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A new technique for grand canonical Monte Carlo simulation: Application

in a hard-disk system
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We present a new Monte Carlo approach which is capable to reduce significantly the two-
phase coexistence region by constraining the system to remain fairly homogeneous in the
transition region. This is achieved by introducing the chemical potential as an extra intensive
thermodynamic variable in the canonical average. The technique developed was applied in a
system containing 224 hard disks. The approach can, on the other hand, be applied in a general

way to other systems.

I. INTRODUCTION

This article is a more extensive and complete version of a
recent letter by the same authors.’ The central motivation
for this work is an old problem concerning a discrepancy
between results from Monte Carlo (MC) and Molecular
Dynamics (MD) simulations on hard-disk systems. How-
ever, the approach here developed can be applied, in a gen-
eral way, to other systems.

Regardless the studies on thermodynamics properties of
hard spheres and disks to be in appearance not more than an
academic problem, it is of great importance not only in phys-
ics but also in biology, chemistry, metallurgy, ceramics, soil
science, as well in mathematics and many branches of engi-
neering.>> For example, it is fundamental in microscopic
theory of fluids, where hard-spheres systems are used as ref-
erence systems for perturbation theories.’

The refered lack of agreement concerns to the solid—
liquid coexistence region.! In the following we give a brief
general review of the problem. For 7=1.32, 7 = po/p where
p is the number density and p, refers to the closed-packing
configuration, it has been shown®’ that a system of hard
disks undergoes a freezing transition. The fluid-solid transi-
tion was located by the observation of a van der Waals-type
loop, in the pressure X volume plot, at 1.26 <7< 1.32, by
means of the MD procedure. The two-phase coexistence
could be observed in a direct way,® following the particle
trajectory in the system. Further extensive MC calculations
were carried out®® and the van der Waals loop could not be
reproduced,'® presumably due to lack of completeness of the
averaging over all admissible configurations at any one den-
sity on the loop. Very early work'! already pointed out the
very poorly estimated canonical average obtained in the
transition region, due to ergodic difficulties. In fact, the
manifestation of ergodic difficulties in the interval of confu-
sion,’ 1.29 < 7 < 1.36," seem to be due to the slow but strong
fluctuation of domains of random (or irregular) close pack-
ing, which serve as long-living topological traps. In this con-
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text we note that random close packing can occur in two
ways: dense and loose packing.'?

Our aim in this work is, through a kind of “economical
ensemble,” to avoid (or more rigorously, to reduce signifi-
cantly to a small interval of densities) the two-phase coexis-
tence and so to show in what way it is possible to reproduce,
by MC computation, the van der Waals-type loop for 224-
hard-disk system, recovering a few characteristic results of
the successful MD simulation for the 870-hard-disk system.®

The method has as general purpose to inhibit density
fluctuations'® by constraining the system to remain fairly
homogeneous in the transition region. This is achieved by
introducing, in a peculiar manner, the chemical potential as
an extra intensive thermodynamic variable in the canonical
average. In the Sec. II of this paper, we treat the pressure for
aclassical system as a thermodynamic quantity derived from
either, canonical and grand canonical ensemble, emphasiz-
ing the significance of the suitable choice among the possible
ensembles, for finite systems. Section IIT presents the eco-
nomical ensemble for a general system, and since this new
ensemble imitates the grand canonical one, we will call it by
“mimetic grand canonical ensemble”. In Sec. IV the ap-
proach is applied to a system of hard disks, and in Sec. V we
present the results with reference to the calculation on the
hard-disk system and comments.

