGρ ⇒ ȧ2

a2 =
8πG

3
ρ

which can be rewritten as follows

H2 =
8πG

3
ρ . (1.45)

Equation (1.45) is known as the First Friedmann equation for the dynamics of the
universe. It says that an infinitesimal change (e.g. an expansion or contraction)
in the scale factor, da, in an infinitesimal time interval, dt, is proportional to the
square root of the product between the scale factor by the energy density

√
aρ at

the current time t.
Analogously, we do the same above procedure for the space-space component

(i.e. µ = ν = i) of the Einstein equation

Gii = Rii −
1
2

Rgii = 8πGTii. (1.46)

Plugging the RW metric, Eq. (1.9), into the energy-momentum tensor, Eq. (1.25),
we have Tii = −Pgii = Pa2δii. In addition, using the Ricci tensor in Eq. (1.40) and
again the Ricci scalar in Eq. (1.43) we have

Gii =
(

aä + 2ȧ2
)

δii −
1
2

[
−6
(

ä
a
+

ȧ2

a2

)] (
−a2δii

)
= 8πG

(
Pa2δii

)
. (1.47)

Simplifying the above expression, we have 2ä/a + ȧ2/a2 = −8πGP which is the
Second Friedmann equation

ä
a
= −4πG

3
(ρ + 3P) . (1.48)
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1.3.1 Equation of state and background evolution

Inspecting the Friedmann (1.45) we should conclude that to find how scale
factor evolves with time, it is necessary to know the energy density ρ, i.e. the
expansion history of the universe depends on its energetic content. We can find ρ

as follows: in general relativity, the energy-momentum tensor for a perfect fluid,
expressed by Eq. (1.25), satisfies the covariant conservation equation

∇µTµ
ν = ∂µTµ

ν + Γµ
µλTλ

ν − Γλ
µνTµ

λ = 0. (1.49)

If we set ν = 0 in Eq. (1.49) and use the energy-momentum tensor in Eq. (1.25),
we ended with a differential equation for the energy density known as continuity
equation

ρ̇ + 3
ȧ
a
(ρ + P) = 0 ⇔ ρ̇ + 3

ȧ
a

ρ (1 + w) = 0, (1.50)

where in Eq. (1.50) we have defined an important parameter called equation of state
(EoS)

w ≡ P
ρ

. (1.51)

The main elements of the universe that contribute to the energy momentum-
tensor (thus being important to the universe’s expansion history through the
Friedmann equations) are photons, neutrinos, cold dark matter (CDM), baryons and
dark energy. If the pressure, P, and the energy density, ρ, are known for some of
these listed components, then it should be possible to access its equation of state,
w, by Eq. (1.51).

In the following, we show an example of how to compute the EoS for photons.
We start with the number density, n, weighted by the density of states, g/h3, where
g is the internal degree of freedom (e.g. spin) and h = 2πh̄ is the Planck’s constant

n =
g

(2πh̄)3

∫
d3p f (p). (1.52)

where f (p) is the Fermi-Dirac or Bose-Einstein distribution function

f (p, T) =
1

eE(p)/KBT ± 1
, (1.53)
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where the +, − signs represent fermions and bosons, respectively. Neglecting the
interaction energy between particles, the relativistic energy of a particle with mass
m and momentum p is

E(p) =
√

p2c2 + m2c4. (1.54)

We use the number density to find ρ and P. While the energy density is weighted
by E(p), the pressure is weighted by p2/(3E(p)) (for further details see [1]), then
we have

ρ =
g

(2πh̄)3

∫
d3 f (p)E(p) (1.55)

P =
g

(2πh̄)3

∫
d3 f (p)

p2

3E(p)
(1.56)

Now we can write the integrals for n and ρ only in terms of the momentum, which
will allow us to solve them

n =
g

2π2h̄3

∫ ∞

0
dp

p2

exp
[√

p2c2+m2c4

kBT

]
± 1

, (1.57)

ρ =
g

2π2h̄3

∫ ∞

0
dp

p2
√

p2c2 + m2c4

exp
[√

p2c2+m2c4

kBT

]
± 1

. (1.58)

Before to compute the pressure, it is useful to define new variables

x ≡ mc2

kBT
, ξ ≡ pc

kBT
, (1.59)

Also is convenient to remember the following identity

∫ ∞

0
dξ

ξn

eξ − 1
= ζ(n + 1)Γ(n + 1) = n!ζ(n + 1) =

{
2ζ(3) if n = 2,
π4/15 if n = 3,

(1.60)

where ζ and Γ are the Zeta and the Gamma functions, respectively.
Now we proceed to compute the EoS for relativistic particles, in particular for

photons. In this case, we set the particle’s mass to zero (m = 0) in the pressure’s
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equation (1.56)

P =
g

(2πh̄)3

∫
d3p f (p)

p2

3E(p)
=

g
6π2

k4
B

c5h̄3 T4
∫ ∞

0
dξ

ξ3

eξ − 1
=

1
3

(
π2

30
g

k4
B

c5h̄3 T4

)
.

It is possible to show that ρ = π2

30 g k4
B

c5h̄3 T4, which in natural units (kB = c = h̄ ≡ 1)
reduces to the result of [1]. Then we finally have

P =
ρ

3
. (1.61)

To estimate the number density and the energy density of photons today we
rewrite the equations for n (Eq. (1.57)) and ρ (Eq. (1.58)) in terms of the new
variables, x and ξ, defined in Eq. (1.59)

n =
g

2π2 T3
(

kB

h̄c

)3

I±(x), I±(x) ≡
∫ ∞

0
dξ

ξ2

exp
[√

ξ2 + x2
]
± 1

, (1.62)

ρ =
g

2π2 T4
(

kB

h̄c

)3 kB

c2 J±(x), J±(x) ≡
∫ ∞

0
dξ

ξ2
√

ξ2 + x2

exp
[√

ξ2 + x2
]
± 1

. (1.63)

Considering the relativistic limit, x → 0, and using for the photon temperature
T0 = 2.73 K, we have

nγ,0 =
2ζ(3)

π2 T3
0 × (kB/h̄c)3 ≈ 412 photons/cm3, (1.64)

likewise for the energy density

ργ,0 =
π2

15
T4

0 × (k4
B/h̄3c5) ≈ 4.7 × 10−34 g/cm3. (1.65)

Using the critical energy density today

ρcr0 =
3H2

0
8πG

= 1.29 × 10−29h2g/cm3, (1.66)

then the density parameter for the CMB is

Ωγ,0h2 =
ργ,0

ρcr,0
h2 ≈ 2.46 × 10−5. (1.67)
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Equation (1.61) shows the EoS for photons. However, the universe is made
of elements other than photons. Bellow we just summarize the EoS for these
components: photons (γ), cold dark matter (c), and dark energy as cosmological
constant (Λ) (for further details see [1, 2, 8])

wγ =
1
3

, wc = 0, wΛ = −1. (1.68)

The previous equation, (1.68), shows that w is time independent for photons,
CDM and the cosmological constant, but this is not a rule in general. The EoS for
neutrinos and dark energy as a scalar field, for example, varies over time.

1 2 3 4 5
x

0.20

0.25

0.30

w

Fermion

Boson

Figure 1.2: Equation of state for fermions and bosons. Note that when the particle’s
mass is much smaller than the particle’s temperature, m/T ≪ 1 ⇔ x ≪ 1, w
approaches to the value of the equation of state for photons, w → 1/3 ≈ 0.333,

Lets look into more details for the case of neutrinos. From the oscillation
experiment, we know that neutrinos have mass, then we can not set to zero the
mass term in Eq. (1.58), however, we still can study the asymptotic behavior for
the EoS for neutrinos (henceforth wν) in the very early/late time regime of the
universe. The neutrino temperature was bigger (the comparison makes sense
in natural units) than its mass, therefore we have the ratio m ≪ T ⇔ x/ξ ≪ 1.
This regime is known as relativistic where the neutrino mass can be neglected,
and we have wν ≈ 1/3. On the opposite side, at later times, neutrinos are non-
relativistic. In the non-relativistic regime, neutrinos behave like CDM, and in this
case, we have wν ≈ 0. Indeed, we can verify this statement numerically by solving
the ratio of Eq. (1.56) by Eq. (1.55), the result is shown in figure 1.2. Note that
x → 0 ⇒ w → 1/3, conversely x → ∞ ⇒ w → 0.

Once we have the equation of state, we can integrate the continuity equation
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10 9 10 7 10 5 10 3 10 1

a
10 4

10 3

10 2

10 1

100

CDM
baryon
photon
m 1 = 0 eV
m 2 = 0.05 eV
m 3 = 0.01 eV

Figure 1.3: The evolution of the density parameter for each component: cosmologi-
cal constant (Λ), cold dark matter (CDM), baryons, photons, and neutrinos, where
for the latter we are assuming one massless neutrino and two massive neutrinos.

(1.50) to obtain the energy density as a function of the scale factor

∫ ρ0

ρ

dρ′

ρ′
= ln

ρ0

ρ
= −3

∫ a0

a

da′

a′
(1 + w(a′)). (1.69)

If the equation of state is constant, Eq. (1.69) can be integrated analytically

ρ = ρ0

(
a
a0

)−3(1+w)

. (1.70)

We can compute Eq. (1.70) for each equation of state in Eq. (1.68)

ργ ∝ a−4, ρc ∝ a−3, ρΛ ∝ constant. (1.71)

The energy density for neutrinos, ρν, should be computed numerically since its
equation of state changes with time. However, notice by Figure. 1.3 that in the
limit of high redshift, neutrinos behave like radiation with the equation of state
≈ 1/3 and in the regime of low redshift, neutrinos behave like dark matter with
the equation of state ≈ 0.

To eliminate the proportionality constant in the previous equations (1.71), we
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define the density parameter

Ωi0 ≡ ρi0

ρcr0
. (1.72)

Using this definition, we have

Ωγ = Ωγ0a−4, Ωm = Ωm0a−3, ΩΛ = ΩΛ0, Ων = ρν/ρcr0. (1.73)

In figure 1.3 we show the evolution for each component.

1.4 Linear perturbation theory

1.4.1 From smooth to perturbed metric

The cosmological principle stated in section 1.1, says that the universe can be
represented by spatially flat hyper-surfaces, Στ, of constant time. This translates
into the Robertson-Walker metric

ds2 = a2(τ)
[
dτ2 − δijdxidxj

]
. (1.74)

Therefore, homogeneity and isotropy are implicit in the RW metric. However,
the universe is not perfectly homogeneous and isotropic, for example: galaxies,
voids (regions of space with under-density of matter), clusters, and super-clusters
of galaxies form filaments that spread through space. In addition, the temperature
fluctuations in the cosmic microwave background are of the order 10−5, which is
small but not zero. Therefore, it is important to modify the metric in Eq. (1.74) to
take into account those small fluctuations. We can do this by introducing functions
that represent small perturbations in the metric (1.74). Then, the modified metric
can be written as

ds2 = a2(τ)
[
(1 + 2A)dτ2 − 2Bidτdxi − (δij + hij)dxidxj

]
. (1.75)

In this equation, the perturbation functions are: A(t, x), called temporal lapse
function or the potential function, Bi(t, x) named metric shift or vector function, and
hij(t, x) that introduce perturbations in the curvature and the metric shear. It is
possible to write Bi and hij into scalar and vector components that satisfy certain
properties. Using the Scalar Vector Tensor (SVT) decomposition [1] we can write
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the perturbation functions as follows

Bi = ∂iB + B̂i (∂iB̂i = 0), (1.76)

hij = 2Cδij + 2∂⟨i∂j⟩E + 2∂(iÊj) + 2Êij, (∂iÊi = ∂iÊij = δijÊij = 0), (1.77)

where

∂⟨i∂j⟩E ≡
(

∂i∂j −
1
3

δij∇2
)

E, ∂(iÊj) ≡
1
2
(
∂iÊj + ∂jÊi

)
. (1.78)

In table 1.1 we summarize the scalars, vectors and tensors part of the perturbed
RW metric, and also the requirements that must be satisfied

Scalars Vectors Tensor Divergenceless Traceless
A, B, C, E B̂i, Êi Êij ∂iB̂i = ∂iÊi = ∂iÊij = 0 δijÊij = 0

Table 1.1: The SVT decomposition and the requirements that must be satisfied.

1.4.2 Gauge transformations for metric tensor

The RW metric expressed by Eq. (1.75) is implicitly written in terms of a
specific time slice and, consequently a specific three-dimensional space. To allow
the description of these perturbations in other1 coordinate system we need to
perform a gauge transformation. To prevent introducing unphysical perturbations
in this process, we can perform the gauge transformation under the requirement
that the spacetime interval, ds2, remains invariant regardless of the adopted gauge.
Such a transformation is performed by the gauge generator function: ξµ. Starting at
the gauge G, we can generate a new one, G̃, by the following

xµ 7→ x̃µ ≡ xµ + ξµ(τ, xi), (1.79)

ξ0 ≡ T, (1.80)

ξ i ≡ Li = ∂iL + L̂i, (∂i L̂i = 0), (1.81)

where in Eq. (1.81) we have used the SVT decomposition of the spatial part of ξµ.

1The description of these perturbations in other gauges can be more convenient depending on
the problem, e.g., in the CMB analysis it is more practical to choose the synchronous gauge, but
the spatially-flat gauge is more suitable to study inflation. The Newtonian gauge is more adequate
to study the evolution of gravitational potential.
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The requirement that the spacetime interval should be invariant under a gauge
transformation implies

ds2 = gµν(x)dxµdxν = g̃αβ(x̃)dx̃αdx̃β. (1.82)

Using the components of the metric given by Eq. (1.75) into Eq. (1.82) it is possible
to show that the perturbations functions transform as

Ã = A − T′ −HT, (1.83)

B̃i = Bi + ∂iT − L′
i, (1.84)

h̃ij = hij − 2∂(iLj) − 2HTδij. (1.85)

In terms of the SVT decomposition, these perturbations can be rewritten as follows
• Scalars

Ã = A − T′ −HT, (1.86)

B̃ = B + T − L′, (1.87)

C̃ = C −HT − 1
3
∇2L, (1.88)

Ẽ = E − L (1.89)

• Vectors

˜̂Bi = B̂i − L̂′
i, (1.90)

˜̂Ei = Êi − L̂i. (1.91)

• Tensor

˜̂Eij = Êij (1.92)

We can combine the Eqs. (1.86)-(1.92) in order to eliminate the components of
gauge generator functions ξµ. This provides us with quantities that are gauge
invariant. For example, the tensor component, Eq. (1.92), already is a gauge
invariant quantity because the gauge generator is absent.

Following this idea, it is possible to show that the following relations are gauge
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invariant

Ψ ≡ A +H(B − E′) + (B − E′)′, (1.93)

Φ ≡ −C −H(B − E′) +
1
3
∇2E, (1.94)

R ≡ C − 1
3
∇2E +H(B + v), (1.95)

ζ ≡ C − 1
3
∇2E − H

ρ̄′
δρ, (1.96)

ρ̄′∆ ≡ δρ + ρ̄′(B + v), (1.97)

δPnad ≡ δP − P̄′

ρ̄′
δρ. (1.98)

The first two equations, (1.93) and (1.94), are known as the Bardeen’s potentials.
Eq. (1.95) is known as comoving curvature perturbation and is useful to study
inflation.

1.4.3 From smooth to perturbed energy-momentum tensor

In the previous section, we modified the RW metric to take into account small
fluctuations in the spacetime, however, the spacetime and the matter-energy
distribution are connected by the Einstein equation (1.21), which means that
perturbations in the RW metric induce and are induced by perturbations in the
matter distribution. Therefore we also need to describe small fluctuations in the
energy-momentum tensor [1]

Tµ
ν = T̄µ

ν + δTµ
ν , (1.99)

T̄µ
ν = (ρ̄ + P̄)ŪµŪν − P̄δ

µ
ν , (1.100)

δTµ
ν = (δρ + δP)ŪµŪν + (ρ̄ + P̄)(δuµŪν + Ūµδuν)− δPδ

µ
ν − Πµ

ν , (1.101)

where δ() represents the perturbation. For example, δTµ
ν is a small deviation from

the background energy-momentum tensor T̄µ
ν , and so forth. Equation (1.100) is

the same as Eq. (1.25) except that we have changed the notation and left the upper
bar to denote the unperturbed quantity. Using the perturbed RW metric, Eq. (1.75),
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it is possible to obtain the components for δTµ
ν , these are given by [1]

δT0
0 = δρ, (1.102)

δTi
0 = (ρ̄ + P̄)vi, (1.103)

δT0
j = −(ρ̄ + P̄)(vj + Bj), (1.104)

δTi
j = −δPδi

j − Πi
j, (1.105)

where vi ≡ aδUi. It is important to note that the perturbations (δρ, δP, etc) have
the contributions of several components (e.g. photons, neutrinos, baryons, dark
matter, dark energy, etc.). This implies that we should sum over all possible
components, i.e. δρ = ∑I δρI , and the same for δP, vi and Πij.

In the same way as the gauge transformations for the metric, we can perform
the analogous transformation for the energy-momentum tensor. The coordinate
transformation to avoid unphysical perturbations in the energy-momentum tensor
is

Tµ
ν (x) =

∂xµ

∂x̃α

∂x̃β

∂xν
T̃α

β (x̃). (1.106)

Using the Eqs. (1.102)-(1.105) into Eq. (1.106) we obtain the relations between the
perturbations in the gauge G and G̃

δ̃ρ = δρ − Tρ̄′, (1.107)
˜δP = δP − TP̄′, (1.108)

q̃i = qi + (ρ̄ + P̄)L′
i, (1.109)

ṽi = vi + L′
i, (1.110)

Π̃ij = Πij, (1.111)

where qi is know as momentum density and is defined by qi ≡ (ρ̄ + P̄)vi.

1.4.4 Perturbed equations of motions in Newtonian gauge

Once we have the perturbed metric and the perturbed energy-momentum
tensor, in principle should be possible to derive the perturbed equations of motions.
We start with perturbations in the Einstein equation, Eq. (1.21), as follows

Ḡµν + δGµν = 8πG(T̄µν + δTµν). (1.112)
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In order to present the main ideas, we use the Newtonian gauge and we adopt the
notation of [1] as follows

B = E = 0, A ≡ Ψ, C ≡ −Φ. (1.113)

Assuming the Newtonian gauge, we can rewrite the perturbed RW metric in terms
of the new variables, Eq. (1.113), which simplifies the metric to

ds2 = a2(τ)
[
(1 + 2Ψ) dτ2 − δij (1 − 2Φ) dxidxj

]
. (1.114)

Once the gauge and the metric are specified, it is possible to derive all geometric
quantities like the Chistoffel symbols, the Ricci tensor, and the Ricci Scalar.

Perturbed stress-energy conservation

Using the perturbed energy-momentum tensor into the conservation equation2

∇µTµ
ν = 0 (1.115)

it is possible to derive the perturbed versions of the continuity and Euler equations.
• Continuity equation
The first one is the continuity equation and is obtained considering ν = 0. The

result is

δ′ +

(
1 +

P̄
ρ̄

) (
∇ · v − 3Φ′)+ 3H

(
δP
δρ

− P̄
ρ̄

)
δ = 0, (1.116)

where δ ≡ δρ/ρ̄ is the dimensionless fractional overdensity3.
• Euler equation
The Euler equation is obtained considering ν = i. The result is

v′ +Hv − 3H P̄′

ρ̄′
v = − ∇δP

ρ̄ + P̄
−∇Ψ (1.117)

Perturbed Einstein equations

• Traceless space-space component

2Note that you will need the perturbed Christoffel symbols.
3Maybe this isn’t a good name, because δ represent regions of overdensity but also regions of

lack of density (voids). A more appropriate name in common use is density contrast.
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The trace-free part of the spatial component of the Einstein tensor is given by

∂⟨i∂j⟩ (Φ − Ψ) = 0, (1.118)

If Πij = 0, then Φ = Ψ. (1.119)

where the r.h.s of Eq. (1.118) is zero because we are neglecting the anisotropic
stress. If we consider this term, then the r.h.s of Eq. (1.118) is sourced by the term
−8πGa2Πij.

• time-time component
Considering the 00 component of the Einstein equation, G00 = 8πGT00, we

have at zeroth order

H2 =
8πG

3
a2ρ̄, (1.120)

and at first order we have

∇2Φ = 4πGa2ρ̄δ + 3H
(
Φ′ +HΦ

)
. (1.121)

• time-space component
Considering the 0i component of the Einstein equation, G0i = 8πGT0i, we are

left with

Φ′ +HΦ = −4πGa2 (ρ̄ + P̄) v. (1.122)

Combing (1.122) and the (1.121) we have

∇2Φ = 4πGa2ρ̄∆, (1.123)

where ρ̄∆ ≡ δ̄ − 3H(ρ̄ + P̄)v.
• Trace space-space component
Finally, we consider the trace part of the Einstein equation, that is, Gi

i = 8πGTi
i .

