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POTENTIAL IMPACT OF THIS RESEARCH

As this research focuses on optimising water resource allocation for irrigation, it promotes food
security (SDG 2), contributes to clean water goals (SDG 6), and allows for sustainable consumption
and production practices (SDG 12). The impact is especially relevant given that several Brazilian

socioeconomic factors revolve around agriculture.
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Esta pesquisa trata da otimizacao da alocacdo de recursos hidricos para irrigagdo, o que promove
seguranca alimentar (ODS 2), contribui para objetivos de dgua potdvel (ODS 6) e praticas sustentaveis
de consumo e produgdo (ODS 12). O impacto é especialmente relevante dado que vdrios fatores

socioecondmicos brasileiros dependem da agricultura.
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“ Quem sabe eu ainda sou uma garotinha
Esperando o onibus da escola

Sozinha

Cansada com minhas meias trés quartos
Rezando baizo pelos cantos

Por ser uma menina mad”

(Cazuza e Frejat)



ABSTRACT

The Sustainable Development Goals are a set of seventeen goals proposed by the United Nations
as guidelines to promote the sustainable growth of signatory nations. Such objectives include
ones related to food security and safe water availability. Brazil is one of the leading countries in
agricultural production, which ties most of its consumptive water usage to farming and irrigation.
Most farmers activate their irrigation systems before dawn to save on water, electricity and
related fees and require planning on the volume of water to supply the crops with enough
to ensure optimal productivity. The main component of water loss is evapotranspiration, a
complex and non-linear phenomenon that is a function of climatological variables and crop
and soil parameters. Many analytical methods to estimate evapotranspiration require hard-
to-obtain data or are approximations with a high region specificity. With the development
of new computational tools, many researchers began to employ machine learning and remote
sensing to improve the assessment of hydro-climatological variables. Bayesian Network is a
class of probabilistic models based on graphs and appropriate to deal with stochastic problems
and under scenarios of missing data with the main drawback as devolving into an NP-hard
optimisation problem. A probabilistic model based on Bayesian Networks called Inference
Diagram provides the toolset to develop support decision systems over stochastic scenarios.
The objectives of this project are threefold. First, to implement and validate a bio-inspired
algorithm to build a Bayesian Network from data. Second, to create a Bayesian Network capable
of estimating evapotranspiration from climatological data even under missing data. And third,
to propose an Influence Diagram model that accommodates hydro-climatological stochastic
variables and provides suggestions on irrigation scheduling. This project’s results achieve the
first two objectives, each resulting in a published conference paper, while the third goal requires

more development time.

KEYWORDS: Bayesian networks; Probabilistic inference; Influence diagrams; Evapotranspi-

ration.



RESUMO

Os Objetivos de Desenvolvimento Sustentavel sao um conjunto de dezessete objetivos propostos
pelas Nagoes Unidas como diretrizes para promover o crescimento sustentavel das nacoes
signatarias. Tais objetivos incluem aqueles relacionados a seguranca alimentar e disponibilidade
de agua potavel. O Brasil é um dos paises lideres em producao agricola, que destina a maior
parte de seu consumo de dgua para agropecudria e irrigagdo. A maioria dos agricultores ativa
seus sistemas de irrigacdo antes do amanhecer para economizar agua, eletricidade e taxas
relacionadas e para tanto requerem planejamento no volume de agua para abastecer as culturas
com o suficiente para garantir a produtividade ideal. O principal componente da perda de dgua é
a evapotranspiragao, um fendmeno complexo e nao linear que é funcao de variaveis climatologicas
e parametros da plantagao e solo. Muitos métodos analiticos para estimar a evapotranspiracao
requerem dados dificeis de obter ou sdo aproximagoes com alta especificidade de regiao. Com
o desenvolvimento de novas ferramentas computacionais, muitos pesquisadores comecgaram a
empregar aprendizado de maquina e sensoriamento remoto para melhorar a avaliagao de variaveis
hidroclimatolégicas. A Rede Bayesiana ¢ uma classe de modelos probabilisticos baseados em
grafos e apropriada para lidar com problemas estocasticos e sob cenarios de falta de dados
com a principal desvantagem de recair em um problema de otimizacao NP-dificil. Um modelo
probabilistico baseado em Redes Bayesianas chamado Diagrama de Influéncia fornece o conjunto
de ferramentas para desenvolver sistemas de apoio a decisao sobre cenarios estocasticos. Os
objetivos deste projeto sao trés. Primeiro, implementar e validar um algoritmo bioinspirado para
construir uma Rede Bayesiana a partir de dados. Em segundo lugar, criar uma Rede Bayesiana
capaz de estimar a evapotranspiracao a partir de dados climatologicos mesmo sob dados ausentes.
E terceiro, propor um modelo de Diagrama de Influéncia que acomode varidveis estocasticas
hidroclimatolégicas e fornega sugestoes sobre o regime de irrigagao. Os resultados deste projeto
atingem os dois primeiros objetivos, cada um resultando em um artigo de conferéncia publicado,

enquanto o terceiro objetivo requer mais tempo de desenvolvimento.

PALAVRAS-CHAVE: Redes bayesianas; Inferéncia estatistica; Diagramas de influéncia;

Evapotranspiragao.
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1 INTRODUCTION

The Sustainable Development Goals (S.D.G.s) are seventeen goals set forth by the United
Nations (U.N.) to serve as guidelines for the signatory countries to achieve sustainable develop-
ment and growth across several levels of social, political, and economic spheres (United Nations
Department for Economic and Social Affairs, 2020).

Figure 1 contains the original panel with the seventeen S.D.G.s. Several macro policies for
sustainable growth may result from implementing one or more targets for these goals. Examples

include social inclusion, food security, and rational and sustainable use of water resources.

Figure 1 — Panel with the seventeen United Nations’ Sustainable Development Goals (S.D.G.s).
These goals and their underlying targets and indicators can be used to promote
and evaluate sustainable development on several key social, political, and economic
factors.

Source: Reproduced from United Nations Department for Economic and Social Affairs (2020).

Brazil has a significant role in the global scenario as a major food producer and exporter.
According to the Food and Agriculture Organisation of the United Nations (F.A.O.), in the
calendar year 2021, Brazil was the biggest producer in the world of soya beans and sugar cane,
second in cattle meat, third in maize and chicken meat and fifth in pork meat (FAO, 2021).

As a result of the country’s role as a sizeable agricultural producer — with crops that can serve
as livestock fodder —, this sector accounts for the highest consumptive use of water resources,
focusing on crop irrigation (Fontenelle; Fuckner; Soares, 2021).

The high consumptive use of water for food production establishes the rational and sustainable
use of water resources at the crux for achieving the S.D.G.s referencing this issue and the goals
relative to food production and security.

There are multiple methods to control and practice sustainable water usage for irrigation.
Examples include policies enforced by fees and limited grants for water extraction, adopting
irrigation systems with higher water efficiency, and even rainwater collection and utilisation. One
of the largest classes of such methods comprises those that monitor a characteristic associated

with a crop’s water necessity. These methods try to provide the bare minimum of water required
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to maintain optimal crop development and production. Dobriyal et al. (2012) provides a review
on this extensive class of methods.

New methods emerged following the onset of new technologies in data gathering and
processing in agricultural settings. Examples include using remote sensing and satellite data
alongside artificial intelligence and computer vision algorithms (Singh; Kaur, 2022; Biabi;
Mehdizadeh; Salmi, 2019).

The advent of the Internet of Things (I.o.T.) allowed the update of classical methods for
estimating soil moisture by connecting simple in-situ data sensors to more powerful ez-situ com-
puters. Examples include water content assessment from soil permittivity via parallel electrodes
on the soil (Wu et al., 2022) and ground matric potential via tensiometers (Abdelmoneim et al.,
2023).

To comply with regulations and policies that enforce variable water and electricity fees
according to the time of day, most farmers exclusively activate their irrigation system before
dawn. As such, the amount of water used in each irrigation has to consider the volume lost to the
environment during the following day. The four major water loss contributors are percolation,
runoff, evaporation from wet soil and plants, and crop transpiration (Anayah; Kaluarachchi,
2019).

Evapotranspiration (ET') is the metric that combines evaporation and transpiration from a
cultivated area and is the main component of water loss in agriculture. This element is difficult
to measure, non-linear, complex and varies from different crops and within the environment.
Despite these factors, a metric of reference evapotranspiration (E7Tj) based on a standardised
area with a grassy crop provides an initial estimate of evapotranspiration (Allen et al., 1998).

The observance of this element’s importance precedes wide computer adoption. This historical
precedence led to the proposition of several analytical methods for ET| estimates based on
regression models and available climatological variables (Hargreaves; Samani, 1985; Linacre,
1977; Benavides; Lopez, 1970; Turc, 1961). Many approximations rely different climatological
data sets, and most provide a reliable ETj estimate only within a region (Ghiat; Mackey;
Al-Ansari, 2021).

Given the wide range of methods to estimate ETj, the F.A.O. recommended the Penman-
Monteith method. This analytical approximation provides a daily estimate based on several
climatological variables, some difficult to obtain (Allen et al., 1998). As such, the community
considers the Penman-Monteith the gold standard but still employs other methods that rely on
fewer variables (Lu et al., 2005).

The advance of hydro-meteorological fields and the development and mass adoption of
machine-learning techniques resulted in several computational algorithms to estimate ETj,
most based on deterministic methods such as Neural Networks and Evolutionary Algorithms
(Jayashree et al., 2023; Amirashayeri et al., 2023; Lucas et al., 2020; Granata, 2019).

Another class of computational modelling suitable to problems involving stochastic data —
such as climatological variables — is the Bayesian Network (Mitchell et al., 2021). This exemplar

of a probabilistic model based on graphs encompasses the stochastic relationships between
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variables in a system, aided by conditional probability distributions (Ianishi et al., 2020).

The Bayesian Network design provides features adequate to estimate ETj. One is its
interpretability, as persons with no computational background can evaluate the resulting model
(Hui et al., 2022). Another is its ability to perform inference tasks even under missing data
scenarios (IliC et al., 2022).

The main drawback of this kind of model is the graph learning task. Finding a graph that
has the best adherence to the data devolves into an NP-hard problem with a super-exponential
search space (Gross et al., 2019). There are heuristics and algorithms which tackle this issue
and provide suitable structures without an optimality guarantee (Dai et al., 2018; Natori et al.,
2015).

The decision to activate the irrigation system and for how long is usually based on human
judgement, despite rain and evapotranspiration being natural and stochastic phenomena. This
action may consider the climatological data, an estimate of soil moisture, the financial cost of
water and electrical resources, and even the opportunity cost of not providing water but having
a worse harvest.

Therefore, there is interest in computational methods that can accommodate an agent’s
ability to perform actions based on stochastic variables and any cost attribution — financial
or from convenience. One such method is the Influence Diagram, an extension of Bayesian
Networks which integrates the cost of actions from a set of agents over a stochastic scenario
(Hansen, 2021).

This probabilistic model provides the optimal combination of actions to maximise a set of
utility functions under scenarios of uncertainty. Decision support systems can leverage this
characteristic to suggest a course of action for the user (Hughes et al., 2021).

This thesis advocates for the adequacy of Bayesian methods to deal with such non-linear
and non-stationary phenomena. This essay proposes, implements and discusses procedures
related to the framework of a probabilistic decision support system, broadly divided into three
components: Bayesian Network structural learning based on synthetic and non-synthetic data,
Bayesian model expansion and refinement based on real-world non-linear and non-stationary
phenomena, and stochastic decision-making recommendation based on climatological factors
alongside criteria from expert knowledge.

This thesis’ objectives are: first, implementing a bio-inspired algorithm to obtain a plausible
graph structure from a Bayesian Network exclusively from data. This method represents a
scientific contribution due to the innate super-exponential nature of the graph search space.

Second, to build a Bayesian Network based on climatological data from five cities across the
Brazilian MATOPIBA region (which comprises the states of Maranhao, Tocantins, Piaui and
Bahia). This objective is relevant to evaluate this toolset’s capabilities in modelling real-world
phenomena based on real-world data.

Third, evaluate a technique based on Bayesian regression to obtain the most relevant random
variables for building a Bayesian Network. This selection process is crucial to providing the

fewest random variables to a Bayesian Network’s structural learning algorithm due to the latter’s
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super-exponential nature.

Fourth, employ the Bayesian framework to model a climatological phenomenon based on
agrometeorological data and assess the adherence of the model to the expected real-world
dynamics, both via analytical comparison to the literature’s gold standard and also to indirect
in-situ measures via tensiometers reading.

Fifth, leverage the Bayesian regression and Bayesian Network models to provide evapotran-
spiration estimates under scenarios where one may lack some of the required climatological data.
This approach may provide an adaptability layer to estimate evapotranspiration, even absenting
mandatory climatological data for the analytical methods.

Lastly, propose and evaluate an Influence Diagram which provides the best course of action
for irrigation based on observed stochastic components and under different water requirement
scenarios.

Chapter 2 presents a brief literature review for stochastic evapotransporation estimation
methods. Chapter 3 contains the theoretical basis for the subjects discussed throughout this
thesis. Chapter 4 presents a detailed description of the developed methods and the data sets
- synthetic and non-synthetic - used for all the experiments. Chapter 5 provides the results
obtained during this thesis execution and the relevant discussions. Chapter 6 closes the main
document with the conclusions and final considerations. Additionally, Appendices A through C
provide extra data supporting some findings in the main document, and Annexes A through C

contain the integral version of the published papers derived from this research.
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2 LITERATURE REVIEW

This Chapter presents a brief review of the scientific literature regarding the usage of
stochastic Bayesian methods to estimate the evapotranspiration metric. Although the final
product of this thesis is a recommender system, a review of evapotranspiration methods is
more pertinent due to this metric’s usage in other fields related to climatology (such as drought
prediction.)

Section 2.1 provides the framework for this review, including keywords, scientific indexing
base and bibliometric data to ensure reproducibility.

Section 2.2 contains a general analysis regarding evapotranspiration’s role within the papers’
overall scientific contribution. This first filter disjoints the articles according to their focus to
present a novel or improved approach to determine evapotranspiration or employ this metric in
a broader context.

Section 2.3 discusses the stochastic toolset used in the papers focusing on evapotranspiration
methods. The main goal is to provide an overview regarding the popularity of the frequentist
versus the Bayesian statistics approach employed throughout the literature.

Lastly, Section 2.4 concludes the Chapter with a brief discussion about the scientific gap
identified based on this short review. Its purpose is to highlight the scarcity of Bayesian-focused

methods to estimate evapotranspiration.

2.1 BIBLIOMETRIC OVERVIEW

The interdisciplinary nature of this research requires a literature review on an indexing base
with high multidisciplinarity regarding its sources. Elsevier’s Scopus platform presents such
characteristics by indexing over 45000 sources across several disciplines. In addition, the Scopus
indexing base is often the source for scientific studies based on systematic, bibliometric and
bibliographical analysis.

To explore the employment of tools based on Bayesian statistics in modelling evapo-
transpiration, the author employed the following keyword combination as the main query:
evapotranspiration AND (Bayesian OR stochastic OR probabilistic) AND (computational
OR
algorithm OR "artificial intelligence"). This query acrossthe Article title, Abstract,
Keywords search field results in 131 occurrences, while filtering papers from 2019 onwards and
available in English reduces the final number to 80 scientific articles.

The first relevant bibliometric data from these articles is their source type, which allows a
discussion regarding the subject’s maturation within the scientific community. Figure 2 presents
the source type’s distribution for the 80 articles provided by the Scopus platform. The high
concentration of scientific papers classified as “article” suggests a high degree of maturity, as
these works’ contributions are usually past the novel and fast-evolving dynamics of “conference

papers” but not so consolidated as those published as “book chapters”.
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Figure 2 — Distribution by document type.
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Another relevant bibliometric discussion revolves around the countries listed as the papers’
sources. Figure 3 presents the countries’ distribution for the 80 articles, with China and the
United States as most often represented. Interestingly, according to Figure 3, Iran is the third
most represented country, contributing ten articles. This publication volume within the water
management context may come from Iran’s hydrological characteristics and its scarcity of fresh

water.
Figure 3 — Distribution by country /territory.
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Based on the results in Figure 3, India’s contribution as the fourth most represented country
may reflect its researchers’ interest in maintaining India’s food security and water availability.
These topics represent a crucial subject within India’s context due to its high populational

density and dependency on neighbouring countries to access most of its freshwater resources.
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These two bibliometric data point to the scientific interest in the evapotranspiration metric
aided by a stochastic toolset in recent years. Regardless of the time window since this metric’s first
rigorous modelling to the present, the discussions and contributions based on evapotranspiration
are perennial due to its close relation to food security and water management subjects in an

ever-changing climate scenario.

2.2 EVAPOTRANSPIRATION AS SECONDARY COMPONENT

Of the 80 articles, 48 employ evapotranspiration as a secondary metric to assess a correlated
event or scenario. The most common uses for this metric are in ecological assessment, crop yield
prediction and drought modelling, each category with nine, eight and eight articles, respectively.

Evapotranspiration represents a relevant factor in the water cycle and, subsequently, in
ecosystem balance. Some works employ evapotranspiration as a proxy measure to evaluate
climate change impact from different standpoints. For instance, Silva et al. (2023) estimates
climate change’s effect on reference evapotranspiration in the Brazilian semi-arid region, and
Baltensperger e Joly (2019) employs this metric to analyse changes in migratory patterns in
Caribous populations in the Arctic.

Evapotranspiration is also a direct proxy to evaluate changes in large bodies of water, as
described by Radmanesh, Esmaecili-Gisavandani e Lotfirad (2022) and Wang et al. (2023a).
Both Ghaseminejad e Uddameri (2020) and Durighetto, Bertassello e Botter (2022) employ
evapotranspiration as a parameter to simulate hydrological dynamics, and Quilty et al. (2023)
presents a prediction framework based on such dynamics.

Lastly, from a financial point of view, Byers et al. (2020) discusses climate change’s impact
on electricity prices while Tina e Nicolosi (2023) approaches issues regarding water availability
in hydroelectric electricity generation.

As evapotranspiration is an indirect measure of crops’ consumptive water usage, some works
utilise this metric to predict or maximise crop yield. Recent applications include studies based
on barley (Zarei; Mahmoudi; Shabani, 2021), maise (Chidzalo; Ngare; Mung’Atu, 2022), rice
(Majumdar et al., 2023) and tomatoes (Bazrafshan et al., 2022), which are some of the most
important crops to food security. These studies encompass both greenhouse crops (Kocian et
al., 2020a; Kocian et al., 2020b) and open-field ones (Chidzalo; Ngare; Mung’Atu, 2022; Rossit
et al., 2021).

From a drought perspective, many works use the Standardised Evapotranspiration Precipita-
tion Index (SPEI) as an indicator to evaluate or estimate drought events. Studies in this context
relate to studying the evolution of past drought events, such as those in Ullah et al. (2023) and
Barzkar, Najafzadeh e Homaei (2022), and to prediction/forecast of these, as in Dayal, Deo e
Apan (2019) and Kolluru e Kolluru (2021). There are also papers related to drought monitoring
(Jehanzaib et al., 2023; Gavahi et al., 2020; Chen et al., 2023), which may support the public

sector in its policy-making decisions.
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2.3 EVAPOTRANSPIRATION ESTIMATE AS THE MAIN FOCUS

The remaining 32 articles focus on evapotranspiration estimates as their contribution. Despite
the numbers, most of these articles fall into two categories: ensemble studies or hybridisation
improvements on already established computational methods.

In a broad sense, articles based on ensembles evaluate how to leverage the output of
different artificial intelligence methods and their combination to improve evapotranspiration
estimates. As the most cited paper in this category, Nourani, Elkiran e Abdullahi (2020) studies
evapotranspiration ensemble-based predictions using Adaptive Neuro-Fuzzy Inference System
(ANFIS), Artificial Neural Network (ANN), Multiple Linear Regression (MLR), and Support
Vector Machine (SVM), all classical and well-established computational methods.

One of the methods most commonly employed on papers based on ensemble methods is
the ANN and its variants (Talebi; Samadianfard; Kamran, 2023; Nourani; Elkiran; Abdullahi,
2020; Yin et al., 2021; Walls et al., 2020; Alibabaei; Gaspar; Lima, 2021; Lucas et al., 2020;
Ogunrinde et al., 2020). This method is well-established in the literature due to its robust
theoretical foundations and their variations (such as convolutional networks, deep ANN and
ANFIS) and their applications in several fields with remarkable results.

The papers in the second category, comprised of hybridisation techniques, commonly rely
on tree-based methods as their fundamental method. This approach employs some heuristics
to improve the original method’s convergence, including Gradient Boosting variations such as
Natural Gradient Boosting and eXtreme Gradient Boosting (Basagaoglu; Chakraborty; Winterle,
2021; Wang et al., 2023b; Zhao et al., 2024).

Another popular hybridisation technique relies on Bayesian optimisation (Zhao et al., 2024),
where the parameters for the model’s next iteration are those maximising the parameters’
posterior distribution conditioned to the data. Wang et al. (2023b) presents an approach based
on Bayesian optimisation alongside a Gradient Boosting tree-based model.

There is a small number of papers proposing novel approaches for evapotranspiration
estimates. For instance, Smallman e Williams (2019) describes a method based on a terrestrial
ecosystem model and several environmental and phytomorphological components to estimate
photosynthesis and evapotranspiration. The medium-scale model provides a reasonable estimate
within the models’ constraints and required computational time.

Another novel approach is the fully Bayesian method proposed by Ribeiro et al. (2023),
where the authors employ Bayesian statistics for evapotranspiration estimates. The Bayesian
approach allows for a seamless incorporation of uncertainties and non-linearity in climatological

time series.

2.4 CONCLUSION

Despite evapotranspiration’s contribution to the water cycle and food production, few
recent articles model this phenomenon from a mostly probabilistic point of view (Basagaoglu;

Chakraborty; Winterle, 2021). This lack of research is especially relevant due to the intrinsic
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stochastic nature of climatological elements, alongside the well-established role of probabilistic
methods in other fields with similar characteristics, such as such as medicines (Elmer et al.,
2022) and power planning (Shedbalkar; More, 2022).

From the 80 total articles, only three provide models derived from statistics: Chidzalo, Ngare
e Mung’Atu (2022) presents a model to estimate maise yield based on copulas (a frequentist
technique), and Khashei-Siuki et al. (2021) uses a similar toolset for evapotranspiration estimates.
Ribeiro et al. (2023) is the only paper that employs a toolset based on Bayesian statistics.

The discussions and analysis in this Chapter provide an initial argument for the lack of

evapotranspiration estimates — and adjacent applications — based on Bayesian statistics.
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3 THEORY

This Chapter contains the theoretical foundation required to understand the terminology
and discussions employed throughout this document.

Sections 3.1 and 3.2 define the evapotranspiration phenomenon and classical analytical models,
alongside the definition and models for complementary factors relating to evapotranspiration
dynamics.

Sections 3.3, 3.4 and 3.5 present the foundation for the Bayesian models employed in this
thesis. Section 3.3 describes the Bayesian regression technique; Section 3.4 addresses Bayesian
Network theoretical foundations; and Section 3.5 builds upon the Bayesian Network framework
to define Influence Diagrams.

Section 3.6 describes the original Physarum Learner, a bio-inspired algorithm developed to
provide a Bayesian Network structure from discrete data.

To standardise the mathematical notation, elements in boldface represent a set of items,

while italicised elements represent singular items.

3.1 REFERENCE EVAPOTRANSPIRATION

Estimating the amount of water evaporated and transpired by the culture and evaporated
from the soil is vital to determine the irrigation volume required for optimal production. However,
it is difficult—or in some cases, practically impossible—to measure directly due to various
climatological factors.

In light of the significance of evapotranspiration, the literature offers diverse analytical
methods (Hargreaves; Samani, 1985; Linacre, 1977; Turc, 1961; Benavides; Lopez, 1970) to
estimate it from climatological variables based on various environmental conditions (Ghiat;
Mackey; Al-Ansari, 2021). These traditional methods utilise regression analysis to model and
extrapolate the evapotranspiration metric conditioned on the availability of specific climatological
variables, such as the Hargreaves—Samani equation, which relies solely on mean temperature
and extraterrestrial solar radiation (Hargreaves; Samani, 1985). Another instance is the Linacre
method, calibrated according to the Australian climate (Linacre, 1977).

The Food and Agriculture Organization (Allen et al., 1998) has designated the Penman—
Monteith equation as the gold standard for estimating standardised evapotranspiration for a
grass crop (vegetation height = 0.12 m, albedo = 23%) on soil with a fixed surface resistance of
70 S - m~! without water restrictions. The original Penman-Monteith equation is presented
here as Equation 1, which estimates the E'Tj reference evapotranspiration in millimetres per
day.
0.408A (R, — G) + (7%
A+ (1 4+ 0.3405)

> U2(€s - ea)
BTy =
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The Penman—Monteith equation necessitates several climatological measurements, including
net solar radiation (R, ), mean daily temperature (7,cqn), on-site wind speed at 2 m (Us), and
actual (e,) and saturation (es) vapour pressure. The slope of the vapour pressure curve (A),
the soil heat flux density (G), and the psychrometric constant () are additional parameters.

Despite its high correlation with the observed value for the evapotranspiration metric, the
primary limitation of this equation is its dependence on several climatological factors. Weather
stations that can automatically provide the required data for the Penman—Monteith equation
are unattainable to most rural producers, resulting in this method being unfeasible to estimate
(Cruz; Marques, 2023).

One analytical approach employed throughout the literature to estimate daily evapotranspi-
ration based on fewer climatological variables is the Hargreaves—Samani method (Hargreaves;
Samani, 1985), presented here as Equation 2. This method requires the mean, maximum,
and minimum daily temperatures—respectively Thican, Tmaz, and T),;,,—as well as an estimate
for the extraterrestrial incident solar radiation (R,). Another common analytical approach is
the Benavides and Lopez method (Benavides; Lopez, 1970), presented as Equation 3, whose
equation only requires data on the mean daily temperature (7},cqn) and mean daily relative
humidity (RHmean)-

ETouy = Ry - 0.408 - 0.0023 (Tynean + 17.8) (Thnaz — Tonin)™” ()

7427 ean
234.7 4+ Thean

The variety of phytomorphology properties for crops used for plantations implies a high

ETypr, = 1.21-10 ( > (1 = 0.01RHomean) + 0.21Tean — 2.30 (3)

variance for the water amount evaporated and transpired by the plants. For this reason, and
to provide a generic framework to estimate evapotranspiration under scenarios of different
cultures and development stages, the analytical equations—including the Penman—Monteith
approach—provide a standardised reference evapotranspiration (ETy = ET). To estimate the
evapotranspiration value for a given culture and development stage, one can use the culture

coefficient (k.) to obtain the crop evapotranspiration (ET,) according to Equation (4).
ET. = k.- ET) (4)

Throughout this text, the word “evapotranspiration” refers to the reference evapotranspira-

tion ETy = ET unless stated otherwise.