Il. CANONICAL AND GRAND CANONICAL ENSEMBLE
A. Pressure

The system we consider here will be described in classi-
cal terms. Thus the canonical (or NVT) partition function

Z, =§exP( — E /kT), (1)

Zy = Zy(V,T), for a D-dimensional system of N particle of
mass /m contained in volume ¥, interacting pairwise through
the total potential energy U({r,}), at absolute temperature
T, is given by

1

ZN =WI"'JCXP( ——E/kT)d{(L}’ (2)
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where # and k are, respectively, the Planck and Boltzmann’s
constant, d{q;} = d{r;}d{p,} and € = €(q,), a function of
all positions r; and momenta p,, is

- 3 -

i=1
The multlple integral in Eq. (2) breaks into a product of
integral over momenta and over coordinates, resulting

Zy=A"PMQy, (4)
where Q, = Oy (V,T) is the configurational integral

+ u{r,}, (3)

QN=———f fexp( —Udrh/kDdr} (5

and A = h/J2rmkT is the so called thermal de Broglie
wavelength of the particles. Only for the one-dimensional
case, D = 1, the configurational integral can be solved exact-
ly.M

On the other hand, the grand canonical (or g V'T) parti-
tion function

f=;;em[ — (B, —uN,)/kT'] (6)

with & = £ (u,V,T) and u being the chemical potential, is
given by

L= i A_PDNZNQN, 7
N=0
where z, the fugacity, is

z = exp(u/kT). (8)

The pressure in the canonical ensemble is given by
aF

P= 9
av

with F= F(V,T) being the Helmholtz free energy, defined
as

— BF = lim log Z,, (10)
N- o
where B = 1/kT.

In the grand canonical ensemble, the pressure is directly
related to the Landau potential

Q= —PV (11)
with Q = Q(u,V,T) being defined by
Q= —log.%. (12)

For the particular case of hard particles, the total poten-
tial energy can assume only two values, i.e., U({r;}) = «
when r; < o for at least one pair (4, j), where r; = |r; — ;|
and o is the particle diameter, and U({r,}) = 0 whenr; >0
for all pairs (4, ). Thus, the temperature does not play any
role on @, and in spite of the free energy F to be highly
nontrivial for D»2—because Eq. (5)—the nonideal gas con-
tribution to the equation of state, Eqgs. (4,5, 9, and 10), is
temperature independent, i.e., the second virial coefficient,
third virial coefficient, so on, are temperature independent.
However, the Landau potential, Eqs. (12), suggests that the
pressure depends on the temperature, and so the resultant
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conclusion from the previous analyses on the canonical en-
semble, here, no longer is so manifest.

In any case, the equation of state cannot depend on the
particular choosen ensemble, and consequently one must
show that in the thermodynamic limit, the ensembles are
equivalent. Actually, the Van Hove’s theorem'® ensures that
the equation of state in the canonical ensemble is the same as
that in the grand canonical ensemble, but for finite sys-
tems-—and this, of course, is the case in simulation—one
specific choice among the alternative ensembles may result
to be more convenient, mainly because of nonnegligible
strong fluctuations in small systems.

In MC simulations, the search for the more adequate
ensemble has been a subject of interest.!”~'® To this aim care-
ful computations on hard disks were gone by Wood.?>*! He
did calculations in the isothermal—isobaric ensemble (NPT-
ensemble) for N = 48 and 90 molecules systems. However
he did not succeed in one of the original objectives, i.e., to
eliminate the disagreement between the MC and MD simu-
lation results in the region of freezing. He concluded that, in
this case, the NPT-ensemble appears to give fairly conver-
gent results in contrast to the canonical ensemble (NV7-
ensemble), but due more to the use of higher speed machin-
ery than to any inherent advantage of NPT method,
although it has been emphasized®” that in general, for small
finite systems, the alternative ensembles give results for aver-
ages which are different at least by O(N ~').

B. Thermodynamic average

The equilibrium value (4 ) of any extensive quantity 4
of interest may be expressed by

(4) =.,2”"§A(s)A'DN"ZN"QM, (13)

where the sum runs over the set of all states {s}. Assuming
A(s) as afunction only of the particle positions and using the
result for the average number of particle NV of a perfect gas of
the same particle mass m, density and temperature,

N = A~ 2Vexp( — uy/kT), (14)
where u, is the chemical potential of the perfect gas, the
grand canonical ensemble average becomes
Zlo\;:oeNlogW— log N!eN;t'/kT!, . J'A({r,})e —BUd{ri}

Nlog N —1 N —
E}avo:oe log ogNeNp/ka_,,J-e BUd{ri}

(15)

4)=

where p' =pu — pu, is the excess chemical potential and
U=U{r}.