The result of these computations is, at zeroth order given by

2H′ +H2 = −8πGP̄ (1.124)

and at first order, we are left with

Φ′′ + 3HΦ + (2H′ +H2)Φ = 4πGa2δP. (1.125)
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1.4.5 Proof of some equations

In this section, we want to demonstrate the equations (1.84), (1.85) and prove
that the spatial part of the perturbed Christoffel symbol, Γ0

0i, in equation (1.38) is
not zero. In summary, we want to prove the following equations

Bi 7→ B̃i = Bi + ∂iT − L′
i, (1.126)

hij 7→ h̃ij = hij − 2∂(iLj) − 2HTδij, (1.127)

Γ0
0i = ∂iΨ. (1.128)

Proof 1
We start considering the following coordinate transformation

Xµ 7→ X̃µ ≡ Xµ + ξµ(τ, x), (1.129)

Xµ → {X0 = τ, Xi → x}, (1.130)

ξ0 ≡ T, (1.131)

ξ i ≡ Li = ∂iL + L̂i. (1.132)

By requesting the invariance of the spacetime interval we can avoid unphysical
perturbations

ds2 = gµνdXµdXν = g̃αβdX̃αdX̃β. (1.133)

The spacetime interval in the coordinate system without/with “tilde” is given by

ds2 = a2(τ)
[
(1 + 2A)dτ2 − 2Bidxidτ − (δij + hij)dxidτ

]
(1.134)

= a2(τ̃)
[
(1 + 2Ã)dτ̃2 − 2B̃idx̃idτ̃ − (δij + h̃ij)dx̃idτ̃

]
. (1.135)

For clarity, it is very useful to write explicitly each component of the metric tensor.
First for frame without “tilde”

g00 = a2(τ)(1 + 2A), (1.136)

g0i = gi0 = −a2(τ)Bi, (1.137)

gij = gji = −a2(τ)(δij + hij). (1.138)
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Analogously for the frame with “tilde”

g̃00 = a2(τ̃)(1 + 2Ã), (1.139)

g̃0i = g̃i0 = −a2(τ̃)B̃i, (1.140)

g̃ij = g̃ji = −a2(τ̃)(δij + h̃ij). (1.141)

The relation of metric tensor between this coordinates system is given by

gµν(X) =
∂X̃α

∂Xµ

∂X̃β

∂Xν
g̃αβ(X̃). (1.142)

Let us study the components µ, ν → 0, i. It is useful to decompose them α and β as
follows: α, β → {0, 0; 0, i; i, 0; i, j}.

With Eqs. (1.129)-(1.132) and (1.139)-(1.141), the r.h.s of Eq. (1.142) can be sepa-
rated in the following terms

∂X̃0

∂τ

∂X̃0

∂Xi g̃00 = (1 + T′)(∂iT)a2(τ̃)(1 + 2Ã), (1.143)

∂X̃0

∂τ

∂X̃ j

∂Xi g̃0j = (1 + T′)(δi
j + ∂jξ

i)(−a2(τ̃)B̃j), (1.144)

∂X̃ j

∂τ

∂X̃0

∂Xi g̃j0 = (∂τξ j)(∂iT)(−a2(τ̃)B̃j), (1.145)

∂X̃ j

∂τ

∂X̃k

∂Xi g̃jk = (∂τξ j)(δk
i + ∂iξ

k)(−a2(τ̃)(δjk + h̃jk)), (1.146)

where T′ := ∂τT. Now we combining the Eqs. (1.165)-(1.146) in the r.h.s of the
(1.142) and eliminating the terms of O2 in the perturbations terms, we are left with

g0i = a2(τ̃)
[
∂iT − B̃i − L′

i
]

, (1.147)

where L′
i := ∂τ Li. The last step is to expand the scale factor a2(τ̃) = [a(τ + T)]2

where in this equality we have used the 0 component of Eq. (1.129), then we have

a2(τ̃) = [a(τ + T)]2 =

[
a(τ) + a′(τ)T +

1
2

a′′(τ)T2 + ...
]2

= a2(τ)

[
1 +HT +

1
2

a′′(τ)
a′(τ)

T2 + ...
]2

≈ a2(τ) [1 +HT]2 first approximation

≈ a2(τ) [1 + 2HT] second approximation. (1.148)
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where H = a′/a is the comoving Hubble parameter. Substituting Eq. (1.148) in
r.h.s of Eq. (1.147), and using (1.137) in the l.h.s of (1.147) we have

−a2(τ)Bi = a2(τ) [1 + 2HT]
[
∂iT − B̃i − L′

i
]

. (1.149)

Expanding and eliminating terms of the order O2 in the previous equation, we are
left with −Bi = ∂iT − B̃i − L′

i which shows that

B̃i = Bi + ∂iT − L′
i . (1.150)

Proof 2
The demonstration of h̃ij is analogous to the demonstration for B̃i. Following

the same procedure, we start decomposing the r.h.s of Eq. (1.142), but now for
µ, ν → i, j

∂X̃0

∂Xi
∂X̃0

∂X j g̃00 = (∂iT)(∂jT)(a2(τ̃)(1 + 2Ã)), (1.151)

∂X̃0

∂Xi
∂X̃k

∂X j g̃0k = (∂iT)(δk
j + ∂jLk)(−a2(τ̃)B̃k), (1.152)

∂X̃k

∂Xi
∂X̃0

∂X j g̃k0 = (δk
i + ∂iLk)(∂jT)(−a2(τ̃)B̃k), (1.153)

∂X̃k

∂Xi
∂X̃l

∂X j g̃kl = (δk
i + ∂iLk)(δl

j + ∂jLl)(a2(τ̃)(δkl + h̃kl)). (1.154)

Combining Eqs. (1.151)-(1.154) into the r.h.s of Eq. (1.142), and eliminating the
terms that are of second order in perturbation, O2, we are left with

gij = a2(τ̃)
[
δij + h̃ij + ∂iLj + ∂jLi

]
. (1.155)

Let’s remember the notation for the vector field perturbation:

∂(iLj) ≡
1
2
(
∂iLj + ∂jLi

)
. (1.156)

Using Eqs. (1.138), (1.148) and (1.156) in Eq. (1.155) we are left with

−a2(τ)(δij + hij) = −a2(τ)(1 + 2HT)
[
δij + h̃ij + 2∂(iLj)

]
. (1.157)

Expanding the r.h.s of the previous equation and eliminating terms of O2 we get
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hij = h̃ij + 2∂(iLj) + 2HTδij. Finally, we have the desired equation

h̃ij = hij − 2∂(iLj) − 2HTδij . (1.158)

Proof 3

The final task is to derive the perturbed connection coefficient (or the perturbed
Christoffel symbol) as shown by Eq.(1.128). The procedure developed here can
be easily applied to obtain the other Christoffel symbols. Let’s start with the
perturbed RW metric tensor

gµν = a2

(
1 + 2Ψ 0

0 −(1 − 2Φ)δij

)
. (1.159)

The inverse of gµν is

gµν =
1
a2

(
1 − 2Ψ 0

0 −(1 + 2Φ)δij

)
. (1.160)

The relation between the connection coefficients and the metric tensor is

Γµ
νρ =

1
2

gµλ(∂νgλρ + ∂ρgλν − ∂λgνρ). (1.161)

We want the case µ = ν = 0 and ρ = i, then the relation (1.161) reduces to

Γ0
0i =

1
2

g0λ(∂0gλi + ∂igλ0 − ∂λg0i). (1.162)

The above equation is non-zero only for λ = 0. Then, Eq. (1.162) becomes

Γ0
0i =

1
2

g00 (∂ig00) (1.163)

Finally, using g00 = (1 − 2Ψ)/a2, g00 = a2(1 + 2Ψ) and eliminating terms second
order in Ψ, we obtain the derided expression

Γ0
0i = ∂iΨ . (1.164)
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1.4.6 Evolution of the gravitational potential

In this section, we numerically solve a differential equation to obtain the
evolution for the gravitational potential Φ. The complete solution is separated into
three steps: (i) First we need the general ordinary differential equation governing
the evolution of the gravitational potential, (ii) then we need to find the non-
constant coefficients of this differential equation. (iii) Finally we need to rewrite
this equation in order to be easily numerically integrated.

(i) General equation: the gravitational potential: The first-order in perturba-
tion theory for the components 0,0 and i,i in the Einstein equations are, respectively,
given by

∇2Φ = 4πGa2δρ + 3H(Φ′ +HΦ), (1.165)

Φ′′ + 3HΦ′ + (2H′ +H2)Φ = 4πGa2δP. (1.166)

Consider the following: ∇2 → −k2 and Eq.(1.165) ×
(
− P̄

ρ̄

)
+ Eq.(1.166), then we

have

Φ′′ + 3H
(

1 +
P̄
ρ̄

)
Φ′ +

[
2H′ +H2 + 3H2 P̄

ρ̄

]
Φ +

P̄
ρ̄

k2Φ (1.167)

= 4πGa2δρ

(
δP
δρ

− P̄
ρ̄

)
≈ 0. (1.168)

Analogously, we also consider the zeroth order in the Einstein equations of
the components 0,0 and i,i. These correspond to the first and second Friedmann
equations, respectively

H2 =
8πG

3
a2ρ̄, (1.169)

2H′ +H2 = −8πGa2P̄. (1.170)

Performing the following operation Eq.(1.169) ×
(

3 δP
δρ

)
+ Eq.(1.170) we have

2H′ +H2 + 3H2 δP
δρ

= 2H′ +H2 + 3H2 P̄
ρ̄
= 8πGa2ρ̄

(
δP
δρ

− P̄
ρ̄

)
≈ 0. (1.171)

Substituting Eq. (1.171) back to Eq. (1.168), we have

Φ′′(τ) + 3H (1 + weff)Φ′(τ) + Φ + k2weffΦ(τ) = 0 . (1.172)
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Equation (1.172) is an ordinary differential equation with non-constant coefficients.
Therefore, to solve this equation we need to find these terms. Firstly, we define the
effective equation of state as

weff ≡
P̄
ρ̄

. (1.173)

(ii) Early times: radiation + pressureless matter: for this first solution, we
simplify the problem and solve the differential equation (1.172) in the regime of
radiation and cold dark matter (pressureless matter) domination. Therefore, the
energy density and pressure can be written as follows

ρ̄ = ρ̄r + ρ̄m =
ρ̄r,0

a4 +
ρ̄m,0

a3 (1.174)

P̄ = P̄r + P̄m ≈ P̄r = wrρr =
1
3

ρr (1.175)

ΩI,0 ≡ ρ̄I,0

ρcrit,0
, I = r or m. (1.176)

Using Eqs. (1.174)-(1.176), the effective equation of state, Eq. (1.173), can be rewrit-
ten as follows

weff =
1

3
(

1 + Ωm,0
Ωr,0

a
) . (1.177)

For convenience, we define a new variable y as follows

aeq =
Ωr,0

Ωm,0
, y ≡ a

aeq
. (1.178)

Using these changes of variable, the effective equation of state can be written as

weff =
1

3 (1 + y)
. (1.179)

The final task is to find the form of H as a function of y in these simplified
radiation + CDM universe models. The relation between the conformal Hubble
parameter, H, and Hubble parameter, H, is

H2 = a2H2. (1.180)
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Considering only radiation and pressureless matter, the Hubble parameter is

H2 = H2
0

[
Ωr,0

a4 +
Ωm,0

a3

]
⇒ H2 = H2

0

[
Ωr,0

a2 +
Ωm,0

a

]
. (1.181)

Using the change of variable is not difficult to show that the conformal Hubble
parameter is given by

H2 =
H2

0Ωm,0

aeq

[
1
y
+

1
y2

]
, or H =

H0
√

Ωm,0√aeq

√
1 + y
y

. (1.182)

Taking the derivative of the conformal Hubble parameter with respect y we have

Ḣ = −
H0
√

Ωm,0√aeq

2 + y
2y2
√

1 + y
. (1.183)

(iii) Gravitational potential: change of variable: finally, we need to rewrite
the Eq. (1.172) in terms of the new variable y. The first step is to express dτ in
terms of dy, we have

d
dτ

=
a
a

da
dτ

d
da

= Ha
d
da

= H(yaeq)
d

d(yaeq)
, (1.184)

then we have

d
dτ

= Hy
d

dy
. (1.185)

It is going to be useful for the second derivative of Eq. (1.185)

d2

dτ2 =
d

dτ

d
dτ

= Hy
d

dy

(
Hy

d
dy

)
, then (1.186)

d2

dτ2 = Hy
[
Ḣy

d
dy

+H d
dy

+Hy
d2

dy2

]
. (1.187)

Just to recap, we are using the following notation

d
dτ

≡ ( )′,
d

dy
≡ ˙( ). (1.188)

Applying the Eqs. (1.185) and (1.188) into Eq. (1.172), after some algebraic manip-
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ulations, we are left with

Φ̈(y) +
1
Hy

[
Ḣy +H (4 + 3weff)

]
Φ̇(y) +

k2weff

H2y2 Φ(y) = 0. (1.189)

Finally, using Eqs. (1.179), (1.182) and (1.183) into Eq. (1.189) we have the desired
equation of the potential in terms of the new variable y

Φ̈k(y) +
[

8 + 7y
2y(1 + y)

]
Φ̇k(y) +

[
aeqk2

3H2
0Ωm,0(1 + y)2

]
Φk(y) = 0 . (1.190)

We use the new notation Φ(y) → Φk(y) to remember that this equation depends
on the Fourier mode k.

(iv) Numerical results: To compute equation (1.190) numerically, we can use
any programming language that allows us to solve ordinary differential equations
(ODE), for example, Python. ODEs in Python can be solved with the function
called odeint from the package Scipy. The function odeint only solves first-
order ODEs, or a system of coupled ODEs. For this reason, we need to transform
the second order Eq. (1.190) into a system of two coupled ODEs.4 To break the
ODE into two other ones, we pay the price of gaining a new variable, here defined
by v, so Eq. (1.190) becomes

vk ≡ Φ̇k, (1.191)

v̇k(y) = −A(y)vk(y)− Bk(y)Φk(y). (1.192)

The coefficients are defined by

A(y) ≡ 8 + 7y
2y(1 + y)

, Bk(y) ≡
aeqk2

3H2
0Ωm,0(1 + y)2

. (1.193)

We have assumed natural units where the speed of light in a vacuum is 1, but
here we need to reintroduce this constant for a correct numerical computation. By
dimensional analysis we see that [H] = km/s/Mpc and [k] = 1/Mpc, therefore
we need multiply k by c, i.e. we re-scale the value of k by k → kc. Python also
return to us the rate of the gravitational potential with respect to the variable y.
The result is shown in figures 1.4 and 1.5.

4Mathematica is more suitable for this task, but here we use an open source software for
illustrative purposes only.
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Figure 1.4: Evolution of perturbed gravitational potential
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Figure 1.5: Evolution of the rate of the perturbed gravitational potential.
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1.5 Cosmic Microwave Background

Figure 1.6: Figure from Planck image gallery [9]

The light that permeates throughout the universe is known as Cosmic Mi-
crowave Background (CMB) formed 370000 years after the Big Bang temporal-
singularity. This radiation was first discovered by Penzias and Wilson [10] allow-
ing them to share the Physics Nobel Prize in 1978. In Figure 1.6 we show a map
of the CMB temperature anisotropy measured by the Planck satellite [9]. We can
write a general expression for the temperature as a function of the sky direction:

T(n) ≡ T̄0 [1 + Θ(n)] , (1.194)

where T̄0 is the average CMB temperature and Θ(n) ≡ δT(n)/T̄0 is the fractional
temperature fluctuation. In this part, we closely follow the [1] notation. As we
will see, it is possible to write a functional form for Θ(n) (thus for T(n) if T̄0

is known), however, observationally we should turn our finds into a statistical
equation known as two-point correlation function:

C(θ) ≡ ⟨Θ(n)Θ(n’)⟩, (1.195)

where θ is the angular separation in the sky between the unitary vectors n and n’
and defined through cos θ = n · n’. This is because a broad variety of theoretical

https://www.cosmos.esa.int/web/planck/picture-gallery
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models of the early universe predicts that Θ(n) should satisfy a Gaussian distribu-
tion [11]. If this actually is the case, then we should be able to capture all features
of the CMB temperature anisotropies, θ(n), with a single function of the angular
separation C(θ) given by Eq. (1.195).

The same cosmological information in C(θ) is contained in the angular power
spectra denoted by Cℓ. To see this, we first expand the CMB fractional temperature
anisotropy in terms of spherical harmonics

Θ(n) =
∞

∑
l=2

ℓ

∑
m=−ℓ

aℓmYℓm(n). (1.196)

Substituting Eq. (1.196) into Eq. (1.195) we obtain

C(θ) = ∑
ℓ

2ℓ+ 1
4π

CℓPℓ(cos θ) (1.197)

where Pℓ are the Legendre polynomials, and we have used the assumption of Gaus-
sian statistics (predicted by early universe models) for the fractional temperature
anisotropy:

δmm′δℓℓ′Cℓ = ⟨aℓma∗ℓ′m′⟩, (1.198)

Since the Pℓ’s are known, if we determine Cℓ we automatically find C(θ) by means
of Eq. (1.197). In Eq. (1.196) note that m varies in the range ±ℓ, thus for a fixed ℓ

there are 2ℓ+ 1 possible values for m. Therefore, summing over all possible values
for m, we can obtain an estimator for Cℓ

Ĉℓ =
1

(2ℓ+ 1)

ℓ

∑
m=−ℓ

|aℓm|2. (1.199)

Note that the estimator is unbiased, ⟨Ĉℓ⟩ − Cℓ = 0. However, there is an intrinsic
error due to the cosmic variance [2/(2ℓ+ 1)]1/2Cℓ [12] which is dominated on
larger angular scales.

1.5.1 Primordial spectrum and CMB

What was the mechanism (inflation, topological defects, etc) behind the gen-
eration of the primordial spectrum density perturbation that 13.8 billion years
after the Big Bang led the universe that we see today? In order to use CMB to
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find an answer to this question, we first need a connection between the angular
power spectra, Cℓ’s, and the primordial spectrum of density perturbations, ∆2

R(k).
The first step in this direction is to know how the photons (i.e. a property of the
photons: energy E, wavelength λ, etc) evolve after decoupling in a perturbed
universe. The geodesic equation governing the free photon propagation is

dPµ

dη
= −Γµ

νρ
PνPρ

P0 . (1.200)

Using the Christoffel symbols derived in proof 3, section 1.4.5, we can rewrite
Eq. (1.200) for µ = 0 (because it is related with the photon’s energy) as follow

dP0

dη
= −

(
H+ Ψ′) P0 − 2∂iΨPi −

[
H− Φ′ − 2H (Φ + Ψ)

]
δij

PiPj

P0 (1.201)

Given a particle with mass m, physical momentum p = (gijPiPj)1/2, energy
E = (p2 + m2)1/2, the mass-shell constraint is given by (see e.g. [13]) gµνPµPν =

(1 + 2Ψ)(P0)2 + p2 = m2. For the photon, m = 0, thus we obtain

P0 =
E
a
(1 − Ψ),

Pi =
E
a
(1 + Φ)pi (1.202)

substituting Eq. (1.202) into (1.201) and solving for the energy at first order in
perturbation, we get

d ln E
dη

= −H+ Φ′ − pi∂iΨ. (1.203)

The equation (1.203) tells how the photon energy varies in an expanding (due the
Hubble term) and inhomogeneous universe (due the metric perturbations). At
this point, we are interested solely on the effect of metric perturbations, thus we
have to discount the Hubble flow from the right hand side of Eq. (1.203), which
leads

d ln ϵ

dη
= Φ′ + Ψ′ − dΨ

dη
(1.204)

where ϵ ≡ aE. The Eq. (1.204) tells us how the photon’s energy (corrected by the
redshifting due to the Hubble flow) is affected by local perturbations of the Hubble
flow (Φ′) which means that some parts of the universe expand slightly faster, or
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lower than others one plus potential wells (the whole term Ψ′ − dΦ/dη = pi∂iΦ)
caused by the intervening matter of the large scale structure.