3.2 CLIMATOLOGICAL WATER BALANCE AND WATER REQUIREMENTS

The water balance for a given region obeys the mass conservation principle summarised
by Equation (5), which describes the equilibrium of water inflows and outflows from a control
volume (Silva et al., 2021).

P=ET+Q+AS (5)

In Equation 5, the water inflow from precipitation (P) balances the outflows from evapotran-
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spiration (ET) and surface and subsurface runoff (@), promoting a variation in soil moisture
(AS).

When considering a plantation scenario of groundwater flow equilibrium, a linear or expo-
nential function describes the surface runoff as a function of precipitation (Raghunath, 2006).
As such, Equation (6) describes the soil moisture dynamics as a function of evapotranspiration

and precipitation.
P=FET+ f(P)+AS (6)

Assessing soil water content plays a fundamental role in establishing the water available to
crops, which impacts plantation production. The water amount required for optimal production
depends on the culture, its development stage, and efforts to minimise water waste.

A simple approach to estimating the water content in a given region relies on climatological
data for precipitation and evapotranspiration, the so-called climatological water balance, to
estimate the available water deficit (awd), the percentage of water stored in soil (st), and the
net water balance (Mutti et al., 2022). Algorithm 1 presents the heuristics to assess the awd

and st metrics solely from the climatological factors.

Algorithm 1 Algorithm to estimate the accumulated water deficit curr_awd and water stored
curr__st based on evapotranspiration ET', precipitation P, and the previous values of these
estimates.
Require: ET, P, prev awd, prev st

1: if ET > P then

2: curr _awd < prev_awd + (P — ET)
3: curr_ st < 100 - ecurr—awd/100

4: else

5: curr__st < prev_st+ (P — ET)

6: if curr st > 100 then

7 curr__st < 100

8: end if

9: curr_awd < 100 - ecurr—st/100
10: end if

return curr_awd, curr_ st

Given all these nuances, several methods estimate soil water content based on readings
of low-cost sampling equipment, such as tensiometers and capacitors, to provide decision-
support for the irrigation responsible (Saha; Sekharan; Manna, 2020). One of these methods
is the van Genuchten equation, which estimates soil water content for a specific soil (6, in
percentage) based on soil moisture content estimated by suction pressure (¢, in kPa) and
experimental coefficients (Genuchten, 1980). Equation (7) provides the generic expression for

the van Genuchten equation.

0, — 0,
(1+ (afg)™)™

oG () = 6, + ™)

where 6, is the saturated soil water content or field capacity, and 6, is the residual soil water

content or wilting point under the physical limitations of the tensiometers. The parameters
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a [em™], n, and m = 1 — 1/n are constants obtained experimentally based on the soil’s

characteristic water retention curve.

3.3 BAYESIAN REGRESSION

Regression analysis is a tool used to estimate the influence of a set of input variables
over an output (response) variable (McElreath, 2020). Let y be the target variable and
X = (Xy, Xo, ..., X,,) be the set of components (or covariates) that may contribute to the values
of the outcome. Equation (8) presents a multiple linear regression of y as a linear combination of
elements X; plus a constant value as the series’ DC component. The main task of this regression

is to estimate A = {ao, a1, ..., a, } as the set of regression parameters from the data set.

n
yzao—l—ZaiXi—ks (8)
i=1

A random variable usually assumed with a Gaussian N(0,0?) distribution models the
regression error term ¢ (non-observed) in Equation (8). Under the frequentist approach, the
estimators of the regression parameters ag, ay, ..., a,, are usually obtained using the minimum
squares method, i.e., the set of coefficients that minimises the square sum of the errors (Draper;
Smith, 1981). The variance parameter o2 should also be estimated from the data.

Under a Bayesian approach (Bayesian regression model), we assume the same regression
model from Equation (8), while considering Gaussian errors, with the regression parameters
B; representing random quantities with specified probability density functions—also denoted
as prior distributions—with hyperparameters ;. These hyperparameters may be univariate
or multivariate, whose values are usually known, as represented in Equation (9). If the
hyperparameters are unknown, which comes from a hierarchical Bayesian approach, each

hyperparameter also requires—over itself—a prior distribution.

n

y =~ Bo(o) + Zl (Bi(gi) - Xi) + ¢ (9)
Bayes’ theorem provides the means to obtain the posterior distributions for the regression
parameters (; (Gelman; Hill; Vehtari, 2020). Let D represent the data set, m(B) represent the
joint prior distribution for the vector of regression parameters, B = (3o, f1, ..., n), and L(B | D)
represent the likelihood function for B based on the data D. Under the assumption of Gaussian
distribution for the error ¢ in Equation (9), the joint posterior distribution for B, denoted as
7(B | D), is given by the combination of the prior distribution 7(B) with the likelihood function
L(B | D), as described in Equation (10). The integral in the denominator represents multiple
integrals with dimension dim(B).
m(B)L(B | D)

"BID) = BL(B| D)iB (10)

The integral in Equation (10)’s denominator represents multiple integrals with dimension
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dim(B), which presents the main drawback of the Bayesian regression analysis. An analytical
approach to estimate the term [ 7(B)L(B | D)dB usually becomes unfeasible.

Popular approaches extensively used in applied Bayesian analysis are Markov Chain Monte
Carlo (MCMC) method, such as Gibbs sampling or Metropolis—Hastings algorithms, to simulate
samples for the joint posterior distribution of interest (Gelman; Hill; Vehtari, 2020). The MCMC
method generates values from each conditional posterior distribution 7(8; | B¢y, D), where B,
denotes the vector of all parameters, except f3;, and is available in existing Bayesian software.

From the simulated samples of the joint posterior distribution of interest, we obtain the
posterior summaries of interest, such as Monte Carlo point Bayesian estimates for the parameters
of the model (usually the posterior means) or 95% credible intervals for the parameters of
interest.

The authors acknowledge the intricacies and hardships of the MCMC methods, such as chain
convergence, the sampler chosen, and initial values for the parameters in the iterative method.
These characteristics, albeit relevant, lie outside the scope of the present work and were omitted.
Please refer to reference (Doucet; Wang, 2005) for more details on MCMC methods.

3.4 BAYESIAN NETWORKS

Bayesian Networks (B.N.s) are a class of Probabilistic Graphical Models. The role of a B.N.
is to establish stochastic associations between random variables of a data set observed from a
system and present these relationships in an easy-to-understand format. A B.N. may represent
the knowledge from a body of specialists on the system, be built exclusively from system data,
or both (Pearl, 2000).

The first element that comprises a B.N. is a Directed Acyclic Graph (D.A.G.) G = (V,E).
The vertices set 'V contains one vertex for each random variable from the observed system; for
a system with n discrete variables, V.= {v;,;i = 1,2,...,n} (Pearl, 1988). In this context, a
random variable describes a variable whose values follow a probability distribution.

Given two vertices v; and v;, ¢ # j, a directed edge from v; to v, represents an association
between these variables. The element e;; € E defines this edge, and the set Pa(v;) C V contains
all vertices that have an edge which ends in v;, referred as the set of parents to v;.

From a system standpoint, this interaction between variables corresponds to a relationship
where a value from v; may associate with a state from v;, or vice-versa. These edges do not
necessarily represent causal relationships, just observational associations acquired from the data
set (Pearl; Mackenzie, 2018).

Each association relationship established by the elements in E formally corresponds to a
conditional probability function over the values from a variable and those from its parents.
Let S; represent the finite and discrete set of possible states for each vertex v; € V, and
Pa(v;) # @. Then, this representation describes that each random variable from the system
follows a probability distribution function of its states and conditioned to the states of its

parents, presented formally as eq. 11.
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v; ~ P (S;|Pa(v;)) (11)

Each random variable is assumed to be discrete and sampled from a bounded system,
which makes enumerable the set of states for every vertex in G. This characterisation and
the relationship provided in eq. 11 allow for a tabular representation of the probability for all
combinations of values from a variable conditioned to every permutation of its parents’ values,
defined as a Conditional Probability Table (C.P.T.). Each vertex v; € V has a C.P.T. attached
to it, denoted as 6;, and the set of all C.P.T.s ® = {6;,i = 1,2,...,n} is the second element
required to define a Bayesian Network (Pearl, 1988).

As an example of a Bayesian Network, Figure 4 contains the graphical structure and C.P.T.s
for the Sprinkler data set (Murphy, 1998). This example consists of a system with four binary
random variables (Cloudy, Sprinkler, Rain, and WetGrass), and the association between these
variables, such as the assumption that a cloudy sky influences the probability of rain (edge
Cloudy — Rain).

The B.N. in Figure 4 also presents the set of all C.P.T.s, which describe the probability
of observing an outcome for a variable given any combination of states from its parents. For
instance, both the outcomes for the events of the sprinkler being on or off and the occurrence of
rain exert influence over the probability distribution for the grass being wet or dry.

Figure 4 — Complete representation of the Bayesian Network for the toy problem Sprinkler,

presented in Murphy (1998). This network consists of four binary variables, the
association relationships between those, and explicit C.P.T.s for each node.

Cloudy = F Cloudy =T
0.5 0.5

Cloudy
Cloudy Sprinkler = F Sprinkler = T \ Cloudy Rain =F Rain=T

F 0.5 0.5 Sprinkler Rain F 0.8 0.2

T 0.9 0.1 \ / T 0.2 0.8
WetGrass

Sprinkler Rain WetGrass = F WetGrass = T

F F 1.0 0.0
T F 0.1 0.9
F T 0.1 0.9
T T 0.01 0.99

Source: Adapted from Murphy (1998).

A B.N. model also provides the ability to perform stochastic inferences over its structural
elements based on the outcome with the mazimum a posteriori probability. An inference query
evaluates the most probable values for a set of variables provided the observed states for some
or all other variables on the network, respectively referred to as incomplete or complete evidence
(Koller; Friedman, 2009).
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Let v; be a target variable whose possible states are S;, and E C 'V \ {v;} represent the set
of observed values. Let & be an instance for the observed values. A mazimum a posteriori query
for v; given evidence ¢ returns the state sp; € S; that maximises the probability distribution
over v; conditioned to the observed occurrences in ¢. Equation 12 provides the mathematical

representation for this operation.

sy = argmax P(v; = s|2 =€) (12)
SES;

From the Sprinkler B.N. in Figure 4, one may perform a query as “What is the most
probable state of the lawn, observed Sprinkler = T, Cloudy = F, and Rain = F?7”. Given
this complete evidence over the system, the query identifies the state for the target variable
WetGrass = sy € {T, F'} which corresponds to the maximum probability according to eq. 13.
Under this scenario, the most probable outcome is s); = T" with a probability of 90%, but there

is also a 10% chance for dry grass.

sy = argmax P(WetGrass = s|Sprinkler = T, Cloudy = F, Rain = F) (13)
se{T,F}

A Bayesian Network B = (G, ©) describes the joint probability distribution from the model
over a data set (Pearl, 2000). The Bayes’ Rule defines this distribution from the elements in B

as presented in eq. 14.

P(Ul,vg,...,?}n) = H P(SZ|Pa(vz)) (14)

v, EV
Absent from the data, any D.A.G. with an appropriate number of vertices may represent
the associations between a system’s variables. The task of finding a suitable network B whose
joint probability function adjusts over a data set D devolves into a graph optimisation problem
(Broom; Do; Subramanian, 2012).
Let B* = (G*, ©*) describe the structure which provides the best joint probability distribution

over the data set. Equation 15 formally describes this optimisation problem.

B* = argmax P(B|D) (15)
B

According to Bayes’ rule, and considering a uniform distribution for P(D), eq. 15 expands

into eq. 16.

B* « argmax P(D|B)P(B) = argmax P(D|G,0)P(®|G)P(G) (16)
B )

Equation 17 provides a marginalisation of the right-hand side of eq. 16 by the distribution

over ©.

argmax / P(D|G,©)P(®|G)d® = argmax P(D|G) (17)
G () G
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After multiplying both sides of eq. 17 by a factor of P(G) which is independent from ©,
follows eq. 18.

arggnaxP(G)/@P(mG, ®)P(O|G)dO = argénaxP(D|G)P(G) (18)

Bayes’ theorem provides an estimative for the distribution of P(G|D) from the right-hand
side of eq. 18, presented in eq. 19.

argmax P(D|G)P(G) x argmax P(G|D) (19)
G G

Finally, when considering a uniform distribution over P(G), eqs. 16 and 19 combine into eq.
20.

B* « argmax P(D|B)P(B) x argmax P(D|G) (20)
B G

The right-hand side of eq. 20 suggests that the optimal Bayesian Network B* is the one
whose graph G best fits the data set D. The literature presents several fitness functions that
evaluate the adherence of a graph over a data set from the Bayesian perspective, such as the
Minimum Description Length (MDL) (Suzuki, 1993), the Bayesian Information Criterion (BIC)
(Schwarz, 1978), and the Bayesian Dirichlet equivalence with uniform prior metric (BDeu)
(Buntine, 1991).

The issue of graph optimisation belongs to the NP-hard class, and the space containing all
graph possibilities is super-exponential over the number of vertices. Researchers rely on heuristic
methods that provide a good candidate graph within a reasonable time with no optimality

guarantee (Gross et al., 2019).

3.5 INFLUENCE DIAGRAMS

An Influence Diagram (I.D.) is another member of the probabilistic models based on graphs
and is an extension of the Bayesian Network. This modelling also presents probabilistic
associations between variables based on D.A.G.s and conditional probability functions (Koller;
Friedman, 2009).

The increment over the B.N. modelling consists of two new kinds of nodes on the I.D.
structure, which provides a complimentary set of functions to the base model. The first new
type is a decision node, each representing an action that an external agent exerts over the
system, preferably implemented over a quantitative scale.

The second type represents a utility function. Each function provides a utility value for
every possible scenario involving a subset of random variables and actions of the external agent.

Let X = {V,E,®,D, U} represent an I.D. based on the notation from Section 3.4. V is the
set of observed random variables, i.e. stochastic factors in the system; E is the set of all edges
establishing relations between variables of the system, independent of the nature of those; O is

the set of C.P.T.s, with one element for each in V.
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The set D encompasses the set of all actions from external agents, with elements d € D.
The elements € d represent the options for a single decision d, and finally o is the set of
decisions taken for a realisation over the model, i.e. one action taken for each element on a
subset of decisions.

Lastly, U is the set of nodes representing utility functions. Each node u € U is associated
with a deterministic function f, (Pa(u)) defined over the parents of u according to E, regardless
of their nature.

Figure 5 contains a visual representation for an Influence Diagram. According to the
convention, an elliptic node represents a random variable, a rectangle node stands for a decision

and a diamond for utility; added colours simply as a visual aid.

Figure 5 — Influence Diagram for the Entrepreneur scenario. This diagram contains Market and
Survey as random variables, Test and Found as decisions to be taken, and Value and
Cost as utilities associated with the decisions.

/ \

Found

Source: Adapted from Koller ¢ Friedman (2009).

The modelling in Figure 5 corresponds to a problem where an entrepreneur has to decide
about founding a company (decision node Found). To help assess the viability of this venture,
this person can hire a survey company to perform a test (decision node Test), which incurs
costs for the project (utility node Cost).

The market as a random variable determines the survey’s results. If the entrepreneur didn’t
choose to pay for the test, the model considers a uniform distribution for the analysis. This
survey’s result is the factor determining the founding of the company.

The final value for this undertaking is a function of the market openness for the product at
the time of launch and the decision to found the company or save the initial financing.

As a model derived from the B.N., Influence Diagrams also allow for inference tasks of
maximum a posteriori. Besides that, this extended model also performs estimative of optimal
strategies for agents based on the system’s expected utility (Marinescu; Lee; Dechter, 2021).

The expected utility EU for an [.D. X over any realisation of actions o is given by eq. 21.

EU (X[e]) = >_ fu(Pa(u)|o) (21)

ueU
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Finally, an optimal realisation for this system is the combination o* which results in the

maximum expected utility, as described in eq. 22.

MEU(X) = EU (X[o"]) = arginax > fu(Pa(u)|o) (22)

3.6 ORIGINAL PHYSARUM LEARNER

Physarum polycephalum (“multi-headed slime mould”) is a member of the Myxomycetes
class whose ability to find the shortest path on a maze first reported by Nakagaki, Yamada e
Toth (2000) sparked interest from the scientific community (Smith-Ferguson; Beeckman, 2019).

Physarum Solver is a mathematical model that simulates the reported P. polycephalum
behaviour and finds the shortest path between two nodes on an undirected graph. Given a
start and finish node — referred to as source and sink — this meta-heuristic employs a system of
equations based on Poiseuille flow and mass conservation to iterate over the graph and to find
the shortest path after convergence (Tero; Kobayashi; Nakagaki, 2006).

The original Physarum Learner is a meta-heuristic to learn a Bayesian Network from data.
It employs at its core the elements from the Physarum Solver algorithm to build an auxiliary
structure based on an undirected graph (Schon et al., 2014).

Given a data set D with n variables, the first step of the Physarum Learner is to build two
graphs: one fully-connected undirected graph and one directed graph with edges at random
directions, both with n vertices each.

The algorithm initialises the edges of the undirected graph, henceforth the PhyMaze, with
a random uniform parameter value. This structure will serve as an external memory for the
Bayesian Network creation.

After this initial set-up of graph structures, the algorithm creates a list of every pair of
distinct nodes in random order. This step ensures that the subsequent procedures evaluate each
edge at least once to be a part of the final Bayesian Network.

Next, the algorithm removes a pair of nodes and evaluates the PhyMaze with the Physarum
Solver engine for the shortest path between them. After reaching convergence to a course, the
algorithm creates a list of all the edges on this path and the direct edge between the source and
sink for this iteration.

In possession of the shortest path between the two nodes for each edge on it, the algorithm
attempts to insert it into the Bayesian Network while not creating a cycle.

If the insertion of one such connection in any proper direction results in a score improvement
for the Bayesian Network over the data, the algorithm provides positive feedback to this
edge’s counterpart on the PhyMaze. This feedback increases the likelihood of good connections
repeating throughout iterations; on the other hand, if the insertion of a link would decrease
the score of the Bayesian Network, the algorithm provides negative feedback to this edge’s
counterpart on PhyMaze.

After evaluating all the edges on the shortest path between a pair of nodes, the algorithm

picks another combination of nodes and repeats the process; the method iterates over the entire
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list of @ combinations. Once this list is exhausted, the final Bayesian Network is considered

the best according to the algorithm.
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4 MATERIAL AND METHOD

This Chapter presents detailed descriptions regarding the benchmark (synthetic) data sets
and climatological data sets employed throughout this thesis, alongside the description of the
data collectors.

This Chapter also contains a geomorphological analysis of the soil in a particular plantation.
Although these soil characteristics are relevant to subsequent results and discussions in this
document, the original tests were conducted independently by a competent, independent third
party, and these methods’ descriptions are beyond the scope of this thesis.

Furthermore, this Chapter details the modifications to the original Physarum Learner
algorithm, the mathematical models for the Bayesian regression, and the proposed Influence
Diagram for irrigation accompanied by five different scenarios and their respective utility

functions.

4.1 DATA COLLECTORS

INMET employs the commercial Vaisala HydroMat™ model MAWS301 as a standard climato-
logical data collector for automatic stations, responsible for data acquisition and communication

with the governmental systems (Moura et al., 2019). The climatological factors monitored
hourly by INMET are as follows:

Temperature [°C], available at maximum, minimum, and instant values;

Relative humidity [%], available at maximum, minimum, and instant values;

Dew point temperature [°C], available at maximum, minimum, and instant values;

Atmospheric pressure [hPa], available at maximum, minimum, and instant values;

Wind speed and gust [m - s7!], measured at 10 m height;

Wind direction [degrees];

Incident solar radiation [kJ - m~2];

Precipitation [mm].

INMET provides climatological data hourly within an open-access policy from their automatic
collectors after acquisition, communication, and pre-processing. The final data set is available at
https://tempo.inmet.gov.br/TabelaEstacoes/xxxx (accessed on 01 July 2023, site in Brazilian
Portuguese), where xxxx is the required station’s code. The station code for the automatic
collector in Patrocinio/MG is A523.


https://tempo.inmet.gov.br/TabelaEstacoes/xxxx
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4.2 TIME SERIES FOR CLIMATOLOGICAL DATA

The data employed throughout this paper originate predominantly from the Brazilian
National Institute of Meteorology (INMET—Instituto Brasileiro de Meteorologia).

The data sets consists of time series of seven climatological variables, i.e., temperature,
atmospheric pressure, relative humidity, dew point temperature, wind speed, incident solar
radiation, and precipitation.

The particular monitored location is the city of Patrocinio in the state of Minas Gerais
(18°59'48" S, 46°59'09” W), at 978.11 m above sea level, and a warm temperate with a hot summer
climate profile (Cwa), according to the Képpen classification. Figure 6 presents the geographical
location of the state of Minas Gerais (MG) within the Brazilian map and the Patrocinio
municipality within the former, alongside four other municipalities whose climatological time
series that the authors employed as validation sets. Patrocinio is Brazil’s largest coffee producer
and the fourth-largest producer of bovine milk, among other goods. The initial data set consists
of 5473 daily samples for each climatological variable from Patrocinio/MG. The data span from
22 August 2008 to 31 January 2022, with a 97% rate of valid elements.

Figure 7a—g present graphical representations of the time series, with temperature, atmo-
spheric pressure, relative humidity, and dew point temperatures sub-divided into maximum,
mean, and minimum values for each day. Figure 7h presents the estimated evapotranspiration
according to the Penman—Monteith equation over the available climatological data.

An additional data set with the same climatological variables from Patrocinio/MG acts as a
test set to evaluate the proposed method. This extra set spans from 1 February to 31 December
2022, with a total of 334 samples. Furthermore, four supplementary data sets, each containing
334 samples from the same period previously described, from four different cities across Brazil,
serve to evaluate the model when considering distinct regions and climate profiles. Table 1
presents the names of cities, their geographic coordinates, the climate profiles according to the
Koppen classification, and their distances from Patrocinio/MG. The only criterion for choosing

these cities is to provide good coverage across Brazil’s territory.

Table 1 — Localisation and profile climate of four different cities within Brazil, alongside their
distances to Patrocinio/MG.

Distance to

City’s Name Coordinates Climate Profile Patrocinio/MG (km)
. 2°41'56" S . :
Rio Preto da Eva/AM 50°42'00" W Tropical rain forest (Af) 2278
: 7°29'20” S ..
Cabaceiras/PB 36°17'13" W Hot semi-arid (BSh) 1723
13°26'27" S .
Porangatu/GO 19°08/56" W Tropical wet (Aw) 659
27°51'03" S : .
Santo Augusto/RS 59°46/3T" W Humid subtropical (Cfa) 1202

Source: Developed by the author.
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Figure 6 — The geographical location of the Minas Gerais (MG) state is highlighted in yellow
within Brazil’s map. The red detail within the blue area highlights the Patrocinio/MG
municipality’s geographical location. The other four markers represent cities with
different climate profiles from Patrocinio/MG’s, whose climatological time series were
employed by the authors to validate and deepen the discussion around the proposed
model.
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Source: Developed by the author.

Figure 7 — Visualisation of the complete time series for each of the fifteen climatological variables
observed for the experiments in this paper, totalling 5473 samples; (a—d) follow
the same colour pattern, where the red line represents the maximum value for that
variable, green for the mean observed value, and blue for the minimum value; (e-h)
represent the daily observations for each variable.

(a) Temperature. (b) Atmospheric pressure.
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Figure 7 — Cont.

(c) Relative humidity. (d) Dew point temperature.
(e) Incident solar radiation. (f) Wind speed.
(g) Precipitation. (h) Estimated evapotranspiration.

Source: Developed by the author.

4.3 SOIL CHARACTERISATION

The soil characteristics around the Patrocinio/MG municipality correspond to those of the
Ferralsol reference soil group, according to the International Union of Soil Sciences classification,
with a high concentration of hematite (Santos et al., 2018; Mantel; Dondeyne; Deckers, 2023).
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The physical water parameters for this soil (field capacity (FC) and wilting point (WP))
alongside the water retention curve were obtained via the pressure plate method applied to
three different soil samples, with one from each layer, i.e., from 0 cm to 20 cm, from 20 cm to
40 ¢m, and 40 cm to 60 cm.

The experimental results suggest uniform physical water parameters throughout the three

layers. As such, Figure 8 presents the resulting water retention curve for the three strata.

Figure 8 — Semi-log representation for the water retention curve obtained from three soil samples
from different depths near the Patrocinio/MG municipality. The uniform distribution
of soil characteristics throughout the layers allows for the representation of a single
water retention curve.

Source: Developed by the author.

Lastly, Table 2 presents the van Genuchten equation parameters based on the observed soil
retention curve in Figure 8. The authors include the parameters for each of the three layers as a

matter of completeness despite their uniformity.

Table 2 — Parameters for the van Genuchten equation obtained via the water retention curve
and pressure plate method.

Layer O, 0 * n m
Y (cm3 - cm™3) (cm? - cm™3) (cm™3)
0-20 cm 0.59 0.31 0.25 1.33 0.25
20-40 cm 0.59 0.31 0.25 1.33  0.25
40-60 cm 0.59 0.31 0.25 1.33 0.25

Source: Developed by the author.
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4.4 BAYESIAN NETWORK BENCHMARK DATA SETS

Three benchmark data sets comprise the basis for evaluating this proposed Improved
Physarum Learner implementation. These are the well-known Asia, Sachs, and Alarm data sets.

The work in (Lauritzen; Spiegelhalter, 1988) proposes the Asia network as a tool to illustrate
how the medical expert system on the original paper works. The original structure is reproduced
here as Figure 12a.