One may use this exact equation in a MC procedure?® by
using u'/kT + log N as an applied parameter—the MC cal-
culation determines N and consequently y'/kT—but mak-
ing the approximation N log N =log N, an even simpler
MC procedure is obtained, i.e., we obtain for the grand ca-
nonical ensemble average

E3_of  JA({r; e AT Mgy }

A) =
< ) 2;=OI."Ie_B(U_N“I)d{ri}

»  (16)
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Both equations, the exact ensemble, Eq. (15), and the
modified ensemble, Eq. (16), were used by Adams'” in order
to determine the excess chemical potential for a system of
hard spheres. Both are in agreement with each other and give
good consistency with the values obtained by others meth-
ods.

When, in a system of hard spheres,—AU({r;}) =0or
oo—one uses the modified ensemble, one particle is removed
with probability

exp( — u'/kT) 17
while the attempt to add one particle is always made, i.e.,
only the change in the energy is checked.

Now, using the exact ensemble, one particle is removed
with probability

min[%exp( —,u’/kT),l] (18)
and added, if there is room for it [i.e. U({r,}) = 0], with
probability

[ N
———exp( —pu'/k ,1]. 19
mm[N_i_1 xp{ — ' /kT) (19)

1. MIMETIC GRAND CANONICAL ENSEMBLE

In the simulation of a fluid at constant density, in the
two-phase coexistence region, the finite size of the system
significantly disturbs the results that one should expect in
the thermodynamic limit, e.g., a correction to the internal
energy, due to interface between the domain of the minority
phase and majority phase, of O(N ~!/?) arises.”> The natu-
ral remedy for this situation is to study the problem in the
grand canonical (x4 ¥T) ensemble, because in this ensemble
all independent thermodynamic variables are intensive and
50, the two-phase coexistence appears an an improbable re-
gion, in which one never observes any stable equilibrium
state. However, simulations in the u¥VT-ensemble usually
are distinctly slower than simulations in the NV T-ensemble.
Therefore, at this point we concern ourselves with the intro-
duction of the mimetic grand canonical (MGC) ensemble.
Let us start by considering an arbitrary large system of de-
fined volume V, containing exactly N particles and at fixed
temperature 7. We divide this volume into a large number »
of subunits (identical cells), with a volume v = V /r, each of
which is statistically large and contains on the average
N = N /r particles. If we consider a particular cell C,, the
equilibrium value of the extensive quantity 4 will be ex-
pressed by {4 )., where the subscript C stands for cell en-
semble averaging.

Now let us represent the set of all states of the cell C, by
{x"}C.. and then form a modified canonical ensemble

through the following Cartesian product of replicas:
{Xk}V = {X,-}C) ® {XJ'}C: R @ {x[}C"

Each particular point X, in the modified configuration
space is obtained choosing a specific state from each cell and
multiplying them. Note that in spite of the fluctuation of the
number of particle N, in each cell, we imposed the conserva-

(20)

tion law 3, N, = N withdN(t)/dt = 0. Due to the supposed
macroscopic size of the cells, the grand canonical ensemble
average (4 ). is identical to the modified ensemble average
{(4)y,1.e., (4)c = (4),. According to this, the prescrip-
tion hinted by the Eq. (20) does not show advantages in the
thermodynamic limit; but for finite systems, a systematic
study on a set of systems of different sizes, can reveal distinct
“routes” of the finite size effect on the simulation results, for
each distinct ensembles.

Thus, recalling the fact that the usefulness of the MC
method rests on the (empirical) knowledge that through
this method is has been possible to simulate accurately the
thermodynamic properties of macroscopic systems using fi-
nite systems, in practice, our MC procedure consist of the
following process: we go through the points of {x; } of each
cell, constructing a random walk of points {X, }, defined by
Eq. (20), using transition probabilities

;= T;j[(xi)ca(xi)cdexi—’(xj)ca(xj)cdexj] (21)
from one configuration to another and take the average (4 )
over {X, },. The quantities in brackets indicate transitions
from the state /—j due to a single move of a particle, for
example, belonging to cell C; (donor cell) which goes to
another cell C, (acceptor cell). Therefore at most two cells
may be involved in the transition X, — X and the phase space
{X,}, is explored walking through the phase space {x,}
for all cells. Note additionally that the conservation law dN /
dt = Qis automatically taken in account in this prescription.