To obtain how much was the photon’s energy deviated from its initial value
at the decoupling time (η∗) to its value seen today (η0) by our telescopes, we
should solve Eq. (1.204) for the energy, a result known as line-of-sight solution [1]
or line-of-sight integral [14]. A proper way to perform this calculation needs to
take into account several physical processes beyond the gravitation redshift, such
as the adiabatic growth of perturbations, baryon velocity-induced fluctuations,
and photon diffusion. Those effects are then combined and solved with the Euler,
Continuity, and Boltzmann equation with the introduction of the visibility function,
which is the probability that a photon last scattered within a time interval of
[η, η + dη] (see [15] and references therein). For illustrative purposes, we assume
an instantaneous decoupling at η∗ (see chapter 7 of [1] or Appendix B for detailed
computation), and the solution for Eq. (1.204) becomes

δT
T̄

∣∣∣
0
=

δT
T̄

∣∣∣
∗
+ Ψ∗ − Ψ0 +

∫ η∗

η0

dη

(
∂Φ
∂η

+
∂Ψ
∂η

)
. (1.205)

To obtain Eq. (1.205) we have used that after decoupling the photon’s distribution
function have its shape unmodified once they trajectories are along geodesics, and
since the Bose-Einstein distribution is a function of E/T, then the proportionality
relation holds, E ∝ T ⇒ E ∝ T̄(1 + δT/T̄). The first term in Eq. (1.205) has the
contribution from two sources: the temperature fluctuation induced by photon
density contrast, δγ/4, and a Doppler shift due to the scattering between photons
and electrons at the last scattering surface, which is proportional to the projection
of the baryon velocity onto the line-of-sight direction, −n · vb, where the minus
sight means that the photon momentum vector has a direction opposite to the
unit vector n. The term Ψ∗ − Ψ0 in Eq.(1.204) simplifies to Ψ∗ because the local
gravitational potential, Ψ0, modify the CMB power spectra as a whole, thus this
term is unobserved [16] and can be ignored in the equation. Rearranging the
terms we have δT/T̄|∗ + Ψ∗ − Ψ0 = (δγ∗/4 + Ψ∗)− n · vb∗ where the first term
inside the parenthesis is recognized as the Sachs-Wolfe effect due to Sachs and
Wolfe (1967) [17]. The second term, −n · vb∗, is the Doppler shift. Finally, the
integral in Eq.(1.204) is called the integrated Sachs-Wolfe effect that accounts for
temperature fluctuation induced by the intervening distribution of matter through
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the universe [1, 16]. In this way, Eq. (1.205) can be written as

Θ(n) ≡ δT
T̄
(n) =

1
4

δγ∗ + Ψ∗ − n · vb∗ +
∫ η0

η∗
(Φ′ + Ψ′)dη. (1.206)

In general, it is easier to work in Fourier space, where plane waves can be
decomposed in Fourier modes and evolve independently and in the end, we
just need to perform a superposition of these modes. This constitutes the so-
called spatial to angular projection approach [1]. Let us define new functions
F∗(k)Ri(k) ≡ δγ∗/4 + Ψ∗ and G∗(k)Ri(k) ≡ |vb∗| = vb∗ where Ri is the initial
curvature perturbation that takes into account the linear evolution of fluctuations.
Therefore, Eq. (1.206) becomes

Θ(n) =
∫ d3k

(2π)3 eik · x∗Θℓ(k)Ri. (1.207)

where we have defined the transfer function Θℓ(k) ≡ F∗ − i(k̂ · n̂)G∗. Note that
in this equation we neglected the ISW effect, which is small in comparison with
the other ones, with the exception at ℓ < 10 (see e.g. figure 5.2 in [14]) which is
a little bit larger than the Doppler effect, but that cause no much prejudice for
our example. If we take the Legendre expansion of the exponential, ei(kχ∗)k̂ · n̂ =

∑ℓ iℓ(2ℓ+ 1)jℓ(kχ∗)Pℓ(k̂ · n̂), and its derivative with respect to the module of its
argument, we can rewrite the equation (1.207) as follows

Θ(n) = ∑
ℓ

iℓ(2ℓ+ 1)
∫ d3k

(2π)3 Θℓ(k)Ri(k)Pℓ(k̂ · n̂). (1.208)

Finally, substituting Eq.(1.208) into the two-point correlation function (1.195) and
comparing the result with the CMB temperature power spectra in Eq. (1.197) we
have

Cℓ = 4π
∫

d(ln k) Θ2
ℓ(k)∆

2
R(k) , (1.209)

where the primordial curvature perturbation, ∆R(k), is defined via the two-point
correlation function of the initial curvature perturbation, Ri(k), in the following
way: ⟨Ri(n)Ri(n’)⟩ = 2π2/k3∆2

R(k)(2π)3δ(k + k’).
As we have mentioned, the proper way to derive the CMB temperature

anisotropy power spectra is via Boltzmann’s kinetic theory (coupled with the
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Einstein equations) that takes into account deviations of the particle distribu-
tion function from thermal equilibrium due to the universe expansion, particle
scatterings, annihilations and a sharply peaked, but non-instantaneous, photon
decoupling as we have assumed in our derivation of equation (1.209). Although
the purpose here is not to provide all the details on CMB calculations, we provide
a scheme on how real CMB power spectra are estimated (see [14] for details or
appendix B of [1]). In figure 1.7 the horizontal line represents the last scattering
surface and a photon that starts its journey through the space until be captured by
our telescopes today. This photon carries much information about the physical
process on the LSS, and in figure 1.7 we show the essential equations that allow us
to relate the CMB photon with the universe’s characteristics such as mass-energy
distribution and the physics of recombination.

L( f ) = C{ f ; fi}LSS

dΘ/dη = d ln ϵ/dη − Γ[Anisotropic Scattering Term]

τ(η) ≡
∫ η0

η Γ(η′)dη′

Θℓ(k) =
∫ η0

ηi
dη{g(Θ0 + Ψ) + (gk−2θb)

′ + e−τ(Φ′ + Ψ′)}jℓ[k(η0 − ηi)]

aℓm = (−i)ℓ
∫

d3kYℓm(k̂)Θℓ(k)

Cℓ = ⟨aℓma∗ℓm⟩

Cℓ = 4π
∫
(d ln k)Θ2

ℓ(k)∆
2
R(k)

γ′

γ′

e

Figure 1.7: A schematic representation of how we convert the early universe’s
information carried by the CMB photons when it reaches us today.

We can interpret figure 1.7 as follows. Initially, photons were tightly coupled
with baryons, exchanging energy and momentum in a scattering process with a
rate higher than the universe expansion. From the photon’s phase-space point of
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view, this implies in an evolution of the number of photons at a given point (Pµ, xi)

and time t = x0. This is characterized by the distribution function f (Pµ, xν) with a
dynamics described by the Boltzmann equation

L( f ) ≡ d f
dη

(η, x, ϵ, p̂) =
∂ f
∂η

+
∂ f
∂x

·
dx
dη

+
∂ f
∂ϵ

dϵ

dη
+ CMB Lensing = C{ f ; fi}

(1.210)

where the left side in (1.210) is the Liouville operator which simply tells us how
the distribution function varies, with respect to η, in response to external inter-
actions with other particles given by each distribution function, fi, where i can
be electrons, neutrinos, etc. The “CMB lensing” term describes deviation in the
CMB photon direction and is given by (∂ f /∂p̂) · (∂p̂/∂η). This term is second
order in perturbation (which is called “secondary” CMB effect) so we drop off its
contribution.

The distribution function in terms of the fractional temperature fluctuation, Θ,
is given by

f (η, x, ϵ, p̂) =
1

exp
[

ϵ
aT̄(η)(1+Θ(η,x,p̂))

]
− 1

. (1.211)

Combining Eq. (1.211) with (1.210) and taking into account the Isotropic Thompson
Scattering, ITS ≡ Θ − Θ0 − p̂ · vb, and the Anisotropic Thompson Scattering, ATS
≡ −3/(16π)

∫
dp̂iΘ(p̂i)[(p̂i · p̂)2 − 1/3], where Θ0 is the monopole and p̂i is the

incoming photon’s momentum in the scattering process with the target electron.
This produces the second equation from top to bottom in figure 1.7. The solution
of this differential equation was mentioned before, it is known as the “line-of-sight
solution”, which is obtained by introducing the optical depth, τ(η), that describes
the opacity of the universe; higher the opacity is higher is the probability of photon
be scattered between η and η0. The mathematical advantage of this quantity is
that it helps to integrate the Boltzmann equation, which turns on into the fourth
equation shown in figure 1.7.

The fractional temperature fluctuation was defined in equation (1.196) in terms
of spherical harmonics Yℓm with weights aℓm. These quantities can be computed
just by inverting Eq. (1.196), in terms of Θℓ, as shown in the fifth equation, from
top to bottom, of figure 1.7. We take the average of these weights which finally
produce the CMB power spectra in terms of the transfer function, Θℓ(k), and the
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primordial power spectra.



Chapter 2

Gauge invariant perturbations

2.1 Introduction

In chapter 1.1 we saw expressions that do not change under a gauge transforma-
tion, for example, the Bardeen variables and the comoving curvature perturbation.
How can we obtain these quantities? This chapter explains the procedure and
performs detailed computations to obtain these and other gauge-invariant pertur-
bations.

The universe is described by the RW metric gµν. This metric is the contribution
of two terms: ḡµν which denotes the metric at background level (or at zeroth order
in perturbation theory) and δgµν that represents small perturbation in the metric
(or the first order in perturbation theory). Through this chapter we use the notation
of [1]. As we saw in chapter 1.1, the perturbation functions (PF) are A, Bi, and hij. In
order to avoid the gauge problem, i.e. the generation of unphysical perturbations,
we need to perform the gauge transformation requesting the invariance of the
spacetime interval, i.e. ds̃2 = ds2. This “jump” from the gauge G to the other
gauge G̃ is performed by the gauge generator functions given by ξµ (introduced in
chapter 1.1), such that |ξµ| ≪ 1 in order to guarantee that the perturbations can be
linearized.

2.2 Setting equations

The perturbed RW metric is given by

gµν = a2(τ)


[1 + 2A(τ, x)] −Bi(τ, x)

−Bi(τ, x) −[δij + hij(τ, x)]

 . (2.1)

42
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Let’s remember the SVT decomposition for the perturbation functions. These are
given by

Bi = ∂iB + B̃i (∂iBi = 0), (2.2)

hij = 2Cδij + 2∂⟨i∂j⟩E + 2∂(iẼj) + 2Ẽij (Ẽi
i = ∂iẼi = ∂iẼij = 0), (2.3)

∂⟨i∂j⟩E =

(
∂i∂j −

1
3

δij∇2
)

E, (2.4)

∂(iẼj) =
1
2
(
∂iẼj + ∂jẼi

)
. (2.5)

For convenience, we also repeat the gauge generator function

x̃µ = xµ + ξµ(τ, x), (2.6)

ξ0 ≡ T, (2.7)

ξ i ≡ Li = ∂iL + L̃i (∂i L̃i = 0). (2.8)

From the invariance of the spacetime interval, ds̃2 = ds2, it possible to show
that the components of the metric in the gauge G, gµν, relates with the components
of the metric in the gauge G̃, g̃µν, by the following expression

gµν(τ, x) = g̃µν(τ, x) + ∂αgµν(τ, x)ξα + ∂µξρgρν(τ, x) + ∂νξρgρµ(τ, x). (2.9)

To demonstrate the Eq. (2.9), we start from the invariance of the line elements
between the gauges, i.e.

ds2 = ds̃2 ⇒ gµν(x)dxµdxν = g̃αβ(x̃)dx̃αdx̃β. (2.10)

The coordinate transformation is given by dx̃α = (∂x̃α/∂xµ)dxµ and dx̃β =

(∂x̃β/∂xν)dxν we have

gµν(x) =
∂x̃α

∂xµ

∂x̃β

∂xν
g̃αβ(x̃) (2.11)

Using the gauge transformation given by Eq. (2.6) into Eq. (2.11) we have

gµν(x) =
(

δα
µ + ∂µξα

) (
δ

β
ν + ∂νξβ

)
g̃αβ(x̃). (2.12)

Expand Eq. (2.12) and neglect quadratic terms in the gauge generator ξα. In addi-
tion, it is useful to consider the expansion of the g̃αβ(x̃) around the neighborhood
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of x, this is given by

g̃αβ(x̃) = g̃αβ(x̃µ) = g̃αβ(xµ + ξµ) ≈ g̃αβ(xµ) + ∂µ g̃αβ(xµ)ξµ(xµ), or (2.13)

g̃αβ(x̃) ≈ g̃αβ(x) + ∂µ g̃αβ(x)ξµ(x) (2.14)

Substituting Eq. (2.14) into Eq. (2.12) and expanding the expression up to first
order in perturbation, we are left with

gµν(x) =
(

δα
µ + ∂µξα

) (
δ

β
ν + ∂νξβ

) (
g̃αβ + ∂σ g̃αβξσ

)
=
(

δα
µδ

β
ν + δα

µ∂νξβ + δ
β
ν ∂µξα

) (
g̃αβ + ∂σ g̃αβξσ

)
= δα

µδ
β
ν g̃αβ + δα

µδ
β
ν

(
∂σ g̃αβ

)
ξσ + δα

µ

(
∂νξβ

)
g̃αβ + δ

β
ν

(
∂µξα

)
g̃αβ

= g̃µν(x) + ∂σ g̃µν(x)ξσ + ∂µξα g̃να(x) + ∂νξβ g̃µβ(x), (2.15)

where Eq. (2.15) is the same as Eq. (2.9), what was to be shown. Applying Eq. (2.9)
to each metric component, we obtain the relations satisfied the gauge generator
between the gauges G and G̃. However, this computation was already performed
in section (1.4.5) for Bi and hij, the result is

Ã = A − T′ −HT, (2.16)

B̃i = B + ∂iT − L′
i, (2.17)

h̃ij = hij − 2∂(iLj) − 2HTδij. (2.18)

2.3 Building gauge invariant perturbations

In terms of the SVT decomposition, we can separate the perturbations contri-
butions, Eqs. (2.16)-(2.18), into scalars, vectors, and tensors part. Let’s concentrate
on the scalar perturbation part. Then we have

Ã = A − T′ −HT, (2.19)

B̃ = B + T − L′, (2.20)

C̃ = C −HT − 1
3
∇2L, (2.21)

Ẽ = E − L. (2.22)

In the same sense, we can decompose the components of the energy-momentum
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tensor (again, taking just the scalar part)

δ̃ρ = δρ − ρ̄′T, (2.23)

δ̃P = δP − P̄′T, (2.24)

ṽ = v + L′, (2.25)

q̃ = q + (ρ̄ + P̄) L′. (2.26)

Now we have everything that we need in order to describe the general method
to find gauge invariant combinations. Firstly, note that the Eqs. (2.19)-(2.26) can
be expressed in a most general way as follows Ã = Ã(A, T, L), B̃ = B̃(B, T, L),
..., q̃ = q̃(q, T, L). Generically, this can be written as Q̃ = Q̃(Q, T, L). These
quantities are dependent of the gauge generator function T and L, this means that
the perturbed quantity, Q̃, also is gauge dependent. Then, the conclusion is:

If we combine the equations from (2.19) to (2.26) in order to eliminate the gauge generator
functions, T and L, then the result is a gauge invariant quantity.

2.4 Applying the method

We proceed to apply the previous statement in order to find useful combina-
tions that are gauge-independent.

2.4.1 Bardeen’s potentials

The first gauge invariant quantity widely used in cosmology is the Bardeen’s
potentials (or variables), which we define below.

First Bardeen’s potential

Consider the following equations

Ã = A − T′ −HT, (2.27)

B̃ = B + T − L′, (2.28)

Ẽ = E − L. (2.29)



Chapter 2. Gauge invariant perturbations 46

In order to eliminate the gauge generator functions T and L (as well T′ and L′),
we perform the following manipulations

−Eq. (2.29)′ ⇒ −Ẽ′ = −E′ + L′, (2.30)

⇓
Eq. (2.28) + Eq. (2.30) ⇒ B̃ − Ẽ′ = B − E′ + T. (2.31)

Consider now the following manipulations with Eq. (2.31)

H× Eq. (2.31) ⇒ H(B̃ − Ẽ′) = H(B − E′) +HT, (2.32)

Eq. (2.31)′ ⇒ (B̃ − Ẽ′)′ = (B − E′)′ + T′. (2.33)

Finally, if we do: Eq. (2.27)+Eq. (2.32)+Eq. (2.33), then we obtain the following

Ã +H(B̃ − Ẽ′) + (B̃ − Ẽ′)′ = A −��T′ −�
��HT +H(B − E′) +�

��HT + (B − E′)′ +��T′

Ã +H(B̃ − Ẽ′) + (B̃ − Ẽ′)′ = A +H(B − E′) + (B − E′)′. (2.34)

The l.h.s of Eq. (2.34) is expressed in the gauge G̃, and the r.h.s is expressed in the
gauge G, however, how both sides of Eq. (2.34) are equal, then we conclude that
the quantity defined by

Ψ ≡ A +H(B − E′) + (B − E′)′ (2.35)

is a gauge invariant quantity. The Eq. (2.35) is known as the first Bardeen’s potential.

Second Bardeen’s potential

Consider the following equations

B̃ = B + T − L′, (2.36)

C̃ = C −HT − 1
3
∇2L, (2.37)

Ẽ = E − L. (2.38)
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Performing the following manipulations

−Eq. (2.37) ⇒ −C̃ = −C +HT +
1
3
∇2L, (2.39)

1
3
∇2Eq. (2.38) ⇒ 1

3
∇2Ẽ =

1
3
∇2E − 1

3
∇2L, (2.40)

⇓

Eq. (2.39) + Eq. (2.40) ⇒ −C̃ +
1
3
∇2Ẽ = −C +

1
3
∇2E +HT. (2.41)

In addition, consider the following computations

−Eq. (2.38)′ ⇒ −Ẽ′ = −E′ + L′, (2.42)

Eq. (2.36) + Eq. (2.42) ⇒ B̃ − Ẽ′ = B − E′ + T, (2.43)

⇓
−H× Eq. (2.43) ⇒ −H(B̃ − Ẽ′) = −H(B − E′)−HT (2.44)

Finally, summing the equations Eq. (2.41)+Eq. (2.44), we have

−C̃ +
1
3
∇2Ẽ −H(B̃ − Ẽ′) = −C +

1
3
∇2E +���HT −H(B − E′)−���HT,

−C̃ −H(B̃ − Ẽ′) +
1
3
∇2Ẽ = −C −H(B − E′) +

1
3
∇2E. (2.45)

In the same way of Eq. (2.34), we conclude from the Eq. (2.45) that the quantity
defined by

Φ ≡ −C −H(B − E′) +
1
3
∇2E (2.46)

is a gauge invariant perturbation. The Eq. (2.46) is known as the second Bardeen’s
potential.
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2.4.2 Comoving curvature perturbation

Consider the following equations

B̃ = B + T − L′, (2.47)

C̃ = C −HT − 1
3
∇2L, (2.48)

Ẽ = E − L, (2.49)

ṽ = v + L′. (2.50)

Performing the following manipulations

−1
3
∇2Eq. (2.49) ⇒ −1

3
∇2Ẽ = −1

3
∇2E +

1
3
∇2L, (2.51)

⇓

Eq. (2.48) + Eq. (2.51) ⇒ C̃ − 1
3
∇2Ẽ = C − 1

3
∇2E −HT. (2.52)

In addition, consider the following computation

H× [Eq. (2.47) + Eq. (2.50)] ⇒ H(B̃ + ṽ) = H(B + v) +HT. (2.53)

Finally, doing Eq. (2.52)+Eq. (2.53) we are left with

C̃ − 1
3
∇2Ẽ +H(B̃ + ṽ) = C − 1

3
∇2E +H(B + v). (2.54)

From equation Eq. (2.54), we conclude that the quantity defined by

R ≡ C − 1
3
∇2E +H(B + v) (2.55)

is a gauge invariant perturbation. Eq. (2.55) is known as the comoving curvature
perturbation.
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2.4.3 Lukash variable

Let’s consider the following equations

C̃ = C −HT − 1
3
∇2L, (2.56)

Ẽ = E − L, (2.57)

δ̃ρ = δρ − ρ̄′T. (2.58)

Performs the following manipulations

−1
3
∇2Eq. (2.57) ⇒ −1

3
∇2Ẽ = −1

3
∇2E +

1
3
∇2L, (2.59)

⇓

Eq. (2.56) + Eq. (2.59) ⇒ C̃ − 1
3
∇2Ẽ = C − 1

3
∇2E −HT. (2.60)

In addition, consider the following computation

−H
ρ̄′

× Eq. (2.58) ⇒ −H
ρ̄′

δ̃ρ = −H
ρ̄′

δρ +HT. (2.61)

Finally, combining Eq. (2.60)+Eq. (2.61) we are left with

C̃ − 1
3
∇2Ẽ − H

ρ̄′
δ̃ρ = C − 1

3
∇2E − H

ρ̄′
δρ. (2.62)

Therefore, the quantity defined by

ζ ≡ C − 1
3
∇2E − H

ρ̄′
δρ (2.63)

is a gauge invariant perturbation known as Lukash variable.

2.4.4 Non-adiabatic pressure perturbation

Consider the following equations

δ̃ρ = δρ − ρ̄′T, (2.64)

δ̃P = δP − P̄′T. (2.65)
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Performing the following manipulation

− P̄′

ρ̄′
Eq. (2.64) ⇒ − P̄′

ρ̄′
δ̃ρ = − P̄′

ρ̄′
δρ + P̄′T. (2.66)

Finally, consider the following manipulation: Eq. (2.65)+Eq. (2.66), then we are
left with

δ̃P − P̄′

ρ̄′
δ̃ρ = δP − P̄′

ρ̄′
δρ. (2.67)

Finally, the quantity defined by

δPnad ≡ δP − P̄′

ρ̄′
δρ (2.68)

is a gauge invariant perturbation known as non-adiabatic pressure perturbation.

2.4.5 Comoving gauge density perturbation

This chapter ends with the comoving gauge density perturbation. Consider
the following equations

B̃ = B + T − L′, (2.69)

ṽ = v + L′, (2.70)

δ̃ρ = δρ − ρ̄′T. (2.71)

Performs the following manipulations

Eq. (2.69) + Eq. (2.70) ⇒ B̃ + ṽ = B + v + T, (2.72)

⇓
ρ̄′ × Eq. (2.72) ⇒ ρ̄′(B̃ + ṽ) = ρ̄′(B + v) + ρ̄′T. (2.73)

Finally, consider the following operation: Eq. (2.71)+Eq. (2.73), then we are left
with

δ̃ρ + ρ̄′(B̃ + ṽ) = δρ + ρ̄′(B + v). (2.74)
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Therefore, the quantity defined by

ρ̄′∆ ≡ δρ + ρ̄′(B + v) (2.75)

is a gauge invariant quantity known as comoving gauge density perturbation. We
summarize all the gauge-invariant perturbations obtained in this chapter

Ψ ≡ A +H(B − E′) + (B − E′)′ , (2.76)

Φ ≡ −C −H(B − E′) +
1
3
∇2E (2.77)

R ≡ C − 1
3
∇2E +H(B + v) , (2.78)

ζ ≡ C − 1
3
∇2E − H

ρ̄′
δρ , (2.79)

ρ̄′∆ ≡ δρ + ρ̄′(B + v) , (2.80)

δPnad ≡ δP − P̄′

ρ̄′
δρ . (2.81)



Chapter 3

Initial conditions

3.1 Introduction

In this chapter we describe the initial conditions required to solve the perturbed
system of coupled Einstein-Boltzmann equations that describe the evolution of the
metric components and for the evolution of the energy density for the components
of the universe as photons, cold dark matter, neutrinos, etc. Initial conditions are
important and a required step to study the evolution of the perturbed equations
of general relativity.

We start with the equations of motion for all components in the synchronous
gauge according to [18] and then we perform a change of variable to switch to
the notation of [19]. This is useful because [19] build an Ordinary Differential
Equation system with all variables of interest to derive the initial conditions - here
we follow the same steps as in this reference.

˙=
d

dτ
, ′ =

d
dx

(3.1)

x = kτ (3.2)

δ̃i = δi/x (3.3)

t̃i = ti/x2 = θi/(kx2) (3.4)

Θ = h′ (3.5)

σ̃ν = σν/x = Θν/x (3.6)

F̃ν3 = Fν3/x2. (3.7)

In the following subsections the equation on the left-hand side of the arrow “=⇒”
is in the notation of [18]. Conversely, the equation in the right-hand side of the
arrow “=⇒” is the same notation as in the reference [19].

