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We present a nonadiabatic hyperspherical calculation of the highly excited and low lying doubly
excited states of the barium atom using effective potentials for the two optically active electrons’
interactions. Within the hyperspherical adiabatic approach the investigation of the spectra is
performed with potential curves and nonadiabatic couplings of a unique radial variable, which

allows clear identification of the states. The convergence of energy is obtained within well

established bound limits, and the precision is comparable to accurate configuration interaction
calculations. A very good agreement with experimental results is obtained with only few

nonadiabatic couplings. @004 American Institute of Physic§DOI: 10.1063/1.1817911

I. INTRODUCTION within this simple approximation, for most of the two-
electron systems studied with this approach, the ground state
Alkali and alkaline-earth atoms have been studied in thg,aqye good precision, with errors usually inferior to 3%.
last years following the developments on the laserrhrough the nonadiabatic procedure the error decreases as
spectroscopy?” A detailed analysis of the spectra by theoret-more radial channels are coupled in the HS radial equation.
ical methods becomes important, and different approachesor the sodium atom, three coupled channels are enough for
have been applied. As an alternative to the many-electrogjectron affinity calculation error below 0.1%b.
treatment of the alkali atoms, the effective potentials for the  The HAA is anab initio procedure with approximations
valence electrons have been considered with good resultgye to the truncation on the number of coupled second order
Not only precise bound state enerdiégve been calculated ordinary differential equations and the usual numerical float-
but also the excited and resonant ofi@hese results, usu- ing point error propagation. It is based on the hyperspherical
ally obtained using the configuration interactie®l) frame-  coordinatesk and a, which correlates the electronic radial
work, show an important dependence on the electronic cORgriaplesr, andr, in a transformation similar to the bidi-
reIation._To d_eal with this aspect we pre_sent a hypersphericghensional Cartesian to the polar orsina=r;, Rcosa
(HS) adiabatic approacliHAA) calculation, based on the _;  The resulting new set of coordinates is formed by five
efﬁuenc;izgobtamed for strong correlated two-electroncompact ones, the four original electronic spherical angular
systems. . _ ~_and only one radial. The adiabatic procedure separates the
The HS method was introduced for the atomic physics ingchrgiinger partial differential equation into &dependent
the 1960s, bringing a new perspective for the helium atom g angular equation, whose eigenvalues form potential
doubly excited states analysis. Since the first qualitative "€urves, and a coupled system of ordinary radial differential
sults, fast convergent approaches have been developed willy ;ations. All terms from the particles interaction potentials
precise results for two- and three-electron systems, with ré5re contained within the HS angular equation, which means
sults rangngzgrgm autoionizing states to precise highly xyhat good quality solutions are required to correctly account
cited stat.eé.' ' L _ _ for their contribution. In this work we solve the coupled
In this work, the Schrdinger equation of the barium 54 1ar equations with a variable step numerical propagation
atom using & model potential is solved by means of a NONmethod. The number of coupled terms is chose considering
adiabatic hypgrspherlcal approgch. This method_ hqs ?‘Isﬂ’]e desired precision, which is straightforward since the con-
been chosen in order to proportionate an alternative '”S'gmergence is directly related to the number of angular mo-
to the variational or the multiconfiguration Hartre'e—Fock aPmenta configurations taken into account. With the potential
proach f_ollow_ed by the_ Cl procedure- _W'th BOrn— .yrves determined, the HS angular eigenstates, the so-called
Oppenheimer-like, one radial variable potential curves, th@pannel functions, are used to generate the HS radial nona-
HAA is an important tool to identify both bound and reso- gianatic couplings. These couplings reflect the quality of the
nant states. The adiabatic procedure also allows lower ands angular solutions since first- and second-order deriva-
upper bounds for the exact Schinger equation ground jyes of the channel functions with respectRare involved.
state energy using only uncoupled HS radial equations. EVefyheryise, small fluctuations derived from numerical errors
would be amplified, affecting the results.
3Electronic mail: maccebim@posgrad.ig.unesp.br An important characteristic of the HS angular solutions
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is their independence from the energy. Once the potentiaorrelates the electronic spherical radial variables. The new
curves and nonadiabatic couplings have been calculated, alkt of compact coordinates 3= (a, 60,605,041, d,), with
the properties related to the energy will be relative to thethe four original electronic spherical angular. Orityis ra-
radial equation eigenstates. In this respect it is important talial.
notice the practical aspect that all bound states within a po- The new Schidinger equation then reads,
tential curve are obtained from the same equation, without
any adjustable parameter and without the need to impose t;[ei+ i+ ifJ(R 0)+2E
eigenstates orthogonalization, as required by variational ap-9R? 4R? R?2 ’
proaches. o .
In Sec. Il we briefly present the hyperspherical adiabatic ~ <(R*“sina cosa) “#(R,Q1)=0. ®)

approach for the barium atom and the model potetak.  The hyperspherical angular operatd(R,() is not sepa-