A picture of what is going on (in the MC realization) is
the following: when a particle belonging to one particular
cell is moved in order to produce a new configuration, every-
thing happens as if this specific cell were a subsystem of a
much larger system (whose physical description is given
specifying its volume ¥, number of particle N, temperature
T, and (consequently) the chemical potential ) with the
remainder cells forming the medium. For moves inside the
same cell, our approach is reduced to the standard one, i.e.,
the importance sampling technique®* introduced by Metro-
polis et al.,?>¢ and so the move is accepted with probability
min[exp( — AE /kT),1]. However, if the move drives the
particle from one cell to another cell, we distinguish two
events which we consider as independent ones, although si-
multaneous: () the exit of one particle from a particular cell,
and (since the total number of particle, N, in the system as a
whole is maintained fixed), (ii) the entrance of the same
particle in another neighboring cell. In each case (i) and
(i), the involved cells, each one at its own time, are consid-
ered as the subsystem with the remainder cells constituting
the medium. Under these conditions the move is accept with
probability

. [ Na —~AE, — ' ]
= e —-—————,1
r mm[N exp( T )
, N —AE, +y ]
Xmin ex ,11, 22
[Na+1 P ) )

where N, and N, are, respectively, the number of particles in
the donor and acceptor cell, and N is the average number of
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particles in the cells; AE, and AE, are, respectively, the
energy change in the donor and acceptor cell. _

It is important to note that when the ratio N;/N and
N/(N, + 1) are small enough (strong inhomogeneity) Eq.
(22) becomes

N,
= exp( — AE/kT), (23)
P=y 1P
where AE = AE, + AE,. Note that the increase of inhomo-
genity is made difficult. Similarly, if the ratio ¥,/N and
N/(N, + 1) are large enough (again, strong inhomogene-
ity) we obtain

p=1 (24)

which helps to reduce the inhomogenity.
On the other hand, if the system remains fairly homoge-
neous, in general four distinct situations must be verified:

N, .

N 41 exp( — AE/kT), if u and v<1
P=1u, if u<1 and v>1, (25)
v, if u>1 and v<1

1, if u and v>1
where u= (Nd/IT’)exp[ — (AE, +p')/kT ] and

v=(N/(N, + 1))exp[ — (AE, — pu')/kT].

IV. APPLICATION OF THE MGC METHOD TO A SYSTEM
OF HARD DISKS

Now we return to the hard-disk problem. Using Eq.
(25), T, the transition probability from one configuration
(i) to another (j), assume the values O,p or 1, with
p= (N,/N)exp( — u'/kT). The value T; = Ois applied for
moves which give AE = 0, i.e., overlapping of disks; 7; = p
is used when the move results in AE = 0 and drives the parti-
cle to outside of its original cell; finally, T; = 1is applied for
moves which give AE = 0 and restrict the particle into the
same cell.

In order to make the transitions from one cell to others
with higher number of disks even more difficult, (i.e., to turn
the inhomogeneity even more inviable) an extra bias was
used: we converted p=exp(—p'/kT+ An) into
p=exp( — Anp'/kT) where Ay = log N, — log N and An
is the difference between the number of disks in the acceptor
and donor cells after and before the move, respectively. In
the previous work' we adopted an alternative procedure to
obtain the same result: we started considering the modified
ensemble described by Eq. (16) and (17) and the transition
probability 7;; was determined, for the especial case of a
system of hard disks, considering only the two cells involved
in the movement of the disk and then respective configura-
tions together with a related special configuration taken as
reference.