52
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3.1.1 Cold Dark Matter

Since [19] does not set to zero the cold dark matter velocity t̃c in the syn-
chronous gauge, for consistency we also kept the term θc in the notation of [18],
then we obtain

δ̇c = −θc −
ḣ
2
=⇒ dδc

d ln x
= −δ̃c − x2 t̃c −

1
2

Θ, (3.8)

θ̇c = − ȧ
a

θc =⇒ t′c = −2t̃c −
x
k

ȧ
a

t̃c. (3.9)

3.1.2 Neutrinos

The neutrino equations of motion are

δ̇ν = −4
3

θν −
2
3

ḣ =⇒ d̃δν

d ln x
= −δ̃ν −

4
3

t̃νx2 − 2
3

Θ, (3.10)

θ̇ν = k2
(

1
4

δν − Θν

)
=⇒ dt̃ν

d ln x
= −2t̃ν +

1
4

δ̃ν − σ̃ν, (3.11)

Θ̇ν =
4θν

15
− 3k

10
Fν3

7
+

2ḣ
15

+
4η̇

5
=⇒ dσ̃ν

d ln x
= −σ̃ν +

4x2 t̃ν

15
− 3x2F̃ν3

10
+

2Θ
15

+
4η′

5
,

(3.12)

Ḟν3 =
1
7

3k
5

Fν2 =
6k
7

Θν =⇒ dF̃ν3

d ln x
= −2F̃ν3 +

6σ̃ν

7
. (3.13)

3.1.3 Photons and baryons

The density contrast for photons and baryons is given respectively by

δ̇γ = −4
3

θγ − 2
3

ḣ =⇒ d̃δγ

d ln x
= −δ̃γ − 4

3
t̃γx2 − 2

3
Θ, (3.14)

δ̇b = −θb −
1
2

ḣ =⇒ dδ̃b
d ln x

= −δ̃b − x2 t̃b −
1
2

Θ. (3.15)

Note that the reference [19] uses the tight-coupling approximation once it defines a
common value for the divergence of the fluid velocity t̃γb instead of two separated
values, t̃γ and t̃b as in Eqs. (3.14) and (3.15), respectively. The equations for θ̇γ and
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θ̇b are given by

θ̇γ = k2
(

1
4

δγ − Θγ

)
+ aneσT(θb − θγ), (3.16)

θ̇b = − ȧ
a

θb + c2
s k2δb +

4ρ̄γ

3ρ̄b
aneσT(θγ − θb), (3.17)

where Θγ = σγ is the photon anisotropic stress, ne is the electron density, σT is
the Thomson scattering cross-section and ρ̄γ and ρ̄b are the unperturbed energy
densities for photons and baryons. To obtain a single equation for the plasma
photon-baryon, we should linearly combine the equations (3.16) and (3.17) in order
to eliminate the Thomson scattering cross section and then we set the common
value θγ = θb = θγb. This algebra produces the following result

(
1 +

4
3

ρ̄γ

ρ̄b

)
θ̇γb =

k2δγ

3
ρ̄γ

ρ̄b
− ȧ

a
θγb, (3.18)

and performing the change of variables according to Eqs. (3.1) - (3.7) we have

dt̃γb

d ln x
= −2t̃γb +

δ̃γ

4
(

3
4

ρ̄b
ρ̄γ

+ 1
) − (ȧ/a)(x/k)(

1 + 4
3

ρ̄γ

ρ̄b

) t̃γb (3.19)

In the tight-coupling regime, we neglect the photon anisotropic stress Θγ,

3.1.4 The Einstein-Field equations

According to [18] the Einstein equations in the synchronous gauge are

k2η − 1
2

ȧ
a

ḣ = 4πGa2δT0
0 (syn) (3.20)

k2η = 4πGa2 (ρ̄i + P̄i) θi(syn) (3.21)

ḧ + 2
ȧ
a

ḣ − 2k2η = −8πGa2δTi
i (syn) (3.22)

ḧ + 6η̈ + 2
ȧ
a
(
ḣ + 6η̇

)
− 2k2η = −24πGa2 (ρ̄ + P̄)Θ(syn) (3.23)

We will show the details of the notation transformation below

k2η − 1
2

ȧ
a

kdh
kdτ

= −3
2

(
8πGa2ρtot

3

)
∑

i=γ,ν,c,b

δρi

ρtot
(3.24)
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using the Friedmann equation and expanding the summation over all fluid com-
ponents, we have

k2η − k
2

(
ȧ
a

)(
dh
dx

)
= −3

2

(
ȧ
a

)2
{

ρrad

ρtot

[
δργ

ργ

ργ

ρrad
+

δρν

ρν

ρν

ρrad

]

+
ρmat

ρtot

[
δρc

ρc

ρc

ρmat
+

δρb
ρb

ρb
ρmat

]}
(3.25)

where now we use the definition for the density contrast δi = ρi/ρi, and the
definitions for the fractions according to [19]: Rγ = ργ/ρrad = Ωγ/Ωrad, and
similarly for the other components Rν, Rc and Rb. Therefore, Eq. (3.25) can be
written as

k2η − k
2

2τ + 1
τ2 + τ

h′ = −3
2
(2τ + 1)2

(τ2 + τ)
2

{
1

(2τ + 1)2 [δγRγ + δνRν]

+
4
(
τ2 + τ

)
(2τ + 1)2 [δcRc + δbRb]

}
(3.26)

Switching from τ to x/k = τ, using h′ = Θ and simplifying the ks, we finally have

η − 2x/k + 1
x2 (x/k + 1)

= −3
2

[
Rγδγ + Rνδν

x2 (x/k + 1)2 +
4 (Rcδc + Rbδb)

kx (x/k + 1)

]
(3.27)

Following an analogous procedure for Eq. (3.21) we have

k2η̇ =
3
2

(
8πGa2ρtot

3

)
1

ρtot

{
ρrad

ρtot

[
ργ

ρrad
(1 + wγ) θγ +

ρν

ρrad
(1 + wν) θν

]
ρmat

ρtot

[
ρb

ρmat
(1 + wb) θb +

ρc

ρmat
(1 + wc) θc

]}
(3.28)

and performing the change of variables from τ to x we have

η′ =
2 (Rγtγ + Rνtν)

x2 (x/k + 1)2 +
6
(

Rbtγb + Rctc
)

kx (x/k + 1)
. (3.29)
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Following a similar approach we can rewrite the Eq. (3.22) as

Θ′ +
2 (2x/k + 1)

x/k + 1
Θ − 2η =

−3 (Rγδγ + Rνδν)

x2 (x/k + 1)
, (3.30)

and Eq. (3.23) as

Θ′′ + 6η′′ +
2 (2x/k + 1)
x (x/k + 1)

(
Θ′ + 6η′′)− 2η = −12 (Rγσγ + Rνσν)

x2 (x/k + 1)2 −
36
(

Rbσγb + Rcσc
)

kx (x/k + 1)
.

(3.31)

3.2 Early-times and super-horizon initial conditions

The evolution in time for the perturbed components can be obtained once we
provide initial perturbations. The formalism adopted here for the procedure of
obtaining these initial conditions (IC) is close to [19, 20]. Firstly, we organize the
variables to be integrated into a unified vector notation as follows

uT =
[
δ̃γ, δ̃ν, δ̃c, δ̃b, t̃γb, t̃ν, t̃c, σ̃ν, F̃(3)

ν , Θ, η
]

, (3.32)

where “T” means transpose. These functions can be simplified if we Taylor-expand
all coefficients around x/k = τ = 0. By “coefficient” we mean any quantity that
multiply δ̃γ, δ̃ν, ..., η in Eq. (3.32). These procedures allow us to separate terms
proportional to x0 (constant), x, x2, and so forth. In summary, we ended with an
ODE system that can be written in the matrix form, as shown by the following
equation

du
d ln x

=
[

A0 + A1x + A2x2 + ...
]

u, (3.33)

where A0, A1, A2, ... are matrices that contain coefficients of terms of different
orders in x [19]. We numerically computed these matrices up to the fourth order
and the results are shown in Eqs. (3.34) - (3.38)
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AT
0 =



−1 0 0 0 1
4 0 0 0 0 −6Rγ 0

0 −1 0 0 0 1
4 0 0 0 −6Rν 0

0 0 −1 0 0 0 0 0 0 0 0

0 0 0 −1 0 0 0 0 0 0 0

0 0 0 0 −2 0 0 8Rγ

5 0 0 0

0 0 0 0 0 −2 0 8Rν
5 0 0 0

0 0 0 0 0 0 −3 0 0 0 0

0 0 0 0 0 −1 0 −1 6
7 0 0

0 0 0 0 0 0 0 0 −2 0 0

− 2
3 − 2

3 − 1
2 − 1

2 0 0 0 2
15 0 −1 0

0 0 0 0 0 0 0 0 0 0 0



, (3.34)

AT
1 =



0 0 0 0 − 3Rb
4kRγ

0 0 0 0 12Rγ

k 0

0 0 0 0 0 0 0 0 0 12Rν
k 0

0 0 0 0 0 0 0 0 0 − 12Rc
k 0

0 0 0 0 0 0 0 0 0 − 12Rb
k 0

0 0 0 0 − 3Rb
kRγ

0 0 8(3Rb−2Rγ)
5k 0 0 2Rγ

0 0 0 0 0 0 0 − 16Rν
5k 0 0 2Rν

0 0 0 0 0 0 − 1
k

24Rc
5k 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 − 1
k 0

0 0 0 0 0 0 0 0 0 0 0



, (3.35)
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AT
2 =



0 0 0 0 3Rb(3Rb−Rγ)
4k2R2

γ
0 0 0 0 − 18Rγ

k2 0

0 0 0 0 0 0 0 0 0 − 18Rν

k2 0

0 0 0 0 0 0 0 0 0 12Rc
k2 0

0 0 0 0 0 0 0 0 0 12Rb
k2 0

− 4
3 0 0 −1 3Rb(3Rb−2Rγ)

k2R2
γ

0 0 − 24(Rb−Rγ)
5k2 0 0 6Rb−4Rγ

k

0 − 4
3 0 0 0 0 0 24Rν

5k2 + 4
15 0 0 − 4Rν

k

0 0 −1 0 0 0 1
k2 − 24Rc

5k2 0 0 6Rc
k

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 − 3
10 0 0 0

0 0 0 0 0 0 0 0 0 1
k2 0

0 0 0 0 0 0 0 0 0 0 0



,

(3.36)

AT
3 =



0 0 0 0 9R2
b(2Rγ−3Rb)

4k3R3
γ

0 0 0 0 24Rγ

k3 0

0 0 0 0 0 0 0 0 0 24Rν

k3 0

0 0 0 0 0 0 0 0 0 − 12Rc
k3 0

0 0 0 0 0 0 0 0 0 − 12Rb
k3 0

0 0 0 0 − 27R2
b(Rb−Rγ)

k3R3
γ

0 0 8(3Rb−4Rγ)
5k3 0 0 − 6(Rb−Rγ)

k2

0 0 0 0 0 0 0 − 32Rν

5k3 0 0 6Rν

k2

0 0 0 0 0 0 − 1
k3

24Rc
5k3 0 0 − 6Rc

k2

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 − 1
k3 0

0 0 0 0 0 0 0 0 0 0 0



,

(3.37)
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AT
4 =



0 0 0 0
9R2

b(−9RbRγ+9R2
b+R2

γ)
4k4R4

γ
0 0 0 0 −30Rγ

k4 0

0 0 0 0 0 0 0 0 0 −30Rν

k4 0

0 0 0 0 0 0 0 0 0 12Rc
k4 0

0 0 0 0 0 0 0 0 0 12Rb
k4 0

0 0 0 0
9R2

b(−12RbRγ+9R2
b+2R2

γ)
k4R4

γ
0 0 −8(3Rb−5Rγ)

5k4 0 0 6Rb−8Rγ

k3

0 0 0 0 0 0 0 8Rν

k4 0 0 −8Rν

k3

0 0 0 0 0 0 1
k4

−24Rc
5k4 0 0 6Rc

k3

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 1
k4 0

0 0 0 0 0 0 0 0 0 0 0



.

(3.38)

An approximate solution can be obtained considering the lowest order in the
Taylor-expansion (i.e. neglecting all terms except A0) for the system Eq. (3.33). In
this case, we have

u0(x) = ∑
λ

cλxλu(λ)
0 (3.39)

where cλ are weights that indicate the contribution of each normal mode, while uλ

are eigenvectors with eigenvalues λ for the matrix A0. Let’s show that Eq. (3.39) is
a solution for Eq. (3.33) at lowest order. Taking the derivative of Eq. (3.39) with
respect to ln x we have

du0

d ln x
= ∑

λ

λcλxλu(λ)
0 . (3.40)

Applying A0 to Eq. (3.39) we have

A0u0 = A0

(
∑
λ

cλxλu(λ)
0

)
= ∑

λ

cλxλ A0u(λ)
0 = ∑

λ

cλxλλu(λ)
0 (3.41)

where we can identify the right hand side of Eq. (3.41) as being the rhs of Eq. (3.40)
which proves that Eq. (3.39) is the lowest order solution for the equation (3.33).
Using Eq. (3.34) we can find the eigenvectors and eigenvalues for A0. The results
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are shown in the equations (3.42) and (3.43), respectively

0 0 0 0 0 0 1 0 0 0 0

0 0 0 0 0 0 0 0 1 0 0

0 0 0 0 Rν
Rν−1 1 0 0 0 0 0

4Rν
Rν−1 4 0 0 Rν

Rν−1 1 0 0 0 0 0

0 0 0 1 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1

0 0 0 0 0 −7
6 0

7(
√

5
√

5−32Rν+5)
60 1 0 0

0 0 0 0 0 −7
6 0

−7(
√

5
√

5−32Rν−5)
60 1 0 0

−1
3

−1
3

−1
4

−1
4

−1
36

−(4Rν+23)
144Rν+540 0 2

12Rν+45
4

84Rν+315 1 0
1
3

1
3

1
4

1
4

−1
12

−1
12 0 0 0 1 0



,

(3.42)

−3,−2,−2,−1,−1,−1, 0,
−
√

1 − 32Rν
5 − 3

2
,

√
5
√

5 − 32Rν − 15
10

,−3, 1

. (3.43)

3.2.1 Zeroth order and higher order correction

The solution here is written as u(λ)
i where λ is the eigenvalue and i is the order

correction. At zeroth order the second subscript is i = 0, at first order is i = 1, and
so forth for higher order corrections.

Adiabatic mode (AD) λ = 1

uAD
0 =

[
−1
3

,
−1
3

,
−1
4

,
−1
4

,
−1
36

,
− (23 + 4Rν)

36(15 + 4Rν)
, 0,

2
3(15 + 4Rν)

,
4

21(15 + 4Rν)
, 1, 0

]
.

(3.44)

Baryon isocurvature (BI) mode: λ = −1

uBI
0 = [0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0] . (3.45)

Cold dark matter isocurvature (CI) mode: λ = −1

uCI
0 = [0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0] . (3.46)
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Neutrino density isocurvature (NDI) mode: λ = −1

uNDI
0 =

[
4Rν

Rν − 1
, 4, 0, 0,

Rν

Rν − 1
, 1, 0, 0, 0, 0, 0

]
. (3.47)

Neutrino velocity isocurvature (NVI) mode: λ = −2

uNVI
0 =

[
0, 0, 0, 0,

Rν

Rν − 1
, 1, 0, 0, 0, 0, 0

]
. (3.48)

We can use each previous normal mode (i.e. with fixed λ) to extend the solution to
high-order corrections

u(λ) =
(

u(λ)
0 + u(λ)

1 x1 + u(λ)
2 x2 + ...

)
xλ, (3.49)

and we obtain the following hierarchy

[(λ + 1)I − A0]u
(λ)
1 = A1u(λ)

0 , (3.50)

[(λ + 2)I − A0]u
(λ)
2 = A1u(λ)

1 + A2u(λ)
0 , (3.51)

[(λ + 3)I − A0]u
(λ)
3 = A1u(λ)

2 + A2u(λ)
1 + A3u(λ)

0 , (3.52)

[(λ + 4)I − A0]u
(λ)
4 = A1u(λ)

3 + A2u(λ)
2 + A3u(λ)

1 + A4u(λ)
0 , (3.53)

where I denotes the 11× 11 dimensional identity matrix. Let’s show Eq. (3.50) and
the others follow a similar approach. The solution and the matrix up to first-order
correction are

u(λ) =
(

u(λ)
0 + xu(λ)

1

)
xλ (3.54)

A = A0 + xA1 (3.55)

Taking the derivative of Eq. (3.54) with respect to ln x we have

du(λ)

d ln x
=
[
λu(λ)

0 + (λ + 1)xu(λ)
1

]
xλ. (3.56)

Operating Eq. (3.55) into Eq. (3.54) and neglecting terms higher than first order in
x, we have

Au(λ) =
[
λu(λ)

0 + xA0u(λ)
1 + xA1u(λ)

0

]
xλ. (3.57)
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We must have the equality

du(λ)

d ln x
= Au(λ), (3.58)

then from then rhs of Eq. (3.56) and Eq. (3.57) we have

λu(λ)
0 + (λ + 1)xu(λ)

1 = λu(λ)
0 + xA0u(λ)

1 + xA1u(λ)
0

x (λ + 1 − A0)u(λ)
1 = xA1u(λ)

0

[(λ + 1) I − A0]u(λ)
1 = A1u(λ)

0 , (3.59)

where Eq. (3.59) is exactly Eq. (3.50), which proves the relation. A similar proce-
dure can be applied to obtain the other hierarchy relations in Eqs. (3.51), (3.52) and
(3.53).

Applying the Eq. (3.50) for λ corresponding to the adiabatic mode, 1,−1,−1,−1
and −2 we obtain:

3.2.2 First order correction

Adiabatic mode (λ = 1):

uAD
1 =

[
4

15k
,

4
15k

,
1
5k

,
1
5k

,
5Rb − Rν + 1
60k − 60kRν

,
8R2

ν + 50Rν + 275
60k (8R2

ν + 90Rν + 225)
, 0,

2 (4Rν − 5)
3k (8R2

ν + 90Rν + 225)
,

4Rν − 5
7k (8R2

ν + 90Rν + 225)
,
−6
5k

,
−(5 + 4Rν)

12(15 + 4Rν)

]
(3.60)

Baryon isocurvature mode (λ = −1):

uBI
1 =

[
−8Rb

3k
,
−8Rb

3k
,
−2Rb

k
,
−2Rb

k
,
−Rb
3k

,
−Rb
3k

, 0, 0, 0,
4Rb

k
, 0
]

(3.61)

CDM isocurvature mode (λ = −1).

uCI
1 =

[
−8Rc

3k
,
−8Rc

3k
,
−2Rc

k
,
−2Rc

k
,
−Rc

3k
,
−Rc

3k
, 0, 0, 0,

4Rc

k
, 0
]

(3.62)
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uNDI
1 = Neutrino isocurvature density mode (λ = −1):[

0, 0, 0, 0,
3RbRν

k (Rν − 1) 2 , 0, 0, 0, 0, 0, 0
]

(3.63)

uNVI
1 = Neutrino isocurvature velocity mode (λ = −2):[

0, 0, 0, 0,
3RbRν

k (Rν − 1) 2 , 0, 0, 0, 0, 0, 0
]

(3.64)

3.2.3 Adiabatic initial conditions

From the previous sections, we can combine the zeroth and first order correc-
tions to obtain the adiabatic mode for the initial conditions

δγ = δν = −1
3

k2τ2 +O(τ3) (3.65)

δc = δb = −1
4

k2τ2 +O(τ3) (3.66)

θγb = − 1
36

k4τ3 +O(τ4) (3.67)

θν = − (23 + 4Rν)

36(15 + 4Rν)
k4τ3 +O(τ4) (3.68)

θc = 0 (3.69)

σν =
2

3(15 + 4Rν)
k2τ2 +O(τ3) (3.70)

F(3)
ν =

4
21(15 + 4Rν)

k3τ3 +O(τ4) (3.71)

Θ = h′ = kτ ⇒ h =
1
2

k2τ2 +O(τ3) (3.72)

η = 1 − 5 + 4Rν

12(15 + 4Rν)
k2τ2 +O(τ3). (3.73)

Note that the results from Eq. (3.65) to Eq. (3.73) agree with results in [21, 22]. To
recover the results in [19] we must perform a transformation from the synchronous
gauge (used in this chapter) to the Newtonian gauge.
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Chapter 4

Mass Varying Neutrinos and the Hub-
ble tension

The idea of neutrino-assisted early dark energy (νEDE), where a coupling
between neutrinos and the scalar field that models early dark energy (EDE) is
considered, was introduced with the aim of reducing some of the fine-tuning and
coincidence problems that appear in usual EDE models. In order to be relevant in
ameliorating the H0 tension, the contribution of EDE to the total energy density
( fEDE) should be around 10% near the redshift of matter-radiation equality. We
verify under which conditions νEDE models can fulfill these requirements for a
model with a quartic self-coupling of the EDE field and an exponential coupling
to neutrinos. We find that in the situation where the EDE field is frozen initially,
the contribution to fEDE can be significant but it is not sensitive to the neutrino-
EDE coupling and does not address the EDE coincidence problem. On the other
hand, if the EDE field starts already dynamically at the minimum of the effective
potential, it tracks this time-dependent minimum that presents a feature triggered
by the neutrino transition from relativistic to nonrelativistic particles. This feature
generates fEDE in a natural way around this transition epoch, which roughly
coincides with the matter-radiation equality redshift. For the set of parameters
that we considered we did not find values that satisfy the requirements on the
background cosmological evolution to mitigate the Hubble tension in a natural
way in this particular νEDE model.

