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We give a multidimensional extension of a one-dimensional integral inequality
due to F. Carlson. The extension presented here involves L” spaces with mixed
norms in a very natural way.

1. INTRODUCTION

The purpose of this note is to derive a multidimensional version of a
special case of the Levin generalization of the Carlson integral inequality
given by formula 1.1(1) below.

ProposiTION 1.1. Let h = h(t) be a positive measurable function on R .
Then, for 0 < 8 <1 and 1< p,, p, < 0, we have

dt 6/py

[ IOTEE B

j:o h(t) % <c U:C [t~ Ch(0)} —tt— g e

This form was used by J. Peetre [7] in connection with the theory of inter-
polation spaces.

For a simple proof of the Carlson inequality, but one which does not
provide the best constant, see Beckenbach and Bellman |1, p. 176]. For a
derivation of the best constant see Levin [5].

The generalization we have in mind is, in the bidimensional case, as
follows.
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Let g = g(s,t) be a non-negative measurable function on R, X k. For
P= (pla p2)s 1 <p13 P> < 00, We Shall set

ds \y Pa/Py dt 1/p,

I gz = 3 [ s or®

t

PrOPOSITION 1.2. Let h=h(s,t) be a positive measurable function on
R, XR,. Then, for O0<u, v<l1, 1<py, pi<oo (j=1,2) and
Poy= (P4 P3)s Pio= (P}, P) Por = (s, P}) and P, = (pi, p?), we have

© ds dt —wl—p v
[ He B2 < el o™~ st =+1=ohts, 0l 5,
0

P P
Lo Lo

Xlls 42 h(s, Ol I8 40 R Ol (1)
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L*Ol

The proof of the multidimensional version given below does not use
Proposition 1.2.

2. THE MULTIDIMENSIONAL VERSION

The multidimensional version of the Carlson integral inequality in the line
of 1.2(1) needs, to be stated and proved, some notation and preliminaries.

2.0. The set of k= (k,,..., k;) € R? such that k;=0 or 1 will be denoted
by O

Let Py=(pj,.., p%) and P, = (p},..., p9) be given with 1< pj, pl <
=1,2,..,4d). We shall con81der the family P ={P,=(p; . pkd) k=
(ks k;) € O} associated with Py and P,.

For a = (@, ay), b= (b, . b)) € RY we set a® = a5t .- a2

For a=(a,,a, a4,,) € R we shall write a=(d,a,,,), where
d=(a,,.a,)€ R

2.1. We shall work in the context of the L” spaces with mixed norms of
Benedek-Panzone [2]. For d > I, we shall denote by Li(R“) the linear
space of all functions 4: R% — R, measurable with respect to the measure
det =dyt, -+ dyety=dt /t, -+ dt,/t,; such that

ay

Ly

0 dt
s L S ML W

Let P=(p,,.. p;) be given with 1 { p; < oo, j=1,2,..,d. We shall define
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the linear space L% = LL(R?) as follows. If d=1 and P= p,, L% is the
linear space of all measurable functions 4: R, - R such that

1/p,

dt‘ < . (2)

Il =Nhlige = |, 1hCePe -

Ngw, if d>1 and P=(p,, Py Pas1) = (P, de) we  suppose
L% =L%(R%) already defined and we shall define L% = L§(R9*!) as the
linear space of all measurable : R%*' > R such that

1/pg4

diyy

“h”Li = Hh”Li’(Pdf') = jj {”h(t td+1)“LP(|Rd Pay1 &1 1 (3)

Ligy

If we agree that || 4| rro) = |h(t)|, we see that (2) is a particular case of (3).

LEMMA 2.2. Let k= (k,,...,k,) €0 and let ©® = (0,...., 8,) be given with
0<6,<1, j=1,2,..d. If we define @k)=T],0(k;), where 6(k;)=
1—k;+ (=1)5*18,, j=1,2,...,d, we shall have

> Ok)=1. 1)

kel

(Observe that, when d =1, we have ®(0)=1— 0 and @(1) =6, and when
d=2, we have 0(0,0)=(1—6,)(1-4,), ©(1,0)=60,(1—-6,), ©0,1)=
(1-6)0,and 6(1,1)=6,0,.)