The structure consists of eight nodes and eight edges. Each node codifies a binary variable,
which can only assume the values of True or False. This structure is one of the classical
benchmarks due to its small number of nodes, and the fact that it is a weakly connected graph,
i.e. there is a path between every pair of nodes after degenerating the edges’ directions.

The Sachs network originates from (Sachs et al., 2005), where the authors study possible
causal relationships in a protein-signalling environment. The structure obtained from the original
article is reproduced here as Figure 14a.

This structure contains eleven nodes, each representing a component in human immune
system cells. The possible values for each node are the concentration of that component which
adds to the computational effort required on the BDeu score function. This structure is relevant
based on its relatively small number of vertices. Also, this graph is unconnected, which is
a valuable characteristic due to the method using a fully-connected undirected graph as an
auxiliary structure.

Finally, the Alarm network encodes a medical monitoring system built from the authors’
expertise and medical textbook literature (Beinlich et al., 1989).

The graph contains thirty-seven nodes, each representing one out of three categories of
variable: a diagnostic, a measurement, or an intermediate variable. The values for the nodes are
discrete, each with two or three levels. 12a represents the original structure.

The Alarm is a relevant network as a benchmark due to the expert knowledge that encodes it.
Each of the “diagnostic” variables is independent of the others and is supposed to have no parents
on the graphical structure, given the assumption that an identified condition characterised by a
diagnostic is the cause of the variables associated with it. As the method deals primarily with a
data set, this a priori knowledge is concealed from the structure and used afterwards to analyse

the obtained network.

4.5 IMPROVED PHYSARUM LEARNER

The results presented in this Section are a complementary version of the work presented at
the XXIV Brazilian Congress on Automatics (Congresso Brasileiro de Automdtica - C.B.A.).
The complete paper is provided here as Annex A.

The first development for this project is a bio-inspired algorithm to tackle the problem of
finding a Bayesian Network super-structure from data. An improved implementation of the
Physarum Learner algorithm was proposed and implemented. The algorithm was applied to

benchmark data sets to evaluate the method’s accuracy.
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Figure 9 contains a flowchart with the major components of the Physarum Learner algorithm
(in cyan) and the elements added or improved on the Improved Physarum Learner implementation
(in light blue).

Figure 9 — Flowchart depicting the main components of the original Physarum Learner as
described in Schon et al. (2014), coloured in cyan. The elements in blue represent
components added or modified from the original algorithm, resulting in a revised
method called Improved Physarum Learner.
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Source: Extracted from Ribeiro et al. (2022b).

The first improvement involves how the algorithm creates its initial structure (“initialise
structures” node). The original method creates a directed graph with edges in random directions.
This approach may result in cyclical graphs that violate the non-cyclical requirements for a
Bayesian Network and cause issues with the BDEu scoring function.

The proposed version of the algorithm creates an initial Bayesian Network without edges.

This approach ensures the initial structures have no cycles. Also, from a theoretical standpoint,
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isolated nodes on the graph mean the observed variables are statistically independent; and is a
reasonable first step for every Bayesian Network score-and-search procedure.

Another improvement over the original algorithm is a local search after adding each edge.
This step is convenient where each vertex added may impact the parenthood relations of several
nodes. In this context, a "local search" is defined as operations which attempt to change the
direction of edges, checking for a score improvement and ensuring a non-cyclical structure.

Two other aspects modified from the original method are related to stagnant structure and
score. The presented method sets a threshold for the minimal improvement in score across
iterations to check for structural stagnation on local optima. After achieving a scoring plateau,
the algorithm breaks the current iteration and starts from a new possible network. This approach
ensures that the algorithm won’t waste time trying to build a structure based on one with a

stagnant score.

4.6 BAYESIAN REGRESSION PARAMETRISATION

The statistical models employed in this paper address three factors to assess the quality of the
Bayesian regression for the evapotranspiration metric: (1) Which mathematical transformation
applied to the target variable yields regression results with the lowest error metric? (2) The
influence of auto-regressive components on the quality of the regression. (3) An evaluation
concerning the impact of the sample size on the regression learning process and its results.

The experiments evaluate five distinct operations over the evapotranspiration metric: linear—
f(z) = z, Box-Cox transformation, square root, natural logarithm, and exponential. Equation (1)
presents the definition of the one-parameter Box-Cox transformation (Box; Cox, 1964) with an
estimation of the value of the parameter \ from the data set, which leads to better normality
of the transformed series or is assumed to be known in each application. The number of
auto-regressive elements is, at most, three. Lastly, experiments employed the last 1000 or 2500
samples or the entire set with 5473 entries. A complete permutation of these components results

in a total of sixty experiments.

(x)\—l)’ A 0
fan={ 7 1)
log(x), A=0

Equations (2)—(8) establish the experiments’ framework based on the posterior distribution in
Equation (10). Let N € {1000, 2500, 5473} represent the number of samples for each experiment
and X; represent each of the fifteen climatological variables employed, according to Section
4.2. Equation (2) establishes the target series y composed of the evapotranspiration series after
applying one of the five equations presented, while Equation (3) provides a prior probability
distribution assumed for this series based on a Gaussian density function.

Equations (4a) and (4b) describe the parameterisation of the hyperparameter u; as a linear
combination of the climatological elements. Equation (4a) applies when no auto-regressive

window is present, while Equation (4b) denotes the experiments with w € {1,2,3} of such
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components.

Lastly, Equations (5)—(8) provide initial, approximately non-informative prior distributions
for the parameter 7 and regression parameters [3;. Equation (8) only applies to the experiments
with at least one auto-regressive component.

The authors employed MultiBUGS 2.0 software (Goudie et al., 2020) (available at https:
//www.multibugs.org/, accessed on 15 August 2023). Each experiment contained five chains,
1000 samples as the burn-in, and one in every ten values for the next 5000 obtained for the

estimates.

v = f(ETy,) i={1,2,..,N} (2)
15
Mi=5o+25iji+€ i={12,..,N} (4a)
15 w
Mi:50+25iji+Zﬁky(i—k)+€ i={1,2,..,N},
j=1 k=1
we {1,2,3} (4b)
T~ T(1,1) (5)
Bo ~ N (4,0.01) (6)

4.7 INFLUENCE DIAGRAM FOR IRRIGATION

This project proposes an Influence Diagram for a decision support system for irrigation
based on hydro-meteorological variables, soil parameters, and crop characteristics.

Figure 10 contains the graphical representation of the proposed model. The elements high-
lighted in blue correspond to the Bayesian Network for estimating E'Tj based on climatological
data. An estimand for the water balance takes the estimated ET{, and rainfall to evaluate
whether the soil water content is above or below a given threshold.

The decision to activate the irrigation system considers a binary input for water balance
and an estimate for the matric potential. The proposed utility is a function that penalises the
decision for turning on when the soil water content is near the saturated level or the water
balance estimate requires no extra irrigation and favours the other way around.

The climatological water balance random variable (Bal) represents a binary variable whose

possible states are “surplus” or “deficit” — unless stated otherwise — based on the estimands


https://www.multibugs.org/
https://www.multibugs.org/
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Figure 10 — Proposed Influence Diagram to provide decision support for irrigation. Elements in
ellipses represent random variables, while rectangle is for decisions and diamond
for utility function. Elements highlighted in blue form the Bayesian Network to
estimate ET} from climatological data from Ribeiro et al. (2023).

Tmean D — Tmaw DPmean
Wspeed e ETO > Rad .ﬁ';c Tens
RHmm RH RHmean Bal —»| On?

Source: Adapted from (Ribeiro et al., 2023).

—

for evapotranspiration and precipitation. The tensiometer estimates (T'ens) are a normal
distribution whose parameters come from an MCMC estimation process over in-situ readings
from this instrument.

Finding a relevant utility function to describe the preferred outcome of each stakeholder is
a non-trivial task due to the high level of subjectivity involved in its decisions. In this thesis
context on agriculture, the decision to irrigate or not revolves around several additional factors,
such as the produce, their growing stage, market conditions and possible water deprivation to
induce faster production.

The five scenarios below represent generic situations where the irrigation decision is based
solely on the climatological water balance and tensiometer readings, alongside their proposed
utility function.

The first and most basic scenario models the decision based solely on the soil-water content
above or below the field capacity threshold. Equation 9 presents a utility function f; as
the mathematical model for this scenario, which relies on an estimate for the readings of a
tensiometer 1& and the binary, stochastic decision regarding the irrigation system’s activation
On. The value 9* is the soil matric pressure at its field capacity, representing the optimal
threshold for water-soil content.

0(v")

fi(¥) = On - ( 0(@ — 1) , On € {-1,1} 9)

This first simple model achieves the maximum utility when the system irrigates under the

soil lacking water content or when there is no irrigation under soil presenting more water-soil
content than the minimum.
The second model employs solely tensiometer readings on a specific depth and a linear decay

of water content based on the culture roots’” depth. This scenario allows for a decision regarding
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cultures with a radicular system of any (reasonable) depth and the position of the available
tensiometers. As such, let h represent the radicular depth of a given culture, A1 and h2 be
the depths of two tensiometers with Al < h < h2; eq. 10 presents the matric potential for any
given depth based on the depth and matric potential estimates from two tensiometers. Eq. 11

describes a utility function fs based on the estimated value of matric potential at an arbitrary

depth h.

0Th) = 00) + (0(0m) = 0772)) - 3 (10)
fa(n) = On - (Ezhi 1), On € {-1,1} (11)

The third scenario stratifies the climatological water balance Bal into four classes according
to the severity of estimated water-soil content deficit or surplus - classes “high deficit”, “high
surplus”; “deficit” and “surplus” - with a discrete probability distribution over these states. In
this scenario, the decision to turn on the irrigation system becomes directly conditioned to Bal’s
probability mass function. Figure 11 contains a graphical representation of this conditional

relation and the proposed value for each state.

Figure 11 — Conditional probability tables and association proposed for the fourth scenario.
The probability for Bal’s states reflect the most probable condition observed in
Patrocinio/MG during the data collection period.

Bal p(Bal) Bal On? = -1 On? =1
“High deficit”  0.25 “High deficit” 0.00 1.00
“Deficit” 050 —» “Deficit” 0.20 0.80
“Surplus” 0.20 “Surplus” 0.80 0.20
“High surplus”  0.05 “High surplus” 1.00 0.00

Source: Developed by the author.

The fourth scenario stipulates a utility function which combines the water-soil content
estimates with the stratified water balance, with the latter divided into four classes like in the
third scenario. Eq. 12 presents the utility function f, for this scenario, considering a numerical
value for each possible state in Bal where positive values indicate water surplus and negative

represent water deficit.

f1(, Bal) = On? ((=Bal)® + 20 (6(4") — 1.10(¢)))) (12)
On? € {~1,1}: Bal € {-3,-1,1,3}

Lastly, the fifth scenario proposes a model considering a crop resilience factor to consider cases

where the producer does want to induce water stress to force production. Eq. 13 encompasses
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this characteristic with an exponential factor regarding the number of days the crop is under

water stress ng and the maximum number of days before reaching its wilting point 7,4,

f5(1), Bal) = e(ra—mmas) _ (91;(15))) Bal (13)



48

5 RESULTS AND DISCUSSION

This Chapter contains the results and discussions obtained during this thesis’ time frame.

Section 5.1 contains the obtained results and relevant discussions from the developed bio-
inspired method applied to synthetic benchmark data sets and show its adequacy from both
structural and score standpoints.

Section 5.2 contains a Bayesian Network for inference of the evapotranspiration metric,
considering climatological variables from an open-source and organic data set provided by the
Meteorological National Institute (Instituto Nacional de Meteorologia - INMET).

Section 5.3 provides the results and discussions regarding the sixty experiments in Section
4.6 and the ability of an approach based on Bayesian regression to model non-stationary and
non-linear phenomena.

Section 5.4 expands the numerical analysis from Section 5.3 to include a comparison with
real-world data. This evaluation is substantial to assess the modelling quality when dealing
with non-synthetic data.

Section 5.5 presents the Bayesian Network that allows for evapotranspiration estimates
considering scenarios with complete or incomplete evidence, alongside the results from Section
5.3.

Lastly, Section 5.6 provides the results and discussions regarding the results from the Influence
Diagram model and scenarios presented in Section 4.7, with estimates from tensiometers and
climatological water balance as inputs for the decisions.

Aside from the results in Section 5.6, the results in this Chapter culminated in publications
in two international conferences and one journal. Annexes A, B and C contain the original

version of these publications.

5.1 BIO-INSPIRED METHOD TO BUILD BAYESIAN NETWORK FROM DATA

The results presented in this Section are a complementary version of the work presented at
the XXIV Brazilian Congress on Automatics (Congresso Brasileiro de Automdatica - CBA). The
complete paper is provided here as Annex A.

The visual representations in this Section of the Bayesian Networks obtained by the Improved
Physarum Learner employ a graph super-structure, i.e. a graph with the omitted direction
of edges. This depiction is a reasonable approach given the fundamental role of a Bayesian
Network as a display of association links instead of causal ones (Cox, 2018).

The colour scheme for the edges on the resulting Bayesian Network for this Section is as
follows: green represents correct edges in the right direction; blue for correct ones but wrong
direction; red for incorrect; and magenta for missing edges.

Figure 12b contains the best super-structure for the Bayesian Network found by the Improved
Physarum Learner after the score stagnation. From the structure presented in Figure 12b, all

the red edges except Tuberculosis — Bronchitis come from the concept of d-separation — given
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three random variables with an association chain A — B — (' it stands to reason that A may
exert influence over C' when fixed a value for B (Koller; Friedman, 2009).

Although the red edge Tuberculosis — Bronchitis can not be justifiable according to d-
separation, the specialised medical literature presents an association of both respiratory diseases
(Martin; Cochran; Katsura, 1968).

Figure 13 contains a semi-log representation of the score evolution across iterations from
the Improved Physarum Learner on the Asia data set as the blue line. For comparison, the red
baseline is the score for the original network structure over the same data set.

The results in Figure 13 illustrate the fast convergence of the Improved Physarum Learner
to achieve a structure with a good score compared to the original network. This version of
the algorithm reaches score stagnation after three iterations and may stop after a couple of
iterations. The original method would execute all twenty-eight iterations.

A result presented in the detail of Figure 13 is that the obtained structure provides a score
marginally better than the one obtained from the original network over the same data set. This
result is a theoretically possible outcome, which occurs from the fact that the score function is

sensible to both structure and data set evaluated.

Figure 12 — Representations of the Bayesian Networks for the Asia data set, which contains eight
binary variables. Figure 12a presents the original structure proposed in Lauritzen e
Spiegelhalter (1988). Figure 12b presents a super-network structure found by the
Improved Physarum Learner method, where green and blue edges represent correct
edges, but in the correct or incorrect direction respectively, and red means one that
does not exist compared to the original structure.

(a) Original structure. (b) Obtained structure.
Asia Smoking Asia Smoking
l . Lun . Lun
Tuberculosis cancegr Tuberculosis ccmcegr
Eitfler Bronchitis Either Bronchitis
Xray Dyspnoea Xray Dyspnoea

Source: Extracted from Ribeiro et al. (2022D).
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Figure 13 — Semi-log representation of score convergence of the Improved Physarum Learner for
the Asia data set in blue; the red line is a baseline of the score obtained from the
original structure for the same data set. The detail shows the iteration after which
the score for the obtained structure was marginally better than the one from the
original network.

Source: Extracted from Ribeiro et al. (2022b).

Figure 14b presents the graphical structure obtained by the Improved Physarum Learner for
the Sachs data set. The algorithm created an unconnected graph with the nodes Plcg, PIP2,
and PIP3 segregated from the other vertices. This result shows that the algorithm can create
connected or unconnected graphs, even with the auxiliary structure as a fully connected graph.

Figure 15 presents the convergence results obtained for the Sachs network. This result
illustrates the score stagnation issue and the mechanism to find a new structure after determining
this condition. The method encountered a score stagnation after the ninth iteration and left the
local optima for a network with a better score after iteration thirty-five.

The detail in the Figure 15 shows that the score for the obtained network is the same as for
the traditional structure, despite the identified network containing both green and blue edges.
This result points to one of the fundamental characteristics of the Bayesian Networks learnt
exclusively from data: the requirement of external validation for the model from a specialised

agent, which can evaluate the proper associations between variables in real-world scenarios.
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Figure 14 — Representations of the Bayesian Networks for the Sachs data set, which contains
eleven variables. Figure 14a presents the original structure proposed in Sachs et
al. (2005). Figure 14b presents a super-network structure found by the Improved
Physarum Learner method, where green and blue edges represent correct edges, but
in the correct or incorrect direction respectively.

Orlglndl structure. ) Obtained structure.
PKC
PKA
Raf P38 Raf / Jnk P38
Me k‘\ Plcg\ Mek Plcg\
Erke PIP3 Erk PIP3
AktP]PQ AktP[P,Q

Source: Extracted from Ribeiro et al. (2022b).

The scalability of a method to build Bayesian Networks from data is an essential factor,
given that this is a problem of super-exponential class. The Alarm data set is a medium-sized
benchmark used to evaluate the scalability of the Improved Physarum Learner method. The
original network is present in Figure 17.

Figure 18 contains the graphical structure obtained by the Improved Physarum Learner on
the Alarm data set. The properties of d-separation justify some of the eighteen red edges, such
as Intubation — Vent.Tube or LV Failure — PCW P.

Another subset of wrong edges reinforces the necessity of model validation from an expert in
the field. For instance, as the authors that first proposed this network in Beinlich et al. (1989)
described, the seven variables of the Diagnostics class, such as Pulm.Embolus, Anaphylaxis, and
LV Failure should not interact with each other. The red edges Pulm.Embolus — Anaphylaxis
and Anaphylazis — LV Failure are evidence of issues that may occur with methods that rely
solely on data.

To evaluate the structural accuracy of the Improved Physarum Learner for this medium-sized
data set, Figure 19 contains all the edges from Figure 18 that are also present in the original
structure and the only four edges the method did not identify from the data set, those represented
in magenta.

Conditional independence tests performed to evaluate the association of these pairs of
variables from the data set indicate independence. As the data does not suggest dependency
between the components is reasonable that a data-based method could not identify those four

missing edges.
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Figure 15 — Semi-log representation of score convergence of the Improved Physarum Learner
for the Sachs data set in blue; the red line is a baseline of the score obtained from
the original structure for the same data set. The detail shows the iteration after
which the score for the obtained structure exactly the same as the one from the
original network, despite the obtained structure presenting some edges in different
directions.

Source: Extracted from Ribeiro et al. (2022D).

Lastly, Figure 16 contains the score convergence for the structure obtained by the Improved
Physarum Learner on the Alarm data set. As this network contains the highest number of
edges of the benchmark data sets, the Improved Physarum Learner takes more iterations to
reach local optima. The fact that the data suggest independence across the pairs connected by
magenta edges on Figure 19 may be the factor that stops the algorithm from achieving better

scores.
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Figure 16 — Semi-log representation of score convergence of the Improved Physarum Learner for
the Alarm data set in blue; the red line is a baseline of the score obtained from the
original structure for the same data set. The detail shows the iteration after which
the method did not find a network that provided any score improvement within a
threshold.

Source: Developed by the author.
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5.2 STOCHASTIC INFERENCE OF EVAPOTRANSPIRATION FROM CLIMATOLOGICAL DATA

The results presented in this Section are a complementary version of the work presented at
the 2022 International Joint Conference on Neural Networks (IJCNN). The complete paper is
provided here as Annex B.

Given the difficulty of directly evaluating the evapotranspiration metric and the multiple
analytical methods to estimate it from climatological data, this project establishes the Penman-
Monteith (FAO56) equation as the gold standard.

The climatological variables provided by the INMET and required to estimate evapotranspi-
ration according to the FAO56 method are: maximum, minimum, and mean temperature, wind
speed (at a 2m height), net solar radiation, and maximum and minimum relative humidity.

A Bayesian Network to analyse the stochastic associations among the climatological variables
and the required target metric contains eight nodes — one for each observed element. To provide
a set of relationships extracted from data, this model employs a set created with real-world
climatological data from several cities in the MATOPIBA region and the evapotranspiration
metric from the FAO56 method.

Figure 20 contains the graph for the Bayesian Network obtained from the Improved Physarum
Learner optimisation method using the data set from Luis Eduardo Magalhaes/BA (5474
samples). An out-of-the-box optimisation algorithm achieved the same structure. Although
some of the edges in Figure 20 and their directions may seem inappropriate considering the
evapotranspiration dynamics, a Bayesian Network is suited to extract association relations from
the data, which is more nuanced than causal relations.

This stochastic modelling provides inferences over a target variable under scenarios where
not all the other variables’ states are known. That is a powerful characteristic for the evapo-
transpiration subject, given that the gold standard can estimate evapotranspiration only if all
the required climatological variables are known.

The model in Figure 20 stipulates that wind speed and minimum relative humidity variables
probabilistically condition the values for evapotranspiration. Also, the model specifies that the
target variable conditions the value for maximum temperature and maximum relative humidity.

The algorithm then performs a 5-fold cross-validation on the data set to evaluate the accuracy
and precision of the stochastic model in inferring the evapotranspiration from climatological
data. This approach divides the data set into five sets with the same amount of samples, and
then each four-fifths of the set is used to train the model, while the remaining fifth is employed
to test the accuracy.

Table 3 contains the accuracy of evapotranspiration estimates from the model presented in
Figure 20 compared to the expected value from the gold standard, trained and tested with data
from five cities in the MATOPIBA region and one in Minas Gerais. The first row holds the
accuracy of inferences under the scenario of complete information, i. e. all seven climatological
variables presented as evidence. These results show that the model achieves an accuracy of over
80% in all cities, even with data from a location with a different climate profile than the one in
Luis Eduardo Magalhaes.
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Figure 20 — Bayesian network obtained for the reference evapotranspiration (ETj), considering
the variables for the Penman-Monteith method applied on the data set from Luis
Eduardo Magalhaes. The climatological data represented by each node is described
on the bottom right of the figure.

Source: Extracted from Ribeiro et al. (2022a).

The second and third rows from Table 3 contain the accuracy values for evapotranspiration
estimates after removing each of the target’s parents from the evidence to query. The drop
from over 80% to closer to 70% highlights the importance of wind speed and minimum relative
humidity for an accurate evapotranspiration estimate according to the proposed model. This
result is appropriate given that the model lacks one of the required values to infer the most

probable state for the evapotranspiration metric.

Table 3 — Inference accuracy (%) for the ET, variable from complete and missing data across
several cities from the MATOPIBA region and Patrocinio/MG. These results suggest
the adequacy of the proposed graphical model in providing estimates for E'Tj, even
under scenarios of incomplete climatological evidence.

Removed variable(s) Luis Eduardo Magalhdes Correntina Imperatriz Formoso do Araguaia Alvorada do Gurgueia Patrocinio

82.5 86.3 85.5 83.1 80.2 84.6

U2 65.7 84.8 79.5 78.6 70.6 775

RHmin 79.2 80.4 80.8 79.1 73.8 84.1

Tmax 83.0 86.5 85.5 83.1 79.8 85.1

RHmax 80.7 84.2 87.2 78.0 76.3 83.1

All parents 64.3 79.3 74.2 75.6 66.7 79.4

All children 80.9 84.3 87.1 7.8 7.5 83.3

Both parents and children 53.0 67.8 73.7 59.9 54.8 71.3

Source: Adapted from Ribeiro et al. (2022a).

The fourth and fifth rows contain the accuracy of estimates for the target variable after
removing its children’s values from the evidence to query. The negligible loss of accuracy for
the inference is reasonable considering the graphical model in Figure 1. Although the children’s
values may indicate the most probable state of the evapotranspiration metric, the parents of the

target variable are the ones who rule over its value.
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The subsequent two rows present the results of removing the whole set of parents or children
respectively from the evidence to query. The removal of both parents reinforces the discussion
on the role of these variables in the estimative’s accuracy. Likewise, removing only the children
from the evidence marginally reduces the model’s accuracy, in line with the observed from the
fourth and fifth rows.

Lastly, the final row contains the accuracy under the scenario of evidence lacking information
on any variables of those four adjacent to evapotranspiration, which results in the most degraded
accuracy performance. This outcome provides an insight into the importance of the children’s
value in the inference task, given the discrepancies observed between the sixth and eighth rows.

To evaluate the scattering of the inferred evapotranspiration values under the presented
scenarios, Figure 21 contains a set of pie charts for the difference between the estimated value
against the expected one obtained with the gold standard. These pie charts are the inference
results over the data set from Patrocinio/MG.

The results in Figures 21a to 21h suggest that the evapotranspiration value inferred from
the stochastic modelling, when incorrect, is seldom outside the +1mm/day range, even under

the scenario of the least number of available climatological variables.

Figure 21 — Accuracy results for estimates of evapotranspiration according to the proposed
Bayesian Network modelling. These results are from the city of Patrocinio/MG.
Each pie chart from Figure 21a to Figure 21h represent the inference error after the
removal of a subset of climatological variables from the available data.

(a) No variables removed. (b) Removing both parents’ and chil-
dren’s data.



Figure 21 — Cont.

(¢) Removing wind speed.

(e) Removing maximum temperature.

(g) Removing both parents’ data.

(d) Removing minimum relative humid-
ity.

(f) Removing maximum relative humid-
ity.

(h) Removing both children’s data.

60
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5.3 CLIMATOLOGICAL VARIABLES SELECTION

This section presents the results and relevant discussions about the experiments in Section
4.6. Appendix A presents the complete tables for the numeric results of all the experiments, and
presents the graphical comparisons of the evapotranspiration metric, considering the inference
task of each climatological variable.

The root mean square error (RMSE) metric for each of the sixty experiments against the
expected time series for the Penman—Monteith equation over the original data set ranges from
0.086 mm - day ' to 3.502 mm -day'. These results range from the experiment with logarithmic
transformation, one auto-regressive element, and 1000 samples, to the test with the exponential
function, no auto-regressive terms, and 5473 samples, respectively. Table 12 presents the RMSE
results for the sixty experiments proposed in Section 4.6, alongside their mean absolute error
(MAE) metrics; the closer the value of each error metric to zero, the better adherence between
the two series.