IIA), followed by the hyperspherical angular solutidS®c.  raple with respect to the hyperradi& since contains the
IIB). Section lil'is devoted for results and discussion, and inygtential energy terms,

Sec. IV the conclusions are presented. Atomic units are used

throughout the paper. R 92 L? L2
g pap URQ)=—— —— 2 _2RV(RQ), (9
da® sifa cofa

Il. THE HYPERSPHERICAL COORDINATE METHOD PN
where co%),,=r,-I,, and,

A. Hyperspherical adiabatic approach .
V(R,Q)=U(Rsina)+U(R cosa)

The Schrdinger equation of a two-electron system
bound to a nucleus at fixed position is given by 2R (10
J1—sin2acosé;,
Within the hyperspherical adiabatic approach the equation
@D for U(R,Q) is solved for fixed values oR,
The effective potentialg{ for the electrons, using the model

2 L.
—V2-Vi+ WJru(rl)ﬂf(rz)—zE W (ry,F,)=0.
1712

potential developed by Fet and Pascafefor the barium URQ)D,(RD)=U,(R)D,(R: (). 1D
atom are defined as The eigenvalue®) ,(R) are potential curves and the eigen-
7N % ¢ functions®,,, the so-called channel functiofform a basis
Ur)y=— TjL\/LFe(r)JF >R lemy(em, set for the total wave function as
=0 m=—¢
2) w(R,Q)=% FURD,(RQ). (12)

which contains a nonlocal long-range contributhd(r),
The expansion coefficients,, and the system energy are

VR(r)=— %[f(r)]{ (3)  determined from the HS radial equation,
4r
. _ 92 U,(R)+1/4
and a semilocal short-range potential, —+2E+ ——|F(R)
aRZ R2 M

exp(— B,rP
V?Fir)=(a€+ber+cfr2)p(—q'8€).
r

(4) >

v

1%
2PM(R)&—R+QM(R))FU(R)=0, (13
These potentials describe core polarization effects, account- . . . L
ing for the loss of core symmetry due to the action of theobtained substituting the wave function expansion into the

valence electron field, and also the partial screening of th&lS Schralinger equation. This is an infinite set of differen-
tial equations coupled by the nonadiabatic terms,

nucleus.
The cutoff function J
P Pu(R)=(®,| 2 |®,), (14)
f(ry=—— 5
=3 (5) 2
LR =(D | —|D,), 15
is set to provide the correct short-range behavior of the non- Quu(RI= ”l 3R2| ) 19

local potential term, withr . chosen to be approximately the
core radius.
The introduction of the hyperspherical coordina®asnd

where the brackets represent integration over the angular
variables().
For an initial approximation, all the couplings may be

“ disregarded, leading to simple uncoupled second order dif-
R2=r§+r§, (6) ferential equations. The energies obtained from such equa-
tions [extreme uncoupled adiabatic approd&tJAA)] will
tana = r_l ) be lower energy levels if the HS potential wells are deep

2 enough to allow bound states. A sensible improvement to this
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simple approximation, the UAAuncoupled adiabatic ap- TABLE I. Parameters of the Basemiempirical potential as given in Eq.
proach, which gives upper bounds for the exact system en{2: in atomic units.

ergy, is determir_\ed by the intrqductipn of the diqgonal cou- 4 a, b, c B
plings. The efficiency of the adiabatic approach is related te

the small corrections of thg nonadlabatlg couplings to the 13:;22;’;;;5 72:;2; ;ﬁ; g:jgg ggg; 8:2;3
energy levels. As the nondiagonal couplings are gradually 0.80796019 —1.518654 0 01006399  0.325
introduced within the CAAcoupled adiabatic approacthe =3 -54 0.97378795 —0.92341246  2.492
binding energies approach the exact solution of the Schro
dinger equation as
Ecpan<E<Ecan<Eypa- (16 wherea=2 tan %(x), n, is the principal quantum number of
the hydrogenlike residual ion, amwz is obtained numeri-

B. The hyperspherical angular solutions cally.

The precise calculation of the angular channel basis is an
important requirement for the efficiency of the adiabatic ex-Ill. RESULTS AND DISCUSSION
pansion. The HS radial equations for different three-body
systems will only differ by the potential curves and cou-
plings, which embodies the system characteristics, since t
HS angular operator contains all interaction teffos Eq.