In our simulation we used a system containing N = 224
disks, initially in a trigonal lattice and the initial volume was
divided into 56 smaller boxes, each one containing four
disks. The conventional periodic boundary condition was
used on the bigger box. With the intent of reaching adequate
chain length, keeping in mind an economical use of comput-

er time, one can take advantage of the very short-ranged
potential involved, and instead of examining all ¥ — 1 inter-
actions of the displaced disk with the others, only a much
smaller class of neighbors has to be considered. This was
accomplished by updating a table of neighbors for each par-
ticle. The standard “no-bias” acceptance ratio of 0.5 was not
used; instead, acceptance ratio between 0.35 and 0.45, de-
pending on 7, was used.?®?° Thereafter our aim was to deter-
mine the average number 7 of disks which surround each
one, enabling us to write the equation of state®
2=
6=1+ "d;”, (26)

where ¢ = P /pkT, Pis the pressure, and d,, the disk diame-
ter. The total number of configurations generated was ini-
tially broken up into some number M of successive se-
quences of m Monte Carlo steps per site (MCSS) each and
then we calculate

A

¢ == 3

mi—pAg,

#(t,), (27)

where $(¢;) is the reduced pressure due to the ith-generated
configuration, p, (A)g, meaning ‘‘from p, to g, with incr-
ment of A,” A MCSS are discarded between each two ¢(¢,)
considered, and p, = m(r—1) + 1, g, = mr with m =50
and r = 1(1)M. In order to get better statistically indepen-
dent configurations, apart an initial discard, A = 5 was used,
giving therefore a meaningful error estimate.”” The MC esti-
mate for the average (4 ) then reduces to

=L % 28
¢_'A_lr;1¢r' ( )

V. RESULTS AND COMMENTS

In this section we present the results of an extensive
calculation using the MGC ensemble for a hard-disk system.
In Table I, we list the values of the equation of state for
several values of 7 and u, together with the Erpenbeck and
Luban results* from Monte Carlo and molecular dynamics
(MCMD) simulations, which have provided data with ac-
curacy of 1 part in 10* for the equation of state of the hard-
disk fluid system, for 1.4<7<30. We did not investigate yet
the dependence of &’ on the system size, number, and shape
of the subunits. However, since the pressure in the fluid
phase should not be affected strongly by these parameters—

TABLEI Values of ¢ = P /pkT for hard disks as a function of the reduced
volume 7, for different values of Bu’. Note that as 7 increases, the value of
By’ which brings the pressure near to the Erpenbeck and Luban results
decreases, in agreement with the fact that as 7 w0, Bu’ 0.

7 Erpenbeck-Luban*-Bu'= 00 0.5 1.0 1.5 20
1.4 8.306 844 842 834 831 829
1.5 6.6074 6.71 664 662 659 -
1.6 5.4963 559 552 548 543
5.0 1.4983 1.50 147 144 1.4
10.0 1.2106 120 118 1.18 1.18
20.0 1.0974 1.09 108 107 107

*Reference 30.
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12.5 5 (a)

1.5

10.8 ‘
“
|
9.5 I
|
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8.5 + T T LB T 1
o] 50 100 150 200 250

1.0 4 {b)

10.0 -

¢ 90

8.0 -

70 T T T T ]
0 50 100 150 200 250

FIG. 1.(a) Evolution of the average pressure; 7 = 1.29 and M = 250 for Bu’ = 0.0. Heavy line: reduced pressure evolution. Light line: reduced pressure ¢,.

(b): Same for By’ = 1.5.

less than 1% in our case***! at 7 = 1.4—we use the Erpen-

beck—Luban®® result in order to foretell ' roughly for each
7. Indeed for too small Bu’, increasing ergodicity difficulties
are observed, as 7 decreases from 1.4 toward the transition
region. On the other hand, for too large Su’ the relaxation to
equilibrium is very sluggish. In the Figs. 1 and 2 we show the
evolution of the reduced pressure average for. » = 1.29 and
1.40, respectively. In the former is shown the result for
By’ = 0 and 1.5; in the latter, Bu’ = 1.5 and 15.0.