The total time required to reach convergence for each experiment on MultiBUGS depends
mainly on the amount of data provided to the software. Experiments with 1000 samples took
12.2 min, 2500 samples required 36.3 min, and the complete dataset needed 67.3 min, on average.
These times were achieved on a desktop with an Intel® Core™ i5-6600 CPU at 3.30 GHz, 8 GB
of RAM, and operating a Windows® 10 Pro 64-bit.

The first finding is that the RMSE metric exhibits minor fluctuations within the same
transformation but higher fluctuations across functions. For instance, the experiments within
the logarithm function present RMSE from 0.086 mm - day™' to 0.100 mm - day ™', while
experiments within the Box-Cox transform—with each A parameter automatically obtained
by the transformation algorithm for each series—achieve RMSEs from 0.097 mm - day " to
0.107 mm - day~*. These results suggest that the mathematical function choice is a relevant
first step to minimize the estimation error based on this approach.

Within the same mathematical transformation, when comparing the error metric according
to the number of samples of each experiment, the error metric consistently presents the lowest
value for experiments with 2500 samples. Although this improvement is marginal compared to
the errors from those with 1000 samples, this result suggests the existence of an optimal data
volume for the inference task on these variables, and a large volume of data may impair the
inference task by introducing more noise into the model.

Finally, when observing the error performance based on the amount of past information
provided to the model, there is a marginal improvement across all sixty experiments for each past
value added. This result is consistent with the observed meteorological dynamics, as the amount
of water evaporated and transpired from the previous day plays a role in the maintenance of
relative humidity, dew point temperature, and surface temperature for the current day, which
are factors that directly impact the evapotranspiration phenomenon.

The exponential transformation is the one that consistently presents inference results with
the highest error metric, according to Table 12. The results and discussions from this point

onward do not consider the experiments with the exponential function, given their errors within
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one or two orders of magnitude greater than those obtained by the other four transformations.

The output of the MultiBUGS software includes the interval at 95% credibility for each beta
regression parameter and the most probable value within this interval. As such, a climatological
element is relevant if the credible interval for its beta coefficient does not encompass zero, as
any value for the climatological variable would represent no impact in the regression.

Table 13 contains a complete overview of the occurrence of each climatological variable
deemed relevant by the regression model, grouped by transformation. Across all forty-eight
experiments—excluding the twelve from the exponential function—precipitation and all three
measurements for atmospheric pressure do not contribute to the regression model. The variables
for maximum dew point temperature and minimum temperature and dew point temperature
contributed to a few experiments.

Eight variables consistently supported the regression analysis in more than half of the twelve
experiments for each function. Wind speed and net solar radiation are relevant across all forty-
eight experiments; mean temperature and dew point temperature, maximum temperature and
relative humidity, and minimum relative humidity are significant for several experiments. Mean
relative humidity is the last of the relevant climatological variables, although this component
did not contribute to any regression with the square root function.

The high relevance observed from the wind speed and net solar radiation throughout all
experiments is consistent with the observed meteorological phenomena. Both components
directly contribute to the regional climate, represented by temperature, relative humidity, and
dew point temperature. The irrelevance of the precipitation is also within expectation, given
the assumption that elements within a much wider region contribute to this component with
their dynamics not considered here. The atmospheric pressure components directly impact the
dew point temperature, and the absence of this variable from the set of relevant variables is
likely due to a discrepancy in the magnitude of the pressure measurements compared to the
other elements

While Table 12 shows that the natural logarithm is the function that provides a regres-
sion with the lowest errors, Table 13 presents this function as the most assertive to which
variables are most relevant to the stochastic regression for evapotranspiration. Further, the
error improvements within this transformation are negligible after providing more data and
auto-regressive components, given the trade-off of obtaining these. Based on these considera-
tions, the authors establish that the stochastic model with a natural logarithm transformation
and no auto-regressive elements, trained with 1000 samples, shows the best adherence to the
evapotranspiration metric.

Table 4 presents the numerical values achieved for the beta coefficients from the experiment
utilising natural logarithm transformation on the evapotranspiration data, with 1000 samples
for the parameter learning and no auto-regressive component. The coefficients and their
respective climatological variables—whose 95% credible intervals do not contain zero and, as
such, characterise a relevant variable in this context—are highlighted in blue. The independent

coefficient 3y for this experiment is Sy &~ 0.6373.
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Based on the maximum a posteriori (MAP) values of each beta parameter and the relation-
ships detailed in Equations (2) and Equation (4a), Equation (1) presents the approximation
for the hierarchical Bayesian regression for the evapotranspiration metric; this is based on the
experiment identified as the best among the sixty conducted. Although this representation
for Equation (1) is similar to linear regression, each beta coefficient corresponds to a density
distribution function, and its best point estimator value lies within the non-symmetrical 95%

credible interval.

In(ETy) ~ 0.6373 — 0.024 - Thean + 0.022 - Thas
—0.006 - RHypyeqn — 0.005 - RHppay — 0.010 - RHppin, (1)
+0.028 - DP,eqn + 0.498 - Wipeea + 0.113 - Rad

Table 4 — Credible interval at 95% for the beta regression coefficients obtained from the experi-
ment with natural logarithm transformation, using a data partition of 1000 samples,
and excluding the auto-regressive window feature. The relevant beta coefficients (i.e.,
those that do not include zero on the interval or whose value is close to zero) are
highlighted in blue.

Variable Coefficient 2.5% 97.5% MAP Value

Tmean b1 —0.035 —0.010 —0.024
Tmax Ba 0.014  0.028 0.022
Tmin B3 —0.008  0.003 0
RHmean Ba —0.009 —0.004 —0.006
RHmax Bs —0.0056 —0.004 —0.005
RHmin Be —0.011 —0.008 —0.010
DPmean Br 0.014  0.039 0.028
DPmax Bs —0.005  0.006 0
DPmin Bo —0.008  0.004 0
Pmean Bio —0.001  0.002 0
Pmax b1 —0.003  0.001 0
Pmin B2 —0.003  0.001 0
Wspeed P13 0.484  0.513 0.498
Rad B4 0.093  0.133 0.113
Prec. Bis —0.001  0.000 0

Source: Extracted from Ribeiro et al. (2023).

Figure 22a contains a graphical comparison of the evapotranspiration time series based on
the Penman—Monteith equation (blue continuous line) against the estimated time series from
Equation (1) (red line) throughout 1000 samples. This result suggests that the proposed method
and subsequent equation properly conciliated the series’ non-stationarity.

It is relevant to evaluate if the error component follows a Gaussian distribution for the esti-
mated time series against the expected one, as the proposed Bayesian regression in Equation (1)
is similar to the model in Equation (4a). To this end, Figure 22b presents a quantile—quantile

plot for the distribution of the residual errors. As the blue dots lie close to the red 45-degree line,
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the distribution for the error is close to a Gaussian distribution, as required by the theoretical

model.

Figure 22 — Graphical representation of the results obtained from the experiment with natural
logarithm transformation, using a data partition of 1000 samples, and excluding
the auto-regressive window feature; (a) presents the original time series as the blue
line and the estimated time series as the red line; (b) presents the quantile-quantile
plot of the residuals for the estimated time series.

(a) Comparison. (b) Quantile-quantile plot.

Source: Extracted from Ribeiro et al. (2023).

One relevant comparison is to ascertain the proposed method’s adherence to the expected
evapotranspiration according to the gold-standard FAO56 method against the evapotranspiration
estimated by other classical and deterministic approaches. As such, Figure 23 presents a graphical
comparison between the natural logarithm of the evapotranspiration from the FAO56 method
(blue line), the Benavides and Lopez method (orange line), and the Hargreaves—-Samani method
(green line); all three are based on the same data set, alongside the estimate from the proposed
method (red line). This result confirms the ability of the proposed approach to closely model the
complex behaviour of the FAO56 estimate, with an adherence better than the ones presented by

other classical equations.
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Figure 23 — Graphical comparison of the results obtained from the experiment with natural
logarithm transformation, using a data partition of 1000 samples, and excluding
the auto-regressive window feature (as the red line). The blue line represents
the natural logarithm of the reference evapotranspiration according to the FAO-56
equation; the orange and green lines represent the natural logarithm for the reference
evapotranspiration according to the Benavides and Lopez and the Hargreaves—
Samani equations, respectively. The latter two methods represent some of the
analytical approximations commonly employed under the unavailability of the
climatological components required by the FAO-56 equation.

Source: Extracted from Ribeiro et al. (2023).

54 STOCHASTIC CLIMATOLOGICAL WATER BALANCE COMPARISON WITH IN SITU
MEASUREMENTS

A proxy measurement for the water balance dynamics is necessary, mainly due to the
characteristics of the evapotranspiration metric. Given the measurement hardship, this paper
employs an estimate for the available soil water content on a coffee plantation in the proximity
of Patrocinio/MG based on tensiometer readings and the van Genuchten equation.

Although the authors cannot divulge the precise location of this plantation due to confi-
dentiality concerns, Equation (2) presents the estimated soil water content 6 as a function of
the matric potential ¢ (kPa), according to the original Equation (7). For this particular soil,
0, ~ 59% and 0, ~ 31%, o =~ 0.25 cm™!, n ~ 1.33 and m =~ 0.25, based on the experiments
described in Section 4.3. Tensiometer readings were provided by a PalmaFlex digital tensiometer,

model SL-PF-TNSE.

0.28
0 =G (1) ~ 0.31 + - 2)

(1+ (0.25[)"*)

Figure 24 presents the relationships between rainfall, estimated soil water content, and

estimated evapotranspiration on the top panel, based on in situ measurements from a tensiometer
monitoring the substrate from the surface to a depth of 20 cm, and from a pluviometer, with
both sampling data from the 9th to the 25th of January 2021. In the highlighted period (from
the 9th to the 15th), the observed rainfall is enough to keep the soil water content close to
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its maximum capacity (= 59%). From the 16th onward, when there is no observed rainfall,
the curves for soil water content and evapotranspiration have a symmetrical relationship: the
higher the estimated evapotranspiration, the faster the reduction in soil water content. This
characteristic against the in situ measurements reinforces the Penman—Monteith method as
adequate to model the consumptive use of water due to evaporation and transpiration.

The middle panel of Figure 24 presents the influence on the estimated evapotranspiration by
the two most relevant climatological variables, according to the MAP values in Equation (1).
This panel exhibits the correlations for evapotranspiration trends with wind speed (13 ~ 0.113)
and net incident solar radiation (514 =~ 0.498). These relationships of the target variable
with the two most relevant climatological factors, according to the Bayesian regression model,
combined with the adherence observed in the first panel against the in situ measurements,
suggest the adequacy of the proposed method to represent the hydrological phenomenon, even
under scenarios where the traditional method cannot be employed.

Lastly, the third panel compares the analytical time series for evapotranspiration according
to the Penman—Monteith metric and the results from Equation (1) over the same data set.
These three panels suggest that this method models the expected analytical time series and the
underlying real-world dynamics.

These results support the adequacy of the proposed method in tracking the analytical FAO-56
equation and functioning as a framework to model dynamic and complex phenomena based on

non-linear, non-stationary time series and their underlying factors.
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Figure 24 — Graphical representation of the climatological water balance compared to in situ
samplings from the 9th to the 26th of January 2021. The top panel contains a time
series for the two principal factors of the climatological water balance—rainfall and
evapotranspiration—compared to the dynamics of the soil water percentage. The
area highlighted in red represents the days when the water intake to the plantation
due to rainfall was sufficient to counteract the amount of water evaporated and
transpired. The middle panel presents the interaction between the estimated
evapotranspiration, wind speed, and incident net solar radiation, the latter two
being the most relevant factors for evapotranspiration estimation based on the
results presented in Section 5.3. Lastly, the bottom panel presents the estimated
evapotranspiration based on the FAO-56 method compared to the values obtained
by Equation (1), applied to the same data set during the established timeframe.

Source: Extracted from Ribeiro et al. (2023).
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5.5 STOCHASTIC EVAPOTRANSPIRATION INFERENCE WITH COMPLETE OR INCOMPLETE
DATA

To evaluate the model’s adequacy in estimating evapotranspiration over a data set with
new information, Figure 25 presents a graphical comparison of the natural logarithm of the
evapotranspiration calculated with the Penman—Monteith equation against the time series
obtained from Equation (1). This new data set, comprising 334 samples not used in the learning
process, contains complete information on all the climatological variables presented in Section
4.2.

Figure 25 — Graphical comparison of the reference evapotranspiration from the Penman-—
Monteith equation over the complimentary data set against that obtained via
the regression presented in Equation (1). The RMSE metric between the natural
logarithm of both series is 0.087 mm - day !, consistent with the results in Table 12.

Source: Extracted from Ribeiro et al. (2023).

Another way to check the model’s performance is to compare the expected time series
for the Penman—Monteith equation against the result from Equation (1) when dealing with
climatological data from regions with different climate profiles. Figure 26a—d provide a graphic
comparison similar to that in Figure 25, but this time it is applied to the cities described in Table
1, with RMSE metrics and distances from Patrocinio presented in Table 5. As expected, the
RMSE error for each region increases as the distance from the original city increases, reinforcing
the notion that Penman—Monteith equation relies on local climatological factors for an accurate

estimate.
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Table 5 — Error metrics for the natural logarithm of the reference evapotranspiration derived
from the Penman—Monteith equation versus the values from Equation (1), based on
the climatological data from different cities in Brazil with different climate profiles
compared to Patrocinio/MG.

City RMSE Distance to
(mm - day ') Patrocinio/MG (km)
Rio Preto da Eva/AM 0.202 2278
Cabaceiras/PB 0.140 1723
Porangatu/GO 0.102 659
Santo Augusto/RS 0.185 1202

Source: Extracted from Ribeiro et al. (2023).
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Figure 26 — Graphical comparison of the reference evapotranspiration from the Penman—
Monteith equation over the complimentary data set for each different city presented
in Table 1, against the value obtained via the regression presented in Equation (1)
over that city’s climatological time series; (a) presents the comparison for Rio Preto
da Eva/AM, which achieved RMSE = 0.202 mm - day~'; (b) presents the compar-
ison for Cabaceiras/PB, which achieved RMSE = 0.140 mm - day ™ '; (c) presents
the comparison for Porangatu/GO, which achieved RMSE = 0.102 mm - day '
lastly, (d) presents the comparison for Santo Augusto/RS, which achieved
RMSE = 0.185 mm - day '

(a) Rio Preto da Eva/AM. (b) Cabaceiras/PB.

(c) Porangatu/GO. (d) Santo Augusto/RS.

Source: Extracted from Ribeiro et al. (2023).

One shortcoming of every analytical approach to estimating evapotranspiration is their
prerequisite of having all the required climatological variables available. Under the Bayesian
framework, the BN provides a probabilistic approach to supply the most probable value for
missing data based on complete or incomplete evidence from the system.

Figure 27 presents a graphical representation of the BN’s DAG, which provides the best
posterior likelihood estimates based on the original dat aset containing 1000 samples. The nodes
represent only the random variables relevant to the Bayesian regression from Table 4 instead
of the complete set of fifteen variables. This approach reduces the graph search space for the
learning algorithm and employs only the relevant climatological variables, which decreases the
number of required components and sensors. The evapotranspiration node is highlighted in

blue; the omission of the conditional probability tables from the BN is intentional due to the
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high dimensionality of each one.
Figure 27 — Bayesian network for estimating the natural logarithm of reference evapotranspira-

tion from the climatological variables most frequently present as relevant, according
to the set of experiments with natural logarithm transformation.

Tmean Tmam D-Pmean

/,_\

Wspeed —_— ETO —> Rad
Y RH
RHmzn RH mean

Source: Extracted from Ribeiro et al. (2023).

To build a BN that presents the best likelihood to the climatological and evapotranspiration
data, the authors employed both the standard K2 greedy algorithm (Cooper; Herskovits, 1992)
and the proposed bio-inspired score-and-search algorithm (Ribeiro et al., 2022b).

The relevant nodes and the amount of required data were consonant with the results of
the set of sixty experiments described in Section 4.3, resulting in eight climatological variables,
alongside evapotranspiration as the target component and a data set with 1000 samples.

The parameters for both methods were the default ones, with the Bayesian Dirichlet
equivalence with the uniform prior metric (BDeu) as a scoring function and k-fold (k = 5)
cross-validation. Both methods resulted in the same graphical structure.

After learning the conditional probability tables based on the maximum likelihood of the
model over the training data set, the BN framework represented in Figure 27 allows for queries
about the most probable state of a climatological variable, providing the Bayesian regression
analysis with a new level of flexibility to deal with missing data. For instance, if a meteorological
data collector experiences a failure in its anemometer, an estimate of the most probable value
for wind speed may allow for the use of the underlying methods that require this variable,
albeit within an error margin. Figure 28 presents the natural logarithm of the expected
evapotranspiration time series against the values obtained from Equation (1) after replacing
each climatological variable from the original data set with values inferred from the BN.

As expected, wind speed estimates based on the BN provide a time series with the lowest
adherence to the baseline time series. This result occurs because the wind speed is one of the
independent variables in the BN, resulting in the inference task for this variable becoming a
query for the most probable value that would induce the observed values for the other variables

in the system. This type of inverted query increases the error margin for the estimated value
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and, alongside the relatively high MAP value for wind speed’s beta coefficient, culminates in
the amplification of the inference error on the final estimate for evapotranspiration when wind
speed data are lacking.

Table 6 presents the RMSE metric for the evapotranspiration estimates according to Equa-
tion (1), considering the removal and subsequent inference of each one of the climatological
variables from the BN in Figure 27 and the expected evapotranspiration time series. The
variables presenting the highest error values are wind speed and minimum relative humidity,
which is reasonable within the BN structure as both components are independent elements of
the BN. The lowest error values are from the maximum relative humidity component, likely due
to its position on the graphical structure, where only one random variable influences it, and it
does not influence any others, and due to the lowest absolute MAP value of the beta parameter
for maximum relative humidity in Equation (1).

The results in Table 6 suggest that the BN approach provides efficient estimates for the
required variable under scenarios lacking a single component and allows for the maintenance

and usage of methods that may require these missing factors.

Table 6 — Error metric for the natural logarithm of the reference evapotranspiration metric
from the Penman—Monteith equation against the value from Equation (1), after the
removal of each relevant climatological variable and the inference of its value from
the BN in Figure 27.

Removed and Inferred Variable Evapotranspiration RMSE

(mm - day ')
Trnean 0.087
Tz 0.092
RHpean 0.087
RH o 0.074
RH, i 0.156
DPiean 0.085
Wpeed 0.286
Rad 0.096

Source: Extracted from Ribeiro et al. (2023).

5.6 INFLUENCE DIAGRAM FOR IRRIGATION

The outcome from an MCMC estimation process over water-soil content from the monitored
location suggests a normal distribution with parameters p ~ 0.498 and o ~ 0.064 as the best
curve to estimate tensiometer readings. Based on these results and the optimal matric potential
set as 10 kPa, the most probable value (MPV) for the matric potential is 8()) ;5 = 49.8%
and the optimal value is 0(¢*) ~ 50.4%, which suggest that this soil’s location is running on

water deficit.
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The climatological water balance corroborates this data, as the Bernoulli distribution over
the outcomes “deficit” and “surplus” results in an 87% deficit against a 13% surplus probability.
As such, the most probable value for the climatological water balance is “deficit”.

With the graphical model and scenarios discussed in Section 4.7, samples from a distribution
N (0.498,0.004) to model matric potential indirectly measured by tensiometers and samples
from a distribution Ber(0.870) act as each scenario’s input. A set random number generator
seed allows for experiment reproducibility and result comparison between different scenarios.

The first scenario allows for model validation regarding the irrigation decision based on
matric potential estimate according to eq. 9. This model ideally suggests irrigation if, and
only if, the matric potential is below the optimal threshold of 50.4%, as lower matric potential
corresponds to lower water-soil content readily available. Table 7 presents the recommendation
for a small set of samples from the matric potential distribution. The results are consistent with

the expected values, suggesting an initial model conforming.

Table 7 — Irrigation suggestions based on the first scenario proposed, solely a function of the
matric potential estimates. The results are consistent with the expected outcome
as the lower the matric potential, less water is readily available for the agricultural
produce.

Matric potential Turn on?

51.8% No
43.1% Yes
54.6% No
55.8% No
37.3% Yes

Source: Developed by the author.

The second scenario provides irrigation recommendations based on eq. 10 and eq. 11 for
agricultural produce with arbitrary radicular depth, which may not coincide with the tensiometer
depth. Let this system monitor a culture with radicular depth A = 25 cm and tensiometers at
depths hy = 20 cm and hy = 40 cm. The matric potential estimator at 40 cm is A(0.452,0.002)
based on a new MCMC parameter estimation process.

Table 8 contains the results from the same matric potential samples regarding the tensiometer
at 20 cm with the addition of samples from the estimator for the one at 40 cm. As the soil
moisture in this place gets lower for the deeper strata, some recommendations to not irrigate
should be to turn on the irrigation system. This change in recommendation is present in the
first and fourth rows in Table 8 compared to those entries in Table 7, which is the first indicative
of adequacy in compounding elements in this system.

The third scenario provides a complete stochastic modelling for the irrigation recommendation
based on conditional probability tables, as in Figure 11. The results presented in Table 9 show
that this approach is also suited for instances requiring the final recommendation and a degree

of certainty for the suggested outcome. As pictured in Table 9, the recommendation becomes
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Table 8 — Irrigation suggestions based on the second scenario, which also takes into consideration
the estimates for a second tensiometer and a produce with radicular system at a depth
of 25 cm.

Matric potential
(20 cm) (25 cm) (40 cm)

51.8%  49.0%  48.1% Yes
43.1%  45.77%  46.6% Yes
54.6% 55.7% 56.1% No
55.8% 44.8% 41.1% Yes
37.3% 38.3% 38.7% Yes

Source: Developed by the author.

Turn on?

more confident the farthest the tensiometer estimate is from the optimal matric potential, one

way or another.

Table 9 — Irrigation suggestions based on the stochastic relationship in Figure 11. Under this
scenario the model is shown to be more or less assertive in suggesting irrigation based
on the difference between the estimated matric potential and the optimal value for
this variable.

Matric potential Turn on?

51.8% No (85%)
43.1% Yes (55%)
54.6% No (55%)
55.8% No (85%)
37.3% Yes (85%)

Source: Developed by the author.

The fourth scenario combines the information from the stratified water balance with the
tensiometer estimates, according to eq. 12. Under this scenario, Table 10 shows that the decision
prioritises the irrigation under “high deficit” (Bal = —3) and no irrigation under “high surplus”
(Bal = 3), independently from the tensiometer outcome. Once the climatological water balance
becomes closer to a neutral state, the tensiometer reading performs the decisive role regarding
the recommendation.

The results from the fourth scenario illustrate the potential of this stochastic model to adjust
to any utility function defined by the system’s agent.

The fifth and final scenario adds a deterministic contextual factor, providing flexibility
regarding the system’s recommendation. This toolset is relevant if the agent wants to submit
the plantation to a water stress regime for days. Although not the most complex scenario, it
provides another layer of external control over the recommendation system. Table 11 contains
such recommendations, where the outcome is always to not irrigate independently from the

tensiometer or the climatological water balance estimates until the n'* day, after which the

system suggests irrigation.
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Table 10 — Results from the fourth scenario considering both the tensiometer estimates alongside
the stratified water balance, according to eq. 12. These results suggest a preference
ordering for the random variables, where the tensiometer estimate is considered only
if the climatological water balance does not present an extreme value.

Turn on?

Matric potential Bal = -3 Bal =3 Else
51.8% Yes No No
43.1% Yes No Yes
54.6% Yes No No
55.8% Yes No No
37.3% Yes No Yes

Source: Developed by the author.

Table 11 — Crop resilience.

Soil-water content Turn on?

51.8% No
43.1% No
54.6% No
55.8% No
37.3% No
n* day Yes

Source: Developed by the author.
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6 CONCLUSION

Most of the results from this thesis lead to three distinct international publications: two
conference papers and one journal article. Annexes A, B and C contain these papers’ integral
versions.

This thesis’ first contribution — a bio-inspired algorithm to obtain a Bayesian Network
exclusively from data — achieved good performance dealing with synthetic data for small and
medium benchmark data sets. As the results show, this method obtained a structure with the
same BDeu score as the original Sachs network, a graph with a marginally better score than
the Asia network’s original and a sound structure for the Alarm network within a reasonable
timeframe.

When evaluating the efficacy of the Bayesian Network in modelling climatological real-world
phenomena, this thesis shows that this approach can model and allows for probabilistic inference
of these phenomena considering complete or incomplete evidence and based on a model extracted
from the same city or another locality. The results also point to non-uniform relevancy among
the climatological variables for the inference task, which may allow for a reduction in the graph
search space.

This thesis concludes that the Bayesian regression toolset presents a suitable approach
based on Bayesian statistics to model the numerical dependency on the evapotranspiration
target variable on its most relevant climatological factors based on non-synthetic data. The
non-linearity and non-stationarity from the real-world time series highlight the prominence
of this finding. Furthermore, the obtained regression equation better fits the theoretical gold
standard compared to well-established analytical methods, and the regression equation provides
a good evapotranspiration estimate performance when applied to different geographical localities
and within different climates.

Complimentary to the evapotranspiration’s numerical modelling, this thesis also establishes
the Bayesian regression model’s adequacy to reproduce the real-world phenomenon indirectly
inspected via tensiometers. The results further confirm the importance of the net incident solar
radiation and wind speed to the evapotranspiration dynamics.

Another conclusion from this thesis revolves around the Bayesian framework providing
stochastic inference based on complete or incomplete evidence. As the results suggest, this
approach brings an adaptability layer to estimate evapotranspiration, even absenting mandatory
climatological data for the analytical methods. The possible lack of data for any required climato-
logical variable is a central issue from the gold standard and its related classical approximations,
turning them unfeasible.

Lastly, this thesis shows a reasonable Influence Diagram to guide the irrigation decision
based on the relevant stochastic variables and utility functions that try to represent policies
from an external agent. The algorithmic suggestions are consistent with the expected based on

each scenario. Adversely, eliciting utility functions for this problem is challenging due to these
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functions’ subjective nature and the myriad of components which may impact the final decision.
These elements may include the agricultural cultures’ characteristics and the socio-economic

environment surrounding the producer.
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APPENDIX A - COMPLETE TABLE FOR THE ERROR METRICS

Table 12 — The RMSEs and MAEs of all sixty experiments, combining each proposed trans-
formation, original dataset partition, and autoregressive window. From a scoring
standpoint, every experiment achieved error metrics within the same order, except
for those with the exponential transformation.