The effective potential of each barium atom valence
electron is based on the monovalent catiori Bégenvalues.

e one-electron model potenti&(r) is adjustei in order
to match the numerical solutions of the Satirmer equation

9] to the experimental energy levéf&! As an improvement

For heliumlike pote_ntial terms, the HS an_gular equa‘;ionsfrom the usual functions used as effective potenfiatise
may be solved analyticalty by a power series expansion expressions adopted in this wofEq. (2)] are angular mo-

V_Vith the yarigble chang'EZ tan(a/2). .For the model ppten- mentum dependent, with the coefficients shown on Table 1.
tial used in this work, this approach is no longer possible duey, . parameterp andq are defined as follows: if<3 then
to the slow convergence of the exponential and cutoff func-(p q)=(2,0), else, p,q)=(1,1). In Fig. 1, the one-electron

tions power series expansion. Therefore, we proceed with gioactions as a function of the electronic radius are shown
numerical approach, the step variable Bulirsch—Stoeg,  jiferent angular momentum values. The comparison of
method® although other variable step methods may also bgp,e corresponding energies with the experimental values
applied with gqod.results: i shows a very good agreement. The small errors shown on
The potential interaction terms in the HS angular equa-rape |1 are an indicative of the quality of the results, which

tion are cancelled wheR=0. This means that for small 5 imnorant for the confidence on the effective potential
values ofR, the kinetic HS angular operator eigenstates, thechoice.

hyperspherical harmonics, For the barium atom, the Schiimger equation will be

solved using the two-electron potential of Ed), which

‘Du(R;Q):; (Sina)|1+1(COSa)|2+1pM|1|2(a) only adds to the electron-core interactions the electron-
re electron repulsion. As discussed in Sec. I, the hyperspherical
xylLl“{'z(Ql,Qz), (17) adiabatic approach is initially applied with the determination

. ) ) of the HS angular basis, which has to be precisely calculated
predominate, representing the behavior of the two electrong,, each value ofR in order to generate reliable potential

close to the nucleus. For large valuesRyfone of the elec-  ¢yrves and nonadiabatic couplings for the HS radial equa-
trons is bound close to the nucleus while the other is further

away, in the field of a resulting potential of the core screened

by the inner electron. In this case the angular channel re- 8

flects, in first order, a hydrogenic wave function, while the

potential curve value approaches the ionized systein & 6 -

ergy. .
In order to improve the convergence of the HS angular a

solutions, the wave function is adjusted by the introduction
of the small and larg® behavior as,

u(r) (a.u.)

®LRIO=N, 2 Gy (R (01.0,),  (18)

1l2

whereN, is a normalization constant and\' (Q,,0,) are ,
M 1l2
the coupled spherical harmonics, with —1,|<L<I;+I, R , ) , ! ,
andM=m;+m,. The functionsGM,llz(R;a) are 0 1 2 3 4
r(a.u.)
G

ul(Ria)=(sina)'1"*(cosa)'2"*

(19 FIG. 1. Model potential/(r) for the Ba valence electron, compared with

2\2un—ZRaln .
X(1+x%)*e #gﬂ|1|2(R,a), the He" electron potential.
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TABLE Il. Monovalent cation Ba energy levels obtained from the Schro TABLE Ill. Lowest HS potential curve convergence with respect to the
dinger equation numerical solution compared with experimental results ofnaximum valuef .., of the angular configurations used in the coupled HS

Refs. 30 and 31.

angular equation, in Rydbergs.

Level —E(a.u) —Egplau.) € max —U4(R)/R?(RY)
6s 0.367 635 041 0.367 635 041 0 —-1.34916
5d 0.343 238 385 0.343 238 368 1 —1.404 30
6p 0.270180 131 0.270180 117 2 —1.409 30
7s 0.174 649 897 0.174 649 887 3 —1.409 61
6d 0.157 711 422 0.157 711 417 4 —1.409 72
af 0.147 166 841 0.147 166 831 5 —1.409 77
7p 0.140 709 702 0.140 709 705
5f 0.105 514 987 0.105 514 976
8s 0.103 251 843 0.103 250 741
;d 8-82‘7‘ gg‘l‘ 3(132 8-83‘7‘ 22‘1‘ %g configurations give very good results. For large value® of
58 0.080 451 315 0.080 453 919 the convergence is_faster, w.hich _is of gregt importance fqr
6f 0.073 039 940 0.073 049 092 the objective to achieve precise highly excited states. In this
9s 0.068 358 235 0.068 358 235 work we will proceed the calculations witfy,,,,=4.
8d 0.063 705 436 0.063 704 559 The HS potential curves of the barium atom are shown
9p 0.059 511 977 0.059 513169 in Fig. 2, with the dashed lines representing the asymptotic
?? g:ggg ?gg ;g? 8:822 igg 123 limit of each curve. AR increases, one of the electrons is far
10s 0.048 625 334 0.048 623 258 from the B& system, and the potential curve behavior is
9d 0.045 779183 0.045 777 542 given by the expansion,
10p 0.043 225 114 0.043 222 385
79 0.041 018 297 0.041 024 810 U,(R)