In the interval of confusion, 1.29 < 7 < 1.36, strong fluc-
tuations determine a very poor estimate of the canonical

(Bu’ = 0) average pressure. Fluctuations in this case should
be a natural consequence of the finite size of the system,
determining persistent transitions between the solid and flu-
id phase, but, eventual topological traps—presumably occa-
sioned by representative configurations concerning nuclea-
tion of (dense or loose) random packing—introduce
spurious bias toward higher pressure, as suggested by Fig.
1(a). Indeed, for any case of packing, ordered, or random,
each particle touches several others. Thus, if eventually a
particular configuration with a significant fraction of disks
near enough to random packing one is reached, it can stay in

9.5 —
(a)
8.5
¢ FIG. 2.(a) Evolution of the average
pressure; 7= 1.40 and M =250 for
By’ = 1.5. Heavy line: reduced pres-
sure evolution. Light line: reduced
75 - pressure ¢,. (b): Same for fu’ = 15.0
6.5 T T T T o
[o] 50 100 150 200 250
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90 A
(b)
8.0
¢
FIG. 2. (continued).
70 -
6.0 T T T T —
0 50 100 150 200 250
M

such classes of configurations for a long “time,” characteriz-
ing in this way the manifestation of ergodic difficulties.

With the application of the MGC procedure, the nuclea-
tion (fading) of such clusters of random packing is made
difficult (facilitated) by the requirement of homogeneity,
induced by the method. Figure 1(b) shows explicitly how
quick the equilibrium is reached.

For too large S’ the system behaves as a collection of
cells juxtaposed, each one with (practically) four disks—
since, in this case, the disks cannot easily escape from the
cells. Thus, except by influences of exotic boundary condi-

tions on each cell, one should expect, for the evolution of the
average pressure, similar behavior with respect to small sys-
tems with Bu’ = 0. However, as one can observe in Fig.
2(b), for Su’ too large the impoverishment of the estimates
is determined by the increase in the correlations among the
configurations generated (keeping A = 5) producing a kind
of modulation on the average.

We extended the calculation for the case 7 = 1.4 for sev-
eral values of By’ with M = 250 and the interesting result is
exhibited in the Fig. 3 plotting ¢ XBu’. We can identify
clearly at least two distinct regions: Bu’ < 5.0 and Bu’>S5.

8.6
. B
*
*
8.2 -
& €0 Elﬂ o FIG.IZ’;.Prc_essureas function of Sy’ for
*® o 7= 1.4. Circles, stars, and boxes cor-
4 o o respond to calculated values for three
x ¥ * * * * distinct initial conditions (different
78 2 seeds). The accuracy is discussed in
the text.
. *
fo) (o] o] o
76
7.4 rrr17r1rr17 r1rr1 1771 v vy 1 rryrrrrrryrrrrrm—i
o 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20

Bu
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P/po kT

5.5 1 A, =14 0 1

1.25 .28 1.31 1.34 1.37 .40
T

FIG. 4. Reduced pressure ¢ against reduced volume . The dots represent
the reduced pressure for Sy’ = 1.5. The open ones, adjusted by the dashed
line, represent two-step relaxation. Open squares represent the reduced
pressure for fu’ = 0.0. The dash—dotted line segments indicate a region of
canonical average with a poor estimate. The accuracy is discussed in the
text.

While in the region of smaller values for Bu’ the accuracy of
the estimates were typically within 1% (Note the remark-
able independence of the relaxed pressure values with re-
spect to the initial conditions for values of fu' = 1.0, 1.5,
and 2.0), in the other extreme region, the average pressure
suffers severe influence of the initial conditions. This can be
understood through a direct inspection of Fig. 2(b), which
revels (for B’ = 15.0) the strong correlation among the

consecutive configurations generated, ruining the meaning
of the error estimate.