4.1 Introduction

Despite its great success in being able to describe a vast amount of observables
from different epochs of the evolution of the Universe, the standard spatially flat
ΛCDM model has recently been under stress mainly from the so-called Hubble
tension arising from measurements of the Hubble constant from the cosmic mi-
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crowave background (CMB) data in comparison to local measurements (for recent
reviews, see [23–25]). One of the most promising solutions to the Hubble tension
is a class of models called Early Dark Energy (EDE) [26–31]. The current status
of EDE models proposed to resolve the Hubble tension was recently reviewed
in [32].

A non-negligible amount of a new dark energy component that becomes
dynamic around the matter-radiation equality era and quickly dissipates afterward
would decrease the sound horizon that enters the indirect measurement of the
Hubble constant from the CMB data, leading to an increase in the estimated value
of the Hubble parameter today; hence EDE can ameliorate the Hubble tension [33].
In fact, the existence of EDE has already been proposed in the context of late
quintessence models with global attractor solutions, and its effect on the CMB
and structure formation was studied in [34] and [35]. In the more recent versions
of EDE motivated by the Hubble tension, a scalar field with an axion-like or
a pure ϕ4 potential was proposed to model the EDE component [27, 28, 36]. It
has been shown that if EDE contributes with a fraction fEDE ≈ 10% of the total
energy density of the Universe in an epoch with redshift around log10(z) ∼ 3.5, its
presence is expected to decrease the statistical significance of the Hubble tension
(see, e.g., [29]).

However, in the standard EDE scenario, some level of fine-tuning is necessary
in order to solve the Hubble tension: the scalar field mass and its initial conditions
need to have specific values in order for the EDE model to contribute the required
amount of energy density at around the matter-radiation equality epoch. This is
sometimes referred to as the EDE coincidence problem.

Some models were proposed to address the EDE coincidence problem by
introducing a coupling of the EDE field to matter fields. For instance, a coupling
of EDE to dark matter as a trigger for its dynamics was recently studied in [37, 38].

Another similar mechanism was proposed in [39, 40], where a coupling of the
EDE field to neutrinos was introduced. There are two distinct consequences of
introducing such a coupling: (i) a modification in the original EDE field potential
leading to a new effective potential and (ii) a dynamical effect of a “kick” to the
EDE field. This kick is associated with the transition of neutrinos from being
relativistic to nonrelativistic particles when the temperature of the universe falls
below T = O(mν), which causes a jump in the trace of the neutrino energy-
momentum tensor. This jump can displace the value of the EDE field and then
start its oscillations and dissipation. This mechanism can naturally trigger the
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EDE field at around the matter-radiation equality since the temperature at this
epoch is approximately at the scale of neutrino masses.

In this work, we explore this neutrino-assisted EDE model (νEDE) in more
detail. In order to do this, we developed an implementation of the νEDE model in
CAMB1 at the background level to analyze the evolution of the EDE scalar field in
the time-dependent effective potential given some initial conditions and model
parameters and the computations are consistently performed in the Einstein frame.
We study two cases for the initial conditions: the field starting either at some
arbitrary value or starting at the the minimum of the effective potential (see, e.g.,
Brax et al. [41]). In the first case, we consider the field initially frozen at an arbitrary
value by Hubble friction (|V′′

eff/H2| < 1). In the second case, we chose parameters
of the model such that the field has already relaxed to the minimum of the effective
potential.

We show that in the first case, the model can result in a cosmologically signif-
icant amount of fEDE at the redshift required to ameliorate the Hubble tension.
However, using the approach proposed in [38], we point out that this result is not
due to the neutrino-EDE coupling, and it does not address the EDE coincidence
problem. In the second case, the model provides a natural value for the initial con-
dition of the EDE field given by the minimum of the effective potential [39, 40, 42].
Nevertheless, the contribution to fEDE is too small to address the Hubble tension.

An important feature of the νEDE model is the neutrino kick [39, 40] which
may occur by a similar mechanism previously studied in [41, 43–45]. The latter
are chameleon models addressing the late dark energy with a different class of
self-interaction potentials. In the model studied here we do not see the effects of
the neutrino kick on the EDE field with a displacement from the minimum of the
effective potential by solving its field evolution equation. Rather, we show that the
jump in the trace of the neutrino energy-momentum tensor is reflected in a change
in the minimum of the effective potential that the EDE is following adiabatically.
It is this change that leads to an increase in fEDE.

This work is organized as follows. In Section 4.2, we present a summary
of the model and proceed to Section 4.3 for a description of the methods used
in the background analysis. Our results are presented in Section 4.4 where we
differentiate the discussion in the two regimes described above: in Section 4.4.1
the field is initially frozen by Hubble drag while in Section 4.4.2 the field is initially
dynamical. In both scenarios we compute the fraction of EDE and assess the

1https://github.com/cmbant/CAMB
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importance of the neutrino-EDE coupling. We present our conclusions in Section
4.7.

4.2 Neutrino-assisted EDE

The idea of neutrinos coupled to a dark energy field was introduced in the
so-called “Mass-Variable Neutrinos" (MaVaN) models, since this coupling induces
a variation of the neutrino mass due to the cosmic evolution of the background
dark energy (also known as quintessence) field [46,47]. The effects of mass-varying
neutrinos on the CMB anisotropies and large-scale structures (LSS), both at the
background and perturbative levels, were studied in [48–50]. The issue of fine-
tuning was discussed in the context of quintessence models in [51] and more
recently in MaVaN models in [52]. We now present a brief summary of the model.

Consider a general action of the following form:

S =
∫

d4x
√
−g
[

1
2

M2
plR − 1

2
∇µϕ∇µϕ − V(ϕ)

]
+ Sdm[Ψdm, g̃dm

µν ] + Sb[Ψb, g̃b
µν]

+ Sγ[Ψγ, g̃γ
µν] + Sν[Ψν, g̃ν

µν], (4.1)

where Ψdm, Ψb, Ψγ and Ψν are the dark matter, baryons, photon, and neutrino
fields, respectively, MPl ≡ (8πG)−1/2 is the reduced Planck mass and g is the
determinant of the metric gµν in the Einstein-frame. The Jordan-frame metric, g̃µν,
for each species are related with gµν by g̃i

µν = A2
i (ϕ)gµν where i represents all the

components cited above. It is interesting to note that in the case Adm = Ab =

Aγ = Aν = 1 and V(ϕ) = µ4[1 − cos(ϕ/ f )]n, where f is the energy scale where a
shift symmetry is spontaneously broken and µ is a small explicit shift symmetry-
breaking breaking energy scale that generates an axion-like potential, one obtains
the canonical uncoupled axion-like EDE model [26, 27]. When Ab = Aγ = Aν =

1, Adm ≡ A = exp(βϕ/Mpl) and V(ϕ) = λϕ4 we obtain the chameleon EDE
model, recently studied in [37]. Finally, when Adm = Ab = Aγ = 1, Aν ≡ A =

exp(βϕ/Mpl) and V(ϕ) = λϕ4/4 we obtain the neutrino-assisted EDE (νEDE)
model studied in [39,40]. This is the model considered in the following. Notice that
νEDE has the same framework and is described by the same equations as for the
MaVaNs model, the main difference being that for the latter case, the quintessence
potential is V(ϕ) = V0 exp(−σϕ) which is required to achieve the late time cosmic
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acceleration.
The coupling function that changes the metric between the Einstein and Jordan

frames can be related to the time-varying neutrino mass as mν(ϕ) = mν0A(ϕ)

where mν0 is the neutrino mass today. The average neutrino energy density (ρν)
and pressure (pν) are given in terms of an integral over the comoving momentum
(q) of the usual unperturbed Fermi-Dirac distribution f0(q):

ρν(ϕ) =
1
a4

∫
q2dqdΩϵ f0(q), (4.2)

pν(ϕ) =
1

3a4

∫
q2dqdΩ

q2

ϵ
f0(q), (4.3)

f0(q) =
gν

h3
P

1
eq/kBTν0 + 1

, (4.4)

ϵ2 = q2 + a2m2
ν(ϕ), (4.5)

where gν, Tν0, hP, kB are the number of spin degrees of freedom, the neutrino
temperature today, the Planck and Boltzmann constant, respectively. In equation
(4.4) we have assumed that neutrinos decoupled from the primordial plasma when
they are still relativistic, so the phase-space distribution preserves the Fermi-Dirac
form with a dependence only on the comoving momentum.

Taking the time derivative of Eq. (4.2) and using that the energy conservation
is determined by the coupled system of neutrinos and the scalar field, we obtain
the modified Klein-Gordon equation

ϕ̈ + 3Hϕ̇ +
dV(ϕ)

dϕ
= −d ln mν(ϕ)

dϕ
(ρν − 3pν) , (4.6)

where the dot is the derivative with respect to time. The self-interaction EDE
potential assumed in this work is

V(ϕ) = λϕ4/4. (4.7)

This is the potential used in the so-called “rock ’n’ roll" models of EDE [53].
A useful quantity that we will use is the neutrino trace. This can be obtained
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combining Eq. (4.2) with Eq. (4.3) as follow

ρν(ϕ)− 3pν(ϕ) =
1
a4

∫
q2dqdΩϵ(ϕ) f0(q)−

1
a4

∫
q2dqdΩ

q2

ϵ(ϕ)
f0(q) (4.8)

=
1
a4

∫
q2dqdΩ

(
ϵ(ϕ)− q2

ϵ(ϕ)

)
f0(q) (4.9)

=
1
a4

∫
q2dqdΩ

(
ϵ2(ϕ)− q2

ϵ(ϕ)

)
f0(q), using Eq. (4.5) (4.10)

=
1
a4

∫
q2dqdΩ

(
q2 + a2m2

ν − q2

ϵ(ϕ)

)
f0(q), simplifying (4.11)

ρν(ϕ)− 3pν(ϕ) =
a2m2

ν(ϕ)

a4

∫
q2dqdΩ

1
ϵ(ϕ)

f0(q). (4.12)

Now let’s take the derivative of Eq. (4.2) with respect to the scalar field

dρν(ϕ)

dϕ
=

1
a4

∫
q2dqdΩ

dϵ(ϕ)

dϕ
f0(q), using Eq. (4.5) (4.13)

=
1
a4

∫
q2dqdΩ

[
1
2
(q2 + a2m2

ν)
−1/22a2mν

dmν(ϕ)

dϕ

]
f0(q), simplifying

(4.14)

= a2mν(ϕ)
dmν(ϕ)

dϕ

1
a4

∫
q2dqdΩ

1
ϵ(ϕ)

f0(q), multiplying by
mν(ϕ)

mν(ϕ)

(4.15)

=
1

mν(ϕ)

dmν(ϕ)

dϕ

a2m2
ν(ϕ)

a4

∫
q2dqdΩ

1
ϵ(ϕ)

f0(q). (4.16)

We note that the product of the last two terms on the right-hand side of Eq. (4.16)
is exactly the neutrino trace given by Eq. (4.12). Finally, using the identity
(1/y)(dy/dx) = d(lny)/dx we can rewrite Eq. (4.16) in the compact form:

dρν(ϕ)

dϕ
=

d ln mν(ϕ)

d ϕ
(ρν(ϕ)− 3pν(ϕ)). (4.17)

For definiteness, we are going to adopt a coupling of the form:

A(ϕ) = exp(βϕ/Mpl), (4.18)

where β is a dimensionless constant factor giving the coupling strength between
neutrinos and the EDE field. The fact that in EDE models the energy density must
dissipate quickly after recombination ensures that mν(ϕ) → mν0 today. With this
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choice of interaction, the Klein-Gordon equation takes the familiar form:

ϕ̈ + 3Hϕ̇ +
dV(ϕ)

dϕ
= − β

Mpl
Θν, (4.19)

where Θν ≡ −ρν + 3pν is the trace of the energy-momentum tensor for the neutri-
nos. Therefore, one can define an effective potential where

V′
eff = V′(ϕ)− β

Mpl
Θν. (4.20)

and using equation (4.17) we write the redshift-dependent effective potential as

Veff(ϕ) = V(ϕ) + ρν(ϕ, z). (4.21)

An important quantity throughout this work is the redshift-dependent mini-
mum of the effective potential given by [40]2:

ϕmin = −
(

βΘν

λMPl

)1/3

, (4.22)

The free parameters of the model are the scalar field self-coupling constant λ, a
parameter β that characterizes the scalar field coupling to neutrinos, and the initial
conditions for the field ϕi and ϕ̇i. In the following we will adopt three degenerate
neutrinos with ∑ mν0 = 0.3 eV which is below the upper bound found in [54] with
Planck data only.

4.3 A background analysis of the neutrino-assisted

EDE

As previously stated, the free parameters of the model are λ, β, and ϕi (we
will assume ϕ̇i = 0, i.e. the field is frozen initially). In order to gain some
intuition on the parameter λ, notice that in the axion-like EDE potential with
V(ϕ) = µ4[1 − cos(ϕ/ f )]n, an expansion around the minimum for n = 1 gives
the axion mass ma = µ2/ f and the quartic coupling λ = m2

a/ f 2. In scalar field
models, it is well-known that the field becomes dynamical (i.e. it “thaws") when

2Notice that since we are working in the Einstein frame there is an implicit dependence of Θν

on the field and the coupling constant β. This dependence can be neglected only if |βϕ/MPl | ≪ 1.
We take this dependence into account in our numerical code.
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its mass is of the order of the Hubble parameter. Therefore, if we want the EDE
field to become dynamical before recombination (H ≈ (1 eV)2/MPl ≈ O(10−27)

eV) and assuming a typical symmetry breaking scale of f = 1015 GeV one expects
very small values of the self-coupling of λ = O(10−100). Even in anharmonic
potentials with n > 1, this behavior is present [27], and in our case the value of λ

controls the epoch when EDE becomes dynamical, with a redshift usually denoted
by zc. More generally, the field becomes dynamical when [41]

V′′
eff

H2 = O(1). (4.23)

Another important quantity in EDE models is the maximum contribution of
the EDE component to the total energy budget of the universe at zc, denoted by
fEDE:

fEDE(zc) =
ρEDE(zc)

ρtot(zc)
, (4.24)

and it is determined by the model parameters. In fact, in an EDE model, there is a
simple relation between λ, ϕi, and zc:

λ ≈
T4

0

9M2
Plϕ

2
i
(1 + zc)

4, (4.25)

where T0 is the CMB temperature today.
The solution to the Hubble tension in EDE models should fulfill the basic

requirements [31, 38]

fEDE ∼ 0.1 and log10 zc ∼ 3.5 (4.26)

and that the EDE field is dynamic just prior to matter-radiation equality. How-
ever, usual EDE models suffer from a coincidence problem due to the arbitrary
initial conditions. Extensions of EDE models including interactions with other
components such as dark matter [37] or neutrinos [39, 40] may address the EDE
coincidence problem via some triggering mechanism [38]. In order to investigate
the impact of the new coupling β on the fraction of EDE produced in the extended
model we introduce the quantity

∆ ≡ fEDE

f β=0
EDE

, (4.27)
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which is defined by the ratio between the fraction of EDE for the coupled (β ̸= 0)
and uncoupled (β = 0) scenarios. In the limit that ∆ → 1 the fEDE is mainly
sourced by the bare potential [38].

In the top panel of Fig. 4.1 we show an example of the background evolution
for cold dark matter (CDM), photons (γ), neutrinos ν and the EDE scalar field plus
a cosmological constant (ϕ + Λ) where the conditions in Eq. (4.26) are satisfied. In
the bottom panel, one can see that in this case, the quantity ∆ is close to 1 at the
EDE peak (z ∼ 2 × 103), indicating that the coupling to neutrinos is not relevant to
generating fEDE. We will show below cases with the opposite situation.

0.0
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0.4

0.6

0.8

i

CDM

+

100 101 102 103 104 105 106 107

1 + z

1

2

Figure 4.1: The background evolution for cold dark matter (CDM), photons (γ),
neutrinos ν, and the scalar field plus a cosmological constant (ϕ + Λ). The param-
eters used are β = 10, ϕi = −0.6 MPl and log10 λ = −109. The surge of EDE is
around at z ∼ 2 × 103. The bottom panel shows the quantity defined in Eq. (4.27)
which is the ratio between the coupled and uncoupled cases.

4.4 Initial value of the EDE field

Previously we assumed an arbitrary initial value for the EDE field. We now
want to address this issue in more detail. We identify two situations: a) the field
is still frozen initially and starts to follow the minimum of the effective potential
after its thawing and b) the field is already dynamical initially and therefore it
follows the minimum of the effective potential. This separation is somewhat
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arbitrary since at large enough redshifts the field is frozen. However, in practical
terms, we need to choose an initial redshift from which we start evolving the field
numerically. The separation between these two regimes at a given redshift zi can
be estimated by the condition

V′′
eff(ϕmin)

H2 = 3λ1/3β2/3
(

Θν

H3MPl

)2/3
∣∣∣∣∣
zi

= O(1). (4.28)

In Fig. 4.2 we show the contours in the parameter space (λ, β) where the field
is already dynamic at some given redshifts. The figure provides estimates of the
values of these coupling separating the two cases.
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Figure 4.2: Values of λ and β for which |V′′
eff/H2 − 1| = 0.1 for zi = 103, 104 and

105. For regions above the curves, the field is dynamical at the corresponding
redshift.

The motivation for studying these two cases separately below is that in the
first case, one could argue that the initial value of the frozen field does not have a
natural value whereas in the second case the value of the field is naturally close
to the minimum of the effective potential. Indeed we find different dynamical
behaviours in these two cases.

4.4.1 Field initially frozen

In Figure 4.3 we plot the effective potential given in Eq. (4.21) as a function
of the field for different values of the redshift starting at zi = 105 for β = 10 and
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λ = 10−109, where ρν(ϕ, z) is given by Eq. (4.2). At high redshifts, the neutrino
contribution dominates and it is a smooth function of ϕ. At lower redshifts, the
contribution from V(ϕ) to the effective potential starts to become more relevant.
For these parameters, we plot the evolution of the field for three different values
of ϕi: one starting at the minimum of the effective potential and the other two are
chosen arbitrarily for comparison. We also show the minimum of the effective
potential given by Eq. (4.22) that, due to the coupling, evolves with redshift.

In all the cases the field is frozen at zi, corresponding to the first line in the plot.
We find numerically that for the initial values of the field that we chose it remains
frozen until approximately the redshift that satisfies Eq. (4.25) is reached.

Notice that as the neutrino contribution becomes small at lower redshifts, the
minimum of the effective potential approaches the minimum of the bare potential
V(ϕ) at ϕ = 0.

After thawing the field starts to roll in the effective potential tracking and
oscillates around its minimum. This behavior of the field is shown both by the
inset zoom in Figure 4.3 and at the top panel of Figure 4.4, where one can see the
field relaxing to ϕ = 0, dissipating the energy density contained in it.

In the bottom panel of Figure 4.4 we show the contribution to fEDE in this
example. One can see that there could be a significant contribution depending on
the initial value of the field. However, the coupling to neutrinos does not seem to
play a large role in this case. We investigate this issue by computing the evolution
of the field with the same initial conditions but without coupling to neutrinos
(β = 0). This is shown as the dashed lines in the bottom panel of Figure 4.4, where
one can see that although the coupling introduces changes in the behavior of the
field the modification to the maximum of fEDE is negligible. In the case of the
largest contribution, we find | fEDE/ f β=0

EDE − 1| = 5 × 10−4. Therefore, in this case,
one needs the usual fine-tuning of initial conditions found in regular EDE models
in order to have a significant contribution to fEDE.

4.4.2 Field initially dynamical

In this subsection, we are interested in studying the case where the field is
already dynamical at the initial redshift considered. The motivation is that in
this case, the field is already tracking the minimum of effective potential and
hence its value is not arbitrary. We will show below that in order for the field to
become dynamic at an early redshift, a larger value of the self-coupling constant is
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Figure 4.3: The orange lines are snapshots for the effective potential for decreasing
values of redshift (the first line from top to bottom starts at zi = 105 and the
redshift interval between two subsequent lines is log10(zn/zn+1) ≈ 0.41). The
black stars indicate the minimum of the effective potential and the blue, purple,
and red dots are the scalar field evolution starting at different initial conditions as
indicated in the label. Notice that in the case represented by the purple dots, the
field starts at the minimum of the effective potential but does not follow it until
thawing. Also, a zoom of the region where the field is dynamical and oscillates
around the minimum of the effective potential. In this figure we used β = 10 and
λ = 10−109.



Chapter 4. Mass Varying Neutrinos and the Hubble tension 77

0.6

0.4

0.2

0.0

[M
pl

]

100 101 102 103 104 105

1 + z

0.00

0.02

0.04

0.06

0.08

f E
D

E

Figure 4.4: The scalar field evolution and the fraction of energy density for the
same three initial conditions as in Fig. 4.3: ϕi/MPl = −0.6,−0.24, 0 for the blue,
purple and red lines, respectively. The dashed lines in the bottom panel show the
uncoupled case with all other parameters kept fixed at the same values.
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necessary but this leads to a small fraction of EDE.
We begin by showing some examples of this behavior in Figure 4.5. We choose

parameters in such a way that the field becomes dynamical and starts to oscillate
around the minimum of the effective potential at some z = O(105). More specifi-
cally, we start the field evolution at a high redshift z = 107 at ϕi/MPl = −10−4,
where it is still frozen and show how it approaches the minimum of the effective
potential at z = O(105) for different values of β and λ. We also show that the
difference is minimal when compared to the evolution starting at z = 105 with the
field at the minimum of the effective potential.
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Figure 4.5: The full colored lines are the field evolution for ϕi = −10−4MPl at
zi = 107 and considering different values of the parameters β and λ as indicated
in the label. Each field track its minimum as described by Eq. (4.22) and it is
indicated by the different stylized black lines. The dotted colored lines are the
field evolution starting at zi = 105 in their respective minimum for the same set of
parameters β and λ.