2
- + —
=E[Ba]+ g+ o+, (20

) ] ) _where in first order the potential curve are the bound energies
tion. These solutions are independent of the energy, which i§s the Ba" ion shown in Table II. The second term on the

an advantage for the numerical procedure and Spectrumght corresponds to the nuclear potential screened by the

analysis.' _ _ _ ) inner electron, and the constantmay be determined by
The interaction potential term in Eq9), R°V(R,Q), perturbative calculation®-%

contains the radial dependence of the HS angular equation. ith the angular HS channels calculated, the following
For R very small this potential is almost null, which implies regyts derived from the HS angular equation solutions are
that the wave function is distributed alomg similarly 10 @ the nonadiabatic couplings. The most important for bound
free particle in a box. This state corresponds to the electrongzies the diagonal couplir@,;, showed in Fig. 3, is re-
confined closely to the nucleus where th_e kinetic energyponsible for raising the energy from a lower to an upper
overcomes the potential one. As the valugaficreases, the  1,5nd12 The contributions of these couplings to the energy
electrons become more sensitive to the interactions, whichre small, reflecting the appropriate choice of the adiabatic
makes the wave function to locate closedte0 anda=m/2.  coordinate. In the region where the potential curves present
WhenR is very large(more than 10 a.y. the configuration  5niicrossings, the couplings show peaks, since their calcula-
of the angular solution is that of a bound electron close to thgo, involvesR derivatives of the channel functiofief. Eq.
nucleus and the other further away. The full picture of the(ls)]_ These peaks, located at small valuesPRoffor the
wave function for large values @ is obtained taking into ¢yryes associated to the lower bound and resonant states, do

account the radial solutions, since the HS solution will split, ot reflect on the total wave function. since the radial com-
in first order as a one-electron bound to the nucleus, which is

given by the HS angular solution, and the other also bound to

the nucleus, but with a potential screened by the first elec- 0,0
tron. This second state is given by the solutions of the radial 02|
equation. .

The hyperspherical potential curves are functions of the o 04r
maximum value of the individual electronic angular momen- £ 6| Iy
tum of Eq.(18) coupled in Eq(11), which we will refer as & p— ..
€ max- This parameter is also important for the numerical as- §= o8 \‘//l‘
pect of the work, since the number of coupled equations ™ -10f
within the HS angular equation is proportional to the number a2l
of configurations. In order to investigate the convergence of
Eq. (18), and find the appropriate value @f,.,, a good Hag= ' ' f ' L

0 5 10 15 20 25 30

reference point is the behavior of the first potential curve
well minimum, which is a sensitive part for the lower two-
electron system bound energies determination. The behavigjs. 2. Hyperspherical potential curves, (R)/R? of the barium atom
of such convergence, as seen in Table Ill, shows that fewL=0, S=0).

R (a.u.)
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R (a.u.)

Energy levels index

FIG. 3. The diagonal nonadiabatic coupli@q(R) obtained with the HS

- . : FIG. 4. Comparison between the error of the energy levels, labeled in in-
angular function of the first potential curve. p vy

creasing order, witHdoty and without(open dot$ the dielectronic polar-
ization potential term.

ponents of the HS adiabatic expansjoh Eq.(12)] acts as a

compensation correction in the anticrossing region, resultin%aSS them by small amounts. So far, the equations were

i i 7
In & sSmoothRx a wave funct|o_n surfact! ) %olved without an effective dielectronic polarization
The system bound energies are defined by the Iowerspotential“v (r..r,), defined as
’ 12\01,12/»