. o . RMSE MAE
Transformation  N© of Samples  Window (mm - day~?) (mm - day ™)
0 0.115 0.074
1 0.112 0.073
1000
2 0.112 0.073
3 0.112 0.073
0 0.118 0.076
. 1 0.116 0.075
Linear 2500
2 0.116 0.075
3 0.116 0.075
0 0.139 0.090
1 0.134 0.089
5473
2 0.134 0.088
3 0.133 0.088
0 0.107 0.054
1 0.105 0.054
1000
2 0.105 0.054
3 0.105 0.054
0 0.097 0.059
) 1 0.095 0.058
Box-Cox 92500
2 0.095 0.058
3 0.095 0.058
0 0.101 0.070
1 0.098 0.069
5473
2 0.097 0.068
3 0.097 0.068




Table 12 — Cont.

36

. o ) RMSE MAE
Transformation = N¢ of Samples Window (mm - day~?) (mm - day ™)
0 0.094 0.061
1 0.092 0.061
1000
2 0.092 0.061
3 0.092 0.061
0 0.093 0.062
1 0.092 0.062
Square root 92500
2 0.092 0.061
3 0.092 0.061
0 0.108 0.074
1 0.105 0.072
5473
2 0.104 0.072
3 0.104 0.072
0 0.088 0.054
1 0.086 0.053
1000
2 0.086 0.054
3 0.086 0.053
0 0.088 0.058
N 11 ‘h 1 0.087 0.057
atural logarithm 92500
2 0.086 0.057
3 0.086 0.057
0 0.100 0.070
1 0.098 0.069
5473
2 0.097 0.068
3 0.097 0.068
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_ o ) RMSE MAE
Transformation  N© of Samples ~ Window (mm - day ) (mm - day ™)
0 2.408 1.010
1 2.296 0.979
1000
2 2.283 0.988
3 2.282 0.993
0 2.190 1.029
B 1 1 2.129 1.007
Xponentia 9500
2 2.130 1.010
3 2.128 1.009
0 3.502 1.609
1 3.458 1.560
2473
2 3.430 1.561
3 3.429 1.560

Source: Developed by the author.
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APPENDIX B - COMPLETE TABLE FOR THE RELEVANT VARIABLES

Table 13 — The frequency of each climatological variable found relevant for each set of twelve
experiments, according to the transformation applied to the evapotranspiration
metric. The variables most frequently present are highlighted in blue.

Variable Linear Box-Cox Square Root Natural Logarithm
Trean 6 12 8 12
Traz 9 12 12 12
Tonin 3 4 1 4

RH ean 8 10 0 11
RH 0. 11 8 4 12
RH i 11 12 12 12
DP,ean 6 12 8 12
DP,uz 2 1 0 0
DP,in 8 1 1 2
Prcan 0 0 0 0
Pz 0 0 0 0
Poin 0 0 0 0
Wspeed 12 12 12 12
Rad 12 12 12 12
Prec. 0 0 0 0

ETy 1] 9/9 9/9 9/9 9/9

ETy 2] 4/6 4/6 4/6 4/6

ETy[-3] 1/3 1/3 1/3 2/3

Source: Developed by the author.
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APPENDIX C - GRAPHICAL COMPARISON BETWEEN THE EXPECTED TIME
SERIES AND INFERRED DATA

Figure 28 — A graphical comparison between the expected time series and the results obtained
after each climatological variable was removed from the dataset; subsequent inference
of the components based on the Bayesian Network structure.

(a) Maximum relative humidity. (b) Minimum relative humidity.

(c) Mean relative humidity. (d) Mean dew point temperature.

(e) Maximum temperature. (f) Mean temperature.



Figure 28 — Cont.

(g) Wind speed. (h) Net solar radiation.

Source: Developed by the author.
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ANNEX A - AN IMPROVED BAYESIAN NETWORK SUPER-STRUCTURE EVALUATION
USING PHYSARUM POLYCEPHALUM BIO-INSPIRATION

This Annex contains the complete paper presented at the XXIV Brazilian Congress on
Automatics (Congresso Brasileiro de Automatica - CBA /2022).

This paper provides and discusses an improved implementation for a bio-inspired score-and-
search method to build a Bayesian Network super-structure from data.

As discussed in the original paper, one of the main contributions of this work is its fast
convergence to a good structure, from structural and score-based standpoints.

Another contribution regards its innate ability to deal with this class of NP-hard super-
exponential problems. As the original Physarum Solver finds the optimal path between two

nodes even on a complete graph, this method can deal with graphs with many nodes and edges.
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Abstract: Bayesian Networks are a powerful tool to assess association relationships between
variables on a given observed system. Despite their usage on several areas, the task of obtaining
such structure exclusively from observational data is a well-documented NP-hard problem.
Physarum Learner is a method to obtain a Bayesian Network from a data set, based on
the foraging behaviour of the Physarum polycephalum, a member of the Myxomycetes class.
However, the original method overlook crucial characteristics of this combinatorial problem.
In the work here presented, we implement three changes to the Physarum Learner original
algorithm and apply this improved method on three well-known benchmark data sets. Our
results indicate a faster convergence point identification, while achieving good structures from

a scoring standpoint.

Keywords: Equivalence class; Bayesian networks; Physarum Autonomous Optimisation;

Bio-inspired algorithm.

1. INTRODUCTION

Bayesian Networks (BNs) are a type of Probabilistic
Graphical Model that can be used to build models from
data or expert knowledge, and provide a robust and
mathematically coherent framework for the analysis of
several kind of problems (Uusitalo, 2007). This method
is becoming increasingly popular to model uncertain and
complex domains such as medicine (Shen et al., 2022),
traffic engineering (Wang et al., 2022), and risk assessment
(Ruiz-Tagle et al., 2022). This wide usage is mostly due to
its function to point at associations between a large set
of variables from the observed system, in an explainable
format.

Despite the usefulness of BNs in analysing complex sys-
tems, the construction of the structure which best com-
prehends the associations between a variables of a given
system, referred to as an optimal solution, is a well-known
NP-hard problem (Chickering et al., 2004). Most of the
algorithms proposed to build BNs from data fall into
three categories: constrain-based (CB) methods, search-
and-score (SS) methods, and hybrid methods.

The constrain-based (CB) methods employ conditional
independence (CI) tests to create their structure (Koller
and Friedman, 2009), which in one hand scale up better to
problems with many variables, but on the other provide a
structure with lower accuracy when compared to the next
two methods (Natori et al., 2015).

The score-and-search (SS) methods use any suitable scor-
ing function to rate a candidate Bayesian network, and
search for a structure that optimises said score through
adjustments on the elements of said network (Cooper and
Herskovits, 1992). Although the results with this approach
are usually more accurate for smaller networks, it becomes
unfeasible when dealing with a problem with many vari-
ables, due to the super-exponential increase on the number
of candidate structures that it would have to score (Gross
et al., 2019).

Lastly, hybrid methods such as the one presented in Dai
et al. (2018) make use of techniques from the CB approach
in order to reduce the search space, then use procedures
based on the SS approach to examine this constrained
search space and provide a solution. This class of methods
allow for a fast reduction of the search space, which is
then used as a small subset of structures to be scored and
searched upon.

The Physarum Learner algorithm employs a hybrid ap-
proach to provide a Bayesian Network exclusively from
data (Schon et al., 2014), based on a Physarum Autonomic
Optimisation (PAO) (Tero et al., 2007) methodology. Al-
though this algorithm provides good structures according
to a given score, as provided in the original article, the
procedure described there presents an approach that can
be improved in terms of score convergence, computational
time, and coverage of the evaluated structures.

As described in Chickering (2013), the procedure to build
a BN exclusively from fitting the structure to the data



according to a given score function generates a family of
graphical structures with the same or very similar scores.
This family of structures is called an equivalence class,
where the most complete structure that encompasses all
possible graphs from the same equivalence class is referred
to as the super-structure for the association relationships
on that data set.

The original Physarum Learner performs an extensive
search on the space of possible structures given a starting
point, this initial configuration is then used throughout
all iterations of the method, which causes the search
procedure to be trapped in a local optima, a common issue
with heuristics with a single starting point for the solution
(Mao et al., 2021).

The exhaustive nature of the PAO approach on Physarum
Learner taken causes the algorithm to conduct the eval-
uating process for new candidate structures regardless on
whether or not the score has reached a plateau. Given
the nature of super-structures from the learning process
exclusively from data, one could interrupt the learning pro-
cess once small changes in the network provide a negligible
change in score, or none at all (Wang et al., 2021).

In this paper we present a modified version of the
Physarum Learner algorithm, which is comprised of three
new steps in order to tackle some of the perceived issues
on the original method. First, our approach is to abort
the search procedure once the score has stagnated for
a number of iterations. Second, as the main goal is to
minimise a given score, we include one step to change the
direction or presence of edges after each iteration, to cover
a larger search space for a suitable super-structure. Third,
in order to minimise the issue of premature convergence to
a local optima, our approach uses different starting points
across iterations, which helps to create diverse starting
points to the subsequent search-and-score steps.

Our method is shown to achieve promising results on
small and medium benchmark data sets, with a fast
convergence and sound structures when compared to the
expected result. We also provide our code for our improved
implementation of the Physarum Learner using Python in
an open-source approach, as well as the data sets used for
the testing and validation of the method.

Section 2 summarises the theoretical background on
Bayesian networks, and presents the relevant basis on the
original Physarum Learner method, as well as the descrip-
tion of the data sets used. Section 3 contains the algorithm
description and the improvements made when compared
to the original version. Section 4 shows the results of the
algorithm applied to the previously mentioned data sets
and the pertinent discussion. Finally, Section 5 contains
the conclusions achieved from the presented results.

2. THEORY
2.1 Bayesian Network

Formally, the function of a Bayesian Network (BN) is to
estimate a joint probability distribution (JPD) based on n
discrete random variables, from a data set D taken from
the observed system (Koller and Friedman, 2009).

A BN B = (G, ©) is defined by a Directed Acyclic Graph
(DAG) G, and a set of conditional probability tables ©.
These structures are referred to as BN’s qualitative and
quantitative parts, respectively (Neapolitan, 2004).

For the qualitative part of a BN, let G be a DAG comprised
of a set of vertices V. = {v;}iz12. n, and a set of
directed edges E = {€;;}i j=1,2,...n:izj- Each v; represents
a random variable from the data set D, and each e;; €
{0,1} indicates the absence or presence of a directed edge
pointing from the vertex v; to the vertex v;.

For the quantitative part, © = {6;};=12,.. , is the set of
conditional probability distributions for each one of the
n observed variables. As such, §; = p(v;|P;), where P,
denotes the set of k vertices where er; = 1 from the
aforementioned graph G, also known as the parents’ set
of the vertex v; on the graph.

Figure 1 represents a Bayesian Network of a toy problem
known as the “Sprinkler Network”, presented in Murphy
(1998). Each vertex represents a binary variable of inter-
est, the edges illustrate associations among the variables,
and every conditional probability table for every random
variable is explicitly presented.

Cloudy = F Cloudy = T
0.5 0.5
Cloudy
Cloudy ‘ Sprinkler = F Sprinkler = T \ Cloudy | Rain = F Rain =T
F 0.5 0.5 Sprinkler Rain
T 0.9 0.1 \ /
WetGrass
Sprinkler Rain ‘ WetGrass = F WetGrass = T
F F 10 0.0
T F 0.1 0.9
F T 0.1 0.9
T T 0.01 0.99

Figure 1. Bayesian Network for the “Sprinkler” data set,
adapted from Murphy (1998). The fact that all four
variables are binary allow for a representation of false
(F) or true (T) for the occurrence of each one. Every
variable on this system has a conditional probability
table associated with them, which represents the
chance of a given outcome taking into account the
variables associated with the one being observed and
their outcomes, defined on the main text as p(v;|P;).

Given both the qualitative and quantitative parts of the
network, the joint probability distribution of the variables
on B can be estimated through the Bayes’ chain rule,
defined as follows:

n

p(’Ul,’UQ,...,’Un) :Hp(vl|Pl) (1)

i=1

The main task of an algorithm designed to create a BN
from data revolves around an optimisation problem: find
a structure B whose joint probability distribution best fits
the one from the given data set D provided.

Ref. Broom et al. (2012) shows that one approach to
this optimisation problem is to find the DAG which best
represents the association relationships between variables
present on the data set. The adequacy of a given graphi-
cal structure can be estimated through a fitness function
that associates a candidate graph with the provided data



set. Examples of fitness functions for this scoring proce-
dure include the Bayesian Information Criterion (BIC)
(Schwarz, 1978), and the Bayesian Dirichlet equivalence
with uniform prior metric (BDeu) (Buntine, 1991).

2.2 Physarum Learner

Physarum polycephalum (“multi-headed slime mould”) be-
longs to the Amoebozoa group, in the class Myxomycetes
(Stephenson and Stempen, 2000). During the active veg-
etative stage of its life cycle, called “plasmodium”, it can
extend for up to 30230cm?, and move to a maximum speed
of 4em per hour, as a multi-nuclear unicellular being (Vogel
and Dussutour, 2016).

The seminal work in Nakagaki et al. (2000) presented
the ability of the Physarum polycephalum in consistently
finding the shortest path between two sources of food
in a maze, during its plasmodium stage. This behaviour
kindled the interest of researchers on several areas into
analyse, understand, and model the behaviour of this
brainless being (Oettmeier et al., 2020). A survey on the
subject can be found in Gao et al. (2018).

One particular area that benefited from the maze-solving
experiment was mathematical modelling and route opti-
misation. Physarum Solver is an adaptive mathematical
model which simulates the foraging behaviour of the P.
polycephalum as presented in Nakagaki et al. (2000), and
it is first proposed in Tero et al. (2006).

Physarum Solver’s original purpose is to find the optimal
path between two vertices on a weighted undirected graph,
similar to the classical Dijkstra’s algorithm, and was
proven to provide the optimal solution for a graph on a
Riemannian surface (Miyaji and Ohnishi, 2008). As the
work in Nakagaki et al. (2000) describes the behaviour of
the P. polycephalum on a maze, the weighted undirected
graph used on the Physarum Solver algorithm is referred
to as Physarum maze, and the initial and final vertices on
the path-finding problem are called source and sink nodes,
respectively.

Physarum Learner (Schén et al., 2014) is an algorithm
which employs the Physarum Solver modelling as an
auxiliary structure to build a BN from a data set. Figure
2 presents a flow chart for the original Physarum Learner
algorithm, containing its main steps.

Given a data set containing n variables, the Physarum
Learner algorithm starts by creating two graph structures:
a fully-connected undirected graph, which will act as the
“maze” for the Physarum Solver computations, and a
directed graph, upon which the BN will be built on. Both
structures contain n nodes each.

For the initial set up of the Physarum maze, the pa-
rameters for the edges on the Physarum maze are set to
standard values. This structure will serve as an “external
memory” for the creation of the BN, and its parameters
will be updated accordingly on the next steps.

As for the directed graph, the algorithm creates edges
connecting every pair of nodes, on a random direction.
This decision presents no issues from a structural stand-
point, given that the structure will be rebuilt after the first
iteration of the algorithm.

evaluate PhyMaze

v
initialise create

structures list with

best edges

__,| create
structures

1

1

create
pairs list

reached
stop
criteria?

register
best BN
I
I
:
v

Figure 2. Flow chart depicting the Physarum Learner
(Schon et al., 2014) algorithmic structure, with im-
provements presented in this article. On the left, the
main structure is presented. The internal structure
for the “evaluate PhyMaze” block is expanded on
the right, as this block comprehends the interactions
between the PhyMaze — an undirected graph — with
the Bayesian Network been built. The boxes in blue
are from the original algorithm, while the boxes in
cyan show where the improvements from this work
were made.
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The original Physarum Solver algorithm finds the optimal
path between a pair of variables on an undirected graph.
For this reason, the Physarum Learner algorithm creates a
list of every pair of nodes contained on its Physarum maze.
This ensures that every pair of nodes and, consequently,
every pair of variables, will be evaluated during execution.

One pair is chosen at random to represent the input
source/sink nodes for the Physarum Solver algorithm.
The parameters on the edges on the Physarum maze
will be updated, reflecting the attempt to find the best
path between this pair. The edge directly connecting the
pair taken as source/sink from the previous step has its
parameter set above a threshold value, even if the result
of the Physarum Solver iteration did not set it as such.
This ensures that all the edges will be considered at least
once to be part of the BN on the next step.

Once the Physarum Solver iteration ends, the algorithm
performs an evaluation on the resulting maze. This is
the step which represents the interfacing between the
undirected graph and the Directed Acyclic Graph (DAG),
representing the BN.

The evaluation of the maze consists of creating a list
containing every edge from the Physarum maze whose
parameters surpasses the given threshold. All the other
edges that don’t comply with this criteria based on the
Physarum maze are removed from the BN, if present.



For every edge present on the edges list, the algorithm
attempts to insert the same edge on the DAG. Considering
both directions for the edge, if the inclusion of it does not
result in a cycle on the graph, and there is an improvement
on the score from inserting this edge on given direction,
this edge is considered as candidate to be permanently set
on the DAG. Once the best connection is found among
all the edges on the list, this connection is removed from
the list, and an edge is set on the DAG considering the
direction which provides the best improvement.

If a connection that provides the best improvement is
found, then a feedback is applied to this edge on the
Physarum maze. This feedback ensures that this edge will
be obtained for the next evaluation step, and will not be
removed from the DAG structure.

Finally, when there are no more edges on the list that
provide a score improvement for the BN, a feedback
function is applied to all of them, lowering their parameters
in order to prevent the Physarum Solver algorithm to
include those edges on the shortest path for the next
iteration.

One iteration of the algorithm is defined by the list of every
pair of nodes on the Physarum maze being depleted. Once
an iteration has end, the Physarum maze as the “external
memory” will contain the best edges found so far on the
BN, coded on the parameter values for its edges. For the
next iteration a new pairs list is created, and this time
the learning process take into account the edges already
identified as “best” for the BN from the previous iteration.

Let T be the total number of iterations on the Physarum
Learner algorithm. Considering one time unit as the time
for the algorithm to compute all the steps for a single pair
of nodes on the complete pairs list, one can describe the
time complexity for the algorithm O(n) as:

O(n) =~ T - n?

O(n) o n? @

As the algorithm performs all 7" iterations over the entire
pairs list, the best case is the same as the worst case, as is
the average case.

3. MATERIAL AND METHOD
3.1 Improved Physarum Learner

The original Physarum Learner algorithm exhibits good
performance to build a Bayesian Network (BN) from a
data set. Nevertheless, some of its presented features lead
to excessive time consumption to perform the task at hand,
as can be observed from the time complexity estimated on
Equation 2.

The blocks coloured in cyan on Figure 2 represent steps
modified from the original or entirely new blocks, on the
algorithm here named Improved Physarum Learner

First, the evaluation step on the original article assumes a
“greedy” approach to build a BN based on the Physarum
maze, as it considers the best edge one at a time to include
on the DAG. This procedure, although similar to the
classical algorithm K2, does not contemplate the fact that,

according to Equation 1, the joint probability is function
of every parent for every variable on the network.

This definition implies that, once a new set of edges is
inserted onto the graphical structure, a local search should
be performed over the obtained graph. This extra step
is required to determine the best direction for each edge,
given that all the other edges are already present on the
directed graph.

The implementation here proposed tries to change the
direction of every edge on the obtained BN, on a random
order, searching in the graph neighbourhood for a struc-
ture with a better score.

Second, the original algorithm ends an iteration only when
its pairs list is empty. This ensures that every one of the
approximately n? edges is considered to be inserted on the
BN at least once. This approach does not take into account
that the best structure might have already been found
during previous computations, achieving a local optima
super-structure.

A procedure to check for the eventual structure stagnation
across several evaluation steps is to verify if the score
for the obtained structure is kept constant, or within an
error margin, for a given number of pairs analysed. The
Improved Physarum Learner contains a structure which
checks for this score stagnation. If the score is identified
as constant, or within an error margin, after a percentage
of pairs have been analysed, the current iteration is then
finished.

Third, the original algorithm relies on the analysis of nodes
on the pairs list in a random order, and both the external
memory and the obtained BN are kept constant across
iterations. The order in which the pairs are considered
during an iteration may result in a bias for both structures,
to be carried across iterations.

In order to lessen this eventual bias, and to enable new
structures to be found, Improved Physarum Learner resets
the Physarum maze as well as the BN structure to their
original conditions. The best BN found so far is stored on
a separate structure.

Lastly, the original algorithm proposes the edges on the
first DAG to be set between all pairs of nodes, in random
directions. The computational cost involved in creating all
those edges and picking a random direction for each one
is prohibitive, specially when dealing with networks with
larger number of nodes.

Improved Physarum Learner creates its DAG structures
containing only the nodes for the random variables, and
no edges connecting them. This is a valid approach due to
the structure been overridden at each evaluation step.

This version of the algorithm is implemented in the
Python3 language, due to its broad usage on scientific re-
search, as well as to its open-source licensing. The complete
code is readily available upon request.

3.2 Data sets

Here we describe the data sets used as benchmarks for the
testing of our improved method.



Asia network  This Bayesian Network is proposed in
Lauritzen and Spiegelhalter (1988), as a tool to illustrate
how the method on the original paper works. The original
structure is reproduced here as Figure 3a. The structure
consists of eight nodes, and eight edges. Each node codifies
a binary variable, which can only assume the values of True
or Fulse.

We chose this structure as one of our benchmarks due to
its small number of nodes, and the fact that it is a weakly
connected graph, i. e. there is a path between every pair
of nodes if the direction of the edges is omitted.

Sachs network  This BN is presented in Sachs et al.
(2005), where the authors study possible causal relation-
ships on a protein-signalling environment. The structure
obtained on the original article is reproduced here as
Figure ba.

This structure is a good candidate to test the method
based on its relatively small size, and the fact that this
graph is not connected as the one presented in the Asia
structure. This is an interesting characteristic due to the
usage of a fully-connected undirected graph as an auxiliary
structure for the method.

Alarm network  This network is presented in Beinlich
et al. (1989), and encodes a medical monitoring system,
built from the authors’ expertise and medical textbook
literature.

The graph contains thirty-seven nodes, each representing
one out of three category of variable: a diagnostic, a
measurement, or an intermediate variable. The values for
all nodes are represented as a discreet value, with two or
three levels each.

This is a particularly interesting network to be used as a
benchmark due to the expert knowledge that it encodes.
Each of the “diagnostic” type of variables is independent
from the others, and are supposed to have no parents
on the graphical structure, given the assumption that an
identified condition characterised by a diagnostic is the
cause of the variables associated to it. As the method
here presented deals primarily with a data set, this a
priori knowledge from the structure is omitted, being used
afterwards to analyse the obtained structure.

4. RESULTS AND DISCUSSION

This section is reserved to the presentation and discus-
sion of the results obtained from applying the Improved
Physarum Learner on the benchmark data sets already
presented. The learning process was undertaken on a desk-
top computer with Fedora OS, processor Intel® Core™
i7-4970 CPU at 3.60GHz, and 32GB of RAM at 1600MHz.

The Bayesian Networks (BNs) super-structures obtained
are presented here on their graphical structure, with edges
direction purposefully omitted. The colour scheme for the
colouring of the edges is as follows: a green edge represents
a correct edge, pointing in the correct direction; a blue
edge represents a correct edge, but pointing in the opposite
direction of the original; and a red edge represents an edge
that should not exist. This correctness is based on the
original graphical structures for each data set.

The justification for this representation is based primarily
on the works of Pearl and Mackenzie (2018) and Cox
Jr. (2018). Ref. Pearl and Mackenzie (2018) arguments
that a finite data set can never encompasses all of the
relationships of association from a system within itself.
This also includes the direction of the edges in the obtained
structure.

Furthermore, Cox Jr. (2018) argues that a Bayesian Net-
work when built exclusively from data should be used as
a starting point for an expert to analyse the system, as a
result of the data set insufficiency on incorporating all of
the correct associations.

4.1 Results for the Asia data set

Figure 3b presents the graph obtained for the Asia data
set. As the data set with the least variables, the method
was able to find all correct edges, on the correct directions,
with exception of the edge Smoking — Lung cancer, which
was found to be on the opposite direction.

The extra edge Asia — Fither can be validated as an ex-
pected edge from the concept of “d-separation”. The same
reasoning can be applied to the extra edges Tuberculosis
— Xray, and Lung cancer — Xray.

Ref. Koller and Friedman (2009) defines d-separation as
a collateral edge resulting from the setting of the middle
random variable on a association chain. Consider the chain
X = Y — Z with X, Y, and Z random variables. As X
influences Y, and Y influences Z, if the variable Y has
its value fixed, the influence from X is “felt” by Z as a
collateral effect.

Although the extra edge Tuberculosis — Bronchitis can
not be directly explained using the concept of d-separation,
the association between these medical conditions is well
established on the medical literature (Martin et al., 1968).

For the fast convergence of the method, Figure 4 presents
the convergence of the BDeu score for the best BN struc-
ture obtained after each iteration of the algorithm, in
red, compared to the score for the original structure, in
blue. The convergence was obtained for a score lower
than the expected from the original after only three it-
erations, whereas the original algorithm would require at
least twenty-eight iterations to provide an answer for a
network with eight nodes. The structure learning process
for this structure took on average less than one minute
across several tests.

4.2 Results for the Sachs data set

Figure 5b presents the graphical structure obtained for
the Sachs data set. The Improved Physarum Learner
algorithm managed to find the same number of edges from
the original structure, although some edges were identified
in the wrong direction, compared to the original.

Despite the algorithm employing a fully-connected maze as
its external memory, it was able to allow the variables Plcg,
PIP3, and PIP2 to be disconnected from the remaining
graph, as the original structure requires.

Figure 6 present the score convergence for the best network
obtained after each iteration of the algorithm, in red. In
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Figure 3. Bayesian networks for the Asia data set. On the left, the original structure as described in Lauritzen and
Spiegelhalter (1988). On the right, the structure found with the improved method. Although the obtained structure
has more edges than the original, the absolute value of its BDeu score is marginally lower (better) than the score

from the original structure, given the same data set.