We now turn to the contribution of the EDE field ϕ to the energy density of the
Universe, showing in Figure 4.6 the behavior of fEDE for the cases described above.
We compare the numerical computation with the analytical estimate obtained by
assuming that the EDE field is at the minimum of the effective potential (Eq. (4.22))
and that the dominant contribution comes from the bare potential V(ϕ) [40]:

fEDE =
1

12
β4/3

λ1/3

(
Θν(ϕ)

H3/2M5/2
Pl

)4/3

, (4.29)

computed assuming that βϕ/MPl < 1 in order to use the approximate expression
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Eq. (4.22). However, in the equation above we use the value of ϕ from CAMB. One
can see that the analytical estimate is a reasonable approximation of the average of
the oscillations in fEDE. We also notice that even for large values of the coupling
(β = 1000) a cosmologically significant level of fEDE is not obtained3. The same
behavior is also seen if one decreases the field self-coupling λ, as expected from
Eq. (4.29) shown in the bottom panel of Fig. 4.6: an increase in fEDE is obtained
for smaller values of λ at the cost of a decrease in the relevant redshift zc. A
more thorough investigation including a comparison with data using a Bayesian
analysis is necessary to reach a more definitive conclusion of whether this case can
help to ease the H0 tension.
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Figure 4.6: Fraction of EDE for the same set of parameters as in Fig. 4.5. The
different stylized black lines are the analytic prediction for the fEDE according to
Eq. (4.29).

3In principle it is possible to obtain a significant amount of EDE for still larger values of β.
Indeed, we find that β ≥ O(106) could in principle lead to fEDE = O(10%) but these large values
of β can not be considered natural.
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A prominent feature of νEDE models is the kick in the EDE field provided
by the coupling with neutrinos that occurs when neutrinos transition from the
relativistic to the nonrelativistic regimes. An intriguing possibility is that this
mechanism could explain the EDE coincidence problem since the neutrino mass
energy scale roughly coincides with the matter-radiation equality epoch. We now
want to assess the impact of the neutrino coupling in the contribution of the EDE
field to the total energy density.

In order to evaluate the impact of the coupling to neutrinos we will use the
criteria in Eq. (4.27) and compare the two cases, with and without coupling. In
both cases, we start the field evolution at the minimum of the effective potential at
z = 105 in the situation where the field is already dynamic but in the first case, we
study the full model whereas in the second case, we set the neutrino coupling β to
zero, keeping all other parameters equal. In Figure 4.7 we show a comparison in
fEDE for both cases, and one can see that the effect of the neutrino-EDE coupling is
prominent. Although the contribution is the same initially, in the uncoupled case
the field tends to zero (the minimum of the bare potential) while the coupled case
follows Eq. (4.22) which for larger β can significantly differ from zero. This results
in a large difference between the two cases, which impacts fEDE by several orders
of magnitude.
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Figure 4.7: A comparison of fEDE between the coupled and uncoupled (β = 0)
scenarios with the field starting at the minimum of the effective potential at z = 105

while keeping fixed all the other cosmological and model parameters. The purple
line is the case with the largest fEDE shown in the bottom of Fig. 4.6.
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4.5 Field displacement

In this section, we derive an analytical estimate for the EDE field displacement
induced by the neutrino kick. We begin with the Klein-Gordon equation of the
EDE field coupled to neutrinos given by Eq. (4.19), assuming that the EDE field is
close to the minimum of the bare potential V(ϕ):

ϕ̈ + 3Hϕ̇ =
−β

Mpl
(ρν − 3pν). (4.30)

Following [48, 49] we introduce the ϕ-independent quantities

ρ̃ν ≡ ρνe−βϕ/MPl ; p̃ν ≡ pνe−βϕ/MPl (4.31)

such that

d
dϕ

(ρν − 3pν) =
d

dϕ

[
(ρ̃ν − 3p̃ν)eβϕ/MPl

]
=

β

Mpl
(ρν − 3pν). (4.32)

Therefore, Eq. (4.30) becomes

ϕ̈ + 3Hϕ̇ =
β

Mpl
Θ̃(ν)eβϕ/Mpl , (4.33)

where Θ̃ν ≡ −ρ̃ν + 3p̃ν. This function is given by

Θ̃ν = −gνT4
ν

2π2 τ(mν/Tν), (4.34)

τ(x) = x2
∫ ∞

x
du

√
u2 − x2

eu + 1
, (4.35)

where x ≡ mν/Tν. Assuming that the kick occurs within the radiation-dominated
epoch,

ϕ̈ + 3Hϕ̇ ≈ − 45
π4

(
4

11

)4/3 βgν

g⋆(Tγ)
H2Mplτ(x)eβϕ/Mpl , (4.36)

where g⋆(T) is the effective number of relativistic species at temperature T.
In the case of an instantaneous transition (see e.g. [41]) and using gν = 4 and

g⋆ = 3.38 one obtains the approximate equation:

∆ϕ/Mpl ≈ −0.03βeβ∆ϕ/Mpl , (4.37)
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the solution of which can be written as:

∆ϕ/Mpl = −W0(0.03β2)

β
, (4.38)

where W0 is the principal branch of the Lambert function.
Eq. (4.37) can be written in the form

yey = x, (4.39)

y ≡ −β∆ϕ/Mpl,

x ≡ 0.03β2.

The solution of Eq. (4.39), i.e., y(x), is given by the principal branch of the Lambert
W-function. Then we finally recover Eq. (4.38).

4.6 Minimum of the effective potential

The derivative of the effective potential is given by Eq. (4.20)

V′
eff(ϕ) = V′(ϕ)− β

MPl
Θ̃νeβϕ/MPl , (4.40)

where in the last term was used the transformation (4.31). The minimum of the
effective potential is the solution of

λϕ3
min =

β

MPl
Θ̃νeβϕmin/MPl , (4.41)

which is given by

ϕmin = − 3
β

W0

( β4Θ̃ν

27λM4
pl

)1/3
MPl. (4.42)

Note that an expansion of Eq. (4.42) reduces to the solution

ϕmin = −
(

βΘ̃ν

λMPl

)1/3

, (4.43)

assuming |βϕ|/MPl ≪ 1 [40]. We compare the two solutions for the minimum
evolution in Fig. 4.8.
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Figure 4.8: In the top panel, the full blue and purple lines show the field evolution
for the parameters β = 10, 1000 and the same λ = 10−100 and ϕi = −10−4MPl.
The dashed and dotted lines are the minimum evolution given by Eq. (4.42) and
Eq. (4.43), respectively. For a small value of β the two solutions are more close to
each other, this is why is difficult to see the dotted blue line in the top panel. In
the bottom panel is shown the difference between the two analytic solutions.
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4.7 Conclusion

Neutrino-assisted early dark energy models were introduced with the aim of
reducing some of the fine-tuning required in usual EDE models with respect to the
parameters characterizing the scalar field self-coupling and its initial displacement.

The idea that a “neutrino kick" occurring around the matter-radiation equality
epoch could trigger the EDE field is interesting for addressing the EDE coincidence
problem.

In this Chapter, we show results from an implementation of the νEDE model
in CAMB at the background level to study fEDE and ∆ (which are background
quantities), quantifying the EDE scalar field contribution to the total energy density
and the impact of the neutrino-EDE coupling, respectively.

We have performed this analysis considering two cases depending on whether
or not the EDE field is frozen at the initial redshift of its evolution. We find that
if the field is initially frozen, its value can be arbitrary and the model can help
in ameliorating the Hubble tension. However, since ∆ ∼ 1 the neutrino-EDE
coupling is not relevant in this case and the EDE coincidence problem is not
addressed.

In contrast, as pointed out in [40, 42], the opposite scenario is attractive since
there is a natural initial value for the field: the minimum of the effective potential,
ϕmin, which is time-dependent. We show that the field follows ϕmin without
experiencing a significant dynamical kick from its evolution equation, ie without
a displacement from the minimum. However, ϕmin is affected by the change in the
trace of the neutrino energy-momentum tensor, which generates a bump in fEDE

since the field follows the minimum.
We find that on average fEDE is well reproduced by the analytical prediction in

Eq. (4.29). Furthermore, from Fig. 4.7 one can see that in this regime the neutrino-
EDE coupling plays a non-negligible role, leading to large modifications in fEDE.
However, the attained value of fEDE does not satisfy the criteria in Eq. (4.26) for
easing the Hubble tension. One might think that decreasing the value of the
self-coupling λ would increase the value of fEDE, as follows from Eq. (4.29). This
is correct but one should notice that this would also imply in a field that is frozen
until later times (since it results in a smaller V′′(ϕ)), which changes this model to
the first case discussed above. In addition, we verified that couplings as large as
β = 1000 do not produce a significant amount of EDE.

We conclude that νEDE models, with a self-interaction potential and a coupling
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of the type V(ϕ) ∝ ϕ4 and A(ϕ) = exp(βϕ/MPl), respectively, do not seem to
naturally provide a significant amount of early dark energy which is one of the cri-
teria usually required for the model to ease the Hubble tension. However, a more
thorough investigation is certainly needed. Different potentials and couplings
should be analyzed, such as the ones proposed in Ref. [38] where a model with
EDE interacting with dark matter is studied using a monodromy-type potential
and a ϕ2 coupling. Additionally, a successful model must not only be able to
alleviate the Hubble tension at the background level but also produce perturba-
tions that agree with the current CMB and LSS data. Hence, a comparison with
data using Bayesian statistics at the perturbative level (as implemented in [48–50]
for neutrinos coupled to a quintessence field) is necessary in order to reach a
more definitive conclusion of whether this class of models is capable of alleviating
the H0 tension and possibly the S8 tension as well. In particular, the integrated
contribution of νEDE in addition to its peak value contribution should be carefully
analyzed.

Once the perturbations equations for the νEDE model are implemented in
a Boltzmann solver, it may be interesting to obtain constraints on these model
parameters (β and λ) using data from large scale structure, cosmic microwave
background, baryon acoustic oscillation, and supernovae.



Chapter 5

Late-Time Dark Energy and Massive
Neutrinos with DESI Y1 BAO data

The prevailing cosmological paradigm is the spatially flat ΛCDM model with
adiabatic and Gaussian initial conditions. The Greek letter “Λ” designates the
cosmological constant while the acronym “CDM” means the pressureless Cold
Dark Matter. Until today this has been the more economical description of the
Universe that is consistent with an assortment of observational probes [5, 6, 55–62].
Although its success, the benchmark cosmological model is not absent of issues.
The horizon and flatness are well-known long-term problems [2, 63, 64] with
possible solutions when we bring to the scene the Cosmic Inflation theory [65].
On the other hand, over the past few decades, cosmological surveys have attained
significant improvement in precision in their signal measurements, thus allowing
tighter constraints for the ΛCDM model. When different probes are combined for
the parameter estimation, the main challenges that arise are the so-called Hubble
(or H0) and S8 (or σ8) tensions.

The Hubble constant, H0, quantifies the expansion rate of the universe at the
present time. The Hubble tension arises from the disagreement between two
types of measurements of H0, classified as (i) “early” (and model dependent),
which yields a lower value for H0 compared to (ii)“late” (and model-independent)
measurements of H0. Typical probes of type (i) are Cosmic Microwave Background
(CMB), from Planck, ACT and SPT-3G [9,55,66], and combination between Baryon
Acoustic Oscillation (BAO) from BOSS and eBOSS DR12 with prior on the baryon
density from Big Bang Nucleosynthesis (BBN) [56,67–70]. Conversely, assessments
of the Hubble constant by means of probes of kind (ii), are the ones based on the
distance-redshift relation employed in observations of Cepheid variable and Type
Ia Supernovae (SNIa) [71–77] (see [78, 79] for an extended list of estimation of
H0). To pose the Hubble tension in numbers, we chose one representative value
for each group, i and ii. Using high multipole (small angular scales) temperature

86
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and polarization TT, TE, and EE with large-scale polarization (lowE), the Planck
Collaboration [55] report an estimation of H0 = 67.27 ± 0.60 [km/s/Mpc] at 68%
CL, which is 5σ smaller than direct measurements, e.g. from SH0ES collaboration
[80] using Cepheid-SNIa sample yielding a baseline result of H0 = 73.04 ± 1.04 at
the same confidence level.

A second cosmological tension arises with measurements of matter fluctuations
amplitude (or the standard deviation σR = ⟨δ2

R⟩0.5) within a sphere of radius equal
to R = 8h−1Mpc, denoted by σ8 or usually as S8 ≡ σ8(Ωm/0.3)0.5 where Ωm is the
total amount of non-relativistic matter today. The S8 (or σ8) tension. Conversely to
what happens with the Hubble tension, in this case, are CMB primary anisotropies
estimates that constraints the S8 parameter in a higher value compared to low-
redshift probes such as weak gravitational lensing (WL) and galaxy clustering
[62, 81–92]. Using the same dataset to report the Hubble tension, the Planck
collaboration reports S8 = 0.834± 0.016 at 68% confidence level [55] while the DES-
Y3 cosmic shear measurements from [86, 87] presents S8 = 0.759+0.025

−0.023 and joint
cosmological analysis of multi-probe WL and spectroscopic galaxy clustering [89]
finds S8 = 0.766+0.020

−0.014. A complementary list and discussion on S8 tension can be
found in [79] and references therein.

5.0.1 Constraining EDE with late DE marginalization

We investigate the Hubble and S8 tensions in the paper [93]1, where we applied
the piecewise (see section 5.1.2 for more details) equation of state to model the
late-time dark energy and performing a marginalization over this late-time ex-
pansion, it is obtained constraints on the early dark energy parameters. The main
driving question of this work was whether the addition of a late-time smooth dark
energy component could improve the fraction of early dark energy back when
adding large-scale structure data to, e.g., cosmic microwave background, type Ia
supernovae, and baryon acoustic oscillation.

In this work [93], we considered the equation of state for late dark energy
as being constant in 3, 5, or 10 redshift bins, whilst the EDE is modeled by an
effective fluid description [27]. Although one could use a microphysics-inspired
description for EDE, such as axion-like scalar field mostly used in this kind of
analysis [26, 94–97], this goes into numerical issues arising from the code attempts
to integrate the fast field oscillation when its approaches the minimum of the

1Check the public available code CAMB-MultiFluid.

https://github.com/SBU-COSMOLIKE/CAMB-MultiFluid
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potential. The parametrization via the effective fluid description allows us to
overcome this numerical difficulty.

To analyze this early plus late dark energy phenomenology, we considered in
[93] different data set combinations that we shorten for “DCi” and i=1-5 as shown
in table 5.1. In this table, the CMB means ACT DR4 [98] CMB TT (ℓ ∈ [600, 4500]),
TE and EE (ℓ ∈ [350, 4500]) supplemented with Planck 2018 data for ℓ < 650.
Type Ia supernovae from Pantheon [99], and BAO from three different sources;
6dFGS [100], SDSS DR7 [101], and SDSS BOSS DR12 [102]. CMBL stands for
CMB lensing from Planck 2018, and finally, strong lensing from H0LiCOW [103] is
shortened by SL.

DCi Dataset Combination
DC1 CMB + BAO + SNe + CMBL
DC2 CMB + BAO + SNe
DC3 CMB + BAO + SNe + CMBL + SL
DC4 CMB + SNe + CMBL
DC5 CMB + SNe + SL

Table 5.1: Different dataset combination considered in the analysis of [93].

On top of, e.g., DC1, are added LSS measurements from Dark Energy Survey
(DES) [104] from 3×2pt but also only with cosmic shear since the most constraining
power on S8 and Ωm comes from this probe. For example, Fig. 1 of [93] displays
2D and 1D constraints on H0, Ωm, S8 and fEDE and in Eq. 4.2 of [93] it is shown the
constraint on the fraction of EDE with late-time expansion marginalization fEDE =

0.087+0.028
−0.035 for DC1 and adding LSS measurements, it is found fEDE = 0.067+0.019

−0.025

and fEDE = 0.063+0.019
−0.024 for DES-Y3 cosmic shear and DES-Y3 3 × 2pt, respectively.

From these results, we conclude that DES data decreases the value of fEDE, which
worsens the Hubble tension. This work is important because it shows that in order
to solve simultaneously the Hubble and S8 tensions, one needs to go beyond a
smooth late dark energy.

As previously stated, the work [93] uses a piecewise constant equation of
state for late-time expansion. The following sections describe this and other
parameterizations for w(z) that are being investigated in light of DESI Y1 data.
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5.1 General polynomial dark energy equation of state

Let’s consider a general polynomial function for the dark energy equation of
state at the ith redshift bin

w(i+1) th bin = w(zi < z < zi+1) =
N

∑
n=0

wan,i(z − zi)
n, (5.1)

where wi ≡ wa0,i, wa,i ≡ wa1,i, waa,i ≡ wa2,i, waaa,i ≡ wa3,i and so forth. These
parameters have to be determined by imposing some condition, e.g., continuity
and smoothness for w(z) at the transition between redshift bins, i.e., the derivative
must exist. The energy density is obtained from the continuity equation, and using
w = P/ρ, we have

ρ̇ + 3
ȧ
a
(ρ + P) = 0 ⇒ ρ̇ = −3

ȧ
a

ρ(1 + w(a)) ⇒ dρ

ρ
= −3

da
a
(1 + w(a))

∫ ρ0

ρ

dρ′

ρ′
= −3

∫ a0

a

da′

a′
(1 + w(a′)) , a < a0 = 1, (5.2)

or in terms of redshift we have 1+ z = 1/a ⇒ dz = da/a = −dz/(1 + z) therefore

∫ ρ

ρ0

dρ′

ρ′
= 3

∫ z

z0

dz′

1 + z′
(1 + w(z′)) , z > z0 = 0. (5.3)

From Eq. (5.1), we obtain Eq. (5.3)

∫ ρ

ρi

dρ′

ρ′
= 3

∫ z

zi

dz′

1 + z′
+ 3

N

∑
n=0

wan,i

∫ z

zi

dz′

1 + z′
(z′ − zi)

n, (5.4)

where N is the maximum degree of the polynomial. Using the binomial theorem,
we can rewrite the polynomial expression (z′ − zi)

n as follows:

(z′ − zi)
n =

n

∑
k=0

(
n
k

)
(−zi)

n−kz′k. (5.5)
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Substituting Eq (5.5) into Eq (5.4) we have

∫ ρ

ρi

dρ′

ρ′
= 3

∫ z

zi

dz′

1 + z′
+ 3

N

∑
n=0

wan,i

∫ z

zi

dz′

1 + z′

[
n

∑
k=0

(
n
k

)
(−zi)

n−kz′k
]

= 3
∫ z

zi

dz′

1 + z′
+ 3

N

∑
n=0

wan,i

n

∑
k=0

(
n
k

)
(−zi)

n−k
∫ z

zi

dz′

1 + z′
z′k. (5.6)

Let’s consider the indefinite integral:

∫ dz
1 + z

zk =
∫ dz

1 + z
(z + 1 − 1)zk−1 =

∫
dzzk−1 −

∫ dz
1 + z

zk−1

=
zk

k
− zk−1

k − 1
+

zk−2

k − 2
−
∫

dzzk−4 +
∫ dz

1 + z
(z + 1 − 1)zk−5 = ... (5.7)

if we continue the process as indicated in Eq (5.7), we can show that

∫ dz
1 + z

zk = ln (1 + z), for k = 0∫ dz
1 + z

zk = (−1)k ln(1 + z) +
k

∑
ℓ=1

(−1)ℓ−1

k − ℓ+ 1
zk−ℓ+1, for k = 1, 2, 3, ... (5.8)

which can be shown as having a hypergeometric form

∫ dz
1 + z

zk =
zk+1

2F1(1, k + 1; k + 2;−z)
k + 1

+ constant, (5.9)

where 2F1(a, b; c; z) is the hypergeometric function. Indeed, we can test this solu-
tion by means of computing the Eq. (5.9) for a few values of k. This is shown in
the following table

k Solution

0 ln (1 + z)
1 z − ln(1 + z)
2 [z2 − 2z + 2 ln(1 + z)]/2
3 [2z3 − 3z2 + 6z − 6 ln(1 + z)]/6

We can easily check that the Eq. (5.8) recovers the results in the table 5.1. Finally,
the dark energy density is given by substituting either Eq. (5.8) or Eq. (5.9) into
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Eq. (5.6). We opted to use the closed form of the latter one, then we have

ρ = ρi

(
1 + z
1 + zi

)3

exp

{
3

N

∑
n=0

wan,i

n

∑
k=0

(
n
k

)
(−zi)

n−kzk+1

k + 1

[
2F1(1, k + 1; k + 2;−z)

−2F1(1, k + 1; k + 2;−zi)
]}

.

(5.10)

Once we have a general expression for the dark energy equation of state and
energy density, we proceed to a showcase

5.1.1 Constant w(z)

If the EoS is merely a constant, then we can easily integrate the expression
Eq. (5.2) as shown in the following

∫ ρ0

ρ

dρ′

ρ′
= −3(1 + w)

∫ a0

a

da′

a′
⇒ ρ = ρ0

(
a
a0

)−3(1+w)

if w = const. (5.11)

5.1.2 Constant w(z) in bins of redshift

Using Eq. (5.2) we can compute the energy density for each bin of redshift (or
scale factor) as we do in the following

1st bin: ρ(a1 < a < a0) = ρ0

(
a
a0

)−3(1+w0)

, (5.12)

2nd bin: ρ(a2 < a < a1) = ρ1

(
a
a1

)−3(1+w1)

, (5.13)

3rd bin: ρ(a3 < a < a2) = ρ2

(
a
a2

)−3(1+w2)

, (5.14)

To guarantee the uniqueness of the solution we must request the continuity of the
integral at the bins limit. Let us first request the match between the boundaries of
the 1st and 2nd bins, and then between the 2nd and 3rd bins.