potential curve. For energies higher than the first ionizatio
threshold, the channel of the first curve is open, meaning that a.
states on the upper curves are autoionizing. However, by ViAr1,r2)=— —-5C0s61,f(r)f(r2).
. . L . rar
means of the adiabatic approximation, the position of these 12
resonant states may be determined with good results by d&Vith its inclusion, a short-range repulsive effect is added to
coupling the open channels from the radial equatfoBuch  the potential term&*28 dropping the error significantly for
approximation is a valid procedure due to the appropriatéhe lower states, while keeping the good precision of the
choice of the adiabatic variablg, which is related to the excited ones. There is a sensitive improvement of the accu-
moment of inertia of the system, whereas the variaiale racy of the energies, as seen in Fig. 4. With the inclusion of
related to the relative radial motion of the electrons, reprea larger number of coupled radial channels, the energies
sents faster changes on the channel function. would drop, approaching the experimental results. These
The bound state energies are calculated from the numerierms were not took into account, since the effect of higher
cal solution of the HS radial equation. The results are showcouplings for two-electron systems is significantly smaller
in Table IV for different numbers of coupled channels. To thethan the first three channel couplifgs?
first potential curve corresponds the statesn§ with n An interesting characteristic of the barium bound states
=6,7,.... We observe the energies becoming lower as moris the existence of bound doubly excited states. These states
channels are coupled, approaching the experimental data fare usually coupled with the continuum, lying above the first
the higher states, while for the lower ones the energies sufenization threshold for simpler two-electron systems like the

(21)

TABLE IV. Bound energy levels of the barium atom obtained with ¢b@), two (2C), and threg3C) coupled
channels in the HS radial equation. The result 3€ obtained taking the dielectronic polarization term into

account.

Level 1c 2C 3C 3¢ cr Experimentd
65> 0537186 0553767  0.561765 0557218 0558373 0.559 161
5d° 0414449 0451459 0454639 0441612  0.438390 0.441270
6s7s 0422823 0426960 0429977 0427256  0.425564 0.430 535
658s 0397762 0399573 0400816  0.400209  0.401525 0.402 554
659s 0386767 0387729  0.388459 0388381  0.389173 0.389510
6s10s 0380858 0382619  0.384872  0.382827  0.382662 0.382994
6slls 0377373 0381248  0.381858 0381274  0.379946 0.381810
5d6d 0376438 0377662  0.377994 0377875  0.377896 0.378 401
6s12s 0375202 0375313  0.375527 0375465  0.375627 0.375841
6s13s 0373563 0373705  0.373855  0.373816  0.373968 0.374 091
6s14s 0372450 0372557  0.372664 0372637 0372765 0.372843
65155 0371623 0371709  0.371786 0371766  0.371877 0.371927
6s16s 0370997 0371052 0371119 0371105  0.371198 0.371234

3Cl calculations from Feet et PascaléRef. 4 (converted from cm?b).
PExperimental results from Ref. 3@onverted from cm?).
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3 on the HS radial equation. Good quality results are obtained
even with the simplest approximation, where the nondiago-
nal couplings are disregarded.

08|

> \/ With respect to the numerical procedures, the energy in-
N;’ or dependence of the potential curves and the existence of only
= " one radial variable is a practical characteristic, which can be
5‘ a2k explored for the test of different model potentials for

alkaline-earth system.
For the ground state energy, the error for the simplest

o , . L radial approximation was only 4%, which is an indication of
0 5 10 15 20 25 30 the efficiency of the adiabatic separation. The results ob-
R (a.u.) tained by coupling more channels on the radial equation,

showed the procedure to be comparable to precise ClI calcu-
lations. Increasing the number of couplings the ground state
energy approaches the experimental value, with an error be-
) 6 xr ) ) ) low 0.4% with three coupled channels. The improvement
helium atont® With the hypersp_herlc_a_l adla_ba_tlc approach, a5 ohserved for all states, especially for the highly excited
such states, & and 56d, are identified within the sec- noq " The energy convergence control with quite precise
on(2:I potential curve, as observed in Fig. 5, with the stat§,er and upper bounds with uncoupled radial equations is a
5d- specially affected by the dielectronic term, as seen O%ignificant advantage.
Table V. , o The HAA method has showed to be a good ground test
The calculation of resonant states within the HS procey,; effective potentials, with fast convergent and precise re-
dure may proceed with bound state procedures uncoupling, g ajiowing an intuitive insight of the spectra with the use
the open channel of the first potential curve or by the phasgf a Born—Oppenheimer-like adiabatic approximation. The

FIG. 5. Bound state energies within the lowest potential curves.

shift calculation. _ _ _ accuracy of the energies also suggests good results for polar-
In this Wor_k the _conﬂguratlons are _relat|ve ILOZP and i, apjlities and photodetachment studies using the effective
S=0 states with spin-averaged coefficients of the Ban. otentials

States from other configurations may also be calculated.

However, it would be necessary to adjust the model potential

coefficient§ in order to account for the spin-orbit coupling ACKNOWLEDGMENTS
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