Proof. We proceed by induction. For d =1 we have

> Ok)=00)+60(1)=1-60+6=1.

keO

Now, we suppose that (1) holds for d > 1 and we shall prove that it also
holds for d + 1. Indeed, we have

Z Ok)= Z Ok kgy kgy1) = Z @(lg’ kqit)

keO keO keO
=3 ok0)+ Z o, 1)
ke
IEZ @(k)(l “0d+1)+ Z, @(k) 0d+1_1

as desired.
We are now ready to state and prove the multidimensional version of the
Carlson inequality.
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THEOREM 2.3. Let O =(0,,..,0,) be given with 0<6;<1 and let

0_(p0’ ’po) and P, _(pl’ 9P1) be given with l<p0’ pl < o,
j=1,2,.,d. Let us set Pk—(pk ” ,pk ) for each k = (k,,..., k;) € 0. Then,
Jfor all positive measurable functzons h=h(t) on R, we have

8(k)

Il <€ TT 15RO, W)
keO +

where O(k) is given as in Lemma 2.2, C = [14., C(p}, pi, 6)) and for each

j=ly.,d, C(p}, P}, 0)) is any valid constant for 1.1(1).

Proof. If d=1 the inequality (1) is the Carlson inequality 1.1(1). Now,
let us suppose that (1) holds for d > 1 and let us prove that it also holds for
d+ 1. Then, if we apply the case d=1 to |h(f td+1)I|LI(|Rd) with
0=0,,,=0, po=pi"' =p;and p,= pi*' =pi, kK =ky,, an td+1 =S,
we get

2 © s ds
| h”L;(Pfiﬂ) =l At 14, 1)”1,3@1“) = Jo (LI0A S)||L;(Pi) 5

<Cuyyr ] U:O

k'=0,1

LW T AR

s 0" h(, s)”Li(P‘i)

(recall that O(k')=0(k,, )=1—ks, + (=D *e1*19, =1-6, , or
B(k )— 6,,, when k' =k,,, =0 or 1, respectively), where Cy,r=C(pi*!
pit', 8,,,). Now, by the induction assumption we have

W
)
where € =19, C(pj, p}, 8,), and, since Y ;. O(k) =1 we get

. _ o |7 ds
lisean <€ TT N TLIF 42k
k

'=0,1 kel

’

. 0(k")/p,,

”h“Li(Pﬂ“) <CyyiC H

k'=0,1

Pk ds

g A - k)
sK=0 TT I1#-8ncEs) s
kel

LIkRY)

2

o(k")/p;,

3

N

where C=T[1%*! C(pi, p{,0,). Finally, applying the general form of
Hoélder’s inequality [4, p. 139], we get

%6k ds ) @Rew/p,,
-6’
Ilsasy <C TT T1 “li h(f, S)IIMW
k'=0,1 ke V0
2 NE—B.k 077 o,k
=C T [T IE* X hE N, ng o
k'=0,1 kel * +

=C ] 1@ oo

LPKRA+Y "
keO D

The theorem is proved.
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3. REMARKS

3.1. The best possible value for C,, when p, > 1 and p, > | (with strict
inequality for at least one) and 0 < @< 1, is

Cy(pos P15 9)
| 15—t

— -6 B (= t )/[poeer,u—é’)]S ,

l—s—t  1l—s—t

where s = (1 — 8)/p,, t = 0/p,, and B denotes the beta function. This is the
special case of the constant obtained by Levin (see Mitrinovi¢ [6, p. 371]).

3.2. The authors have used the inequality 2.3(1) in connection with the
multidimensional Mellin transform (see Bertolo and Fernandez [3]).

3.3.  Another multidimensional version of the Carlson inequality was
obtained by Pigolkin [8].
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