Match: 2nd - 1st bins Assuming a0=1 we have

lim
a→a+1

ρ(2nd bin) = lim
a→a−1

ρ(1st bin) ⇒ ρ2nd bin = ρ0a−3(w0−w1)
1 a−3(1+w1) (5.15)
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Match: 3rd - 2nd bins

lim
a→a+2

ρ(3rd bin) = lim
a→a−2

ρ(2nd bin) ⇒ ρ3nd bin = ρ0a−3(w0−w1)
1 a−3(w1−w2)

2 a−3(1+w2) .

(5.16)

Generalizing the match: (n+1)th - nth bins
The energy density at the (n+1)th redshift bin is

ρ(an+1 < a < an) = ρn

(
a
an

)−3(1+wn+1)

, (5.17)

and assuming a0 = 1, and ai = (1 + zi)
−1 we obtain

ρ(an+1 < a < an) = ρ0

[
n

∏
i=1

(1 + zi)
3(wi−1−wi)

]
a−3(1+wn) (5.18)

5.1.3 Linear w(z) in bins of redshift

In this case, we allow the EoS to be a linear function of redshift, then for a given
redshift bin, w(z) takes the form:

w(i+1) th bin = w(zi < z < zi+1) = wi + wa,i(z − zi) = wi + wa,i∆z, (5.19)

wa,i =
∆w
∆z

=
wi+1 − wi

zi+1 − zi
, (5.20)

w(i+1) th bin(z) = wi +

(
wi+1 − wi

zi+1 − zi

)
(z − zi) ∀ z ∈ [zi, zi+1], i = 0, 1, 2...

(5.21)

Once we have the EoS, we can obtain the energy density using Eq. (5.3):

∫ ρ

ρi

dρ′

ρ′
= 3

∫ z

zi

dz′

1 + z′
(1 + w(i+1)(z′)). (5.22)

Inserting Eq. (5.21) into the Eq. (5.22) and solving the integral, the energy density
at the ith bin is:

ρ(i+1) th bin(z) = ρi

(
1 + z
1 + zi

)3[1+wi−wa,i(1+zi)]

e3wa,i(z−zi) , (5.23)
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∀ z ∈ [zi, zi+1], i = 0, 1, 2, ... and wa,i given by Eq. (5.20). The last step is to
determine ρi in terms of ρ0. For this purposes simply note that ρ(i+1)(zi+1) =

ρ(i+2)(zi+1) because ρ(i+2)(z) is defined in [zi+1, zi+2]. If we force this equality, we
obtain:

ρi+1 = ρi

(
1 + zi+1

1 + zi

)3[1+wi−wa,i(1+zi+1)]

e3wa,i(zi+1−zi). (5.24)

5.1.4 Quadratic w(z) in bins of redshift

We start writing the equation of the state

w(i+1) th bin = w(zi < z < zi+1) = wi + wa,i∆zi + waa,i∆z2
i

= wi + wa,i(z − zi) + waa,i(z − zi)
2 (5.25)

Once we have the equation of state, we can obtain the energy density using the
Eq. (5.3) which can be generalized to

∫ ρ

ρi

dρ′

ρ′
= 3

∫ z

zi

dz′

1 + z′
(1 + w(i+1)(z′)) Using Eq (5.25)

= 3
∫ z

zi

dz′

1 + z′
[
1 + wi + wa,i(z′ − zi) + waa,i(z′ − zi)

2
]

= 3
∫ z

zi

dz′

1 + z′
[
1 + wi + wa,i(z′ − zi) + waa,i(z′2 + z2

i − 2z′zi)
]

= 3(1 + wi − wa,izi + waa,iz2
i )
∫ z

zi

dz′

1 + z′
+ 3(wa,i − 2waa,izi)∫ z

zi

dz′

1 + z′
z′ + 3waa,i

∫ z

zi

dz′

1 + z′
z′2 (5.26)

For simplicity, let’s define the constant terms in Eq (5.26) as follows:

A0,i ≡ 3(1 + wi − wa,izi + waa,iz2
i ), (5.27)

A1,i ≡ 3(wa,i − 2waa,izi), (5.28)

A2,i ≡ 3waa,i, (5.29)
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with the above definition of A0, A1 and A2 we can continue the manipulation of
Eq (5.26):

∫ ρ

ρi

dρ′

ρ′
= A0,i

∫ z

zi

dz′

1 + z′
+ A1,i

∫ z

zi

dz′

1 + z′
z′ + A2,i

∫ z

zi

dz′

1 + z′
z′2

= A0,i

∫ z

zi

dz′

1 + z′
+ A1,i

∫ z

zi

dz′

1 + z′
(z′ + 1 − 1) + A2,i

∫ z

zi

dz′

1 + z′
(z′ + 1 − 1)2

= A0,i

∫ z

zi

dz′

1 + z′
+ A1,i

[∫ z

zi

dz′ −
∫ z

zi

dz′

1 + z′

]
+

+ A2,i

[∫ z

zi

dz′

1 + z′
(z′ + 1)2 +

∫ z

zi

dz′

1 + z′
12 +

∫ z

zi

dz′

1 + z′
2(z′ + 1)(−1)

]
= A0,i

∫ z

zi

dz′

1 + z′
+ A1,i

[∫ z

zi

dz′ −
∫ z

zi

dz′

1 + z′

]
+

A2,i

[∫ z

zi

dz′z′ +
∫ z

zi

dz′ +
∫ z

zi

dz′

1 + z′
− 2

∫ z

zi

dz′
]

= (A0,i − A1,i + A2,i)
∫ z

zi

dz′

1 + z′
+ (A1,i − A2,i)

∫ z

zi

dz′ + A2,i

∫ z

zi

dz′z′

ln
ρ

ρi
= (A0,i − A1,i + A2,i) ln

(
1 + z
1 + zi

)
+ (A1,i − A2,i)(z − zi) +

1
2

A2,i(z2 − z2
i )

(5.30)

Taking the exponential of the Eq (5.30) we can finally obtain ρ as function of
redshift and the constants A0, A1 and A2:

ρ(i+1) th bin(z) = ρi

(
1 + z
1 + zi

)A0,i−A1,i+A2,i

e(A1,i−A2,i)(z−zi)+A2,i(z2−z2
i )/2 . (5.31)

Quadratic w(z): boundary conditions for 2 bins

Assuming two bins (by constructions, we actually have 3 (2+1) bins because
we must specify what happens with w(z) after the 2nd bin):

w(1)(z) = w0 + wa0(z − z0) + waa0(z − z0)
2, z ∈ [z0 = 0, z1], 1st bin (5.32)

w(2)(z) = w1 + wa1(z − z1) + waa1(z − z1)
2, z ∈ [z1, z2], 2nd bin (5.33)

w(3)(z) = w2 + wa2(z − z2) + waa2(z − z2)
2, z ∈ [z2, z3 = ∞), 3rd bin (5.34)

In principle, we have 6 unknowns variables: wa0, waa0, wa1, waa1, wa2 and waa2

but in practice we have just 4 unknowns variables because we assume that the
third bin is a straight, (no curvature: waa2 = 0), and horizontal, (no slope: wa2 = 0)
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line passing by w2 = −1 in order to recover the cosmological constant from the
standard ΛCDM model. Assuming the continuity of the function, w(zinternal knot),
and its derivative, dw(zinternal knot)/dz, at each the internal knot (which guarantees
a smooth handoff from one bin to another) we construct the following table:

function continuity 1st & 2nd bins w(1)(z1) = w(2)(z1) = w1
derivative continuity 1st & 2nd bins d

dz w(1)(z1) =
d
dz w(2)(z1) = wa1

function continuity 2nd & 3rd bins w(2)(z2) = w(3)(z2) = w2 ≡ −1
derivative continuity 2nd & 3rd bins d

dz w(2)(z2) =
d
dz w(3)(z2) = wa2

no slope - horizontal line 3rd bin wa2 = 0
no curvature - straight line 3rd bin waa2 = 0

Table 5.2: This table shows that we have (in principle) 6 equations for 6 variables,
which already is fine because the set is closed and thus is solvable. But note that
the third bin is always known in order to recover the cosmological constant. So the
last two conditions are said to be trivial, and in practice, we just have 4 remaining
variables to be found.

Applying the boundaries conditions displayed in table 5.2 to the three equa-
tions (5.32), (5.33) and (5.34) we have:

w0 + wa0(z1 − z0) + waa0(z1 − z0)
2 = w1 ⇐⇒ wa0∆z1 + waa0∆z2

1 = ∆w1 (5.35)

wa0 + 2waa0(z1 − z0) = wa1 ⇐⇒ wa0 + 2waa0∆z1 − wa1 = 0 (5.36)

w1 + wa1(z2 − z1) + waa1(z2 − z1)
2 = −1 ⇐⇒ wa1∆z2 + waa1∆z2

2 = ∆w2 (5.37)

wa1 + 2waa1(z2 − z1) = 0 ⇐⇒ wa1 + 2waa1∆z2 = 0 (5.38)

where in Eq (5.35) I have defined

∆z1 ≡ z1 − z0 = z1 − 0 and ∆w1 ≡ w1 − w0,

∆z2 ≡ z2 − z1 and ∆w2 ≡ w2 − w1 = −1 − w1. (5.39)

Lets firstly operate with the Eqs (5.37) and (5.38):

− Eq (5.38) × ∆z2 + Eq (5.37)

=⇒
(
−wa1∆z2 − 2waa1∆z2

2

)
+
(

wa1∆z2 + waa1∆z2
2

)
= ∆w2

∴− waa1∆z2
2 = ∆w2 =⇒ waa1 = −∆w2

∆z2
2

. (5.40)
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Substituting Eq (5.40) into Eq (5.38) we have

wa1 + 2

(
−∆w2

∆z2
2

)
∆z2 = 0 =⇒ wa1 = 2

∆w2

∆z2
. (5.41)

Finally lets operate with the two remaining equations (5.35) and (5.36):

− 2 Eq (5.35) + Eq (5.36) × ∆z1

=⇒
(
−2wa0∆z1 − 2waa0∆z2

1

)
+
(

wa0∆z1 + 2waa0∆z2
1 − wa1∆z1

)
= −2∆w1 + 0 × ∆z1

∴− wa0∆z1 − wa1∆z1 = −2∆w1 =⇒ wa0 = 2
∆w1

∆z1
− wa1 From Eq (5.41)

∴ wa0 = 2
(

∆w1

∆z1
− ∆w2

∆z2

)
. (5.42)

Substituting Eq (5.42) into Eq (5.35) we have

waa0 = −∆w1

∆z2
1
+ 2

∆w2

∆z1∆z2
. (5.43)

5.1.5 Cubic w(z) in bins of redshift

w(i+1) th bin = w(zi < z < zi+1)

= wi + wa,i∆zi + waa,i∆z2
i + waaa,i∆z3

i

= wi + wa,i(z − zi) + waa,i(z − zi)
2 + waaa,i(z − zi)

3 (5.44)

Once we have the equation of state, we can obtain the energy density using the
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Eq. (5.3) which can be generalized to

∫ ρ

ρi

dρ′

ρ′
= 3

∫ z

zi

dz′

1 + z′
(1 + w(i+1)(z′)) Using Eq (5.44)

= 3
∫ z

zi

dz′

1 + z′
[
1 + wi + wa,i(z′ − zi) + waa,i(z′ − zi)

2 + waaa,i(z′ − zi)
3
]

= 3
∫ z

zi

dz′

1 + z′
[1 + wi + wa,i(z′ − zi) + waa,i(z′2 + z2

i − 2z′zi)

+ waaa,i(z′3 − 3z′2zi + 3z′z2
i − z3

i )]

= 3(1 + wi − wa,izi + waa,iz2
i − waaa,iz3

i )
∫ z

zi

dz′

1 + z′

+ 3(wa,i − 2waa,izi + 3waaa,iz2
i )
∫ z

zi

dz′

1 + z′
z′

+ 3(waa,i − 3waaa,izi)
∫ z

zi

dz′

1 + z′
z′2

+ 3waaa,i

∫ z

zi

dz′

1 + z′
z′3

= A0,i

∫ z

zi

dz′

1 + z′
+ A1,i

∫ z

zi

dz′

1 + z′
z′ + A2,i

∫ z

zi

dz′

1 + z′
z′2 + A3,i

∫ z

zi

dz′

1 + z′
z′3,

(5.45)

where now we have the updated version of the Eqs (5.27), (5.28), (5.29) and a new
variable, A3,i that support just the term proportional to the third derivative term:

A0,i ≡ 3(1 + wi − wa,izi + waa,iz2
i − waaa,iz3

i ), (5.46)

A1,i ≡ 3(wa,i − 2waa,izi + 3waaa,iz2
i ), (5.47)

A2,i ≡ 3(waa,i − 3waaa,izi), , (5.48)

A3,i ≡ 3waaa,i. (5.49)

We don’t need to perform the integral of all terms in Eq (5.45) because the Eq (5.30)
already provides the results up till the term proportional to A2,i. The remaining
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integral is the following:

∫ z

zi

dz′

1 + z′
z′3 =

∫ z

zi

dz′

1 + z′
z′z′2 =

∫ z

zi

dz′

1 + z′
z′(z′2 − 12 + 1)

=
∫ z

zi

dz′

1 + z′
z′
[
(z′ + 1)(z′ − 1) + 1

]
=
∫ z

zi

dz′

1 + z′
z′(z′ + 1)(z′ − 1) +

∫ z

zi

dz′

1 + z′
(z′ + 1 − 1)

=
∫ z

zi

dz′(z′2 − z′) +
∫ z

zi

dz′ −
∫ z

zi

dz′

1 + z′

=
1
3
(z3 − z3

i )−
1
2
(z2 − z2

i ) + (z − zi)− ln
(

1 + z
1 + zi

)
. (5.50)

Finally, with Eq (5.50) we can write the updated version of Eq (5.30) as follow:

ln
ρ

ρi
= (A0,i − A1,i + A2,i − A3,i) ln

(
1 + z
1 + zi

)
+ (A1,i − A2,i + A3,i)(z − zi) +

1
2
(A2,i − A3,i)(z2 − z2

i ) +
1
3

A3,i(z3 − z3
i ).

(5.51)

Taking the exponential of Eq (5.51) we finally have the “updated” version of Eq
(5.31):

ρ(i+1) th bin(z) =ρi

(
1 + z
1 + zi

)A0,i−A1,i+A2,i−A3,i

× e(A1,i−A2,i+A3,i)(z−zi)+(A2,i−A3,i)(z2−z2
i )/2+A3,i(z3−z3

i )/3. (5.52)

Cubic w(z): boundary conditions for 2 bins

Assuming two bins (by constructions, we actually have 3 (2+1) bins since we
need to specify what happens with w(z) after the 2nd bin)

w(1)(z) = w0 + wa0(z − z0) + waa0(z − z0)
2 + waaa0(z − z0)

3, (5.53)

w(2)(z) = w1 + wa1(z − z1) + waa1(z − z1)
2 + waaa1(z − z1)

3, (5.54)

w(3)(z) = w2 + wa2(z − z2) + waa2(z − z2)
2 + waaa2(z − z2)

3, (5.55)

In principle, we have 9 unknowns variables: wa0, waa0, waaa0, wa1, waa1, waaa1,
wa2, waa2 and waaa2 but in practice we have just 6 unknowns variables because
we assume that the third bin is a straight line (no curvature: waa2 = 0) a hori-
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zontal line (no slope: wa2 = 0) passing by w2 = −1 and also has no waaa,2, i.e.,
waaa,2 = 0. Those requirements for the last bin guarantee that we recover the cos-
mological constant from the standard ΛCDM model. Assuming the continuity of
the function, w(zinternal knot), its first and second derivatives, dw(zinternal knot)/dz,
d2w(zinternal knot)/dz2, at each the internal knot (which guarantees a smooth hand-
off from one bin to another) we came up with the following table:

function continuity 1st & 2nd bins w(1)(z1) = w1
first derivative continuity 1st & 2nd bins d

dz w(1)(z1) = wa1
second derivative continuity 1st & 2nd bins d2

dz2 w(1)(z1) = waa1

function continuity 2nd & 3rd bins w(2)(z2) = w2 ≡ −1
first derivative continuity 2nd & 3rd bins d

dz w(2)(z2) = wa2

second derivative continuity 2nd & 3rd bins d2

dz2 w(2)(z2) = waa2
no slope - horizontal line 3rd bin wa2 = 0
no curvature - straight line 3rd bin waa2 = 0
no jerk 3rd bin waaa2 = 0

Table 5.3: This table shows that we have (in principle) 9 equations for 9 variables,
which already is fine because the set is closed and thus is solvable. But note that
the third bin is always known in order to recover the cosmological constant. So the
last three conditions are said to be trivial, and in practice, we just have 6 remaining
variables to be found.

Firstly let’s define the following notations:

z0 = 0

w2 = − 1, wa2 = waa2 = waaa2 = 0,

∆z1 ≡ z1 − z0 = z1

∆w1 ≡ w1 − w0,

∆z2 ≡ z2 − z1,

∆w2 ≡ w2 − w1 = −1 − w1. (5.56)

Applying the boundaries conditions displayed in table 5.3 to the three equations
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(5.53), (5.54) and (5.55) we obtain:

wa0∆z1 + waa0∆z2
1 + waaa0∆z3

1 = ∆w1

wa0 + 2waa0∆z1 + 3waaa0∆z2
1 = wa1

waa0 + 3waaa0∆z1 = waa1

wa1∆z2 + waa1∆z2
2 + waaa1∆z3

2 = ∆w2 = −1 − w1

2waa1∆z2 + 3waaa1∆z2
2 = −wa1

3waaa1∆z2 = −waa1 (5.57)

The notation of the system in Eq (5.57) is overloaded, and in order to manually
solve this 6 × 6 equation, we first need a clean notation to avoid making mistakes,
so let’s consider the following change of notation:

x0 ≡ wa0, y0 ≡ waa0, u0 ≡ waaa0,

x1 ≡ wa1, y1 ≡ waa1, u1 ≡ waaa1,

A0 ≡ ∆z1, B0 ≡ ∆w1,

A1 ≡ ∆z2, B1 ≡ ∆w2. (5.58)

The system in Eq (5.57) expressed in terms of the new notation (5.58) becomes
more readable:

x0A0 + y0A2
0 + u0A3

0 = B0 (5.59)

x0 + 2y0A0 + 3u0A2
0 = x1 (5.60)

y0 + 3u0A0 = y1 (5.61)

x1A1 + y1A2
1 + u1A3

1 = B1 (5.62)

x1 + 2y1A1 + 3u1A2
1 = 0 (5.63)

y1 + 3u1A1 = 0. (5.64)

Let’s solve the system backward. Doing Eq (5.62) −A1×Eq (5.63) we have

(x1A1 + y1A2
1 + u1A3

1)− (x1A1 + 2y1A2
1 + 3u1A3

1) = B1 − 0

y1A2
1 + u1A3

1 − 2y1A2
1 − 3u1A3

1 = B1

−y1A2
1 − 2u1A3

1 = B1. (5.65)
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Doing A2
1× Eq (5.64) + Eq (5.65) we have:

(y1A2
1 + 3u1A3

1) + (−y1A2
1 − 2u1A3

1) = B1 ⇒ u1A3
1 = B1

∴ u1 =
B1

A3
1

=⇒ u1 ≡ waaa1 =
∆w2

(∆z2)
3 , (5.66)

where in Eq (5.66) I have used the change of variables in Eq (5.58) to go back to the
original notation. Substituting the result given by Eq (5.66) into Eq (5.64) we have:

y1 = −3u1A1 = −3

(
∆w2

∆z3
2

)
∆z2 =⇒ y1 ≡ waa1 = −3

∆w2

(∆z2)
2 . (5.67)

Inserting Eqs (5.66)-(5.67) into Eq (5.62) we have:

x1A1 + y1A2
1 + u1A3

1 = B1

wa1∆z2 = −
(
−3

∆w2

∆z2
2

)
∆z2

2 −
(

∆w2

∆z3
2

)
∆z3

2 + ∆w2

wa1∆z2 = 3∆w2 − ∆w2 + ∆w2

wa1∆z2 = 3∆w2 =⇒ x1 ≡ wa1 = 3
∆w2

∆z2
. (5.68)

Now we have just three equations to solve. Doing Eq (5.59) − A0× Eq (5.60)

(x0A0 + y0A2
0 + u0A3

0)− A0(x0 + 2y0A0 + 3u0A2
0) = B0 − x1A0

y0A2
0 + u0A3

0 − 2y0A2
0 − 3u0A3

0 = B0 − x1A0

−y0A2
0 − 2u0A3

0 = B0 − x1A0. (5.69)

Doing Eq A2
0 × Eq (5.61) + Eq (5.69) we obtain

A2
0(y0 + 3u0A0) + (−y0A2

0 − 2u0A3
0) = y1A2

0 + (B0 − x1A0)

3u0A3
0 − 2u0A3

0 = y1A2
0 + B0 − x1A0 ⇒ u0A3

0 = −x1A0 + y1A2
0 + B0

u0 = −x1
1

A2
0
+ y1

1
A0

+ B0
1

A3
0

(5.70)

u0 ≡ waaa0 =
∆w1

∆z3
1
− 3

∆w2

∆z1∆z2

(
1

∆z1
+

1
∆z2

)
. (5.71)
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Inserting Eq (5.71) into Eq (5.61) we have:

y0 + 3u0A0 = y1 ⇒ y0 = y1 − 3u0A0 (5.72)

y0 = −3
∆w2

∆z2
2
− 3

[
∆w1

∆z3
1
− 3

∆w2

∆z1∆z2

(
1

∆z1
+

1
∆z2

)]
∆z1

y0 = −3
∆w2

∆z2
2
− 3

∆w1

∆z2
1
+ 9

∆w2

∆z2

(
1

∆z1
+

1
∆z2

)
∴ y0 ≡ waa0 = −3

∆w1

∆z2
1
+ 3

∆w2

∆z2

(
3

∆z1
+

2
∆z2

)
. (5.73)

Substituting the Eqs (5.71) and (5.73) into the Eq (5.59) and solving for x0 we have:

x0A0 + y0A2
0 + u0A3

0 = B0 ⇒ x0 = wa0 = 3
∆w1

∆z1
− 3

∆w2

∆z2

(
2 +

∆z1

∆z2

)
. (5.74)

5.2 CAMB for Late Dark Energy:

The previous sections present many parametrizations for the dark energy
equation of state. If we want to go further and probe these parameters, namely w0,
w1, w2, ..., wn for a given redshift window, with real data, then in practice we have
to implement these equations in a Boltzmann code, say CAMB2 or CLASS3 and use
a code for parameter exploration such as Cobaya4 or CosmoSIS5, and then a tool
for statistical analysis, as for example Getdist6.