Figure 4. Semi-log representation for the convergence
of the BDeu score absolute value for the Improved
Physarum Learner applied to the Asia data set, in
red. In blue, the score for the original structure,
applied to the same data set. The detail presents the
iteration after which the obtained structure presents
a score marginally better than the original.

blue, the score for the original network on the same data
set. After the thirty-seventh iteration, the score for both
structures were exactly the same. The original algorithm
requires at least fifty-five iterations to provide an answer
for this network. The structure learning process for this
structure took on average fifteen minutes across several
tests.

This result raises a question concerning the relevance of
the direction of the edges when obtaining a score for given
structure. From the super-structure approach, both the
structures are the best from a score standpoint, requiring
an expert in the modelled system to point out which
one is the structure which more accurately comprises the
associations observed in the real world.

4.8 Results for the Alarm data set

For the Alarm data set, our method obtained twenty-four
correct edges with the right orientation, eighteen correct
edges with the wrong orientation, and eighteen edges that
are not present in the original structure. The fact that it
contains several extra edges reinforce the argument from
Pearl and Mackenzie (2018), considering the details from
this data set that were presented in Section 3.2.3. The

algorithm did not take into account the fact that, in the
real world, one diagnostic influences another diagnostic,
although the expert on this medical system presented
this constraint on the original article for the network, for
instance.

Several instances of wrong edges present on the obtained
structure could be dismissed from an expert on the system.
For instance, the associations obtained between different
diagnostics due to the knowledge that the events rep-
resented by these variables should not directly interact
with one another. On a similar manner, some instances
of wrong edges might be dismissed based on the concept
of d-separation presented before.

The obtained model did not encompass only four edges
present on the original network. To evaluate the correct-
ness of the structure missing these four edges, conditional
independence tests were run on each pair of variables,
given the values on the data set. For the four cases the
test pointed to independence between the variables within
a threshold, which illustrate the impact that the data can
have on the perceived best super-structure.

Figure 7 presents in red the score for the best structure
found after each iteration, compared to the score for the
original structure, presented in blue. As a result of the high
number of variables on this data set, the score achieved
several plateau levels during the execution. The structure
learning process took on average seventy-two hours for this
data set. This jump in computational time is expected
as the internal Physarum Solver algorithm takes on a
complete graph containing thirty-seven nodes, and the list
of source/sink pairs contains six hundred and sixty-six
different combinations.

The convergence test implemented was most valuable
for this data set. It allows for the reset of structures
after several iterations have passed with stagnated scores,
instead of waiting for the end of the pairs list, which may
take up to almost six hundred and seventy iterations.

5. CONCLUSION

In this paper we presented a version of the Physarum
Learner algorithm re-implemented and improved to tackle
computational weaknesses presented in the original method.

The Improved Physarum Learner achieved sound results
when obtaining the Bayesian Networks from benchmark
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Figure 5. Bayesian networks for the Sachs data set. On the left, the original structure as proposed in Sachs et al.
(2005). On the right, the structure found by us. Even with some of the edges on the opposite direction from the
original, both structures present equal BDeu score given the same data set. The method was also able to produce
a disconnected graph, in conformity to the original structure.

Figure 6. Semi-log representation for the convergence
of the BDeu score absolute value for the Improved
Physarum Learner applied to the Sachs data set,
in red. In blue, the score for the original structure,
applied to the same data set. The detail presents the
iteration after which the obtained structure presents
the exact same value for score as the original.

data sets, in a reasonable amount of iterations when
compared to the original method.

Our results also provides evidence for the intrinsic associ-
ation between the quality of a structure and the data set
used to learn it. Results in the Asia network show that
is possible to obtain a marginally better score with the
structure here presented when compared to the structure
on the original article. Results for the Alarm data set show
that a Bayesian Network is only as good as the data allows
it to be, given the perceived conditional independence on
a subset of variables that have an edge in the original
structure.

The results also corroborates the notion that multiple
directed acyclic graphs can represent the same association
structure from a scoring standpoint. In our case, both
the expected and obtained DAG are slightly different on
structure — direction of edges — but both present the exact
same score given the same data set.

Figure 7. Semi-log representation for the convergence
of the BDeu score absolute value for the Improved
Physarum Learner applied to the Alarm data set, in
red. In blue, the score for the original structure, ap-
plied to the same data set. The score for the obtained
structured become stable on several plateaus, before
becoming stable on a score slightly higher than the
score for the original structure.

As limitation of the presented method, and future works
within this context, we perceive a necessity for a mech-
anism that reduces the number of the nodes on the
Physarum maze for each iteration of the Physarum Solver,
as the total time required for this step across all iterations
is exponential according to the number of nodes on the
maze.
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ANNEX B - BAYESIAN NETWORK FOR HYDROLOGICAL MODEL: AN INFERENCE
APPROACH

This Annex contains the complete paper presented at the 2022 International Joint Conference
on Neural Networks (IJCNN), held at the 2022 IEEE World Conference on Computational
Intelligence.

This paper presents a Bayesian Network tailored to perform statistical inferences for the
evapotranspiration (Ety,) metric over complete or incomplete climatological data, with the
Penman-Monteith method as the gold standard.

Another contribution is a brief discussion about the importance of a stochastic modelling to
perform the inference of a metric traditionally estimated with analytical approximations.

The proposed method also has the property of allowing for estimates even in a scenario

where not all the climatological variables required by the gold standard method are available.
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Abstract—According to the Food and Agriculture Organisa-
tion, there are growing concerns about the availability and use
of water in agriculture. The hydrological model generates a water
balance and the resulting value indicates the amount of available
water in a given area. The calculation of the water balance
is fundamental for the development of new strategies for the
management of water resources. One of its main adversities is
the estimation of evapotranspiration, which may be considered
a fundamental component. This factor considers climatological
variables collected from weather stations that are spread over
large areas. However, there are frequent cases of long periods
of missing data. We evaluated the performance of a Bayesian
Network inference model for estimating evapotranspiration in
a large agricultural region in Brazil. To this end, the method
considered factors such as accuracy, missing data, and model
portability. The results indicate that the model achieves up to
86% accuracy when comparing estimated values to expected
values derived from the Penman-Monteith equation. The results
show that wind speed and relative humidity are the most critical
climatological variables for accurate estimation.

Index Terms—Evapotranspiration, Water Balance, Bayesian
network, Bayesian Inference

I. INTRODUCTION

According to the Food and Agriculture Organisation of
the United Nations (FAO-UN), there are growing concerns
about water availability and its usage in agriculture, which
can have a serious impact on food security [1]. Moreover, the
sustainable and conscious usage of water resources permeates
directly or indirectly several of the Sustainable Development
Goals (SDGs) proposed by the UN, including “SDG 2 - Zero
Hunger” and “SDG 6 - Clean Water and Sanitation” [2].
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One useful approach to assess the dynamic of water re-
sources from a region is the water cycle quantification [3].
This method comprises several dynamic factors, including
precipitation, irrigation, water percolation into the ground,
evaporation from the soil and wet vegetation, and plant tran-
spiration [4]. The last two factors are usually combined into
a single metric, defined as evapotranspiration and is often
considered to be the most relevant factor in the water cycle
[5].

Given its dynamic relation with climatological factors, the
evapotranspiration variable is difficult to measure directly [6].
According to the specialised literature [7]-[9], the empirical
method considered a benchmark for observed evapotranspi-
ration is the Penman-Monteith method. The main drawback
of employing the Penman-Monteith method to estimate the
evapotranspiration is that it relies on several climatological
variables [10], such as net solar radiation, vapour water
pressure, wind speed, relative humidity, and temperature.

Several additional empirical methods requiring fewer input
data have been proposed. For example, the Hargreaves-Samani
method [11] uses only temperature and extraterrestrial radi-
ation, the latter of which is algebraically estimated; and the
Benavides & Lopez method [12] uses temperature and relative
humidity. Additionally, models have been proposed that take
into account the climatological characteristics of a particular
region, such as the Turc method [13], which was proposed for
the western European climate, and the Linacre method [14],
which was calibrated for the Australian climate.

Several studies estimate evapotranspiration using machine



learning techniques. Recent work includes [15], in which the
authors used Convolutional Neural Networks (CNNs) and en-
sembles to estimate reference evapotranspiration and obtained
superior results in terms of variance and precision when com-
pared to Seasonal AutoRegressive Integrated Moving Average
(SARIMA) and Seasonal Naive approaches. While CNNs are
frequently effective as predictive models, they do not provide
an easily understandable model for humans [16].

Another recent example is presented in [17], where the
authors employ a hybrid model composed of Gray Wolf
Optimiser (GWO), Support Vector Machine (SVM), and data
preprocessing methods to estimate evapotranspiration solely
from this variable time series’. They obtained favourable
results for the observed region despite the absence of direct
climatological data. This method is only applicable if the pre-
ceding steps in the evapotranspiration time series are available.

A Bayesian Network is a probabilistic graphical model that
encapsulates statistical relationships between variables in an
observed system [18]. This model is applicable to a variety of
disciplines, including project management [19], safety science
[20], and traffic engineering [21]. Ecology is another field that
has benefited from this machine learning approach, whether
for inference over complex ecological variables [22] or for
establishing relationships between native species and their
habitat [23].

Due to the inherently probabilistic nature of Bayesian
Network modelling, it deals with stochastic variables [24].
Additional characteristics include its robustness in the presence
of missing data [18] and its structure provides an explainable
model that produces a comprehensive output for stakeholders
[25].

The present study uses a Bayesian Network model to esti-
mate evapotranspiration from meteorological stations located
in the area of five cities in a large agricultural region in Brazil.
The stochastic nature of the climatological variables used in
the Penman-Monteith method is incorporated into this model.
We show that our model achieves an accuracy of between 80%
and 86% in each area when all variables are present, compared
to the expected results from the Penman-Monteith method,
corroborating the proposed model’s quality and portability.
Additionally, we provide estimates with missing climatological
data, showing that the model can still produce high-accuracy
estimates without some variables required for the Penman-
Monteith method. Our findings indicate that wind speed and
minimum relative humidity are the most critical variables for
the proposed model.

The database used in this article contains climate time
series from various locations throughout Brazil’s MATOPIBA
region. This location is frequently mentioned as one of the
leading agricultural producers in the country [26]. The Na-
tional Institute of Meteorology (INMET) provides the original
raw data, which is maintained by the Brazilian government in
a public and open database.

Fig. 1. Geographical location of the MATOPIBA region in Brazil. On the
detail, the localisation for the cities whose climatological data was used for
this study. Detail axis represent latitude and longitude (in degrees).

TABLE I
SELECTED CITIES FROM THE MATOPIBA REGION.

City Coordinates Station code (INMET)

Luis Eduardo Magalhaes 12°05* 317 S A404
45° 48 18" W

Correntina 13°20” 34”7 S A416
44° 38 13" W

Imperatriz 5°31" 33" S A225
47° 28 33" W

Formoso do Araguaia 11° 48 09” S A039
49° 31" 427 W

Alvorada do Gurgueia 8° 257 26”7 S A336
43° 46> 37" W

II. MATERIAL AND METHOD

This Section contains the theoretical basis required to sub-
stantiate the results, discussion and conclusion presented in
this paper.

A. Brazilian MATOPIBA region

MATOPIBA is a region in the north-eastern Brazilian region
that includes parts of the states of Maranhdo (MA), Tocantins
(TO), Piaui (PI), and Bahia (BA) (Fig. 1). This region accounts
for a sizeable portion of the soybean and livestock production
in Brazil [27]. According to the K&ppen climate classification,
the majority of the MATOPIBA region has a Tropical Savanna
(Aw) climate. The climate is semi-humid, with a dry winter
(May to September) and rainy summer (October to April), with
annual precipitation ranging between 1000 and 1600 mm [28],
[29]. The cities of MATOPIBA whose data were used in this
study are listed in Table 1.

According to the Brazilian Institute of Geography and
Statistics (IBGE), the municipality of Luis Eduardo Magalhdes



in Bahia has the state’s seventh-largest economy [30], in
addition to being a major producer of soybeans, cotton, and
corn [31]. Correntina, also located in Bahia, is a region with
significant agricultural potential but is still in its infancy
[32]. Imperatriz, in Maranhdo, is the state’s second-largest
economy [33]. Formoso do Araguaia, located in Tocantins, is
the state’s largest municipality and boasts the world’s largest
continuous area of irrigated rice, in addition to favourable
climatic conditions for high yields [34]. Finally, the city
of Alvorada do Gurgueia in Piaui is notable for its robust
economy, agricultural potential, and abundant natural water
resources [35]. These cities were chosen for their importance
to the MATOPIBA region and will be used to evaluate the
method described in this document.

B. Reference evapotranspiration

Evapotranspiration ET is defined as a sum of plant tran-
spiration with the evaporation of water from the soil and wet
vegetation. This phenomenon is nonlinear and complex [4],
[5], consequently, robust nonlinear methods usually are used
for modelling [5].

In irrigation planning and water distribution management,
it is necessary to estimate E7. As the evapotranspiration
dynamic is distinct from each crop species and its development
stage as well as from each substrate, a reference evapo-
transpiration ETp metric is commonly employed [36]. The
benchmark conditions for this modelling are a hypothetical
reference crop with albedo of 0.23, on a soil with fixed surface
resistance of 70 s - m~! [36].

Among the various existing FTy methods, the application
of the FAO-56 Penman-Monteith equation [37] is widely used
and considered a standard norm [37]-[39]. This equation has
two advantages over many other methods. The first advantage
indicates that it is a predominantly physical approach and can
be used globally without the imposition to estimate additional
parameters. The second advantage shows that it is a well-
documented method, implemented in various software and
tested using a variety of lysimeters [37], [38], [40].

In agreement with the Penman-Monteith method, E7Tj can
be estimated using Eq. 1 [36].

0.408A(Ry = G) + 7 (73%55 ) Ua(es — ca)

A+ (1 +0.340,)

From Eq. 1, ETj is estimated in mm - day_1

variables presented on the Eq. 1 are as follows:

o A[kPa-°C™!] is the slope for the vapour pressure
curve, obtained from the daily mean temperature and the
saturation vapour pressure from that temperature;

e R, [MJ-m~2-day '] is the net solar radiation, which
is the balance of the net incoming shortwave radiation
and the net outgoing longwave radiation. The estimate of
this parameter takes into account the latitude and altitude
for the observed site, as well as minimum, maximum,
and mean temperature, the actual vapour pressure and
the total incident solar radiation;

ET, = &)

unit. The

o G[MJ-m2-day'] is the soil heat flux density, that
may be considered null given a sufficient long time frame;

o 7 [kPa-°C™'] is the psychrometric constant, a relation
between the partial water pressure in air to the tempera-
ture;

e T[°C] is the mean daily temperature;

o Uy [m-s7!] is the on-site wind speed, measured at 2
meters height;

e e5[kPa] and e, [kPa] are the saturation and actual
vapour pressure, respectively.

Except for the variables 1" and Us, all of the above factors
were obtained through intermediate equations and approx-
imations. Ref. [36] presents a detailed discussion on the
intermediate steps.

For this paper, the climatological data used for the ETj
estimate were minimum, maximum, and mean temperature,
minimum and maximum relative humidity, wind speed, and
total incident surface radiation.

C. Bayesian Networks

A Bayesian Network is a probabilistic graphical model that
expresses the Joint Probability Distribution (JPD) across data
using a direct acyclic graph. This model describes the proba-
bilistic dependence of variables in an observable system [41].
The relationships presented in this model are derived entirely
from an optimisation procedure and raw data [42]. In this
case, edges from the proposed models represent probabilistic
dependencies and not causal links.

Rigorously, a Bayesian Network B comprehends a struc-
tural element in the form of a directed acyclic graph (DAG) G
and a set of Conditional Probability Tables (CPTs) ©, referred
to as the parameters of the structure [43].

Each vertex v; from G represents a variable from the
observed system, among all n variables. A directed edge
from vertex v; to vertex v; (i # j) express an association
relationship from the former to the latter. The set of all vertices
that have an edge that ends at vertex v; comprise the parents’
set for v;, denoted Pa(v;). Accordingly, each vertex that has
v; on its parents’ set is called a child vertex for v;.

For each observed variable v;, there is a CPT #; € ©
that describes the probability of each possible state for v,
conditioned to each combination of states from all variables
on Pa(v;). In a short notation, the CPT for each v; variable
can be denoted as p(v;|Pa(v;)), for each state of v; and each
combination of states from the variables in Pa(v;).

As described in [44], the task of finding the Bayesian
Network that best encapsulates the JPD p(vy,vs,...,v,) =
[T, p(vi| Pa(v;)) exclusively from data can be approached
as a DAG optimisation problem. One common technique to
solve this combinatorial NP-hard problem is to employ a
score-and-search algorithm, where a viable metric is assigned
to each possible structure according to the provided data set,
and the algorithm is required to change the graph topology,
i.e. remove, add, and/or change edges direction to obtain the
structure with the best score.



Examples of scoring functions to evaluate adherence from
the DAG to data are the Bayesian Information Criterion (BIC)
[45], the Minimum Description Length (MDL) [46], and
the Bayesian Dirichlet equivalence with uniform prior metric
(BDeu) [47]. A version of the classical Hill Climbing approach
is commonly used to explore the search space of possible
graphical structures [48].

Once a good candidate for the DAG G for the BN is
obtained, the next step is to populate the CPT for each variable,
according to the configuration of edges. As each 6; encodes
the probability for each state of v; given the combination of
values possible from Pa(v;), it is possible to perform inference
tasks [49]. Given a subset of observed states from Pa(v;), the
BN can be inspected for the most probable outcome for v;.
From a different approach, the BN can be examined for the
most probable state from v; that results simultaneously on each
observed state from the children of v; according to G.

D. Data availability

The data used for the experiments on this paper were
obtained from the INMET, which maintains a public data base
containing meteorological data from data collections stations
scattered throughout the Brazilian territory.

The download for original data from INMET can be found
at the address https://tempo.inmet.gov.br/TabelaEstacoes/xxxx,
where xxxx refers to the code for the required station. The
codes for stations used throughout this paper are presented as
the third column in Table I.

III. RESULTS AND DISCUSSION

In this Section, we present the result of obtaining a Bayesian
Network for the climatological data set from Luis Eduardo
Magalhaes, as well as results from the inference of ETj from
the graphical model. We also present discussions regarding the
adherence of the model with climatological interactions, the
relevance of variables from the data set, accuracy performance,
and model portability.

A. Bayesian Network for climatological data

In order to study probabilistic associations between vari-
ables from the original data set, the following climatological
components were extracted: mean, maximum, and minimum
temperature, maximum and minimum relative humidity, total
incident surface radiation, and wind speed, each one combined
into daily values. Besides, the reference evapotranspiration
from the Penman-Monteith method was obtained. Each entry
on the final data set is comprised of the daily climatological
data as cited and the evapotranspiration calculated.

Fig. 2 presents the graphical structure for the Bayesian
Network (BN) which best represents the association relation-
ships from the climatological variables and reference evapo-
transpiration obtained from Luis Eduardo Magalhdes data set.
This result was obtained from the HillClimb score-and-search
algorithm and BDeu scoring method, both from the pgmpy
Python package [50]. The Conditional Probability Tables were
omitted due to the high number of states from each variable

Fig. 2. Bayesian network obtained for the reference evapotranspiration (E7p),
considering the variables for the Penman-Monteith method applied on the data
set from Luis Eduardo Magalhdes. The climatological data represented by each
node is described on the bottom right of the figure.

presented. The complete data set for this location contains
6466 entries, and the mean time to obtain such graphical
structure was 1.01 seconds across 150 runs.

The associations presented by the edges on the BN rep-
resented in Fig. 2 are reasonable within the context of the
calculations and climatological models. For instance, the BN
managed to capture the relations between all three temperature
variables (I'min, T'max, and T'mean) which were expected
since all three nodes represent the same metric through differ-
ent perspectives.

One climatological association identifiable from the model
is represented between total solar surface radiation Rs and the
wind speed U2. The uneven absorption of solar radiation at the
Earth’s surface may result in spatial differences in atmospheric
pressure, leading to wind formation [51]. The associations
between the evapotranspiration £7°0, minimum and maximum
relative humidity, respectively RHmin and RHmaz variables
were expected as ET'0 estimates water loss to the atmosphere
from soil and vegetation.

From the graphical structure for the BN in Fig. 2, the pos-
sible values for the ET°0 are conditioned to each combination
of values from the variables RHmin and U2, since both
compose the parents’ set for this target variable. This result
suggests that the most relevant climatological data for a good
inference for the E'T°0 estimate are both relative humidity and
wind speed.

Another characteristic that stands out from the obtained
model is the lack of direct association between the total surface
solar radiation variable and evapotranspiration. This suggests
that for this particular model, the inferred value of ET0 is
independent of Rs, conditioned to the input of U2.



TABLE II
INFERENCE ACCURACY (%) FOR THE ET'0 VARIABLE FROM COMPLETE AND MISSING DATA, ACROSS SEVERAL CITIES FROM THE MATOPIBA REGION.

Removed variable(s) Luis Eduardo Magalhdes | Correntina | Imperatriz | Formoso do Araguaia | Alvorada do Gurgueia
- 82.5 86.3 85.5 83.1 80.2
U2 65.7 84.8 79.5 78.6 70.6
RHmin 79.2 80.4 80.8 79.1 73.8
Tmaz 83.0 86.5 85.5 83.1 79.8
RHmazx 80.7 84.2 87.2 78.0 76.3
All parents 64.3 79.3 74.2 75.6 66.7
All children 80.9 84.3 87.1 77.8 71.5
Both parents and children 53.0 67.8 73.7 59.9 54.8

B. Inference from complete and incomplete data

Once the graphical structure for the BN was obtained (Fig.
2), the next step was to evaluate the quality of the estimates
for the ET0 variable, under two different scenarios: inference
considering all the climatological data known, and the same
operation with fewer variables available.

Table II presents the results for the inference tasks. A k-fold
cross-validation was performed on each set of experiments,
with the iterator provided by the scikit-learn Python package
[52], and k value set to 5 across all experiments. A k-fold
cross-validation approach splits the data set into k disjoint
and evenly sized sets, to employ one partition as test set and
the remainder k—1 partitions as training set. This test/training
division is repeated k times until every partition is used once
as test set. Finally, the CPTs were populated at each iteration
considering the training set indexed by the iterator.

The second column on Table II presents the mean accuracy
for the ET0 estimates, considering the climatological data set
from Luis Eduardo Magalhaes.

The second row shows the accuracy for the first set of
experiments, where the expected E7'0 value is compared to the
most probable value from the inference over the probabilistic
structure considering known the values for each climatological
variable. Under this scenario with all data available for the
Penman-Monteith method, the model achieved a mean accu-
racy of 82.5%, with the wrong estimates being slightly more
often overestimates considering the expected value.

Subsequent rows from the second column present the mean
accuracy for ET0 estimates after removing each combination
of climatological variables required for the Penman-Monteith
method from the inference query. The removed elements were
the parents from the E7T0 variable according to the graphical
structure in Fig. 2, i. e. U2 and RHmin, as well as the children
from the target variable, these being T'maz and RHmax.

The results show that wind speed and minimum relative
humidity are the most critical variables to an accurate estimate
for the ET0 variable, with the lack of the former (third
row) resulting in the lowest accuracy when removing single
variables from the inference query. Accordingly, the removal
of both parents results in a worse accuracy performance than
removing both children (seventh and eighth row, respectively).

Finally, although the removal of each individual and both
children variables from the inference query (fifth, sixth, and

eighth rows, respectively) show no significant deterioration of
mean accuracy performance compared to the query with all
variables, the importance of these elements can be seen when
comparing scenarios with both parents removed (seventh row)
with that of parents and children removed (ninth row).

C. Inference for different cities’ data set

The next sets of experiments deal with the accuracy per-
formance for the inference of ET0 variable considering the
graphical model obtained from Luis Eduardo Magalhaes data
applied to other cities in the MATOPIBA region. These exper-
iments were carried to assess the portability of the graphical
model across cities, albeit from the same climate profile.

The experiments for each city followed the same design
as for Luis Eduardo Magalhdes, with k-fold cross-validation
and the CPTs learnt for each test set over the same graphical
structure presented in Fig. 2. The data set for each city
consisted of at least 4195 entries (Alvorada do Gurgueia) and
at most 5058 (Imperatriz).

Columns three to six from Table II present the accuracy for
estimates of ET'0 variable, under the same data availability
conditions from the previous experiment.

Considering the scenario where all the climatological vari-
ables required for the Penman-Monteith method were present,
the accuracy for the estimates across all four cities was
observed to be at least 80%. For all these locations the wrong
estimates showed a bias towards underestimates, which points
to a conservative inference from the model when applied to a
different data set from which it was originally built.

From the experiments where a single variable was removed
from the inference query, the inference results for all cities
show that wind speed is the most critical variable, except for
Correntina, which presents the lowest accuracy when mini-
mum relative humidity is removed. This is a coherent result,
given that both wind speed and minimum relative humidity
are parent variables for £7°0 on the graphical structure.

Across all data sets the inference performance was worse
when removing both parents than removing both children. This
result suggests a similar level of association between these five
variables — U2, RHmin, RHmax, T'maz, and ET0 — across
all data sets.



IV. CONCLUSION

In this article, we presented a Bayesian Network to evaluate
relationships between climatological variables and evapotran-
spiration estimates, and to assess the performance of inference
tasks on this probabilistic nature, under both scenarios of
complete data and missing variables.

Our results have shown that the model achieves up to 86%
accuracy for estimates of the ET0 variable, and that wind
speed and minimum relative humidity are the most critical
variables for a high accuracy estimate.

We also have shown a consistent performance of estimates
when porting the model obtained for a city to other cities,
albeit from the same climate profile. This result suggests
that the model managed to capture the association between
climatological variables, and these relationships are persistent
at least within the same climate.