In Fig. 4, we show the results for the pressure ¢ against 7
for Bu’ = 0 (open squares) and 1.5 (full dots). The contin-
uous curve drawn for 7 between 1.25 and 1.40, for the case
Bu' =0 (i.e., reducing our approach to canonical ensemble
MC procedure), shows two disconnected branches, namely,
the high- and low-pressure branches.® The dash—dotted line
segments indicate a region (1.28 <7< 1.31) of canonical
average that is very poorly estimated. For fu’ = 1.5 the con-
tinuous curve drawn through the full dots reproduces a van
der Waals-type loop for a finite system, as first found by
Alder and Wainwright.® The open dots (dashed line) repre-
sent two-step relaxation with the manifestation of a long-
living metastable state.>? The pressure reaches equilibrium
at values indicated by the open dots, then a sudden jump
occurs and the pressure relaxes at lower values (correspond-
ing full dots).

In Fig. 5 we show the pressure evolution for 7 = 1.34
and By’ = 1.5. Itis important to note that the transition does
not occur directly from the set of configurations correspond-
ing to the first plateau, to the set of configurations corre-
sponding to the second plateau. An analysis of the individual
contribution to average pressure, Fig. 6, reveals that config-
urations concerning much lower pressure are visited before
the set of configurations corresponding to the second plateau
is reached.

The probability distribution p($) was verified as being
approximately Gaussian with a bigger width for r between
1.31 and 1.35. Those cases with 7 < 1.335 presented a longer
tail toward higher pressure and the opposite (longer tail to-
ward lower pressure) was observed for 7> 1.335. The tails
disappear for 7<1.29 and 7> 1.36. The accuracy of esti-
mates for the average pressure were typically within 1%, but
in a few cases (7= 1.33 to 1.34) were within 2%. Different

105 o
9.5
¢ . «

FIG. 5. Two-step relaxation behavior;
7=1.34and fu' =1.5.
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values for M and the initial discarded length were used de-
pending on 7. For a few cases, as 7 = 1.3325, 1.34, and 1.35
special attention was paid when the total number of configu-
rations generated reached 50X 10° (M = 800).

Finally we discuss the meaning of the van der Waals-
type loop. In a truly i« ¥ T-ensemble calculation, the region of
two-phase coexistence, approximately the length of the hori-

FIG. 7. Schematic function of state in the grand canonical (u V'T) ensemble.
The continuous lines describe solid and liquid states. The dashed line seg-
ments indicate metastable states with points 1 and “3” representing limits
of stabilities. The points “2” and “4” correspond to a unique set of param-
eters at which the pressure of the solid equals the pressure of the liquid, at
the same temperature and chemical potential, and so locates the phase tran-
sition point.

105
95 i -
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FIG. 6. Individual contribution to the
pressure for 7= 1.34 and Bu’' = 1.5.
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zontal line in Fig. 4 (segment AD), is a “forbidden region”
for the corresponding densities. If simulation is forced to go
on in this region,—as we really did by imposing the conser-
vation law dN /dt = O—the relaxed states obtained cannot
correspond to a thermodynamic equilibrium state; they are
rather, long-living metastable states. In the Fig. 7 we sketch
what should be expected for the pressure in a truly uV7-
ensemble: starting the simulation from low-density (higher
values of 7) the system may reach and stay on the metastable
liquid branch (dashed line) until it nucleates (or reaches
some limit of stability—point “1”’) and jumps to the stable
solid branch, above the freezing density, represented by 7.
The opposite, i.e., from high to low density direction, system
tries to stay on the solid branch to as high value of 7 as
possible, than, jump to the stable liquid branch below the
melting density, represented by 7.

On the other hand in a N¥VT-ensemble calculation the
allowed co-existence of phases introduces an extra contribu-
tion to the free energy: besides the bulk pure phases contribu-
tion, the interfacial contribution must be included. For each
density the condition of extreme (minimum) over the free
energy determines the interface shape and size. Thus the
resulting isotherm is found to have loops.>

In the MGC-ensemble calculation, the coexistence of
phases is not totally exclude, but rather its occurrence is
limited to a smaller interval of densities—segment BC in Fig.
4. Then, the existence of the loop is due to both: long-living
metastable states and the small interval of densities where
the method did not succeed to eliminate completely the co-
existence of different phases.
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