All these previous parametrizations, and some others, such as the hyperbolic
tangent, given by equation (21) in the paper [105], and the user-defined number
of redshift bins for the constant binned w(z), are implemented in our modified
version of CAMB that we call CAMBLateDE. This code is publicly available at
https://github.com/SBU-COSMOLIKE/CAMBLateDE. A Jupyter Notebook il-
lustrating these parametrizations can be found at LateDE_demo.ipynb7.

Table xxx show all the current parametrizations implemented in CAMBLateDE

at the writing of this Thesis

2https://camb.readthedocs.io/en/latest/#
3https://lesgourg.github.io/class_public/class.html
4https://cobaya.readthedocs.io/en/latest/index.html
5https://cosmosis.readthedocs.io/en/latest/#
6https://getdist.readthedocs.io/en/latest/#
7If the reader wants to test this CAMBLateDE and faces any problem (installation, compilation,

etc), please don’t hesitate to contact me at diogo.henrique@unesp.br or open an issue on GitHub.

https://github.com/SBU-COSMOLIKE/CAMBLateDE
https://github.com/SBU-COSMOLIKE/CAMBLateDE/blob/main/docs/LateDE_demo.ipynb
https://camb.readthedocs.io/en/latest/
https://lesgourg.github.io/class_public/class.html
https://cobaya.readthedocs.io/en/latest/index.html
https://cosmosis.readthedocs.io/en/latest/
https://getdist.readthedocs.io/en/latest/
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DEmodel Description CAMB parameter
1 w(z) constant w0
2 w0-wa w0,w1
3 Constant bin w(z) with 2 bins w0,w1, z1,z2
4 Constant bin w(z) with 3 bins w0,w1,w2, z1,z2,z3
5 Constant bin w(z) with 5 bins w0,· · · ,w4, z1,· · · ,z5
6 Constant bin w(z) with 10 bins w0,· · · ,w9, z1,· · · ,z10
7 Linear bin w(z) with 2 bins w0,w1, z1,z2
8 Linear bin w(z) with 3 bins w0,w1,w2, z1,z2,z3
9 Linear bin w(z) with 5 bins w0,· · · ,w4, z1,· · · ,z5
10 Linear bin w(z) with 10 bins w0,· · · ,w9, z1,· · · ,z10
11 Quadratic bin w(z) with 2 bins w0,w1, z1,z2
12 Quadratic bin w(z) with 3 bins w0,w1,w2, z1,z2,z3
13 Quadratic bin w(z) with 5 bins w0,· · · ,w4, z1,· · · ,z5
14 Cubic bin w(z) with 2 bins w0,w1, z1,z2
15 Cubic bin w(z) with 3 bins w0,w1,w2, z1,z2,z3
16 Cubic bin w(z) with 5 bins w0,· · · ,w4, z1,· · · ,z5
17 Hyperbolic tangent w0,w1, z1, sigma
18 Constant bin w(z) max_num_of_bins, w_knot, z_knot

Table 5.4: All the parametrizations implemented so far in CAMBLateDE.

In table 5.4 the dark energy model is selected in CAMBLateDE via the param-
eter DEmodel which is an integer between 1 and 18 that corresponds to a given
equation of state parameterization. The parameters w0 · · · w9, z1 · · · z10 and
sigma are all flots. Figure 5.1 displays the equation of state and energy density
for dark energy. It is assumed two redshift bins [0,1.5] and [1.5,3], and beyond the
second redshift bin, we recover the usual scenario of the cosmological constant,
i.e. w = −1. Note the continuity of the functions at each bin’s transition.

The DEmode=18 is a generalization for the models 3 - 6. The user should pro-
vide to CAMBLateDE the number of bins with the parameter max_num_of_bins
≡ Nbins, and the corresponding equation of state and redshift bins up til Nbins.
This is passed via the list w_knot=[w1,· · · ,wNbins] and z_knot=[z1,· · · ,zNbins].

One of the simplest single parameter extensions beyond the ΛCDM model can
be obtained by allowing ∑ mν to vary. Constraints for this model are frequently
done by many survey collaborations. For example, using the likelihood for the
power spectra of temperature (TT), temperature-polarization (TE), polarization-
polarization (EE) and its associated low-ℓ polarization (lowE) together with CMB
lensing and BAO, the Planck collaboration [55] found an upper bond of ∑ mν < 0.12
eV at 95% CL. The same result was obtained using the gravitational lensing mass
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map of the Atacama Cosmology Telescope (ACT) DR6 combined with BAO data
and the Planck CMB anisotropies (c.f. Eq. 10 in [106]).

The South Pole Telescope third-generation (SPT-3G) 2018 EE and TT power
spectra, combined with Planck and BAO, reports an upper bond in the neutrino
mass as ∑ mν < 0.13 eV at 95% CL [66]. However, this constraint by SPT-3G
considered a prior on τ (so it is a 5+1 parameter extension) whilst the Planck and
ACT analysis kept τ as a free parameter. Using the three two-point correlation
function (3x2pt) from Dark Energy Survey (DES) in combination with data of
Redshift Space Distortion (RSD), BAO, SNIa, Planck CMB and CMB lensing, the
DES Y3 reports a constraint in the neutrino mass as being ∑ mν < 0.13 eV at
95% CL [62]. The use of this large external dataset on top of DES data is argued
in [62] (see also [61]) due to the weaker power of the 3x2pt analysis in providing
enough constraining resolution on neutrino masses, so its marginalized posterior
can accommodate large ∑ mν which is highly limited by its prior. Last but not least
survey we highlight the reported bounds on neutrino masses from the recent BAO,
quasar, and Lyman-α forest measurements from the Dark Energy Spectroscopic
Instrument (DESI) Y1 [107]. DESI BAO with Planck CMB provides stringent
constraint; ∑ mν < 0.072 eV at 95% CL. These upper bond values for ∑ mν are
very close to the minimum limit of the IH, which is consistent with the mildly
preferred NH results from neutrino oscillation experiments such as T2K and
NOνA [108, 109].

I implemented all the parameterizations in table 5.4 in a modified version of
the Boltzmann solver CAMB. We then analyzed some of these models (in particular,
the constant binned w(z) for five and ten redshift bins and the hyperbolic equation
of state) with BAO data combined with CMB, CMB lensing, and supernovae. In
the following section, I show the results of the paper [110].

5.2.1 Late-Time Dark Energy and Massive Neutrinos with DESI

2024 BAO data

Dark energy models under analysis

The BAO dataset from the first year of the Dark Energy Survey Spectroscopic
Instrument (DESI) [107] combined with the Type Ia supernovae data from the fifth
year of the Dark Energy Survey (DESY5) [111] and CMB anisotropies from Planck
[55] provides a hint for deviation from the flat ΛCDM with a preference of 3.9σ for
w0waCDM. This same analysis was performed using supernovae from two other
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different surveys. Using supernovae from Union3 [112] and Pantheon+ [113], it is
found a 3.5σ and 2.5σ preference for w0waCDM over the ΛCDM, respectively. The
DESI Collaboration used the w0wa parametrization for the dark energy equation
of state, where w(a) = w0 + wa(1 − a). The reconstruction of the w(z) from the
DESI analysis shows that the dark energy equation of state possesses a pantheon
behavior (w < −1) for redshifts z > 0.5 and a thawing behavior (w > −1)
nowadays.

In the work [110], we analyze the dark energy models DEmodel = 5, 6, and 17
as shown in table 5.4. The DEmodels = 5 and 6 are the constant w(z) in five and
ten redshift bins. This parametrization was discussed in section 5.1.2. To perform
the analysis of these two models, we decided to use the binned strategy

For five bins: [0.3, 0.6, 0.9, 1.2, 1.5]

For ten bins: [0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0]

We turn to the hyperbolic model (DEmodel=17), which we named by “transi-
tion model” in [110] with equation of state given by

w(z) = w0 +

(
w1 − w0

2

) [
1 + tanh

(
z − zc

σ

)]
. (5.75)

This model represents a smooth transition from the equation of state at early times
(represented by w1) to the dark energy equation of state at late times (represented
by w0). These asymptotic regimes are reached for z − zc ≫ σ (representing the
high redshift limit) and |z − zc| ≫ σ with z < zc (representing the low redshift
limit). zc represents the redshift at which w(zc) = (w0 + w1)/2. σ is the parameter
that controls the redshift width of the transition. The energy density of this model
is given by

ρDE = ΩDEρcr exp
(

3
∫ z

0

1 + w(z′)
1 + z′

dz′
)

, (5.76)

and it is solved numerically by CAMBLateDE.

Dataset, dataset combination and analysis methodology

To analyze the different dark energy models, we used data from DESI Y1
BAO. Planck 2018 CMB, and ACT DR4 CMB, both temperature and polarization
anisotropies. CMB lensing from ACT DR6. Finally, the Type Ia Supernovae from
DESY5, Union3, Pantheon+ or Pantheon. The different dataset combinations are
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displayed below:

• Planck 2018 (P18) + DESI-Y1 BAO (DESI) + Pantheon (Pan);

• Planck 2018 (P18) + DESI-Y1 BAO (DESI) + Pantheon + (Pan+);

• Planck 2018 (P18) + DESI-Y1 BAO (DESI) + Union-3 (Uni3);

• Planck 2018 (P18) + DESI-Y1 BAO (DESI) + DES-Y5 (DESY5).

Constraints on the neutrino mass sum are assessed by changing the the CMB
dataset from Planck to ACT+Planck (ℓ < 650):

• ACT DR4 (ACT) + Planck 2018 ℓ < 650 (P650) + DESI + Pan;

• ACT DR4 (ACT) + Planck 2018 ℓ < 650 (P650) + DESI + Pan+;

• ACT DR4 (ACT) + Planck 2018 ℓ < 650 (P650) + DESI + Uni3;

• ACT DR4 (ACT) + Planck 2018 ℓ < 650 (P650) + DESI + DESY5.

Finally, constraints on the neutrino mass sum also is obtained with the CMB
lensing (probe of large scale structure) from ACT DR6:

• ACT + P650 + ACT DR6 Lensing (ACTL) + DESI + Pan;

• ACT + P650 + ACT DR6 Lensing (ACTL) + DESI + Pan+;

• ACT + P650 + ACT DR6 Lensing (ACTL) + DESI + Uni3;

• ACT + P650 + ACT DR6 Lensing (ACTL) + DESI + DESY5.

The analysis of these dark energy models and constraints on neutrino mass sum
with these dataset combinations is performed with the Markov Chain Monte Carlo
(MCMC), where we obtain the posterior distribution of the model parameters. The
priors used are displayed in Table 1 of [110].

Results for the Transition model

Figure 5.3 displays the 2D region preference for the parameters of the transition
model (with fixed σ = 0.05) in addition to the matter energy density parameter
Ωm. Except for the Pantheon, the {w0, w1} plane for the Pantheon+, Union3, and
DESY5 is contained (at 95% confidence level) in the quadrant where w1 < −1 and
w0 > −1 which suggests a transition from a phantom limit to a non-phantom
regime. The transition redshift zc is weakly constrained at around the value of
zc ≈ 0.6.
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Figure 5.3: Two-dimensional contours region (68% and 95%) for the transition
model parameters and the matter energy density parameter.

Results for the binned w(z) model

We analyzed the constant binned w(z) for 5 and 10 redshift bins. In opposition
to the w0wa and the transition models, the binned w(z) intends to be the most
general as possible as we increase the number of bins. Figure 5.4 shows the
reconstruction for these two cases. For both scenarios within 1σ or 2σ, the model-
agnostic is consistent with the cosmological constant, w = −1, and/or with the
best-fit of the w0wa parametrization. It is challenging to conclude much from this
result because this model-agnostic approach has many parameters8, and the error
bars among the bins are correlated.

8In the case studied in our work [110] it has 5 and 10 free parameters, but notice that
CAMBLateDE allows an arbitrary number of parameters for the DEmodel=18. Of course, one
can add as many bins as possible with this feature, but this may come at the cost of computational
expenses and low performance.
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Figure 5.4: Reconstruction of the dark energy equation of state for 5 redshift bins
(left) and 10 redshift bins (right), assuming CMB + DESI for the different types
of supernovae datasets from Pantheon (Pan), Pantheon+ (Pan+), Union3 (Uni3),
and DES year 5 (DESY5). The blue horizontal line is the mean value of w in each
redshift bin with its 68% and 95% error bars. For comparison, the red dotted line
is the best-fit of w0wa parametrization.

The Principal Component Analysis (PCA) method allows us to overcome this
difficulty [114–118]. This method consists of extracting the covariance matrix
of the wi parameters. This forms a real and asymmetric matrix, which can be
diagonalized, and we can obtain the eigenfunctions, ei(z), and the eigenvalues, αi,
where the correlation, assuming the new PC basis, between αi and αj for i ̸= j, is
zero. Therefore, we can expand the dark energy equation of state into this new
PCA basis as follows:

w(z) = −1 +
Nbins

∑
i=1

αiei(z), (5.77)
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where the sum term accounts for possible deviation from the cosmological constant
−1 corresponding to α = (0, ..., 0). Figure 5.5 shows principal components for the
cases of constant w in 5 and 10 redshift bins for DESI + Planck 2018 + Pantheon+
dataset.
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Figure 5.5: Principal components ei(z) for the constant binned w(z) assuming 5
redshift bins (left panel), and 10 redshift bins (middle and right panels) for the
dataset combination DESI + Planck 2018 + Pantheon+.

Figure 5.6 displays the 1-D marginalized amplitude, αi, of the principal com-
ponent, ei(z), for each dataset combination of DESI + Planck 2018 + Supernovae.
The top row shows the case of Nbins = 5, and the middle and bottom rows display
the case of Nbins = 10. For the 5 bins, α1 (except for Pantheon) and α3 are the
amplitudes that exhibit a mild deviation from 0 compared to the remaining other
amplitudes αi=2,4,5.

Figure 5.7 shows the “filtered” w(z) which is defined through the Eq. (5.77) for
the Principal Component ei(z) with smaller error bars on the Principal Compo-
nents amplitude αi, that deviates from zero. In the case of 5 bins, this corresponds
to α1 and α3, and in the case of 10 bins this corresponds to α1, α4 and α5.

For the case of 5 redshift bins, the Figure 5.7 shows that the binned w(z)filtered

have a different behavior not captured by the w0wa parametrization: w(z)filtered

at high redshift (1.2 < z < 1.5) start at a value w < −1, goes to lower values in
0.6 < z < 1.2 (except for P18+DESI+DESY5 which is consistent with −1 at 2σ),
then it crosses the phantom barrier (w = −1) with w > −1 for 0.3 < z < 0.6
and finally have a thanwing behavior nowadays (0 < z < 0.3) with w0 > −1.
This result is consistent with previous analysis from the literature using the w0wa
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[107, 111, 112] that shows a thawing behavior for the dark energy EoS today.

Constraints on ∑ mν

The previous analysis has assumed two massless neutrinos and one massive
neutrino with ∑ mν = 0.06 eV, i.e. the minimal value for the sum mass in the
normal hierarchy scenario. In this Section, we consider the neutrino mass sum

∑ mν as a free parameter, assuming three massive neutrinos and a degenerate
hierarchy with a uniform prior in the neutrino mass sum in the range [0.01, 0.6].
The upper limit on ∑ mν at 2σ is shown in table 5.5 for different dark energy
models. Notice that a factor of 1.5 - 1.9 enlarges the constraints obtained with the
ACT+Pl650 dataset compared to P18. However, including ACT DR6 lensing data
brings back the constraints on the same level as P18.
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Figure 5.7: Filtered (see the text) reconstruction of the dark energy equation of
state for 5 redshift bins (left) and 10 redshift bins (right). The blue line is the mean
and gray-shaded regions are 68% and 95% confidence interval. For comparison,
the reconstruction for w0wa is also displayed in the red dashed line.

The 1D marginalized constraints on ∑ mν for different dark energy models and
dataset combination is shown in Figure 5.8. The w0wa parameterization relaxes the
constraint on ∑ mν by a factor 1.8 - 2.2 compared to ΛCDM model. The binned w(z)
with 5 redshift bins possesses a similar behavior for datasets with Pantheon and
Pantheon+. For Union3 and DESY5 with ACT+P650 and ACT+P650+ACTL, the
binned w(z) with 10 redshift bins have tighter constraints than w0wa; one would
not expect that since the former model has a more significant number of parameters
compared to w0wa. However, previous work has shown that constraints on ∑ mν

prefer negative values under the ΛCDM model [119]. This effect is enhanced
by the “lensing anomaly” seen in the Planck 2018 temperature and polarization
power spectra [55]. Therefore, if negative values of ∑ mν are preferred, we have
tighter constraints in the Bayesian analysis once we assume physical priors that
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Upper limit (95% C. L.) on ∑ mν (eV)
P18 + DESI + Pan Pan+ Uni3 DESY5

ΛCDM 0.10 0.11 0.11 0.12
w0wa 0.18 0.17 0.21 0.19
5 − bin w(z) 0.19 0.19 0.19 0.18
10 − bin w(z) 0.16 0.16 0.16 0.15

ACT+P650 + DESI + Pan Pan+ Uni3 DESY5
ΛCDM 0.16 0.18 0.18 0.20
w0wa 0.31 0.28 0.34 0.32
5 − bin w(z) 0.32 0.33 0.32 0.31
10 − bin w(z) 0.26 0.26 0.26 0.24
ACT+P650 + ACTL + DESI + Pan Pan+ Uni3 DESY5
ΛCDM 0.10 0.11 0.11 0.12
w0wa 0.22 0.21 0.24 0.23
5 − bin w(z) 0.23 0.23 0.23 0.22
10 − bin w(z) 0.17 0.18 0.17 0.17

Table 5.5: Upper limit on the sum of the neutrino mass at 2σ for different dataset
combinations and dark energy models.

exclude negative values of neutrino masses. This may be the case of the constant
w(z) in 5 and 10 redshift bins, as seen by the figure 5.8, but we can not confirm
this hypothesis with our current analysis. This is reserved for future work.
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Conclusion

This Thesis is divided into two parts. The first part presents the basics of
cosmology. Chapter 1 presents the background equations, the Robertson-Walker
metric, the angular and luminosity distances, the Friedmann equations that de-
scribe a homogeneous and isotropic universe at a large scale, and the energy
density evolution for each fluid component. Chapter 2 explains the gauge invari-
ant method and how to build gauge-invariant perturbations. In the following, a
detailed description and steps are provided for obtaining those gauge-invariant
perturbation quantities. Chapter 3 discusses the initial conditions in the early
universe required to solve the Boltzmann-Einstein equations for each component:
cold dark matter, neutrinos, and the coupled photons-baryons fluid. An approx-
imate solution is also provided within the early-times and super-horizon initial
conditions scenario.

The second part of this Thesis has two chapters, 4 and 5, that summarize the
research developed during the PhD. Chapter 4 is the result of the implementation
at the background level in a Boltzmann-Einstein solver of the neutrino-assisted
early dark energy model. This allows us to access the fraction of early-dark energy
since it is a background quantity, and a comparison from the literature shows that
the numeric implementation and the theoretical prediction agree with each other
on average. However, it is challenging to find parameters (coupling strength and
self-interaction potential) that push the fraction of early-dark energy close to 10%.
Despite these results, we state that a more detailed analysis, which includes the
perturbation equations and performs a Bayesian analysis, is required.

Finally, Chapter 5 explains in detail the implementation in the Boltzmann-
Einstein solver several extensions for Λ, the cosmological constant, and beyond
the w0wa parametrization. Starting from the most straightforward constant equa-
tion of state in bins of redshift to more complex parametrization such as linear,
quadratic, and cubic. Despite these multiple implementations, we ended with a
work that performs the Bayesian inference for the constant dark energy equation-
of-state in five and ten redshift bins. The paper goes beyond and includes a more
recent implementation of the transition model, given by a hyperbolic tangent
function and the monodromic K-essence model. For this analysis, we use a dataset
combination that includes BAO from DESI, CMB from Planck 2018, ACT DR4,

115
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CMB lensing from ACT DR6, and supernovae from Pantheon, Pantheon+, Union3
or DES Y5. We also reassess the constraints on the sum of the neutrino masses for
the constant binned dark energy equation of state and compare with the ΛCDM
model and the w0wa parametrization.

The results of this work are consistent with those using the w0wa parametriza-
tion that presents hints for dynamical dark energy with thawing behavior. How-
ever, we highlight that it may be essential to use parametrizations other than the
w0wa to explore further possible complex behavior of the dark energy. We also
underline the importance of reassessing the neutrino mass sum, given that these
two components have a degenerate effect on the structure formation.

Both results presented in the second part of this thesis contribute to actual (at
the moment of this written) discussions in the literature of interesting problems
such as the early-dark energy models, dynamical dark energy models, and massive
neutrinos. In all cases, it is essential to reappraise these analyses in light of
synergies of datasets from multi-probe surveys coming in the following decades,
such as the LSST, Euclid, and the Roman Space Telescope—precise measurements
of BAO, 3×2pt, supernova, and weak gravitation lensing require outstanding
control of systematic errors. In parallel, other statistical methods beyond the
Bayesian analysis, such as profile likelihood, are being used and improved. All
these efforts, in combination, have the potential to shed light on the nature of dark
energy.
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