Future work on this subject include external validation for
this model when applied to regions with more dissimilar
climates, and a support framework to estimate the climato-
logical variables needed for the Penman-Monteith method via
a stochastic approach, such as Monte Carlo Markov Chain
(MCMC) based models.
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Abstract: The sustainable use of water resources is of utmost importance given climatological changes
and water scarcity, alongside the many socioeconomic factors that rely on clean water availability,
such as food security. In this context, developing tools to minimize water waste in irrigation is
paramount for sustainable food production. The evapotranspiration estimate is a tool to evaluate
the water volume required to achieve optimal crop yield with the least amount of water waste. The
Penman-Monteith equation is the gold standard for this task, despite it becoming inapplicable if any
of its required climatological variables are missing. In this paper, we present a stochastic Bayesian
framework to model the non-linear and non-stationary time series for the evapotranspiration estimate
via Bayesian regression. We also leverage Bayesian networks and Bayesian inference to provide
estimates for missing climatological data. Our obtained Bayesian regression equation achieves
0.087 mm - clay_1 for the RMSE metric, compared to the expected time series, with wind speed and
net incident solar radiation as the main components. Lastly, we show that the evapotranspiration
time series, with missing climatological data inferred by the Bayesian network, achieves an RMSE
metric ranging from 0.074 to 0.286 mm - day_l.

Keywords: irrigation planning; decision support system; artificial intelligence; stochastic modeling;

Bayesian inference

1. Introduction

Water maintains life. From a broad perspective, water resources are at the core of
several vital elements such as ecology [1], agriculture [2], transportation [3], electricity
generation [4], and thirst quenching [5]. Water resources also impact many sociopolitical
and economic areas and are essential for human survival, alongside other natural and
human resources. Given the importance of these factors for the development of humanity,
the United Nations (UN) proposed sustainable development goals (SDGs). These goals
consist of seventeen components with their underlying objectives proposed as guidelines
for the rational and sustainable development of all UN member states [6]. In Brazil,
many socioeconomic factors are directly tied to the use of water resources. For example,
hydroelectric plants generated the majority of the country’s electricity generation capacity
of 181.6 GW for 2022, with a share of 60.2% [7]. Brazil is also a key contributor to global
food security, ranking in 2021 as the world’s largest producer of coffee beans, oranges,
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and soybeans; the second-largest in cattle meat; and the third in maize and chicken meat,
among several other agricultural and livestock products [8]. The intricate interactions
between soil, plants, and atmospheric systems play a pivotal role in food production [9].
Therefore, techniques that aid in producing nutritious food based on limited components
of soil and water resources are paramount due to climate change and the scarcity of water
resources [10].

The productivity of crops is one of the predominant factors in the maintenance of
food security. The total yield of a crop is highly correlated with factors such as nutrient
satisfaction, the application of pesticides, sunshine, and water availability [11]. Wheat is
one of the three main cereals that underpin global security—alongside maize and rice—and
serves as an example to highlight the amount of water required to produce a significant
quantity of such an essential commodity [12]. In 2021, mainland China was the world’s
largest wheat producer, with an estimated harvested area of 23.5 million hectares, according
to the UN’s Food and Agriculture Organization (FAO-UN) [8]. Based on a rough approx-
imation where the estimated area is composed solely of winter wheat, which requires
approximately 120 mm (1200 m3- ha~!) for optimal production under regular climate
conditions [13], the water required solely for this crop during its production cycle amounts
to about 2.828 x 10'” mm as a volume measurement over a standardized area of 1 m?.
This water volume for the consumptive use of one crop in one country underscores the
importance of policies that promote the sustainable and rational use of water resources

One method to minimize the waste of water in irrigation is to perform the climatologi-
cal water balance for the cultivated area. This task consists of monitoring climatological
events—mainly evapotranspiration and precipitation—to estimate the availability of water
resources to the crops in the area [14]. The Penman—-Monteith equation is the gold standard
for estimating a reference evapotranspiration metric under standardized conditions [15].
The method demands the acquisition of climatological variables—net solar radiation, wind
speed, temperature, and relative humidity—whose measurements may not be available
for a given area [16]. Several other empirical equations are present in the literature, most
as simplifications from the gold standard for specific regions or to deal with the lack of a
given climatological variable [17]. Many authors have presented different approaches to
tackle the issue of evapotranspiration estimates from data leveraging computational power
and algorithmic resources [18-22]. Moreover, the method proposed in [23] models and
discusses evapotranspiration on a global scale unaided by soil and vegetation data, and the
review in [24] covers many evaporation and evapotranspiration estimate methods from the
standpoint of several applications, their requirements, and characteristics.

Reliably assessing the parameters of the climatological water balance is paramount
for achieving sustainable water usage and providing food security for the population [25].
Despite the multitude of techniques and approaches to estimate these parameters—mainly
evapotranspiration—most methods presented in the literature lack flexibility when a re-
quired climatological factor is unavailable, becoming inapplicable [18]. Another character-
istic of many methods that provide forecasts based on climatological or agrometeorological
data is their inability to cope with the nonlinearity and non-stationarity inherent to these
elements [26,27]. As such, the specialized literature reveals a knowledge gap for stochastic
methods with a degree of flexibility that allows them to perform even with incomplete
information.

A method class that resonates with the purported characteristics is the stochastic
Bayesian regression analysis, which estimates the probability distribution functions that
best fits the data [28]. This process has the innate ability to assimilate the non-deterministic
and non-stationary characteristics in the data and provide a robust tool for modeling
real-world data in several fields, such as medicines [29] and power planning [30]. An-
other method based on Bayesian statistics is the Bayesian network (BN), which is an
approach based on probabilistic graph models encompassing association relationships
between stochastic variables, which allows for the query of the most probable outcome
of a given variable based on a complete or incomplete observation of the other variables
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in the model [31]. Examples of fields of study that benefit from BN modeling include
environmental science [32], supply chain analysis [33], and engineering reliability [34]. The
main drawback of this method relies on finding the directed acyclic graph that presents the
best adherence to the data, which is a super-exponential problem based on the number of
observed variables and belongs to the NP-hard class of problems [35].

The contributions of this paper are three-fold: first, we present and discuss a fully
stochastic computational framework to determine the climatological variables that are
most relevant to estimate daily evapotranspiration exclusively from data based on semi-
parametric modeling, Bayesian statistics, and MCMC methods. Second, we establish a
Bayesian logistic regression equation to incorporate climatological data characteristics
of nonlinearity and non-stationarity. Thirdly, we present a BN structure to support the
inference task of missing variables, which provides flexibility to the proposed model
and allows for its usage under different scenarios of data availability. We also show the
performance of the proposed BN to infer any of the missing relevant climatological factors
based on the evidence as samples of the other variables and achieve reasonable error
metrics for evaporation estimate from the logistic regression with inferred data against the
expected value. Lastly, we compare the behaviors of measured precipitation, estimated
evapotranspiration—both from the Penman-Monteith equation and the proposed method—
climatological water balance, and in situ tensiometer data to verify the adherence of the
theoretical models to real-world applications.

The remainder of this paper is structured as follows: Section 2 provides the theoretical
background relevant to the conducted experiments and discussions for both the climato-
logical models and fundamentals of Bayesian modeling. Section 3 presents the employed
data, evaluated models, and descriptions of the main algorithms. Section 4 presents the
results and discussions pertinent to the proposed experiments. Lastly, Section 5 presents
the conclusions of this paper, alongside remarks about the advantages and drawbacks of
the proposed methodology and a few identified gaps for future works.

2. Theory

This section provides a theoretical background of the topics discussed throughout this
work. Sections 2.1 and 2.2 present a theory for the climatological and agrometeorological
components of the discussion, while Sections 2.3 and 2.4 focus on the Bayesian inference
and BNs.

2.1. Reference Evapotranspiration—Penman—Monteith (FAO-56) Method

Estimating the amount of water evaporated and transpired by the culture and evapo-
rated from the soil is vital to determine the irrigation volume required for optimal produc-
tion. However, it is difficult—or in some cases, practically impossible—to measure directly
due to various climatological factors.

In light of the significance of evapotranspiration, the literature offers diverse analytical
methods [36-39] to estimate it from climatological variables based on various environ-
mental conditions [17]. These traditional methods utilize regression analysis to model
and extrapolate the evapotranspiration metric conditioned on the availability of specific
climatological variables, such as the Hargreaves—Samani equation, which relies solely on
mean temperature and extraterrestrial solar radiation [36]. Another instance is the Linacre
method, calibrated according to the Australian climate [37].

The Food and Agriculture Organization [15] has designated the Penman-Monteith equa-
tion as the gold standard for estimating standardized evapotranspiration for a grass crop
(vegetation height = 0.12 m, albedo = 23%) on soil with a fixed surface resistance of 70 S - m~!
without water restrictions. The original Penman—-Monteith equation is presented here as
Equation (1), which estimates the ETj reference evapotranspiration in millimeters per day.

900
0.408A(Rn — G) + v <Tmean+273

A+ (1+0.34U,)

)Uz(es —eg)

ETo = ¢y
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The Penman-Monteith equation necessitates several climatological measurements,
including net solar radiation (R;), mean daily temperature (Tyseqn), on-site wind speed at
2 m (Uy), and actual (e;) and saturation (es) vapor pressure. The slope of the vapor pressure
curve (A), the soil heat flux density (G), and the psychrometric constant (7y) are additional
parameters.

Despite its high correlation with the observed value for the evapotranspiration metric,
the primary limitation of this equation is its dependence on several climatological factors.
Weather stations that can automatically provide the required data for the Penman—Monteith
equation are unattainable to most rural producers, resulting in this method being unfeasible
to estimate [40].

One analytical approach employed throughout the literature to estimate daily evapo-
transpiration based on fewer climatological variables is the Hargreaves—Samani method [36],
presented here as Equation (2). This method requires the mean, maximum, and minimum
daily temperatures—respectively Tyean, Tmax, and Tp;,—as well as an estimate for the
extraterrestrial incident solar radiation (R,;). Another common analytical approach is the
Benavides and Lopez method [39], presented as Equation (3), whose equation only requires
data on the mean daily temperature (T)eq,) and mean daily relative humidity (RHyeqn)-

ETorg = Rq % 0.408 x 0.0023(Tean + 17.8) (Tnax — Tuin) @
7.42T
ETpp, =121 x 10 (M’) (1 — 0.01RHyean ) + 0.21Tean — 2.30 3)
* mean

The variety of phytomorphology properties for crops used for plantations implies a
high variance for the water amount evaporated and transpired by the plants. For this reason,
and to provide a generic framework to estimate evapotranspiration under scenarios of
different cultures and development stages, the analytical equations—including the Penman—
Monteith approach—provide a standardized reference evapotranspiration (ETy = ET). To
estimate the evapotranspiration value for a given culture and development stage, one can
use the culture coefficient (k) to obtain the crop evapotranspiration (ET;) according to
Equation (4).

ET. =k.-ETy 4)

Throughout this text, the word “evapotranspiration” refers to the reference evapotran-
spiration ETy = ET unless stated otherwise.

2.2. Climatological Water Balance and Water Requirements

The water balance for a given region obeys the mass conservation principle summa-
rized by Equation (5), which describes the equilibrium of water inflows and outflows from
a control volume [41].

P=ET+Q+AS ®)

In Equation (5), the water inflow from precipitation (P) balances the outflows from
evapotranspiration (ET) and surface and subsurface runoff (Q), promoting a variation in
soil moisture (AS).

When considering a plantation scenario of groundwater flow equilibrium, a linear or
exponential function describes the surface runoff as a function of precipitation [42]. As
such, Equation (6) describes the soil moisture dynamics as a function of evapotranspiration
and precipitation.

P=ET+ f(P)+AS (6)

Assessing soil water content plays a fundamental role in establishing the water avail-
able to crops, which impacts plantation production. The water amount required for optimal
production depends on the culture, its development stage, and efforts to minimize wa-
ter waste.
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A simple approach to estimating the water content in a given region relies on clima-
tological data for precipitation and evapotranspiration, the so-called climatological water
balance, to estimate the available water deficit (awd), the percentage of water stored in soil
(st), and the net water balance [43]. Algorithm 1 presents the heuristics to assess the awd
and st metrics solely from the climatological factors.

Algorithm 1 Algorithm to estimate the accumulated water deficit curr_awd and water
stored curr_st based on evapotranspiration ET, precipitation P, and the previous values of
these estimates.

Require: ET, P, prev_awd, prev_st
1: if ET > P then
2. curr_awd < prev_awd + (P — ET)
curr_st + 100 - ecurr—awd/100
else
curr_st < prev_st + (P — ET)
if curr_st > 100 then
curr_st <— 100
end if
9: curr_awd < 100 - e
10: end if
return curr_awd, curr_st

curr_st/100

Given all these nuances, several methods estimate soil water content based on readings
of low-cost sampling equipment, such as tensiometers and capacitors, to provide decision-
support for the irrigation responsible [44]. One of these methods is the van Genuchten
equation, which estimates soil water content for a specific soil (¢, in percentage) based
on soil moisture content estimated by suction pressure (¢, in kPa) and experimental
coefficients [45]. Equation (7) provides the generic expression for the van Genuchten
equation.

0s — 6,
(1+ (aly))")"
where 0; is the saturated soil water content or field capacity, and 6, is the residual soil water
content or wilting point under the physical limitations of the tensiometers. The parameters
a [em™!], n,and m = 1 — 1/n are constants obtained experimentally based on the soil’s
characteristic water retention curve.

oG(y) =0, + @)

2.3. Bayesian Regression and Modeling

Regression analysis is a tool used to estimate the influence of a set of input vari-
ables over an output (response) variable [46]. Let y be the target variable and X =
(X1, X2, ..., Xn) be the set of components (or covariates) that may contribute to the values
of the outcome. Equation (8) presents a multiple linear regression of y as a linear combina-
tion of elements X; plus a constant value as the series’ DC component. The main task of
this regression is to estimate A = {ag, a3, ...,a,} as the set of regression parameters from
the dataset.

n
yza0+2aixi+e (8)
i=1

A random variable usually assumed with a Gaussian N(0, 02) distribution models
the regression error term ¢ (non-observed) in Equation (8). Under the frequentist approach,
the estimators of the regression parameters ag, a1, . ..,a, are usually obtained using the
minimum squares method, i.e., the set of coefficients that minimizes the square sum of the
errors [47]. The variance parameter 02 should also be estimated from the data.

Under a Bayesian approach (Bayesian regression model), we assume the same re-
gression model from Equation (8), while considering Gaussian errors, with the regres-
sion parameters 3; representing random quantities with specified probability density
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functions—also denoted as prior distributions—with hyperparameters ¢;. These hyperpa-
rameters may be univariate or multivariate, whose values are usually known, as represented
in Equation (9). If the hyperparameters are unknown, which comes from a hierarchical
Bayesian approach, each hyperparameter also requires—over itself—a prior distribution.

y =~ Bolgo) + é(ﬁi(‘?i) - Xi) +e ©)

Bayes’ theorem provides the means to obtain the posterior distributions for the re-
gression parameters f; [48]. Let D represent the dataset, 71(B) represent the joint prior
distribution for the vector of regression parameters, B = (Bo, f1,...,Bn), and L(B | D)
represent the likelihood function for B based on the data D. Under the assumption of
Gaussian distribution for the error ¢ in Equation (9), the joint posterior distribution for B,
denoted as (B | D), is given by the combination of the prior distribution 77(B) with the
likelihood function L(B | D), as described in Equation (10). The integral in the denominator
represents multiple integrals with dimension dim(B).

7(B)L(B | D)

(B D)= [, 7(B)L(B | D)dB

(10)

The integral in Equation (10)’s denominator represents multiple integrals with dimen-
sion dim(B), which presents the main drawback of the Bayesian regression analysis. An
analytical approach to estimate the term [; 77(B)L(B | D)dB usually becomes unfeasible.

Popular approaches extensively used in applied Bayesian analysis are Markov Chain
Monte Carlo (MCMC) method, such as Gibbs sampling or Metropolis-Hastings algorithms,
to simulate samples for the joint posterior distribution of interest [48]. The MCMC method
generates values from each conditional posterior distribution 7(8; | B(;), D), where ;) de-
notes the vector of all parameters, except §;, and is available in existing Bayesian software.

From the simulated samples of the joint posterior distribution of interest, we obtain
the posterior summaries of interest, such as Monte Carlo point Bayesian estimates for the
parameters of the model (usually the posterior means) or 95% credible intervals for the
parameters of interest.

The authors acknowledge the intricacies and hardships of the MCMC methods, such
as chain convergence, the sampler chosen, and initial values for the parameters in the
iterative method. These characteristics, albeit relevant, lie outside the scope of the present
work and were omitted. Please refer to reference [49] for more details on MCMC methods.

2.4. Bayesian Networks

Let D represent the dataset sampled from a system, which comprises n random
variables, i.e., variables whose values follow a probability distribution function. A BN is a
probabilistic graph model representing the stochastic association relationships between all
variables in a given system [31].

Let O be a characterization of the joint probability function, according to a product
measure for a system'’s n random variables X;,i = {1,2,...,n} based on arbitrary ordering.
Equation (11) provides a generalization for such a joint distribution.

n
P(Xlle,,Xn:XH)ZHP(XZZJCZ|X]:x],V]<Z) ]EN* (11)
i=1

It is possible to factor out the independent terms for each X; variable in Equation (11),
which relies on conditional probability distributions. Let pa(X;) represent the set of random
variables whose pairwise joint probability function satisfies the relation in Equation (12),
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given an ordering for the system’s variables. The set pa(X;) defines the set of parent
variables for X;.
X; € pﬂ(X]) <~ P(XZ = xi,X]- = x]) < P(Xz = xl)P(X] = x]-),
i>j, i,je{l,2,...,n} (12)

Equation (13) presents a simplified version of Equation (11), based on the variables X;
conditioned to their parents’ set pa(X;).

P(Xy=x1,..., Xn = x4) = [ [ P(X; | pa(X;)) (13)
i=1

A BN O is a probabilistic graphic model that represents the joint probability function
in Equation (13), based on a directed acyclic graph (DAG) G [35]. The BN'’s graphical
structure contains one vertex for each random variable X;, and its edges correspond to the
perceived mathematical dependency of a variable on its parents. Based on this definition,
each node X; has one directed path, starting from each X; € pa(X;) and ending on itself.

A relevant comment regarding the definition of the parent sets from Equation (12) that
reflects on the direction of the edges in G is that it establishes an ordering for the random
variables. Based on the symmetrical nature of the right-hand side of Equation (12)—
P(X;)P(X;) = P(X;)P(X;)—whether X; belongs to pa(X;) or X; belongs to pa(X;) is
entirely dependent on the ordering of the variables. Indeed, the edges in the graph of a
BN do not imply a causal relationship between random variables but rather association
relationships based on the variables’ ordering [50].

Each vertex on the BN has an underlying representation of the probability distribution
o; for its values, conditioned to each realization for the elements on its parent’s set. This
mechanism—usually a set of conditional probability tables (%) when all observed variables
are discrete—allows for inference queries for the most probable outcome of any given
variable, given a complete or partial observation of all the elements on this component’s
parent set. As such, both the DAG G and the collection of CPTs over the vertices X are
factors that fully describe a BN © = (G, %) [31].

Equation (14) presents a generalization for Equation (10) based on Bayes’ theorem, and
the most right-handed side component is valid if the dataset contains only independent
and identically distributed (i.i.d.) samples.

P(D | ©)P(©)

P©| D)= = pps

«P(D | ®)P(O) (14)

The model that has the best adherence to the underlying system is the one that
provides the best posterior probability based on the provided dataset under the (usually
naive [51]) assumption that the provided data fully represent the system’s behavior. As
such, Equation (15) provides a mathematical expression based on the right-hand side
Equation (14) to find the best model for the underlying system based on data.

max P(® | D) « argmax P(D | ©)P(©) (15)
(S

In other words, Equation (15) stipulates that the model parametrized by ® that pro-
vides the best likelihood of data given its parameters P(D | ©) is the one that provides the
best predictive posterior distribution P(© | D) for the system’s components.

Finding the best BN parametrized by © = (G, X) that maximizes the likelihood of
the data distribution according to the model, satisfying Equation (15), entails a graph
optimization problem [52]. This characteristic is due to the structural component of a BN
being a DAG, and the representation of the joint probability for each node relies on its
parent set.
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There are three main approaches to obtaining a BN to maximize the data likelihood
of the model: score-and-search, constraint-based, and hybrid methods. Score-and-search
methods employ a measure to score the model’s adherence to the data and search on the
graph space for a structure that improves this metric. Constraint-based methods rely on
conditional independence tests over the data variables to establish the edges on G, similar
to those presented in Equation (12). Lastly, hybrid methods start from a constraint-based
approach to scale down the graph search space and, afterward, a score-and-search method
to scour the reduced space.

The significant amount of time and computational power required to derive a Bayesian
Network (BN) from data are among the main disadvantages of this method. Despite these
substantial requirements, the inference queries on the BN structure rely on basic matrix
operations considering the CPT nodes.

3. Material and Method
3.1. Time Series for Climatological Data

The data employed throughout this paper originate from the Brazilian National Institute
of Meteorology (INMET—Instituto Brasileiro de Meteorologia). The dataset consists of time
series of seven climatological variables, i.e., temperature, atmospheric pressure, relative
humidity, dew point temperature, wind speed, incident solar radiation, and precipitation.

The particular monitored location is the city of Patrocinio in the state of Minas Gerais
(18°59'48" S, 46°59'09” W), at 978.11 m above sea level, and a warm temperate with a hot
summer climate profile (Cwa), according to the Képpen classification. Figure 1 presents
the geographical location of the state of Minas Gerais (MG) within the Brazilian map and
the Patrocinio municipality within the former, alongside four other municipalities whose
climatological time series that the authors employed as validation sets. Patrocinio is Brazil’s
largest coffee producer and the fourth-largest producer of bovine milk, among other goods.
The initial dataset consists of 5473 daily samples for each climatological variable from
Patrocinio/MG. The data span from 22 August 2008 to 31 January 2022, with a 97% rate of
valid elements.

Figure 2a—g present graphical representations of the time series, with temperature,
atmospheric pressure, relative humidity, and dew point temperatures sub-divided into
maximum, mean, and minimum values for each day. Figure 2h presents the estimated
evapotranspiration according to the Penman—Monteith equation over the available climato-
logical data.

An additional dataset with the same climatological variables from Patrocinio/MG acts
as a test set to evaluate the proposed method. This extra set spans from 1 February to 31
December 2022, with a total of 334 samples. Furthermore, four supplementary datasets,
each containing 334 samples from the same period previously described, from four dif-
ferent cities across Brazil, serve to evaluate the model when considering distinct regions
and climate profiles. Table 1 presents the names of cities, their geographic coordinates,
the climate profiles according to the Képpen classification, and their distances from Pa-
trocinio/MG. The only criterion for choosing these cities is to provide good coverage across
Brazil’s territory.
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Figure 1. The geographical location of the Minas Gerais (MG) state is highlighted in yellow within
Brazil’s map. The red detail within the blue area highlights the Patrocinio/MG municipality’s
geographical location. The other four markers represent cities with different climate profiles from

Patrocinio/MG’s, whose climatological time series were employed by the authors to validate and
deepen the discussion around the proposed model.

Table 1. Localization and profile climate of four different cities within Brazil, alongside their distances

to Patrocinio/MG.
City’s Name Coordinates Climate Profile Pa tr(l)zirsltie(l:/llf/'le Ct;o(km)
Rio Preto da Eva/AM 53:1;38:; ‘SN Tropical rain forest (Af) 2278
Cabaceiras/PB 32333211 ‘SN Hot semi-arid (BSh) 1723
Porangatu/GO 4195:’00286’/5267'7\/5\/ Tropical wet (Aw) 659
Santo Augusto/RS 5237‘:;1561’/3073;7\/5\/ Humid subtropical (Cfa) 1202
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(a) Temperature (b) Atmospheric pressure

(c) Relative humidity (d) Dew point temperature
(e) Incident solar radiation (f) Wind speed
(g) Precipitation (h) Estimated evapotranspiration

Figure 2. Visualization of the complete time series for each of the fifteen climatological variables
observed for the experiments in this paper, totaling 5473 samples; (a—d) follow the same colour pattern,
where the red line represents the maximum value for that variable, green for the mean observed
value, and blue for the minimum value; (e-h) represent the daily observations for each variable.



Agronomy 2023,13, 2970

11 of 28

3.2. Data Collectors

INMET employs the commercial Vaisala HydroMat " model MAWS301 as a standard
climatological data collector for automatic stations, responsible for data acquisition and
communication with the governmental systems [53]. The climatological factors monitored
hourly by INMET are as follows:

¢  Temperature [°C], available at maximum, minimum, and instant values;

e Relative humidity [%], available at maximum, minimum, and instant values;

*  Dew point temperature [°C], available at maximum, minimum, and instant values;
*  Atmospheric pressure [hPa], available at maximum, minimum, and instant values;
e Wind speed and gust [m - s~!], measured at 10 m height;

*  Wind direction [degrees];

¢ Incident solar radiation [k] - m™
*  Precipitation [mm].

’;

INMET provides climatological data hourly within an open-access policy from their
automatic collectors after acquisition, communication, and pre-processing. The final dataset
is available at https:/ /tempo.inmet.gov.br/TabelaEstacoes /xxxx (accessed on 1 July 2023)

(site in Brazilian Portuguese), where xxxx is the required station’s code. The station code
for the automatic collector in Patrocinio/MG is A523.

3.3. Soil Characterisation

The soil characteristics around the Patrocinio/ MG municipality correspond to those
of the Ferralsol reference soil group, according to the International Union of Soil Sciences
classification, with a high concentration of hematite [54,55].

The physical water parameters for this soil (field capacity (FC) and wilting point (WP))
alongside the water retention curve were obtained via the pressure plate method applied to
three different soil samples, with one from each layer, i.e., from 0 cm to 20 cm, from 20 cm
to 40 cm, and 40 cm to 60 cm.

The experimental results suggest uniform physical water parameters throughout
the three layers. As such, Figure 3 presents the resulting water retention curve for the
three strata.

Figure 3. Semi-log representation for the water retention curve obtained from three soil samples from
different depths near the Patrocinio/MG municipality. The uniform distribution of soil characteristics
throughout the layers allows for the representation of a single water retention curve.

Lastly, Table 2 presents the van Genuchten equation parameters based on the observed
soil retention curve in Figure 3. The authors include the parameters for each of the three
layers as a matter of completeness despite their uniformity.
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Table 2. Parameters for the van Genuchten equation obtained via the water retention curve and
pressure plate method.

Layer 0s 0 & n m
Yy (cm3 - cm—3) (cm3 - cm—3) (cm—3)
0-20 cm 0.59 0.31 0.25 1.33 0.25
20-40 cm 0.59 0.31 0.25 1.33 0.25
40-60 cm 0.59 0.31 0.25 1.33 0.25

3.4. Stochastic Modeling

The statistical models employed in this paper address three factors to assess the quality
of the Bayesian regression for the evapotranspiration metric: (1) Which mathematical
transformation applied to the target variable yields regression results with the lowest error
metric? (2) The influence of autoregressive components on the quality of the regression.
(3) An evaluation concerning the impact of the sample size on the regression learning
process and its results.

The experiments evaluate five distinct operations over the evapotranspiration metric:
linear—f (x) = x, Box-Cox transformation, square root, natural logarithm, and exponential.
Equation (16) presents the definition of the one-parameter Box-Cox transformation [56]
with an estimation of the value of the parameter A from the dataset, which leads to better
normality of the transformed series or is assumed to be known in each application. The
number of autoregressive elements is, at most, three. Lastly, experiments employed the last
1000 or 2500 samples or the entire set with 5473 entries. A complete permutation of these
components results in a total of sixty experiments.

(xA/\—l)/ A#£0

log(x), A=0 16)

f(x, ) ={

Equations (17)—(23) establish the experiments” framework based on the posterior dis-
tribution in Equation (10). Let N € {1000, 2500, 5473} represent the number of samples for
each experiment and X; represent each of the fifteen climatological variables employed,
according to Section 3.1. Equation (17) establishes the target series y composed of the evap-
otranspiration series after applying one of the five equations presented, while Equation (18)
provides a prior probability distribution assumed for this series based on a Gaussian density
function.

Equations (19a) and (19b) describe the parametrization of the hyperparameter y;
as a linear combination of the climatological elements. Equation (19a) applies when no
autoregressive window is present, while Equation (19b) denotes the experiments with
w € {1,2,3} of such components.

Lastly, Equations (20)—(23) provide initial, approximately non-informative prior distri-
butions for the parameter T and regression parameters j;. Equation (23) only applies to the
experiments with at least one autoregressive component.

The authors employed MultiBUGS 2.0 software [57] (available at https:/ /www.multibugs.
org/, accessed on 15 August 2023). Each experiment contained five chains, 1000 samples as
the burn-in, and one in every ten values for the next 5000 obtained for the estimates.

yi = f(ETo,) i={1,2,...,N} (17)

yi ~ N (pi, 7) i={1,2,...,N} (18)
15

pi=Po+ ) BiXji+e i={1,2,...,N} (19a)
=1
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15 w
i = Bo+ X;lﬁjxﬁ +kzlﬁky(,«,k) +e i=1{1,2,...,N},

= =

w e {1,2,3} (19b)

T~T(1,1) (20)

Bo ~ N(4,0.01) (21)

Bi ~ N(0,1) i=1{1,2,...,15} (22)

Br ~ N(0,1) k={1,...,w} (23)

3.5. Structural Learning

To build a BN that presents the best likelihood to the climatological and evapotran-
spiration data, the authors employed both the standard K2 greedy algorithm [58] and a
bio-inspired score-and-search algorithm [59].

The relevant nodes and the amount of required data were consonant with the results
of the set of sixty experiments described in Section 3.3, resulting in eight climatologi-
cal variables, alongside evapotranspiration as the target component and a dataset with
1000 samples.

The parameters for both methods were the default ones, with the Bayesian Dirichlet
equivalence with the uniform prior metric (BDeu) [60] as a scoring function and k-fold
(k =5) cross-validation. Both methods resulted in the same graphical structure.

4. Results and Discussion

This section presents the results and relevant discussions about the proposed ex-
periments. Appendix A presents the complete tables for the numeric results of all the
experiments, and presents the graphical comparisons of the evapotranspiration metric,
considering the inference task of each climatological variable.

4.1. Selection of Climatological Variables

The root mean square error (RMSE) metric for each of the sixty experiments against
the expected time series for the Penman-Monteith equation over the original dataset ranges
from 0.086 mm - day ! to 3.502 mm - day ~'. These results range from the experiment with
logarithmic transformation, one autoregressive element, and 1000 samples, to the test with
the exponential function, no autoregressive terms, and 5473 samples, respectively. Table A1l
presents the RMSE results for the sixty experiments proposed in Section 3.4, alongside their
mean absolute error (MAE) metrics; the closer the value of each error metric to zero, the
better adherence between the two series.

The total time required to reach convergence for each experiment on MultiBUGS
depends mainly on the amount of data provided to the software. Experiments with
1000 samples took 12.2 min, 2500 samples required 36.3 min, and the complete dataset
needed 67.3 min, on average. These times were achieved on a desktop with an Intel® Core™
i5-6600 CPU at 3.30 GHz, 8 GB of RAM, and operating a Windows® 10 Pro 64-bit.

The first finding is that the RMSE metric exhibits minor fluctuations within the same
transformation but higher fluctuations across functions. For instance, the experiments within
the logarithm function present RMSE from 0.086 mm - day ! to 0.100 mm - day !, while
experiments within the Box-Cox transform—with each A parameter automatically obtained
by the transformation algorithm for each series—achieve RMSEs from 0.097 mm - day ! to
0.107 mm - day~'. These results suggest that the mathematical function choice is a relevant
first step to minimize the estimation error based on this approach.

Within the same mathematical transformation, when comparing the error metric
according to the number of samples of each experiment, the error metric consistently
presents the lowest value for experiments with 2500 samples. Although this improvement
is marginal compared to the errors from those with 1000 samples, this result suggests the
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existence of an optimal data volume for the inference task on these variables, and a large
volume of data may impair the inference task by introducing more noise into the model.

Finally, when observing the error performance based on the amount of past informa-
tion provided to the model, there is a marginal improvement across all sixty experiments for
each past value added. This result is consistent with the observed meteorological dynamics,
as the amount of water evaporated and transpired from the previous day plays a role in the
maintenance of relative humidity, dew point temperature, and surface temperature for the
current day, which are factors that directly impact the evapotranspiration phenomenon.

The exponential transformation is the one that consistently presents inference results
with the highest error metric, according to Table A1l. The results and discussions from this
point onward do not consider the experiments with the exponential function, given their
errors within one or two orders of magnitude greater than those obtained by the other four
transformations.

The output of the MultiBUGS software includes the interval at 95% credibility for each
beta regression parameter and the most probable value within this interval. As such, a
climatological element is relevant if the credible interval for its beta coefficient does not
encompass zero, as any value for the climatological variable would represent no impact in
the regression.

Table A2 contains a complete overview of the occurrence of each climatological vari-
able deemed relevant by the regression model, grouped by transformation. Across all forty-
eight experiments—excluding the twelve from the exponential function—precipitation and
all three measurements for atmospheric pressure do not contribute to the regression model.
The variables for maximum dew point temperature and minimum temperature and dew
point temperature contributed to a few experiments.

Eight variables consistently supported the regression analysis in more than half of
the twelve experiments for each function. Wind speed and net solar radiation are relevant
across all forty-eight experiments; mean temperature and dew point temperature, maxi-
mum temperature and relative humidity, and minimum relative humidity are significant
for several experiments. Mean relative humidity is the last of the relevant climatological
variables, although this component did not contribute to any regression with the square
root function.

The high relevance observed from the wind speed and net solar radiation throughout
all experiments is consistent with the observed meteorological phenomena. Both com-
ponents directly contribute to the regional climate, represented by temperature, relative
humidity, and dew point temperature. The irrelevance of the precipitation is also within
expectation, given the assumption that elements within a much wider region contribute
to this component with their dynamics not considered here. The atmospheric pressure
components directly impact the dew point temperature, and the absence of this variable
from the set of relevant variables is likely due to a discrepancy in the magnitude of the
pressure measurements compared to the other elements

While Table Al shows that the natural logarithm is the function that provides a
regression with the lowest errors, Table A2 presents this function as the most assertive
to which variables are most relevant to the stochastic regression for evapotranspiration.
Further, the error improvements within this transformation are negligible after providing
more data and autoregressive components, given the trade-off of obtaining these. Based
on these considerations, the authors establish that the stochastic model with a natural
logarithm transformation and no autoregressive elements, trained with 1000 samples,
shows the best adherence to the evapotranspiration metric.

Table 3 presents the numerical values achieved for the beta coefficients from the
experiment utilizing natural logarithm transformation on the evapotranspiration data, with
1000 samples for the parameter learning and no autoregressive component. The coefficients
and their respective climatological variables—whose 95% credible intervals do not contain
zero and, as such, characterize a relevant variable in this context—are highlighted in blue.
The independent coefficient B for this experiment is 3y ~ 0.6373.
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Based on the maximum a posteriori (MAP) values of each beta parameter and the rela-
tionships detailed in Equations (17) and (19a), Equation (24) presents the approximation for
the hierarchical Bayesian regression for the evapotranspiration metric; this is based on the
experiment identified as the best among the sixty conducted. Although this representation
for Equation (24) is similar to linear regression, each beta coefficient corresponds to a den-
sity distribution function, and its best point estimator value lies within the non-symmetrical
95% credible interval.

ln(ETO) =~ 0.6373 - 0.024 * Tmean + 0.022 ° Tmux
—0.006 - RHypean — 0.005 - RHypax — 0.010 - RH,pi (24)
+0.028 - DPyreqn + 0.498 - Wipeeq +0.113 - Rad

Table 3. Credible interval at 95% for the beta regression coefficients obtained from the experiment
with natural logarithm transformation, using a data partition of 1000 samples, and excluding the
autoregressive window feature. The relevant beta coefficients (i.e., those that do not include zero on
the interval or whose value is close to zero) are highlighted in blue.

Variable Coefficient 2.5% 97.5% MAP Value
Tmean B1 —0.035 —0.010 —0.024
Tmax B2 0.014 0.028 0.022
Tmin B3 —0.008 0.003 0
RHmean Ba —0.009 —0.004 —0.006
RHmax Bs —0.005 —0.004 —0.005
RHmin Be —0.011 —0.008 —0.010
DPmean By 0.014 0.039 0.028
DPmax Bs —0.005 0.006 0
DPmin Bo —0.008 0.004 0
Pmean B1o —0.001 0.002 0
Pmax Bi1 —0.003 0.001 0
Pmin B12 —0.003 0.001 0
Wspeed Bi3 0.484 0.513 0.498
Rad B1a 0.093 0.133 0.113
Prec. Bis —0.001 0.000 0

Figure 4a contains a graphical comparison of the evapotranspiration time series based
on the Penman-Monteith equation (blue continuous line) against the estimated time series
from Equation (24) (red line) throughout 1000 samples. This result suggests that the
proposed method and subsequent equation properly conciliated the series” non-stationarity.

It is relevant to evaluate if the error component follows a Gaussian distribution for
the estimated time series against the expected one, as the proposed Bayesian regression in
Equation (24) is similar to the model in Equation (19a). To this end, Figure 4b presents a
quantile-quantile plot for the distribution of the residual errors. As the blue dots lie close
to the red 45-degree line, the distribution for the error is close to a Gaussian distribution, as
required by the theoretical model.
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(a) Comparison. (b) Quantile-quantile plot.

Figure 4. Graphical representation of the results obtained from the experiment with natural logarithm
transformation, using a data partition of 1000 samples, and excluding the autoregressive window
feature; (a) presents the original time series as the blue line and the estimated time series as the red
line; (b) presents the quantile-quantile plot of the residuals for the estimated time series.

One relevant comparison is to ascertain the proposed method’s adherence to the
expected evapotranspiration according to the gold-standard FAO56 method against the
evapotranspiration estimated by other classical and deterministic approaches. As such,
Figure 5 presents a graphical comparison between the natural logarithm of the evapotran-
spiration from the FAO56 method (blue line), the Benavides and Lopez method (orange
line), and the Hargreaves—-Samani method (green line); all three are based on the same
dataset, alongside the estimate from the proposed method (red line). This result confirms
the ability of the proposed approach to closely model the complex behavior of the FAO56
estimate, with an adherence better than the ones presented by other classical equations.

Figure 5. Graphical comparison of the results obtained from the experiment with natural logarithm
transformation, using a data partition of 1000 samples, and excluding the autoregressive window
feature (as the red line). The blue line represents the natural logarithm of the reference evapotranspira-
tion according to the FAO-56 equation; the orange and green lines represent the natural logarithm for
the reference evapotranspiration according to the Benavides and Lopez and the Hargreaves—Samani
equations, respectively. The latter two methods represent some of the analytical approximations
commonly employed under the unavailability of the climatological components required by the
FAO-56 equation.
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4.2. Stochastic Climatological Water Balance Comparison with In Situ Measurements

A proxy measurement for the water balance dynamics is necessary, mainly due to the
characteristics of the evapotranspiration metric. Given the measurement hardship, this
paper employs an estimate for the available soil water content on a coffee plantation in
the proximity of Patrocinio/MG based on tensiometer readings and the van Genuchten
equation.

Although the authors cannot divulge the precise location of this plantation due to
confidentiality concerns, Equation (25) presents the estimated soil water content 6 as a
function of the matric potential ¢ (kPa), according to the original Equation (7). For this
particular soil, 85 ~ 59% and 6, ~ 31%, « ~ 0.25 em !, n ~ 1.33 and m ~ 0.25, based on the
experiments described in Section 3.3. Tensiometer readings were provided by a PalmaFlex
digital tensiometer, model SL-PF-TNSE.

0.28

6 = G (1) ~ 031 +
(1+ (02s]g))™*)’

(25)

.25

Figure 6 presents the relationships between rainfall, estimated soil water content,
and estimated evapotranspiration on the top panel, based on in situ measurements from
a tensiometer monitoring the substrate from the surface to a depth of 20 cm, and from
a pluviometer, with both sampling data from the 9th to the 25th January 2021. In the
highlighted period (from the 9th to the 15th), the observed rainfall is enough to keep the
soil water content close to its maximum capacity (=59%). From the 16th onward, when
there is no observed rainfall, the curves for soil water content and evapotranspiration
have a symmetrical relationship: the higher the estimated evapotranspiration, the faster
the reduction in soil water content. This characteristic against the in situ measurements
reinforces the Penman—Monteith method as adequate to model the consumptive use of
water due to evaporation and transpiration.

The middle panel of Figure 6 presents the influence on the estimated evapotranspi-
ration by the two most relevant climatological variables, according to the MAP values in
Equation (24). This panel exhibits the correlations for evapotranspiration trends with wind
speed (B13 ~ 0.113) and net incident solar radiation (814 ~ 0.498). These relationships
of the target variable with the two most relevant climatological factors, according to the
Bayesian regression model, combined with the adherence observed in the first panel against
the in situ measurements, suggest the adequacy of the proposed method to represent the
hydrological phenomenon, even under scenarios where the traditional method cannot
be employed.

Lastly, the third panel compares the analytical time series for evapotranspiration
according to the Penman—Monteith metric and the results from Equation (24) over the same
dataset. These three panels suggest that this method models the expected analytical time
series and the underlying real-world dynamics.

These results support the adequacy of the proposed method in tracking the analyt-
ical FAO-56 equation and functioning as a framework to model dynamic and complex
phenomena based on non-linear, non-stationary time series and their underlying factors.
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Figure 6. Graphical representation of the climatological water balance compared to in situ samplings
from the 9th to the 26th of January 2021. The top panel contains a time series for the two principal
factors of the climatological water balance—rainfall and evapotranspiration—compared to the dy-
namics of the soil water percentage. The area highlighted in red represents the days when the water
intake to the plantation due to rainfall was sufficient to counteract the amount of water evaporated
and transpired. The middle panel presents the interaction between the estimated evapotranspira-
tion, wind speed, and incident net solar radiation, the latter two being the most relevant factors for
evapotranspiration estimation based on the results presented in Section 4.1. Lastly, the bottom panel
presents the estimated evapotranspiration based on the FAO-56 method compared to the values
obtained by Equation (24), applied to the same dataset during the established timeframe.
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4.3. Stochastic Evapotranspiration Inference with Complete or Incomplete Data

To evaluate the model’s adequacy in estimating evapotranspiration over a dataset
with new information, Figure 7 presents a graphical comparison of the natural logarithm of
the evapotranspiration calculated with the Penman-Monteith equation against the time
series obtained from Equation (24). This new dataset, comprising 334 samples not used
in the learning process, contains complete information on all the climatological variables
presented in Section 3.1.

Figure 7. Graphical comparison of the reference evapotranspiration from the Penman—-Monteith
equation over the complimentary dataset against that obtained via the regression presented in
Equation (24). The RMSE metric between the natural logarithm of both series is 0.087 mm - day ?,
consistent with the results in Table A1.

Another way to check the model’s performance is to compare the expected time
series for the Penman—-Monteith equation against the result from Equation (24) when
dealing with climatological data from regions with different climate profiles. Figure 8a—-d
provide a graphic comparison similar to that in Figure 7, but this time it is applied to the
cities described in Table 1, with RMSE metrics and distances from Patrocinio presented in
Table 4. As expected, the RMSE error for each region increases as the distance from the
original city increases, reinforcing the notion that Penman—Monteith equation relies on
local climatological factors for an accurate estimate.

Table 4. Error metrics for the natural logarithm of the reference evapotranspiration derived from the
Penman-Monteith equation versus the values from Equation (24), based on the climatological data
from different cities in Brazil with different climate profiles compared to Patrocinio/MG.

City RMSE_1 D%st.ance to
(mm - day™ ") Patrocinio/MG (km)
Rio Preto da Eva/AM 0.202 2278
Cabaceiras/PB 0.140 1723
Porangatu/GO 0.102 659

Santo Augusto/RS 0.185 1202
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(a) Rio Preto da Eva/AM (b) Cabaceiras/PB

(c) Porangatu/GO (d) Santo Augusto/RS

Figure 8. Graphical comparison of the reference evapotranspiration from the Penman-Monteith
equation over the complimentary dataset for each different city presented in Table 1, against the
value obtained via the regression presented in Equation (24) over that city’s climatological time series;
(a) presents the comparison for Rio Preto da Eva/AM, which achieved RMSE = 0.202 mm - day ;
(b) presents the comparison for Cabaceiras/PB, which achieved RMSE = 0.140 mm - day*1 ;
(c) presents the comparison for Porangatu/GO, which achieved RMSE = 0.102 mm - day*1 ; lastly,
(d) presents the comparison for Santo Augusto/RS, which achieved RMSE = 0.185 mm - day '

One shortcoming of every analytical approach to estimating evapotranspiration is
their prerequisite of having all the required climatological variables available. Under the
Bayesian framework, the BN provides a probabilistic approach to supply the most probable
value for missing data based on complete or incomplete evidence from the system.

Figure 9 presents a graphical representation of the BN’s DAG, which provides the best
posterior likelihood estimates based on the original dataset containing 1000 samples. The
nodes represent only the random variables relevant to the Bayesian regression from Table 3
instead of the complete set of fifteen variables. This approach reduces the graph search
space for the learning algorithm and employs only the relevant climatological variables,
which decreases the number of required components and sensors. The evapotranspiration
node is highlighted in blue; the omission of the conditional probability tables from the BN
is intentional due to the high dimensionality of each one.
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Figure 9. Bayesian network for estimating the natural logarithm of reference evapotranspiration from
the climatological variables most frequently present as relevant, according to the set of experiments
with natural logarithm transformation.

After learning the conditional probability tables based on the maximum likelihood of
the model over the training dataset, the BN framework represented in Figure 9 allows for
queries about the most probable state of a climatological variable, providing the Bayesian
regression analysis with a new level of flexibility to deal with missing data. For instance,
if a meteorological data collector experiences a failure in its anemometer, an estimate of
the most probable value for wind speed may allow for the use of the underlying methods
that require this variable, albeit within an error margin. Figure Al presents the natural
logarithm of the expected evapotranspiration time series against the values obtained from
Equation (24) after replacing each climatological variable from the original dataset with
values inferred from the BN.

As expected, wind speed estimates based on the BN provide a time series with the
lowest adherence to the baseline time series. This result occurs because the wind speed is
one of the independent variables in the BN, resulting in the inference task for this variable
becoming a query for the most probable value that would induce the observed values for
the other variables in the system. This type of inverted query increases the error margin for
the estimated value and, alongside the relatively high MAP value for wind speed’s beta
coefficient, culminates in the amplification of the inference error on the final estimate for
evapotranspiration when wind speed data are lacking.

Table 5 presents the RMSE metric for the evapotranspiration estimates according
to Equation (24), considering the removal and subsequent inference of each one of the
climatological variables from the BN in Figure 9 and the expected evapotranspiration time
series. The variables presenting the highest error values are wind speed and minimum
relative humidity, which is reasonable within the BN structure as both components are
independent elements of the BN. The lowest error values are from the maximum relative
humidity component, likely due to its position on the graphical structure, where only one
random variable influences it, and it does not influence any others, and due to the lowest
absolute MAP value of the beta parameter for maximum relative humidity in Equation (24).

The results in Table 5 suggest that the BN approach provides efficient estimates for
the required variable under scenarios lacking a single component and allows for the
maintenance and usage of methods that may require these missing factors.
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Table 5. Error metric for the natural logarithm of the reference evapotranspiration metric from the
Penman-Monteith equation against the value from Equation (24), after the removal of each relevant
climatological variable and the inference of its value from the BN in Figure 9.

Removed and Inferred Variable Evapotranspiration RMSE

(mm - day—1)

Tean 0.087
Tinax 0.092
RHyean 0.087
RHyax 0.074
RH,yi 0.156
D Prean 0.085
Wspeed 0.286
Rad 0.096

5. Conclusions

In this paper, the authors provided and discussed a complete stochastic and Bayesian
framework to model a real-world application based on non-deterministic and non-stationary
data.

The first result shows how the Bayesian regression analysis is affected by the employed
mathematical pre-processing operation, the amount of provided data, and the number
of available autoregressive components for this application. Based on the RMSE metric,
the natural logarithm function is the best candidate to model the evapotranspiration
time series.

The established baseline Bayesian regression equation provides a close approximation
for the evapotranspiration metric modeled by the Penman-Monteith equation, and for the
dynamics of soil water moisture measured by tensiometers. As such, the results from the
entirely data-driven approach are coherent with the traditional analytical method and the
real-world phenomenon it proposes to model.

The Bayesian regression analysis also highlights the subset of random variables rele-
vant to the stochastic model. We leverage this newfound insight to build another Bayesian
structure in the form of a BN, as the knowledge of relevant variables allows for a reduction
in the graph’s search space.

Lastly, we show the adequacy of probabilistic queries over the BN structure to estimate
climatological variables required for the analytical methods. Our results show that the
BN toolset provides synthetic data with a high degree of adherence to real-world data
and, in turn, allows for the application of subsequent methods. As expected from the
theoretical basis, this inference task presents the worst performance when estimating a
value for independent nodes on the graphical structure. The flexibility the BN provides for
analytical methods may even offset the time and computational power required to learn an
adequate configuration for the query process.
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Appendix A
Appendix A.1. Complete Table for the Error Metrics

Table A1. The RMSEs and MAEs of all sixty experiments, combining each proposed transformation,
original dataset partition, and autoregressive window. From a scoring standpoint, every experiment
achieved error metrics within the same order, except for those with the exponential transformation.

Transformation  N° of Samples Window (mnlfl-v;?;_l) (mmlv-[?::y_l)
0 0.115 0.074
1 0.112 0.073
1000
2 0.112 0.073
3 0.112 0.073
0 0.118 0.076
i 1 0.116 0.075
Linear 2500
2 0.116 0.075
3 0.116 0.075
0 0.139 0.090
1 0.134 0.089
5473
2 0.134 0.088
3 0.133 0.088
0 0.107 0.054
1 0.105 0.054
1000
2 0.105 0.054
3 0.105 0.054
0 0.097 0.059
1 0.095 0.058
Box-Cox 2500
2 0.095 0.058
3 0.095 0.058
0 0.101 0.070
1 0.098 0.069
5473
2 0.097 0.068
3 0.097 0.068
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Table Al. Cont.

RMSE MAE
Transf i ° of 1 Wi
ransformation ~ N° of Samples indow (mm - day 1) (mm - day ™)
0 0.094 0.061
1 0.092 0.061
1000
2 0.092 0.061
3 0.092 0.061
0 0.093 0.062
1 0.092 0.062
Square root 2500
2 0.092 0.061
3 0.092 0.061
0 0.108 0.074
1 0.105 0.072
5473
2 0.104 0.072
3 0.104 0.072
0 0.088 0.054
1 0.086 0.053
1000
2 0.086 0.054
3 0.086 0.053
0 0.088 0.058
) 1 0.087 0.057
Natural logarithm 2500
2 0.086 0.057
3 0.086 0.057
0 0.100 0.070
1 0.098 0.069
5473
2 0.097 0.068
3 0.097 0.068
0 2.408 1.010
1 2.296 0.979
1000
2 2.283 0.988
3 2.282 0.993
0 2.190 1.029
) 1 2.129 1.007
Exponential 2500
2 2.130 1.010
3 2.128 1.009
0 3.502 1.609
1 3.458 1.560
5473
2 3.430 1.561
3 3.429 1.560
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Appendix A.2. Complete Table for the Relevant Variables

Table A2. The frequency of each climatological variable found relevant for each set of twelve
experiments, according to the transformation applied to the evapotranspiration metric. The variables
most frequently present are highlighted in blue.

Variable Linear Box-Cox Square Root LNah{ral
ogarithm
W 6 12 8 12
s 9 12 12 12
Toin 3 4 1 4
RHean 8 10 0 11
RHyax 11 8 4 12
RHin 11 12 12 12
D Pean 6 12 8 12
DPyax 2 1 0 0
DP,in 8 1 1 2
Priean 0 0 0 0
Ppiax 0 0 0 0
Pin 0 0 0 0
Wipeed 12 12 12 12
Rad 12 12 12 12
Prec. 0 0 0 0
ETy[—1] 9/9 9/9 9/9 9/9
ETy[-2] 4/6 4/6 4/6 4/6
ETy[—3] 1/3 1/3 1/3 2/3

Appendix A.3. Graphical Comparison between the Expected Time Series and Inferred Data

(a) Maximum relative humidity (b) Minimum relative humidity

(c) Mean relative humidity (d) Mean dew point temperature

Figure Al. Cont.
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(e) Maximum temperature (f) Mean temperature

(g) Wind speed (h) Net solar radiation

Figure Al. A graphical comparison between the expected time series and the results obtained after
each climatological variable was removed from the dataset; subsequent inference of the components
based on the Bayesian Network structure.
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